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HYPERCUBE PERCOLATION
REMCO VAN DER HOFSTAD AND ASAF NACHMIAS

ABSTRACT. We study bond percolation on the Hamming hypercube {0, 1}"* around the critical probabil-
ity pe. It is known that if p = p.(1 + O(27"3)), then with high probability the largest connected com-
ponent 4] is of size ©(22"/3) and that this quantity is non-concentrated. Here we show that for any
sequence &, such that ,, = o(1) but &,, > 273 percolation on the hypercube at p.(1 + £,,,) has

€11 = 2+0(1)en2™  and |62l = o(em2™),

with high probability, where %5 is the second largest component. This resolves a conjecture of Borgs,

Chayes, the first author, Slade and Spencer [18].

CONTENTS
1. Introduction
1.1. The Erdds and Rényi random graph
1.2. Random subgraphs of transitive graphs
1.3. Sprinkling
1.4. Revised sprinkling
1.5. The general theorem
1.6. Organization
1.7. Acknowledgements
2. Overview of the proof
2.1. Notations and tools
2.2. Tails of the supercritical cluster size
2.3. Many boundary edges between large clusters
2.4. Uniform connection bounds and the role of the random walk
2.5. Sketch of proof of Theorem 2.4
3. Preliminaries
3.1. The “off” method and BK-Reimer inequality
3.2. Survival probabilities
3.3. Disjoint survival probabilities
3.4. Using the non-backtracking random walk
3.5. Uniform upper bounds on long connection probabilities
3.6. Proof of part (a) of Theorem 1.3.
3.7. Restricted triangle and square diagrams

4. Volume estimates

4.1.
4.2.

In the critical regime
In the supercritical regime

5. An intrinsic-metric regularity theorem

6. Large clusters are close

6.1. Proof of Lemma 6.1: Bounding the error §2r,2r, Yo
6.2. Proof of Theorem 6.2: Finding good radii

6.3. Proof of Theorem 6.3: Conditional second moment

7.

Proofs of main theorems

O © O© © OO b Wi

Ql W W W W W NN NN o et e e e e e
Wk = ONNDNOR RN OO WNDDN -=O



2 REMCO VAN DER HOFSTAD AND ASAF NACHMIAS

7.1. Proof of Theorem 1.3 53
7.2. Proof of Theorem 1.1 55
7.3. Proof of Theorem 1.4 57
8. Open problems 59
Appendix A. Asymptotics of the super-critical cluster tail 59
A.1. Differential inequalities 60
A.2. The magnetization for subcritical p 61
A.3. The magnetization for supercritical p 62
A.4. Lower bound on tail probabilities 63
A.5. Derivation of (A.8) 65
A.6. Derivation of (A.7) 67
References 69

1. INTRODUCTION

Percolation on the Hamming hypercube {0, 1}’" is a combinatorial model proposed in 1979 by Erd6s
and Spencer [24]. The study of its phase transition poses two inherent difficulties. Firstly, its non-
trivial geometry makes the combinatorial “subgraph count” techniques unavailable. Secondly, the
critical probability where the phase transition occurs is significantly larger than 1/(m —1), making the
method of stochastic domination by branching processes very limited. Unfortunately, these are the
two prominent techniques for obtaining scaling windows in mean-field settings (see e.g., [4, 13, 19,
23,31, 37, 43, 45, 46, 47]).

In light of the second difficulty, Borgs, Chayes, the first author, Slade and Spencer [16, 17, 18] sug-
gested that the precise location p. of the phase transition is the unique solution to the equation

Ep € (0) = A2™"3. (1.1)

where € (0) is the connected component containing the origin, |¢(0)| denotes its size, and A € (0,1)
denotes an arbitrary constant. Later it will become clear how A is chosen. The lace expansion was
then employed by the authors to show that at p = p.(1 + O(2~"'3)) the largest connected component
% is of size ®(22"3) whp — the same asymptotics as in the critical Erdds and Rényi random graph
both with respect to the size of the cluster and the width of the scaling window (see Section 1.1 for
more details). However, this result does not rule out the possibility that this critical behavior proceeds
beyond the O(27""3) window and does not give an upper bound on the width of the scaling window.

The authors conjectured that the giant component “emerges” just above this window (see [18, Con-
jecture 3.2]). They were unable to prove this primarily because their combination of lace expansion
and sprinkling methodology breaks for p above the scaling window. In this paper we resolve their
conjecture:

Theorem 1.1. Consider bond percolation on the Hamming hypercube {0,1}'" with p = p.(1 +¢€), where
pe = pe(A) with A € (0,00) a fixed constant, and € = €,, = o(1) is a positive sequence with €, > 2~™/3,

Then
€11

2e,2m
where — denotes convergence in probability, and
EI€(0)] = (4+o(1))e%,2™.
Furthermore, the second largest component 6» satisfies

|62 | .0
Em2™M

)
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The main novelty of our approach is showing that large percolation clusters behave in some sense
like uniform random sets. We use this to deduce that two large clusters tend to “clump” together and
form a giant component. This analysis replaces the appeal to the hypercube’s isoperimetric inequality
which is key in all the previous works on this problem (see further details in Section 1.3). It essentially
rules out the possibility that two large percolation clusters are “worst-case” sets, that is, sets which
saturate the isoperimetric inequality (e.g., two balls of radius m/2 — y/m around the two poles of the
hypercube). The precise behavior of the random walk on the hypercube plays a key role in prov-
ing such statements. Our proof combines this idea with some combinatorial ideas (the “sprinkling”
method of [3], see Section 1.3), and ideas originating in statistical physics (Aizenman and Barsky’s [1]
differential inequalities and variants of the triangle condition). Our proof methods are general and
apply for other families of graphs such as various expanders of high degree and high girth, finite tori
of dimension growing with the length and products of complete graphs of any dimension (answering
a question asked in [31]). We state our most general theorem in Section 1.5 and illustrate its use with
some examples.

The problem of establishing a phase transition for the appearance of a component of size order 2
was solved in the breakthrough work of Ajtai, Komlés and Szemerédi [3]. They proved that when the
retention probability of an edge is scaled as p = ¢/m for a fixed constant ¢ > 0 the model exhibits a
phase transition: if ¢ < 1, then the largest component has size of order m and if ¢ > 1, then the largest
component has size linear in 2", with high probability.

At about the same time, Bollobds [13] initiated a study of zooming in onto the large scale properties
of the phase transition on the Erdds and Rényi [23] random graph G(n, p) (see Section 1.1 below).
However, unlike G(n, p), the phase transition in the hypercube does notoccur around p = 1/(deg—1),
where deg denotes the degree of the graph. In fact, it was shown by the first author and Slade [34, 35]
that p. of the hypercube {0, 1} satisfies

1
m-1

712 4
Pc= +$+O(m )» (1.2)

Here and below we write f(m) = O(g(m)) if | f(m)|/|g(m)| is uniformly bounded from above by a
positive constant, f(m) = ©(g(m)) if f(m) = O(g(m)) and g(m) = O(f(m)) and f(m) = o(g(m)) if
f(m)/ g(m) tends to 0 with m. We also say that a sequence of events (E;) =1 occurs with high proba-
bility (whp) when lim,,—.oo P(E;,) = 1.

The first improvement to [3] was obtained by Bollobds, Kohayakawa and Luczak [15]. They showed
thatif p = (1+¢,,)/(m—1) with £,,, = 0(1) but &, = 60m ™! (logm)?, then |€,| = (2 + 0(1))&,,2™ whp. In

view of (1.2), itis clear that one cannot improve the regime of ,, in their result to more than ¢,,, = m=2.

In [18], the authors show that when ¢,, = e=m" and p = pc(1+¢y), then |61| = ce 2" whp. Note

that =" > 2-9m for any a > 0 so the requirement on &5, of Theorem 1.1 is much weaker. Our
result, combined with those in [16, 17, 18], shows that it is sharp and therefore fully identifies the
phase transition on the hypercube.

Other models of statistical physics, such as random minimal spanning trees and bootstrap perco-
lation on the hypercube have been studied before, we refer the reader to [7, 8, 49]. In the remainder of
this section we present some of the necessary background and context of the result, briefly describe
our techniques (we provide a more detailed overview of the proof in the next section) and present a
general theorem which is used to establish scaling windows for percolation on various other graphs
studied in the literature.

