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Abstract

In a companion paper, a quenched large deviation principle (LDP) has been established
for the empirical process of words obtained by cutting an i.i.d. sequence of letters into words
according to a renewal process. We apply this LDP to prove that the radius of convergence
of the moment generating function of the collision local time of two independent copies of a
symmetric and strongly transient random walk on Z?, d > 1, both starting from the origin,
strictly increases when we condition on one of the random walks, both in discrete time and in
continuous time. We conjecture that the same holds when the random walk is transient but not
strongly transient. The presence of these gaps implies the existence of an intermediate phase
for the long-time behaviour of a class of coupled branching processes, interacting diffusions,
respectively, directed polymers in random environments.

Key words: Random walks, collision local time, annealed vs. quenched, large deviation principle,
interacting stochastic systems, intermediate phase.

MSC 2000: 60G50, 60F10, 60K35, 82D60.

Acknowledgement: This work was supported in part by DFG and NWO through the Dutch-
German Bilateral Research Group “Mathematics of Random Spatial Models from Physics and
Biology”. MB and AG are grateful for hospitality at EURANDOM.

1 Introduction and main results

In this paper, we derive variational representations for the radius of convergence of the moment gen-
erating functions of the collision local time of two independent copies of a symmetric and transient
random walk, both starting at the origin and running in discrete or in continuous time, when the
average is taken w.r.t. one, respectively, two random walks. These variational representations are
subsequently used to establish the existence of an intermediate phase for the long-time behaviour
of a class of interacting stochastic systems.

1.1 Collision local time of random walks

1.1.1 Discrete time

Let S = (Sk)52, and 5" = (5},)%%, be two independent random walks on Z%, d > 1, both starting
at the origin, with an irreducible, symmetric and transient transition kernel p(-,-). Write p™ for the
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n-th convolution power of p, and abbreviate p"(z) := p™(0,z), € Z%. Suppose that
1 2n

i o8 P”™"(0)
n—oo  logn

Write P to denote the joint law of S, S’. Let

V= = ls,—s (1.2)

k=1

= —a, «aé€(1,00). (1.1)

be the collision local time of S,S’, which satisfies P(V < 0o) = 1 by transience, and define
21 = sup{z>1: E[ZV|S] < oo S-as.}, (1.3)
29 = Sup{zZl:E[zV]<oo}. (1.4)
The lower indices indicate the number of random walks being averaged over. Note that, by the tail
triviality of S, the range of 2’s for which E[ 2 V' | S] converges is S-a.s. constant. !
Let £ :=Z% let E = U,enE™ be the set of finite words drawn from E, and let Pm"(EN) denote

the shift-invariant probability measures on EN the set of infinite sentences drawn from E. Define
f: E— [0, 00) via

f(x1,.. . 20)) = p”(a;;/él((—; Zn) [2G(0) - 1], neN, z,...,2, € E, (1.5)

where G(0) = Y>>, p**(0) is the Green function at the origin associated with p?(-,-), which is
the transition matrix of S — S’, and p2l"/2(0) > 0 for all n € N by the symmetry of p(-,-). The
following variational representations hold for z; and z».

Theorem 1.1. Assume (1.1). Then z1 = 1+ exp[—ri], zo = 1 + exp[—r2] with

nos s | [mQ) oere) - m@}, (1.6)

Qe'])inv (E‘N)

no= s | [ @Q) on ) - @) (1.7)

QE'Pinv (E‘N)

where w1 Q) is the projection of Q) onto E, while I and I*™™ are the rate functions in the quenched,
respectively, annealed large deviation principle that is given in Theorem 2.2, respectively, 2.1 below
with (see (2.4), (2.7) and (2.13-2.14))

E=17% v@)=pk),zecE,  pn)=p>"?0)/[2G(0)-1], n €N. (1.8)

Let
perefin BNy = {Q e P™(EN): Q is shift-ergodic, mq < 0o}, (1.9)
where mg 1s the average word length under @), 1.e., mg = [z(m T with 7 the lengt
h Q Is th g d length under @, i @ = Jg(mQ)(y) (y) with 7(y) the length
of the word y. Theorem 1.1 can be improved under additional assumptions on the random walk,
namely, 2

S ||z)|° p(x) < 0o for some § > 0, (1.10)
z€Z4
lim inf 282" E/PRIO) 5 gy (1.11)
N— 00 logn e :
inf B[ log[p"(8n)/p*"/2(0)]] > —o0. (1.12)
ne

'Note that P(V = 0o) = 1 for a symmetric and recurrent random walk, in which case trivially z; = 22 = 1.
By the symmetry of p(-,-), we have sup, .z p" () < p?"/21(0) (see (3.14)), which implies that sup,,cy Sup,cza
log[p" (z)/p*1"/?(0)] < 0.



Theorem 1.2. Assume (1.1) and (1.10-1.12). Then equality holds in (1.6), and

no= s [ mou s - 1@} e, (113)
Qe’perg,ﬁn (EN) E

no= s [ mo g - 1@ e v (114)
Qe’perg,ﬁn (EN) E

In Section 6 we will exhibit two classes of random walks for which (1.10-1.12) hold. We believe
that (1.11-1.12) actually hold in great generality.

Because I9"¢ > ™ we have r; < 19, and hence 29 < z;. We prove that strict inequality
holds under the stronger assumption that p(-,-) is strongly transient, i.e., > oo, np™(0) < oo. This
excludes « € (1,2) and part of @ =2 in (1.1).

Theorem 1.3. Assume (1.1). If p(-,-) is strongly transient, then 1 < z9 < 21 < 0.

Since P(V = k) = (1 — F)F*, k € NU {0}, with F':= P(3k € N: S = S}), an easy computation
gives 20 = 1/F. But F' =1 — [1/G(0)] (see Spitzer [26], Section 1), and hence

2 = G(0)/[G(0) — 1]. (1.15)
Unlike (1.15), no closed form expression is known for z;. By evaluating the function inside the

supremum in (1.13) at a well-chosen @, we obtain the following upper bound.

Theorem 1.4. Assume (1.1) and (1.10-1.12). Then

—1
2 <14 (Z e‘h(P")> < 00, (1.16)

neN
where h(p™) = — > czaP™(x)logp™(x) is the entropy of p™(-).

There are symmetric transient random walks for which (1.1) holds with o« = 1. Examples are
any transient random walk on Z in the domain of attraction of the symmetric stable law of index 1
on R, or any transient random walk on Z? in the domain of (non-normal) attraction of the normal
law on R2. In this situation, the two threshold values in (1.3-1.4) agree.

Theorem 1.5. If p(-,-) satisfies (1.1) with o = 1 and (1.10-1.12), then z1 = z9.

1.1.2 Continuous time

Next, we turn the discrete-time random walks S and S’ into continuous-time random walks S =
(St)i>0 and S’ = (S7)i>0 by allowing them to make steps at rate 1, keeping the same p(-,-). Then
the collision local time becomes

— [ee]

%4 ::/0 1{§i:§£} dt. (1.17)
For the analogous quantities Z; and Zs, we have the following. 3
Theorem 1.6. Assume (1.1). If p(-,-) is strongly transient, then 1 < Z3 < z; < oo.

An easy computation gives
log zo = 2/G(0), (1.18)
where G(0) = Y77, p"(0) is the Green function at the origin associated with p(-,-). There is again

no simple expression for z7.

Remark 1.7. An upper bound similar to (1.16) holds for z1 as well. It is straightforward to show
that z1 < 00 and z1 < oo as soon as p(-) has finite entropy.

3For a symmetric and recurrent random walk again trivially z; = Z» = 1.



1.1.3 Discussion

Our proofs of Theorems 1.3-1.6 will based on the variational representations in Theorem 1.1-1.2.
Additional technical difficulties arise in the situation where the maximiser in (1.7) has infinite mean
word length, which happens precisely when p(-,-) is transient but not strongly transient. Random
walks with zero mean and finite variance are transient for d > 3 and strongly transient for d > 5
(Spitzer [26], Section 1).

Conjecture 1.8. The gaps in Theorems 1.3 and 1.6 are present also when p(-,-) is transient but
not strongly transient.

In a 2008 preprint by the authors (arXiv:0807.2611v1), the results in [6] and the present paper
were announced, including Conjecture 1.8. Since then, partial progress has been made towards
settling this conjecture. In Birkner and Sun [7], the gap in Theorem 1.3 is proved for simple
random walk on Z%, d > 4, and it is argued that the proof is in principle extendable to a symmetric
random walk with finite variance. In Birkner and Sun [8], the gap in Theorem 1.6 is proved for
a symmetric random walk on Z3 with finite variance, while in Berger and Toninelli [1] the gap in
Theorem 1.3 is proved for a symmetric random walk on Z? whose tails are bounded by a Gaussian.

