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Summary. We consider the minimum of a super-critical branching random
walk. In [1], Addario-Berry and Reed proved the tightness of the minimum
centered around its mean value. We show that a convergence in law holds,
giving the analog of a well-known result of Bramson [9] in the case of the
branching Brownian motion.

1 Introduction

We consider a branching random walk defined as follows. The process starts with one par-
ticle located at 0. At time 1, the particle dies and gives birth to a point process £. Then,
at each time n € N, the particles of generation n die and give birth to independent copies of
the point process L, translated to their position. If T is the genealogical tree of the process,
we see that T is a Galton-Watson tree, and we denote by |z| the generation of the vertex
x € T (the ancestor is the only particle at generation 0). For each z € T, we denote by
V(z) € R its position on the real line. With this notation, (V' (z), |z| = 1) is distributed as
L. The collection of positions (V(x), z € T) defines our branching random walk.

We assume that we are in the boundary case (in the sense of [7])

(1.1) E|d 1|>1, E|[) '@ =1 E|) V(e | =0

|z|=1 |z|=1 |z|=1
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MINIMUM OF A BRANCHING RANDOM WALK

Every branching random walk satisfying mild assumptions can be reduced to this case by
some renormalization. We refer to Appendix A in [16] for a precise discussion. Notice that
we allow E[> ;1] = oo, and more generally P(3_,_; 1 = 00) > 0. We are interested in

the minimum at time n

M, :=min{ V(z), | z| = n}.

Writing for y € RU {#+o0}, y, := max(y, 0), we introduce the random variables

(1.2) Xo= eV K= Y V() e VO,

|z|=1 |z|=1

We assume that

e the distribution of £ is non-lattice,

e we have
(1.3) E|Y V()e ™| <o
|z|=1
(1.4) E[X(n, X)) <00, E [f( In, X] < .

These assumptions are discussed after Theorem 1.1. Under (1.1), the minimum M,, goes
to infinity, as it can be easily seen from the fact that >, _, e~V goes to zero ([20]). The
law of large numbers for the speed of the minimum goes back to the works of Hammersley
[14], Kingman [17] and Biggins [5], and we know that 2= converges almost surely to 0 in
the boundary case. The second order was recently found separately by Hu and Shi [15], and
Addario-Berry and Reed [1], and is proved to be equal to %lnn in probability, though there
exist almost sure fluctuations (Theorem 1.2 in [15]). In [1], the authors computed the expec-
tation of M, to within O(1), and showed, under suitable assumptions, that the sequence of
the minimum is tight around its mean. Through recursive equations, Bramson and Zeitouni
[10] obtained the tightness of M,, around its median, when assuming some properties on
the decay of the tail distribution. In the particular case where the step distribution is log-
concave, the convergence in law of M,, around its median was proved earlier by Bachmann
[4]. The aim of this paper is to get the convergence of the minimum M,, centered around
%lnn for a general class of branching random walks. This is the analog of the seminal work

from Bramson [9], to which our approach bears some resemblance. To state our result, we
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E. AIDEKON

introduce the derivative martingale, defined for any n > 0 by

(1.5) W, =Y V(w)e V™,

|z|=n
From [6] (and Proposition A.1 in the Appendix), we know that the martingale converges
almost surely to some limit 0W,,, which is strictly positive on the set of non-extinction of
T. Notice that under (1.1), the tree T has a positive probability to survive. If the process is

extinct at time n, we set M, := 0o (or min () := oo in the definition of M,,).

Theorem 1.1 There exists a constant C* € (0,00) such that for any real x,

: 3 ~C* e IWoo
(1.6) JL%OP(anélnn+x) =E|[e |
Remark 1. We can see our theorem as the analog of the result of Lalley and Sellke [19] in

the case of the branching Brownian motion : the minimum converges to a random shift of
the Gumble distribution.

Remark 2. The condition of non-lattice distribution is necessary since it is hopeless to have
a convergence in law around %lnn in general. We do not know if an analogous result holds
in the lattice case. Without (1.3), we can expect to have still a convergence in law but cen-
tered around xInn for some constant x # 3/2. This comes from the different behaviour of
the probability to remain positive for one-dimensional random walks with infinite variance.
Finally, the condition (1.4) appears naturally for 0W,, not being identically zero (see [6],
Theorem 5.2).

The proof of the theorem is divided into three steps. First, we look at the tail distri-
bution of the minimum MM of the branching random walk killed below zero, i.e Ml :=
min{V (x), V(zx) > 0, VO < k < |z|}, where x} denotes the ancestor of x at generation k.

Proposition 1.2 There exists a constant C; > 0 such that

lim sup lim sup =0.

Z—00 n—oo

e’P (Mrlfi“ < glnn - z) -4

This allows us to get the tail distribution of M,, in a second stage.



MINIMUM OF A BRANCHING RANDOM WALK

Proposition 1.3 We have

z

e—P (Mn < glnn— z) — (e

z

=0

lim sup lim sup
Z—00 n—oo

where C is the constant in Proposition 1.2, and ¢y > 0 is defined in (2.10).

Looking at the set of particles that cross a high level A > 0 for the first time, we then deduce

the theorem for the constant C* = C'¢y.

The paper is organized as follows. Section 2 introduces a useful and well-known tool, the
many-to-one lemma. Then, Sections 3, 4 and 5 contain respectively the proofs of Proposition
1.2, Proposition 1.3 and Theorem 1.1.

Throughout the paper, (¢;);>o denote positive constants. We write E[f, A] for E[f14],
and we set Y, :=0, [[; :== 1.

2 The many-to-one lemma

For a € R, we denote by P, the probability distribution associated to the branching random
walk starting from a, and E, the corresponding expectation. Under (1.1), there exists a
centered random walk (S,,n > 0) such that for any n > 1, a € R and any measurable

function g : R™ — [0, o0),
(21) B 3 o(Vi@)- - Viw)) } = B g(S1--- . 5,)}
lz|=n

where, under P,, we have Sy = a almost surely. We will write P and E instead of Py
and Eq for brevity. In particular, under (1.3), S; has a finite variance o2 := E[S}] =
E> - V(z)?e”V®)]. Equation (2.1) is called in the litterature the many-to-one lemma

and can be seen as a consequence of Proposition 2.1 below.

2.1 Lyons’ change of measure

We introduce the additive martingale

(2.2) W= eV

lul=n
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E. AIDEKON

and we define for any a € R a probability measure Q, such that for any n > 0,

(2.3) Q.

z, ='W, eP,

-?n

where %, denotes the sigma-algebra generated by the positions (V' (z), || < n) up to time
n. We will write Q instead of Q.

To give the description of the branching random walk under Q,, we introduce the point
process £ with Radon-Nykodin derivative ) .. e~V with respect to the law of £, and
we define the following process. At time 0, the population is composed of one particle wy
located at V(wy) = a. Then, at each step n, particles of generation n die and give birth to
independent point processes distributed as L, except for the particle w, which generates a
point process distributed as L. The particle w, is chosen among the children of w, with
probability proportional to e=V(®). We denote by B, := (V(x)) the family of the positions of
this system. We still call T the genealogical tree of the process, so that (wy),>0 is a ray of
T, which we will call the spine. This change of probability was used in [20], see also [15]. We
refer to [21] for the case of the Galton-Watson tree, to [12] for the analog for the branching

Brownian motion, and to [6] for spine decompositions in various types of branching.

Proposition 2.1 ([20],[15]) (i)Under Qu, the branching random walk has the distribution
of B,.

(i) For any |x| = n, we have

—V(z)

W

(iii) The spine process (V(w,), n > 0) has the distribution of the centered random walk
(Spn, n > 0) under P,.

(2.4) Qu{w, = | F} = °

Before closing this subsection, we collect some elementary facts about centered random
walks with finite variance.
There exists a constant oy > 0 such that for any x > 0 and n > 1
(2.5) Px(m<in S; >0) < ay(14z)n V2
sn

There exists a constant as > 0 such that forany b>a >0,z > 0and n > 1

(2.6) P.(Sy € [a,b], minS; > 0) < az(1+2)(1+b—a)(1 +b)n 2
sn

5



MINIMUM OF A BRANCHING RANDOM WALK

Let 0 < A < 1. There exists a constant ag = a3(A) > 0 such that forany b > a >0, z,y > 0
and n > 1

(27) Pw(Sn € [y + a,y + b], IJHSISSJ Z 07 min Sj Z y)

An<j<n

< az(14+2)(1+b—a)(l+bn=>2

an

Let (a,, n > 0) be a non-negative sequence such that lim,, . ~#s = 0. There exists a

constant oy > 0 such that for any a € [0,a,] and n > 1

(2.8) P(S, € [a,a+ 1], minS; >0, min S; > a) > amn >

i<n n/2<j<n
Equation (2.5) comes from [18]. Equations (2.6) and (2.7) are for example Lemmas A.1 and
A3 in [3]. Equation (2.8) is Lemma A.3 of [2]: even if the uniformity in a € [0, a,] is not
stated there, it follows directly from the proof.

2.2 A convergence in law for the one-dimensional random walk

We recall that (S,,) is a centered random walk under P, with finite variance E[S?] = ¢? €
(0,00). We introduce its renewal function R(z) which is zero if z < 0, 1 if x = 0, and for
x>0

(2.9) R(x) := ZP(Sk > —z, Sy < min Sj).

0<j<k—1
k>0

Similarly, we define R_(z) as the renewal function associated to —S. It is known (see [22])
that there exists ¢y > 0 such that

R
(2.10) lim 2

r—oo I

Since E[S;] = 0 and E[S] < oo, there exist C_,C, > 0 such that

P(min SiZ()) ~

1<i<n

P (maX S; < O) ~
1<i<n

SRR

as n — oo ([18]).
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Lemma 2.2 Let (r,)n,>0 be a sequence of numbers such that lim,, Stz =0. Let F: Ry, —
R be a Riemann integrable function. We suppose that there exists a non-increasing function
F: Ry — R such that |F(z)| < F(x) for any x >0 and [, xF(x) < co. Then, asn — oo,

(2.11) E |F(S, —y), min S, >0, min S >y| ~ C*C“/%n—?’/?

= F(x)R_(x)dx
kelo,n)] k€[n/2,n] 0\/5 250 () ()

uniformly in y € [0, r,].

Proof. Let € > 0. Since |F(z)| < F(z) and F is non-increasing, we have for any integer

M>1,

E[|F(Sn—y)|, min S, > 0, min Ska,SnZy—l—M}

kelo,n] k€[n/2,n]

< F()P ( min S, >0, min S, > .5, y+i+1)).
< ;4 () (;Jg}é% 20, min Sc>y, Ely+jy+i+ ))

<.

For j > 1, we have by (2.6),

P Sk 20 Sk > Y, Sn , D) <o -2
(krer%é?z] k= ’ker[rnl}g’n] k=Y, < [y +2,Yy+7+ )) S C 372

It yields that

. . C1 o
E ||F(S, —y)|, min Sy >0, S22y S >y+ M| <= F
[I (Su =)l min S >0, min S >y y+ } —~7 ;\:4 (4)J

which is less than en=%/2 for M > 1 large enough. Therefore, we can restrict to F with
compact support. By approximating F' by scale functions (F is Riemann integrable by

assumption), we only prove (2.11) for F(x) = 1{zc(0,q)}, for any a > 0. We have

E {F(Sn —y), min S, >0, min S > y]

kelo,n] ke€[n/2,n)
— P(min S, >0 in S,>y S, < .
(Jéféﬂ] k>0, min S >y, S < y+a)

Applying the Markov property at time n/2 (we assume that n/2 is integer for simplicity),

we obtain that

(2.12) E [F(Sn — y),kn%in Sp >0, min S, > y] =E |:¢(Sn/2>, min S > 0}
c|0,n

0,n] k€n/2,n] kelo,n/2)
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MINIMUM OF A BRANCHING RANDOM WALK

where

#e) (ker[%}% B2 Y O S YT a)

We estimate ¢(x). Reversing time, we notice that

o(x)=P ( min (=S) > =Spp—x+y > —a) :

ke[0,n/2]

We introduce the strict descending ladder heights and times (Hy, Ty) of —S defined by Hy :=
0, Ty := 0 and for any ¢ > 0,

Try1 = mln{k >Tp+1: (—Sk) < Hg},

Hg+1 = _STZJrl'

Since E[S] = 0, we have T} < oo for any ¢ > 0. We observe that R_(z) = >_,.( P(H; > —x).

