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Abstract

We study a network of parallel single-server queues, where the speeds of the servers are varying over time
and governed by a single continuous-time Markov chain. We obtain heavy-traffic limits for the distributions of
the joint workload, waiting time and queue length processes. We do so by using a functional central limit theorem
approach, which requires the interchange of steady-state and heavy-traffic limits. The marginals of these limiting
distributions are shown to be exponential with rates that can be computed by matrix-analytic methods. Moreover,
we show how to numerically compute the joint distributions, by viewing the limit processes as multi-dimensional
semi-martingale reflected Brownian motions in the non-negative orthant.

Keywords: Layered queueing networks, machine-repair model, functional central limit theorem, semi-martingale
reflected Brownian motion.

1 Introduction

In this paper, we consider a parallel network of IV single-server queues. The speeds of the servers vary over time
and are in addition mutually dependent. More specifically, we assume that these service speeds are governed by
a single, irreducible, continuous-time Markov chain with a finite state space. For this network, we are interested
in both the marginal and the joint workload processes for each of the queues, as well as the processes describing
the virtual waiting time and the queue length. Stationary distributions for these processes are difficult to obtain,
since the workload process pertaining to one queue, as well as the virtual waiting time and the queue length
processes, are correlated with the corresponding processes of the other queues. Even if one were interested in
marginal processes, one would run into the problem that the service speed process does not have independent
increments, complicating the analysis considerably. Our goal in this paper is to derive the heavy-traffic behaviour
of the network by obtaining the limiting stationary distributions of the aforementioned processes. These results
can serve as simple and accurate approximations when the network is heavily utilised or can be combined with
known light-traffic results to obtain approximations for arbitrarily loaded systems (see e.g. [18]).

The study of this general network is motivated in part by the fact that it captures a large class of so-called lay-
ered queueing networks (LQNs). LQNs are queueing networks that are characterised by simultaneous or separate
phases where entities are no longer necessarily classified in the traditional roles of ‘servers’ and ‘customers’, but
may also have a dual role of being either a server to higher-layer entities or a customer to lower-layer entities.
Recent applications in engineering, business, and the public sector led to systems with complex, often layered,
service architectures. For example, this phenomenon occurs naturally in various computer-science problems; see
[20] and references therein for an overview. Another important example of an LQN that we will refer to later is a
network inspired by a manufacturing application. This network consists of machines, that each process their own
queue of products in the role of upper-layer servers, but break down from time to time so that they require service
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from a repairman. At moments of breakdown, the machines take the role of customers at the lower layer, where
the repairman acts as the server. This model can be interpreted as an extension of the well-known machine-repair
problem (cf. [44, Chapter 5]). Since the number of machines is larger than the number of repairmen, the machines
compete with each other for access to the repairman. As a result, consecutive downtimes of a single machine are
correlated. These dynamics in the lower layer make exact analysis of the queues in the upper layer notoriously
difficult, so that one has to resort to approximations (see [16, 17, 18]). The extended machine-repair model fits the
network studied in this paper.

It is interesting to note that the layers of an LQN may interact significantly. For instance, we will observe in
the sequel that under heavy-traffic assumptions, the workload, virtual waiting time and queue length processes
for a single-server queue in isolation exhibit so-called state-space collapse (cf. [39]). However, in the limit these
processes are still dependent on characteristics of the service-speed processes pertaining to the servers. In the
LQN-setting, this means that the lower layer (modelled by the single continuous-time Markov chain) significantly
affects the dynamics of the upper-layer queues. For example, the marginal distributions of the workload, virtual
waiting time and queue length processes will turn out to be exponential with parameters that involve the asymptotic
mean and variance of the service speed process pertaining to the corresponding queue. As a result, the formulation
and study of LQNs is important, as analysis of each of the layers separately appears to be insufficient.

Another important feature of the model is the fact that the service speeds vary over time. In many classical
queueing models, service rates are assumed to be constant. This assumption, however, may not always be ap-
propriate. For example, in telecommunication systems with congestion control mechanisms or systems where the
servers represent human beings, the service speed may be influenced by factors such as the workload present in
the system. This leads to the formulation of queues with state-dependent service rates; see e.g. [3] for an overview.
Another branch of work on time-varying service speeds is that of service rate control, where the aim is to minimise
waiting and capacity costs (e.g. [2, 21, 43, 47]) or to optimise a trade-off between service quality and service speed
(e.g. [26]) based on the state of the system by dynamically varying the service speed. In our case, the service
speeds depend on an external environment that is governed by a Markov process. Several single-server queueing
models with Markov-modulated service speeds have been studied in the literature. The case where the server
alternates between two service speeds has been analysed in [5, 49]. In [22, 37], models are considered where the
service speed of the server is governed by a birth-and-death process. Results for the case where the service speed
is governed by an arbitrary continuous-time Markov process can be found in [38], which analyses the busy period
of the server and stability conditions, and in [34], where matrix geometric methods are used to approximate per-
formance measures. In [45], exact results are derived for a system where arrivals occur only at transition epochs
of the modulating Markov process. In this paper, we focus on a queueing network where the service speeds of all
servers in the network are simultaneously governed by a single continuous-time Markov chain. This allows us to
incorporate mutual dependencies between the service speeds into the model.

We are mainly interested in the heavy-traffic asymptotics of the network of queues. The study of queues
in heavy traffic was initiated by Kingman with a series of papers in the 1960s, starting with [31]; see [32] for
an overview of these early results. These papers were largely focused on the use of Laplace transforms. In
our case, however, Laplace transforms for the stationary distribution of the total workload process or even the
workload process for a queue in isolation are hard to obtain. The workload process of a queue in isolation can
in principle be modelled as a reflected Markov-additive process (MAP). For the definition and an overview of the
standard theory on MAPs, see [1, Section XI.2]. However, the stationary distribution of the workload process
is not easily derived from that. For example, standard techniques such as relating the Laplace transforms of the
stationary workload conditional on the states of the modulator to each other typically lead to a linear system with
a number of equations smaller than the number of unknowns, defying straightforward solutions, as shown in [27].
Less straightforward computations might involve studying the singularities of the characterising matrix exponent
pertaining to the reflected MAP (cf. [27]). In the past, stationary distributions for special cases of reflected MAPs
have also been analysed by studying its spectral expansion (e.g. [35]) or by determining the boundary probabilities
in terms of the solution of a generalised eigenvalue problem (e.g. [46]).

For our heavy-traffic analysis, we will use a functional central limit theorem approach mainly developed by
Iglehart and Whitt; see [48] for an overview. This approach requires a continuous mapping argument, and the
interchange of steady-state and heavy-traffic limits. As will also turn out for our case, this is not always trivial;
see for example [14, 33].

As we study networks with general service speeds, our model also captures a class of queues with service
interruptions. Single-server queues with service interruptions have received some interest in the heavy-traffic
literature. In particular, in [30], a single-server queue is considered where the durations and the frequency of
the vacations, which occur at moments the queue empties, do not scale with the traffic intensity. Its heavy-traffic



asymptotics are shown to be equivalent to those for similar queues without service interruptions, but have different
rates. This paper also considers queues with rare long service interruptions, i.e., queues where the durations
and frequency scale with the traffic intensity appropriately. Following this paper, queueing networks with rare
long service interruptions were studied in [8] and [48, Section 14.7]. As opposed to these models, our model
incorporates the possibility for the durations of consecutive service interruptions to be interdependent through the
Markovian random environment; see also [10]. Furthermore, the start of a service interruption in our model is not
restricted to a point in time the queue empties, and the durations do not depend on the traffic intensity.

For the network we study in this paper, we find that the marginal workload, virtual waiting time and queue
length processes pertaining to a queue in isolation exhibit state-space collapse under heavy-traffic assumptions
and have exponential limiting distributions. Moreover, we show that the limiting distribution of the joint workload
process (as well as that of the virtual waiting time and the queue length processes) corresponds to the stationary
distribution of an /N-dimensional semi-martingale reflected Brownian motion (SRBM) with state space ]Riv . Such
an SRBM behaves like a standard N-dimensional Brownian motion in the non-negative orthant R%Y, but is pushed
back at the (N — 1)-dimensional boundaries of the orthant in a direction specified by the reflection matrix.