The role of the variational representation for 74 is not to identify its value, which is achieved in
(1.15), but rather to allow for a comparison with rq, for which no explicit expression is available.
It is an open problem to prove (1.11-1.12) under mild regularity conditions on S. Note that the
gaps in Theorems 1.3-1.6 do not require (1.10-1.12).

1.2 The gaps settle three conjectures

In this section we use Theorems 1.3 and 1.6 to prove the existence of an intermediate phase for
three classes of interacting particle systems where the interaction is controlled by a symmetric and
transient random walk transition kernel. *

1.2.1 Coupled branching processes

A. Theorem 1.6 proves a conjecture put forward in Greven [17], [18]. Consider a spatial population
model, defined as the Markov process (1;)i>0, with n(t) = {n.(t): = € Z%} where 7,(t) is the
number of individuals at site x at time ¢, evolving as follows:

1) Each individual migrates at rate 1 according to a(-,-).

2) Each individual gives birth to a new individual at the same site at rate b.

(1)
(2)
(3) Each individual dies at rate (1 — p)b.
(4) All individuals at the same site die simultaneously at rate pb.

Here, a(-,-) is an irreducible random walk transition kernel on Z? x Z?, b € (0, 00) is a birth-death
rate, p € [0,1] is a coupling parameter, while (1)-(4) occur independently at every = € Z%. The
case p = 0 corresponds to a critical branching random walk, for which the average number of
individuals per site is preserved. The case p > 0 is challenging because the individuals descending
from different ancestors are no longer independent.

A critical branching random walk satisfies the following dichotomy (where for simplicity we
restrict to the case where a(-,-) is symmetric): if the initial configuration 7y is drawn from a
shift-invariant and shift-ergodic probability distribution with a positive and finite mean, then 7;

4In each of these systems the case of a symmetric and recurrent random walk is trivial and no intermediate phase
is present.



as t — oo locally dies out (“extinction”) when a(-,-) is recurrent, but converges to a non-trivial
equilibrium (“survival”) when a(-,-) is transient, both irrespective of the value of b. In the latter
case, the equilibrium has the same mean as the initial distribution and has all moments finite.
For the coupled branching process with p > 0 there is a dichotomy too, but it is controlled by
a subtle interplay of a(-,-), b and p: extinction holds when a(-,-) is recurrent, but also when af(,-)
is transient and p is sufficiently large. Indeed, it is shown in Greven [18] that if a(-,-) is transient,
then there is a unique p, € (0, 1] such that survival holds for p < p, and extinction holds for p > p,.
Recall the critical values 21, Z; introduced in Section 1.1.2. Then survival holds if E(exp[bpV] |
S) < oo S-ass., ie., if p < p; with
pr=1Ab""log?). (1.19)

This can be shown by a size-biasing of the population in the spirit of Kallenberg [23]. On the other
hand, survival with a finite second moment holds if and only if E(exp[bp?]) < 00, i.e., if and only
if p < po with

p2=1A(b"'log2). (1.20)

Clearly, p. > p1 > pa. Theorem 1.6 shows that if a(-, -) satisfies (1.1) and is strongly transient, then
p1 > p2, implying that there is an intermediate phase of survival with an infinite second moment.

B. Theorem 1.3 corrects an error in Birkner [3], Theorem 6. Here, a system of individuals living
on Z% is considered subject to migration and branching. Each individual independently migrates
at rate 1 according to a transient random walk transition kernel a(-,-), and branches at a rate
that depends on the number of individuals present at the same location. It is argued that this
system has an intermediate phase in which the numbers of individuals at different sites tend to an
equilibrium with a finite first moment but an infinite second moment. The proof was, however,
based on a wrong rate function. The rate function claimed in Birkner [3], Theorem 6, must be
replaced by that in [6], Corollary 1.5, after which the intermediate phase persists, at least in the
case where a(-,-) satisfies (1.1) and is strongly transient. This also affects [3], Theorem 5, which
uses [3], Theorem 6, to compute z; in Section 1.1 and finds an incorrect formula. Theorem 1.4
shows that this formula actually is an upper bound for z;.

1.2.2 Interacting diffusions

Theorem 1.6 proves a conjecture put forward in Greven and den Hollander [19]. Consider the
system (X ()0, with X (¢) = {X,(t): = € Z%}, of interacting diffusions taking values in [0, o)
defined by the following collection of coupled stochastic differential equations:

dXo(t) = Y alz,y)[X, (1) — X, (0)] di + VOX,(0)2 dW,(t),  zeZ%t>0. (1.21)

yezZ

Here, a(-,-) is an irreducible random walk transition kernel on Z? x Z%, b € (0,00) is a diffusion
constant, and (W (t));>o with W (t) = {W,(t): x € Z9} is a collection of independent standard
Brownian motions on R. The initial condition is chosen such that X (0) is a shift-invariant and
shift-ergodic random field with a positive and finite mean (the evolution preserves the mean).

It was shown in [19], Theorems 1.4-1.6, that if a(-,-) is symmetric and transient, then there
exist 0 < by < b, such that the system in (1.21) locally dies out when b > b, but converges to an
equilibrium when 0 < b < by, and this equilibrium has a finite second moment when 0 < b < bo
and an infinite second moment when by < b < b,. It was conjectured in [19], Conjecture 1.8, that
by > ba. As explained in [19], Section 4.2, the gap in Theorem 1.6 settles this conjecture, at least
when a(-,-) satisfies (1.1) and is strongly transient, with

by, = log 21, by = log zo. (1.22)



1.2.3 Directed polymers in random environments

Theorem 1.3 disproves a conjecture put forward in Monthus and Garel [25]. Let a(-,-) be a symmet-
ric and irreducible random walk transition kernel on Z¢ x Z4, let S = (Sk)$, be the corresponding
random walk, and let £ = {{(z,n): © € Z9 n € N} be iid. R-valued non-degenerate random
variables satisfying

A(B) :==1log E( exp[B(z,n)] ) €R VB eR. (1.23)
Put N
(€. 8) = exp [Z {BE(Sk, k) — A(ﬂ)}] , (1.24)
k=1
and set

Zn(€) = Eleal&, 9] = Y [Hp(sklask)] en(§,8), 5= (sk)ilo, S0 =0,  (1.25)

517"'7Sn€Zd k=1

i.e., Z,(§) is the normalising constant in the probability distribution of the random walk S whose
paths are reweighted by e,(&,S), which is referred to as the “polymer measure”. The £(xz,n)’s
describe a random space-time medium with which S is interacting, with § playing the role of the
interaction strength or inverse temperature.

It is well known that Z = (Z,)nen is a non-negative martingale with respect to the family of
sigma-algebras F,, := o(£(x, k), € Z% 1 <k <n), n € N. Hence

lim Z, =2, >0 &—a.s., (1.26)
n—oo
with the event {Z,, = 0} being {-trivial. One speaks of weak disorder if Zo, > 0 &-a.s. and of
strong disorder otherwise. As shown in Comets and Yoshida [12], there is a unique critical value
B« € [0,00] such that weak disorder holds for 0 < # < f, and strong disorder holds for § > f..
Moreover, in the weak disorder region the paths have a Gaussian scaling limit under the polymer
measure, while this is not the case in the strong disorder region. In the strong disorder region the
paths are confined to a narrow space-time tube.
Recall the critical values z1, zo defined in Section 1.1. Bolthausen [9] observed that

E [Zg] =E [eXp [{)‘(25) —2X(8)} VnH» with V,, 1= Z Ls,=s13 (1.27)
k=1

where S and S’ are two independent random walks with transition kernel p(-,-), and concluded
that Z is L?-bounded if and only if 8 < B2 with 32 € (0, 00] the unique solution of

A(282) = 2A(B2) = log 2,. (1.28)

Since P(Z > 0) > E[Z)%/E[Z2)] and E[Z] = Zy = 1 for an L?-bounded martingale, it follows
that 8 < (o implies weak disorder, i.e., 8, > (3. By a stochastic representation of the size-biased
law of Z,, it was shown in Birkner [4], Proposition 1, that in fact weak disorder holds if 8 <
with 81 € (0, 00] the unique solution of

A(261) = 2A(B1) = log 21, (1.29)

i.e., Bx > (1. Since  +— A(23) — 2A(p) is strictly increasing for any non-trivial law for the disorder
satisfying (1.23), it follows from (1.28-1.29) and Theorem 1.3 that $; > (2 when a(-,-) satisfies
(1.1) and is strongly transient and when ¢ is such that 3 < co. In that case the weak disorder



region contains a subregion for which Z is not L2-bounded. This disproves a conjecture of Monthus
and Garel [25], who argued that 8y = (.