Discussing on the time £ such that H, = mingcon/9(—Sk), we have

P in (=S;) > =S,/ — >
(i (502 ~Sun oty )

= ZP (Tg <n/2,Hy > -5, —x+y>—a, min (=S > Hg) .

ke(T, 2
>0 €[Te,n/2]

Hence,

(213) gb(x) = ZP (Tg S TL/Q,H( Z —Sn/g — T+ Yy Z —a, min (—Sk> Z HZ) .

ke[T, 2
>0 €[Te,n/2]

By the Markov property at time 7}, we see that
P (He > —Spp—x+y>—a, min (=Sy) > H, ‘ (Hy, Te))

= lig>_aP ( min (=S5;) >0,-S» ; €[r—y—a—h,x— y])

J€E[0, 5 —1]

Let 1(z) := xe~"/?1(,50). By Theorem 1 of [11], we check that
1>} P ( min (—S;)>0,—-Sz €zt —y—a—h,x— y])
- J€l0, 5] ?

x
oy\/n/2

2C_
= Lnz-ay— ~(h+a)y ( ) + 1pz—apo(n)

8



E. AIDEKON

uniformly in x € R, t < n'/2 h € [~a,0] and y € [0,7,,]. To deal with ¢ € [n'/2,n/2], we see
that

~1
1>—a)P ( min (=S5;) >0,-S» ,€[r—y—a—h,x— y]) = 1p>-030(1) (2 —t+ 1)

F€[0,2 ] 2

again by Theorem 1 of [11]. Going back to (2.13), it implies that

@D (0\/_> ZE (H, +a)1{H£> —a Te<n1/2}]

£>0

Hi+a
+0(1) ) _E {Tﬂl{ﬂp 0. Tye(n/2, n/2]}]

>0

e e o

£>0

H,+a
+0(1)) B {—% T, 1 e Tee<nl/2,n/2}}] :
>0

20_

o) = o)+

We want to show that the term in the last line is o(n™!) as well. We observe that

Hy+a 1
1T+ 11{sz—a,Tze(n1/2,n/2]} < aE —% — T, + 11{H22—a,T26(n1/2,n/2]} .
Since Y o0 P (He > —a, Ty = k) < P,(S}, € [0, a], minj<;, S; > 0), we obtain by (2.6) that
Y P(H > —a, Ty=Fk) < ay(1+ )’k

It yields that

Hy+a /2] 1
3 —3/2
Z E |:—% — TZ I 1 1{Hg>—a,T[E(n1/2,n/2}}:| S aag(l -+ CL) Z k / —_— 7 n 1

>0 k=|nl/2]+1 2
= o(n’l)
indeed. Therefore
2C_ T
z)=o(n 1) + E|(H +a)l —a
o) =oln™) + 5 | s ; [(He+a)11,2-a)]

uniformly in z > 0. Equation (2.12) becomes

ke[0,n] ke€n/2,n)

Sn/Q
min S; >0
w(awn/Z) kel0,n/2]

E[F(Sn—y), min S; > 0, min Sk>y}

2C_
= o(n¥* + —E
on

S E[(Hi+a)ls—a)

£>0



MINIMUM OF A BRANCHING RANDOM WALK

where we used (2.5). We know (see [8]) that S,/(on'/?) conditioned on mingejp ) Sk being

non-negative converges to the Rayleigh distribution. Therefore,

Sn/2 . C+
E , min S >0| ~ —=
[¢ (a\/n/2> kelon/2 ] 2yn

We end up with

E{F(Sn—y), min S, >0, min Sk>y}

ke[0,n] k€n/2,n]
_ c_C
O<TL 3/2 Ung/;.sz Hg—|—a 1{Hg> a}]
>0

We recall that >, P(H; > —a) = R_(a) by definition. We check that

Z E [(H+ a)lig,>—ay] = />o F(z)R_(x)dx,

>0

which completes the proof. 0

3 The minimum of a killed branching random walk

It reveals useful to study first the killed branching random walk. We consider only individuals

that stay above 0, and we investigate the behaviour of the minimal position
(3.1) MEY = inf{V (u), |u| =n, V(ux) >0,V0 <k <n}.

[inf @ := oo]. If MM! < 0o, i.e. if the killed branching random walk survives until time n, we

kill,(n)

denote by m a vertex chosen uniformly in the set {u : |u| =n, V(u) = M V(u;,) >

0, VO < k < n} of the particles that realize the minimum. We will see that the typical order
of M} is 3 Inn. It will be convenient to use the following notation, for z > 0:

(3.2) an(z) = 5 Inn — z,

(3.3) L(2) = [an(z) — 1,a,(2)).

The section is devoted to the proof of the following proposition.

Proposition 3.1 For any e > 0, there exist A >0 and N > 1 such that for any n > N and
z € [A,In(n)],
CPMM e I,(2) - Oy <&

where Cy is some positive constant.

10



E. AIDEKON

Corollary 3.2 Let C := 1 T
anyn > N and z € [A, (Inn)/2],

For any € > 0, there exist A > 0 and N > 1 such that for

[\CR V]

e P <M£i” < lnn—z) -1 <e

Proposition 1.2 follows.

Assuming that Proposition 3.1 holds, let us see how it implies the corollary.
Proof of Corollary 3.2. Let € > 0. We have by equation (2.1),

Sn
|Z Ly () <imn, ming<j<, Vuj>0y | = E { , S, <lnn, 0r<r;1£1n S; > 0]

< nP (Sn <Inn, min S; > 0) )
0<j<n

By (2.6), we have P (S,, < Inn, ming<;j<, S; > 0) < 02%. Hence, there exists N; such
that for any n > N;

Z ]-{V(u)glnn, ming<;<pn V(uj)>0} <e.

|ul=n
We observe that P(MX! <1nn) is less than the left-hand side. Therefore, P(MM! < Inn) <
e for n > Nj. Let A and N be as in Proposition 3.1. We have for n > N and z € [A,Inn],

e P(MH € I,(2)) — Cy| < e.
We obtain that, for z € [A, (Inn)/2],
3 3 [(Inn)/2] [(Inn)/2]
2 Kill —k
eP(Mn e[élnn—z—L(lnn)/QJ—1,§lnn—z)>— Z e CQ‘_ Z e e

k=0
Hence, for n > max(Ny, N), and z € [A, (Inn)/2]

eZP(Mﬁjﬂl lnn—z) Ze’k02‘<2e Fe + O, Z e P e

k>0 k>0 k>(lnn)/2

Take Ny such that if n > Ny, then Cy Zk>(1nn)/2 e ® < e. We obtain for n > max(Ny, N, Ny),
and z € [A, (Inn)/2]
1
< 2)
- 5(1 —e L +

e’ P (Mfin < glnn - z) __G
which completes the proof. 0

1—el
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MINIMUM OF A BRANCHING RANDOM WALK

3.1 Tightness of the minimum

We want to estimate the probability of the event {MM! € I,(z)}. The first lemma gives
information on the path of particles located in I,,(z). Roughly speaking, we show that they

typically follow excursions over the curve k — %ln k.

Lemma 3.3 Let 0 < A < 1. There exist constants cs,cqy > 0 such that for anyn > 1, L > 0,
x>0 and z >0,
(3.4) P, (El\u| =n: V(u) € I,(z), min V(ug) >0, min V(ug) € I,(z+ L))
ke[0,n) ke[An,n]
< cy(1 4 x)e @l 2,

Proof. Let E be the event in (3.4), and for 0 < k <n

0, if 0 <k < An,

3.5 dy = di(n,z,L) ==

Discussing on the time when the minimum mingepan,, ) V (ux) is reached, we observe that
E C Uyeiann) Er where we defined Ej, := [, _,, Ex(u) and for any |u| = n,

Ei(u) = {V(W) >d, V0 <<, Vu) € L(z), Vi) € L+ L)}.
Similarly, let

Eu(S) == {Sg > d, V0 <0< n, Sy € L(2), Sy € L(z + L)}.

We notice that Po(Ey) < By |30, Le,| which is B [e97*15,(5)] by (2.1),

In particular,
(3.6) P, (Ey) < n*2e P, (Ey(S)).
We need to estimate P, (E(S)). By the Markov property at time k,
P.(EL(S)) < Po(S¢>di,VOSU<E,Sp€l(2+1))
x P <Sn_k e[L—1,L+1], min S, > 0) .

Le[0,n—k]

For the second term of the right-hand side, we know from (2.6) that there exists a constant
¢s > 0 such that

te0,n—k]

(3.7) P (Sn_k €[L—1,L+1], min S, > 0) <ecs(n—k+1)72(1+ L).

12
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To bound the first term, we have to discuss on the value of k. Suppose that %n <k<n.
We have by (2.7)

(1+2)

(38) P, (Sg >dy, VO<I< kS € In(z + L)) < cq 372

If An <k < %n, we simply write

P,(Sy>d;,VO<(<k,S,el,(z2+L)) < P, (Sk€[n<Z+L)7£n%OiI]1€]S£20)
€lo,

(3.9) < (14 z)In(n)n =2

by (2.6) . From (3.7), (3.8) and (3.9), there exists a constant c¢g > 0 such that

a~1/2
> PL(E(S)) Ses(l+a)(1+ L)W
ke[An,n—al]
for any a > 1. By (3.6), it implies that
(3.10) Y PuB) <cs(l+a)(1+ Le " 2a 'V

k€[An,n—a)

It remains to bound P, (E}) for n — a < k < n. We observe that
P.(Ey) <P, (3lul=Fk : V(w) >dy, VO L <k, V(u) € L(2+L)).
By an application of (2.1), we have
P.(E) <n®?e P, (S, >dy, VO <{<k,Sp € I,(2+ L))
which is < coe™®*F(1 4 ) by (2.7) (for k > (1 4+ A)n/2 for example). It follows that,

(3.11) Y PuE) <c(l+a)(lta)e

keln—a,n)

Equations (3.10) and (3.11) yield that, for a € [1,(1 — A)n/2],

P,(E)< Y PuE)<(l +x)e—r—Z{c8(1 +L)a" M2 4 (1 +a)e_L}.
ke[An,n]

We take a = e*! with o > 0 to complete the proof. O
Recall that a,(2) := 2Inn — z, and 1,(2) = [aa(2) — 1, a,(2)).

13



MINIMUM OF A BRANCHING RANDOM WALK

Definition 3.4 For |u| = n, we say that u € Z>L if

V(u) € I,(2), kIEI%(i)?L] V(ug) > 0, ker[%}gn] V(ug) > an(z + L).

In words, u € Z** loosely means that a particle is located around %lnn — z, and made an
excursion above the curve k — %lnk — 2z — L. We easily deduce from Lemma 3.3 that for

any € > 0, there exists L > 0 large enough such that for any n > 1 and z > 0,
3
(3.12) P <E||u| =n:ud¢ 2 Vi) < Elnn — z) <ee %

Equivalently, with high probability, any particle located below % Inn — z made an excursion
above the curve k& — $Ink — 2z — L. We show now that P(M < 2Inn — 2) has an

exponential decay as z — oc.

Lemma 3.5 There exist cig, c11 > 0 such that for anyn > 1 and z € [0, (3/2)Inn — 1]
~ 3
e’P (MTIZ“H < §lnn — Z> € [e10, c11]-

Proof. The proof relies on usual first and second moment arguments. By equation (3.12),
there exists L > 0 such that for any z > 0 and n > 1, we have P(m!h() ¢ z=L kil ¢
I,(2)) < e *. Let (dy)o<k<n be, as defined by (3.5) in the case A = 1/2,

0, ifo<k<o2

3.13 dy = di(n, 2, L) :=
(3.13) o = diln, 2, L) {max(gmn—z—L—Lo), it 2 <k<n

We have by (2.1),

P(mMh ) ¢ z=L ARl e T o(2)

IN

E ) 1pezs

|u[=n

= E[e, S, >d, VO<k <n,S, € L,(2)]
< n3/2e_zP{Sk > dp,V0<k<n,S, e [n(z)}.