1.1. The Erdds and Rényi random graph. Recall that G(n, p) is obtained from the complete graph by
retaining each edge of the complete graph on n vertices with probability p and erasing it otherwise,
independently for all edges. Write €; for the jth largest component obtained this way. An inspiring
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discovery of Erdds and Rényi [23] is that this model exhibits a phase transition when p is scaled like
p = c/n. When ¢ < 1 we have |6,| = ©(logn) whp and |6, | = ©(n) whp when ¢ > 1.

The investigation of the case ¢ ~ 1, initiated by Bollobds [13] and further studied by Luczak [43],
revealed an intricate picture of the phase transition’s nature. See [14] for results up to 1984, and
[4, 37, 38, 44] for references to subsequent work. We briefly describe these here.

The critical window. When p = (1 + o(n~Y3))/n, for any fixed integer j = 1,

61 161y a
(n2/3""’ nz/g) _’(Xl’---»)(j),

i . d . . . .
where (y i){:l are random variables supported on (0,00), and — denotes convergence in distribution.

1

The subcritical phase. Let €, = 0(1) be a non-negative sequence with &, > n~ /3 and put p=(1-

€n)/n, then, for any fixed integer j =1,
|61 p

e

2e,2log(e3 n)

1

The supercritical phase. Let £, = o(1) be a non-negative sequence with £, > n~!/3 and put p =

(1+&,)/n, then
|61 v

’

2exn
and, for any fixed integer j = 2,
|ng| P
2e,2log(ed n) _)
Thus, the prominent qualitative features of this phase transition are:

(1) The emergence of the giant component occurs just above the scaling window. That is, only
in the supercritical phase we have that |6>| < |41/, and that |%)|/n increases suddenly but
smoothly above the critical value (in mathematical physics jargon, the phase transition is of
second order).

(2) Concentration of the size of the largest connected components outside the scaling window
and non-concentration inside the window.

(3) Duality: |6>] in the supercritical phase has the same asymptotics as |6 | in the corresponding
subcritical phase.

Theorem 1.1 shows that (1) and (2) occurs on the hypercube (the non-concentration of |6)]| at p.
was proved in [30]). Property (3) on the hypercube remains an open problem (see Section 8).

1.2. Random subgraphs of transitive graphs. Let us briefly review the study of percolation on finite
transitive graphs presented in [16, 17, 18] (see also [6]). We focus here only on some of the many
results obtained in these papers. Let G be a finite transitive graph and write V for the number of
vertices of G. Let p € [0,1] and write G, for the random graph obtained from G by retaining each edge
with probability p and erasing it with probability 1 - p, independently for all edges. We also write P,
for this probability measure. We say an edge is p-open (p-closed) if was retained (erased). We say that
a path in the graph is p-open if all of its edges are p-open. For two vertices x, y we write x — y for the
event that there exists a p-open path connecting x and y. For an integer j > 1 we write €; for the jth
largest component of G, (breaking ties arbitrarily) and for a vertex v we write € (v) for the component
in G, containing v.
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For two vertices x, y we denote

Vp(x,y):ZPp(xH u)Pp(u<—> U)Pp(v<—>y). (1.3)

The quantity V,(x, y), known as the triangle diagram, was introduced by Aizenman and Newman [2]
to study critical percolation on high-dimensional infinite lattices. In that setting, the important fea-
ture of an infinite graph G is whether V,_(0,0) < oo. This condition is often referred to as the triangle
condition. In high-dimensions, Hara and Slade [28] proved the triangle condition. It allows to deduce
that numerous critical exponents attain the same values as they do on an infinite regular tree, see e.g.
[9, 2, 39, 41].

When G is a finite graph, V (0, 0) is obviously finite, however, there is still a finite triangle condition
which in turn guarantees that random critical subgraphs of G have the same geometry as random
subgraphs of the complete graph on V vertices, where V denotes the number of vertices in G. That is,
in the finite setting the role of the infinite regular tree is played by the complete graph. Let us make
this heuristic formal.

We always have that V — oo and that A € (0, 1) is a fixed constant. Let p. = p.(A) be defined by

Ep.n|€0)]=AV3, (1.4)

The finite triangle condition is the assumption that V,, 1) (X, ¥) < 1{x=) + do, for some ay = ap(A) suf-
ficiently small. The strong triangle condition, defined in [17, (1.26)], is the statement that there exists
a constant C such that forall p < p.,

Vp(x,3) < ey + C(p)’ 1V + ay, (1.5)

where ay — 0 as m — oo and y(p) = E,|%(0)| denotes the expected cluster size. Throughout this
paper, we will assume that the strong triangle condition holds. In fact, in all examples where the finite
triangle condition is proved to hold, actually the strong triangle condition (1.5) is proved. In [17], (1.5)
is shown to hold for various graphs: the complete graph, the hypercube and high-dimensional tori
Z4. In particular, the next theorem states (1.5) for the hypercube.

Theorem 1.2 ([17]). Consider percolation on the hypercube {0,1}". Then for any A, there exists a con-
stant C = C(A) > 0 such that for any p < p.(A) (as defined in (1.4))

Vp(x,3) < Lix=yy + C(x(P)*/V + 1/ m). (1.6)

As we discuss in Remark 4 below Theorem 1.3, our methodology can be used to yield a simple proof
of Theorem 1.2 without relying on the lace-expansion methods derived in [17]. The main effort in [16]
is to show that under condition (1.5) the phase transition behaves similarly to the one in G(n, p) de-
scribed in the previous section. The main results obtained in [16] are the following:

The critical window. Let G be a finite transitive graph for which (1.5) holds. Then, for p = p.(1 +
o173y,

PA VB <16 <AV =1-047Y).
The subcritical phase. Let G be a finite transitive graph for which (1.5) holds. Let € = o(1) be a non-
negative sequence with £ > V~13 and put p = p.(1 —¢). Then, for all fixed § >0,

P(|61| < (2+8)e ' log(e® V) =1-0(1).
The supercritical phase. Let G be a finite transitive graph for which (1.5) holds. Let € = o(1) be a
non-negative sequence with £ > V=13 and put p = p.(1 +€). Then,

P61 = AcV)=0(A™Y).

Thus, while these results hold in a very general setting, they are incomplete. Most notably, in the
supercritical phase there is no matching lower bound on |%6)]|. So, a priori, it is possible that |4 is
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still of order V23 when p = p.(1 + €) for some € > V~/ and that the scaling window is in fact much
larger than V13, It remains an open problem to show whether (1.5) by itself implies that ||/ (V)
converges in probability to a constant in the supercritical phase.

As we mentioned before, the particular case of the hypercube was addressed in [18]. There the
authors employed some of the result of [16, 17] together with a sprinkling argument to provide a lower
bound of order £2” on |4} | valid only when ¢ = e~ We will rely on the sprinkling method for the
arguments in this paper, so let us briefly expand on it.

1.3. Sprinkling. The sprinkling technique was invented by Ajtai, Komlés and Szemerédi [3] to show
that |6)| = ©(2"") when p = (1 + €)/m for fixed € > 0 and can be described as follows. Fix some small
0 > 0 and write p; = (1+ (1 -0)¢)/m and p» = 0¢/m such that (1 — p;)(1 — p2) = 1— p. Itis clear that
G, is distributed as the union of the edges in two independent copies of G,, and Gp,. The sprin-
kling method consists of two steps. The first step is performed in G,, and uses a branching process
comparison argument together with Azuma-Hoeffding concentration inequality to obtain that whp
at least ¢,2" vertices are contained in connected components of size at least 2" for some small but
fixed constants ¢y, ¢; > 0. In the second step we add the edges of G, (these are the “sprinkled” edges)
and show that they connect many of the clusters of size at least 2" into a giant cluster of size ©(2"").

Let us give some details on how the last step is done. A key tool here is the isoperimetric inequality
for the hypercube stating that two disjoint subsets of the hypercube of size at least c,2""/3 have at
least 2™/ m!% disjoint paths of length C(c;)/m connecting them, for some constant C(c). (The m!%
in the denominator is not sharp, but this is immaterial as long as it is a polynomial in m.) This fact is
used in the following way. Write V' for the set of vertices which are contained in a component of size
at least 29 in G, so that V' = ¢,2™. We say that sprinkling fails when |6,| < ¢,2™/3 in the union
Gp, U Gp,. If sprinkling fails, then we can partition V' = Aw B such that both A and B have cardinality
atleast c,2"/3 and any path of length at most C(c;)/m between them has an edge which is p,-closed.
The number of such partitions is at most 22"129" The probability that a path of length k has a p»-
closed edge is 1 — p§ . Applying the isoperimetric inequality and using that the paths guaranteed to
exist by it are disjoint so that the edges in them are independent, the probability that sprinkling fails
is at most

mjocym O¢ 2M | m100 o(1)m
22 /21 . (1 _ (_)C(CZ)\/E) — e—2(1+ a ) (1.7)
m

which tends to 0.

1.4. Revised sprinkling. The sprinkling argument above is not optimal due to the use of the isoperi-
metric inequality. It is wasteful because it assumes that large percolation clusters can be “worst-case”
sets, that is, sets which saturate the isoperimetric inequality (e.g., two balls of radius m/2—+/m around
two vertices at Hamming distance m). However, it is in fact very improbable for percolation clusters to
be similar to this kind of worst-case sets. Our approach replaces the use the isoperimetric inequality
by proving statements showing that large percolation clusters are “close” to uniform random sets of
similar size. It allows us to deduce that two large clusters share many closed edges with the property
that if we open even one of them, then the two clusters connect. While previously we had paths of
length /m connecting the two clusters, here we will have paths of length precisely 1. The final line of
our proof, replacing (1.7), will be

3
e—GE V(1+o(1)) , (1.8)

226V (kme™) | (1 _be
m

me2V
) <

where k,, is some sequence with k,,, — co very slowly. This tends to 0 since £V — co. Compared with
the logic leading to (1.7), this line is rather suggestive. We will obtain that whp 2eV vertices are in

components of size at least k&2, explaining the 22¢V/(me™ factor in (1.8). The main effort in this
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paper is to justify the second factor showing that for any partition of these vertices into two sets of
size £V, the number of closed edges between them is at least £2mV — the same number of edges one

would expect two uniform random sets of size €V to have between them. Therefore, given a partition,
2

- . 11 . .. ge\MEV

the probability that sprinkling fails for it is bounded by (1 — m‘g)

1.5. The general theorem. Our methods use relatively simple geometric properties of the hypercube
and apply to a larger set of underlying graphs. We present this general setting that the majority of the
paper assumes and briefly discuss some other cases for which our main theorem holds aside from
the hypercube. We remark that the impatient reader may proceed assuming the underlying graph is
always the hypercube {0, 1}’ — we have set up the notation to support this since the hypercube, in
some sense, is our most “difficult” example.

The geometric conditions of our underlying graphs will be stated in terms of random walks. The
main advantage of this approach is that these conditions are relatively easy to verify. Let G be a finite
transitive graph on V vertices and degree m. Consider the non-backtracking random walk on it (this
is just a simple random walk not allowed to traverse back on the edge it just came from, see Section
3.4 for a precise definition). For any two vertices x, y, we put p’(x, y) for the probability that the walk
started at x visits y at time ¢. For any ¢ > 0, we write Thix(¢) for the ¢-uniform mixing time of the walk,
that is,
pt(x, y) +pt+l(x,y)

2
Theorem 1.3. Let G be a transitive graph on V vertices with degree m and define p. as in (1.1) with A =

1/10. Assume that there exists a sequence ay = o(1) with ay = 1/m such that if we put my = Tnix(avy),
then the following conditions hold:

T (©) :min{t: max < (1+£)V'1}.

(1) m—ooasV — oo,
@) [pc(m—-1)]" =1+ O(ay),
(3) Forany vertices x, y,

my
Y Y p"rwp?u,v)ptv,y) = Olay/logV).

u,v t,t,t3=0
h+h+t3=3

Then,
(a) the finite triangle condition (1.5) holds (and hence the results in [16] described in Section 1.2

hold),
(b) for any sequence € = €, satisfying e, > V=13 and e,, = o(my"),

€ €
‘Gl v, E[€(0)] = (4 + 0(1))e2,V, Feol e,

— 0.
2e,V eEmV

Remark 1. In the case of the hypercube {0, 1}"" we will take ay = m1 log m and verify the conditions
of Theorem 1.3. This is done in Section 7. Although the behavior of random walk on the hyper-
cube is well understood, we were not able to find an estimate on the uniform mixing time yielding
Tmix(m~'log m) = ®(mlog m) in the literature. To show this we use the recent paper of Fitzner and the
first author [25] in which the non-backtracking walk transition matrix on the hypercube is analyzed.
We use this result in Lemma 7.1 to verify condition (3) and condition (2) follows directly from (1.2)
(though condition (2) can be verified by elementary means without using (1.2), see Remark 4).

Remark 2. Note that part (b) of Theorem 1.3 only applies when ¢, = o(mal) and not for any €, = 0(1).
Thus, for a complete proof of Theorem 1.1, we also require a separate argument dealing with the
regime €, = cm, ! _in the case of the hypercube and other graphs mentioned in this paper, this is a
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much easier regime in which previous techniques based on sprinkling and isoperimetric inequalities
are effective.

Remark 3. Random walk conditions for percolation on finite graphs were first given by the sec-
ond author in [46]. The significant difference between the two approaches is that in [46] the con-
dition requires controlling the random walk behavior for a period of time which is as long as the
critical cluster diameter, that is, V'/3. The outcome is that the results of [46] only apply when p. =
(1+O(V~3))/(m - 1) and hence do not apply in the case of the hypercube. Here we are only inter-
ested in the behavior of the random walk up to the mixing time, even though that typical percolation
paths are much longer. The reason for this is that it turns out that it is enough to randomize the begin-
ning of a percolation path in order to obtain that the end point is uniformly distributed, see Section
2.4. Another difference is that the results in [46] only show that |6} | = ceV for some ¢ > 0 and do not
give the precise asymptotic value of || as we do here.

Remark 4. Our approach also enables us to give a simple proof for the fact that the finite triangle
condition (Theorem 1.2) holds for the hypercube without using the lace expansion as in [17], and is
performed in [33]. Our proof of this fact relies on the estimate p, =1/(m—-1)+ O(m™3) (which is much
weaker than (1.2) but also much easier to prove) and on the argument presented in Section 2.4. In
fact, in the current paper we only rely on this easy estimate for p. so our main result here, Theorem
1.1, is in fact self-contained and does not rely at any time on results obtained via the lace expansion
in [17] (we do use arguments of [16] which rely on the triangle condition). We refer to [33] for a more
extensive discussion on this subject.

In many cases, verifying the conditions of Theorem 1.3 is done using known methods from the
theory of percolation and random walks (note that condition (2) involves both a random walk and
a percolation estimate). We illustrate how to perform this in Section 7 in the case of the hypercube
(thus proving Theorem 1.1) and for expander families of high degree and high girth (see [36] for an
introduction to expanders). This is a class of graphs that contains various examples such as Payley
graphs (see e.g. [21]), products K¢ of complete graphs and many others. Percolation on products
of complete graphs were studied in [31, 32, 46] in the cases d = 2,3; our expander theorem allows
us to provide a complete description of the phase transition in any fixed dimension d, answering a
question posed in [31]. Recall that a sequence of graphs G, is called an expander family if there exists
a constant ¢ > 0 such that the second largest eigenvalue of the transition matrix of the simple random
walk is at most 1 — ¢ (the largest eigenvalue is 1). Also, the girth of a graph is the length of the shortest
cycle. It is a classical fact that on expanders Tmix(V™H = O(logV), where V is the number of vertices
of the graph, see e.g. [5, below (19)].

Theorem 1.4. Let G,, be a transitive family of expanders with degree m — oo and V vertices. Assume
that m = clogV and that the girth of G is at least clog,,_, V for some fixed c > 0. Then the conditions
of Theorem 1.3 hold and hence the conclusions of that theorem hold.