In many queueing networks, SRBMs arise as the heavy-traffic limit of the workload process, see e.g. [6].
As a result, approximations for queueing networks have been proposed by replacing the workload process with
an SRBM, as these so-called Brownian models require less restrictive assumptions than the classical results for
queueing networks and work particularly well when the system is heavily utilised (see e.g. [23]). Regarding the
stability of an SRBM, necessary and sufficient conditions are derived in [24] for a unique stationary distribution to
exist under certain assumptions of the reflection matrix. For general reflection matrices, necessary and sufficient
stability conditions are obtained in [7, 19] for the cases N = 2 and N = 3. As for the stationary distribution
itself, even when positive conclusions can be drawn about its existence, the computation of it is a hard problem
when NV > 2. It is shown in [25] that under rather strict assumptions on the reflection matrix and the covariance
matrix of the underlying Brownian motion, the stationary distribution has a product form, each marginal being
exponential. For N = 2, tail asymptotics for the stationary distribution are derived in [12, 13]. Conjectures on
the tail asymptotics for higher dimensions are given in [36]. For two-dimensional SRBMs in a wedge, necessary
and sufficient conditions are defined in [15] for the stationary density to be written as a finite sum of terms of
exponential product form.

In our case, the reflection matrix is an identity matrix, so that positive conclusions about the existence of a
stationary distribution can be drawn. However, computing this distribution is challenging. The conditions needed
for the stationary distribution to have a product form do not generally apply to our model, and results such as those
of [15] seem hard to translate to our setting. In this paper, we therefore use the numerical methods developed
in [11] for steady-state analysis of multi-dimensional SRBMs to analyse the joint limiting distribution of the
stationary workload process. This allows us to compute quantities such as the correlation coefficients between the
marginal components.

The rest of this paper is organised as follows. Section 2 describes the model in detail, gives the necessary
notation and gives several preliminary results. In Section 3, we derive the heavy-traffic limit for a properly scaled
workload process, and observe that the stationary distribution of the marginal workload processes converges to
an exponential distribution. Section 4 extends these results to heavy-traffic limits for the virtual waiting time and
queue length processes. Finally, in Section 5 we study how one can compute the joint distribution of the limiting
processes pertaining to the workloads, virtual waiting times and the queue lengths, by viewing these as SRBMs.

2 Notation and preliminaries

In this section, we introduce the notation used in this paper, and we present several preliminary results. In the
remainder of this paper, vectors and matrices are printed in bold face. Furthermore, 0 and 1 represent vectors of
appropriate size where each of the elements are equal to zero and one respectively.

We study the heavy-traffic asymptotics of a network consisting of IV parallel single-server queues @1, . . ., @ N,
each with its own dedicated arrival stream. Type-i customers arrive at (); according to a Poisson process with rate
A; and have a service requirement distributed according to a random variable B; with finite first two moments
E[B;] and E[B?]. In particular, we represent by B; ; the service requirement of the j-th arriving type-i customer.
Further, we denote by {N;(t),¢ > 0} a unit-rate Poisson process. Then, the cumulative workload that enters @);



during the time interval [0, ¢) is given by

Vi\it) = Y Bij,

j=1

where the arrival rate is left as part of the argument, as this will prove to be useful for heavy-traffic scaling purposes
in the sequel. In the remainder of this paper, we will refer to {V;(t),t > 0} as the arrival process of ;. The mean
corresponding to this arrival process is given by my,; = E[V;(1)] = E[B;]. Similarly, the variance is given by
0‘2/’1. = Var[V;(1)] = E[N;(1)]Var[B;] + Var[N;(1)|E[B;]? = Var|B;] + E[B;]*> = E[B?]. Note that the arrival
process has stationary and independent increments, so that ¢~ 'E[V;(t)] = my,; and ¢~ Var[V;(t)] = o1, for any
t>0.

The service speeds of the IV servers serving ()1, ...,y may vary over time and are mutually dependent.
More specifically, the joint process of these service speeds is modulated by a single, irreducible, stationary,
continuous-time Markov chain {®(¢),¢ > 0} with finite state space S and invariant probability measure 7w =
(7:)ics. When this Markov chain resides in the state w € &, the server of (); drains its queue at service rate
¢i(w). We have as a consequence that the workload that the server of @); has been capable of processing during
the time interval [0, t) is represented by

Ci(t) = /:0 65(D(s))ds.

Note that, as the Markov process {®(¢),¢ > 0} is in stationarity, the increments of the process {C;(t),¢ > 0} are
also stationary. The mean corresponding to the process {C;(¢),¢ > 0} is given by

me,; = E[C;(1)] = /1 Z di(W)P(P(s) = w)ds = Z ¢i(w)mg,.

5=0 ,ecs weS

Since the C;-process has stationary increments, it holds that ¢ 'E[C;(t)] = mc; for any ¢ > 0. We denote the

asymptotic variance lim;_, . t~!Var[C;(t)] by Ué,i. Similarly, the long-run time-averaged covariance between
the service speed processes of the servers at ); and Q); is represented by ,ij = limy—o0 $CoV[C;(t), C;(1)].
Computing expressions for 0’%71- and 'ylcj is not trivial. We focus on this problem in Section 5.2.

A queue Q; is said to be ‘stable’ if the expected amount of arriving work A\;E[B;] per time unit is smaller than
the average workload mc; its server is capable of processing per time unit. Equivalently, ); is stable if its load,
defined as p; = %LB;], is less than one. We are interested in the performance of the network of queues in heavy
traffic; i.e., the case for which the arrival rates A1, . .., A are scaled so that (p1,.-.,pn) — 1. For this purpose,
it is convenient to introduce the index r. In the r-th system, each arrival rate )\; is taken so that 3;(1 — pz-)*1 =r,
where the [3;-parameters control the rate at which the arrival rates are scaled by r, while the series of service
requirements B; 1, B; 2, . .. and the C;-processes are not scaled by r. The heavy-traffic limit for any performance
measure of the system corresponds to the limit » — oco. We denote by A; , the arrival rate of type-i customers
corresponding to the 7-th system, so that A; , — % when r — oo. For notational convenience, we write for
two functions f(r) and g(r) that f(r) = o(g(r)) if lim, o f(r)/g(r) = 0.

Let {W,(t) = (Wi,(¢),...,Wn.(t)),t > 0} be the process that describes the workload in each queue of
the r-th system at time ¢ and let W, = (W ., ..., Wy, ) = W, (c0) denote the workload in the system in steady
state. The processes {D..(t),t > 0} and {L,.(¢),t > 0} as well as D, and L, are similarly defined for the virtual
waiting time (the delay faced by an imaginary customer arriving at time ¢) and the queue length (excluding the
customer in service) respectively.

The workload W; ,-(t) present in (); at time ¢ can be represented by the one-sided reflection of the net-input
process {V;(\it) — C;(t),t > 0}, under the assumption that W; ,.(0) = 0:

Wmﬂ(t) = W()\fmnt) - Cz(t) — inf ]{Vz()\w«s) — OZ(S)}

s€[0,t

sup {Vi(Airt) = Vi(Airs) — (Ci(t) — Ci(s))}

s€[0,t]

As the joint process {(C1(¢),...,Cn(t)),t > 0} has stationary increments, we have that the vector (C’l(t) -

Ci(s),...,Cn(t) — CN(S)> is in distribution equal to (C’l(t —8),...,On(t — s)) By noting that the joint
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process {(V1(A1,0), ..., Vv(Ant)),t > 0} has reversible increments, substituting v = ¢t — s and subsequently
taking the limit © — oo (the steady-state limit), we obtain

WL (sup{Vi () — G} sup{Vie ) — O (w)}). .

u>0 u>0

where < means equality in distribution. We are particularly interested in the distribution of the scaled workload
WT W (as well as the similarly defined scaled virtual waiting time D and scaled queue length L ~) in heavy
traffic, i. e as r — oo. Itis easily seen from (1) that the scaled workload can be written in terms of the similarly
scaled net-input process. After scaling time by a factor r2, we have

2

W, (o (DO Oy (Vilor®t) = vty

t>0 T T

Due to the time scaling by 72, we can obtain heavy-traffic limits for the joint scaled net-input process involved in
(2) using the functional central limit theorem (cf. [48]). In particular, we have that

{ (Vl ()\17T7“2t) — E[‘/l(/\l,r’r‘%f)] VN()\N’TTQt) — E[VN(/\N,T’I“Qt)])

\ALT Y VAN

> 0} 41Zy(t),t >0} (3)

and
C1(r?t) — E[Cy(r?t Cr(r?t) — E[Cn (r?t
{( 1r) G )],..., f) Ontr )])7t20}£>{ZC(t)at20}) “)
r T
as r — oo, where {Zy (t),t > 0} and {Z¢(¢t),t > 0} are N-dimensional Brownian motions. As the arrival
processes {V;(¢),t > 0}, ¢ = 1,..., N are independent, {Zy (¢),t > 0} has zero drift and covariance matrix
rv = diazg(a%a17 oY) The Brownian motion {Z¢(t),t > 0} has zero drift, and covariance matrix I'C

with elements ng = %C}‘j_ To derive a heavy-traffic limit for the joint scaled net-input process based on (3) and
(4), note that E[V;(\; ,r%t)] = X\; ,r*E[B;]t and E[C;(r*t)] = mc ;r*t, so that

]E[C‘z (’I“Qt)] — E[‘/Q()\wer)} mgc 1‘7"2t — )\z TTQE[Bi]t

=— 7 = Bimc,it, (5)
T T
where the last equality follows from that fact that r = 5;(1 — %C[?"])_l. By combining (3) and (4) with (5), it
then follows that, as r — oo, ’
Vi(Ay,r%t) — Oy (r?t Vn (AN 7%t) — Cn(r?t
(A 2 Gl | IO Z OV > ) 4 700> o), (©)
T T

where {Z(t) = (Z1(t),...,Zn(t)),t > 0} is an N-dimensional Brownian motion with drift vector p =
(=Bimc.,...,—Bnme,n) and covariance matrix

m
1012 ON 52 )4 TC. 7

I' =dia ey
g(E[Bl}O—V’l’ ) E[BN]UV

For the sake of notational convenience, we write

Z = (sup{Z1(D)}....sup{Zn (0)}), ®)

and we denote its i-th element by Z;. Ttis tempting to conclude from a combination of (2) and (6) that ﬁ//,«
converges to Z in distribution as » — oo by use of a continuous mapping argument. However, complications
arise since the supremum applied to cadlag functions on the infinite domain [0, c0) is not necessarily a continuous
functional. To overcome this, we have to justify the interchange of the heavy-traffic and the steady-state limits.
This forms the main result of the next section.



3 Heavy-traffic asymptotics of the workload

In this section, we derive the following heavy-traffic asymptotic result for the scaled workload WT.

Theorem 3.1. For the scaled workload vector WT, we have
w,3%7Z,
asr — oo, with Z defined in Section 2.

In order to prove this theorem, we need some auxiliary results. As mentioned before, Theorem 3.1 cannot be
proved directly by the use of the continuous mapping theorem, as the supremum of cadlag functions on an infinite
domain [0, c0) is not necessarily a continuous functional. However, it is continuous in case of a finite domain
[0, M), M € Ry; see e.g. [48]. The proof uses this fact in combination with an additional result stated in Lemma
3.4. To prove Lemma 3.4, we start with two auxiliary results in Lemmas 3.2 and 3.3 that establish upper bounds
for the tail probabilities

P( sup {Vi(Airt) —E[Vi(Air)]t} > ) and P( sup {E[C;(1)]t — C;(¢)} > )
te[0,T) te[0,T)

respectively, forany i € {1,...,N}andr,z,T € R;.
Lemma 3.2. For the arrival process {V;(\; ), t > 0} of Q;, we have that

. E[BAT
B( sup {(Vi(ort) — EVi(As)lt) > 2) < 2 EBT
t€[0,T) T

foranyr,x, T € R,.
Proof. As the process {V;(A1t) — E[V;(\;-)]¢,t > 0} is a right-continuous martingale, we have that
B( sup {Vi(Airt) ~ BVl 2 2) < B sup (Vi) — BV ) 2 )

te[0,T) te[0,T)
_ suPieo. ) {BIVi(irt) — E[Vi(Ai.r)]1)*]}
< 2
sup;epo,r) { Var[Vi(Ai )]}
2

)

where the second inequality follows from Doob’s inequality (cf. [40, Theorem II.1.7]). Since Var[V;(\;,t)] =
)\ima%,, , 1s strictly increasing in ¢, the lemma follows. O

Lemma 3.3. For the service speed process {C;(t),t > 0} pertaining to the server of Q;, there exist for every
x,T € Ry a set of positive real constants c1, ca, c3 and cy such that

P( sup {E[C;(D]t—-Ci(t)} >x) < — + =+ .
(sup (B -G} 20) < G+ T+ 20

Proof. The lemma is a consequence of Proposition 1 in [28]. To apply this proposition, define h = max,cs ¢;(w),
H(t) = ht — Ci(t) and b = E[H(1)] = h — E[C;(1)], so that P(sup,co m{E[Ci(1)]t — Ci(t)} > z) =
P(supyepo,ry{H(t) — bt} > ). Note that {H(t),t > 0} represents increments of the regenerative process
{h — ¢;(®(t)),t > 0}. This process regenerates for example every time the Markov process {®(¢),¢ > 0} enters
the reference state w = ®(0). We denote the n-th of such regeneration times by 7},. Furthermore, we define
Y =supy, <<, AH () — H(T,,—1)} and v, = T,, — T}, 1. Note that vy, v, ... can be seen as i.i.d. samples
from a random variable Y, and represent return times of state w in the Markov chain {®(¢),¢ > 0}. Proposition 1
in [28] now implies that, for all z, 7" € R, there exist positive real constants d;, d2, ds and d4 such that

P( sup {E[C(1)]t — Cy(t)} > 2) < dy(e™ T + e BT 4 Te V), ©)
te[0,T)

if E[eVsPosisy IHO}] « o0 and E[eV77] < oo for any n € IN,. This statement follows by substituting the
variables B; and Q(x) in [28, Proposition 1] by H(t) as defined above and /z respectively. The lemma is a



consequence from (9) by noting that e™* < z~ 1 for all z > 0 and taking ¢; = dldgl, Cco = dldgl, c3 = dp
and ¢4 = dy, if the necessary conditions mentioned hold. To show that this is the case, observe that H(t) is
non-decreasing in ¢ and takes values from [0, it]. By combining this with the fact that \/z < ex + % forany z > 0
and ¢ > 0, we have that E[eV>"Po<t<y IHO}) — F[eVEM)] < E[eVhY] < E[ehY ¢ '] = ¢¢ ' E[e“"Y] for any
¢ > 0. Similarly, as 7% < hu, for any n > 0, we have that E[eV %] < E[eV"n] = E[eV"Y] < E[eshY ¢ '] =
e 'E[eY] for all n € IN and any € > 0.

It is thus left to show that there exists a value € > 0 for which E[e?Y] < oco. For this purpose, note that the
regeneration time Y constitutes the return time of state w in the Markov chain {®(¢),¢ > 0}. Thus, ¥ can be
decomposed into the period of time between the entry into state w at the start of the regeneration period and the
subsequent departure from state w, which we denote by Y7, and the period of time between this departure and
the next entry into state s, which we denote by Y. The former period Y7 is exponentially distributed with a rate
o that equals the total outgoing rate of state w in the Markov process {®(t),¢ > 0}, so that E[e??] = —2— for
€ < a. The latter period Y5 is easily seen to be stochastically smaller than a geometrically distributed random
variable, denoted by G, with success parameter ¢ = min,cs\, P(®(t + 1) = w | () = '), t > 0. As
the Markov process {®(¢),¢ > 0} is irreducible and has a finite state space, ¢ must be positive. Therefore,
E[eY2] < E[ec“] = ﬁ for e < —log(1 — ¢). Summarising, as Y7 and Y5 are mutually independent, we
have that

E 3% —F eYlE €Y2 < a qe
) = Ele VB < 0 <o

for 0 < e < min{a, —log(1 — ¢)}. This concludes the proof. O

Based on the results obtained in Lemmas 3.2 and 3.3, we can now establish the final auxiliary result needed to
prove Theorem 3.1 in the following lemma.

i, t)—Ci (121)

Lemma 3.4. The scaled net-input process {Vi(A = ,t > 0} satisfies

lim lim P(sup
M — 00 r—00 t>M

{%(Ai,rr2t) — Ci(r®t) fzao =0

r

forallx € Ry.

Proof. The first part of the proof is inspired by the proof of (20) in [41]. For any R, let b; , = w,

so that b; , — E[V;(\; ;)] = E[C;(1)] — b = %ﬂw] = 1B;mc,ir~*. Due to the subadditivity property
of the supremum operator, we have for any M > 0 that

‘/2()\1 TTQt) — Ci(TQt)
P d >
e
V;()\z TT'2t) — bl 7«7"2t bZ TTQt — Cz (TQt)

< ]:P) 9 9 k) >

< (tSZu]\I;{ . }+ts§1]\13[{—r }_az)
< IP’(sup{VZ-()\Mr%) — biyrrzt} + sup {bMTQt - Ci(rzt)} > rx)

t>M t>M

< P(sup {VZ-()\MTQt) - binTQt} >0) + P(sup {bi_rrr2t — Ci(r2t)} >0)
t>M

o0 o0
< Z P( sup {Vi(N\ipr?t) — by 7%t} > 0) + ZP( sup {bi 7%t — C;(r*t)} > 0)
te[29 M, 29+1 M) te[29 M, 25+1 M)

j=0 =0
= 1
=) I sup {(ViQhirt) = E[Vi(Ni, )]t — 5 Bimer™ 't} > 0)
ST tel2ir2M2it1rM) 2
> 1
+) P sup {E[Ci(1)]t — Cy(t) — iﬁimc7ir71t} >0).
=0 te[29r2 M,29+1r2 M)

As t runs over [27r2M, 277112 M] in the last expression, we have that the negative terms —1 3;m¢,;7 't have a
value of at most — % B;me ;71 29r2 M = —2771 8;m¢ ;v M. Replacing the negative terms by these upper bounds,



moving them to the right-hand sides of the inequalities, and consequently enlarging the intervals of the suprema
to also include [0, 2772 M), we obtain

{ Vi()‘i,rr%) — C;(r?t) }

P(sup
r

t>M

> x)

oo

< P( sup {Vi(Nirt) — E[Vi(Ni )]t} > 277 Bime ir M)
5 el

+ ZIE” sup  {E[C;(1)]t — Ci(t)} > 2271 Bymeir M)
€[0,29 172 M)

Z)\”IE [B2] 2J+1 2M i( 1292 M N 2 N 329t 2 M )
225 252 2M2 22]‘7251‘27”%17"2]\42 2j+1mcﬂ'r2M oct /2i=13;me.irM

for certain positive constants c;, ¢z, c3 and c4. The last inequality follows from Lemmas 3.2 and 3.3. Simplifying
this expression leads to

{Vvi()\i,r'r‘2t) — Ci(’f’2t) } > .’E) < 16()\27TE[B12] + Cl)

P i M),
(sup r - B?m%lM mc, zTQM * Zf (7

t>M

(10)

where f; j(r, M) := 32712 MemcaVZ 7 BimearM  The lemma now follows trivially from (10) by taking the
limit  — oo and subsequently the limit M — oo, if lim, Z o fi,j(r, M) =0.
We now show that this condition holds. The derivative of f; ; with respect to r reads

0 ; .y -
Efi’j(r’ M) = 322 rMe huaMOVT (4 — (M),

where h; ;( = ¢4y/27 71 8;me ;M. Note that Tfi,j(r, M) is negative if and only if 4 — h, ;(M)\/7 is
negative. Due t0 the monotonicity of h;, j( ) and /7 in j and r respectively, there exist positive constants jo and
9, such that for any 7 > jo and r > r( the latter statement holds true. Thus, there exist positive constants jo and
7o, so thatsup,..,.. fi j(r, M) = f; j(r«, M) for every r. > ro. This leads to an upper bound for Z;io fij(r, M)
when r > r,:

Jo—1 Jo—1

> figlr, M) = warM +Zf”rM Zf”rM +me re, M (11)
j=0

Jj=Jo Jj=Jo

In the limiting case of » — oo, we can apply (11) with r, taken arbitrarily large so that the condition g < 7, < r
still holds. By doing this, we obtain

Jo—1

lim Zf” r,M) < lim Z fi,j(r, M) ir*li_rgofi,j(r*,M).

r—00 T—00 £
J=Jo

Combining this inequality with the fact that lim, _, f; j(r, M) = 0 results in lim, Z;io fij(r, M) < 0.
We also trivially have that lim, Z;io fi,j(r,M) > 0 due to the non-negativity of f; ;(r, M) for any i €
{1,...,n},j € Ny andr, M € Ry. This results in the fact that lim, o 3372 f;,;(r, M) = 0, which concludes
the proof. O

Using these auxiliary results, we can now prove Theorem 3.1.

Proof of Theorem 3.1. Using the representation of the distribution of W/r given in (2), it is clear that it is enough
to show that the tail probability of the right-hand side of (2) in the heavy-traffic limit  — oo coincides with the
tail probability of Z, i.e.:

TILH;O P(rj\ﬁ {sup { Vi()\i’rrztli Ci(r*t) } } ﬁ {Sup{Z V> }) (12)

iog 120 i S >0




for all z1,...,2xx > 0. First, we obtain a lower bound for the left-hand side of (12):

[Hurr™) ~ GO

r

> }EEOP(F] { sup {W(Ai,r’rzt) - Ci(’r'zt)} > xi}) = P(ﬁ { sup {Z;(t)} > xi}) (13)

i—1 " t€[o,M) r te[0,M)

for all M € R, where the inequality follows from the monotonicity property of the supremum functional, and
the equality follows from (6) together with a combination of the continuous mapping theorem and the continuity
property of the supremum operator applied to cadlag-functions on the finite domain [0, M).

Second, we derive an upper bound for the left-hand side of (12). Denote by E) ; the event that

- {WQwﬂw—cxﬂﬂ}:am{wﬂm”ﬂ—cmﬁﬂ}

te[o,M) r r

)
t>0

or colloquially speaking, the event that the scaled net-input process of (); attains its largest value before time
t = M. Furthermore, we denote by EY, , its complementary event. By De Morgan’s law, we have that

ﬁ{ , { : ”rztzn Ci(rzt)} } 6{5111){ (it ti Ci(r%)} Z$i§EM,i})

i=1 >0
N N
‘/z<)\z rr t) — Ci(TQt) .
P : > i (s ES; ). 14
R {sup (= e kU B a9
An upper bound for the first term of the right-hand side in (14) is given by
N N
‘/z<)\z T?“Qt) — Ci(TQt) ‘/;()\1 TT‘Zt) — Ci(TZt)
P ’ > a3 Enig) <P : >z
(N {5 ; pz i) <B{ s { ; p2a)
15)
for all M € R . For the second term of the right-hand side in (14), we have that
N N
»2t) — Ci(r?t
ﬂ{bup{ z ’L T ) 1(7' )}le}quﬁ/Iz)
=1 t20 " -1
N 2 N 2
7, z ,T t [ t z 1 r t i t
Z]P’sup{ rt) - Gir )}zmi;Eﬁm Z sup{ rt) - Gir )}zmi), (16)
=1 t>0 r o1 t>M r

forall M € R . Thus, by combining (14)—(16) and taking the limit » — oo, we obtain the following upper bound
for the right-hand side of (14):

Tllrgop(ﬁ {sup { Vi) = Cilr™) } > xi})

t>0 r

< P(

g . 2 _ . 2
Vil,r7) Q“”}z%) a7

{ sup {Z;(t)} > xz}) +ép(sup { : R

te[0,M) t>M

Dz

=1

When taking the limit M — oo, we have that the lower bound for the left-hand side of (12) established
in (13) converges to P(ﬂil { SUPteo,00)1Zi(t)} = xz}) The upper bound found in (17) also converges to

this expression, as the second term in the right-hand side of (17) vanishes due to Lemma 3.4. From this, (12)
immediately follows, which proves the theorem. O

Remark 3.1. The joint distribution of the vector Z is not straightforward to derive explicitly. As a result, it is
hard to give an explicit characterisation of the distribution of the joint workload vector in heavy traffic. However,



explicit expressions for the marginal distribution of Z; are easier to obtain. Note that Z; = Sup; > Zi(t) is the all-
time supremum of a one-dimensional Brownian Motion with negative drift —3;mc.; and variance grtot, +02 ;.
It is well-known that the all-time supremum of a Brownian Motion with negative drift —a and variance b is

exponentially (%‘l) distributed. Therefore, the distribution of the steady-state scaled workload Wi,r present in @);

2 2 -1
converges to an exponential distribution with rate 2/; (];[‘g’f] 4 90 ) as 1 — oco. We will study the derivation

mc,i

of the joint distribution of ﬁ;r as r — oo in Section 5.3.

4 Extension to virtual waiting times and queue lengths

In Section 3, we derived a heavy-traffic limit theorem for the scaled workload vector W,.. In this section, we
extend this result to heavy-traffic limits for the distributions of the virtual waiting-time vector D,. and the queue-
length vector L, by regarding the joint distribution of D, and WT as well as that of L, and Wr in Section 4.1
and Section 4.2 respectively. It turns out that, when » — oo, both D, and L, are elementwise equal to w RUpto
a multiplicative constant.

4.1 Heavy-traffic asymptotics of the virtual waiting time

We now study the distribution of the scaled virtual waiting time in heavy traffic. First, we obtain the tail proba-
bility of the joint distribution of D, and W, as r — oo in Proposition 4.1, using the simple fact that the event
{D;(u) > s;} is tantamount to the event {W; .(u) > C;(s;) — C;(u)}, as explained below. Based on this, we
obtain an extension of Theorem 3.1 for the scaled virtual waiting time in Corollary 4.2.

Proposition 4.1. The tail probability of the limiting joint distribution of 1~)T and ﬁ//r satisfies

lim P(D1, > 81,..., Dy > 85, Wiy > 1y, W, > ty)

T—00

= P(?l Z max{mqlsl, tl}, e ,ZN Z max{qusN, tN})
with Z1, . .., Zy defined in Section 2.

Proof. To derive this result, we first study the relation between ET and W/T. If the waiting time faced by an
imaginary type-i customer arriving at time u is longer than s; time units, the workload present in (); just before
w is larger than C;(s;) — C;(u). This is evident, since the latter number represents the amount of work the server
of Q; is able to process in the s; time units following time w. In other words, {D; ,.(u) > s;} is tantamount to the
event {W; .(u) > Cy(s;) — C;(u)} fori =1,..., N. In terms of tail probabilities, this leads to

P(D1,(u) > 81, .., Dnp(u) > sy, Wi () > th,..., W (u) > ty)
=P(Wy (u) > max{Ci(s1) — C1(v),t1},..., Wn ,(u) > max{Cn(sy) — Cn(u),tn}).

Thus, in steady state (i.e., u — 00), we have

P(Dl’r > 81,000, DN,r > SN, Wl,r >ty WN,r > tN)
=P(Wi, > max{Ci(s1),t1},..., Wn, > max{Cn(sn),tn}). (18)

Based on this, we obtain an expression for the tail probability of the joint distribution of D, and W/T:

P(Bl,r > 51,.. "EN,’I‘ > SN,WLT >t .. -,WN,T >tyN)

=P(D1, >rs1,..., DNy > 188, Wi > 1t1,...,Wn, > rty)
=P(W1, > max{Cy(rs1),rt1} ..., Wy, > max{Cn(rsy),rtn})
Cy(rsy)

7t1}7...,WN,rzmax{w,m}), (19)

r

= IP’(WLT > max{

where we used (18) in the second equality.

10



In the remainder of the proof, we focus on showing that

lim IP(/I/IV/LT. > max{@,tl}, .. .,WNW > maX{M,tN})

r—00 r

=P(Z1 > max{mc1s1,t1},..., Zn > max{mc nSn,tN}), (20)

which combined with (19) directly implies the result to be proved. To this end, we observe that by viewing
{C;(t),t > 0} as a renewal-reward process with the times where {®(t),t > 0} enters a certain reference state as
renewal epochs, we have that r—1C; (rsi) — mc,;s; almost surely as r — oo due to standard results in renewal
theory. Denote by Fy, for any € > 0 the event that %Ci(rs,;) € [mcisi — €, me;S; + €| and let FZ-E”TC be its
complementary event. Thus, lim, o P(Ff,) = 1. Similarly to the proof of Theorem 3.1, we now partition all

combinations of events into ﬂf\il F¥,, the case where each of the events F7 ., ..., F§ . holds true, and Uf\il F&r

@,

the case where at least one of these events does not hold true. Then, we have as a result of De Morgan’s law that
~ C ~ C
P(Wl,r Z max {LSI),M}, ey WN,T 2 max {M7t1\[})
r T

N
= IP’(WLT > max{@7tl},...,wjv’r > max{m,tzv}; ﬂ Ff,) +o(1).
i=1

Letting r — oo in this expression, using the definition of the event . and applying Theorem 3.1, we obtain the
following lower bound for the left-hand side of (20):

lim ]P’(WLT > max{m,tl},...,wzvm > max{w,tl})
r

T—00 r

>P(Z, > max{mc 151 +€t1},... DN > max{mc NSy + €,tn}). 21

Similarly, an upper bound for the left-hand side of (20) is given by

lim ]P’(WLT > maX{M,tl},...,’WN’T > max{w,tl})
T r

T—00

<P(Z, > max{mc 151 —€,t1},... DN > max{mc NSy — €,tn}). (22)

In Remark 3.1, we found that Z; is exponentially distributed for i = 1,... N, so that the joint distribution of

Z has no discontinuity points. In particular, there is no discontinuity in the point (mc 181, ..., Mo NSN). AS
a consequence, by taking the limit ¢ — 0 in the right-hand sides of (21) and (22), we obtain (20), which, as
explained above, proves the proposition. O

From Proposition 4.1, the heavy-traffic limit for the virtual waiting time follows in the following corollary.

Corollary 4.2. For the scaled virtual waiting time vector D, it holds that

D, % ( LA )z.

)

me1’ moN
asr — oo, with Z defined in Section 2.

Proof. This is an immediate result from Proposition 4.1 by taking t; = ... =ty = 0. O

Remark 4.1. Similar to the observations of Remark 3.1, explicit expressions for the joint distribution of ET as
r — oo are hard to derive. However, again an explicit characterisation for the marginal distribution of the scaled
virtual waiting time in a single queue as r — oo is easier to obtain. By Theorem 3.1 and Corollary 4.2, the heavy-
traffic distributions of D, and W ,. only differ elementwise by the multiplicative factors #0’ t=1,...,N.Due
to this, it follows from Remark 3.1 that the distribution of ﬁi,r converges to an exponential distribution with rate
o2 -1 ~
203; (ME[BO]” + U%}i) asr — oofori=1,..., N. We will study the derivation of the joint distribution of D,.

as r — oo in Section 5.3.

11



4.2 The joint queue-length distribution

In this section, we obtain an extension of Theorem 3.1 for the scaled steady-state queue length f/ in heavy traffic.
Let BR be the remaining service requirement of a type-¢ customer in service in the r-th system if L; , > 0, and
zero otherwise. It is then trivially seen that

Ly, Ly,

W, (B“,...,Bﬁ,r)Jr(Zﬁl,j,...7Z§N,j) (23)
i=1 =1

for all 7 > 0, where E, ;j represents the service requirement of the waiting customer in the j-th waiting position of
Q; and is distributed according to B;. These service requirements are mutually independent as well as independent
from W, and L,. Note that B; ; is defined differently from B; ;, which we defined in Section 2 to be the service
requirement of the j-th arriving type-: customer since the start of the queueing process. The scaled version of (23)
is given by

’I"L1 r ’I"LN)T

W, = (B, .. BE )+ (ZBM,...,ZBNJ), (24)
j=1

where ER = 1B fori = ,N. It is intuitively tempting to conclude that (BfY,,.. ER ,) — 0as

r — o0, and based on that, conclude that W and L, _are equal elementw1se up to a multlphcatlve constant.
However, this is not straightforward, since, for example, L, and (Bf T BR ,-) are not independent. We make
these results rigorous in this section Inspired by [50, Propos1t10n 1], we ﬁrst obtaln another representation for the
joint distribution of L7 .~ and VV7 . for a single queue @; in Lemma 4.3. Based on this result, we derive the heavy-
traffic asymptotics for (LZ r Wl . B %) in Lemma 4.4, which imply that B;} R — 0 as r — co. We subsequently
conclude that (81 Ty B ) — 0 as 7 — oo and derive the joint dlStrlbuthIl of L, and W as 7 — oo in

Proposition 4.5. From this, an extension of Theorem 3.1 for the scaled queue length L, follows in Corollary 4.6.

In order to construct an additional representation for the joint distribution of L i,r and WZ -, we need to intro-

duce some additional notation. Denote by W, and L}, the workload present in (); and the queue length of Q;

respectively in the r-th system, just before the n-th arrival of a type-i customer. Furthermore, A; ; refers to the
time between the j-th and the j + 1-st arriving type-i customer in the r-th system, so that Sf} nr =" =1 AT
and an = Z?zl B, ; represent the cumulative series of interarrival times and service requirements of type-i

customers. By construction of the heavy-traffic scaling, A7 ; <4 Aij and E[A] ;] — E[A; ] as 7 — oo, where

A, ; are i.i.d. samples from an exponential (g[’gjf]) distribution. Finally, we define S}, = SJ, — C’i(SZf1 >"). The

needed representation is now given in the following lemma.

Lemma 4.3. Foranyz,y > 0andi=1,..., N, the joint distribution oni,r and Wi,r satisfies
P(Liy > ;Wi > y) = B((Wir + B; > Ci(S71,);

r*lmax{er S fpas s {S] S;j}} > ).

{L,...,[ral}
Proof. The proof is inspired by [50, Proposition 1]. Observe that, for any £ > 1 and n > 1, the event {L;n Tk 2
k} coincides with the event that the workload the server at (); was capable of processing between the arrival of the
n-th and n + k-th customer, C; (S b)) — Ci(ng;l) does not exceed the sum W/, + B; ,, of the workload
present in @); just before the arrival of the n-th customer and the service requirement of this customer. Hence, we
have that

{L;‘,n-&-k Z k} = { + Bl n > C (Sz n+k— 1) C (Sz n— 1)} (25)

Moreover, due to Lindley’s recursion W/, ., = max{W/, + S, — ST, 4,0}, or W/ .\ = max{W], +
Tnak—1 = St maXjcqo,. k—1}{Sin+k—1 — Sintj}}, we have for the event {W,, > y} forany y > 0
that

Wi >y} = {max {Wl, + Sy = Shay _ mox AT, = Slaad} 2 ) @9)

12



By combining (25) and (26), taking probabilities, letting n — oo and observing that the vector (L;,,, W/,)
weakly converges to (L; ., W; ), we obtain

P(Liy > ki Wi > y) = P(Wi, + B; > Ci(S):

. r r >
max { Wi+ 87 max ST~ ST} } > ),

for any k > 1,y > 0. By noting that IP’(Z” > o, Wi >y) = P(Li, > [rz],r 'W,, > y), the desired

statement follows immediately. O

Based on Lemma 4.3, we derive the heavy-traffic asymptotics of (LZ - Wl s BR ) in the following lemma.
This lemma directly implies that B . — 0asr — oo.

Lemma 4.4. For any queue, the scaled steady-state queue length, workload and remaining service requirement
exhibit state-space collapse under heavy-traffic assumptions. In particular, we have that

1 _
L BR — 1,0 Z;
( ZT,WZ T ) <E[BZ]7 )0) K3

asr — ooforanyi € {1,..., N}, with Z; defined in Section 2.

Proof. Again, the proof is inspired by [50, Proposition 1]. We first focus on the joint distribution of fi - and Wi e

Note that due to the strong law of large numbers, r 15’4 T 1 = E[A4; ]z = ]E[B ]x almost surely as r — oo.

e
Moreover, we have already seen in the proof of Proposition 4.1 that t~1C;(t) — mcﬂ almost surely as t — oo.
Consequently, we have that

C(SAT ) C(SAT )SA’I‘

i, [rz i,[rx] i,[rz]
A,r
Si tra1

— E[Bj]» @27)

r r

in probability as r — oo. We further have due to the weak law of large numbers that r—15 f o] E[B;]z, so

that 157 ] 0 and r~ maxje{l ~~~~ rra13 1S} [ra] — Si i} — 0asr — oo. Let, for any € > 0, Gf p denote
the event

{(riCu(SAr ) € [EBle — e BBz + ;v 55, € [E[Ble — ¢, BBz +

rolsr €[—e€;r™! max ST — 57 .} €10,€]}.
i, [rz] [ ] jE{l,...,[rw]}{ i,[rz] 7.,J} [ }}

Due to the convergence results above, lim,._, o, P(G¢ ) = 1, so that, because of the law of total probability,
IP’(E“ > T Wi,r >y) = ]P’(Em > Wi,r >y;G5,.) +o(1).
A combination with Lemma 4.3 leads by taking the limit » — oo to, since El —0asr — oo,

lim IP’(WZ » > max{E[B;]x + €,y + €})

r—00

< lim P(L;, > x; W” >y) < lim ]P’(W” > max{E[B;]z — €,y — €}).

00 T—00

By first applying Theorem 3.1 on the left-hand side and the right-hand side, next noting that the distribution of Z;
has no discontinuity points (cf. Remark 3.1), and finally letting ¢ — 0, we obtain

lim IP’(Ll > VVZ » >1y) =P(Z; > max{E|[B;]z, y}). (28)

T—00

It remains to consider the convergence of Eﬁ,_. We show that lim,_, P(Efr > §) = 0 forall 6 > 0, which
finalises the proof of the desired statement. Note that due to representation (24), we have that

rLI r

P(Bf > ¢) = Z Bij +0). (29)

13



Let Hf, denote the event { - Py Eu € (E[B;] — ¢,E[B;] + ¢) foralln > /r}. By using the law of total
probability and noting that lim,_, o P(H;,.) = 1 due to the weak law of large numbers, we thus have similar to
earlier calculations that

’I‘Ei,.,v TLz 3
P(BE. > §) = P(W;, > . > Bij+6:He,) +o(1) =P(W;, > L“T~ Z Bij +8; HE,) +o(1).
j=1 Lir 53

By taking the limit » — co and using the established convergence of ZM we obtain

lim IP’(Wz . > L +(E[B;]+€)+6) < lim ]P’(B >0) < lim P(Wz . > L +(E[B;] —€) +0).

T—00 r—00 T—00

By letting ¢ — 0 and noting, as before, that the limiting distribution of Wm has no discontinuity points, this leads
to

lim IP(B >0) = lim IP’(WZ . > L +E[B;] +9) =0,

r—00 T—00

where the second equality follows from (28) for any 6 > 0, which completes the proof. O

Based on the previous results, we now obtain the limiting joint distribution of L, and W,. in the following
proposition.

Proposition 4.5. The tail probability of the limiting joint distribution of ir and ﬁ?r satisfies

lim P(L1, > 81,y Ly > 85, Wi >ty , Wi > ty)

r—00
=P(Z; > min{E[By]s1,t1},...,Zn > min{E[By|sn,tn}) (30)
with Z1, . .., Zy defined in Section 2.

Proof. Equation (24) implies that the event {E,T > s;} coincides with the event { Wz = B! R ZTS’ BL it

as the B; ; can only take non-negative values. Thus, we have

P(Ll,rZslw"vLN,rZSNler Ztla”'vWN,thN)

81 ’I”SN

= P(WLT > max{él - ZBl gtk ..,WNW > max{éﬁr ZBN,]7tN}

Let H . be defined as in the proof of Lemma 4.4. Recall that lim,_, P(ﬂijil H;,) =1, so that due to the law
of total probability,

P(Li, > 81,...,Lny > sy, Wiy > 11, ..., WNy > tN)

N 5 1 781 R TSN N
= P(Wl,r 2 max{Bf‘:‘T -+ 81; ZBLj’tl}7 .. WNT‘ Z maX{BNT -+ SNi ZBN],tN} ﬂ
14
j=1 i=1
+o(1).
Note that, according to Lemma 4.4, B . —0asr —oofori=1,..., N, so that also (Eff,., .. ,éf‘,,r) — 0 as

r — oo. Letting » — oo and exploltlng the definition of Hf ., we obtaln

1,17

lim P(Wy, > max{E[B;] +¢,t1},...,Wx, > max{E[By] + ¢, tx})

r—00

< lim P(Llrzsla"'aLN,r 25N7W1,r Ztla~-~7WN,r ZtN)

r—00

< lim P(W1, > max{E[By] — €,t1},..., Wy, > max{E[By] — ¢, tn}).

By taking the limit ¢ — 0, an application of Theorem 3.1 and the notion that the distribution of Z has no
discontinuity points yields the desired result. O

14



Corollary 4.6. For the scaled queue length vector ir, it holds that

B4 (e w187

asr — oo, with Z defined in Section 2.

Proof. The desired statement follows immediately from Proposition 4.5 by takingt; = ... =txy = 0. [

Remark 4.2. In line with the observations in Remarks 3.1 and 4.1, Corollary 4.6 does not straightforwardly lead
to explicit expressions for the limiting joint distribution of L,. However, explicit expressions for the limiting
marginal distribution of the scaled steady state queue length of a single queue are available. Note that Lemma

4.4 implies that, fori = 1,..., N, L i, and WZ » only differ elementwise up to a multiplicative constant BB B 7 as

r — oo. It then follows immedlately from the findings in Remark 3.1 that the distribution of Lm converges to an
-1
as r — oo. Note that this result can also be found

2
] IV,

exponential distribution with rate 23;E[B; (E[ :
by an application of the distributional form of Little’s law (cf. [29]) on the distribution found for D); ,. in Remark

4.1. We will study the derivation of the joint distribution of L, as r — oo in Section 5.3.

S Application to a two-layered network

In this section, we apply the results obtained so far in this paper to the manufacturing example of the LQN
mentioned in Section 1. As this particular LQN consists of two layers, we will also refer to this example as the
two-layered network. We first describe this two-layered network in more detail in Section 5.1 and show that this
particular model fits naturally in the general framework described in Section 2. Then, in Section 5.2, we study
the question of how to compute the covariance matrix I" of the N-dimensional Brownian Motion Z based on this
example. More specifically, we obtain expressions for the covariance terms 'y,fj, by using results from the literature

on Markov additive processes. Finally, we compute the limiting distributions of Wm IN)T and INZT. Doing so in an
exact fashion turns out to be hard. Therefore, we study how to numerically obtain the limiting distributions, by
viewing Z as an N-dimensional SRBM in Section 5.3.

5.1 Description of the two-layered network

The two-layered network is an extension of the machine-repair model and consists of N machines M, ..., My
as well as a single repairman R, see Figure 1. The second layer of this network constitutes the classical machine-
repair model, where each machine breaks down after a stochastic lifetime and the repairman repairs the machines
in the order of breakdown. In the event of a breakdown, the machine requires a stochastic amount of repair time
from the repairman. For this purpose, it moves to the repair buffer, where it will wait if the repairman is busy
repairing, otherwise repair will start instantly. Note that each machine can have its own lifetime and repair-time
distribution. Contrary to the classical machine-repair model, we assume that each machine M; also processes
its own queue @; of products at a service speed of one when it is operational. The products arriving at ¢); do
so according to a Poisson ()\;) process, and their individual service requirement B; is generally distributed with
finite first two moments E[B;] and E[B?]. The products are served by their machine in the order of arrival. This
forms the first layer of the layered network. Observe that the downtimes of the machines are mutually correlated,
since the machines compete with each other for repair facilities in the second layer. Due to this correlation, exact
analysis for the queue lengths of arbitrarily loaded queues in the first layer is difficult.

The two-layered network fits the general model given in Section 2, provided that the lifetimes and repair
times of each machine follow a phase-type distribution. The equivalence between the first layer of the two-
layered network and the parallel single-server queues in the general model is immediate. To also fit the second
layer in the general framework, observe that the availability of the machines can be modelled naturally as a
continuous-time Markov chain, due to the phase-type nature of lifetimes and repair times. To reduce complexity
of upcoming calculations, we assume for the remainder of Section 5 that N = 2 and that the lifetime and repair-
time distributions of machine M; are exponentially distributed with rate o; and v; respectively. In this case, the
state of the machines M; and M5 is modelled by the continuous-time Markov chain {®(¢),¢ > 0} operating on
the state space S = {(U,U), (U, R), (R,U),(W,R),(R,W)}. A state w = (w1,ws) € S represents for each
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Figure 1: The two-layered model under consideration.

machine M; its condition of being up (w; = U), in repair (w; = R), or waiting in the repair buffer for repair
(w; = W) at time t. The generator matrix @ with elements ¢; ;, %, j € S is given by

—01 — 02 D) o1 0 0

Vo —Vy — 01 0 g1 0

Q = 1%} 0 —UV1 — 02 0 g2
0 0 120 —U2 0

0 V1 0 0 -

The continuous-time Markov chain {®(¢),t > 0} is irreducible and aperiodic, so that its invariant probability
measure 7 is uniquely determined by the equations w@ = 0 and 7w1 = 1 and can be obtained explicitly in terms
of the model parameters o1, 02,1 and v,. Since the machines drain their queues of products at service rate one
if they are operational (and zero otherwise), the connection with the general framework in Section 2 is completed
by choosing the state-dependent service speeds as ¢;(w) = 1y,,—y}, where 14, denotes the indicator function
on the event A.

5.2 Derivation of the covariance matrix

Now that the two-layered network is cast as a special instance of the general model given in Section 2, we show
how to compute expressions for the covariance matrix I' of the [V-dimensional Brownian motion Z completely in
terms of the model’s parameters. We do this based on the example of the two-layered network described in Section
5.1. However, the following methods can also be used to find the covariance matrix I' for any instance of the
model given in Section 2 without any conceptual complications. By (7), it remains to compute expressions for the
covariance terms y{; = lim; o $Cov[C;(t), C;(t)] forall i,j € {1,..., N}. In order to compute these, observe
that the increments of {C;(¢),¢ > 0} and {C}(¢),¢ > 0} are conditionally independent given {®(¢),t > 0}.
Therefore, we can view {(®(t),C;(t)),t > 0}, {(®(¢),C;(t)),t > 0} and {(®(¢), C;(t) + C;(t)),t > 0} as
MAPs. A functional-central limit theorem for MAPs obtained in [42] leads to expressions for o2, ;, 0, ; and
limy_, o 1 Var[C;(t) + C;(t)], i.e., the variance parameters of the limits of the scaled Markov additive processes.
From these variance parameters, expressions for 'ygj immediately follow.

To state the results of [42], we first introduce some preliminary notation. Let wyf € & be an arbitrary
reference state. Furthermore, denote by 75 the time of the k-th jump of {®(¢),¢ > 0} for k = 1,2,.... Let
To = inf{t > 0 : O(t) = wref, P(t—) # wyer} be the first time {P(¢),¢ > 0} enters the reference state, and
let 11,75, ... be the subsequent entrance times into the reference state. The instantaneous drift and variance
parameters of a process {Y'(¢),t > 0} that is modulated by {®(t),t > 0}, are given by

dy =E[

2

Y -Y
(e +w) (7k) | ®(2) =iformy < 2 <73 + W)
w
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and

(Y +w) = ¥ (7k))* = (df w)?

v-Y:E[
w

| @(z) =iform, < 2z <73 + wl.

The vector ¢ representing the second moment of Y is given by

oY = E[(Y () = Y(7k-1))* | ®(Th—1) = i]
¢ E[’Tk — Tk—1 | (I)(kal) = Z] '

The matrix M = (M}}); jes is defined to be a |S| x |S| matrix with elements MY, = MY, = 0and

bWref
Mlyj = f%d}/ for j € 8\{{i} U{wrer}}. Finally, the vector " is given by £} = E[Y (Ty) — Y (0) | ®(0) = 4.
Using this additional notation, the following lemma, which is directly implied by the work of [42], holds.

Lemma 5.1. Let {(®(¢),Y (t)),t > 0} be a Markov additive process, where {Y (t),t > 0} is the additive part
modulated by the continuous time Markov chain {®(t),t > 0} and has an average drift of zero and no jumps.
Furthermore, assume that dY and v} are well-defined for all i € S. Then, {ﬁY(st),t > 0} converges in

distribution, as s — oo, to a driftless Brownian motion starting at 0 with variance parameter wp* + 2w M Yr Y,
In particular, we have that

lim 1Var[Y(t)] =Y +2r MY Y.

t—o0
Proof. The convergence in distribution immediately follows from [42, Theorem 3.4] by taking X (¢) = ®(¢) and
D;; = V;; = v; = 0forall 4, j in the notation of that paper. To show the result for the asymptotic variance of
the modulated process Y, let M (t) = maxy.1, <¢{k} count the number of times the Markov chain returned to the
reference state up till time ¢, so that { M (¢),¢ > 0} can be interpreted as a (delayed) renewal process. Then, we
have that

lim Var[Y (1)) _ lim Var[Y (SN (T, — Ti21))] + o(t)
t—o0 t t—o0 n
iy EM@)VarlY (Ty — To)] + Var MOJERY (Th — Ty))”
t—o00 L

=Var[Y (T1 — Tp)] tlgglo w
_Var[Y(T1 — To)]
 E[-To

where the second equality follows from the fact that the summands of Y(Zf\[:(f ) (T; = Ti—1)) = Zf\;(f ) Y(T;) —
Y (T;-1)) are independent and identically distributed to Y (77 — Tp), so that Y(Zglt ) (T; — T;—1)) can be seen
as a compound Poisson process. The third equality holds because the modulated process has an average drift of
zero, so that E[Y (11 — T)] = 0. The fourth equality follows from standard results on renewal theory. Section 3
in [42] shows that Var[Y (T} — Ty)] = E[(Y (T} — Tp))?] = (7w + 2 MY f¥)E[T} — Tp], which concludes
the proof. O

We now apply this lemma to obtain the covariance matrix for the two-layered model with N = 2. More
specifically, we compute 03 |, 0, and lim;_,o 1 Var[C} (t) + C5(t)], out of which expressions for {’y will
follow.

To derive an expression for o2, |, let Y1 (t) = 1C1(t) — E[C1(t)] = L1C1(t) — (rw,v) + mw,r))t. It is easily
seen that the drift of Y7 (¢) equals 1 — (7, + 7(v,r)) When the modulator @ resides in the states (U, U) and
(U, R), and —(7(,i) + T(v,r)) otherwise. The drift vector d is thus given by

a7 = Lgeqwoyw.ry — (Moo + Tw.r))-

Due to the Markov nature of the process {®(¢),¢ > 0}, we have that E[7,, — 7—1 | ®(76—1) = i] = —¢qis.

Moreover, since Y; locally behaves like a pure drift process, it holds that E[(Y (1) — Y (15-1))? | ®(7%-1) =
Y 2 Y

i = E[(d))*(1k — Te-1)? | ®(141) = 4] = 2(_%;;) . The vector 1 is thus given by )" = —2(‘;;1).
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When taking weer = (R, W) as the reference state, the elements f}* = E[Y (T}) — Y (0) | ®(0) = 4] of the vector
f¥1 are easily seen to satisfy the set of equations

Vi d;* 3 Gij v
qii Qi

jeS\{(R,W)}

since E[Y (73) — Y (7r—1) | ®(1h-1) = 1] =

for the vector le. The matrix M1 pertaining to Y; has elements Mlyj1 = —lgrui( R’W)}}gf? 2/ . An
application of Lemma 5.1 then leads to '
0%, = lim 1Var[C’ (t)] = lim 1Var[Y ()] = 7wt + 2m MY 1
Gl S t ! t—oo t 1 ¥ :
When studying Ya(t) = Ca(t) — E[Ca(t)] = 2H-(mw. U)-M(R ! “an expression for 0,5 can be found similarly

to the computations above. Alternatively, 1nterchang1ng the indices of the model parameters in the expression of
o2, also leads to this expression.

Finally, an expression for lim;_,« 1 Var[C1 (t) 4+ C2(t)] can be found by considering
Yl)g(ﬁ) =C4 (t) + Cg(t) — (E[Cl (t) + Cg(t)]) =C4 (t) + Cg(t) — (27T(U,U) + T(U,R) + W(R’U))t.

The process {(®(t), Y1,2(t)),t > 0} is then again a MAP that satisfies the assumptions of Lemma 5.1. It is easily

seen that the vector d*? with elements dfl’z = lgequ o). w.r)yy + Liieqwo),ruoyyy — Crwv) + mw,r) +
7(r,u)) specifies the conditional drift of the modulated process Y; » when the modulator ® resides in state i.
Analogous to the computations in the previous paragraph, we obtain the vectors ¢¥* and the matrix M2

Yy 5242
with elements %Yl, 2( ) ,and M, ; Y2 _ = —1ggru{(R,W)}} Z’f’? dz/l"" respectively. The vector fY1:2 is
' Y1,2 B
uniquely and explicitly determined by the system of equations fZY b2 = —d;T = 2 jes\{(RW)} % fZY b2 for all

i € 8. Applying Lemma 5.1 now yields
lim 1Var[C () + Ca(t)] = lim 1Var[Y (t)] = w¥12 4 2w M2 fY12
t—oo t 1 2 t—oo ¢ 1,2 ¥ ’

After these preliminary computations, the covariance matrix I' can be expressed explicitly in terms of the
model parameters. The covariance parameters fyf , and 'ng are by definition equal to 02071 and 02072, for which
we have already derived explicit expressions. As for the remaining parameters, we have that both ’yf o and 726: 1
are equal to

1/.. 1 .1 1
tlgrolo Cov[Cl( ), Ca(t)] = 3 (tliglo gVar[Cl(t) + Cs(t)] — flgglo gVar[Cl(t)} - tliglo tVar[Cg(t)]) .
Since we already computed the three terms between brackets in the right-hand side, expressions for all of the
covariance parameters %C] are now available in terms of the model parameters o1, 02,1 and vs. As the rest of
the terms appearing in (7) were already expressed in terms of the model’s parameters, the covariance matrix I is
now explicitly known.

5.3 Numerical evaluation of the limiting distribution of Z

Now that I can be computed explicNitly, we investigate in this section the joint distribution of Z, the limiting
distribution of the scaled workload W ., in stationarity. We do this by viewing this distribution as the stationary
distribution of an SRBM. We obtain numerical results for the example of the two-layered network. Since the
limiting distributions of D, or L, equal the distribution Z up to a scalar as observed in Corollaries 4.2 and 4.6,
the results also directly relate to the limiting distributions of the scaled virtual waiting time and the scaled queue
length.
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_To study the joint distribution of Z, we observe that this distribution is the stationary distribution of the process
{Z(t),t > 0}, where

Z(t) = ( sup {Z1(s)},..., sup {ZN(S)}>

s€[0,t] s€[0,t]

(20~ it (4o Z(0) - inf (Zn(5))

s€[0,t] s€10,t]
_Z(t) + RY (1).

In this expression Z(t) is the N-dimensional Brownian motion defined in Section 2, R is the N x N identity
matrix, and Y'(t) = (Yi(t),...,Yn(t)) = (—infsepo,g Z1(5), ..., —infseo,) Zn(s)). Observe that {Y (¢),t >
0} is a continuous, non-decreasing process starting in 0, of which the elements Y; can only increase at times ¢
when Z;(t) = 0 (i = 1,...,N). A process with such a representation is known to be an SRBM (see e.g. [9,
Section 7.4]). As briefly mentioned in the introduction, such a process evolves like a Brownian motion in the
interior of the positive orthant Rﬂy , but is pushed back when it reaches a boundary face {z € ]Rf tz; = 0}
in a direction determined by the j-th column of the reflection matrix R, j = 1,..., N. The j-th element of the
regulator process {Y (¢),¢ > 0} indicates the cumulative amount of ‘effort’ spent in pushing back at the j-th
boundary face. An SRBM is thus identified by the drift vector ¢ and the covariance matrix I' of the underlying
Brownian motion {Z(t),t > 0}, together with the reflection matrix R.

The stationary distribution of an SRBM is known to be the solution of a partial differential equation problem
called the basic adjoint relationship (BAR). For a one-dimensional SRBM, the BAR can be solved, and the station-
ary distribution turns out to be exponential, provided that the drift pertaining to the underlying Brownian motion
is negative (see, e.g., [9, Theorem 6.2]). Observe that {Z;(t),* > 0} can be written as a one-dimensional SRBM

similar to the computations above, so that the limiting distributions of WZ T, DZ » and LZ . are indeed exponential
distributions in line with Remarks 3.1, 4.1 and 4.2. For the multi-dimensional case, it is shown in [24] that if R
is an M -matrix in the definition of [4, Chapter 6], a stationary distribution exists iff the reflection matrix satisfies
R ™' < 0. Under this condition, the stationary distribution is also shown to be unique. However, determining
an exact solution to the BAR is generally a hard problem. In the special case where the reflection matrix R and
the covariance matrix I satisfy a so-called skew-symmetry condition, the density of the stationary distribution is
known to be of product form, of which each marginal is exponential (see [25]).

Numerical algorithms for solving the BAR however exist, so that the stationary distribution of SRBMs can
be computed numerically. In [11] an algorithm has been developed to compute the stationary distribution, by
exploiting a certain orthogonality property of the solution to the basic adjoint relationship. By taking a well-
chosen reference density such as the product form density mentioned above, and introducing a reference measure,
this algorithm computes in an iterative manner an unknown vector that can be thought of as some adjusting factor
of how far the actual density of the stationary distribution is from the reference density. The computed unknown
vector and the reference density then together form the desired solution.

For the model as given in Section 2, a unique stationary distribution for Z = lim,_,,, Z(t) exists, as the
reflection matrix R and the drift vector p of the N-dimensional Brownian Motion Z satisfy the conditions men-
tioned. The skew-symmetry conditions only hold in our setting when I" is a diagonal matrix, but this is only the
case for very specific choices of the service speed functions ¢;(-) and/or the Markov chain {®(¢),¢ > 0}. In
the application of the two-layered network for instance, we have that VEQ > 0 by the expressions found in the
previous section, so that the skew-symmetry condition is violated. The numerical algorithm developed in [11],
however, can be applied generally to the model described in Section 2.

We end this section by applying the numerical algorithm to the two-layered network given in Section 5.1 and
observing several parameter effects. Note that the limiting distribution Z coincides with the stationary distribution
of an SRBM with parameters R being a 2><2 identity matrix, o = (=B (mw,0) + Tw.r))s —B2(Tw,v) + T(RY))

and T' = diag (E[B % (T, + T, R)), E[Bz] ( w,v) + T(R, U))) + I, where I'“ is a 2x2 matrix consisting of

the elements %-’ ; computed in Section 5.2.

For a number of instances of the two-layered network, we have computed several characteristics of the station-
ary distribution, such as the first two moments and the cross-moment of 71 and Z5. The results are summarised
in Table 1, where for each of the instances the found values for E[Z;], E[Z] and the correlation coefficient

C0rr[71 , 72] = jE[ZZ] E[Z]]E[Z] are given. Recall that the marginal distribution of Z,;is exponential,
VE[Z 124/E[Z2]—E[Z]2
so that E[Z?] = 2E[Z ] Observe also that the limiting distributions of D, and L, are equal to the distribution of
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Instance no. || 81 | B2 | E[B1] [ E[B?] | E[Ba] | E[B}] | o | E[Z1] | E[Z2] | Con[Z1,Z2] |

H
q
[ V)
N
A

V2
1 1 1 1
1 1|1 1 2 1 2 ol ||| 433 | 433 0.274
1 1 1 1 1
2 1] 1 2 1 2 ol sl ] || 867 | 433 0228
1 1 1 1
3 1|1 1 5 1 5 Sl s &l 583 | 58 0.195
1 1 1 1 1 1
4 I i i 2 8 Pl 5| % || 384 | 718 0.445
5 1|1 1 2 1 2 [N B O 133 | 133 0.080
6 1|1 1 2 1 2 =l | | % 206 | 2.06 0.124

Table 1: Numerical results for several instances of the two-layered network.

Z up to a scalar, so that Corr[Z1, Z] does not only represent the correlation coefficient pertaining to the limiting
distribution of the scaled workload 1/7[77., but also to that of the scaled virtual waiting time and the scaled queue
length. It follows from Table 1 that the competition between the machines of the repair facilities can be of such
a level, that the correlation coefficient pertaining to the queue lengths is significant. Moreover, by taking the first
instance as a reference, we observe that the correlation coefficient is highly influenced by the relative convergence
speed of the arrival rates (instance no. 2), the variability of the service times (instance no. 3), the level of asymme-
try in the model parameters (instance no. 4), the frequence of machine breakdowns and speed of machine repairs
with respect to the arrivals and services of products (instance no. 5), and the duration of the machine lifetimes
with respect to that of their repairs (instance no. 6).
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