Camanes and Carmona [10] consider the same problem for simple random walk and specific
choices of disorder. With the help of fractional moment estimates of Evans and Derrida [16],
combined with numerical computation, they show that G, > (s for Gaussian disorder in d > 5, for
Binomial disorder with small mean in d > 4, and for Poisson disorder with small mean in d > 3.

See den Hollander [21], Chapter 12, for an overview.

Outline

Theorems 1.1, 1.3 and 1.6 are proved in Section 3. The proofs need only assumption (1.1). Theo-
rem 1.2 is proved in Section 4, Theorems 1.4 and 1.5 in Section 5. The proofs need both assumptions
(1.1) and (1.10-1.12)

In Section 2 we recall the LDP’s in [6], which are needed for the proof of Theorems 1.1-1.2 and
their counterparts for continuous-time random walk. This section recalls the minimum from [6]
that is needed for the present paper. Only in Section 4 will we need some of the techniques that
were used in [6].

2 Word sequences and annealed and quenched LDP

Notation. We recall the problem setting in [6]. Let E be a finite or countable set of letters. Let
E = UnenE" be the set of finite words drawn from F. Both E and E are Polish spaces under
the discrete topology. Let P(EN) and P(EN) denote the set of probability measures on sequences
drawn from F, respectively, F, equipped with the topology of weak convergence. Write 6 and 9 for
the left-shift acting on EN, respectively, EN. Write P (EN), Pers(EN) and P (EN), Perg(EN ) for
the set of probability measures that are invariant and ergodic under 6, respectively, 6.

For v € P(E), let X = (X;)ien be i.i.d. with law v. For p € P(N), let 7 = (7;);en be i.i.d. with
law p having infinite support and satisfying the algebraic tail property

1
m log p(n) = —a, «ac€(1,00). (2.1)
p(n)>0

(No regularity assumption is imposed on supp(p).) Assume that X and 7 are independent and
write P to denote their joint law. Cut words out of X according to 7, i.e., put (see Fig. 2)

To:=0 and T;:=T,_1+7, i€N, (2.2)

and let ‘
VO .= (X7, 41, X1y 42,5 X7), Q€N (2.3)

Then, under the law P, Y = (Y ®);cy is an i.i.d. sequence of words with marginal law Qp,y ON E
given by

qp,l,((xl, . ,xn)) = ]P’(Y(l) = (xl,...,acn)) =pn)v(zy) --v(x,), neN, xy,...,2, € E.

Annealed LDP. For N € N, let (Y(l), e ,Y(N))per be the periodic extension of (Y(l), ... ,Y(N))
to an element of EN, and define

N
1 inv /o
Ry =5 Y Gy, ywope € P(EY), (2.5)
1=0
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Figure 1: Cutting words from a letter sequence according to a renewal process.

the empirical process of N-tuples of words. The following large deviation principle (LDP) is stan-
dard (see e.g. Dembo and Zeitouni [14], Corollaries 6.5.15 and 6.5.17). Let

1
H@Q|ag) = lim < h (@, | (@), ) €l0,5] (2.6)

be the specific relative entropy of Q w.r.t. qf?ﬁ, where Zn = o(Y(D ... Y(N)) is the sigma-algebra
generated by the first N words, Q| is the restriction of Q to ZnN, and h(- | -) denotes relative

entropy.

Theorem 2.1. [Annealed LDP] The family of probability distributions P(Ry € -), N € N,
satisfies the LDP on P™ (EN) with rate N and with rate function I*™: P (EN) — [0,00] given
by

"™ (Q) = H(Q | 4p)- (2.7)

12" 4s lower semi-continuous, has compact level sets, has a unique zero at

The rate function
Q= qffg, and is affine.

Quenched LDP. To formulate the quenched analogue of Theorem 2.1, we need some further
notation. Let x: EN — EN denote the concatenation map that glues a sequence of words into a
sequence of letters. For @ € P (EY) such that mq := Eg[m1] < oo (recall that 71 is the length of
the first word), define ¥ € PV (EN) as

T1—1
k=0

Think of Wq as the shift-invariant version of the concatenation of Y under the law @ obtained after
randomising the location of the origin.
For tr € N, let []y;: E — [Elyy := UY_| E™ denote the word length truncation map defined by

1
() = m—QEQ

y=(21,...,2n) — [Yltr := (@1, .., Tpate), neN, rq,...,x, € E. (2.9)
Extend this to a map from EY to [E]N via
[N,y )] = (Ve P ers ), (2.10)
and to a map from P (EN) to PV ([EIN) via
[Ql(A) == Q({z € EN: [2]ix € A}), A c [E]Y measurable. (2.11)
Note that if Q € PV(EN), then [Ql;; is an clement of the set

Pinv’ﬁn(EN) ={Q¢€ PinV(EN): mg < oo} (2.12)



Theorem 2.2. [Quenched LDP] (a) Assume (2.1). Then, for v*N-a.s. all X, the family of
(regular) conditional probability distributions P(Ry € - | X), N € N, satisfies the LDP on P™(E")
with rate N and with deterministic rate function 19¢: P (EN) — [0,00] given by

que Iﬁn(Q)’ if Qe rPinv,ﬁn(EN)’
e th_{noo I'™([Ql), otherwise, (2.13)
where
Q)= HQ| QEEI) +(a—1)mg H(Vy | Ny, (2.14)

The rate function 19%° is lower semi-continuous, has compact level sets, has a unique zero at
Q= qffg, and is affine. Moreover, it is equal to the lower semi-continuous extension of I™ from
fpinv,ﬁn(EN) to fPinv(EN)‘

(b) If (2.1) holds with o = 1, then for v®N-a.s. all X, the family P(Ryx € - | X) satisfies the LDP
with rate function I*™ given by (2.7).

Note that the quenched rate function (2.14) equals the annealed rate function (2.7) plus an addi-
tional term that quantifies the deviation of V¢ from the reference law v®N on the letter sequence.
This term is explicit when mg < oo, but requires a truncation approximation when mg = oo.

We close this section with the following observation. Let

L-1
o~ 1
L inv/ 77Ny . . _ . ®N
K, = {Q e P™(E™Y): W—Lh_r)rgoz kgo Oprr(y)y =V° Q— a.s.}. (2.15)

be the set of @’s for which the concatenation of words has the same statistical properties as the
letter sequence X. Then, for @ € P8 (EN) we have (see [6], Equation (1.22))

Vo =1 = Q) =I"(Q) +—= QEcA,. (2.16)

3 Proof of Theorems 1.1, 1.3 and 1.6

3.1 Proof of Theorem 1.1

The idea is to put the problem into the framework of (2.1-2.5) and then apply Theorem 2.2. To
that end, we pick

E:=7%  E=174:=U,n2Z", (3.1)
and choose (/2]
v(u) :=p(u), ueZi  pn):= %, neN, (3.2)
where
B [e.e]
puw) =p(0,u), u €24, p"(v—u)=p"(u,v), u,v €2 G(0) = p™(0),  (33)
n=0

the latter being the Green function of S — S’ at the origin.
Recalling (1.2), and writing



with

v
<N) - Z 1{Sj1:S§1""’SjN:S}N}’ (35)
0<j1 << jN <00
we have
s o
E["]S]= Zz—lNF(l X), E| = Zz—lNF(2 (3.6)
with
1 ) )

FOX) = 3 PB(Sp=8 S =S5 | X),  FY =E[FYX0) gy

0<j1<--<jn<0o0o

where X = (X} )ken denotes the sequence of increments of S. (The upper indices 1 and 2 indicate
the number of random walks being averaged over.)
The notation in (3.1-3.2) allows us to rewrite the first formula in (3.7) as

N Ji—Ji-1
F](Vl)(X) _ Z Hp]rJiA Z X 4k
k=1

0<j1<-<jn<oo 1=1

N v (3.8)
p] —Ji— (Z]z Ji—1 X 1+k)
= Z Hp( .72 1 eXp Zlog ( _ )
0<j1<<jn<oo i=1 pUji — Ji-1
Let Y@ = (X, _ 41, -+, X;,). Recall the definition of f : Z4 — [0,00) in (1.5),
_PM@it et Tn) oy d
(1, xn)) = 272 0) 2G(0) —1], neN, zy,...,z, € Z°. (3.9)

Note that, since Z9 carries the discrete topology, f is trivially continuous.