For products K¢ of complete graphs, the girth equals 3, V = n¢ and m = d(n — 1), so that the girth
assumption is satisfied for ¢ < 3(1 — o(1))/d and n sufficiently large. Theorem 1.3 applies to other
examples of graphs, not included in the last theorem, for example, products of complete graphs K,ff
where d may depend on 7 (as long as n + d — co) and finite tori Z% but only when d = d(n) grows at
some rate with n. We omit the details since they are rather similar. We emphasize, however, that there
are important examples which our methods are insufficient to solve. Most prominently are bounded
degree expanders with low girth (the case of girth > (2/3 + €)log,,,_, (n) was solved in [46]) and finite
tori Zﬁ where d is large but fixed. It seems that new ideas are required to study percolation on these
graphs, see Section 8.
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1.6. Organization. This paper is organized as follows. In Section 2 we give an overview of our proof,
stating the main results upon which the proof is based. In Section 3 we prove several estimates on
the number of vertices satisfying various properties, such as having large clusters, or surviving up to
great depth. We further prove detailed estimates on connection probabilities. In Section 4 we prove
expected volume estimates both in the critical and supercritical regimes. In Section 5 we prove an
intrinsic-metric regularity theorem, showing that most vertices that survive long and have a large
cluster size have neighborhoods that are sufficiently regular. See Section 2 for an explanation on how
the estimates of Sections 4 and 5 are used in the proof. In Section 6 we show that most large clusters
have many closed edges between them, which is the main result in our proof. In Section 7 we perform
the improved sprinkling argument as indicated in Section 1.4, and complete the proof of Theorem
1.1. In Section 8 we discuss several open problems. We close the paper with Appendix A where we
sharpen the arguments in [9] and [17] to obtain the asymptotics of the supercritical cluster tail.
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2. OVERVIEW OF THE PROOF

In this section we give an overview of the key steps in our proof. Throughout the rest of the paper
we assume that € = ¢, is a sequence such that € = o(1) but £3V — oo.

2.1. Notations and tools. Let G be a transitive graph and recall that G, is obtained from G by inde-
pendently retaining each edge with probability p. Recall that x — y denotes that there exists a p-open
path connecting x and y. We write dg, (x, y) for the length of a shortest p-open path between x, y and
put dg,(x,y) = oo if x is not connected to y in G,. We write x Sy if dg,(x,y) < r, we write x =y
if dg,(x,y) =r and x @bh) yifdg,(x,y) € [a, D]. Further, we write x Plab] y when there exists an open
path of length in [a, b] between x and y (not necessarily a shortest path). The event {x @) y} is not

. . . . Pla,b . . . .
increasing with respect to adding edges, but the event {x Pa.b] y} is, which often makes it easier to deal
with. Whenever the sign < appears it will be clear what p is and we will drop it from the notation.
The intrinsic metric ball of radius r around x and its boundary are defined by

BS(N={y:dg,(x,y) <1},  0BY(r)={y: dg,(x,y)=r}.

Note that these are random sets of the graph and not the balls in shortest path metric of the graph
G. We often drop the G from the above notation and write B, (r) when it is clear what the underlying
graph G is. We also denote

BS(la, b)) = {y: x % y}.
Our graphs always contain a marked vertex that we call the origin and denote by 0. In the case of the
hypercube this is taken to be the all 0 vector. We often drop 0 from notation and write B(r) for By(r)
whenever possible.

We now define the intrinsic metric one-arm event. This was introduced in [48] to study the mixing
time of critical G(n, p) clusters and was very useful in the context of high-dimensional percolation in
[39]. Define the event

HE(r) = {0B5 () # ¢},
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for any integer r = 0 and
I'(r) = sup P(H (1)), .1
G'cG
where the supremum is over all subgraphs G’ of G. The reason for the somewhat unnatural definition
of I' above is the fact that the event (’)BOG (r) # @ is not monotone with respect to the addition of edges.
Indeed, turning an edge from closed to open may shorten a shortest path rendering the configuration
such that the event OBOG (r) # @ no longer occurs. This non-monotonicity problem is arising whenever
one conditions on Bg (r) and would like to estimate the probability that some v € 0BOG (r) survives an
additional ¢ generations, that is, that 0BS (¢) # @ off of BY (r). A priori, the survival probability may be
much larger on the subgraph G\ Bg (r); the next theorem shows this is not the case.
The following theorem studies the survival probability and expected ball sizes at p., and is the finite
graph analogue of a theorem of Kozma and the second author [39]. The proof is almost identical to
the one in [39] and is stated explicitly in [30, 40].

Theorem 2.1 (Volume and survival probability [39]). Let G be a finite transitive graph on V vertices
such that the finite triangle condition (1.5) holds, and consider percolation on G at p = p.(A) with any
A > 0. Then there exists a constant C = C(A) > 0 such that for any r >0,

(1) E|B(r)|<Cr, and

2)I'(r)=sClr.

We often need to consider percolation performed at different values of p. We write P, and E,, for the
probability distribution and the corresponding expectation operator with parameter p when neces-
sary. Furthermore, we sometimes need to consider percolation configurations at different p’s on the
same probability space. This is a standard procedure called the simultaneous coupling and it works
as follows. For each edge e of our graph G, we draw an independent uniform random variable U (e)
in [0,1]. We say that the edge e receives the value U(e). For any p € [0, 1], the set of p-open edges is
distributed precisely as {e: U(e) < p}. In this way, G, < G, with probability 1 whenever p; < p».

2.2. Tails of the supercritical cluster size. We start by describing the tail of the cluster size in the
supercritical regime. Note that the following theorem requires only the finite triangle condition, and
not the stronger assumptions of Theorem 1.3 and so the restriction € = o(m;!) is not needed.

Theorem 2.2 (Bounds on the cluster tail). Let G be a finite transitive graph of degree m on V vertices
such that the finite triangle condition (1.5) holds and put p = p.(1 + €) wheree = o(1) and € > V=13,
Then, for any k satisfying k > =2

P(%6(0)] = k) <2¢(1+0(e+ V) + (k) + ay), (2.2)
and, for the sequence ko = e 2(3V)e forany a € (0,1/3), there exists a c = c(a) > 0 such that
P(€(0)| = ko) = 2¢(1+ O + (3 V) “ +ay)). (2.3)

Theorem 2.2 is reminiscent of the fact that a branching process with Poisson progeny distribution
of mean 1+ ¢ has survival probability of 2e(1 + O(¢)) when € = o(1). Upper and lower bounds of order €
for the cluster tail were proved already in [17] using Barsky and Aizenman’s differential inequalities [9].
However, to get the precise constant 2 we need to sharpen these differential inequalities and handle
some error terms in them that were neglected in the past. This derivation and the proof of Theorem
2.2 are presented in Appendix A. Its proof is entirely self-contained.

Let Z., denote the number of vertices with cluster size at least k, i.e.,

Zo = |{v: €)= k}|. 2.4)

We use Theorem 2.2 to show that Z., , with kg as in the theorem, is concentrated. This advances us
towards the first factor on the left hand side of (1.8).
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Lemma 2.3 (Concentration of Z. ). In the setting of Theorem 2.2, if m — oo, then
szo P
2eV

L,

and
E|€(0)| < (4 + 0(1)e*V.

2.3. Many boundary edges between large clusters. The factor (1 - g—nj)mgzv in (1.8) suggests that af-

ter partitioning the large clusters into two sets of order €V vertices, as we did before, the number of
closed edges connecting them is of order me? V. This is the content of Theorem 2.4 below which is the
main effort of this paper. It is rather intuitive if one believes that large clusters are uniform random
sets. Indeed, let v be a vertex in one of the sets of the partition. It has degree m and hence we expect
me of these neighbors to belong to the second set of the partition. Summing over all vertices v we
obtain of the order e2mV edges. Making this a precise statement requires some details which we now
provide.

We work under the general assumptions of Theorem 1.3. In particular, we are given sequences
€m,ay such that both are o(1) and £?nv — oo and ay = 1/m. Without loss of generality we assume
that

ay = (3 V)12, (2.5)
otherwise we replace the original ay by (8‘?” V)12, and note that in both cases ay = o(1) and satisfies

ay =1/m.
Let us start by introducing some notation. For vertices x, y and radii jy, j,, we define the event

A (%, Y, jxr jy) = 10B(jx) # 8,08, (j,) # ® and By(j) N By(j;) = ) 2.6)

Intuitively, if </ (x, y, jx, jy) occurs for j, and j, sufficiently large, then x and y are both in the gi-
ant component. The event </ (x, , jx, j;) plays a central role throughout our paper. We continue by
choosing some parameters. The role of each will become clear later. We put

M=M, = logloglog(53V A a‘_,l Aemg)™ and F=rp,=Myuel. 2.7

Note that M}, — oo in our setting. We choose r( by
g 3
ro= Tlog(avs V). (2.8)

In Corollary 4.6 we prove that E|B(j)| = O(¢ ' (1 +¢)/) as long as j < e '[log(e®V) — 4loglog(e® V)] —
the same asymptotics as in a Poisson (1 + €) branching process (though in the branching process the
estimate is valid for all j). This implies that E|B(ry)| = @(\/ave V), a fact that we use throughout the
paper, but we do not use this right now.

For vertices x, y we define

Sorery (5 1) = {1, ) € EG) : (x =D oy 0y,

|Bu(2r +10)| - | By (21 + 10)| < e**Me2(EI B(r0) )?}|.
The edges counted in Sz, (x, y) are the ones that will be used in the sprinkling. Informally, a pair of

vertices (x, y) is good when their clusters are large and S, (x, y) is large, so that their clusters have
many bonds between them. We make this quantitative in the following definition:

Definition 2.1 ((r, r9)-good pairs). We say that x, y are (r, ro)-good if all of the following occur:
(1) A (x,y,2r,2r),
() 160 2 (V) e and |6 (y)| = (£7V) e 72,
(3) Sor4r,(x,¥) = log M) "'V me2(E|IB(ro))?.
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Write Py, for the number of (r, ry) -good pairs.

Theorem 2.4 (Most large clusters share many boundary edges). Let G be a graph on V vertices and
degree m satisfying the assumptions in Theorem 1.3. Assume that € = €, satisfies

em>V1®  and g, =o0(myh), (2.9)
as in part (b) of Theorem 1.3. Take M and r = Me Y asin (2.7), and ro as in (2.8). Then,

Pr,ro P

—s 1
(2eV)?

In light of Theorem 2.2, we expect that the number of pairs of vertices (x, y) with |6 (x)| = (€3 V)42
and |6 ()] = (3V)*£72 is close to (2eV)?. Theorem 2.4 shows that the majority of these pairs have
clusters that share many edges between them. This allows us to proceed with the sprinkling argument
leading to (1.8) and we perform this in Section 7.1 leading to the proof of Theorem 1.3. Since the latter
proof assumes only Theorem 2.4, the curious reader may skip now to Section 7.1 to see how this is

done.

2.4. Uniform connection bounds and the role of the random walk. We briefly expand here on one
of our most useful percolation inequalities and its connection with random walks. In the analysis
of the Erd6s-Rényi random graph G(n, p) symmetry plays a special role. One instance of this sym-
metry is that the function f(x) = P(0 < x) is constant whenever x # 0 and its value is precisely
(V-1)"Y(E|€(0)| - 1), and 1 when x = 0. Such a statement clearly does not hold on the hypercube
at p.: the probability that two neighbors are connected is at least m ™! (recall (1.2)) and the probabil-
ity that 0 is connected to one of the vertices in the barycenter of the cube is at most /m2~"E|€ (0)|
by symmetry.

A key observation in our proof is that one can recover this symmetry as long as we require the
connecting paths to be longer than the mixing time of the random walk. A precise statement is that
percolation at p. on any graph G satisfying the assumptions of Theorem 1.3,

PO 7 i) < (1+o(1))@, (2.10)

where my is uniform mixing time, as defined in Theorem 1.3. This is the content of Lemma 3.13 (or
rather by taking r — oo in the lemma). In addition to allowing us to estimate difficult sums such as
V,(0,0) in (1.3) (see Section 3.6) and other similar quantities, this estimate also plays a key role in the
high level idea of the proof, as we now explain.

2.5. Sketch of proof of Theorem 2.4. The difficulty in Theorem 2.4 is the requirement (3) in Defini-
tion 2.1. Indeed, conditioned on survival (that is, on the event <« (x, y,2r,2r)), the random variable
Sar+1,(x, y) is not concentrated and hence it is hard to prove that it is large with high probability. In
fact, even the variable | B(rg)| is not concentrated. This is not a surprising fact: the number of descen-
dants at generation n of a branching process with mean p > 1 divided by p” converges as n — oo to a
non-trivial random variable. Intuitively, this non-concentration occurs because the first generations
of the process have a strong and lasting effect on the future of the population.

In order to counteract this, we condition on the event </ (x, y, r, r) and on the entire balls B, (r) and
By (r) including all the open and closed edges touching them (during the actual proof we will use
some other radii jy, j, between r and 2r but this is a technical matter). We will prove that given this
conditioning the variable S, ,,, (x, y) is concentrated around the value

|0Bx(1)10B, (NIV " m(EIB(ro)))?, 2.11)

and that [0B(r)||0By(r)| = €2 with high probability, yielding that requirement (3) in Definition 2.1
occurs with high probability conditioned on the event above. Our choice of ry in (2.8) is made in such
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a way that the above quantity is large (however, later we will see that ry cannot be too large). Let us
elaborate on the estimate (2.11). Assume that By(r) = Aand By (r) = B and write P4 g and E4 p for the
conditional probability and expectation given B.(r) = Aand By(r) = B. We have

EagSrin ()= Y. Y Pagla<>uwoib>uy,
ac0A,bedB (u,u')

where we did not write equality because a) we ignored the second condition in the definition of
Sr+ry(X,¥) on |B,(2r + 19)| - | B,y (21 + 19)|, and b) some edges (u, u') may be over-counted in the sum,
and c) we have neglected to count the closed edges (u, u’) that connect A and B (that is, occurring
in height smaller than r). However, it turns out that all of these contributions are small compared to
(2.11). It is a standard matter by now to use the triangle condition in order to obtain that for most
edges (u, u')

Prp(fa<> uotb>u)=Pypla> wPapbu),

so in order to proceed we need a good lower bound on P4 g(a SR u). The uniform connection bounds,
that is Lemma 3.13 or (2.10), immediately gives that P(a L w) = 1-0()VIE|B(rg)| for mostvertices

u (since ) ,P(a L u) =[E|B(rp)]). Had we had the same estimate for P4 p(a L u), the lower bound on
the conditional first moment required to prove the estimate (2.11) would follow immediately. How-

ever, the probability P4 g(a 2w may heavily depend on the sets A and B.

To that aim, in Section 5 we present an intrinsic metric regularity theorem, similar in spirit to the
extrinsic metric regularity theorem presented in [41]. Roughly, it states that for most sets A (more
precisely, the weight of sets not having this is o(¢)) for which B, (r) = A satisfies 0B« (r) # @, we have
that most vertices a € 0 A satisfy

Y Pala ™ w=(1-00)E B,
u

where P4 is the conditional probability given B,(r) = A. Thus, the expected size of the “future” of
most vertices on the boundary is not affected by the conditioning on a typical “past”.

At this point comes another crucial application of the uniform connection bounds as in (2.10). In-
deed, even if the expected “future” of a vertex has the same asymptotics with or without conditioning,
we cannot a priori rule out the possibility that this conditional “future” concentrates on a small re-
mote portion of the underlying graph G — this can potentially violate the concentration around the
value in (2.11). However, our uniform connection bounds stated in Lemma 3.13 are robust enough
to deal with conditioning and immediately imply that P4(a 2wy = (1- 0(1))VIE|B(rg)| for most a
in 0A and for most vertices u. In other words, not only did the conditioning not influence the size
of the “future”, it also left its distribution approximately unaltered. These considerations allow us to
give a lower bound of (2.11) on the conditional expectation. This and the conditional second moment
calculation required to show concentration are performed in Section 6.

3. PRELIMINARIES

In this section we provide some preliminary results that we will use. These involve various expecta-
tions and probabilities related to the random variable |0B(r)| in Section 3.2 and 3.3, non-backtracking
random walks in Section 3.4 and its relation to uniform bounds for connection probabilities in Sec-
tion 3.5. In Section 3.6 we use these results to prove part (a) of Theorem 1.3. Finally, in Section 3.7
we bound triangle and square diagrams. The results in this section do notrely on the assumptions of
Theorem 1.3 but sometimes we do assume the finite triangle condition (1.5).
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3.1. The “off” method and BK-Reimer inequality. We will frequently handle the events 0B(r) # @

and x — y. These events are non-monotone with respect to adding edges; indeed, adding an edge
may shorten a shortest path and prevent the events from holding. This non-monotonicity is a techni-
cal difficulty which unfortunately manifests itself in many of the arguments in this paper. Our main
tools to deal with this problem are the BK-Reimer inequality [12, 52] and the notion of events occur-
ring “off” a set of vertices. For the BK-Reimer inequality we use the formulation in [20].

For a subset of vertices A, we say that an event .# occurs off A, intuitively, if it occurs in G, \ A.
Formally, for a percolation configuration w, we write w4 for the configuration obtained from w by
turning all the edges touching A to closed. The event “.# occurs off A” is defined to be {w: w4 € 4}.
We also frequently write Py 4 to denote the measure Py 4(4) = P, (A off A). Equivalently, Posr 4
can be thought of as a percolation measure in which all edges touching A are closed with probability
1 and the rest are distributed independently as before. We often drop p from the notation when it
is clear what p is. This framework also allows us to address the case when A = A(w) is a random set
measurable with respect to G, (the most prominent example is A = By(r)). In this case, the event
{4 occurs off A(w)} is defined to be

{ occurs off A(w)} ={w: waw) € A} .

Let us review an example occurring frequently in our arguments in which ./ is an arbitrary event
and A = B,(s). In this case,

P( off By(s)) = ZP(Bx(s) = A)P(A off A), (3.1
A

where we have used the fact that
P( 4 off B,(s) | Bx(s) = A) = P( off A),

since the events do not depend on edges touching A in both sides of the equation, and the marginal
of the two distributions on the edges not touching A is the same product measure. In terms of this
notation, for a subset of vertices A, we define

BI(r; A)=1y: dg,(x,y)<roff A}, 0B (r;A)=1y: dg,(x,y) =r off A}

to be the intrinsic ball off A, and its boundary. We finally say that .# occurs only on Aif ./ occurs but
A off A does not occur. We frequently rely on the following inclusion:

Claim 3.1. For any event ./ and any subset of vertices Ac V,
MN\{ M only on A} c {4 off A}.
Proof. By definition of “.# only on A” the event on the left hand side equals
Ml Ui off AL}
From this, it is easy to see that this event implies .# off A. U

Remark. Equality in Claim 3.1 does not hold (unless the right hand side is replaced by .4 n{.# off A}).
This can easily be seen by taking a non-monotone event, say 0B (r) # @.

The following lemmas are inequalities valid for any graph G and any p.
Lemma 3.2 (Disjoint survival). For any graph G, p € [0,1], vertices x, y, z and integersr, s,

P(0Bx(r) # 3,0By(s) # @, Bx(r) N By (s) = @) < P(0Bx(r) # ) glcagipoffA(aBy(s) 7 0).
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Proof. We condition on By (r) = A such that A satisfies 0B, (r) # @ and P(B(r) = A) > 0. The left hand
side is at most

Y. P(Bx(r)= AP(0B,(s) # ¢ off A),
A: 0Bx(n)#o

asin (3.1). The lemma now follows. ]

Lemma 3.3. For any graph G, p € [0,1], vertices u, v and integersr,¢ >0,

j— r — —_— —
P05 uand0 % v) < Y. Y PO ) S U)I}la&(PoffA(Z‘_r—’t u).
z t=0 <

Proof. We claim that if 0 = uando - v, then there exist z € V and t < r such that the two following
events occur disjointly

(a) There exists a shortest open path i of length r between 0 and u such that n(¢) = z, and
(b) There exist an open path between z and ¢ of length at most ¢.

Indeed, if the event occurs, let ) be the lexicographical first shortest path of length r between 0 and
u and let y be an open path of length at most ¢ between 0 and v. We take z to be the last vertex on y
which belongs to n and put ¢ such that n(¢) = z. The witness for the first event is the set of open edges
of n together with all the closed edges in G, (the closed edges determine that 7 is a shortest path)
and the second witness is the edges of y from z to v. These are disjoint witnesses so we may use the
BK-Reimer inequality and bound

PO uand0% s ¥ P(@)Pz ).

zeV, t<r
To bound P((a)) we condition on By () = A such that A satisfies 0 = Z, SO

P(@)= Y PBy(r) = AP(z == uoff A),
A:0<=—t>z
and the lemma follows. O

3.2. Survival probabilities. In this section, we prove Lemma 2.3 and a few other useful estimates of
a similar nature. In the rest of this section we only rely on the finite triangle condition (1.5), Theo-
rem 2.1 and Theorem 2.2 (both of which follow from the triangle condition, as shown in [39] and the
Appendix).

Lemma 3.4 (Relating connection probabilities for different p's). Let py, p» € [0,1] satisfy p1 < p2 and
let r > 0 be integer. The following bounds hold for any graph G and vertex v:

(1) P, (0B, (r) # @) < (%)rppl (0B, (1) # ®),
1

(2) E,, 0B, (r)| < (%)rmpley(m.

Proof. We recall the standard simultaneous coupling between percolation measure at different p’s
discussed in Section 2.1. Order all the paths in G of length r starting at v lexicographically. Write «
for the event that 0B,(r) # @ in G, and that the lexicographical first p>-open shortest path of length
r starting at v is in fact p;-open. We claim that

p1y’ .

P(of) = (p—) P(OB,(r) # ®in G,). (3.2)
2

Indeed, conditioned on the edges of G, the value U (e) of each edge in G, is distributed uniformly on

the interval [0, p2]. Hence, the probability of the first shortest path being p;-open in this conditioning
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is precisely (p1/p2)", which proves (3.2). To see (1), note that if the first p,-open shortest path is p;-
open, then it is a shortest path of length r in G, so that o/ implies that dB,(r) # @ in G,, whence

P, (0B,(r) # @) = (%)rppz (0By(r) # 2).
2

The proof of (2) is similar and we omit the details. U

Corollary 3.5 (Correlation length is 1/¢). Let G be a transitive finite graph for which (1.5) holds and put
p = pc.(1+¢). The following bounds hold for any subset of vertices A and any vertex v and any integer
r:

(1) Pofr 4(0B,(e™) # @) = Ote), and
2) EIB,(r; A)|=0(r(1+¢&)").

Proof. The result is immediate by combining Lemma 3.4 and Theorem 2.1. U
Remark. In Section 4 we will show a sharp estimate replacing (2) in the above corollary.

Lemma 3.6 (Supercritical survival probability). Let G be a transitive finite graph for which (1.5) holds
and put p = p.(1+¢€). Then, for any M — oo and any subset of vertices A,

Poit AOB(Me™) # @) < 2+ 0(1))e,
and, for any M < loglog(e3V) such that M — oo,
POB(Me ') # @)= (2-o0(1))e.
Proof. To prove the upper bound we write
Poit AOB(Me ) # @) = Por a0B(Me™") # 8,14 (0)| > VMe™?)
+Poi AOB(Me ™) # 9, |6(0)| = VMe ™).

The first term on the right hand side is at most (2 + o(1))e by Theorem 2.2 — note that we used the
fact that the event |6 (0)| = k is monotone so Pys 4 (|6 (0)| = k) < P(|6(0)| = k). It remains to show that
the second term is o(¢). Indeed, if this event occurs, then there exists a radius j € [M. €1/3,2Me™1/3]
such that
0<0B(j;A) <3M ?¢ Land 0B(Me L, A) # @.
Let J be the first level satisfying this. By Corollary 3.5 and the union bound
Post 4(3 y € 0B(J; A) with B, (Me ™1 /3; A) # @ off BU; A) | BU; A)) < CeldB(J; A)l = O(M~'3).

Corollary 3.5 also shows that Py 4 (0B(M. € 1/3) # @)= 0(¢), so putting this together gives

Pt aOB(Me™) # @, 1€ (x)| = VMe ) = 0(M %), (3.3)

concluding the proof of the upper bound. For the lower bound, take ky = e2(e3V)? for some fixed
a € (0,1/3). We have

P(OB(Ms_l) Q) = P(@B(M&‘_l) # @ and |6 (0)| = ko)
= P(6(0)| = ko) —P(I€(0)| = ko and 0B(Me™") = ),

so by Theorem 2.2 it suffices to bound the last term on the right hand side from above. Indeed, by
Markov’s inequality and Corollary 3.5,

P(|€(0)| = ko and 0B(Me™ ') = @) < P(IB(Me ™ 1)| = k) (3.4)
CMeMe™1
S -
ko
since M <loglog(e3V). O

= 0(5(53 V) *log(e® V)) = o(e),
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We proceed with preparations towards the proof of Lemma 2.3. For an integer r > 0, we write N,
for the random variable

N; = |{x: 0B (r) # B}|.
We think of 1/¢ as the correlation length, see [27]. In other words, when r > 1/¢, then the vertices
contributing to N, should be those in the giant component.

Lemma 3.7 (N, is concentrated). Let G, be a sequence of transitive finite graphs with degree m for
which (1.5) holds and m — oco. Put p = p.(1 +¢€), then for any r > 1/¢ satisfying r < e 'loglog(e3V),
Nr ;P)
2eV '
Proof. We use a second moment method on N;. Lemma 3.6 and our assumption on r shows that

EN, =2+0(1))eV.

The second moment is
EN? =Y P(0By(r) # @ and 0B,(r) # @).
X,y
We have
P(OBy(r)# @ and 0By (r) #@) < P(OB«(r) # @ and 0By (r) # @, Bx(r) N By (r) = @)
+P(x < y).

We sum the first term on the right hand side using Lemmas 3.2 and 3.6 and the second term using
Corollary 3.5. We get that

EN? < (4+0(1)e*V2+0(Vr(1+€)?) = 1+ 0(1)[EN,],

since Vr (1 +¢£)?" = 0(¢2V?) by our assumption on r and since €3V — co. The assertion of the lemma
now follows by Chebychev’s inequality. 0

Proof of Lemma 2.3. Take M = M,,, and r as in (2.7) and write

Zeiy =Ny +[{x: 0B(r) = 8,16 x)| = ko}| — |{x: 0Bx(r) # @,16 (0)] < ko}|.

By Lemma 3.7, N,/ (2eV) LN 1, so it suffices to show that the expectation of both remaining terms is
o(eV). The expectation of the first term is

VP(x: 0Bx(r) = @,16 (v)| = ko) = 0(eV), (3.5)
by (3.4). The expectation of the second term now must be o(eV) since both N; and Z.,, have mean

(2+0(1))eV by Theorem 2.2 and Lemma 3.6. This shows that Z.,/(2eV) %, 1 as stated in Lemma 2.3.
To prove the upper bound on E|6 (0)| we write

EI€(0) =Y PO~y =Y PO~ y)+ T PO2 ).
y v 7

By Corollary 3.5,
Y P02 ) =EIB@n)| < Ce ' log (€% V) = 0(?V), (3.6)
y

. 2r,
since 3V > 1. If 0 (2r.00) ¥, then the event

{0Bo(r) # 8,0By(r) # 3, Bo(r) N By(r) = ¢},

occurs. Hence Lemmas 3.2 and 3.6 give that P(0 21.0) ) < (4 + 0(1))e? and summing this over y gives

the required upper bound on E|€6(0)|. U
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3.3. Disjointsurvival probabilities. In this section we show that for most pairs x, y the event «/(x, y,1,1)
occurs with probability asymptotic to 4¢2. The point is that r is chosen such that r > ¢!, where ! is
the correlation length, but r <« £~ !log(¢3V) which is the order of the diameter of €; (we do not prove

the estimate on the diameter here, but it can be obtained using the techniques of this paper).

Lemma 3.8 (Number of pairs surviving disjointly). Let G, be a sequence of transitive finite graphs
with degree m for which (1.5) holds and m — co. Put p = p.(1+¢), then for any r > ¢! satisfying
r<e’! loglog(e3 V)

|{x,y: oA (X, ¥,1,71) occurs}| P

(2eV)?

Proof. Define
N? = |{x,y: A (X, ¥,1,7T) occurs}|.
Then,
N?—|ix,y: x ¥} <N®<N?,

and El{x, y: x z ¥} = 0(2V?) as we did in (3.6). The result now follows by Markov’s inequality and
Lemma 3.7. U

Lemma 3.9 (Most pairs have almost independent disjoint survival probabilities). Let G,, be a sequence
of transitive finite graphs with degree m for which (1.5) holds and m — oco. Put p = p.(1 +¢€). Then, for
any jx, jy < € 'logloge®V such that jy, j, > €', there exist at least (1 — 0(1))V? pairs of vertices x, y
such that

P(A (X, Y, jx jy) = (1 +0(1)4e>.

Proof. The upper bound P(</ (X, J, jx, jx)) < (1 + 0(1))4&? follows immediately from Lemmas 3.2 and
3.6 and is valid for all pairs x, y. We turn to showing the corresponding lower bound. First, the in-
equality E[N?] = (EN,)? can be written as

Y P(0B.(r) # ® and 8B, (r) # ) = V*P(OB(r) # ©)*.

Xy
We take r = £ 'logloge3 V. Since P(0By(j) # @) is decreasing in j, by Lemma 3.6 and our assumption
on jy and j, we get

Y P(@B,(jx) # @ and 0B, (j,) # @) = (4 — o(1)) VZ&>.

X,y
Secondly, Corollary 3.5 implies that

Y PxZ y) = VEIB@NI < CVr(1+6)% = 0(e2V?),
Xy

by our choice of r and since €3V — oo. Since
(%, Y, jr jy) € 0By (jx) # 8,0By(jy) # 8} \ {x 5y},

we deduce that

Y P(A(x, Y, jx, jy) = 4—0(1)e*V?,
Xy
and since the upper bound was valid for all x, y, the lemma follows. U

Lemma 3.10. Let G,, be a sequence of transitive finite graphs with degree m for which (1.5) holds and
m — oo. Put p = p.(1+¢). Then forany r < e 'logloge3V such thatr > ¢~ we have

Hx,y: o (x,y,1,1)and |6 (x)| < (£3V)1/4£_2H
(V)2

P

— 0.
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Proof. By Lemma 3.7, the assertion follows from the statement that
[{x: 0B, (r) # @ and |6 (x)| < (2 V) *e™2}|/(eV) — 0.

To show this, note that

Cr(l+&)" 3

P(0B,(r) = ¢ and |6 (x)| = (€2 V) e72) < P(IB. (1] = (3 V)/*e7%) < L=

o(g).

Hence, by Theorem 2.2,
P(OB,(r) # @ and [€(x)| = (V)73 = 2 - 0(1))e.
Together with Lemma 3.6, this yields that
P(0B,(r) # ¢ and [€(x)| = (*V)e7?) = 0(e),

concluding our proof. U

3.4. Using the non-backtracking random walk. In the rest of this section we provide several basic
percolation estimates which we use throughout the paper. These include bounds on long and short
connection probabilities and bounds on various triangle and square diagrams. It is here that we make
crucial use of the geometry of the graph and the behavior of the random walk on it, namely, the as-
sumptions of Theorem 1.3. We frequently use non-backtracking random walk estimates. This walk is
a simple random walk on a graph that is not allowed to traverse back on an edge it has just walked on.
Let us first define it formally.

The non-backtracking random walk on an undirected graph G = (V, E), starting from a vertex x € V,
is a Markov chain {X;} with transition matrix P* on the state space of directed edges

—

E= {(x,y): x, 7} eE}.
If X; = (x, y), then we write X;” = x and X;” = y. Also, for notational convenience, we write
Pow () =P*( 1 Xo=(x,w)), and p'(x,y)=P* (X" =y).

The non-backtracking walk starting from a vertex x has initial state given by

1

o 3 o
P (Xo = (x,y)) = 1{(x,y)€E} deg(x)’

and transition probabilities given by

1

Pu,y(X:=(w)) = 1{(v,u/)€7::.w;év}m’
where we write deg(x) for the degree of x in G. The following lemma will be useful.

Lemma 3.11. Let G be a regular graph of degree m. Then, for t =0,

1
Y p'0,wp'(u,2)=p"*(0,2)+ ——p'(0,2),
u m-—1

with the convention thatp~1(0,z) = 0.

Proof. The claim follows by conditioning on whether the first step of the NBW counted in p’(u, z) is
equal to (u,0) or not. We omit further details. U
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3.5. Uniform upper bounds on long connection probabilities. In this section we show thatlong per-
colation paths are asymptotically equally likely to end at any vertex in G.

Lemma 3.12. Let G be a graph satisfying the assumptions in Theorem 1.3 and consider percolation on
itwith p < p.(1+¢€). Then, for any integer t = my and any vertex X,

= = 2+0(ay +em
P, (0 2k 1)+ P, (0= x < 2T OOV HEMD)

ElOB(t —myg)|.

Proof. 10 2% x, then there exists a vertex v and a simple path w of length m, from x to v such that the
event

. =t—my
{wis open}o{v —— x}
occurs. Indeed, consider a shortest path n of length ¢ between 0 to x. Take v = n(my) and w = n[1, my].
Now, the first witness is the path w and the witness for {v i) x} is the path n[my, t] together with all
the closed edges in G, (which determine that n[my, t] is a shortest path). These are disjoint witnesses.

If 0 <2 x occurs, then we get the same conclusion with w of length my + 1. We now apply the BK-
Reimer inequality and the fact that the probability that w is open is precisely p!®!. This yields

P,0>0<p™y Y P,
V w: |wl=my
w[mgl=v

=l—-my

x),

and
PP(O‘:t_’H x) < pm0+lz Z Pp(v =f—my x).

V w:|wl=my+1
w[mgy+1]=v

We now bound these above by relaxing the requirement that w is simple and only requiring that it is
non-backtracking. Since my = Tix(ay), we get by definition that

[{w: lwl = mg,wlmel = v}|  |{w: lwl=mo+1,wlmy+1] = v}
m(m—1)"o-1 m(m—1)"o
where we enumerated only non-backtracking paths in the above. Using this, condition (2) and sum-
ming over v gives

2+2a
=p™(0,v) +p™*(0,v) < > r

P02 x0)+P,05 ) < &V(“V)[p(m— 1)]™E0B(t — mo)|

2+ O0(ay +emyg)

EIOB(t — myo)l,
concluding our proof. U

Lemma 3.13. Let G be a graph satisfying the assumptions in Theorem 1.3 and consider percolation on
itwith p < p.(1+¢€). Then, for any r = my and any vertex x,

Plmyg,r] 1+ O(ay +emyg)
P, (00 ) < S EIBOI.

Proof. The proofis similar to that of Lemma 3.12. If the event occurs, then there exists a vertex v and
a simple path w of length m from 0 to v such that the event
{w is open} o {v LN x},
occurs. Hence,
P02 y<p™y Y Pywlw,

UV w: |lwl=my
w[mgl=v
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by the BK inequality. By the same argument,

Pp(OP[mo,r] x)SPWl()+IZ Z Pp(va).

UV w: |lwl=my+1
w[my+1]=v

The reason we make two such similar estimates is that due to possible periodicity, in each of the esti-
mates the sum over v may be 0 on half the vertices. We now take the average of these two estimates,
sum over v to get the E|B(r)| factor and use the same analysis as in Lemma 3.12 using condition (2).
This gives the required assertion of the lemma. U

Lemma 3.14. Let G be a graph satisfying the assumptions in Theorem 1.3 and consider percolation on

it with p < p.(1+¢€). Then, for any r = my and any vertex x,
1+ O(ay +em
po 2 g < 11 “; D EB((r - mo,2r - mo)).

Proof. This follows by summing the estimate of Lemma 3.12 and using the fact that
El0B(f)| < p(m—-1DE[0B(t-1)|=<(1+ m~' +e)E|0B(t - 1)],

where the last inequality is due to condition (2) and the first inequality holds since, given 0B(f — 1),
|0B(1)] is stochastically bounded above by a sum of |0B(¢ — 1)| binomial random variables with pa-
rameters m — 1 and p. The lemma follows since ay = m™!. U

We close this section with a remark which will become useful later. We often would like to have
these uniform connection bounds off some subsets of vertices. The proofs in the lemmas of this
sections immediately generalize to such a setting. This is because the claim “the number of paths
from 0 to v of length m is at most n” still holds even if we are in G\ A, for any subset of vertices A. We
state the required assertion here and omit their proofs:

Lemma 3.15 (Uniform connection bounds off sets). Consider percolation on G = {0,1}'" with p =
pc(1+¢€), and let A be any subset of vertices. Then, for any r = my and any vertex x,

Poi 40 = x) < (2+O(ay +emg)V EIOB(r — mo; A,
Porr 4 (0220 %) < (1+Olay +em) V' EIB(r; A)l.
3.6. Proof of part (a) of Theorem 1.3. We demonstrate the use of Lemma 3.13 by showing that the
finite triangle condition holds under the assumptions of Theorem 1.3. We begin with an easy calcula-
tion.

Claim 3.16. On any regular graph G of degree m and any vertices X, y,
Y Y P (x, WP (w, P (1, y) = Lix=y + O(m™ ),
W,V t,b,t3: 1+ +13€{0,1,2}

and

Y Y p"(x, w)p(u, v)p®(v,y) = O(m™).

WU 1, b, t3: 1)+ Ip +13€{1,2}
Proof. We prove both statements simultaneously. The contribution coming from #; + f, + 3 = 0 is the
one we get when x = u = v = y giving 1(x=,;. The contributions coming from #; + #; + 3 = 1 can only
come from the cases u = v = yand (#, fz, t3) = (1,0,0), or u = v = x and (¢, £, £3) = (0,0,1), or u = x and
v=yand (t, f, t3) = (0,1,0). These are easily bounded using the fact that max, p’(w, z) < 1/(m-1) for
any ¢ = 1. We perform a similar case analysis to bound the contributions of t; + o+ 13 = 2. If (£1, 1, £3) =
(0,0,2), then we must have u = v = x and pz(v, y) = O(m™1); this argument also handles the case where
one of the other ¢;’s is 2. In the case (f3, f», £3) = (1,1,0) we must have that v = y and that u is a neighbor
both of x and y. There are at most m such u’s and for each we have that p!(x, w)p' (1, y) = O(m™2).
The cases (11, 12, t3) € {(0,1,1), (1,0, 1)} are handled similarly. OJ



22 REMCO VAN DER HOFSTAD AND ASAF NACHMIAS

Proof of part (a) of Theorem 1.3. Let p < p.. If one of the connections in the sum V,(x, y) is of length
in [myg,00), say between x and u, then we may estimate

[1m9,00) (1+o(1)Ep|€(0)

Y P,x WP, (u— P, (ve—y) <= Y P,(u—v)Py(v—y)
u,v ‘/ u,v

U+ o) (EHIEO))°

- - ,

where we used Lemma 3.13 (and took r — oo in both sides of the lemma) for the first inequality. Thus,
we are only left to deal with short connections,

Vo, 1)< Y Pulx B wP,u S v)P,(v <2 y)+ 0V 1y (p)?).
u,v

We write
m = =t
Py(x—uw=) P,(x—uw,
=0
and do the same for all three terms so that
my _ _ _ _
V,60<Y Y P2 wP,w = 0P, =) +0V (). 3.7)
u,vty,,t3
We bound
P,(x ! u)<m(m-1)"1p"(x,u)p",

simply because m(m —1)"~!'p” (x, u) is an upper bound on the number of simple paths of length #;
starting at x and ending at u. Hence

3 mo

Y X Iptm-D1TE P (x, wp”(u, v)PB (v, ) + OV (p)Y).

Vo, y) € ———
P (m_l)S u,v ty,0,13

Since p < p., assumption (2) gives that [p(m —1)]1*2%% = 1 + O(ay), and condition (3) together with
Claim 3.16 yields that

Vp(x,9) < lig=yy + OV x () + O(m™ ' + ay/logV),
concluding the proof. U
3.7. Restricted triangle and square diagrams. In this section, we provide several extensions to the
triangle condition (1.5). We will bound the triangle diagram in the supercritical phase (which requires

a bound on the length of connections, otherwise the sums blow up) and estimate a square diagram
which will be useful in a key second moment calculation in Section 6.

Lemma 3.17 (Short supercritical triangles). Let G be a graph satisfying the assumptions in Theorem
1.3 and consider percolation on it with p < p.(1 +¢€). Then,

max Z P,,(x@» u)Pp(uﬂl U)P,,(V«nﬂ)»y):O(aV+£m0).
BV w v u, v}#10,0}

Proof. This follows immediately by assumptions (2) and (3) of Theorem 1.3 and the usual bound
)S—l

Py(x—u) < p*m(m-1°""p'(x,w),

as we did before. [l
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/
U, u
- ( 1y 1) <y

<r p s
(u27u2)

FIGURE 1. A square diagram.

Corollary 3.18 (Long supercritical triangles). Let G be a graph satisfying the assumptions in Theorem
1.3 and consider percolation on it with p < p.(1+¢€). Let r1, 12,13 be integers that are all at least my.
Then,

max Y P(x < w)P(u <> v)P(v <= y)
Ly u,v: {u, vi#{x,y}

3+ O(ay +emy))

< Olay +emp) + v E[B(r1)|E[B(r2)|E[B(rs)]. (3.8)

Proof. We split the sum into two cases. The first case is that at least one of the connection events
, . .o Plmg,r]

occurs with a path of length at least my. For instance, if x ——

to bound, uniformly in x, y,

u occurs, then we use Lemma 3.13

I JERSALL) JOTRE) TN
u,v

< (1+O(av+emo))[E|B(rl)|ZP(u£ U)P(vