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Abstract

In this paper we study the parabolic Anderson equation du(z,t)/0t = xkAu(x,t) +
E(x,t)u(z,t), x € Z4, t > 0, where the u-field and the ¢-field are R-valued, x € [0, 00) is the
diffusion constant, and A is the discrete Laplacian. The &-field plays the role of a dynamic
random environment that drives the equation. The initial condition w(z,0) = ug(z),
x € Z4, is taken to be non-negative and bounded. The solution of the parabolic Anderson
equation describes the evolution of a field of particles performing independent simple
random walks with binary branching: particles jump at rate 2dk, split into two at rate
€V 0, and die at rate (—&) V 0. Our goal is to prove a number of basic properties of the
solution u under assumptions on £ that are as weak as possible. These properties will
serve as a jump board for later refinements.

Throughout the paper we assume that £ is stationary and ergodic under translations in
space and time, is not constant and satisfies E(|£(0,0)|) < oo, where E denotes expectation
w.r.t. £&. Under a mild assumption on the tails of the distribution of £, we show that the
solution to the parabolic Anderson equation exists and is unique for all x € [0,00). Our
main object of interest is the quenched Lyapunov exponent A\o(k) = limg_s o0 %log u(0, t).
It was shown in Gértner, den Hollander and Maillard [7] that this exponent exists and is
constant £-a.s., satisfies Ag(0) = E(£(0,0)) and Ag(k) > E(£(0,0)) for k € (0,00), and is
such that x — Ag(x) is globally Lipschitz on (0, c0) outside any neighborhood of 0 where
it is finite. Under certain weak space-time mixing assumptions on £, we show the following
properties: (1) A\o(x) does not depend on the initial condition ug; (2) Ag(k) < oo for all k €
[0,00); (3) K+ Ag(k) is continuous on [0, c0) but not Lipschitz at 0. We further conjecture:
(4) limy00[Ap(K) — Ao(k)] = 0 for all p € N, where A\,(x) = limy_, ﬁlogE([u(O,t)]p)
is the p-th annealed Lyapunov exponent. (In [f] properties (1), (2) and (4) were not
addressed, while property (3) was shown under much more restrictive assumptions on &.)
Finally, we prove that our weak space-time mixing conditions on £ are satisfied for several
classes of interacting particle systems.

'Mathematical Institute, Leiden University, P.O. Box 9512, 2300 RA Leiden, The Netherlands,
erhardd@math.leidenuniv.nl

2Mathematical Institute, Leiden University, P.O. Box 9512, 2300 RA Leiden, The Netherlands,
denholla@math.leidenuniv.nl

3CMI-LATP, Aix-Marseille Université, 39 rue F. Joliot-Curie, F-13453 Marseille Cedex 13, France,
maillard@Qcmi.univ-mrs.fr



MSC 2000. Primary 60H25, 82C44; Secondary 60F10, 35B40.

Key words and phrases. Parabolic Anderson equation, percolation, quenched Lyapunov
exponent, large deviations, interacting particle systems.

Acknowledgment. DE and FdH were supported by ERC Advanced Grant 267356 VARIS.
GM was supported by the CNRS while on sabbatical leave at EURANDOM, Eindhoven,
The Netherlands, during the academic year 2010-2011.

1 Introduction and main results

Section defines the parabolic Anderson model and provides motivation, Section de-
scribes our main targets and their relation to the literature, Section [1.3| contains our main
results, while Section discusses these results and state a conjecture.

1.1 The parabolic Anderson model (PAM)

The parabolic Anderson model is the partial differential equation

%u(w,t) = rkAu(z,t) + &(z, t)u(z, t), reZ t>0. (1.1)

Here, the u-field is R-valued, k € [0,00) is the diffusion constant, A is the discrete Laplacian
acting on u as

Au(z,t) = Z [u(y,t) — u(x,t)] (1.2)

czd
ly—zll=1

(|l - | is the l;-norm), while

€ = (&)i>0 with & = {&(z,1): = € 29} (1.3)

is an R-valued random field playing the role a of dynamic random environment that drives
the equation. As initial condition for (1.1)) we take

>  u(z,0) =u(z), z € Z%, with ug non-negative and bounded. (1.4)

One interpretation of (I.1)) and (1.4) comes from population dynamics. Consider the special
case where £(z,t) = y&(x,t) — 6 with d,v € (0,00) and £ an Nyp-valued random field. Consider
a system of two types of particles, A (catalyst) and B (reactant), subject to:

— A-particles evolve autonomously according to a prescribed dynamics with &(x,t) denot-
ing the number of A-particles at site x at time ¢;

— B-particles perform independent simple random walks at rate 2dx and split into two at
a rate that is equal to v times the number of A-particles present at the same location
at the same time;

— B-particles die at rate ¢;

— the average number of B-particles at site x at time 0 is ug(z).



Then
u(x,t) = the average number of B-particles at site x at time ¢

conditioned on the evolution of the A-particles. (1.5)

The ¢-field is defined on a probability space (€2, F,P). Throughout the paper we assume

that
» ¢ is stationary and ergodic under translations in space and time.

1.6
» s not constant and E(|£(0,0)]) < oo. (1.6)

Without loss of generality we may assume that E(£(0,0)) = 0.

1.2 Main targets and related literature

The goal of the present paper is to prove a number of basic properties about the Cauchy
problem in (1.1) with initial condition (1.4)). In this section we describe these properties
informally. Precise results will be stated in Section [1.3

e Existence and uniqueness of the solution. For static &, i.e.,

E={{(x): z € Zd}, (1.7)

existence and uniqueness of the solution to (|1.1) with initial condition (|1.4) were addressed
by Girtner and Molchanov [8]. Namely, for arbitrary ¢: Z¢ — R and ug: Z¢ — [0, 00), they
considered the deterministic equation

{gtuw,t) = kAu(z, 1) + g(z)u(z, 1),

zeZ t>0, 1.8
u(z,0) = uola), = (18)

with ug non-negative, and showed that there exists a non-negative solution if and only if the
Feynman-Kac formula

oty = B, (e (X (s) s} w(x(0) ) (19)

is finite for all  and ¢. Here, X" = (X*(t))¢>0 is the continuous-time simple random walk
jumping at rate 2dk (i.e., the Markov process with generator kA) starting in x under the
law P,. Moreover, they showed that v in is the minimal non-negative solution to (|1.8)).
This result was later extended to dynamic & by Carmona and Molchanov [2], who proved the
following.

Proposition 1.1. (Carmona and Molchanov [2]) Suppose that q: Z x [0,00) — R is such
that q(x,-) is locally integrable for every x. Then, for every non-negative initial condition uy,
the deterministic equation

{gtu(x,t) = rAu(x,t) + q(z, t)u(zx, t),

ez t>0, (1.10)
u(z,0) = uo(z),

has a non-negative solution if and only if the Feynman-Kac formula

(@, t) = B, <exp {/Ot (X% ().t — 5) ds} uo(X”(t))> (1.11)

is finite for all x and t. Moreover, v in (1.11) is the minimal non-negative solution to ((1.10)).



To complement Proposition [1.1] we need to find a condition on £ that leads to uniqueness
of (L1.11f). This will be the first of our targets. To answer the question of uniqueness for static
¢, Géartner and Molchanov [§] introduced the following notion.

Definition 1.2. A field ¢ = {q(x): = € Z%} is said to be percolating from below if for every
a € R the level set {x € Z¢: q(x) < a} contains an infinite connected component. Otherwise
q s said to be non-percolating from below.

It was shown in [§] that if ¢ is non-percolating from below, then (|1.8) has at most one non-
negative solution. We will show that a similar condition suffices for dynamic &, namely, ((1.10)
has a most one non-negative solution when there is a 7" > 0 such that

" ={"(2): v ez} with ¢T(z)= sup q(z,t) (1.12)
0<t<T
is non-percolating from below (Theorem below), and that this solution is given by the

Feynman-Kac formula (Theorem below). The (surprisingly weak) condition in ([1.12)) is
fulfilled for most choices of &.

e Quenched Lyapunov exponent and initial condition. The quenched Lyapunov expo-
nent associated with (|1.1)) with initial condition wug is defined as

1
80%(k) = lim -1 . 1.1
Ap° (k) Jim - og u(0,t) (1.13)
Gértner, den Hollander and Maillard [7] showed that if ug has finite support, then the limit
exists &-a.s. and in L'(P), is &-a.s. constant, and does not depend on ug. A natural question

is whether the same is true for uy bounded with infinite support. This question was already
addressed by Drewitz, Gértner, Ramirez and Sun [5]. Define

(k) = Jim % log o <exp { /0 "X (s). 5) ds} uO(X“(t))> . (1.14)

Proposition 1.3. (Drewitz, Gértner, Ramirez and Sun [5])

(I) If € satisfies the first line of and is bounded, then X(I)l(n) exists £-a.s. and in L'(P),
and is £-a.s. constant.

%If, in addition, & is reversible in time or symmetric in space, then, for all ug subject to
(1.4

A), A" (k) ezists E-a.s. and in L'(P), and coincides with Xél(fi).

The time-reversal that distinguishes A\}(x) from X(I)l(n) is non-trivial. Under appropriate space-
time mixing conditions on £, we show how Proposition [I.3] can be used to settle the existence
of A\y°(x) with the same limit for all ug subject to (1.4) (Theorem below).

e Finiteness of the quenched Lyapunov exponent. Trivially, \;°(x) > E(£(0,0)) for all
r, while if £ is bounded from above, then also A\j°(k) < oo for all k. For unbounded & the same
is expected to be true under a mild assumption on the positive tail of £&. However, settling this
issue seems far from easy. The only two choices of £ for which finiteness has been established
in the literature are an i.i.d. field of Brownian motions (Carmona and Molchanov [2]) and
a Poisson random field of independent simple random walks (Kesten and Sidoravicius [10]).
We will show that finiteness holds under an appropriate mixing condition on £ (Theorem m
below).



e Dependence on x. In Gértner, den Hollander and Maillard [7] it was shown that )\go (0) =
E(£(0,0)), A (k) > E(£(0,0)) for k € (0,00), and & — A (k) is globally Lipschitz outside
any neighborhood of zero where it is finite. Under certain strong “noisiness” assumptions
on &, it was further shown that continuity extends to zero while the Lipschitz property does
not. It remained unclear, however, which characteristics of £ are really necessary for the
latter two properties to hold. We will show that if £ is a Markov process, then in essence
a weak condition on its Dirichlet form is enough to ensure continuity (Theorem and
Corollary below), whereas the non Lipschitz property holds under a weak assumption on
the fluctuations of £ (Theorem . Finally, by the ergodicity of £ in space, it is natural to
expect (see Conjecture m below) that lim, o0 [A (k) — A% (k)] = 0 for all p € N, where

X (k) = Jim pltlogE([u(O,t)]p) (1.15)
is the p-th annealed Lyapunov exponent (provided this exists). It was proved for three spe-
cial choices of £: (1) independent simple random walks; (2) the symmetric exclusion pro-
cess; (3) the symmetric voter model, (for references, see [7]), that, when d is large enough,
limy 00 )\go(li) = E(£(0,0)), p € Np. It is known from Carmona and Molchanov [2] that
limy 00 )\go(/@) =1 #E(£(0,0)) for all p € N when £ is an i.i.d. field of Brownian motions.

1.3 Main results

This section contains five definitions of space-time mixing assumptions on &, six theorems
subject to these assumptions, as well as examples of £ for which these assumptions are satisfied.
The material is organized as Sections The first theorem refers to the deterministic
PAM, the other four theorems to the random PAM. Recall that the initial condition wug is
assumed to be non-negative and bounded. Further recall that £ satisfies .

1.3.1 Definitions: Space-time blocks, Gartner-mixing, Géartner-regularity and
Gartner-volatility

e Good and bad space-time blocks. For A > 1, R € N, z € Z% and k,b,c € Ny, define
the space-time blocks

d

B kib,e) = | [ [(2G) — 1 - 0)AR, (2() + 1+ 0)A%) 022 | x [(k - ) AR, (k + 1)),
j=1
] (1.16)
abbreviate By (w, k) = B#(w,k;0,0), and define the space-blocks
Qa(x) =z + 1[0, AR Nz (1.17)

It is convenient to extend the {-process to negative times, to obtain a two-sided process
€ = (&;)ter. Abbreviate M = esssup [£(0,0)].

Definition 1.4. For A> 1, Re N, 2 € Z¢, k € N, C € [0, M] and b,c € Ny, the block
Ba(z, k) is called (C, b, c)-good when
Y llzs)<CART VyeZl s> 0: Quly) x {s} € Br(x,k;b,c). (1.18)
2€Q7(y)

Otherwise it is called (C, b, ¢)-bad.
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Figure 1: The box represents B#a(z, k). The line is a possible realization of Q4 (z).
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Figure 2: The dashed blocks are R-blocks, i.e., B (x, k) (inner) and B (z, k;b,c) (outer) for some
choice of A, x, k, b, c. The solid blocks are (R + 1)-blocks.



e Girtner-mixing. For A> 1, Re N,z € Z% k€ N, C € [0, M] and b, c € Ny, let

AR (@ kb,o)
= {Béﬂ(w, k) is (C,b, c)-good, but contains an R-block that is (C,b, ¢)-bad }

= U ({Bg(xi, k;) is (C,b,c)-bad} N {Béﬂ(w, k) is (C,b, c)-good} )
(x;,k;)EZI XN,
B (wi,ki)C B, (,k)

(1.19)

In terms of these events we define the following space-time mizing conditions (see Fig. . For
D C Z% x R, let o(D) be the o-field generated by {&(z,t): (x,t) € D}.
Definition 1.5. [Gartner-mixing]
For aj,ay € N, denote by A, (a1,as) the set of Z% x N-valued sequences {(zi, k;)}1, that
are increasing with respect to the lexicographic ordering of Z% x N and are such that for all
0<i1<j<n

rj=x; moda and k;j=k; mod a. (1.20)

(a) & is called (A, C,b,c)-type-1 Gartner-mizing when there are ai,as € N such that there is
an Ry € N such that, for all R € N with R > Rg and all n € N,

n —R(1+d)n
sup P( (AR (@i, kis b, 6)) < K<A(1+2d)) , (1.21)
(xhki)?:QEAn(alan) i=0

where K > 0 s a constant independent of R and n.
(b) € is called (A, C,b,c)-type-II Gértner-mixing when for each family of events

Al € o(Bpya(wi ki), (wiski)isg € An(ar, a2), (1.22)
that are invariant under space-time shifts and satisfy

lim P(AR) =0, (1.23)

R—o0

there are a1,as € N such that for each 6 > 0 there is an Ry € N such that, for all n € N,
IP< () {Bit1(i ki) is (C,b, c)-good, Aﬁ}) <K& R>Ryp,ReN. (1.24)
=0

Here K > 0 is a constant independent of R, n and 9.

(c) € is called type-1, respectively type-II, Gartner-mizing, if there are A > 1, C € [0, M],
R € N, b,c € N such that £ is (A, C,b,c)-type-1, respectively, (A,C,b,c)-type-II, Gértner-
mixing.

Definition 1.6. [Gartner-hyper-mixing]

(a) & is called Gartner-positive-hyper-mizing when

(al) E [eqSUPSE[OJ] g(o,s)] < oo for all ¢ > 0.

(a2) There are b,c € N and a constant C such that for each Ay > 1 one can find A > Ay such
that € is (A, C, b, c)-type-1 Gdrtner-mizing.

(a3) There are Ry,Cy > 1 such that

1
P| sup — > &(y,8)>C | <|Bgl™ VR>Ry,C>Cy, (1.25)
selo,1] |1 Brl S5



for some o > (14 2d)(2 4 d)/d, where
Bp = ([—R, RN Zd) . (1.26)

(b) € is called Gdrtner-negative-hyper-mizing, if —§ is Gartner-positive-hyper-mizing.

Remark 1.7. If £ is bounded from above, then £ is Gartner-positive-hyper-mixing. For those
examples where &(z,t) represents “the number of particles at site = at time ¢”, we may view
Gértner-mixing as a consequence of the fact that there are not enough particles in the blocks
Bé(mi, k;;b,c) that manage to travel to the blocks Bé(xj, kj;b,c). Indeed, if there is a bad
block on scale R that is contained in a good block on scale R+ 1, then in some neighborhood
of this bad block the particle density cannot be too large. This also explains why we must
work with the extended blocks Bﬁ(x, k; b, c) instead of with the original blocks Bé(m, k;0,0).
Indeed, the surroundings of a bad block on scale R can be bad when it is located near the
boundary of a good block on scale R+ 1 (see Fig. .

e Girtner-regularity and Gértner-volatility. We say that ®: [0,t] — Z? is a path when
|P(s) — P(s—)|| <1 Vs e [0,t]. (1.27)

We write ® € B,.(0) (the ball in R? of radius r centered at 0) when ||®(s)| < r for all s € [0, 1]
and N(®,t) < M, if ® has at most M jumps up to time t.

Definition 1.8. [Gartner-regularity]

& s called Gdrtner-regular when

(a) & is Gdrtner-negative-hyper-mizing and Gartner-positive-hyper-mizing.

(b) There are to > 0 and ng € N such that for every 61 > 0 there is a 62 = 62(61) > 0 such
that

n

it dont
P / E(P((j—Dt+1),s)ds > dint | <e 2"
2 (-1t (2(G = 1)t +1).5) ' (1.28)

Vit >ty,n>mng, @€ Bm(O).

=1

Definition 1.9. [Gartner-volatility]
& is called Gartner-volatile when
(a) & is Gdrtner-negative-hyper-mizing.

(b)

1 t
tlg& @E (’/0 [€(0,s) — &(e, 8)] ds‘) =00 for some e € Z¢ with |le|]| =1,  (1.29)

Remark 1.10. Corollary below will show that condition (b) in Definition [1.8|is satisfied
as soon as the Dirichlet form of ¢ is non-degenerate, i.e., has a unique zero (see Section .

1.3.2 Theorems: Uniqueness, existence, finiteness and initial condition

Recall the definition of ¢7 (see (1.12))).



Theorem 1.11. [Uniqueness| Consider a deterministic q: Z* x [0,00) — R such that:
(1) There is a T > 0 such that q* is non-percolating from below.

(2) ¢"'(z) < 0o for all T >0 and x € Z%.

Then the Cauchy problem

o) _
{atu(x’t) - K’Au(xat) + q(x,t)u(ac,t), T e Zd, t> 0’ (130)

u(z:, 0) = UO(CL‘),
has at most one non-negative solution.

Theorem 1.12. [Existence] Suppose that:

(1) s+ &(x, s) is locally integrable for every x, &-a.s.
(2) E(e%(09)) < oo for all ¢ > 0.

Then the function defined by the Feynman-Kac formula

t
u(z,t) = E, <exp {/ E(X"(s),t—s) ds} uO(X"‘(t))> (1.31)
0
solves with initial condition ug.

From now on we assume that ¢ satisfies the conditions of Theorems [1.11H1.12

Theorem 1.13. [Finiteness| If £ is Gartner-positive-hyper-mizing, then )\go (k) < 0.

From now on we also assume that £ satisfies the conditions of Theorem The following
result extends Gértner, den Hollander and Maillard [7], Theorem 1.1, in which it was shown
that for the initial condition uy = dg the quenched Lyapunov exponent exists and is constant
£-a.s.

Theorem 1.14. [Initial Condition] If £ is reversible in time or symmetric in space, type-II
Gdrtner-mizing and Gdrtner-negative-hyper-mizing, then A\y°(k) = lim;_ 00 %log u(0,t) exists
¢-a.s. and in L*(P), is constant £-a.s., and is independent of ug.

1.3.3 Theorems: Dependence on «

Theorem 1.15. [Continuity at x = 0] If¢ is Gartner-regular, then k — )\go (k) is continuous
at zero.

Theorem 1.16. [Not Lipschitz at x = 0] If  is Gdartner-volatile, then k — /\80 (k) is not
Lipschitz continuous in zero.

Remark 1.17. Theorem was already shown in [7], under the additional assumption that
¢ is bounded from below.
1.3.4 Examples

We state two corollaries in which we give examples of classes of £ for which the conditions in
Theorems [[LI3HL.15l are satisfied.



Corollary 1.18. [Examples for Theorems [1.13H1.14]
(1) Let X = (X¢)i>0 be a stationary and ergodic R-valued Markov process. Let (X.(x)),cza be
independent copies of X. Define & by {(z,t) = X¢(z). If

F [eqSUPse[o,l] XS] < 00 Vq>0, (1.32)

then & fulfills the conditions of Theorem |1.13| If, moreover, the left-hand side of 18
finite for all ¢ <0, then & satisfies the conditions of Theorem [L.14]

(2) Let € be the zero-range process with rate function g: Ng — (0,00), g(k) = k?, B € (0,1],
and transition probabilities given by a simple random walk on Z%. If € starts from the product
measure m,, p € (0,00), with marginals

k>0
ro{n € NE ) = k) = { T a0am Y (1.33)
v ka = 07

where v € (0,00) is a normalization constant, then £ satisfies the conditions of Theoremsm
LI4

Corollary 1.19. [Examples for Theorem (1) If £ is a bounded interacting particle
system in the so-called M < e regime (see Liggett [12]), then the conditions of Theorem
are satisfied.

(2) If € is the exclusion process with an irreducible, symmetric and transient random walk

transition kernel, then the conditions of Theorem [1.15| are satisfied.
(3) If € is the dynamics defined by

Ny
Ezt) = Zayjy(t)(g:), (1.34)

y€Zd j=1

where {ij: yeZi1<j< Ny} is a collection of independent continuous-time simple random
walks jumping at rate one, and (Ny)yezd is a Poisson random field with intensity v for some
v e (0,00). If d > 3, then the conditions of Theorem are satisfied.

Corollaries list only a few examples that match the conditions. It is a separate
problem to verify these conditions for as broad a class of interacting particle systems as
possible.

1.4 Discussion and a conjecture

The proofs of Theorems [1.11 and Corollaries [I.I8H1.19] are given in Sections The
content of Theorems [1.11H1.16]is summarized in Fig.

The importance of A\j°(x) within the population dynamics interpretation of the parabolic
Anderson model, as explained in Section [1.1] is the following. For ¢t > 0, randomly draw an
B-particle from the population of B-particles at the origin. Let L; be the random time this
B-particle and its ancestors have spent on top of A-particles. By appealing to the ergodic
theorem, it may be shown that lim; o Li/t = A\j° (k) a.s. Thus, A\;°(k) is the fraction of time
the best B-particles spend on top of A-particles, where best means that they come from the
fastest growing family (“survival of the fittest”). Fig.|3|shows that for all K € (0,00) clumping
occurs: the limiting fraction is strictly larger than the density of A-particles. In the limit as

10
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Figure 3: Qualitative picture of k — A;°(x) in the weakly, respectively, strongly catalytic regime.

k J 0 the clumping vanishes because the motion of the A-particles is ergodic in time. The
clumping is hard to suppress for x | 0: even a tiny bit of mobility allows the best B-particles
and their ancestors to successfully “hunt down” the A-particles.

In the limit as kK — oo we expect the quenched Lyapunov exponent to merge with the
annealed Lyapunov exponents defined in ([1.15]).

Conjecture 1.20. lim, [0 (k) — Ag° (k)] = 0 for all p € N.

The reason is that for large x the B-particles can easily find the largest clumps of A-particles
and spend most of their time there, so that it does not matter much whether the largest
clumps are close to the origin or not.

It remains to identify the scaling behaviour of A\y°(x) for x | 0 and x — co. Under strong
noisiness conditions on &, it was shown in Gértner, den Hollander and Maillard [7] that A0 (k)
tends to zero like 1/log(1/k) (in a rough sense), while it tends to E(£(0,0)) as k — oo. For
the annealed Lyapunov exponents )\;O(ﬁ), p € N, there is no singular behavior as s | 0, in
particular, they are Lipschitz continuous at x = 0 with A\3°(0) > E(£(0,0)). For three specific
choices of & it was shown that A\j°(k) with ug = 1 decays like 1/k as k — oo (see [7] and
references therein). A distinction is needed between the strongly catalytic regime for which
A0 (k) = oo for all k € [0,00), and the weakly catalytic regime for which A\}°(x) < oo for all
k € [0,00). (These regimes were introduced by Gértner and den Hollander [6] for independent
simple random walks.) We expect Conjecture to be valid in both regimes.

2 Existence and uniqueness of the solution

In this section we prove Theorem (uniqueness; Section and Theorem (existence;
Section [2.2)).

2.1 Uniqueness

The proof of Theorem is based on the following lemma.
Lemma 2.1. Let g;: Z% x [0,00) — R, i € {1,2}, satisfy conditions (1)—(2) in Theoremm

and be such that, for a given initial condition ug, the two corresponding Cauchy problems

{gtuz(x, t) = kAui(x,t) + gi(z, t)ui(z, t),

reZl t>0,ie{l1,2}, 2.1
ui(x,0) = up(x), - {12} (2.1)

11



have a solution. If there exists a T > 0 such that qi(z,t) > qao(x,t) for all x € Z¢ and
t € [0,T), then ui(z,t) > ua(x,t) for all x € Z¢ and t € [0,T], where u1 and us are any two

solutions of ([2.1]).

We first prove Theorem subject to Lemma [2.1

Proof. Note from Definition that whenever ¢ is non-percolating from below for 7' = Ty
for some Ty > 0, then the same is true for all T' > Ty. Fix T > Tj, and let u be a non-negative
solution of (1.30) with zero initial condition, i.e., up(x) = 0 for all z € Z4. It is sufficient to
prove that u(z,t) = 0 for all € Z? and t € [0, T].

Let v be the solution of the Cauchy problem

{gtv(x,t) = kAv(z,t) + ¢' (z)v(z, 1),

o(x,0) = vo(z) = 0 vezhte(01], (2.2)

which exists because the corresponding Feynman-Kac representation is zero by Gartner and
Molchanov [§], Lemma 2.2. By Lemma it follows that 0 < v < v on Z¢ x [0,T]. Using
that ¢’ is non-percolating from below, we may apply [8], Lemma 2.3, to conclude that
has at most one solution. Hence u = v = 0 on Z? x [0, T], which gives the claim. ]

We next prove Lemma 2.1

Proof. Fix N € N. Let Qy = [-N,N]“NZ% Qn = (—N,N)¢N7Z4 and 0Qyn = Qn\Qn. If
up and up are solutions of (2.1) on Z¢ x [0, 00), then they are also solutions on Qy x [0, T].
More precisely, for i € {1,2}, u; is a solution of the Cauchy problem

D u(z,t) = kAv(z,t) + ¢z, t)v(z, t), (z,t) € Qn x [0,T],

’Z?EIL’,O) = UO(.T), T € Qn, (2.3)
v(x,t) = ui(z,t), (x,t) € 0QN x [0,T].

Recall that g1 > g2 on Z% x [0,T]. Choose c& such that

cy >  max qx,t)>  max ga(,t), (2.4)
zEQN, €[0T TEQN, tE[0,T]
and abbreviate
U_(J?,t) = eic%t [’U,l(.’L',t) - u2($,t)], (l’,t) € QN X [OaT]a (2 5)
Qi = qi — ¢}, ie{1,2}. '

Then, by (2.3)), v satisfies

%v(:n,t) = rAv(z,t)
+e Nt Qu (@, tua (x, 1) — €N Qo thua(x, 1), (2,1) € Qu x [0, T,

v(z,0) =0, T € Qn,
v(a,t) = e N [u (2,t) — ua(z,1)], (z,t) € OQn x [0,T].
(2.6)
Now, suppose that there exists a (z.,t.) € Qn X [0,T] such that
V(Zx, ty) = min  v(x,t) < 0. (2.7)

zEQN,t€[0,T)
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Then

aatv(x*,t*) <0 (2.8)
and
Av(zy, ty) = Z [v(y, t) — v(@s, ts)] > 0. (2.9)
I EZ“T
y—xx||=1

Moreover, by ([2.452.5) and (2.7),
e~ Ot Q1 (2w, ti)ur (T, ) — e~ Cnts Q2(s, ti)uz (4, )
= [ql(a:*,t*) — c%] V(Tw, te) + [q1(2, te) — q2(s, ti)] e~CNts ug (s, tx) > 0.

But (2.82.10)) contradict the first line of (2.6) at (x,t) = (x«,t«). Hence ([2.7)) fails, and so it
follows from (12.5)) that uy(z,t) > uz(x,t) for all z € Qn and ¢ € [0,T]. Since N can be chosen

arbitrarily, the claim follows. |

(2.10)

2.2 Existence

In the sequel we use the abbreviations
T¢(a,bye) = [P€(X5(s),c—s)ds, 0<a<b<cg, (2.11)
T"(a,byc) = [PE(X5(s),c+s)ds, 0<a<b<ec (2.12)
Proof. To prove Theorem by Proposition it is enough to show that
E, (eIN(O’t’t)UO(X”(t))) <o Vzezd t>o. (2.13)

Since uy is assumed to be non-negative and bounded (recall (1.4])), without loss of generality we
may take ug = 1. We give the proof for z = 0, the extension to z € Z¢ being straightforward.
Fix ¢ € QN [0,00). Using Jensen’s inequality and the stationarity of £, we have (recall ([1.6)))

E (Eo (ez*‘(o,q,q)» = Fy (]E (eIK(O’q’q)»
< E, (E <; /Oq exp {qS(X“(S)’q - S)} d8>> (2.14)

— B, (2 /OqE<exp {q§(0,0)}) ds)
_ E(e%09) < oo,

where the finiteness follows by condition (2). Hence, for every ¢ € Q N[0, 00) there exists a
set A, with P(4,) = 1 such that

Eo (ef”@quq)) <00 VEE A, (2.15)

To extend (2.15]) to t € [0, 00), note that, by the Markov property of X" applied at time g — ¢,
q > t, we have

By (7 ©99) > By (£ 0001{X"(r) =0 %7 € [0, 1]})
5 (2.16)
= elo €0a=s)ds p, (X”(r) =0Vrel0,q— t])EO <eZH(0’t’t)) .

Because s — £(0, s) is locally integrable £-a.s. by condition (1), we have foq_t £(0,q—s)ds >
—o00 ¢-a.s. The claim now follows from ([2.1542.16]) by picking ¢ € QN[0,00) and t € [0,00). B
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3 Finiteness of the quenched Lyapunov exponent

In this section we prove Theorem In Section [3.1] we sketch the strategy of the proof. In
Sections [3.2H3.6] the details are worked out.

3.1 Strategy of the proof

The proof uses ideas from Kesten and Sidoravicius [10]. Fix C,b, ¢ according to our assump-
tions on &. For j € N and ¢t > 0, define the set of random walk paths

T1(j,t) = {@: 0,t] = Z%: ® makes j jumps, ®([0,t]) € [~Citlogt, Cltlogﬂdmzd}, (3.1)

where C; will be determined later on. Abbreviate [C1]; = [~Citlogt, Citlogt]? N Z¢. For
A>1, ReNand ® €Il(j,t), define

U4(®) = number of good (R + 1)-blocks crossed by @ containing a bad R-block,(3.2)

WA~ s A®),
Dell(y,t)
E%(®) = number of bad R-blocks crossed by ®, (3.4)
=07 = sup EA(®). (3.5)
PEII(j,t)

The proof comes in 5 steps, organized as Sections (1) the Feynman-Kac formula may
be restricted to paths contained in [C]s; (2) there are no bad R-blocks for sufficiently large
R; (3) the Feynman-Kac formula can be estimated in terms of bad R-blocks; (4) bounds can
be derived on the number of bad R-blocks; (5) completion of the proof.

3.2 Step 1: Restriction to [Cy];

Lemma 3.1. Fiz Cy > 0. Suppose that E (eqsupsE[Ovl]S(O’s)) < oo for all g > 0. Then:
(a) &-a.s.

1
lim sup [ sup {&(z,s): © € [Ch],0<s< t}] <1 (3.6)
t—oo |logt
(b) &-a.s. there exists a tg > 0 such that, for all t >ty and x ¢ [C4];,
sup (z, s) < log ||z||. (3.7)
s€[0,t]

Proof. (a) For any # > 0 and ¢t > 1, we may estimate

P (Elx € [Ci]y: sup &(z,s) > logt>

s€[0,t]

(t]
< Z Z]P’( sup £(x,s)210gt) (3.8)

z€[C1]t k=0 [k, k+1]

< (2C1tlogt + 1)([t] + 1) exp{—flogt}E (exp {0 sup £(0, s)}> .

s€[0,1]

14



Choosing 6 > 2(d + 1) + 1, we get that the right-hand side is summable over ¢t € N. Hence,
by the Borel-Cantelli Lemma, we get the claim.

(b) The proof is similar and is omitted. n

The main result of this section reads:

Lemma 3.2. There exists a Cy > 0 such that £-a.s. there exists a tg > 0 such that
Eo <ezﬂ(0’t’t)]l{X“([0,t]) 7 [cl]t}) <e Wi t,01 > Co. (3.9)

Proof. See Kesten and Sidoravicius [10], Eq. (2.38). We only sketch the main idea. Take a
realization ®: [0,¢] — Z? of a random walk path that leaves the box [C1];. Then ||®| =
max{[|z|: = € ®([0,¢])} > Cytlogt. By Lemma [3.1]

sup sup £(x,5) < log @], (3.10)
s€[0,2] |z <[| @l

and so we can estimate

By (7 CHOUX([0.4) £ [C1].})

(3.11)
< Ep (exp {t sup log HX”(S)H} X" ([0,t]) £ [Cﬂt}> :

s€[0,t]

The rest of the proof consists of balancing the exponential growth of the term with the
supremum against the superexponential decay of Py(X"([0,t]) € [C1]:). See [10] for details. B

3.3 Step 2: No bad R-blocks for large R

Lemma 3.3. Fixz Cy > 0 according to Lemma and suppose that & satisfies condition (a3)
in the Gdartner-positive-hyper-mizing definition. Then for every C1 > Cy and € > 0 there
exists an A = A(g) > 2 such that

P(Eé’j > 0 for some R > elogt and some j € N()) (3.12)
is summable over t € N. (It suffices to choose A = |e'/*1+2D2| for some a > 1.)
Proof. Fix C1 > Cpy, A > 2 and assume that Eg’j > 0 for some j € Ny. Then there is a bad
R-block B#(z,k) that intersects [Cy]; x [0,t]. Hence there is a pair (y,s) € Z? x [0, 00) such

that Q#(y) x {s} C Ba(x, k;b,c) and

> &z 5) > CAR (3.13)

z€QA(Y)
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In particular, z and s satisfy dist(y, [C1];) < (b+2)Af and s € [0,t + AF]. Hence, for ¢ > 0,

]P)(Eg’j > (0 for some R > elogt,j € N())

< Z IP’( Z £(z,s) > CAR? for some (y, s):

R>elogt zng(y)

dist(y, [C1]s) < (b+2)A% s € [O’HARO (3.14)

[t+AR]

< ¥ 3 3 P(Hse[k,kJrl): 3 5(2,5)>CARd>.

R>elogt y: dist(y,[C1)¢)<(b+2) AR k=0 z€Qa(y)
By assumption (1.25]), we may bound the two inner sums by
(2Citlogt + 1+ (b+ 2)AR) x (|t + AR| +1) x (24F + 1)~ < G(R,1). (3.15)

Recall the definition of « (see below [1.25))), to see that one can choose A as described in the
formulation of Lemma [3.3| to get that

> G(R.1) (3.16)

R>clogt

is summable over ¢t € N. ]

3.4 Step 3: Estimate of the Feynman-Kac formula in terms of bad blocks

Lemma 3.4. Fixe >0 and A > 2. For all C1 > Cy (where Cy is determined by Lemma ,

By (5 OO ([0.1) < (1]}

<> 2dt“) exp{ t(CAY — 2drk) + ZCA(R““AR”A”}
7J€Ng R=1

(3.17)

Proof. See [10], Lemma 9. We sketch the proof. Note that

E (eI”(O,t,t)]l{Xn([()’t]) C [Cl]t}> _ Z 672dtn(2d%t’%)j

|
€N J:

x> (1 (ep{Z/ E(xio1t — du—l—/ij, — ) u}>

z1,52,...,4; EL?

(3.18)
where j is the number of jumps, 0 = xg, z1,...,2;, z; € [C1]t,7 € {0,1,--- ,j}, are the nearest-
neighbor sites visited, and 0 = Sy < 51 < --- < §; <t are the jump times. To analyze ,
fix A>2 ReNaswellas 0 =59 < s1 <---<s; and a path ® with these jump times, and
define '

J
Ap(®) = {U € [sic1,8:): CAM < (i, t—u) < CA(R+1)d} (3.19)
i=1 3.19

U {u € [sj,1): CAPL < ¢(z;,t —u) < CABTD }
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The contribution of ® to the exponential in (3.18]) may be bounded from above by
o0
tCAY+ Y CAFTVY A R(D)], (3.20)
R=1

where the first term comes from the space-time points (w;_1,t —u) with &(x;_1,t—u) < CA%
If CAR < €(z;q,t —u) < CAFED then (z;_1,t — u) belongs to a bad R-block. There are
at most = HA’] such blocks, and any path spends at most a time A% in each R-block. Hence

IAR(®)] < ARZHI. (3.21)

The claim now follows from (3.18), (3.20{3.21)) and the fact that there are at most (2d)’
nearest-neighbor paths (0 = xg,z1, 2, ..., ;) that are contained in [C1];. |

3.5 Step 4: Bound on the number of bad blocks

The goal of this section is to provide a bound on the number of bad blocks on all scales
simultaneously (Lemma below). In Section we will combine Lemmas and
to prove Theorem [1.13

Lemma 3.5. Fiz € > 0, pick A according to Lemma and assume that Eg’j = 0 for all
R > [elogt]. Then, for some Cy > 0,

IP’(\Ilg’j > (t+ ) (A2 =E for some R € N and some j € No), (3.22)

P(Eg’j > Co(t + §)(AU+2D) =R for some R € N and some j € NO), (3.23)
are summable on t € N.

The proof of Lemma [3.5] is based on Lemmas [3.6}{3.7 below. The first estimates for fixed R
the probability that there is a large number of good (R + 1)-blocks containing a bad R-block,
the second gives a recursion bound on the number of bad blocks in terms of \I/

Lemma 3.6. Suppose that & satisfies condition (a2) in Definition . Then, for R large
enough, j € Ny and A chosen according to Lemma[3.3, for some constant Cs > 0

P (W37 > (t+)(AT2D)F) < exp {~Cy(t + j)(A0T2D) 7Y (3.24)
Lemma 3.7. Fiz e > 0, and pick A according to Lemma . Assume that Eé’j =0 for all
R > [elogt]. Then, with N = [elogt],

N—-R-1
=A,j d d id Ai(1+d)Asd
B’ < 29A0td) N il gl g (3.25)
1=0

The proofs of Lemmas and [3.5] are given in Sections [3.5.1] [3.5.2] and [3.5.3] respectively.
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3.5.1 Proof of Lemma [3.6

Proof. Throughout the proof, z,2’ € Z* and k,k’ € N. The idea of the proof is to divide
space-time blocks into equivalence classes, such that in each equivalence class blocks are far
enough away from each other so that they can be treated as being independent (see Fig. .
The proof comes in four steps.

1. Fix A > 2 according to Lemma [3.3] fix R € N and take aj,a9,b,¢ € Ny according to
condition (a2) in Definition [1.6] We say that (x,k) and (2, k') are equivalent if and only if

/

r=2" moda; and k=K mod as. (3.26)

This equivalence relation divides Z? x N into afay equivalence classes. We write Z(I* k) tO
denote the sum over all equivalence classes. Furthermore, we define

YA (x, k) :]I{B]‘%H(a:, k) is good, but contains a bad R-block}. (3.27)
We tacitly assume that all blocks under consideration intersect [C1]¢ X [0, ¢]. Then
P <\I/£’j > (t _‘_j)<A(1+2d))fR)
< Z <E| a path with 7 jumps that intersects at least
(z*,k*)
(t 4 §)(ATT2D)=E /046, blocks Bﬁﬂ(a},k) with x4 (z, k) = 1, (z,k) = (:n*,k:*))
(3.28)

2. Define p /(Hd) = (AU+20)=E and abbreviate

Al = {EI a path with j jumps that intersects n blocks Béﬂ(x, k)
(3.29)
with x4 (z, k) = 1, (z,k) = (l‘*,k*)}

Then we may rewrite the right-hand side of (3.28) as

L
Z Z P(ATD), (3.30)

(@k") (i MY
n= 4

ajag

where L is the number of (R+ 1)-blocks that can be crossed by a path with j jumps contained
in [C1]¢ x [0,¢]. To estimate the probability in (3.30]), note that we can write A} as

Ap= | ApED (3.31)
(Tt kn?)

where the union is taken over all possible choices of (R+ 1)-blocks such that exactly n of them
are good, contain a bad R-block, and can be reached by a path with j jumps. Hence, (3.30)

becomes
An,(xf,},kf,?) .
;*) (t%w)(a%?) (At e) (3:32)

a?ag
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By condition (a2) in Definition the probability in (3.32) may be bounded from above by
K (A(+2d) =R+ Note that there are at most (%) elements in the union (3.31). Thus, the

n

two inner sums in (3.32)) are bounded from above by
1/(1+d)
t
(1—pr) "KP <TL > it ) +‘7)fR > : (3.33)
where T, = BIN(L, pr).

3. To estimate the binomial random variable, we first bound L. As in [I0], take v =

[p;zl/ (Hd)} and define space-time blocks

d
Bi(z, k) = | [[v(z(5) = VAR, v((j) + VAR NZ | x [vkAR, v(k+1)AR).  (3.34)
j=1

By the same reasoning as in [I0], we see that at most

.\ def t+7
p(j) & sd <VAR+1 +2> (3.35)

blocks Bé_ﬂ(w, k) can be crossed by a path ® with j jumps. Hence L < v*+94(5), and thus
the probability in (3.33)) is at most

N 1/(1+d)
t
P (T > HJ)pR) , (3.36)

a‘faz

where T = BIN(v1*+9(4), pr). According to Bernstein’s inequality (compare with [I0],
Lemma 11), there is a constant C’ such that, for all A > 2E(T),

P(T > \) < exp{—C'\}. (3.37)
We may assume that p]_%l/(Hd) € N, so that
E(T) = o+ u(j)pp = 3¢ (15T 104 3.38
(T) = v Pu(i)pr = 3| S751 PR +2], (3.38)
and hence, by Lemma [3.3] and the fact that R < elogt,
\ 1/(14d)
t
% > 2E(T). (3.39)

Since a1, as are independent of R, we may estimate, again using Bernstein’s inequality,

N 1/(1+d)
t
P(7T> % < exp{—c’(t+j)p}{“+d)}
ayaz (3.40)

= exp {~C'(t+ j)(A0F20) R

It rests to show that the first term in (3.33) does not contribute. Note that 1/(1 — pr) =
1+ pr/(1 — pr), so that
1 PR
lo < . 3.41
g<1_PR)_1_PR (3.41)
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Y(4d)

Llog (1 _1pR) < o) (3.42)

Thus, if we assume p,

1—pr

Inserting (3.42)) into the first term of (3.33) and comparing it with the right hand side of
(3.40)), we see that the asymptotic of (3.33) is determined by the probability term.

4. Finally, we estimate (3.32). For that we insert (3.40)) into (3.32), which yields

P (q,é:j > (t _}_j)(A(lJer))fR)

(3.43)
< Kafas exp {—C'(t + j)(A(1+2d))_R} :
This finishes the proof. |
3.5.2 Proof of Lemma [3.7]
Proof. We first show that
2y’ < 20A0FD=0T 4 9d gUD) g, (3.44)

In order to see why is true, take a bad R-block Bﬁ‘(az, k) that is crossed by a path with
§ jumps. Then there are two possibilities. Either B (x, k) is contained in a bad (R+1)-block,
or all (R + 1)-blocks that contain B (x,k) are good. Since an (R + 1)-block contains A+
R-blocks, and there are at most 2¢ (R + 1)-blocks, which may contain a given R-block, the
first term in the above sum bounds the number of bad R-blocks contained in a bad (R + 1)-
block. In contrast, the second term bounds the number of bad R-blocks contained in a good

(R 4+ 1)-block. Hence we obtain
We can now prove the claim. Apply 3.44)) iteratively to the terms in the sum, i.e., replace

—A,j b
SRE Y A,j d 4 (14d) 7, A5

d 1 d’— ) 9.

20 A0 =0d 4 20 ATy (3.45)
This yields

N—R-1
,—‘AJ < 2dA 1+d) Z QZdAl(ler) R+Z7 (346)
=0

from which the claim follows. ]

3.5.3 Proof of Lemma [3.5]

Proof. Fix e >0 and 0 < R < elogt. Then, by Lemma
P (xp;"f > (t + ) (ATT2D)=E for some j € No)
< Z ( 47> (¢ +])(A(1+2d))—R>

Jj€No

< Z exp{ tCs3(t + 7)(AUT2d))~ R} (3.47)
j€No

< exp {—Cgt(A(1+2d))_€10gt} Z exp {_ng(A(l-i-Qd))—alogt} )

J€No
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Recall Lemma which implies that ¢ def log(A)e(1+42d) < 1. Consequently, the right-hand
side of (3.47) is at most

1

exp 4 —C5t(179)

p{ 3 } 1 —exp{—Cst9} (3.48)
< iexp {—Cgt(l 6)} £ exp {C’gt 5} ‘
— O3

It therefore follows that
P (\Pg’j > (t+ ) (A2 =R for some j € Ny, R € N)
(3.49)

1
< Fté elogt exp {—Cgt(l_‘s) + Cgt_é} ,
3

which is summable over ¢ € N. In order to prove the second statement, suppose that none of
the events in (3.22)) occurs. With Lemma [3.7| we may estimate

N—-—R—-1

~A,J < 91 A(14d) Z oid 4i(1+d) g gﬂ
=0

N—-R-1
< 2dA(1+d) (t _|_j)2idAi(1+d) (A(1+2d))—i—R
=0
S 2dA(].+d) (t + j)A_R(1+2d) Z 2idA—id
1€Ng

(3.50)

def (t _|_])A—R(1+2d)027

where we use that A > 2 (see Lemma [3.3)). n

3.6 Step 5: Proof of Theorem [1.13
Fix € > 0 and A such that Lemma applies. It follows from Lemma that
P(Eg’j > 0 for some R > elogt,j € N0> (3.51)

is summable over t € N. Hence, by the Borel-Cantelli Lemma, there is an ty € N such that
none of the events in the above probability occurs for integer ¢ > to. Thus, by Lemma [3.4]
for all integer ¢t > ¢y, we have, with N = |elogt],

o (eﬂw:t’wn{m[e,tn C [c1)})

N

th | (3.52)

< Z i exp {t(CAd — 2dk) + Z CA(RH)dARE‘g’]} .
§€No R=1
Using the bound of Lemma we have
N
Z C AR+ dAR~A Z (t+5)A (R+1)dARA—R(1+2d)02
- - (3.53)
< (4 DA S A Gyt ),

ReN

21



We can therefore estimate the last line of (3.52) by

4!
j€Ng (354)

— exp {t(CAg — 2dr + Cy + QdKeC“)} .

Z (2dtr)? exp {t(CAd —2dr) + Cu(t + J)}

From (3.54)) and Lemma we obtain

1 o
lim sup — log Ej (eI (O’t’t)> < 0. (3.55)
!

To extend this to sequences along R instead of N, note that
u(0,t) <u(0,n+1)e” e ds g2dr(n+1-t) t € [n,n+1]. (3.56)
Since £ is ergodic in time, we have

1 It
lim = [ £(0,s)ds = 0. (3.57)

t—oo ¢ Jy

Theorem follows from ([3.56H3.57)).

4 Initial condition

In this section we prove Theorem Section contains some preparations. Section
states three lemmas (Lemmas below) that are needed for the proof of Theorem [1.14]
which is given in Section Section [£.4] provides the proof of these three lemmas.

4.1 Preparations

In this section we first state and prove a lemma (Lemma below) that will be needed for
the proof of Theorem After that we introduce some further notation (Definitions 4.4
below).

Fix Ry € N and take A, C according to our assumption (type-II Gértner-mixing). Set
N = CAFod and abbreviate £y = (€ A N)V (=N). Let uy be the solution of (1.1)) with &

replaced by &y. Abbreviate (recall (2.1142.12)))

Ti(a,b¢) = [Pen(XP(s),c—s)ds, 0<a<b<e (4.1)
Tx(a,be) = [Pen(X5(s),c+s)ds, 0<a<b<e (4.2)

Lemma 4.1. If, for all N of the form N = CAF% and for all ¢ > 0 and some sequence
(t)ren of the form t, = rL with L > 0,

P <E0 <eiiv(0,tr,o)) > e(X;(H)-FE)tT) (4.3)

is summable on r, then Theorem[I.14] holds.
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Proof. Fix € > 0. Note that ux(0,¢) has the same distribution as Eo(eﬁf(o’t’o))7 so that we
can replace the latter by un(0,¢) in (4.3]) without violating the summability condition. Thus,
by the Borel-Cantelli Lemma, we have

1 . -
lim sup . log Ey (eIN(O’t“tT)> < )\(])l(ﬁ) +e &-as. (4.4)
r—oo Ulr

The extension to sequences along R may be done as in the proof of Theorem m (recall
(3.56))). Standard arguments yield

1
lim sup — log un(0,t) < /\0( ) E-a.s. (4.5)

t—o00

To extend this to the solution of (1.1]) with initial condition ug = 1, we estimate

/ E(X"(s),t — s)ds
0

. . (4.6)
g/ E(X(s),t — s)I{E(X"(s),t — s) 2N}ds+/ En(XT(s),t —s)ds.
0 0

Note that, by (3.53) and the arguments given in Lemma we have, for ¢t € N sufficiently
large,

[e.9]

sup / E(@(s),t — 5){E@(s),t — 5) > N}ds < (t+ )AL S A~F (47)
®eII(jt) oyt
Next, choose M > 1 such that
lim sup - log Ey (ezn(o’t’t)]l{N(X“,t) > Mt}) < X(I)l(/ﬁ). (4.8)
t—o00

Then, by (4.6 , for t € N sufficiently large,

Eo (eIN(O’t’t)]l{N(X“,t) < Mt})

o0 ) (4.9)
<exp{ (M +1)tA%C’ Y AR 4 |, (eZN(O’t’t)]l{N(X“,t) < Mt}) .
R=Ro
We infer from (4.5 and (| .—. ) that
1 - -
limsup S u(0,£) < (M +1)A%C" Y AR £ (k). (4.10)
t—oo L R—R
teN =10
Taking the limit Ry — oo, Rg € N, we obtain
lim sup — logu(O t) < )\0( ). (4.11)
e

The extension to sequences along R may again be done as in the proof of Theorem m (recall
). Furthermore, Proposition |1.3| gives )\80 (k) = Xgo(li) = X(])l (k), so that

1
lim sup n log u(0,t) < )\30(/@). (4.12)

t—o00
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By monotonicity, the reverse inequality holds with the limsup replaced by the liminf. It follows
that A\}(k) exists and equals )\g‘) (k). A further monotonicity argument shows that the same
is true for \j° (k) for any initial condition ug subject to (L.4)). n

In view of Lemma our target is to prove (4.3). We fix M subject to (4.8), N of the
form N = CARo? ¢ > 0 small, and write t as t = rA®, r, R € N, A > 2. Note that the choice
of M implies that it is enough to concentrate on path with at most Mt jumps.

We proceed by introducing space-time blocks and dividing them into good blocks and bad
blocks, respectively, into N-sufficient blocks and N-insufficient blocks (compare with ((1.18

and Fig. .
Definition 4.2. For z € Z%, k € N and b, c € Ny, define (see Fig.

Biy(, k;b,c)
d
= | [[l(=() = 1 = 0)AM A", (x(j) + 1+ b)AMA®) N 27 | x [(k — ) AR, (k + 1) A")
j=1
) ) (4.13)
and abbreviate B4 (z, k) = Ba(z,k;0,0).

For S C Z%, let S denote the inner boundary of S. For S x S’ C Z? x R, let TI;(S x S’)
denote the projection of S x S onto the first d coordinates (the spatial coordinates).

Definition 4.3. The subpedestal of Ba(z, k) is defined as

Bg,sub(x7 k) — {y c HI(BQ(IL‘, k))

y(j) — ()| = 2MAR, j € {1,2,...,d} V= € I (Bj(x, k) | x {kAT).
(4.14)

Definition 4.4. A block Bf(x, k) is called N-sufficient when, for everyy € I (BA (2 k)

(see Fig. [4]),
e <1
E, (eIN(O’AR’kAR)]l{N(X”, ARy < MAR}) < ePo(w+2)A%, (4.15)

Otherwise Bﬁ(x, k) is called N-insufficient. A subpedestal is called N -sufficient/N -insufficient
when its corresponding block is N -sufficient/N -insufficient.

The notion of good/bad is similar as in Definition |1.4 u with the only dlfference that BA(;U k:)

is replaced by BR(a: k) and Bg(z,k;b,c) by BR(:JJ k;b,c). Similarly as in , define = HR
to be the maximal number of bad R-blocks a path with j jumps can cross.

4.2 Three lemmas

For the proof of Theorem [1.14] we need Lemmas below. The first says that each block
is N-sufficient with a large probability (and is comparable with [4], Lemma 4.3), the second
controls the number of bad blocks (and is comparable with Lemma , the third estimates
the number of N-insufficient blocks that are good and are visited by a typical random walk
path (see [4], Lemma 4.4 and [10], Lemma 11).
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space

(x(j) + 1)4M AR

B (k)

(2(j) — LAMAR

> time

kAR (k+1)AR

Figure 4: The thick line is the subpedestal.

Lemma 4.5. Fiz A € N. For every § > 0 there is an Ry = Ro(A,0) € N such that
P(Ba(x, k) is N-sufficient ) > 1 — 6 VR>Ry, zecZ keN. (4.16)
Lemma 4.6. For every Ay > 2 there is an A € N with A > Ag such that, for some C' > 0
independent of A,
P(é’;’j > C(t+ ) (A2 R for some j € Ng and R € N) (4.17)

1s summable on t € N.

Lemma 4.7. Let C(Mt,nt/AR) be the event that there is a path ® with ®(0) = 0 and
N(®,t) < Mt that up to time t crosses more than nt/A® N-insufficient subpedestals of a good

R-block. Then, under the Gartner-mizing type-II condition, for every n > 0 there is an A
(which can be chosen as in Lemma and Ry € N such that, for some ¢; > 0,

P (C(Mt,nt/AR)) < e~ct/A% VR > R (4.18)

4.3 Proof of Theorem [1.14]

Proof. The proof comes in three steps. Fix 0 < n < ¢, and choose A, R > Ry according to
Lemmas L.5HAT

1. Consider all random walk path that start in zero, make 0 < 5 < Mt jumps, and attain
values {z1,22,...,7y/N,—1} at times kAR k€ {1,2,...,t/A® —1}. By the Markov property,

R R
"~ (0,£,0) i K R t/A - Th(0,AR EAR)
Eq 20 T X (RAR) = 24) H E, (eN AR, ) (4.19)
k=1

where xg = 0. Let I and S be the sets of indices k such that (x5, kAF) is in an N-insufficient,
respectively, N-sufficient subpedestal. Then the right-hand side of (4.19) can be rewritten as

HE% ( Th(0,AR EAR) ) H E, (effv(o,AR,kAR)) . (4.20)

kel
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Because of Lemmas[4.6]and [4.7] there is a measurable set, independent of j and of {-probability
at least 1 — e~1"/A7 guch that

11| < nt/AR + C(t + j)(AL+H2D)=F, (4.21)

Since {; < N, on a set of that probability the first term in (4.20) can be estimated from
above by eV exp{NC(t + j)/A?R4}.

2. Pick a realization of £ which satisfies (4.21]). To bound the second term in (4.20)), we split
this term up as

H |:E37k (efHN(O,AR,kAR)]l{N(XK?AR) < MAR}>
kes (4.22)
+E,, (ef;r(O,A@kAR)]l{N(Xﬂ’AR) > MAR}> :|’

which can be written as

3 [H By, (P OATRD N (X7, A7) < MARY )
JCS ke

% H E,, (GTHN(O,AR,kAR)]l{N(anAR) > MAR}> :|
ki

(4.23)

Take ¢ > 1. Then, for M large enough, P,, (N(X, ARY > MAR) < e=A"  Hence the second
term in (4.23) can be bounded from above by AT (=t N)(t/AT=1J])  Recall the definition of a

N-sufficient block, to bound the sum in (4.23) by
_ AR
et(—C+N) (1 + eAR()\S(H)-‘rE-'rC—N))t/ . (424)

Summing over all possible values (21,2, ...,z / Ar_1) compatible with a path ® such that
®(0) =0 and N(®,t) = j, and fixing n < €, we obtain

o (8= )

. t/AR—1
_ Z Eo eIN(O,t,O) H ]I{XH(kAR) _ xk}
L1yT2505Ty ) AR k=1

XpAR(O,IL’l) Xoeee XpAR(.Z't/AR_Q,fL’t/AR_l) (4'25)

iNC NC 1 t/A%
< exp {‘sz} exp {t <N77 b et N>} (14 A" a0 e

def JNC
= exp {Amd} C (t, A%, ¢),

where (ps(2,9))s>0,2,ycze denote the transition probabilities of a continuous-time simple ran-
dom walk jumping at rate x.
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3. We proceed by summing over the number of jumps, to obtain

Eo (ejmo’t’o)ﬂ{N(X”, 1) < Mt})

Mt ; .
_odrt (2drKt)? JNC
< E e 2d t(j!) exp{w} C{V(t,AR,€) (426)
J=0

< e 2R oxp {ZdﬂteNC/Asz} CN(t, ATt e) = & oM, AR ¢).
Thus, we have shown that there is an A > 2 such that for each R > Ry
P [Eo (eTTV(O’TAR’O)Il{N(X“, rARY < M’I“AR}) > OV (rAR AR )| < e, (4.27)

which is summable on r € N. By the boundedness of £, the same is true without the indicator
in the expectation (after a possible enlargement of CJ¥ by ¢). Further note that

AR log O (rAf AT &)
NC 1
— —2dk + 2dreNC/A | Nn+ A2Rd + )‘0( ) +e+ AR log ( "ateytste2) * 1)
(4.28
so that C'(rAf, AR ¢) is indeed of the form Xél(ﬁ) + €. Thus, we have proved Lemma 4.1
and hence Theorem [[.14]

o

4.4 Proof of Lemmas
4.4.1 Proof of Lemma [4.5]

Proof. The proof comes in three steps and uses ideas from Cranston, Mountford and Shiga [4],
Lemma 4.3, and Drewitz, Gartner, Ramirez and Sun [5], Lemma 4.3.

1. Suppose that we already showed that, £-a.s. and independently of the realization of &, for
all € > 0 there is an ' > 0 such that, for all 0 < n < 7/,

1 _—
lim sup sup —R‘ log E,, (eIN(O’AR’O)Il{N(X“, Al < MAR}>
R—oo g yc[-2M AR 2M AR4nz?

|z—y||<nAR

~log B, (efZ(O’AR’O)H{N(X”, ARy < MAR}> ‘ <e.
(4.29)
We show how (4.29)) can be used to obtain the claim.

2. By Propositionfor fixed 6 > 0 there is an Ry = Ry(A, 5) € N such that, for all R > Ry,
IP’(EO (efN(O,AR,O)]l{N(XR7AR) < MAR}) < e(A;(H)+£)AR> S>1.4. (4.30)

To extend this to Z, note that for each t € N
/Ot EN(X"(s),s)ds < /Otf(X”(s),s) ds + /Ot —&(X"(s),s)1{&(X"(s),s) < —N}ds. (4.31)
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Thus, given a realization of X with no more than Mt jumps, by the fact that £ is Géartner-
negative-hyper-mixing, (3.53|) and the arguments given in the proof of Lemma the second
term in the right-hand side is at most

(M + 1)tAc’ Y~ AR (4.32)
R=Ry

Hence (4.30) remains true when we replace Z by Zy. According to (4.29)), this estimate also
holds when we replace 0 by any x with [[z|| < nA® for n small enough, independently of the
realization of £. Consequently, for any § > 0 there is an Ry € N such that

P < sup E, (eT?V(O’AR’O)Il{N(X”’AR) < MAR}) < e(’\tl)(H)Jre)AR) >1-4 R > Ro.

z: ||zf|<nAR

Next, note that [-2M A% 2M A%]? can be divided into K boxes, with K ~ 42M?/n, of the
form z;(AR) + B, or, where the z;(AR)’s are separated by nAf. By the stationarity of ¢ in
space, we have

P (Eo <€f7V(OvAR’O)]l{N(X”7 AR) < MAR}) < e(Xg(”)+5)AR>

_ _ (4.34)
~ 1
- P (EIZ(AR) (eIN(O,AR,O)]l{N(X,‘i’ AR) < MAR}) < e()\o(fi)-‘ra)AR) .
Thus, for the same choice of Ry as in (4.33)),
P sup Ey <€T';](O7AR’0)]1{N(XR,AR) S MAR}) S e(x(])l(l’i)—i-&)AR
y: y€xi(AM)+B, 4R (4.35)
>1-6 R>Ry.
Since K is independent of Ry, we may conclude that
P (B7(0,0) is N-sufficient) > 1 — 4. (4.36)

By the stationarity of £ in space and time, the same statement holds for any block Bf% (z,k),
which proves the claim. It therefore remains to prove (4.29).

3. Since for M large the event {N (X", ARy > M AR} does not contribute on an exponential
scale, in order to prove (4.29) it suffices to show that

E, (efﬁ‘v(MRﬁ))
lim sup sup —= | log — <e. 4.37
R—oo g ye[-2M AR 2M AR)dNZ4 AR E, (eIN(O,AR,0)> ( )
z—yl|<nAF

To that end, we show that we can restrict ourself to contributions coming from random walk
paths that stay within a certain distance of [—2M,2M]% N Z<. More precisely, £-a.s. there is
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a box By = [~L,L]* N Z% independent of 0 < 7 < 1 and containing [~2M, 2M]¢ N Z%, such
that

sup
z€[—2M AR 2M AR)dNZ4

E, (eff\,(o,nAR,O)éw(Xn(nAR))> E, <ef7v(07(1—n)AR,nAR)> ]

weZ4
wgARBy,
R

< e sup P, (X*(nA™) ¢ A"By)
z€[—2M AR 2M AR)dnZd

= APy (X" (AT) ¢ ARBy )

< e exp { — AR(L — 20 <10g <L;§M> — 1) }

(4.38)
where the last inequality follows from Gértner and Molchanov [§], Lemma 4.3. Consequently,
we may concentrate in (4.37) on the contribution coming from paths that stay inside A®By, N
7%, Next, note that, &-a.s. and uniformly in x,y € [-2M AR 2M AR)? N 79,

Y uears, o (¥ 0405, (X (nA"))
> wenrs, B (eZN(O ARO) S (X nAR)))

( (0,pAR 0)5 Xli HAR))) (4‘39)
< sup
weARBL E, ( N(OnAR0) 5, (X~ nAR)))
Py (X"(nAR) = w —
SeQNWAR sup 0( (1 = —v ), 0<n<l.
wearp, o (X*(nA) =w —y)

To obtain (4.29)), it remains to estimate the probabilities in the last line. This can be done by
applying bounds on probabilities for simple random walks (see [5], Lemma 4.3 for details). B

4.4.2 Proof of Lemma [4.6]

The only difference with the situation in the proof of Lemma is that we replaced the
R-blocks Bﬁ(:}:, k) by the R-blocks Bé(x, k). However, this does not affect the proof. Thus,
the proof of Lemma [3.5] yields the claim.

4.4.3 Proof of Lemma [4.7]

Proof. The proof comes in two steps and is essentially a copy of the proof of Lemma
Throughout the proof, z, 2’ € Z¢ and k, k' € N.

1. Pick a1,a2 € N according to our main assumption. We say that (z,k) and (2, k') are
equivalent if and only if

r=2" moda; and k=K mod as. (4.40)

This equivalence relation divides Z? x N into afay equivalence classes. We write Z(x* k) tO
denote the sum over all equivalence classes. Furthermore, we define

LA, k) :ﬂ{éﬁ(:n, k) is good, but has an N-insufficient subpedestal}. (4.41)
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Henceforth we assume that all blocks under consideration intersect [—Mt, Mt] x [0,¢]. Then
we have

P(C(Mt,t/A"))

< Z IP’(EI a path with no more than Mt jumps that intersects at least

(2o ) (4.42)
nt/ARalay blocks BA(x, k) with ¥4(x, k) = 1, (z, k) = (2, k*)).
We introduce the following abbreviation
Al = {3 a path with no more than Mt jumps that intersects n blocks B (x, k) (1.43)

with x4(z, k) = 1, (z,k) = (az*,k:*)}

Consequently, we may rewrite the right-hand side of (4.42) as

Z Z P(AY), (4.44)

ARada

where L is the number of R-blocks that can be crossed by a path with no more than Mt
jumps.

2. To estimate the probability in 1j note that we can write fl’f as

A~ A~ ay 4,a2
A?il, — U A?ﬂ(‘rm :km )’ (4‘45)
(@i k)
where the union is taken over all possible choices of good R-blocks 3@( &1 k%) whose sub-
pedestal is N-insufficient, can be reached by a path with at most Mt jumps and such that all
points belonging to the sequence (2%, k%) are equivalent. Hence, (4.44)) becomes

m’m

> Z > (A?’(x% k”?)) (4.46)

(@ k%) n= (@i kn?)

ARCL1 ag

By our assumption, there is Ry € N such that the probability in (4.46)) may be bounded from
above by K¢™ for all R > Ry. Note that there are at most (ﬁ) elements in the union l)
and so the two inner sums in (4.46)) are bounded from above by

ARgd

(1-06)"LKP <TL > ”tm) (4.47)

where T, = BIN(L, §). As in Lemma the probability in (4.47)) is bounded from above by

nt
P(T > , 4.48
< - ARafliag> ( )

where T = BIN(v(*4)(5),6), with v = [6~Y0+D] and u(j) = 3¢ t+§? + 392. The same
arguments as in Lemma yield that this binomially distributed random variable may be
bounded from above by

exp { C'nt/ARalag} (4.49)
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for some C’ > (. Similarly as in Lemma if 9-1/1*4 ¢ N, the first term in may be
bounded from above by
34 M + 1)tol/1+d - 3dg
(1—8§)AF " 1=¢
Since § tends to zero, if R tends to infinity, for ¢ large enough the first term in does
not contribute. Finally, to estimate (4.46]), insert (4.49) into (4.46]), to obtain

(4.50)

P (C(Mt,nt/AR)) < Kalay Mt exp {—C'nt/AR} , (4.51)

which yields the claim. [ |

5 Continuity at k =0

The proof of Theorem is given in Section It is based on Lemmas below,
which are stated in Section and are proved in Section

5.1 Three lemmas

Fix b € (0,1), and define the set of paths

K
Ant -

{ . [0,nt] —» Z%: N(®,nt) < bg(;/ﬂ) nt,

V1<j<n3Iz;cZ ||z < o pnt, ®(s) =x; Vs € [(j — 1)t + 1, jt)

(1/ )°

(5.1)
i.e., paths of length nt that do not jump in time intervals of length ¢ — 1 and whose number
of jumps is bounded by 1 (1 Toa(1/m)F nt. Note that xk — Al, is non-decreasing.

Lemma 5.1. Suppose that & satisfies condition (b) in Definition . Then, &-a.s., for any
sequence of positive numbers (am)men tending to zero there exists a strictly positive and non-
increasing sequence (Km)men such that, for all m € N and 0 < k < Ry, there exists a
tm = tm(Kkm) such that, for allt € QN [ty,,o0), there exists an Ny, = Ny (Km,t) such that

gt
sup / EQ(j—1t+1),s)ds < apnt V> ng. (5.2)
eAR, S5 /(-1

We say that two paths ®; and ®, on [0, nt] are equivalent, written ®; ~ P9, if and only if

Prf[-1yer10) = P2lG-1)e+1,50) V1i<j<n. (5.3)

This defines an equivalence relation ~, and we denote by A"~ the set of corresponding
equivalent classes. The following lemma provides an estimation of the cardinality of A"

Lemma 5.2. |A%7| < (nt/log(1/k)?)2"(2d)"/ 10s(1/%)" 4 1
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Lemma 5.3. Suppose that £ is Gdrtner-positive-hyper-mizing. Then there are A,C' > 0 such
that &-a.s. fort € Q large enough and any choice of disjoint subintervals 11,2y, - -+ , Iy, k € N,
of [0,t] such that |Z;| = |Zy|, i,1 € {1,2,--- ,k}, and each Ry € N and each path ® € B.(0)

Z / §(0(s), ) ds < k[T, |CA? 4 (¢ + N(®,))C’AT Y~ A~H (5.4)
R=Rp

for some constant C' > 0.

5.2 Proof of Lemmas 5.1H5.3
5.2.1 Proof of Lemma [5.2]

Proof. Fix an integer k < nt. We start by estimating the number of possible arrangements of
the jumps in paths with £ jumps. Since we do not distinguish between two paths that coincide
on the intervals [(j — 1)t + 1, jt), 1 < j < n, only the last jumps before the times (j — 1)t + 1,
1 < j < n, need to be considered.

First, the number of arrangements with jumps in 0 <[ < k different intervals is (?) Since
the number of different intervals cannot exceed n, the number of different arrangements is
bounded from above by ;' ; (7) < 2". Next, there are (2d)* different points in Z¢ that can
be visited by a path with k& jumps. Therefore

nt/log(1/k)?

|AR) < Z 27(2d)F +1 < (nt/log(1/k)?)2"(2d)"/ 108(1/%)" 4 1, (5.5)
k=1
which proves the claim. [ |

5.2.2 Proof of Lemma [5.1]

Proof. Choose k1 such that

log(2d)
m < 62((11), (56)
and t; = t1(k1) such that
log(2d)

Then, by condition (b) in Definition and Lemma for all t > to V t; we have

9t
o W Z/ E(@(( — Dt +1),5)ds > aint
deA,} =1 /-l

(5.8)
Z/ O((j—Dt+1),s)ds > ant
¢€AK,1 ~ 1 t+1

< [(nt/ log(l/n)b)Qn@d)m/ log(1/x)® 4 1:| 6762nt7
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which is summable on n. Hence, by the Borel-Cantelli lemma, there exists a set By, ; with
P(By,,+) = 1 for which there exists an ng = ng(&, £1,t) such that

n

jt
sup Z/ E(@((j—Dt+1),s)ds < aint Vn > ng. (5.9)
deAtt 51 G-

Since k — A%, is non-decreasing, (5.9) is true for all 0 < k < k1. Define

Bi= () Buu (5.10)
t>t1,t€Q

for which still P(B;) = 1. Similarly, we can construct sets By,, m € N\ {1}, with P(B,,) =1
such that on B,, there exist ky, and t,, = t;, (k) such that for all 0 < k < Ky, and t > £,
with ¢t € Q there exists an ng = ng(&, km, t) such that

n gt
sup Z/ E@((j—Dt+1),s)ds < apnt Vn > ng. (5.11)
vedr, i JG-Dth

Hence B = Ny,en By, is the desired set. Note that we can control the value of ¢, by choosing
Km small enough. Indeed, with the right choice of k,,, it follows that t,,—1(km—1) = tm(km)
for all m € N. |

5.2.3 Proof of Lemma [5.3]

Proof. Fix A,C asin Section Ry € N, apath ® € B;(0) and disjoint subintervals 7, Zo, - - - , Zk,
k € N, of [0,t] with equal length. Note that

k k
§(®(s),s)ds < E(D(s), 5)I{E(D(s), 5) < CAT} ds
j; /Ij ; /Iﬂ' (5.12)

+ / E(D(s), s)1{E(D(s),s) > C AT ds.
0

By (3.53) and Lemma for t € QQ sufficiently large, the second term on the right hand side
in (5.12)) may be bounded from above by

(t+ N(®,1))C'A? i AR, (5.13)
R=Ry

Inserting ([5.13)) into (5.12)) yields the claim. n

5.3 Proof of Theorem [1.15

In this section we prove Theorem with the help of Lemmas [5.1 The proof comes in
three steps, organized as Sections [5.3.1H5.3.3
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5.3.1 Estimation of the Feynman-Kac representation on Al

Consider the case ug(x) = do(z), z € Z%. Recall (1.13) and (1.31), and estimate

1 —
NP (k) < lim — log Ey (emﬂv”T’O)) <oo, T>0, (5.14)

where we reverse time, use that X" is a reversible dynamics, and remove the constraint

X"(nT) = 0. Recalling (5.1) and (5.3)), we have

By (OO0, ) = 3 By (ezn(oynTﬂ)ﬂAZTﬂ{X'[o Tl”q’})

beAr
n
= Z Ey | exp Zf”((‘j—l)T—i—l,jT,O) (5.15)
PeANT Jj=1
n—1
xexp 4 > I"(JT,4T +1,0) Lazr e ) gy}
=0 ’

By the Holder inequality with p,¢ > 1 and 1/p+ 1/¢ = 1, we have

1/p
n
< Ey | ex T°((j — )T 4+ 1,4T,0)ds p Tgx 1
< 2 Bolew rd TU-DTHLIT0d D g, ey | o
PeATT J=1
1l 1/q
x Eo (expqq) T"(T.57 +1,0) p Lag,
j=0
Next, fix (@m)men, (Fm)men, tm as in Lemma[5.1] choose T' > 0 such that
tm <T =T (km) = K|log(1/km)], m > 1, (5.17)

where K is a constant to be chosen later. For all 0 < x < Ky, and n > np,(km, T'(k)), by
Lemma [5.1] we have

} 1/p
Z Lo | exp PZIR((J' — 1T +1,5T,0) ]IAZT]I{XI[O wr~® }
st = ’ (5.18)
< Z 6a,mnT_PO (AfLT’ X|[0,nT] ~ (I)) 1/p < e(lmnT|AfLZIT 5
PeATY

while by Lemma [5.3] we have
n—1 L/a
By |expqY I°(T,jT +1,0) p lax,

7= (5.19)

1 [ee]
< exp{ nCARd 4+ nT (1 + ) C'A? A~fd
log(1/k)b RZRO
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From Lemma we know that —L-log|A"Y| tends to zero if we let first n — oo and then
| 0. Therefore, combining (5.16[15.19)) and using that lim, o T = lim, o T (k) = 0, we get

1 _ o0
lim sup lim sup — log Ejy (eI“(O’”T’O)]lAn ) < max { ay,, C'A? Z AR (5.20)
kl0 n—oo NI " R=Ry
5.3.2 Estimation of the Feynman-Kac representation on [Af ]
The proof comes in three steps.

1. We start by estimating the corresponding Feynman-Kac term on [A%]. Split

[A7r]® = Bar U Chr (5.21)
with .
v =< N(X" nT —nT .
and
rp = {31 <j<mn: forall z € Z? with ||z| < LnT
there exists a s; € [(j — 1)T'+ 1, jT') such that X"(s;) # x}
Then
Py(Bir) < exp{ [ = J(1/10g(1/x)") + 0n(1)] nT } . (5.24)
where
Je(x) = xlog(z/2dk) — x + 2dk (5.25)

is the large deviation rate function of the rate-2dx Poisson process. Thus, by the Holder
inequality with p,q > 1 and 1/p+ 1/q = 1, we have

Ey (ef/@(o,nT,O)nBH )
nT

_ (5.26)
< By (exp {pZr(0,nT,0)}) """ exp {1/q[ — Je(1/10g(1/k)") + 0n(1)] nT} .
Recalling Theorem and using that lim, o J,(1/log(1/x)%) = oo, we get
: . 1 Zr(0,nT,0
lé%nlggo ﬁlog Ey (e ( )HBZT> = —00. (5.27)
2. Note that
C%. C Bi.UDE, with Dy = (o;;T N [B;;T]c). (5.28)

Since we have just proved that the Feynman-Kac representation on B} is not contributing,
we only have to look at the contribution coming from D} ., namely,

Eo (ef”(ov””) nD;T> . (5.29)
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On the event D", the random walk X* stays inside the box of radius nT/log(1/k)?, and
jumps during the time intervals [(j —1)T'+ 1, j7T), 1 < j < n, defined in (5.23). By the Holder
inequality with p,¢ > 1 and 1/p+1/q = 1, we have

Eo <67“<07"T»0> ]lDzT) <IxII, (5.30)
where
r n 1/p
I=|Eo|expp Y Tu((j— 1T +1,4T,0) p Ipr, :
=1
- e (5.31)
n—1
IT=|Ey [exp q) T°(§T,§T +1,0) p Ipr,
- ‘7:0
Define
J:{15jgn: N(X”,[(j—l)T+1,jT))21}, (5.32)

where N (X" 7) is the number of jumps of the random walk X* during the time interval Z.
Using that X" is not jumping in the time intervals [(j — 1)T + 1,57)), j € J¢, we may write

Enjf'”“((j — )T +1,4T,0)
" iT (5.33)
— ;I ((j — )T +1,4T,0) +];JC /(jl)TH EX5((j —1)T + 1), 5)ds.

3. To estimate the second term in the right-hand side of 1) pick any ®X" € Ar - such
that ®X" = X* on Ujec[(j — 1)T + 1, j7) and apply Lemma to get

JT .
];JC /(j—l)T+1 XN -DT+1),5)ds
(5.34)

5T
< amnT — Z/ (D" (s5),8)ds E-as.
ey G=DT+1

Note that ¢ is Gartner-negative-hyper-mixing, so that by Lemma [5.3] we may estimate the
second term on the right hand side of (5.34)) by

1
_ Rod / 4d “Rd
|J(T —1)CA™ +nT (1 + log(l/m)b> C'A RER AT (5.35)
—Ro

To estimate the first term in the right-hand side of (5.33)), apply Lemma to get

n

== . . _ Rgd
Z Ey [ exp pZZH((J — )T +1,5T,0) $ Ipe, iy PR(T—1)C ATo
k=1 jeJ

1 oo
<exp<{ pnT <1 + ) c'A? AR (5.36)
oatr) 4 2

X Zexp {2pk(T — I)CAROd} Py (Dyp, |J] = k).
k=1
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The distribution of |.J| is BIN(n,1 — e~ 2#(T=1)) Hence the sum on the right hand side of
(5.36)) is bounded from above by

zn: <n> (1 _ eden(Tfl))k o—2dr(T—1)(n—k) ,2pk(T—1)C ATod
k
k=1

< ((1 _ 672dn(T71))62p(T71)CAR0d 4 672dn(T71)>".

(5.37)

Combining ([5.34{-(5.37))), we arrive at

1
I <e®exp{ 2nT (1 + b) C'A¢ Z AR
log(1/k) o (5.38)

y ((1 _ eden(Tfl))eZp(Tfl)CAROd 4 e*?dl{(T*l)>n/p.

On the other hand, by Lemma [5.3] we have

1
IT < enoA™! T(14——)C'A? S A7RIY 5.39
< e T (1 iz ) 4 2 .
=110

Therefore, combining ([5.38H5.39)), we finally obtain
EO (ef"((),nT,O) ]lDfLT)

1
< eamnTenC’AROd exp 3nT <1 + > C/Ad A_Rd 5.40
log(1/k)? R;g (5.40)

y <(1 _ e—2d/~;(T—1))€2p(T—1)CAROd i e—2dn(T—1)>”/”'

5.3.3 Final estimation

By (5.40), we have

1 T5(0,nT,0)
— log By (e n nD;T)

2dr(T = 1) oy 1ycams | CAM 1 1 4d _Rd

m+—— 3l1l+——— | C'A A .
Sam+— ¢ 3 (U e RZ;%
— 110

(5.41)
Abbreviate Moy = 2pC Af0? and recall (5.17). Then the right-hand side of ((5.41)) is asymptot-
ically equivalent to

2dk 1
am + —(1/k)M2E 13 (1 + ) ' A AR Lo, 5.42
(1K) oa(L/mp R;% (5.42)
Choosing K < 1/2M,, K € Q, and recalling ([5.20)) we finally arrive at
2dv/k 1
MO(k) < ap, + +3 (1 + > C’A? Ahd,
0 (%) D log(1/k)P R;% (5.43)

which tends to zero as k | 0, Ry — oo and m — oo.
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6 No Lipschitz continuity at x =0

In this section we prove Theorem The proof is very close to that of Gértner, den
Hollander and Maillard [7], Theorem 1.2(iii), where it is assumed that ¢ is bounded from
below. For completeness we will repeat the main steps in that proof.

Proof. Fix C1 > 0, write (see ,

) T
Ao’ (k) = T o

log Eo (efﬂ(o’”T“’O)éo(X“(nT + 1))]1{X”([0, nT +1]) C [C1]wrr1 })

(6.1)
and abbreviate
€ T € 9
I;(z) = / &(x,s)ds, Z; = argmax I; (), 1<j<n. (6.2)
(G—-1)T+1 z€{0,e}
Consider the event
Af = | (X (t) = Z; YVt e [(j — DT +1,5T)}| N{X"(nT +1) = 0}. (6.3)
j=1
We have
Eq (exp {Z"(0,nT + 1,0)} do(X"*(nT + 1)))
n—l—li n_
> Ey [expS Y TG — DT, (G — DT +1,0) + > T°((j — )T +1,5T,0) p e
j=1 j=1
(6.4)
Using the reverse Holder inequality with ¢ <0< p < 1 and 1/g+ 1/p = 1, we have
n—i—li n_
Eo | expq > TG — DT, (G = DT +1,0)+ > T°((j = DT +1,5T,0) p Tye
j=1 j=1
n+1 1/q
> | By [exp{q Y T"((j - VT, (j — VT +1,0) ]I{X“([O,nT 1)) C [Cl]nTH}
j=1

n
x | Eo [ exp{ > T°((j — DT + 1,4T.0) ]lAgll{X”([O,nT+ 1)) C [Cl]nTH}
j=1
(6.5)
To estimate the first term on the right hand side of , fix Ryp € N and choose A,C > 0
such that all results of Section (3| are satisfied for g§. Moreover, note that by a refinement of
the arguments given in the proof of Lemma and , one has &-a.s. for nT +1 € N
sufficiently large

ntl .(j—1)T+1
K K Od
;/(j_l)T q§(X (s)aS)H{qﬁ(X (s),8) > —qC AR }ds

nT+1+NX*nT+1) 0= R
< - i gC'A* Y AR

R=Ry
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Consequently,

n+1

By | expa > T (= DT.(G = DT +1,0) p 1{ X*([0.0T +1]) € (il }
j=1

< emalnt)CAR T+ 1+ NX",nT + 1)qC/Ad i A-Rd

exp T

R=Ry

which equals

[e.¢]
e—a(n+1)0 AT exp T 1qC'Ad Z A~Rd
T
R=Ry (6.8)

X exp {Qdﬁ(nT +1) (e_%C/Ad YRopg AT _ 1>} .
As in the proof of [7], Theorem 1.2(iii), we have

1/p

By [exp{p) T°((j — )T +1,4T,0) p T4
j=1 (6.9)

> [exp {[1 + on(1)]npE (max{]f(O), If(e)})} [p% ()]t e—2drn(T—1) 1/p‘

Combining (6.4H6.9), we arrive at

1 Z"(0,nT+1,0) K
e log o (e Jo(X (nT+1)))
1 1 = 2K [ _acrgdsoe  g-Rd
>_ - Rod _— d —Rd TCA ZR:R A _
> gy CAR 1) 5 0'A RZROA e : 1)
1 2dkn(T — 1)
00 T _
+ T T [[1+on(1)]pn]E(max {11(0),11(6)})} o 1)
n n+1 1 5(e)
p(nT + 1) CEPILE)-

(6.10)
Using that pf(e) = k[1 4+ 0.(1)] as x | 0 and letting n — oo, we get that

1 1 . 2dk [ _acradsos AR
A0 (k) > ————— CAftod 1) — —C'A? AR —( T AT g, A —1)
%0 (k) > (nT+1)C (n+1) = =C > + e 0
R=Ro
2r(T—1) 1 ) 1
- T + T [1 + 05(1)] <2 E(T — 1) — E log(l/f@) .

(6.11)
At this point we can copy the rest of the proof of [7], Theorem 1.2(iii), with a few minor
adaptations of constants. [ |
7 Examples

In Section |7.1| we prove Corollary in Section we prove Corollary
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7.1 Proof of Corollary
In Section we settle Part (1), in Section we settle Part (2).

7.1.1 Proof of Corollary (1)

1.1 The first condition in Definition [1.6]is satisfied by our assumption on &.

1.2 We show that £ is type-I Gartner-mixing. Fix A > 1, pick b =c¢ =0 and a; = ag = 2 (see
(3.26))), and define

d
Bp™"(z,k) = (H[(x(j) — DA%, (z(j) + 1)AT) N Zd) x {kAT}. (7.1)
j=1
We start by estimating the probability of the event
B(x, k) def {Bﬁﬂ(a:, k) is good, but contains a bad R-block}. (7.2)

Note that each R+1-block contains at most 2¢A*4) R-blocks. For each such R-block Bé(y, l)
there are no more than A% blocks

d
Qr(21) = [[1(z1(3), 214) + A) (7.3)
j=1
contained in it. For any such block we may estimate, for C7 > 0,

P(Es € [IAR, (14 1)A%): Z &(z2,8) > ClARd>

zzng(zl)
[ A%
< Z IP’( Z sup  Xg(z9) > C’lARd> (7.4)
0 \oycga (e SEIRFHD
ARd
< (AR 4+ 1)exp {—ClARd} E (exp { sup XS(O)}> ,
s€[0,1)

where we use the time stationarity in the first inequality, and the time stationarity and the
space independence in the second inequality. Thus, for C sufficiently large, there is a C{ > 0
such that

P(B(z,k)) < e CiA™, (7.5)

Moreover, for space-time blocks that are disjoint in space, the corresponding events in ([7.2) are
independent. Hence we may assume that B]‘%_H(xl, k1),..., B£+1(xn, kn) are equal in space
but disjoint in time. Since

n n—1 n—1
IP’( (B, k,)) = ]P’(B(xn,kn) ‘ N B(mi,ki)>P< N B(mi,ki)>, (7.6)
i=1

i=1 =1
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it is enough to show that there is a constant K < oo, independent of R, such that the
conditional probability in ([7.6) may be estimated from above by KP(B(zy, k,)). To do this,
we apply the Markov property to obtain

n—1 n—1
P( B(zy, kn B(z;, ki) | <P B(2n, kn B(2s, ki), B (2, k) is good
R+1
i=1 =1

(7.7)
A,sub .
= P(B(mn,kn) ‘ BRry (Tn, kn) is good).
Thus, the left-hand side of (|7.7)) is at most
P(B(zn, kn

P(Bgf{b (@, kn) is good)

Since limp_; 00 P(Bgfllb(xn, kn) is good) = 1, we obtain that £ is type-I Girtner-mixing.

1.3 Condition (a3) in Definition follows from the calculations in (|7.4]).

2. The same strategy as above works to show that £ is type-II Gartner-mixing. If X has
exponential moments of all negative orders, then the same calculations as in the first part
show that ¢ is Gértner-negative-hyper-mixing. All requirements of Theorems [I.I3HI.14] are
thus met.

7.1.2 Proof of Corollary [1.18(2)

Let £ be the zero-range process as described in Corollary [1.18(2). We will use that each
particle, independently of all the other particles, carries an exponential clock of parameter

one. If there are k particles at a site z and one of these clocks rings, then the corresponding

particle jumps to y with probability % and it stays at y with probability 1 — %.

1.1 By Andjel [1], Theorem 1.9, the product measures in (1.33)) are extremal for £. Thus,
E [qu(o,o)] < oo for all ¢ > 0. Consequently, to show that E [eqsupse[o*l] 5(0’5)} < 00, it suffices
to prove that there is a constant K > 0 such that, for all £ € N sufficiently large,

-1

IP’( sup £(0,s) > k) < K]P(g(o, 1) > 62k> (7.9)

s€[0,1]

Write NR(%I@, 7) for the event that there are at least %k exponential clocks of particles

located at zero that do not ring in the time interval [7,7 4 1). Then we may estimate

P(g(o,l) > 62_1k ’ 37 e[0,1]: £(0,7) > k)
(7.10)

zIP(NR(fk,T> ‘ 37 € [0,1]: £(0,7) 2k>.

Since the probability that a clock does not ring within a time interval of length one is equal
to e~!, and all clocks are independent, we may estimate the right-hand side of (7.10)) from

below by
-1

IP’(T > %k) T = BIN(k, e V). (7.11)
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Finally, note that the probability in (7.11]) is bounded away from zero. Thus, inserting (|7.10)
and ((7.11)) into (7.9)), we get the claim.

1.2. We show that ¢ is type-I Gértner-mixing. We use ideas from [10]. Fix A > 3, choose
b=3,c=1,a; =13, az = 2 (see (3.26)), and introduce additional space-time blocks

d
B (a,h) = (H[(w(j) ~2)AT, (u(j) + 2)47) 1 zd) ¢ (BAR = AR (o 1)AR)
-t (7.12)
Bg,sub(zﬂ’ ki) _ (H[(x(j) _ 4)AR, (ZL‘(]) + 4)AR) N Zd> X {(k — 1)AR}

J=1

Given S C Z¢ and S’ C Ny, write 95 to denote the inner boundary of S and II; (S x S’) to
denote the projection onto the spacial coordinates. Furthermore, ¢;, j € {1,2,--- ,d} denotes
the j-th unit vector (and we agree that § = 0).

We call a space-time block B{%(az, k) contaminated if there is a particle at some space-time
point (y,s) € B§’+(az, k) that has been outside Hl(H;.lzl[(ac(j) — AR (2(j) + 4)AR)) at a
time s’ such that (k — 1)A® < s’ < s. The reason for introducing this notion is that events
depending on non-contaminated blocks that are equal in time but disjoint in space are all

independent.

Contaminated blocks. For L > 0, define
x(z, k) = ]I{BI"%+1({L', k) is good, but contaminated and intersects [—L, L]dH} (7.13)

and fix (z*,k*) € Z¢ x N.

Claim 7.1. There is a C' > 0 independent of L such that (X(x,k)) (s k)=(a* k) 15 stochasti-
cally dominated by independent Bernoulli random variables (Z(x, k))(ka):(l,*,k*) with success
probability e~ CT AT

Proof. We use a discretization scheme. More precisely, we construct a discrete-time version of
the zero-range process where particles are allowed to jump at times k/n, k € Ny only. Here,
n is an integer that will later tend to infinity, and we will denote by £"(x, s) the number of
particles at site x at time s. To construct this process, we take a family X" (z,s, q1,q2) of
independent random variables with index set Z% x %No x N x Ng whose distribution is defined
via

P(Xn(., ) = 0) —1_ Q(CJ2)’
ng2
9(a2) (7.14)
P(Xn(.,.,.,qz) = j:€j> = 2dn2qQ, je{1,2,....d}.

With this family in hand, we proceed as follows. At time zero start with an initial configuration
that comes from the invariant measure m,. Attach to each particle o a uniform-[0, 1] random
variable U (o). Take all these random variables independent of each other and of X™(x, s, q1, ¢2)
for all choices of (z, s, q1,q2) € Z% x %Ng X Np x Ny. For each site x, order all particles present
at x at time zero so that their uniform random variables are increasing. To the ¢;-th variable
attach X™(z,0, q1,£"(x,0)), i.e., the position of the ¢;-th particle in this ordering at time %
is 2 + X"(z,0,q1,£"(x,0)). In this way we obtain the configuration of the system at time

n
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To construct the process % time units further, repeat the first step, but let the particles jump
according to X"(-, %, L&, %)) Thus, our construction is such that each particle chooses
at each step uniformly at random, but dependent on the number of particles at the same
location, a new jump distribution. In what follows we will use the phrase “at level n” to
emphasize that we refer to the discrete-time version of the process. For instance, we say that

Bpr(z,k) is good at level n if

Y zs)<CART Yy eZ s >0 st Qrly) x {s} C Bz, k). (7.15)

2€Qp(y)
Next, we introduce

X" (z, k)

ISR o | sy (116)
= { %yt (x, k) is good, but is contaminated at level n and intersects [—L, L] }

It is not hard to show that the joint distribution of x™ converges weakly to the joint distribution
of x (use that only finitely many particles can enter a fixed region in space-time, so that the
above family of random variables may be approximated by a function depending on finitely
many particles only). Thus, to estimate the joint distribution of yx, it is enough to analyze
the joint distribution of X", as long as the estimates are uniform in n. In what follows,
s, 8, 8" € 1Ny,

Let Bﬁ 41(w, k) be a good block that is contaminated at level n. Then there is a particle
at a site y € 8H1(B§+1(x,k)) at a time s € [(k — 1)AfH (k4 1)AR+1) (see below )
that is at a site 3 € 8H1(B]‘3$(az, k)) at a time s’ € [(k — 1)ARH (k + AR, s < &
Furthermore, for all s” such that s < s < &, the particle is inside II; (Bﬁﬂ(:z:,k:)). This
implies, when X"(y, s, q1,£"(y, s)) denotes the random variable attached to o at time s, that
X™(y,s,q1,§"(y,s)) # 0. Pick any such particle. Since this particle travels over a distance
larger than 2A%+1, there is at least one coordinate direction along which it makes at least
2AR+L steps. We call this direction ej(0), and say that each step in this direction is a success.
Note the uniform estimate

P(o has a success at time s”) s" € [(k—1)A"T (k+1) AR, (7.17)

< —
~ 2dn
Thus, if ¢ contaminates B}‘%H(x,k) at level n, then from time s’ up to time (k + 1)Af+!
it has at least 2A7*! successes in II; (B]‘%H(az, k)). We write S(y, s,q1,g2) for the event just
described, provided the particle was attached to X™(y, s, q1,q2) when it entered Bg (k).
Since Bj (k) is good, at each space-time point (y”,s”) € B]‘%_H(x, k) there are at most
C A+ particles that can contaminate BIA% +1(z, k). We therefore obtain

{B}‘%H(x, k) is good, but contaminated at level n}

= U {Xn(yaS,QL%) #O,S(y,s,ql,QQ)}
yeanl(é§+1(x7k))
s€[(k—1) AR (k+1)AR+1) se LNy (7.18)
@ <CAE+D
@2 <CAE+D
& on (e, k).
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Next, note that the event C"(z, k) depends on the X" (y, s, q1,q2) with (y, s) € BRH(:B, k)
only. Hence, for x € Z? k € Ny, the family (C"(x, k) (2,k)=(a k) consists of independent
events. We estimate P(C"(x, k)). By (7.17)), the probability inside the union may be bounded
from above by

1 Rt1
nIP’(T > 2AMH) (7.19)

where T = BIN(24%+1n, ﬁ) Note that the event in 1) is a large deviation event, so
that Bernstein’s inequality guarantees the existence of a constant C’ > 0 such that ((7.19)) is
at most

1 / AR+1
= —C' AR 2
— eXp { C } (7.20)
Recall the definition of C™(x, k) to see that, for a possibly different constant C” > 0,
P(C"(x,k)) < exp {—C’"ARH} . (7.21)

Hence there is a family of independent Bernoulli random variables (Z"(, k)) (zk)=(z* k+) that

stochastically dominates (X" (z, k)) (z,k)=(a* k+) and has success probability e~ C"AT Thus, if
f is a positive and bounded function that is increasing in all of its arguments, then

IE(f(X”(:cl,k:l), . ,X"(xn,kn)> < E(f(Z”(xl,kzl),...,Z”(mn,kn)>. (7.22)

As the right-hand side does not depend on n, we obtain, by letting n — oo,

E(f(x(acl,kl),...,X(xn,kn)> < E(f(Z(a;l,kl), N .,Z(xn,kn)>, (7.23)

which proves Claim In particular, since all estimates are independent of L, we may even
set L = oo, to get that the whole field of good but contaminated (R + 1)-blocks may be
dominated by an independent family of Bernoulli random variables with the same success
probability as above. This field will be denoted by Z(z, k) as well. n

Non-contaminated blocks. We begin by estimating the probability of the event
{Béﬂ(x, k) is good, but contains a bad R—block}. (7.24)

Let Bg(y, l) be an R-block that is contained in Bgﬂ (z,k). We bound the probability that
this block is bad. For that we take z; € Z% such that

d
H 7) + AR C Ba(y,1). (7.25)

Use the time stationarity of ¢ and the fact that [(I — 1)AF, (I +1)A®) may be divided into at
most 2A% + 1 time intervals of length one, to obtain

P(Hs ell-DAR (1+1)A%): > £(z,9) > CARd>

22€Qq(21)

< (24% + 1)IP’< sup Z &(za,8) > CARd>

s€[0,1] z2€QA (=1)

(7.26)
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In the same way as in Step 1.1, we may now show that for some constant K > 0,

IP’( sup Z &(z2, ) >C’ARd>§K]P’< Z &(z2,1) > _lCARd>. (7.27)

s€[0.1] QEQA(Zl) zzeQ (22)

Next, note that under the invariant measure 7, the sum in the right-hand side of (7.27)) is a
sum of i.i.d. random variables with finite exponential moments. Hence ([7.27)) is bounded from
above by

Kexp{ - - canil [es00) ™ (7.28)

Now choose C large enough so that decays superexponentially fast in R.
In order to estimate the joint distribution of non-contaminated blocks, we let Bg}rl(xl, k1),
Bé}H(xn, kn) be space-time blocks whose indices increase in the lexicographic order of
4 % N and belong to the same equivalence class. We abbreviate

NP (g k) = {Bgfllb(xi, k;) is good, Bgﬂ(xi, k;) contains a bad R-block,
(7.29)
but is not contaminated}.

Note that NU"P(z;, k;) and NP (x;,k;),i # j, are independent when they depend on blocks
that coincide in time but are disjoint in space. This observation, together with the Markov
property applied, leads to

P(]Vsub SUnv . ‘ ﬂNsub z;, z)

< IP)(NSUb xn’ - ‘ ﬂ Nsub ng Z g_illlb(xn;k‘n) iS gOOd) (730)
= IP’(NS“b(:Un, ‘ Béﬂb(aﬁn, k) is good).
Thus, the left-hand side of (7.30)) is at most
]P’(Bﬁﬂ(a:, k) is good, but contains a bad R-block) (731)

P(B 5" (2, k) is good)

Note that the denominator tends to one as R — oo. This comes from the fact that, for all
t >0, (&(x,t)),cza is an ii.d. field of random variables distributed according to m,. Thus,
from ([7.26]) and the lines below, we infer that (7.31)) decays superexponentially fast in R.

Finally, write
{Bﬁﬂ(xi, k;) is good, but contains a bad R-block } C Oz, ki) UNSP (24, k;),  (7.32)

where we denote by C(z;, k;) the event that Béﬂ(xi, k;) is good, contains a bad R-block, and
is contaminated. Then

IP’( ﬂ {Bgﬂ(xi, k;) is good, but contains a bad R-block} >

(ﬂ (x4, k;) NS“b(xi,ki))).
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If we denote by C the subset of all i € {1,2,...,n} for which C(z;,k;) occurs, then (7.33)

may be rewritten as

Z P( ﬂ C(l‘z,kz) N m Nsub(xi,ki)>. (734)
CC{12,..,n} \ieC i¢C

Note that either |C| > n/2 or [{1,2,...,n}\ C| > n/2, so that by Claim [7.1]and (7.28) there
is a C” > 0 such that the expression in (7.34)) is at most 2" exp{—C"” Af*+1n/2}. A comparison
with the right-hand side of (1.21]) shows that £ is type-I Gértner-mixing.

1.3 From the previous calculations we infer that £ satisfies condition (a3) of Definition

2. Since £ is bounded from below it is Gartner-negative-hyper-mixing. Hence it remains to
show that £ is type-II Gértner-mixing. To that end, fix the same constants as in the proof of
the first part of the corollary. Furthermore, fix § > 0 and let B{%H(xl, k1), ..., Bﬁﬂ(xn, kn)
be space-time blocks whose indices increase in the lexicographic order of Z% x N, and belong

to the same equivalence class. Take events Af € U(B}‘%H(a:n, kn)), i € {1,2,...,n}, that are
invariant under shifts in space and time, and satisfy
lim P(AF) =o0. (7.35)
R—o0

As in part 1, we divide space-time blocks into contaminated and non-contaminated blocks.
With the help of Claim we may control contaminated blocks. To treat non-contaminated
blocks, we introduce

N (2 ki, AR) = {Bl‘gf‘fb(xi, k;) is good, but contaminated, AL occurs} (7.36)

and proceed as in the lines following ([7.29)), to finish the proof.

7.2 Proof of Corollary

In this section we prove Corollary Suppose that

» ¢ is Markov with initial distribution v and

generator L defined on a domain D(L) C L2<dy). (7.37)

Denote by

its symmetrized Dirichlet form, assume that (£, D(L)) is closable, and denote its closure by
(€, D(€)). Furthermore, for V:  — R, define

Jv(r)—inf{a(f,f): feD(a)ﬁLQ(V]dy),/deu—l,/Vdey—r}, reR,

(7.39)
note that r — Jy (r) is convex, and let Iy be its lower semi-continuous regularization. For
W: Qx[0,00) — R, define

Iy = sup {(LE S+ W0, ), t>0 (7.40)
feD(L)%T(\Vlv(nt)\dv)
o

In the particular case of a static Wy: £ — R, we denote the corresponding variational ex-
pression by Fé .
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Lemma 7.2. Suppose that W is bounded from below, piecewise continuous in the time-coordi-
nate, and v-integrable in the space-coordinate. Suppose further that:

(i) T} < oo for all t > 0.

(ii) € is reversible in time and cadlag.

e E, <exp {/Ot W(&(s), s) ds}) < exp {/ot s ds} et o

Proof. The proof is based on ideas in Kipnis and Landim [9], Appendix 1.7, and comes in
three steps.

1. Suppose that W is piecewise continuous, not necessarily bounded from above, and define
W™ =W An. Then, by an argument similar to that in [9], Appendix 1, Lemma 7.2, we have

E, (exp {/Ot W™ (£(s), s) ds}) < exp {/Ot rin ds} , (7.42)

where T'/" is defined as in (7.40) but with W replaced by W". It is here that we use that
¢ is reversible and cadlag, since under this condition we have a Feynman-Kac representation
for the parabolic Anderson equation with potential W" and with A replaced by L. Because
W™ is bounded, we have that L2(|W™"(-,t)|dv) = L*(dv). Hence

Lgm = sup {(Lf,f)+(W"(.s).f*)}. (7.43)

feD(L)
I fll2=1

Since, by monotone convergence,

lim E, <exp{/0t W (E(s), ) ds}) =E, <exp{/0tW(f(s),s) d5}> , (7.44)

it suffices to show that
lim " =TL  s>0. (7.45)
n—oo
2. To show that the left-hand side in ([7.45) is an upper bound, fix ¢ > 0 and pick f €
D(L) N L2(|W (-, t)|dv) such that

(Lf, f) + (W(1), f?) +e > T, (7.46)
Then, by monotone convergence,

3. To prove that the left-hand side in ((7.45) is also a lower bound, we need to assume that L
is self-adjoint. Then, by Wu [14], Remark on p. 209, we have

1 t
lim —logE, (exp {/ wW"(&(s),0) ds}) = FOL’n, (7.48)
t—oo t 0
and the same is true when W" is replaced by W. But, obviously,

tg&%logm <exp{/0t W (E(s), 0) ds}> < tlggélogmy (exp {/OtW(g(s),O) ds}> ,
(7.49)

which shows that Fé "< FOL . Note that the time point 0 does not play any special role. Hence

we obtain ([7.45]). n

47



Proposition 7.3. Suppose that & satisfies (7.37)) and condition (ii) in Lemma . Then, for
all paths ® (recall (1.27))),

1 L
P, (T — 1) ; /(j—l)T+1 [£(D(s),s)ds —p] > 6 | <exp{ —n(T—1)Iy(p+6)}, (7.50)

where Vo(n) =n(0) and p =E(£(0,0)).

Proof. First note that by Lemma

n GT
E, | exp Z/( E(P(s),s)ds < exp {n(T — 1)F0L}, (7.51)

o G-nTH

where T’ OL is defined with W(-,0) = V). To see that, take a path ® which starts in zero and
define W: R%’ x [0,00) — R by

W(Uﬂf) =

{n@(t)), if t € [(j —1)T + 1, 5T) for some 1 < j < n, (752)

0, otherwise.

Let = € Z% be such that ®(t) = z, and denote by 7, the space-shift over z. Then, using the
fact that v is shift-ergodic, we get

W) = [

R

= /de 77(0)(7'_1;]0)2(,,7) dv(n) = (W (-,0), (T—xf)2>,

(@) f2 () dv ()

which yields '} = Fé . Since the space point 0 does not play any special role, Lemma
leads to (7.51)) for any path ®. Next apply the Chebyshev inequality to the left-hand side of
(7.50)). After that it remains to solve an optimization problem. See Wu [I5] for details. n

Note that, for a reversible dynamics, Iy; is the large deviation rate function for the occupation
time

t
T = / (0, s) ds, t > 0. (7.54)
0
We are now ready to give the proof of Corollary

Proof. All three dynamics in (1)—(3) satisfy condition (a) in Definition The proof of (b)
below consists of an application of Proposition combined with a suitable analysis of Iy .

(1) Redig and Vollering [13], Theorem 4.1, shows that for all 6; > 0 there is a d2 = d2(d1)
such that

nt
P, (/ €(0,s)ds > 51nt> < eo2nt, (7.55)
0

A straightforward extension of this result implies that condition (b) in Definition is satis-
fied. All requirements in Theorem [1.15] are thus met.
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(2) By Landim [11], Theorem 4.2, the rate function of the simple exclusion process is non-
degenerate (i.e., it has a unique zero at p). Hence condition (b) in Definition is satisfied.
Thus, all requirements of Theorem [1.15] are met.

(3) By Cox and Griffeath [3], Theorem 1, the rate function for independent simple random
walks is non-degenerate. Hence condition (b) in Definition is satisfied. All requirements
in Theorem [[.15] are thus met. n
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