Let Ry € Pin"((i&)N) be the empirical process of words defined in (2.5), and TRy € P(ia)
the projection of Ry onto the first coordinate. Then we have

FO(x) =E [exp (% log f(Y@)) ' X] —& o (¥ [ (mAn)an e )| x] . @0)
=1

where P is the joint law of X and 7 (recall (2.2-2.3)). The second formula in (3.7) is obtained by
averaging (3.10) over X:

F = o (N [ mw)an 1og 1)) | (311
Without conditioning on X, the sequence (Y ),y is i.i.d. with law (recall (2.4))
2|_'n,/2 n
q§§ with  qpu(z1,...,2,) = H neN, zy,...,x, € 7% (3.12)

Next we note that f in (3.9) is bounded from above. Indeed, the Fourier representation of
p"(x,y) reads

P = g [ ke Bk (313)
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with p(k) = > cza ¢*2)(0, ). Because p(-, -) is symmetric, we have p(k) € [—1,1], and it follows
that
max p*"(x) = p**(0), max p?" T (z) < p*(0), VneN. (3.14)
zezd zezd
Consequently, f((z1,...,7,)) < [2G(0) — 1] is bounded from above. Therefore, by applying the
annealed LDP in Theorem 2.1 to (3.11), in combination with Varadhan’s lemma (see Dembo and
Zeitouni [14], Lemma 4.3.6), we get zo = 1 + exp[—rq] with

ro 1= lim —l @ u { T dy) 1 — }
: Flos P < sw_ [ (mQ)an) log () - 1"(Q)

e  QePm(@)

= { /g a(dy) log f(y) = hig | q’“’)}

qeP (74

(3.15)

(recall (1.3-1.4) and (3.6)). The second equality in (3.15) stems from the fact that, on the set of Q’s
with a given marginal 7@ = ¢, the function Q — I*"(Q) = H(Q | q M) has a unique minimiser

Q = ¢®" (due to convexity of relative entropy). We will see in a moment that the inequality in
(3.15) actually is an equality.
In order to carry out the second supremum in (3.15), we use the following.

Lemma 3.1. Let Z := Zyefd fW)ap(y). Then
/ﬁ a(dy) log f(y) — hq | gpw) =log Z — h(q | ¢*)  ¥q € P(Z9), (3.16)

where ¢*(y) == f()apu(v)/Z, y € Z4.

Proof. This follows from a straightforward computation. O

Inserting (3.16) into (3.15), we see that the suprema are uniquely attained at ¢ = ¢* and Q = Q* =
(¢*)®N, and that 79 < log Z. From (3.9) and (3.12), we have

Z = Z Z Pt (1 + -+ xy) H ZpZ" 0)=G(0 (3.17)
n€Ngy,...,x, €Z k=1 neN

where we use that ) ;4 p™(u + v)p(v) = pm“(u) u € Z% m € N, and recall that G(0) is the
Green function at the origin associated with p?(-,-). Hence ¢* is given by

n n
g (x1,...,2py) = p (xl:i_ o+ ) Hp(a:k), neN, z,...,z, € Z° (3.18)
G(0)—1 Pt
Moreover, since zz = G(0)/[G(0) — 1], as noted in (1.15), we see that zo = 1 + exp[—log Z], i.e
ro = log Z, and so indeed equality holds in (3.15).
The quenched LDP in Theorem 2.2, together with Varadhan’s lemma applied to (3.8), gives
z1 = 1 + exp[—r1] with

i g o0 < s L mQ) g ) - 1@} x - a,
- Qepiw((@h) A
(3.19)
where 19°(Q)) is given by (2.13-2.14). Without further assumptions, we are not able to reverse
the inequality in (3.19). This point will be addressed in Section 4 and will require assumptions
(1.10-1.12).
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3.2 Proof of Theorem 1.3
To compare (3.19) with (3.15), we need the following lemma, the proof of which is deferred.

Lemma 3.2. Assume (1.1). Let Q* = (¢*)®N with ¢* as in (3.18). If mg+ < oo, then 19%¢(Q*) >
Iann(Q*).

With the help of Lemma 3.2 we complete the proof of the existence of the gap as follows. Since
log f is bounded from above, the function

Q- /N(MQ)(dy) log /() — T™(Q) (3.20)
Zd

is upper semicontinuous. Therefore, by compactness of the level sets of 19"¢(Q), the function in
(3.20) achieves its maximum at some Q** that satisfies

T = /N(WlQ**)(dy) log f(y) — I1"°(Q™) < /Jm@”)(dy) log f(y) = I"™(Q™) <. (3.21)

z4 z4

If r1 = ro, then @Q** = Q*, because the function

Qe /~(7T1Q)(dy) log () — I*™(Q) (3.22)
Zd

has @Q* as its unique maximiser. But I9¢(Q*) > I*"(Q*) by Lemma 3.2, and so we have a
contradiction in (3.21), thus arriving at r1 < 7.
In the remainder of this section we prove Lemma 3.2.

Proof. Note that

n +e ) n p2n(0)
+((74Y) — P (@1 _ P\ N 3.23
1,...,on€ZY k=1
and hence, by assumption (1.2),
* d\n
i 089 (Z)") _ (3.24)
n—00 logn
and - - )
o *((74)7) — np™"( . 2
mQ nzlnq (@) =2 For—1 (3.25)

The latter formula shows that mg- < oo if and only if p(-,-) is strongly transient. We will show
that
mo- <o = Q" =(¢")N¢R,, (3.26)

the set defined in (2.15). This implies W« # v®N (recall (2.16)), and hence H(Vq-[v®Y) > 0,
implying the claim because a € (1,00) (recall (2.14)).

In order to verify (3.26), we compute the first two marginals of Wg«. Using the symmetry of
p(-,-), we have

_ 1 v P+t ) _ > oy np*" " (a)
‘PQ*(G)—mQ*ZZ > TR kl_[lp(:vk)—p(a) Z;.o;npgn(o) . (3.27)

n

n=1j=1 z,...,anezd

Ti=a

J
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Hence, W+ (a) = p(a) for all a € Z¢ with p(a) > 0 if and only if
[e.e]
a— Z np?™~1(a) is constant on the support of p(-). (3.28)
n=1

There are many p(-,-)’s for which (3.28) fails, and for these (3.26) holds. However, for simple
random walk (3.28) does not fail, because a ~— p>*~!(a) is constant on the 2d neighbours of the
origin, and so we have to look at the two-dimensional marginal.
Observe that ¢*(71,...,%n) = ¢"(To(1);- - To(n)) for any permutation o of {1,...,n}. For
a,b € 7%, we have
T1

mg«¥q-(a,b) = Eq- L) p=am(Y)pp1=b
1

k=
o o0 n
= Z Z Z q*(xla"' 7$n) q*(xn-|—1,--- 7xn+n/)zl(a,b)('rkaxk+l) (329)

n=1n'=1 21, Ty, k=1

oo

Since

(3.30)

and

a)p(b -
+ 1n>313(7p)1 S pMatbrast o +a) [[ o) (3.31)
x37"'7xn€Zd k=3

[ﬁlp%(o)} [ 2 "= (3.32)

n=1 e

+ > p° O)Hé(

“n=1 n

W (a,b) = plajp() gy ({ipu} [ip%—%b)]
n n—1)p2(a + b)} ) .

Pick b = —a with p(a) > 0. Then, shifting n to n — 1 in the last sum, we get

- oo 2
> 5 (a)
‘I’Q*(aa;a) 1= -nzlp - } > 0. (3.33)
p(a) [nz::lp%(o)} [ S np2n(0)}

n=1

This shows that consecutive letters are not uncorrelated under ¥g-, and implies that (3.26) holds
as claimed. O
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3.3 Proof of Theorem 1.6
The proof follows the line of argument in Section 3.2. The analogues of (3.4-3.7) are

~ o VN
vV _ N
z' = (log 2) N (3.34)
N=0
with B
VN— Oodt oOdt 1,z 5 s & 3.35
W_ 0 e N1 N {St1:5£17"'7SiN:S£N}7 ( )
and . .
E2V15] =Y (og)V FP(S),  E[V | =Y (log2)N FY
S| =) (log2)N Fy'(9), 2= (log2)N Fy, (3.36)
N=0 N=0
with
(1,3 = = S _3a S _3 13§ (2) ()3
FU(8) ::/O dtl---/t dtNP(Stlzsgl,...,SthsgN\S), F? =Er[FP(S)],
N-—1

(3.37)
where the conditioning in the first expression in (3.36) is on the full continuous-time path S =
(St)t>0. Our task is to compute

Fo= limo % log F)(S) 5 —as., 7= lim % log F2), (3.38)
and show that 71 < 7s. N

In order to do so, we write S; = X thﬁ where X! is the discrete-time random walk with transition
kernel p(-,-) and (J;):>0 is the rate-1 Poisson process on [0,00), and then average over the jump
times of (J¢)r>0 while keeping the jumps of X 7 fixed. In this way we reduce the problem to the
one for the discrete-time random walk treated in the proof of Theorem 1.6. For the first expression
in (3.37) this partial annealing gives an upper bound, while for the second expression it is simply
part of the averaging over S.

Define
® > > 5 _3 5 -3 2) ()
Fy/ (X9 ::/O dtl---/t dtn P(Sy, = S,,.... 5 =S, | X%,  Fy =E[Fy (XY,
N—-1
(3.39)
together with the critical values
1 1
7“? = lim — logFJ(vl)(Xh) (X% —a.s.), 7“5 = lim — logFJg). (3.40)
N—oco N N—o0
Clearly,
1 < T? and 79 = T‘g, (3.41)

which can be viewed as a result of “partial annealing”, and so it suffices to show that TE < rg.

To this end write out

P(Sy, = S}, Sty = Sty | X9)

N .
N Z He*(ti*tiﬂ) (t; — tj—q)?iJi1
(Ji — Ji—1)!

0<j1<-+<jn<oo \i=1

)jz{_jz{—l Ji—Ji—-1

N (ti —tiy Al
> (He_(ti_ti_l) Z(jfz_jf )! ) e, | 2 X
7 1—1 i=1

0<ji < <jy<oo \i=1 k=1

(3.42)
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Integrating over 0 <t; < --- <ty < 00, we obtain

CECEIEDS )y

0<j1< Sy <oo 0y <<y <oo

. . . . Ji—Ji— (3'43)
9~ (Ji—ji—1)—=(Gi—di_1)—1 [(‘]i._ ji_fl) + (‘]Z/ _.‘]2{_1)]! Pt Z 1 X4 "
11 G — 3Gl —Gq)t P | 2 e
Abbreviating
= n+m
On(u) = Y pm™(u)2 ! < > neNU{0}, ueZ% (3.44)
m=0 m
we may rewrite (3.43) as
@ N Ji—Ji-1
FN (Xh) = Z Heji*jifl Z Xi_1+k : (3'45)
0<j1<<jn<oo =1 k=1

This expression is similar in form as the first line of (3.8), except that the order of the j;’s is not
strict. However, defining

N Ji—Ji-1
=~
FYxn= S Jle—a | X X5 ). (3.46)
0<j1<<jn<oco i=1 k=1
we have
o (N ()
1 ~
O = 3 () a0 FL, () (3.47)
M=0
with the convention ﬁo(l)(X %) = 1. Letting
o1 o~
= lim —log FP(XY, X'—as, (3.48)
and recalling (3.40), we therefore have the relation
b 7
r; = log [@0(0) +e 1} , (3.49)
and so it suffices to compute ?‘i
Write
Py (X% =E [exp (N /A&wlRN)(dy) log f”(y)> ‘ X“] ! (3.50)
zZ
where f9: 7d - [0,00) is defined by
(@1, ... x,)) = On(1+--- +20) 2G(0) —1], neN,zy,...,x, € Z% (3.51)

P21 (0)

Equations (3.50-3.51) replace (3.8-3.9). We can now repeat the same argument as in (3.15-3.21),

with the sole difference that f in (3.9) is replaced by f%in (3.51), and this, combined with Lemma 3.3

below, yields the gap r? < rg.
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We first check that f? is bounded from above, which is necessary for the application of Varad-
han’s lemma. To that end, we insert the Fourier representation (3.13) into (3.44) to obtain

1

Onl) = Tamya

/[ ’ dke " FW 2 5k, weZd, (3.52)

from which we see that ©,,(u) < 0,(0), u € Z%. Consequently,

On .
P, a) < pthg?()o) 2G(0) -1, neN z,...,z, €2 (3.53)

Next we note that

o1 _ _1{(a+b)n =0, ifa=0b
- (a+b)n 1 ) 3
nlﬂlmoo n log [2 ( an )] { <0, ifa#b. (3.54)

From (1.1), (3.44) and (3.54) it follows that ©,,(0)/p?"/2(0) < C' < oo for all n € N, so that f*
indeed is bounded from above.

Note that X7 is the discrete-time random walk with transition kernel p(-,-). The key ingredient
behind ?E < ?g is the analogue of Lemma 3.2, this time with @* = (¢*)®N and ¢* given by

* @n(xl + - + xn
oo 117

replacing (3.18). The proof is deferred to the end.

Lemma 3.3. Assume (1.1). Let Q* = (¢*)®" with ¢* as in (3.55). If mg~ < oo, then I9%¢(Q*) >
Iann(Q*).

This shows that ?i < ?g via the same computation as in (3.20-3.22).
The analogue of (3.17) reads

=Y Y a@ e+ [[ o)
k=1

neNgy,... x,eZd

=zi{ S et Tlate} 2o (1)

neNm=0 T €24 k=1 (3.56)
= —0(0 Z prtm(g) 2-n-m-1 <n + m>
n,m=0 m
= —0(0 QZp = —0,(0) + 3G(0).
Consequently,
- = 1 1 2
logzo = e ™ = e Th = = = (3.57)

0(0) + e ©0(0)+ 2% G(0)’

where we use (3.36), (3.38), (3.41), (3.49) and (3.56).
We close by proving Lemma 3.3.
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Proof. We must adapt the proof in Section 3.2 to the fact that ¢* has a slightly different form,
namely, p"(x1 + -+ - + x,) is replaced by ©,(x1 + - - - + x,), which averages transition kernels. The
computations are straightforward and are left to the reader. The analogues of (3.23) and (3.25) are

s E—— T P ("5,

3G(0) = ©0(0) = m
? m=0 . (3.58)
* dyn 1 1 Zk k‘(o)
mq-= ) g (Z°)") = 7 17~ k" (0),
% 4 36(0) ~ ©0(0) =
while the analogues of (3.30-3.31) are
x p(a) R k-1 _ L G(a) — Oo(a)
g = -— = 1 — 2 = — — Y,
B 3.59
N _ p@p() <~ aar 1 (nAm
¢ ({(a,b)} x (ZH"2) = ———— p" T a+b)27 ™ .
Recalling (3.29), we find
o« (a, —a) — p(a)® >0, (3.60)
implying that W« # v®N (recall (3.2)), and hence H(¥g- | v®Y) > 0, implying the claim. O

4 Proof of Theorem 1.2

This section uses techniques from [6]. The proof of Theorem 1.2 is based on two approximation
lemmas, which are stated in Section 4.1. The proof of these lemmas is given in Sections 4.2-4.3.
4.1 Two approximation lemmas

Return to the setting in Section 2. For Q € P (EN), let H(Q) denote the specific entropy of Q.
Write A(- | -) and h(-) to denote relative entropy, respectively, entropy. Write

PE(ENY = {Q € P™(EN): Q is shift-ergodic},

fin / 79N inv / =N (4.1)
PUEM(EY) = {Q € P™(EY): Q is shift-ergodic, mg < oo}.
Lemma 4.1. Let g: E — R be such that
X
lim inf w >0 for v® —a.s. all X with Xlow = (X1, Xg)- (4.2)

k—o0 log k

Let Q € P&in(EN) be such that H(Q) < oo and G(Q) := J5(mQ)(dy) g(y) € R. Then

I%Iljglof % logE [exp <N/E(7r1RN)(dy)g(y)> ‘ X] > G(Q) — I1(Q) for v®N-a.s. all X. (4.3)

Lemma 4.2. Let g: E — R be such that
sup/k |g((3:1,...,ack))|1/®k(d:v1, ooy dry) < 00. (4.4)
E

keN
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Let Q € Peig(EN) be such that I11¢(Q) < oo and G(Q) € R. Then there exists a sequence (Qn)neN
in P& (ENY such that

liminf [G(Q,) — I(Q,)] > G(Q) — IT°(Q). (4.5)

n—oo

Moreover, if E is countable and v satisfies
Vpue Z(E):  hp|v) <oo= h(p) < oo, (4.6)
then (Qn)nen can be chosen such that H(Q,) < oo for all n € N.
Lemma 4.2 yields the following.
Corollary 4.3. If g satisfies (4.4) and v satisfies (4.6), then

sup { /Emcz)(dy)g(y)—fque(cz)}: sup { /E(mQ)(dy)g(y)—Iq“e(Q)}- (1.7)

G'Pinv E‘N ererg,ﬁn(EN)
Q (EN) H(Q) <00

With Corollary 4.3, we can now complete the proof of Theorem 1.2.

Proof. Return to the setting in Section 3.1. In Lemma 4.1, pick g = log f with f as defined in
(3.9). Then (1.11) is the same as (4.2), and so it follows that

1
liminf — logE {exp <N/ (mRy)(dy) log f(y > ‘ X}
N—oo N 74

4.8
> s { /ﬁwl@)(dy) log £ () — fque@)} , 9

Qefperg,ﬁn( 7d
(Q)<oe

where the condition that the first term under the supremum be finite is redundant because g = log f
is bounded from above. Recalling (3.10) and (3.19), we thus see that

nz s | [ mo e - 1@ (19)

ererg,ﬁn((z\(/i)N)
H(Q)<oo

The right-hand side of (4.9) is the same as that of (1.13), except for the restriction that H(Q) < oo.
To remove this restriction, we use Corollary 4.3. First note that, by (1.12), condition (4.4) in
Lemma 4.2 is fulfilled for ¢ = log f. Next note that, by (1.10) and Remark 4.4 below, condition
(4.6) in Lemma 4.2 is fulfilled for ¥ = p. Therefore Corollary 4.3 implies that r; equals the right-
hand side of (1.13), and that the suprema in (1.13) and (1.6) agree. O

Remark 4.4. Every v € P(Z%) for which Y,y ||z]|° v(z) < oo for some § > 0 satisfies (4.6).

Proof. Let u € P(Z%), and let m;, i = 1,...,d, be the projection onto the i-th coordinate. Since
h(mip | mv) < h(u | v) fori =1,...,d and h(u) < h(mip) + -+ + h(mgp), it suffices to check the
claim for d = 1.

Let i € P(Z) be such that h(u | v) < co. Then

> () log(e + |z)) = > p(z)log(e + |z|) + > p(z)log(e + |x|)
x€EZ TE€EZ x€Z

(@) 2 (e+|z])0/ 20 () (@) <(e+|z))?/ 20 (x)

2 u(x

<2 X wtaog(B5) + vt el ogte + ) (a10)
€L T€Z
w(x)>v ()
2
S hp | v) —i—CZ ) |z]° < oo
TEZ
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for some C' € (0,00). Therefore

x%# log< )>= % u(x)log<$>+ > u(x)log<ﬁ)

TEL

n(@)<(et|z))—2 u(@)>(e+|x])~2
2log(e + |x|)
< 2 1 <
72 e+ 2] + Zu og(e + |z]) < oo,
TEZL TEZL
(4.11)
where the last inequality uses (4.10). O

4.2 Proof of Lemma 4.1

Proof. The idea is to make the first word so long that it ends in front of the first region in X that
looks like the concatenation of N words drawn from @), and after that cut N “Q-typical” words
from this region. Condition (4.2) ensures that the contribution of the first word to the left-hand
side of (4.3) is negligible on the exponential scale.

To formalize this idea, we borrow some techniques from [6], Section 3.1. Let H(¥ () denote
the specific entropy of ¥ (defined in (2.8)), and H,|,(Q) the “conditional specific entropy of word
lengths under the law @ given the concatenation” (defined in [6], Lemma 1.7). We need the relation

H(Q | a5y) =mqH (Vg | V") — Hy1,(Q) — Eq [log p(11)] - (4.12)

First, we note that H(Q) < oo and mg < oo imply that H(Vg) < oo and H,|4(Q) < oo (see
[6], Lemma 1.7). Next, we fix ¢ > 0. Following the arguments in [6], Section 3.1, we see that for
all N large enough we can find a finite set & = &/ (Q,e,N) C EN of “@-typical sentences” such
that, for all z = (y™1),...,yN)) € &, the following hold:

N i
% Z log p(|y']) € _EQ [log p(71)] — &, [Eq [log p(71)] + 5} ,

Slog| (' € 1 w() = 52} € [H1(Q) — & Hul@) +], (4.13)

S 3o € [6Q) - 2.6@ —¢].

Put % := k(«/) C E. We can choose &/ in such a way that the elements of % have a length in
[N(mg —¢€), N(mg + €)]. Moreover, we have

P(X begins with an element of #) > exp [ — Nx(Q)], (4.14)
where we abbreviate
X(Q) :=moH(Vq | v*") +e. (4.15)
Put A
7n :=min {i € N: 6°X begins with an element of % }. (4.16)

Then, by (4.14) and the Shannon-McMillan-Breiman theorem, we have

1
lim sup N log v < x(Q). (4.17)

N—oo
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Indeed, for each N, coarse-grain X into blocks of length Ly := [N(mg +¢)]. For i € NU {0}, let
An; be the event that 6*LN X begins with an element of . Then, for any ¢ > 0,

exp[N(x(Q)+0)l/Ln
{v>elV@+dlfc i (4.18)

i=1
and hence

P(ry > expIN(x(@Q) +0)]) < (1~ exp[-N (Q)])exp[N(X(Q)+6)]/LN

(4.19)
< exp[—e5N/LN],

- { (1- eXp[—NX(Q)DeXP[NX(Q)] }e“N/LN

which is summable in N. Thus, limsupy_, % log 7v < x(Q)+6 by the first Borel-Cantelli lemma.
Now let ¢ | 0, to get (4.17).
Next, note that

E [exp ((N—I— 1)/E(7T1RN+1)(dy ) ‘ X}

N+1 N+1
— Y 0w —jzlexp(z (X, )) (4.20)

0<j1<<gn41 =1 =1

N+1 N+1
> p(tn) explg(X|(o,y]) Z HP — Ji—1) exp (Z (X1 J))

i=2
where ), in the last line refers to all (j1,...,jn41) such that j; == 7y < j2 < -+ < jn41 and
(X1 ,jags -+ s Xl(Gwsjnsa)) € @+ Combining (2.1), (4.13), (4.17) and (4.20), we obtain that X-a.s.

1
lim inf logE [exp [(N—i— 1)/ (miRn+1)(dy) g } ‘ X}
X0 '
> —ox(@) + timint 22X () 4 Bg o ()] + Q) — 3=
—00
By Assumption (4.2), liminfy o N7'g(X|(g,-y]) > 0, and so (4.21) yields that X-a.s.
lign inf % logE [exp (N [ (m1Ry)(dy) g X
E
4.22
> G(Q) — amH (W | ™) + Hyyu(Q) + Bollog plry)] - (3 + e %)
= G(Q) - I"(Q) — B+ e,
where we use (2.13-2.14), (4.12) and (4.15). Finally, let € | 0 to get the claim. O

4.3 Proof of Lemma 4.2

Proof. Without loss of generality we may assume that mg = oo, for otherwise @), = () satisfies
(4.5). The idea is to use a variation on the truncation construction in [6], Section 3. For a given
truncation level tr € N, let Qf, be the law obtained from @) by replacing all words of length > tr
by words of length tr whose letters are drawn independently from v. Formally, if Y = (Y(i))ZeN has
law Q and Y = (Y®);cy has law (v®™)®N and is independent of Y, then ¥ = (Y ®),cy) defined
by

i YO if [YO] < tr,

70 { Yo :Y m} o (4.23)

has law Qf,.
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Lemma 4.5. For every Q € P™<8(EN) such that 19¢(Q) < oo and every tr € N,

H(QY | 42) < H([Qluw | 450,

(4.24)
H(Ugu | v*N) < H(Ygy,, | v*N).

Proof. The intuition is that under @)}, all words of length tr have the same content as under
q§§ , while under [@Q]i; they do not. The proof is straightforward but lengthy, and is deferred to
Appendix A. O

Using (4.24) and noting that mqy = mq),, < 0o, we obtain (recall (2.13-2.14))

tr

lim sup 79 (QY,) < I%°(Q). (4.25)

tr—oo

On the other hand, we have

| m@i st
= /N(mQ)(dy) Lyjyl<tey 9(y) + Q(11 > tr)/ v (dxy, ... drg) g((z1, .. o)) (4.26)
E Etr
— G(Q) = /Emcz)(dy) 9(y).

tr—oo
where we use dominated convergence for the first summand and condition (4.4) for the second
summand. Combining (4.25-4.26), we see that we can choose tr = tr(n) such that (4.5) holds for
Qn = Qtyr(n)
It remains to verify that, under condition (4.6), H(Q},) < oo for all tr € N. Since H(QY,) <
h(mQ%,), it suffices to verify that h(m Q%) < oo for all tr € N. To prove the latter, note that (we
write .Zgv (1) to denote the law of 71 under Qf;, etc.)

h(m Q) = MLgy, (1)) + ZQtr T =1 h(.f% (YWO)r = g))

(=1

a1l e (4.27)
< logtr + Z Z h(,ZQt (1)|7'1 = E)) + trh(v).
=1 k=1
Since h(m1Q | gp,p) < H(Q | q/‘%y) = [*"(Q) < 11"(Q) < oo, we have
h(mQ | gp) = h(ZLo(T1) | p) + ZQ(ﬁ =) h(.fQ (Y(1)|71 = E) | y®€) < 00. (4.28)

Moreover, for all £ < tr and k =1,...,¢,

P(Zar, (V1 = ) | v) < h( Loy (VOlm = 0) |05) = n(Lo(YDlm =€) [ v*). (4:29)
Combine (4.28-4.29) with (4.6) to conclude that all the summands in (4.27) are finite. O
5 Proof of Theorems 1.4 and 1.5

Proof of Theorem 1.4. Let q € P(izl) be given by

q(z1,...,x) = pn)v(zy)--v(zn), neN, zi,...,z, € 2% (5.1)
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for some p € P(N) with > _ynp(n) < oo, and let Q = g®N. Then Q is ergodic, mg < oo, and
(recall (2.4))

1(Q) = H(¢™ [ (gp)*") = h(p | p) (5.2)
because ¥ = v*N. Now pick tr € N, p = [p*] with p* given by
1
p*(n) = 7 exp[—h(p")], n €N, 7 = %exp[—h(p”)], (5.3)

v(-) = p(-), and compute (recall (3.2) and (3.9))
| mQ)) 1og 1) = [ a(dy) log 1(w)
74 74
=S S ) p(ar) - plan) log (p s x”))

neNgy ... x,eZ4 P

= p(n) [~log p(n) — h(p")] (5.4)
neN
p*(n)
10g2+% 10g<p(n)>

=log Z+h(p|p)—hi(p|p*).
Then (1.13), (5.2) and (5.4) give the lower bound
ri >logZ —h(p| p*). (5.5)

Let tr — oo, to obtain 71 > log Z, which proves the claim (recall that z; = 1 + exp[—71]).

It is easy to see that the choice in (5.3) is optimal in the class of ¢’s of the form (5.1) with
v(-) = p(+). By using (3.14), we see that h(p?") > —log p**(0) and h(p?"*!) > —log p?*(0). Hence
Z < 00 by the transience of p(-,-). O

Proof of Theorem 1.5. The claim follows from the representations (1.13-1.14) in Theorem 1.2, and
the fact that 19¢ = I*"" when a = 1. O

6 Examples of random walks satisfying assumptions (1.10-1.12)

In this section we exhibit two classes of random walks for which (1.10-1.12) hold.

1. Let S be an irreducible random walk on Z? with E[||S1||}] < co. Then standard cumulant
expansion techniques taken from Bhattacharya and Ranga Rao [2] can be used to show that for
every Cy € (0,00) there is a Cy € (0,00) such that

n C 1 —1 (logn)02
v@) = gme | - gm0 (1+0(Fim—)) (6.1)
n— oo, |z|| <+/Cinloglogn, p"(x) >0,

where ¥ is the covariance matrix of S (which is assumed to be non-degenerate), and c is a constant
that depends on p(-). The restriction p™(x) > 0 is necessary: e.g. for simple random walk x and n
in (6.1) must have the same parity. The Hartman-Wintner law of the iterated logarithm (see e.g.
Kallenberg [24], Corollary 14.8), which only requires S; to have mean zero and finite variance, says

that 4
lim sup [(5n)]

n—oo 2 E“ n IOg IOg n -
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a.s., i=1,...,d, (6.2)




where (S,,)" is the i-th component of S;. Using ||S,|| < vdmax;<;<q|(S,)?|, we obtain that there
is a C3 € (0,00) such that

S,
lim sup 15nl

——— <
n—oo vnloglogn —
Combining and (6.1) and (6.3), we find that there is a Cy € (0, 00) such that

S —a.s. (6.3)

log[ p™(Sn)/p*"2(0) | > =C4[|Sul?/n ¥neN  S—as. (6.4)
Combining (6.3) and (6.4), we get (1.11).
To get (1.12), we argue as follows. Let E(S7) = 0 and E(||S1]?) < oo. For n € N, we have

> p'(@)loglp" () /" (0)] =: £1(n) + Ea(n), (6.5)

x€Z4

where the sums run over, respectively,

Li(n) :={z € Z%: pp(x)/p*"?(0) > exp[—n"Y|z||> — 1]},

6.6
Iy(n) = {w € 2%: p"()/p""/*(0) < exp[-n"|l|]* — 1]}. o0
We have
Li(n) > Y pMa) [-n Yz — 1) = —E(IS1)?) - 1. (6.7)
zeZd
Since u — ulogu is non-increasing on the interval [0, e), we also have
Da(n) = 3 (P17 (0) expl-nHal? ~ ) ool - 1) = 2 O

x€Z4

for some C5 € (0,00). By the local central limit theorem, we have p2l™/21(0) ~ Cen=%2 as n — oo
for some Cg € (0,00). Hence X1(n) + X2(n) is bounded away from —oo uniformly in n € N, which
proves (1.12).

2. Let S be a random walk on Z that is in the normal domain of attraction of a symmetric stable
law with index a € (0,1), i.e., P(S1 = z) = [l +0(1)]Cz~179, |z| — oo for some C € (0,00). Then,
as shown e.g. in Chover [13] and Heyde [20],

1Sn| < nt/eogn)t/eto) g, n — 00. (6.9)
The standard local limit theorem gives (see e.g. Ibragimov and Linnik [22], Theorem 4.2.1)
p'(@) = [L+o()]n~ " flan™%),  |a|/n"/* = O(1), (6.10)

with f the density of the stable law. The remaining region was analyzed in Doney [15], Theorem A,
namely,
(@) = L+ o) Cnle[ 70, |al/n!/* — . (6.11)

In fact, the proof of (6.11) shows that for K sufficiently large there exist ¢ € (0,00) and ng € N
such that

cl< ) <cg, n > ng, |z| > Kn'/® (6.12)
n|x’—1—a
Combining (6.9-6.11), we get
log[ p"(Sn)/p*"/*(0) ] > [=(1 +a)/a + o(1)] loglogn a.s., (6.13)
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which proves (1.11).

To get (1.12), we argue as follows. Pick K and ¢ such that (6.12) holds. Obviously, it suffices to
check (1.12) with the infimimum over N restricted to n > ng. Because f is uniformly positive and
bounded on [—K, K], (6.11) gives

Y @l p 0] 2 g (ot f)/2) > =00 (610

Applying (6.10) to p?l"/2}(0) and (6.11) to p"(x) we obtain

> p@)logp" (@) /PP O0) ] =~ Y 1/a(\ﬂcl/nl/“) (1 + ) log (calw| /")

|z|>Knl/a |z|>Knt/a

(6.15)
for some ¢y, co € (0,00). The right-hand side is an approximating Riemann sum for the integral

—2¢1(1 4+ a)/ dyy 7% log(cay) > —o0. (6.16)
K

A Appendix: Proof of Lemma 4.5

For the first inequality in (4.24), apply Lemma A.1 below with F = E,G=E" v = Qo
q = mp[Qltr, where 7, denotes the projection onto the first n words. This yields

hmQt | app) < h(mlQle 1 ap0),  neN, (A1)

implying H(Q¥, | ¢5,) < H([Qlur | 4)-
Lemma A.1. Let F be countable, G C F, v € P(F), n €N, g € P(F"). Define ¢ € P(F") via

q,( _Q£G H VG xz $:(l’1,...,$n)€Fn, (A2)

where Ig(x) ={1 <i<n: 2; € G}, ég(z) ={y € F": y; € G ifi € Ig(x), yi =z if i & Ig(x)},
va(-) =v(-NG)/v(G), i.e., a ¢'-draw arises from a q-draw by replacing the coordinates in G by an
independent draw from v conditioned to be in G. Then

h(g"| v®") < h(q | V7). (A.3)

Proof. For I C {1,...,n}, we write I¢ := {1,...,n}\I. For y € (F\ G)!",z € F!, we denote
by (y;z) the element of F{l"} defined by (y;2); = 2 if i € I, (y;2); = y; if i € I°. Put

ar.y(2) = q(y; 2)/q(€c.1(y)), where &q i (y) = {(y; 2'): 2/ € G}, e, qry € P(G?) is the law of the
coordinates in I under ¢ given that these take values in G and that the coordinates in I¢ are equal
to y.

Fix I c {1,...,n}, y € (F\ G)". We first verify that

> d(y;2)log (%) < ) q(y;2)log <%> : (A4)

zeGI zeGI

By definition, the left-hand side of (A.4) equals

o) a6 ()
a0 3 (Tlvaten ) o <V<G>f Mer u(yﬂ) - ol€arto) o <V<G>f Mer u(yﬂ) ’
(A.5)
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whereas the right-hand side of (A.4) is equal to

. 9. 1(W))ary(2)
9(6c.1(v)) Y ary(2)log (Hz‘el o) % er V(yj)> - (A.6)

2eG!

Thus, the right-hand side of (A.4) minus the left-hand side of (A.4) equals

(6 X ar@oe (225 ) ~ ateaaoh (a0 17") 20 (a1

Joptt iel va(zi)
The claim follows from (A.4) by observing that
b 1= S Y Y e (AL, (A8)
IC{l,...n} ye(F\G)I zeG! ’
and analogously for h(q | v®"). O
For the proof of the second inequality in (4.24), i.e
H(Wqy | v*N) < H(W g, [ v*Y), (A.9)

we need some further notation. Let tr € N be a given truncation level, * a new symbol, * & E,
E, = EU{x}, B, := U (E\)", where E? := {¢} with ¢ the empty word (i.e., the neutral element
of E, viewed as a semigroup under concatenation). For y € E, let

= Y, lf ’y| < tI‘,
E,> = A.10
s {*“, if [y| > tr, (4.10)
where % = x-.. % denotes the word in E* consisting of tr times *, and
o €, if |y| < tr,
E"U{e} 5 [yl = | (A11)
[Ylee, if |y| > tr.

Let Q € Pe(EN) satisfy H([Q]) < 0o. For Y = (Y ®);cy with law Q and N € N, let

KN = g ([Y W]y, .. [Y )]y,
K s ([ Dy, [ D), (A1)
K(Nvtrf“) = /{;([Y(l)]tr7,\,7 ey [Y(l)]tr,N)‘

Thus, KNt%) consists of the letters in the first N words from [Y];, such that letters in words of
length exactly equal to tr are masked by *’s, while K (V') consists of the letters in words of length
tr among the first N words of [Y],. Note that by construction there is a deterministic function

. E, x E — E such that KO = (KWt g0~y - We assume that Q(my > tr) > 0,
otherw1se KWt~ s trivially equal to e for all N.

Extend [-]¢r« and [ty ~ in the obvious way to a map on EN and P(EN). Then [Ql, [Qltr,,
[Qlir € PUE(EL), migl, = MiQlu. < 0 Mgl = 85 ViQhus Vi@l ViQhe € PUE(EY). By
ergodicity of @, we have (see [5], Section 3.1, for analogous arguments)

- (N,tr) - _
A}lm log QK ) miQ.H(¥Yig,,) as. (A.13)
1 (N, tr,*
]\}lm — log Q(KWNtr)y - = Q. H(Y(Q],.) as. (A.14)
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Since Q( Ntr) — Q(K(N,tr,*)’K(N,tr,N)) — Q(K(N,tr,*))Q(K(N,tr,w)) | K(N,tr,*))’ we see from
(A.13-A.14) that

i % log QUK NN KN9) = —myg) (H(Wgy,) — H(¥[q),,.)) = —Hue(Q)  as.
(A.15)
The assumption H([Q]t) < oo guarantees that all the quantities appearing in (A.13-A.15) are
proper. Note that Hy, ).(Q) can be interpreted as the conditional specific relative entropy of the
letters in the “long” words of [V, given the letters in the “short” words (see Lemma A.2 below).
Note that Hy, . «(Q) in (A.15) is defined as a “per word” quantity. Since the fraction of long words
in [Y]i is Q(m1 > tr) and each of these words contains tr letters, the corresponding conditional

specific relative entropy “per letter” is Hy, ., (Q)/[Q(71 > tr)tr], as it appears in (A.22) below.

Proof of (A.9). Without loss of generality we may assume that Q(r; > tr) € (0,1). Indeed, if
Q(m1 > tr) =0, then Qf, = [Qls, while if Q(r; > tr) = 1, then Ugr = v®N. In both cases (A.9)
obviously holds.

Step 1. We will first assume that |E| < co. Then H([Q]y) < oo is automatic. Since v®N is a
product measure, we have, for any ¥ € Pnv(EN),

HW | v®N) = —H(W) = Y U({z} x EY)logv(x), (A.16)
zel

where H (V) denotes the specific entropy of ¥. We have

T1NAtr

H(V(q), | v*) =~ H(¥q,,) - EQ[ > logu(v! ))}
Q) )
1 T1Atr
H(Vqy | v*Y) = - H(Vqy) - — (EQ[ > togu(v)im < tr} - Q(m > tr) trh(l/))
[Q}tr j:1
(A.17)
where h(v) = =) cpv(x)logv(x) is the entropy of v. Hence
H(Vigy, | v*) — H(Vqy | v1)
tr
) o Qn e, (A1)
= —[H(Yg,,) —H(Wqgy)] — — Eq Zlog v(Y:2 ), > tr] — v
[Q]tr ]:1 [Q]tr
y (A.15) applied to @ and to QY (note that [Q} ] = QF,), we have
1
HYq,,) =HYq,.)+ Hy, (@), (A.19)
(@] [Qlex, QL tr,~|
1 12
H(Uqr) = H(Yge),.) + Hy o (QF)- (A.20)
m[QtVr]tr

By construction, mqv),, = m(q),,, [Qt]trx = [Qltrss Hirn«(Qfr) = Q(71 > tr) tr h(v). Combining
(A.18-A.20), we obtain

H(Y(q, | oY) — H(Vqy | vEN) = 1 < Hy, (Q EQ[Zlogy );T1 > tr}). (A.21)
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Finally, we observe that

tr
: 1)
e [~ Hun(@) — Eq| Y logr(vV)im > ]
Q(71>tr)tr< tr,~+(@) QZOgV(] )7’11“>
= (A.22)
Hyn Q) 1 [ .
Q(Tl Z tr)tr tr Q@ ijl 0g V( J ) T1 = Ur
is the “specific relative entropy of the law of letters in the concatenation of long words given the
concatenation of short words in [Q]¢, with respect to v®”, which is > 0 (see Lemma A.2 below).

Step 2. We extend (A.9) to a general letter space E by using the coarse-graining construction
from [6], Section 8. Let o7, = {Ac1,...,Acn.}, ¢ €N, be a sequence of nested finite partitions of
E, and let (:).: E — (E). be the coarse-graining map as defined in [6], Section 8. Since (E). is
finite and the word length truncation [-]; and the letter coarse-graining (). commute, we have

H((Pqy)e | (V")) < H{(T(g),)e | (#71)) forall c€ N (A.23)

by Step 1. This implies (A.9) by taking ¢ — oo (see the arguments in [6], Lemma 8.1 and the
second part of (8.13)). O

Lemma A.2. Assume |E| < co. Let tr € N, Q € PS(EN) with Q(my > tr) > 0. For N € N, put
= |KWNA)| 0 Then a.s.

0 < lim ih(Q(K(NvtrvN) € - | KNty | V®EN)
N—oo [y

—Hy 1 (Q) )
_ oS log (Y ( >t
Q(m > tr)tr r Z og v =

Proof. Note that, by construction, Ly = Ly(K®™™*) is a deterministic function of K @V:tr+)
(namely, the number of *’s in K (V:t*)) and

]\}im Ly/N =trQ(m >tr) as. (A.24)

by ergodicity of Q). Fix € > 0. By ergodicity of @), there exists a random Ny < oo such that for
all N > Ny there is a finite (random) set By, = By (K®M"*)) ¢ ELN such that Q(KMtr~) ¢
BN,G ‘ K(N,tr,*)) >1—¢,

1 ~ I, *
~ log Q(K(N,tr, ) —p | K (N, )) c [— Htr,~|*(Q) — €, —Htr7N|*(Q) + 6] (A.25)
and
1 . 1 (1)
7 Zlog v(bi) € [x —€,x + €] with x = t—EQ[Z 1 log v(Y )| > tr] (A.26)
N r

for all b = (b1,...,b; ) € Bne. Here, (A.25) follows from (A.15), while for (A.26) we note that

|K(N’”)| (Nt ) trATL W
A}iinooNfl ; log v(K; 7Y =Eg| ]Zl log v(Y; )]
KV (A.27)
A}i_l)noo N1 Jz; log I/(KJ(-N’“’ )) = EQ[Zlog I/(Yj(l)); T > tr],
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and recall (A.24). It follows that

1 N . .
—h(QKWMr) ¢ | gy | @l
Ly
(Njtr,~) — (N, tr,*) (A28)
- — Y QUKW =p | KN log QU =b| K L I
In = T~
N eply Hj:l v(bj)

where X1 runs over b € By, and Yo over b € ELv \ Bn,.. We have

Htr,~|*(Q) . EEQ[Z;rzl log I/(ij(l))‘Tl > tI‘] (A29)

Z€|:/_ /7/ !/ th /:_
1E X =€ ] with x trQ(m > tr) tr

for N > Ny by (A.24-A.26), where ¢’ = €/(Q, €) tends to zero as € | 0. Multiplying and dividing by
Q(KWAr~) o By | KN4 we see that

1
< (N7tr7N) (N7tr7*) —_—
129 <Q(K ¢ By | K )rbng%( log <l/(b)>

= QUEN) g By | KN log QR M) g By | KKNr)) (450
4 Q(K(N,tr,w) g BN,G ‘ K(N,tr,*)) log ’E|,
which tends to zero as € | 0 because Q(K N:t~) & By | KWty < ¢ O
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