By (2.7), the right-hand side is less than ¢12(L)e™*. We obtain that
P(ME"Y € I,(2)) < (c12 + 1)e ™.
This implies the upper bound. To prove the lower bound, we introduce

(n) k1/127 if 0 < k < %7
ep =€, = _
(n—k)V12, if 2 <k <n.

14



E. AIDEKON

We say that |u| = n is a good vertex if u € Z*° and
(3.14) 3 e—<V<v>—dk>{1 +(V(v) — dk)+} <Bet  Y1<k<n,
veEQ(ug)

where ((y) stands for the set of brothers of y, i.e the particles x # y which share the same
parent as y in the tree T. By (2.8), there exists ¢;3 > 0 such that Q(w,, € Z*°) > 2c;3n~%/2.
Then, by Lemma C.1, we can choose B > 0 such that for any n > 1 and z € [0, (3/2) Inn —1]

Q(wy, is a good vertex) > ¢13n~ /2.

Let Good,, be the number of good vertices at generation n. We have by definition of the

measure Q and Proposition 2.1 (ii),

1
E[Good,] = Eq w. Z 1{u is a good vertex}

n
|ul=n

Eq [ev(w”), w, is a good Vertex}

v

n32e7*1Q (wy, is a good vertex)

z—1

(3.15)

v

c13€
We look at the second moment. We use again Proposition 2.1 (ii) to see that
E [(Goodn)ﬂ = Eq [ev(w")Goodn, w,, is a good vertex]
< n?’/Qe_ZEQ [Good,,, w, is a good vertex] .

Let Y;, be the number of vertices |u| = n such that v € Z*°. We notice that Y;, > Good,,
hence
E [(Good,)?] < n*2e*Eq [Vy, wy, is a good vertex] .

We decompose Y,, along the spine. We get

Y, = 1{wn62270} + Z Z Yn(u)

k=1 ueQ(wy)

where Y, (u) is the number of vertices |v| = n which are descendants of u and such that
v € Z2%9. Therefore,

E [(Good,)?] < n3/2e_z{Q(wn is a good vertex)
+ Z Eq Z Y, (u), w, is a good vertex }
k=1 ueQ(wy)

15



MINIMUM OF A BRANCHING RANDOM WALK

Let Goo 1= a{w;, V(w;), Q(w;), (V(u))ueaqw,;), J > 1} be the sigma-algebra generated by the
spine and its brothers. By Proposition 2.1 (i), we know that the branching random walk
rooted at u € Q(wy) has the same law under P and Q. We take now dj equal to 0 if £ < n/2
and max((3/2)Inn — 2z —1,0) if n/2 < k < n (or, equivalently, we take dy := di(n, z,0) in
(3.13)). For u € Q(wy), we have Y, (u) = 0 if there exists j < |u| such that V(u;) < d,.
Otherwise, we have by (2.1),

Eq [Ya() |Gl = Bvw) | D Lviw)2dee, vosjcnt Viwen ()
|v|=n—k
— e‘V(“)Ev(u) [es"*’“, S; > dips, VO < j<n—k, Sy € I,(2)] .

Consequently,

Eq[Yn(u)|Go) < 02 VWP (S > dpy, VO < j <n—k,Sny € I,(2))
= n32e > VWp(V(u), k,n).

We obtain that

E [(Good,)’] < n3/2e’Z{Q(wn is a good vertex) +

(3.16) n3/2e=* Z Eq Z efv(”)p(V(u), k,n),w, is a good vertex }
k=1

ueQ(wy)

We want to bound p(r, k,n) for r € R. We have to split the cases k < n/2 and n/2 < k < n.
Suppose first that & < n/2. Then p(r,k,n) =0if r < 0. If r > 0, we apply (2.7) to see that

p(r, k,n) < cpa(r + 1)n =32

It implies that

Z Eq Z e VWp(V(u), k,n),w, is a good vertex

k=1 ue(wy,)

IN

15]
cran 2 Z Eq Z e V(1 +V(u)y),w, is a good vertex
k=1 ueQ(wk)
5]
c1aBn3/? Z e *Q (w, is a good vertex)
k=1

IN

16



E. AIDEKON

where the last inequality comes from the property (3.14) satisfied by a good vertex. When
n/2 < k <n, we simply write p(r, k,n) < 1 and we get

Z Eq Z eV Wp(V(u), k,n), w, is a good vertex
k=[Z2]+1 | wE(wy)

IA
(]
&3

o

Z eV, is a good vertex
k=L%J+1 _uEQ(wk)

— 327 Z Eq Z ef(v(“)fd’“), wy, is a good vertex
k=[5 ]+1 u€Q(wy)

n

< Bn 3% Z e “*Q (wy, is a good vertex)
k=[] +1

by (3.14). Going back to (3.16), we end up with

E [(Goodn)Q] < n3/2€7z{1 + ¢35 Z e ¢k }Q (wy, is a good vertex)
k=1
< gn®?e*Q (wy, is a good vertex) .

Now, observe that Q(w, is a good vertex) < Q(w, € Z*°) < ¢;;n~%/? by Definition 3.4 and
equation (2.7). Hence

(3.17) E [(Goodn)z] < cige” ”.

By the Paley-Zygmund inequality, we have P(Good,, > 1) > ;[([gg—?ﬁ:];,} which is greater
than cige™ by (3.15) and (3.17). We conclude by observing that if Good,, > 1 then MX! <

3
§lnn—z. [l

3.2 Proof of Proposition 3.1

Lemma 3.5 already gives the good rate of decay, but we want to strenghten it into an

equivalent as z — co. We recall that m/!h()

is chosen uniformly among the particles that
realize the minimum. We introduced the notation Z*% in Definition 3.4. By (3.12), we
can assume that m*<h( € Z=L when MM € [,(2). The first step of the proof is to give
a representation of the probability P (M} € I,(z), m*"(" € Z=L) in terms of the spine

decomposition presented in Proposition 2.1.

17
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Lemma 3.6 For any z >0, L >0, and n > 1, we have

e (v ()= gy

Z‘u‘ ]_{V M},flll}

(3.18) P (MM € I,(z), MM € 22F) = Eq , w, € 27"

Proof. We observe that

P (MM € I(z), m" € 258) = E | ) 1m it yezeuy

| [ul=n

Z|u| 1{V u) Mk111 uEZZ L}
Z|’U,| 1{V M’rlilll} '

= E

Using the measure Q, it follows from Proposition 2.1 (ii) that

ZM —n {V y=MKill yezzL} V(wn) 1
w)=MN €27 L} |
which completes the proof. 0
For b integer, we define the event &, by
(3.19) En=En(z,0) ={VE<n—>bVYveQu), min V(u)>a,(z)}

u>v,|ul=n

where, as before, Q(wy,) denotes the set of brothers of wy. On the event &, N{M¥! € I,(2)},
we are sure that any particle located at the minimum separated from the spine after the

time n — b. The following lemma will be proved in subsection 3.3.

Lemma 3.7 Letn >0 and L > 0. There exist A > 0 and B > 1 such that for any b > B,
n>1andz> A,

(3.20) Q((&,)¢, w, € Z5L) < nn=3/2.

Let, forx >0, L >0, and b > 1

V(wy)—Lq B
¢ W) =M} yin Vwy) > 0, V(wy) € [L— 1, L)

3.21 Fru(z) = Eq,
(3:21) (@) ? D et Lvwy=asy  kel0d)

We stress that M, which appears in the definition of F7,;(x) is the minimum at time b of the

non-killed branching random walk. Then, define

(3.22) Cry e SECNT [ b R (2,

oV?2 >0

18
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where C_, Cy and R_(x) were defined in subsection 2.2. We recall that, by Proposition 2.1

(iii), the spine has the law of (S,,),>0. In (3.21), we see that LVen=t) s gmaller than
= _Z|u|:b1{v<u)=Mb}

1, and eV™o)=L < 1. Hence, |Fp,(z)| < P(S, < L — x) =: F(z) which is non-increasing in

z, and [ F(z)rde = JE[(L — Sp)*1(s5,<1)] < 00. Moreover, observe that

e Ly =)

Friolx) =E
Lo(e) = Eq > jul=b L{v(w=1s}

{mingeo,5) V(wg)>—2, V(wp)€ [—$+L—17—$+L)}] :

The fraction in the expectation is smaller than 1. Using the identity |1p — alp| < 1—a+
|11 — 1p| for a € (0,1), it yields that for x > 0, ¢ > 0 and any y € [z,z + €],

\Frp(y) — Frp(x)|
EQ |: e_(y_

< l—e"+Eq [1{minkem,b] V(wo)+ael-e0)} T Ly (w)+a—Lel-1-e~u(-c0} | -

IN

w)l{minke[o’b] V(wy)>—y, V(wp)+y—Le[-1,0)} — Lmingeo s V(wg)>—a, V(wy)+2—Le[-1,0)} H

We easily deduce that F7,; is Riemann integrable. Therefore, I}, ; satisfies the conditions of

Lemma 2.2.

We want to prove that the expectation in (3.18) behaves like e™* with some constant
factor, as z — oco. By Lemma 3.7, we can restrict to the event &,. The next lemma shows

that the expectation on this event is then equivalent to Cp, ,e™%.

Lemma 3.8 Let L > 0 andn > 0. Let A and B be as in Lemma 3.7. For any b > B, we

have for n large enough, and z € [A,Inn],

eV (wn)

(3.23) e"Eq

<1

1 i
W=t} ) e 2ot g, | - Oy,
Z|'LL| 1{V u) Mklll}

Proof. Let L, n, A, B be as in the lemma. Take n > 1, b > B and z > A. We denote by
Q3.23) the expectation in (3.23). By the Markov property at time n — b (for n > 2b), we

have
Q323 = Eq [Fkill(v(wn—b))7 V(we) > dy, VL <n—b, &,

where dy == 0if 0 < ¢ < n/2 and dy := max(a,(z) — L,0) if n/2 < £ < n, and FXU is defined
by

Kill e/ wr)
(3.24) F*(z):= Eq,

1 kill
{V (wp)=M}1}
min V > an, ).V cl, .
Z|u\:b 1{\/() Mklll} ke[(l)I},} (wk) @ (2 ) (wb) (Z)]

19



MINIMUM OF A BRANCHING RANDOM WALK

Notice that F¥!!(z) < n*2e *Q,(mingejop V(wi) > a,(z + L), V(wy) € I,(2)). Hence
Q29— B[ F"(V (was), Viwe) = di, V0 < =1 |
— Eq [Fkﬂl(V(wn_b)), V(we) > dy, V< n—b, (gn)c]

< n*?eEq [QV(wH (m[g})] V(wg) > an(z+ L), V(wp) € fn(Z))l{V(we)zdz,v&n—b},(&L)C]'

By the Markov property, the term

Eq [QV(wn b (Ig[g})] V(wg) > an(z+ L), V(wy) € In(z))1{V(we)2de,Vf§n*b}:(Sn)c}

is equal to Q [wn c Z>k, (En)c} < nn~3/? by our choice of A and B. Therefore,

(3.25) ‘ng) ~Eq [Fkiﬂ(V(wn_b)), Viwe) > dp, VO <n— b] ) < ne*.

Recall the definition of Fy; in (3.21). We would like to replace F¥!(z) by n*/2e=*Fy, ,(x —
an(z + L)). We notice that

n*2e* Fpy(x — an(z + L))

V(wb)l
[ez iv(ww My} s min V(wy) > an(z+ L), V(wn) € [n(2)]
ful=b 1V (w)=pp}  +€I0

We observe that the only difference with (3.24) is that the branching random walk is not
L=y} Sviw)=mkilly

2 ju=b 1V (=M} 2 jul=b l{V(u):M};i“}

equal to zero if no particle touched the barrier 0, we have that, for any H > 0 such that

H <a,(z+ L),

killed anymore. Since

is always smaller than 1 and is

‘ Ly (wy) =) . 1{V(wb):Ml§i11}
Z\Ul b Lv(w=n) Z\u|:b 1{V(u):Mll7<ill}

< 13pu)<b: V(W) <an (z+L+H)}-

Consequently,
|F(2) = 0% Fiy(w - an(z + L))

< Eq, [ev(wb)1{3|u|§b:v( )<an(z+L+H)}> km[érz} V(wk) > an(z + L), V(wb) S In(z)}

< n?’/Qe_zEQx |:1{E|u|<b V(u)<an(z+L+H)}> m[lfll?] Vwe) = an(z + L), V(wp) € I”(Z)}
= n3/2e’ZGH(33 —an(z+ L))

20
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with
Gu(y) = Qy ({El|u| <b:Vu <—-H}N {kré%rllj]V(wk) >0, V(wy) € [L — 1,L)}> )

It shows that, for any H € [0, a,(z + L),

Eq H PRIV (w,4)) — 026~ Fy y(V(wn_s) — an(z + L))‘1{V(W>2dbwgn,b}]

< 3% Eq [GH(V(wnfb) —an(z + L))l{V(W)zdg,WSn—b}] :

We choose H such that C*UC\B/% S50 Gu(y)R-(y)dy < n/2. The function Gy satisfies the

conditions of Lemma 2.2 for the same reasons than FJ ; does. By Lemma 2.2, it yields that

Eq HFkﬂl(V(wn—b)) — 02T Fy y(V(wnp) — an(z + L))ll{vme)zcle,v&n—b}} <ne’”

for n large enough and z € [0,1Inn]. Combined with (3.25), we get
(3.26)
‘Q(g‘gg) — n?’/Qe’zEQ [FL,b(V(wn,b) —ap(z+ L)), V(we) >dp, VO< < n— b] ‘ < 2ne”%.
Recall the definition of Cp in (3.22). We apply again Lemma 2.2 to see that
CLp

n3/2

Eq [Fva(wwn_b) an(z+ L)), Vi{w) > de, YO < € <n — b] ~

as n — oo uniformly in z € [0,Inn]|. Consequently, we have for n large enough and z €
0, Inn],

‘n?’/ze’zEQ [FL,b(V(wn,b) —an(z+ L)), V(wy) >dp, VO < <n— b} - e’zCL,b‘ <ne’*
The lemma follows from (3.26). O

We now have the tools to prove Proposition 3.1.

Proof of Proposition 3.1. Let € > 0. By (3.12), there exists Ly > 0 such that for any L > Ly,
z>0andn>1
P(mkill,(n) ¢ ZZ’L, M};ill c In(Z)) < o7,

By Lemma 3.6, it yields that for L > Lg

ev(w") 1{V(w y=Akilly

,w, € 2>
Z‘Ul ]‘{V(U Mklll}

P(MX! € I,(2)) — Eq ‘ < e,
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MINIMUM OF A BRANCHING RANDOM WALK

For n > 0 and L > Ly, take B = B(L) > 1 and A = A(L) > 0 as in Lemma 3.7. We have
then

L
€ 2ok g

[e v n)l{v( n)= Mkm} n3/2€—zQ(w EZZ’L gc) <ne—z

D tul=n Ly =y’

for b > B, z > A and n > 1. Consequently,
[ "ty ) —argmy
Zm Lvw Mk‘“}
By Lemma 3.8, we get that for L > Lo, b > B(L), n large enough and z € [A(L),Inn],

ezP(]W}fill € 1,(2) — Cprp| < (e+ 2n).

‘P(M}:iu € I,(2) — , w, € Z7F, En] ’ <(e+mn)e”*

(3.27)

We still call Q(s.93) the expectation in the left-hand side of (3.23). We introduce

Cp, = liminfliminfe*Qs.93),
’ Z—r00 n—o0

Cy, = limsuplimsupe®Qs.3).
' 2—00  M—00

In particular, taking the limits in n — oo then z — oo in (3.23), we have, for b > B(L)
Crpy—n<Cp, <Cf, < Cry+n.

Notice that &, (hence Qsa3)) is increasing in b. It implies that C, and C}, are both
increasing in b. Let C; and C} be respectively the (possibly zero or infinite) limits of Cro
and Cf, when b — oo. By (3.27), we know that Cp, < *P(MM" € I,(2)) + ¢ + 27 for
b > B(L), hence Cpp, < c11 + € + 21 by Lemma 3.5. It implies that C; and CZF are finite
and bounded uniformly in L > L. We have then

limsupCr, —n < C; <Cf < hmlnfC’Lb+77

b—roc0

Letting n go to 0, it yields that Cp, has a limit as b — oo, that we denote by C(L) = C; =
C7. Similarly, we see that Q3.3 is increasing in L. It gives that C'(L) admits a limit as
L — o0, that we denote by C5, which is necessarily finite. However we do not know yet if
Cy > 0. Let L > Ly such that |[Cy — C(L)| < nand b > B(L) such that |Cr, — C(L)| <n.
Then, by (3.27), there exists N > 1 such that for any n > N and z € [A(L),Inn], we have

eP(MM € 1,(2)) — Cy| < e+ 4n.

It remains to show that C5 > 0. We see that, necessarily,

‘ 3 C
z kill 2 B
msup lim su e“P (M, §§logn—z)—1_eil =0
We know then that C5 > 0 by the lower bound obtained in Lemma 3.5. 0
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3.3 Proof of Lemma 3.7

We present here the postponed proof of Lemma 3.7.

Proof of Lemma 3.7. We follow the same strategy as for Lemma 3.5. Let n > 0. To avoid
superfluous notation, we prove the lemma for L = 0 (the general case works similarly). Recall
the definition of &, = &,(2,b) in (3.19). We want to show that P(ES, w, € Z%°) < nyn=3/2
when b and z are large enough. As before, we take the numbers (d;,0 < k < n) and
(ex,0 < k < n)such that d :=0if 0 < k <n/2, dp :=max(3lnn—2-1,0)ifn/2 <k <n

and

0 — 6(n) L kl/lQa if 0 < k < %7
* Tl =RV, i<k <n

We say again that |u| = n is a good vertex if u € Z*° and
Z e_(v(“)_dk){l + (V(v) — dk)+} < Be % Vi<k<n
vEQ(ug)

with B such that, forn > 1 and z > 0

(3.28) Q(w, € Z*°, w, is not a good vertex) < %

n
(see Lemma C.1). Let as before Q(wy) be the set of brothers of wy and G, be the sigma-
algebra generated by {wy, V(wy), Q(ws), (V(1))uca(wy), k¥ > 1}. Recall the law of the branch-
ing random walk under Q in Proposition 2.1 (i). For &, to happen, every brother of the
spine at generation less than n — b must have its descendants at time n greater than a,(z).

In other words,

n—>b
(3.29)  Q((&,)¢, wy, is a good vertex) = Q |1 — H H p(u, z), w, is a good vertex
k=1 ueQ(wy)

where p (u, z) := Pv(u)(M};ﬂl‘u‘ > a,(z)) is the probability that the killed branching random
walk rooted at u has its minimum greater than a,(z) at time n — |u|. From Lemma 3.3, we
see that, if |u| < n/2, then

1—p(u,2) < eop(l+ V(u)y)e =V,

Since w,, is a good vertex, we have for k < n/2 (hence dj, = 0), > (1 +V(u),)e Vi <

u€EQ(wg
Be~¢k = Be F" | Tt implies that for z large enough, and 1 < k < n/2,

H P(u, Z) > exp <_021e7ze,k1/12> .

ueQ(wy)

23
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It yields that

ln/2] [n/2] .
H H p(u,z) >exp | —coe”? Z ek > exp(—cae” ).
k=1 ueQ(wg) k=1

Therefore, there exists A; > 0 such that for any z > Ay, and n > 1

[n/2]
(3.30) H H p(u,z) > (1—n)Y2
k=1 ueQ(wg)

If k> n/2, we simply observe that if M} < x, a fortiori M, < x. Since W,, (defined in
(2.2)) is a martingale, we have 1 = E[W,] > E[e™¢] > ¢™*P(M, < z) for any ¢ > 1 and
r € R. We get that

1= (,2) £ P(My-juy < a0(2) = V(1)) < eV

We rewrite it (we have z > 0), 1 —p (u, 2) < n?2e™V W = ¢=(V)=ds) for n/2 < k < n. Since

wy, is a good vertex, we get that [[,cq,)p (u,2) > 7 * = gmen(=k" - Consequently,

y1/12

n—>b
_ n—b —(n—k
H H p(u,2) > e 2 Zizln/zn ©

k=|n/2|+1 ueQ(wg)

It yields that there exists B > 1 such that for any b > B and any n > 1, we have,

(3.31) 1:[ H plu,z) > (1— 77)1/2.

k=|n/2|+1 ueQ(wg)

In view of (3.30) and (3.31), we have for b > B, 2 > A; and n > 1, HZ:; we(uy) P (U 2) =
(1 —n). Plugging it into (3.29) yields that

Q((&,)°, wy is a good vertex) < nQ (w, is a good vertex ) < nQ (w, € 2*°).
It follows from (3.28) that
Q&))" wy € 270 <n(Q (w, € Z7°) +n73/2).

Remember that the spine behaves as a centered random walk. Then apply (2.7) to see that
Q (w, € 2*°) < cyyn™3/2, which completes the proof of the lemma. O
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4 Tail distribution of the minimum of the BRW

We prove a slightly stronger version of Proposition 1.3.

Proposition 4.1 Let Cy be as in Proposition 1.2 and ¢y as in (2.10). For any e > 0, there
erists N > 1 and A > 0 such that for any n > N and z € [A,2Inlnn|,

e® 3

—P(M, < -lnn—2) — Cie| <e.

z 2

We introduce some notation. To go from the tail distribution of MX! to the one of M,,

we have to control excursions inside the negative axis that can appear at the beginning of
the branching random walk. For 2 > A > 0 and n > 1, we define the set
(4.1) Sa:={ueT: kglli‘an(uk) >V(u) > A~z |ul < (Inn)'}.
We notice that S4 depends on n and z, but we omit to write this dependency in the notation
for sake of concision. For z > 0 and u € Sy4, we define the indicator B, ,(u) equal to 1 if and
only if the branching random walk emanating from u and killed below V() has its minimum

below % Inn — z. Equivalently,

Definition 4.2 For u € Sa, we call B, .(u) the indicator of the event that there exists
lv] = n, v>u such that V(v)) > V(u), V|u| <€ <nand V(v) < 3lnn— 2.

Finally, let for |v| > 1,

(42) EW) = Y (1 (V(w) = V(o))y)e VIV ED

weN(v)
where v denotes the parent of v (and y; := max(y,0)). To avoid some extra integrability
conditions, we are led to consider vertices u € Sy which behave 'nicely’, meaning that &(uy)
is not too big along the path {u,...,uj = u}. The first subsection controls the set Sj.

Proposition 1.3 is then proved in subsection 4.2.

4.1 The branching random walk at the beginning

We will see that P(M,, < % Inn — z) is comparable to the probability that there exists u € Sy
such that B, .(u) = 1. The lemmas in this section are used to give an equivalent of this
probability. As usual, we will use a second moment argument. Lemmas 4.3 and 4.4 give
bounds respectively on the first moment and second moment of the number of such vertices

u.
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Lemma 4.3 (i) Recall that R(z) is the renewal function of (Sn)n>o defined in (2.9). Let
e > 0 and Cy be the constant in Proposition 1.2. There exists A > 0 such that for n large
enough and z € [A,In'/?(n)],

(4.3) —C

E|> B,.(u)

ueES A

<e.

(i3) For any |u| > 1, let T(u) := {V1 <k < |u| : &(ug) < eV-1)+2=A/21 " We have

Z B, .(u ] =o(z)e”?

ueES A

uniformly in A >0 andn > 1.

Proof. Let k < (Inn)!°. By the Markov property at time %k, we have

Z By, (1)1 gjuj=k)

UES 4

(4.4)

E | Lgu=nP (MY < an(z+1),

UES A

where we recall that M, is the minimum of the branching random walk killed below zero at
time n — k. We observe that V(u) € [A— z,0] when u € S4. We check by Corollary 3.2 that
there exist A > 0 and N > 1 such that for any n > N, k < (In(n))!° and z+r € [A,In(n)/2],

oAt P (M};Elk <ap(z+7)) — C’l‘ <e.

Plugging it into (4.4), it implies that, for n > N, k < (Inn)'° and z € [A,In(n)/4],

E | Bu.(u)lg- k}] CiE | ) e VMg, k}] > ey

ueS A ueS A ueS A

<ceE

From the definition of Ss, we observe that by (2.1), E[Y,cs, ¢ V™ 1y=y] = P(Sk >
A—2z S, <S8, V0 <{<k—1). Hence, we can rewrite the inequality above as

E | Bu.(u)lju-

UES 4

< EP(SkZA—Z,Sk<Sg,\V/OSE</{J—1).

—ClP(SkZA—Z, Sk<5g,V0§£<k’—1)

By definition of the renewal function R(x), we have R(z — A) = >, P(Sk > A — 2z, S; <
Sy, V0 < ¢ < k —1). Therefore, summing over & < (Inn)!° (and since |u| < (Inn)'¥ if
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u € Sa), we get

3" Bu.(u)| - CiR(z — A)(
uES A
< eR(z—A)+C1 > P(Si>A—z S <S,V0<<k-1)
k>(Inn)to

Observe that

IN

P(Ssz—Z, Sk<Sg,v0§€§/€—1> P(SkE(A—Z O] HllIng>A—Z)
Cg4(1+Z—A> (1+]€) 3/2

< eu(l+1Inn)* (14 k)32

VAN

by (2.6), for n > 1 and z € [A,Inn]. Therefore, 37, 1,0 P(Sk = A — 2, S < 5, VO <
(< k—1)<cyIn(n)~? < ¢ for n large enough. Since R(z — A) is always bigger than 1, we
obtain for n > N, and z € [A,Inn],

> By.(u)

ueS A

~ CyR(z — A)‘ < eR(z— A)(1+Cy).

This ends the proof of (i). Similarly, we have by the Markov property

Z B, .(u)lr

ueS A

Z TP (M < a,(2 + r))T:V (u)] .

ueS A

By Lemma 3.5, we have for any n > 1, k < (Inn)!® and z +r > 0
P (M, <a,(z471)) < e

Remember that if u € S4, then |u| < (Inn)' and 2z + V(u) > A > 0. It implies that

> Lrwyee V(“)] :

ueES A

(4.5)

Z an 1T u)C] < o€ ‘E

UuES 4

At this stage, we make use of the measure Q. We have

[(Inn)1]
(4.6) Z 17—(u)ce_v(“)] = Z Q(wk € SA,T(U)k)C).

UueES A k=0
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We see that Q(wy € Sa, T (wp)) < Q(T (wp)®) = 0. For k > 1, we have by definition of the
event T (wy) that Ly, < Zif:l l{g(w)>e(v<wz,1)+z-A)/z}. It follows that

Mw

Q(uwy, € Sa, T (wi € Sa, E(wy) > elVwe-0+==4)/2)

=1

Together with equations (4.5) and (4.6), it gives that

[(Inn)*0] [(Inn)*°]
> Bn,z(u)lT(u)C] Sewe T > Y Qg €84, E(wy) = el et AR)

ueSA /=1 k=0

In order to prove (ii), it is enough to show that

(4.7) ZZQ (wk e Sa, E(wy) > e(V(we71)+z—A)/2) = o(2)

>1 k>0

uniformly in A > 0. The left-hand side is 0 if 2 < A. Therefore, we will assume that z > A.
For k > ¢, notice that if wy, € Sa, then necessarily minj<, V(w;) > A—z, V(wy) > A—z and
V(wy) < ming<j<g—1 V(w;) (in particular, k is a ladder epoch for the random walk started
at V(wy)). It implies that

Q (wk € Sa, {(wy) > e(V(weq)JrzfA)/Q)

< Q (f(wg) > e(V{we-)+2=4)/2 mln V(wj) >A—z, A—2z<V(wg) < min V(u@)) :

0<j<k—1

Summing over k >/, we get

Z Q (wk S SA, g(wz) > e(v(wz_1)+z—A)/2)

k>¢

< Eq

1{§(W)Ze<vw_1)+z—A>/2}1{minj§e V(w;)>A—z} Z Lea—2<v(wy) <minge < V(wj)}] .
k>t

By the Markov property at time ¢, we recognize in the term ZkZE L{A—2<V (i) <ming<; <1 V(w;)}
the number of strict descending ladder heights above level A — z when starting from V' (wy).

Consequently,

Z Q (wk € Sa, E(wy) > e(V(wé—l)JrZ*A)/Q)

k>t

< Eq |:1{§(wl)ze(‘/(wl—1)+Z—A)/2}]-{minjggV(wj)ZA—z}R(Z - A+ V(we))] :
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We know from (2.10) that there exists co7 > 0 such that R(x) < co7(1 + ) for any = > 0.
Thus, R(z — A+ V(wy)) < cor(1 + 2 — A+ V(we—1))+ + cor(V(we) — V(we—1))+. Also, we

obviously have min;<, V' (w;) < minj<,—1 V(w;). It yields that

Z Q (wi € Sa, E(wy) > eV w=0F==D2) < opr (£(0) + g(0))

k>0

where
f(g) = EQ |:1{§(wl)ze(V(wefl)vLZ*A)/?}l{minjg(g_l V(wj)>A—z} (Z — A+ V(wffl>>i| )
g(f) = Eq [1{5@,@)Ze(V(we,mz—A)/z}1{minj§2,1V(wj)zA—z}(V(we) — V(we — 1))+] :

Equation (4.7) boils down to

(4.8) D (F(0) +g(8) = o(2).

>1

Let (£, A) be a generic random variable independent of all the random variables used so far,
and distributed as (§(w;),V(wq)) (under Q). Using the Markov property at time ¢ — 1 in

f(0), we get
f(l) =Eq |:1{§2e(V(w2—1)+Z—A)/2}1{minj§g,1 Viw)>A—z} (2 — A+ V(Wq))} -

Summing over ¢ (and replacing ¢ — 1 by /) yields that

Z 1{V(we)+Z—A§21n(€)}1{minj§e V(wj)>A-z} (z — A+ V(w))
>0

> f(t) =Eq

>1

By Lemma B.2 (i), we have for any > 0

Eq Z l{V(we)-i-Z—ASJ»‘}l{mingz V(w;)>A—z} <Z —A+ V(wf))
>0

cas(1 + 2)*(1 + min(z, 2 — A))
< (14 2)*(1 + min(z, 2)).

IA

We deduce that, with the notation of (1.2),

> f(0) < exEql(l 421y €)*(1+ min(2In, &, 2))]

>1

= E[X (14 2In, (X + X))?(1 + min(2In, (X 4+ X), 2))]
(4.9) = o(2)
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under (1.4) by Lemma B.1 (ii). We consider now ¢(¢). We have similarly

Z g({) =Eq |Ay Z 14v (we)+2—Aa<2m(€)} L fming <, V(wj)>A—2} | -

>1 >0

From Lemma B.2 (i), we get

D g(0) < eBEq[As(1+2In, §)(1+ min(2In¢, 2))]

: = cE[X(1+2In (X 4+ X))(1 + min(2In(X + X), 2))]
(4.10) = o(z)
by Lemma B.1 (ii). Equations (4.9) and (4.10) imply (4.8). O

We compute the second moment in the following lemma.

Lemma 4.4 Recall the notation Sa in (4.1), B, .(u) in Definition 4.2 and T (u) in Lemma
4.3. There exists a constant cog > 0 such that for any 2z > A >0, and n > 1,

(4.11) E [U?] —E[U] < cype e
where U =) s, Bn-(u) 11
Proof. Let U be as in the lemma. We observe that

U2 -U = Z Bn,z(u)Bn,z(v>]—T(u),T(v)
where u # v € §4 is a short way to write u € Syx,v € Sa,u # v. It follows that

EU?-U] < E|Y Bu.(t)B:(0)1uvesiy 17w
UFU

< 2B| Y Bua(wB:(v)luesalrw
uv,ul> ol

For |u| > |v|, and u # v, notice that B, ,(u) depends on the branching random walk rooted at
u, whereas By, .(v)1{uecs,} is independent of it (even if v is a (strict) ancestor of u). Therefore,

by the branching property,

EU? U] <2E | > ®(V(u),n— [u)Bu:(v)Liuvess) L1

uFv,lul>|v]
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where, for any » > 0 and £ < n
(4.12) (r,0) =P (MM < an(2+71)).
By Lemma 3.5, we have ®(V (u), n — |u|) < cs0e >~V ® for |u| = o(n), which is the case when

u € S4 by definition. It gives that

E[U°-U] < e B | Y e "™B, (0)luuesylrw

uFv,|u|>|v|
(4.13) < cze ZE Ze 1 guesay 17w Z By,-(v)1{vesa}
k>0 lu|l=Fk v#u,lv|<k

The weight e~V ® hints for a change of measure from P to Q. For any k& > 0, we have by
Proposition 2.1 (ii)

E Z e_V(U)l{uESA}]-T(u Z Bn z l{vESA}
ful =k ool <k

(4.14) = Eq | 1{w,es4317(wp) Z By, (v)1{vesa

vF#w,|v|<k

We have to discuss on the location of the vertex v with respect to wy. We say that u ~ v if
v is not an ancestor of u, nor u is an ancestor of v. If v # wy and |v| < k, then either v » u,
or v = wy for some ¢ < k. In view of (4.13) and (4.14), the lemma will be proved once the

following two estimates are shown:

(415) ZEQ Z an l{vESA}a wy € SA7 T(wk) < C3le_Aa
k>1 VoW
k—1
(4.16) > ) Eq[Bu:(w), wy € Sa, wy € Sa, T(wy)] < cgpe™
k>1 =0

Proof of equation (4.15).

Decomposing the sum ) along the spine, we see that

V*WE

(417) ZBnZ 1{U€SA} Z Z Zan ]-{UGSA}’

VoW, (=1 zeQ(w;) v=x
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where (wy) is as usual the set of brothers of wy. The branching random walk rooted at x €
Q(wy) has the same law under P and Q. Let as before G, := o{w;, Q(w;), V(w;),V(x),z €
Q(w;), 7 > 0} be the sigma-algebra associated to the spine and its brothers. We have, for
x € Q(wy)

(4.18)

Goo

Zan ]—{vESA}

v>T

— Eq

Z PV (v),n — |[v])1{vesay goo]
v>x
with the notation of (4.12), which is

< Co9€ EQ

DRI goo]
v>x

by Lemma 3.5. We observe now that if v > x and v € S4, then minj,<j<jpj-1 V(v;) > V(v) >
A — z. Therefore

Z e 1{UGSA}

v>x

goo < EV

> eV M i VsV za- z}]

veT

By (2.1), we have

—V(v -V
Z € ( )1{minj§‘v‘,1 V(vj)>V(v)ZA—Z}] = € (

veT

'E Z Liming <, Sj>S,-2A—z—T}]
r=V(x)

>0

= ¢ V@R(z—A+V(z))

by definition of the renewal function R in (2.9). Going back to (4.18), we get that for any
x € Q(wy),

Eq

Zan 1{1}68,4}

v>x

Qoo] < cge e V@R(z — A+ V(2)).
In view of (4.17), we have

(4.19) > Eq

k>0

Z an 1{UESA}7 Wg € SA, T(wk)

VoW

k
< cg9e” 7 Z Z Eq Z e V@R(z— A+ V(x)), wp € Sa, T (wy)

E>1 ¢=1 z€Q(wy)
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We know that (2.10) implies R(z) < co7(x4 4+ 1). We observe that, for a > 1

(4.20) S (@t V(@) )e V@ < (at Vi)V De(w)).

z€Q(wj)

First by (4.20) then by definition of 7 (wg), it yields that for kK > ¢ > 1

Eq Z e V@ R(z— A+ V(x)), wy € Sa, T (wy)

z€Q(wy)
corBq [(z = A+ V(we — 1) + eV V¢ (wy), wy € Sa, T(wy)]
< 0276( )/2E [ V(we—1 /2( A—l—V(we 1) +1) wy, ESA}.

IN

By Proposition 2.1 (iii), we have

ZZEQ w“/Q( — A+ V(weq) + 1), wkeSA}

k>1 (=1
L(nn)!0] &

-y ZE[ S At S+ 1), gnlspssz_z}
k=1 =

< ZZE{ S, 1/2 A+S“+1),jr<nki£115j>5k2A—z]

k>1 (=1

Equation (4.19) becomes

(421) > Eq

k>1

V*WE

Z an 1{UGSA}7wk € SAa T(wk>]

< cggegre el /2ZZE[ —Se- 1/2 — A+ S+ 1), mlnS >Sk>A—z}.

E>1 f=1
We observe that

ZZE{ —Se- 1/2 —A+S1+1), mklnS >Sk>A—z}

k>1 (=1

Y E

£>1

e_Sf—l/Q(z —A+S1+1) Z L fmin;<p s Sj>5k>A_Z}] :
k>0
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By the Markov property at time £ — 1, we get

J<k—1

k>1 (=1

< ZE[ —Se-1/2( (z—A+Si1+1)R(Se—1 +2—A), rgglnls’ >A—z}
>1
< CQ7ZE|: —Se-1/2( —A+Sg1+1)2,jr£1€in15’j214—z}
>1 =

By Lemma B.2 (iii), we have

g E [ —Se- 1/2 — A+ S, +1)% min S; > A— z} < 336572,
>1 jst=t
Consequently, by (4.21)

> Eq

k>1

< cgue 7T 202 = g oA

Z an 1{U€SA}7 Wg € SA, T(wk)

VXW

Equation (4.15) follows.

Proof of equation (4.16)
We have

k—1
Z ZEQ [Bn,z(wg), W € SA, Wy € SA, ’T(wk)]

k>1 =0

= ZZEQ [Bn,z<wg), W € SA, Wy € SA, T(wk)]
>0 k>0

= ZEQ 2 (We 1{w£eSA}Zl{wk€SA}ﬁT(wk)
>0 k>0

Let t;, be the first time ¢ after ¢ such that V(w;) < V(w,). If £ > ¢ and wy € Sy, then
V(wy) < V(wy), which means that necessarily k& > ¢, (and ¢, < (Inn)'°). Moreover, we have
T(wl) C T(’UJ]) if ¢ < j ThIlS,

D lwesynmwe = Luesatectnn©y Y Liuwgesapnmw)

k>¢ k>ty

< 1{% €84, te<(Inn)10}NT (we,) Z 1{mintsz<k V(w;j)>V(wg)>A—2}-
k>ty
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We observe that B, .(wy) is a function of the branching random walk killed below V' (w,) and
therefore is independent of the subtree rooted at wy,. As a result, applying the branching
property, we get

Eq | B-(we)Liwesay Z 1wy esa3nT(wy)
I i,

IN
=
o

Bn,z(wﬁ)l{ngSA}l{thGSA,t4<(lnn)10}r"|7-(wte) Z 1{mintlgj<k V(wj)>V(wk)2A—z}]
k>t

= Eq (B (we)L{wesat Liw,esa, to<(nn)03nT(w,) (2 — A+ V(wte>):| :

We have V(wy,) < V(wy). Since R is a non-decreasing function, we obtain

Eq

B2 (we)Liuwes,y 1{wkeSA}ﬁ7’(wk)]
k>t

< Eq [Bn,z(wé)l{wZESA}]-{wtlESA,tg<(lnn)10}ﬂT(wté)R(Z — A+ V(wg))] :

We can now apply the Markov property at time ¢. It yields that

Eq

B, - (we)1{w,esay Z 1{wkeSA}ﬂT(wk)]
k>¢

< Eq [1{we€3A}R(z AV (we)®(V (we),m — 5)}
= LycaunyorEq [1{miﬂj<z Vw)>V(wnzA—} R(z = A+ V(we)@(V (wy), n — 15)]
where, if 7, := min{j > 0 : V(w;) < 0}, then
d(r,i) = Q (7 < (Inn)'%, MM < a,(z+7), E(wy) < erHVwi—)+2=4)/2 'y 1 < j < T ) -

By Proposition 2.1 (iii), it implies that

(4.22) Eq | Bn:(we)1{uwes.) Z 1 {wye843nT (wi)

k>t

< 1lgycmnyn B [1{minj<e §;>82A-R(z — A+ Sp)®(Se,n — 5)] :

Let us estimate ®(r, ) for i > n/2. We have to decompose along the spine. Notice that if

M < a,(z + ), then there must be some j < 7, and z € Q(w;) such that there exists a
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line of descent from z which stays above 0 and ends below a,(z + r) at time 7. Therefore,

< Eq | Y Puw(MT <an(z+71)), {(w)) < eVt 5o o
Jj=1 IEQ(U}]’)

By Lemma 3.3, we get that for i > n/2

[(Inn)']
O(ri) < epe ™" Y Eq| Y (1+V(z)y)e V™, () <tV it

zeQ(w;)
L(Inn)*]
S 0356—2—7‘ Z EQ [e_v(wj_l)(]_ _|_ V(Wj_l))e(r+v(wj_1)+Z_A)/2, ] < 7_0—:| ,
7j=1

by (4.20). It follows that

O(r,i) < cgpe e T A/QZE Si-12(1 4+ 8;.4), j <]
7>1

— 636efAef(r+zfA)/2,

by Lemma B.2 (ii). Going back to (4.22), (notice that n — ¢ > n — (Inn)!?), we obtain that

EQ Bn,z(wl)l{ngSA} Z l{wkESA}ﬂT(wk)
k>¢

< e 'E [1{min]-<g 55554 R(z — A+ Sf)e*(SngzfA)/Q} .
Summing over £ > 1, then applying Lemma B.2 (iii) completes the proof of (4.16). n

4.2 Proof of Proposition 4.1

We can now prove Proposition 4.1.
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Proof of Proposition 4.1. Let € > 0. We see that for any r > 0,

P (El|u] > (Inn)'* : V(u) € [-r,0], %ﬁ Vi(uj) > —r)

< Z E Z1{V(u)€[—r,0],minj§kV(uj)Z—T}
k>(lnn)l0 | [ul=k

= Z E |e%, Sy € [-r,0], min S; > —T}
i<k

k>(lnn)l0 -

nS; > —r)

< Y P(Ske[—r,O],r]ng

k>(Inn)to
by (2.1). We notice that P(Sy € [~r,0],minj<;S; > —r) < c37(1 + r)2%k~%/2 by (2.6).

Therefore,

(4.23) P (El|u| > (Inn)" : V(u) € [-r,0], min V (u;) > —r> < esg(1+7)*(Inn)~°.

J<ul a

We also observe that

(4.24) PEueT: V() <—r) < ZE Z Vv <—rV(u)>—rYk<n}
n>0 lul=n
= Y E[e™,8, < —r, 8 > —rVk < n]
n>0
< e

On the event {V|u] > (Inn)* : V(u) > 0} N{Vu € T, V(u) > A — z}, we observe that
M, < %lnn — z if and only if ZueSA B, .(u) > 1 (recall the definition of B, . and S4 in
Definition 4.2 and in (4.1)). Tt yields that, for n > 1 and z > A,

P (Mn < glnn—z) —-P (Z B,..(u) > 1)

ueS A

< egg(1+2— A (Inn)™> + 72

Let us look at the upper bound. We have P (Z
Therefore (take A > 1)

wesy Brz(u) > 1) < E[Y, cs, Bu:(uw)].

P (Mn < glnn - z) < cp(lnn) ™ +e* +E

> B,.(u)

ueES A
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Lemma 4.3 implies that for n > N, and 2 € [A;, (Inn)'/?),

z z

e et
BXZ'—441)

2 -5
2*(Inn)™ + R Ay +e.

(S

3
j%(;i:izzjl) (Adﬁjg é]lln/—'Z) —'CH S;ng

Since R(x) ~ ¢y at infinity by (2.10), we have for n > N; and z € [A,, (Inn)'/?]

z 3 ; _5 eA1
P(M,<-lnn—2z)—C <cgze*(Inn)™ + — + 2.
2 CoZ

(S

Coz

We deduce that for n > Ny and z € [As, Inlnn]

eZ

P(Mngglnn—z) — () < 4e.

CoZ

This proves the upper bound. Similarly, we have for the lower bound

3 _ .
P (Mn < 511171 — z) > P (Z B, .(u) > 1) — ¢332%(Inn) P — A

uESH

> P( Z B ()17 > 1) — 3322 (Inn) ° — e 2.

UES 4
If we write as in Lemma 4.4, U := Y ¢ By (1)1, then by the Paley-Zygmund formula,
we have P(U > 1) > % By Lemma 4.3, we know that R(Z+ZA4)E[U] > () —eforn> Ny

and z € [A4, (Inn)Y/?]. By Lemma 4.4, we have that E[U?] < (1+¢)E[U] if A4 is taken large

enough. Hence, R(;szLI)P(U >1) > R(%Ad(ljte)_lE[U] > (1+¢e)7Y(Cy —¢). Tt yields that

eZ

3
R(z — A4)P(Mn < ) Inn — Z) > (1 + 8)_1(01 — 5) — 03822(11171)_5 _ pAa—z

From here, we conclude as before to see that for n > Ny and z € [A5,Inlnn],

eZ

3
P(Mn S —Inn — Z) Z Cl — C39¢.
CoZ 2

The proposition follows. [l

5 Proof of Theorem 1.1

For 8 > 0, we look at the branching random walk killed below —3. The population at time
n of this process is {|u| =n : V(ug) > —f, Vk < n}. We define the associated martingale

(5.1) DY = R(B+V(u)e " v (u)>p ken)

lul=n

38



E. AIDEKON

Since DY is non- negative, it has a limit almost surely and we denote by DY this limit.
Under (1.3) and (1.4), we know by Proposition A.1 that D > 0 almost surely on the event
of non-extinction for the killed branching random walk. For A > 0, let Z[A] denote the set

of particles absorbed at level A, i.e.
ZIA={ueT: V(u) > A Viu) < AVE < |u]}.

By Theorem 7 of [6], we know that >, -, R(8 + V(u))e ™V 1y ()55, k<n) converges
to DY almost surely as A — oo. Recall that R(x) ~ coz at infinity by (2.10). On the
event {minyer V(u) > —f}, we see that necessarily DY = W, almost surely, and

> uezia BB+ V(u))e ™ VW1 y > k<n} ~ Co > uez(B+ V(u))e V™ as A — co. Again
by Theorem 7 of [6], we have lima_o ), 24 eV = 0 almost surely. We deduce that

(5.2) lim Viu)e VW = oW,
A—o00
ueZ[A]

on the event {min,er V(u) > —fF}, and therefore almost surely by making 8 — co. We can

now prove the convergence in law.

Proof of Theorem 1.1. Fix x € R and let ¢ > 0. For any A > 0, we have for n large enough

P(3uec Z[A] : [ul > (Inn)'?) < ¢
PEue Z[A] : V(u) > Inlnn) < e

Take A > 0. Let V4 := {max,ezp4 |u| < (In(n))'%, max,ezia V(u) < Inlnn}. We observe
that

P(M, >

l\DIOJ

nn+z) > P(M, > glnn—i-x, Va)

3
= E| [[ P(M.- ¢ 2 5 () + 2 = 1)mv=pl Va
u€Z[A]

By Proposition 4.1, there exists A large enough and N > 1 such that for any n > N,
t < (Inn) and z € [A — z,Inlnn — z],

z

“p, , < gln(n) )= Cie| <=

z

(5.3)

We get that

Inn+z) > E H (1= (Cico+&)(V(u) — x)e” V), Yy
u€Z[A]
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Since P(Y9) < 2¢ for n large enough, we have for n large enough

P(M, > glnn +z)>E H (1 —(Creo + &) (V(u) — z)e” VW) | — 2.
ueZ[A]

In particular,

lim inf P(M,, >

n—oo

Inn+z) > E H (1= (Cieo +&)(V(u) — x)e* VW) | — 2.
ueZ[A]

We make A go to infinity. We have almost surely by (5.2) and the fact that ) B e VW

vanishes

(54)  lim > (1= (Cico +&)(V(u) — 2)e" V™) = —(Cieg + £)e" MW,
u€Z[A]

By dominated convergence, we deduce that

3
lim inf P(M,, > 2 Inn+ z) > E [exp(—(Cicy + €)e®0W )] — 2e,

n—oo

which gives the lower bound by letting ¢ — 0. The upper bounds works similarly. Let A be
such that (5.3) is satisfied for n large enough. We observe that, for n large enough,

3
P(M, > §1nn—|—x) < P(M, >

[\CR V]

Inn +x,Y4) + 2¢

= E H P(M,—; >3/2In(n) +  — r)r—v@w)t=ju, Ya | + 2¢
| ueZ[4]

IA
=

I PO = 3/2In(n) + & — r)pmviuyimpu | + 22

| ueZ[A4]

Using (5.3), we end up with

lim sup P(M,, >

n—oo

Inn+z) <E H (1—(Cico —)(V(u) - x)el’—V(u)) + 2e.
ueZ[A]

N W

From here, we proceed as for the lower bound. 0
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A The derivative martingale

We work under (1.1), (1.3) and (1.4) but we drop the assumption that £ is non-lattice. The
renewal function R(x) was defined in (2.9). For any 8 > 0, let

DY =" R(V(u) + B)e™ Ly uz—pvrn

lul=n

be the (non-negative) martingale associated to the branching random walk killed below —f
and we denote by DY its limit. The question of the convergence in L' was adressed in [6],
where the authors give almost optimal conditions for the convergence to hold. However, we

deal with slightly weaker conditions, so we have to prove the convergence in our case.

Proposition A.1 Assume (1.1), (1.3) and (1.4).

(i) For any B > 0, DY converges in L' to DY,

(i) We have DY) > 0 almost surely on the event of non-extinction of the branching random
walk killed below —f3.

(iii) We have OW,, > 0 almost surely on the event of non-extinction of T.

Proof. We adapt the proof of [6] (see [20] for the case of the additive martingale). For any
y >0, let QY defined by

Q) D

aP | Ry 1 Be
We write Q) for Qéﬁ ), Then, under Qz(,ﬁ ), the branching random walk has the following
spine decomposition (we refer to [3] for a more precise description). The spine wy starts at
V(wp) = y. At time 1 it gives birth to a point process distributed as (V' (z), |x| = 1) under
ng’) ). Then the spine w; at time 1 is chosen proportionally to R(V(u) + B8)e”V W1y w)>—_p
among the children of wg. At each time n, the spine w, produces an independent point
process distributed as (V(x), || = 1) under Q(ﬁ ) y» while the other particles [u| = n generate
independent point processes distributed as (V( ), |x| = 1) under Pv(u The spine w1 at
time n + 1 is chosen proportionally to the weight R(V (u) + 8)e™" ™1y (4 )>—p,vr<n) among
the children of w,. Under , the spine process (V(wy), n > 0) is distributed as the
random walk (Sy,)n>0 condltloned to stay above —f3, i.e, for any measurable non-negative
function F : R**1 — R,

&
(y+5)

41
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MINIMUM OF A BRANCHING RANDOM WALK

We observe now that if limsup,,_, DY < o0, QW-a.s then DY converges in mean under

P (it is actually an equivalence, see [20] for example). Let
goo = O'{U)j, V(wj>7 Q(wj>7 (V(u))ueﬁ(wj)7 ] > 1}

be the sigma-algebra of the spine and its brothers. We have

Eqo D) |Goo] = R(B + V(wy))e™V ) + Z Y RB+V@)e Vv pvich-
k=1 zeQ(wy,)
We know that V(w,) — co Q®-almost surely, therefore R(3 + V (w,))e™V ™) goes to zero
as n — 0o. Furthermore, we see that 1/ DY is under Q) a positive supermartingale, and
therefore converges as n — oo. We still denote by DY the (possibly infinite) limit of DY
under Q. We already know that R(z) < cy7(1 + x4) for any # € R. Then, by Fatou’s

lemma
Eq® DY) < hm mf Eq) [D(ﬁ)]

k>1 mGQ(wk)

To prove (i), it remains to show that the right-hand side of the last inequality is finite. We

observe that

(A.2) DY A+ B+ V(@)e W < A+ A,

with

(A.3) A = Z(1+ﬁ+v(wk_1))e—V(wk—1) Z e—(V(x)_V(wk—l))’
k=1 zeQ(wy)

(A.4) Ay = Y e V) ST (V) - Vi) g V@V k),
k>1 z€Q(wy)

Let us consider A;. We recall that X = e e V@ X = D=1 V(@)+ e”V@ and we
introduce X' := 37, R(B+V(z))e” V@1 v (2)>—p. We have for any z € R and a > —f3

1

B(X > - — R, [Xx1
Qa ( Z) R(a—{—ﬁ)e*a a[ {X>Z}]
1 N
A. < E (X1 —FE X1
(A.5) < cE [X1ixssy] +C411+a_|_5 [ {X>z}}
1
= h ——h )
C40 1(Z)+C411+a+ﬁ 2(2)
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We deduce by the Markov property at time k& — 1 that

Q¥ Z o= (V@) =V(we-1) > oV(wk-1)/2
z€Q(w)
1
1+ V(wg_1)+p

< Eq® {C4oh1(ev(wkl)/2) +cn hg(ev(wklm)} .

Hence,

(AG) Z Q(ﬁ) Z e_(V(CC)—V(’LUk_l) Z eV(’wk_l)/Q

k>1 Ieﬂ(wk)

< ¢ Z EQ(B) [h1 (e\/(wg)/z)} + cq1 Z EQU;)

>0 £>0

[1 + V(iUe) + 8

hQ(eV(W)/Q)} .

We estimate Y, Eqe [h1(eV™)/?)]. Going back to the measure P, we have

Eqe [h(eV“7?)] = %E {R(ﬁ + Sp)ha (e/?), min Sj > —ﬂ]

1 .
= %E {R(ﬁ + S0) X 15, <21 x} rjn§1£1 S; > —ﬁ] 7

where X is independent of the random walk (S,, n > 0). Conditioning on X, then using
Lemma B.2 (i), we get that

(A.7) ; Eqe [h(eV“/?)] < ﬁE[X@ +1Iny X))

which is finite by (1.4). Similarly,

1
E
Q [1 +V(we) + B

hg(eV(we)/Q):| < cy3E |:X1{Sg§21nX}> m<1? S; > —5} .
S

Lemma B.2 (i) implies that

(A.8) ;Eq(ﬁ) L n V(i)g) n 6hz(ev(w‘f)/2)] < cyE [f((l +In,. X)} < 00

under (1.4) by Lemma B.1 (i). Equations (A.6) , (A.7) and (A.8) give that

(A.9) ZQW) Z o (V@=-V(wra) > JVwe1)/2 | o o

k>1 xEQ(wk)
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By the Borel-Cantelli lemma, we obtain that

(L+ B+ V(wg))e V) 3= oM@Vl < (14 B4 V(wp—y))eV e/
z€Q(wg)
for k large enough almost surely. From (A.3), we deduce that A; < oco. We proceed
similarly for A, replacing in (A.5) 1{x>.} by 1(%.,;- By analogy, we find that Ay < oo if
E[X (1 + In; X]?] and E[X(1 + In; X)] are finite. This is the case by (1.4) and Lemma B.1
(i). Equations (A.1) and (A.2) yield that DY < 0o Q¥-a.s, which ends the proof of (). We
prove now (iii). It is well-known (see Theorem 12 of [6]) that P(0W., > 0| non — extinction)
is 0 or 1. We have P(Dég) > 0) > 0 by (i). Since R(x) < co7(1 4+ x4 ), we see that
DY < €970Wo, and therefore P(OW,, > 0) > 0. Hence, we have W, > 0 almost surely
on the event of non-extinction. We can now prove (ii). Let § > 0. On the event of non-
extinction of the branching random walk killed below 3, we can find a vertex u (in the
killed branching random walk) such that min{V( Jyv>u} > V(u) and #{v € T : v >
u} =oo. Thesum > o ., R(B+V(v))e” V)L 1y () > 8, vk<n) converges then to cgOWeo (u)
where 0W,,(u) is the almost sure limit of Zpu oj=n V(V)e ~V(), We know from (iii) that
OWoo(u) > 0, hence 3 o, 1, R(B+ V( ))e™ 1y, )>—p vk<n} has a positive limit. Since
DY) > o=V > R(B+V(v)e V1 ()55, vk<n}, We have that p¥ > o. O

v>u,|v|=n

B Auxiliary estimates

Lemma B.1 Let X and X be non-negative random variables such that (1.4) holds.
(i) We have
E[X(lmrj()z} < 00, E[XIHJFX} < 00.

(i) As z — o0,

E [X(lm(X + X)) min(lng (X + X), z)} = o(2),

E [f( Iny (X + X) min(In (X + X),z)} = o(z).

Proof. We prove (i). We claim that for any =,z > 0
(B.1) r(Ing 7)* < 3z(Iny 2)* + 2 ', 7.

If £ < x, the inequality is immediate. Therefore, we suppose that & > z and we write

z = & /x. Equation (B.1) can be rewritten

(Inz)? +2Inzln; 2 < 3(In, 2)® +2e 'zInz + 2 ' 2In, 2.
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We check that (Inz)? < 2e7'zInz and 2lnzIn, z < 2e 'zIn, x for z > 1, which ends the
proof of (B.1). It yields that

E [X(1n+ X)ﬂ < 3B [X(In, X)?] + 2B [X In, X]

which is finite under (1.4). Also, X In, X < max(X Iny X, X In; X), hence E[X In, (X)] <
oo. We turn now to the proof of (ii). Let ¢ > 0. We observe that

E [X(ln+(X + X)) min(lny (X + X), z)}
- E [X(ln+(X + X))?min(In, (X + X), 2), Inp (X + X) > gz}
+B [X(lm(X + X)) min(lng (X + X), 2), Ing (X + X) < 82] .
On one hand,

E [X(ln+(X + X)) min(In, (X + X), 2), In (X + X) > sz}

= zo,(1)

< :E [X(ln+(X + X))2 Ing (X + X) > 52]

since E [X(anr(X + X))Q} < 00. On the other hand,

E [X(ln+(X + X)) min(In, (X + X), 2), Inp (X + X) < ez} < c:E [X(ln+ X + )”()2} .

Thus, E [X(ln+(X+)~())2 min(In, (X —i—X),Z)} < (1 + E[X(In. X + X)?))ez for z large

enough, and is therefore o(z). We show similarly that E [f( Iny (X 4 X) min(Ing (X + X), z)} =
o(2). O

Let (S,)n>0 be a one-dimensional random walk, with E[S;] = 0 and E[(S])?] < co.

Lemma B.2 (i) There exists a constant cys > 0 such that for any o >0, 2 >0 and x > 0

E.

Z 1{S£§$}1{miﬂjge S].Z()}Sea] < 045(1 + I)H_a(l + min(a:, Z))
£>0

(ii) We have
E

—S¢/2
E :e o 1{minj§esj>0}] = C46 < 0.
>0
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(i1i) There exists a constant cq7 > 0 such that for any z > 0,

E.

Z e_SZ/Ql{mianZ Spo}] < Car.

£>0

Proof. We observe that, for a > 0,
E. [Sgl{Sggx,minj<g 5}-20}} < z°P, (Sz <uz, Hl<1£1 S; > 0) -
= j<

To prove (i), it remains to show that >, P, (S¢ <z, minj<,S; > 0) < eg5(1 + 2)(1 +
min(z, z)). Suppose that x < z. If 7, denotes the first passage time at level  of (S, )n>0,

we have

> P. (Sf <z, min Sj 2 0) = E. | ) L{s,<o minye, 5,20}

£>0 0>7y

E 1{Sg§x,min]-§/_z SjZ—x}]

>0

E

IA

where we used the Markov property at time 7,7. We have

. 2 .
ZP(SKSI',IJI_ISI?SJ'Z—[E> < l+z +ZP(S£§$,1}1§]?S]'Z_$)

>0 >z

< 1+$2+C4SZ(1+1_>3€*3/2

£>z2
(B.2) < eyl 4 )
by (2.6). Suppose now that > z. Then,
ZPZ (Sg <z, minS; > O)
>0 i<t
< i ;> < i ;>
< ZPZ (r]né?sj > O) + ZPZ (Sg <z, r]rlglngJ > 0) .

<2 {>x2

From (2.5), we know that P, (min;<, S; > 0) < cso(1 + 2)(1 + £)~Y/2, whereas, by (2.6),
P, <Sg <z, m<1£1 S; > O) < esi(142)(1+2)2(1+ )32
i<
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We get
- L+2 2 -3/2
;Pz (Sggl’, IJIlSI?SjZ()) S C5ozﬁ+0512(1+2)(1+l’> (1+£)
2 (<z? >z
(B.3) < (14 2)(1 4 ).

From (B.2) when z < z and (B.3) when z > z, we have for =,z > 0,

ZPZ (Sg <z, m<1£1 S; > O) < (49 + ¢52)(1 + 2)(1 4 min(z, z)).
i<

>0
This ends the proof of (i). We turn to the statement (ii). We have

ZE [e_S£/21{minj§é SJ'ZO}:| - Z Ze_i/zP(Sé S [ivi + 1)7 min Sj Z 0)

>0 >0 >0 I=t
By (2.6), P(S, € [i,i+ 1), minj<,S; > 0) < e53(1 4 4)(1 + £)~3/2, which completes the proof
of (ii). Let (Tk, Hy, k > 0) be the strict descending ladder epochs and heights of (Sy)n>0,
ie. Ty:=0, Hy:= Sy and for any k > 1, T}, := min{j > Ty : S; < Hy_1}, Hy = Sg,.- By
applying the Markov property at the times (T k, k> 0), we observe that

> e_Hk/21{FIk>0}]

Ez Ze_se/Ql{minj<[Sj>0}] = C46Ez
k>0

£>0

where ¢y is the constant of (ii). The fact that Z(z) := E, [Zkzo e_H’f/Ql{ngO}] is bounded
in z > 0 then comes from the renewal theorem: let U(dy) denotes the renewal measure of
(Hy, k > 0), ie. U(dy) := ZkzoP(ﬁk € dy). Then Z(z) = f?z e~ GH)/2U (dy) which is
bounded by the renewal theorem (see Section XI.1 of [13]). O

Fora>0,a>0,n>1and 0 <17 <n, we define

e if 0 <4< [n/2],
(B.4) i = {a + (n—4)*, if [n/2] <i<n.

Lemma B.3 Let o € (0,1/6) and £ > 0.
(i) There exist d > 0 and cs3 > 0 such that foru>0,a>0 andn > 1,

(B.5) P{EIOSZ’STL:Sigk:i—d,minSjZO, min S, > a, Snga—i—u}
j<n [n/2]<j<n
5 (n® + a)?
S (1 + U)Q{ng/Q + C53 77,2704 }7

where k; is given by (B.4).
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Proof. We treat n/2 as an integer. Let E be the event in (B.5). We have P(E) < > | P(E;)

where

E;:={Si<ki—d, mnS; >0, min S;>a, S, <a+u}.
<n An<j<n

We first treat the case i < n/2, so that k; = i®. By the Markov property at time ¢ > 1 and

(2.7), we have
054(1 —f- U)2
n3/2

P(E;) < E [(1 + 8i)1(s5,<ie, min, <, szo}}

which is smaller than 0557(;;“)2 (1;’;)3 by (2.6). It yields that, if L is greater than some

constant Ly (which does not depend on d), we have

n
(B.6) ZP(EZ-) <(1 +u)2#,

>Y :=01if z > y.] We treat the case n/2 < i < n. We have by the Markov property at
time ¢ and (2.6),

cs6(1 + u)?
P(E;) < mE [(1+ Si = a)1{s,<at (n—i)o, minj<, 8,20, miny,<j<: 8,0} ]

a3
If 1 > 2n/3, we use (2.7) to see that P(E;) < c57(1 + u)z% Therefore, if L > Ly,
(L; does not depend on d),

n—L
(B.7) Y P(E) < (+u)P—s
i=|2n/3) "
If n/2 <i < 2n/3, we simply write
058(1 + U)2
P(E;) < mE [(1+ i = @)1 {a<s;<at(n—i)o,min;<, 5,20}
o (n—0)° N
S C59(1+U) mP(a S Sl S a + (TL—Z) s IJII<1£13] Z O)
on%(a +n)?
S C60(1 —|—U) T
by (2.6). We deduce that
[2n/3] o 9
n“ +a
(B.8) '_Z/Q P(E) < (1 + “)2<n2——a)'
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Notice that our choice of L does not depend on the constant d. Thus, we are allowed to
choose d > L®, for which P(E;) =0if i € [1,L] U [n — L,n]. We obtain by (B.6),(B.7) and
(B.8)

& € (n* + a)?
Z P(E,) < (1 + U)2{2W + CGIW}7
i=1
hence P(F) < (1 + u)2{2# + c61 (n:;f’;)Q} indeed. O

C The good vertex

We recall the definition of a good vertex. Let z > 0 and L > 0. We define for n > 1 and

k<mn
&b e 0, if0<k<3,
B max(%lnn—z—L—l,O), if 5 <k<n.

Let also
O Lt if0<k<3,

€ = € " = {(n—k>1/127 1fg <k < n.
For |u| = n, we say that u € Z>L if V(ug) > dj, for k <n and V(u) € I,,(z). We say that u
is a good vertex if u € Z*L and for any 1 < k < n,
(C.1) S VO f1 4 (V(v) — ) | < Be,
UEQ(uk)

We defined the probability Q in (2.3) and the spine (w,,n > 0) in subsection 2.1.

Lemma C.1 Fiz L > 0. For any € > 0, we can find B large enough in (C.1) such that

Q(w,, is not a good vertex, w, € Z**) < en=3/? for anyn > 1 and z > 0.

Proof. Fix L > 0 and let ¢ > 0. We do as if n/2 is an integer. By Lemma B.3, there exists

ce2 = Cg2(L) > 0 and N = N(L) such that forn > N and z > 0

3

Q(w, € 275,30 < j Sn—1: V(wy) < djr + 2651 — i) < —.

We see that, for any 1 < k < mn,

3 e—<V<v>—dk>{1 (V) - dk)+} > Be~*, V(wy_1) > dy + 2ex — e

vEQ(wg)

c 3 e—(V(v)—dw{l +(V(v) _dk)—f—} ~ Bo—(V(wk-1)=dy+ee)/2

vEQ(wg)
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Therefore, for n > N and z > 0

(C.2) Q(w, is not a good vertex, w, € Z=*) < n§/2 n

S X e VO w14 () —d, ) > Be o diansz y, ¢ zot

veEQ(wy)

We only have to show that we can find B large enough such that

n v ) ] .
ZQ Z e {1+(V(U) —dk)+} > BeWVwk-0)=d)/2 1, z=L | < meTeR

veQ(wy,)

Let 1 <k <n/2, hence dj, = 0. By the Markov property at time k, we get

Q Z e’V(”){l + V(v)+} > Be Vw02 1y, € Z5E

< Eq |\V( Y e {1 + V(v)+} > Be V=12 () > 0,V < k
veQ(wg)
where A(r,k,n) == Q,(V(w;) > djsr, Vj < n—k, V(w,—x) € I,(2)). We get by (2.7),
A, k,n) < egsn™/2(1 + 7). It yields that

3P| Y e_V(”){l + V(v)+} > Be Vw12 gy e zol

veQ(wy,)

< cBq |14+ V(w)y, Y e—V(”>{1 + V(v)+} > Be V=12 V() >0,V <k

veEQ(w)

We see that

> VO (14 V()

veEQ(wy,)
< oV Z e_(V(v)—v(wk_l)){l + V(wp_1)4 + (V(v) — V(wk_1))+}
vEQ(wg)
< e—V(wkfl)(l + V(wp—1)4) Z e_(V(’U)_V('wk—l)){l + (V(v) — V(wk_l))+}.

veEQ(wy)

With the notation of (4.2), we have then

Z e V(v)<1 +V(v)+ ) < e VD (14 V (wy1) 4 )& (wp).

veQ(wy,)
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It yields that

Eq |1+ V(e Y e L1+ V()| > Be Vel viw) > 0,¥) <k

veEQ(wy)

- eV (wr-1)/2

< -
< EQ _1 -+ V(wk)+, §(wk) > Bl n V(wk_l)’

On the other hand, we have
L+ V(wg)s <1+ V(wg-1)+ + (V(wp) = V(wg-1))+

Let (¢, A) be generic random variables distributed as (Z|x\:1(1 + V(z)y)e V@), V(w1)+>
under Q, and independent of the other random variables. By the Markov property at time
k — 1, we obtain that

B |1+ V() 3 e O{14 v} > BV viw) = 0,v) <k
vEQ(wy,)

< Eq[s(V(wp-1)), V(w;) 20,Vj <k —1]

Wlth, for x Z O, Ii(l’) = (1 + x)1{£>Bez/2/(1+x)} + A+1{£>Bez/2/(1+x)}' Taklng B = CG4B
slightly bigger than B, we can assume that £(2) < (1+ 7)1 geessy + A4 Ligs peassy In view
of (C.3), it follows that

Yol Y e_V(”){l + V(v)+} > Be V02 4y e 250 | < coan¥2(D; + D)

k<n/2 veEQ(wy,)

where
D, = ZEQ [(1 + V(wk))1{V(wk)§3(ln§—ln1§)}7 IJIEII;IV(WJ') > 0}
k>0 B
D, = ZEQ lA+1{v(wk)§3(ln£—lnB)}’ Ijn<1£ V(w;) 2 0] '
k>0 B

We recall that by Proposition 2.1 (V(w,), n > 0) is distributed as (S,, n > 0) (under P).
Notice that in the definition of Dy, the term inside the expectation is 0 if B > £. Therefore,
we can add the indicator that B < . By Lemma B.2 (i), we get that

D1 S CG5EQ [I{ng}(l + (1115 —1In B)+)2] S 665EQ |:1{B§§}(1 + 111+ 5)2 .
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Observe that ¢ = X + X with the notation of (1.2). Going back to the measure P, we get

Dy < s E [Xl{ég)@rf{}(l + Iny (X + X))z} <e¢

for B (or B := ¢4 B) large enough since E [X(l +1In (X + X))z} < 00 by (1.4) and Lemma
B.1 (i). Similarly,

D2 < CﬁGE [Xl{BSX—i-X}(l + 111+(X +X))i| <e¢
for B large enough. Therefore,
Z Q Z e {1 + V(v)+} > Be Vw02 gy € 200 | < 2%.
k<n/2 veEQ(wy,) n

The case n/2 < k < n can be treated with the same strategy by reversing time, and we feel
free to skip this case. We find that

Z Q Z e d"){l + (V(v) — dk)+} > Be~Vwe-1)=di)/2 1y, ezl | <o —_ 3/2
k=|n/2|+1 veQ(wy,) "

for B large enough. Going back to (C.2), it yields that Q(w, is not a good vertex, w, €
Z#Ly < 5en™3/2 for n > N and z > 0. Choosing B > N, the inequality holds for any n > 1
and z > 0. O

Acknowledgements. The author thanks Zhan Shi for fruitful discussions on the topic.
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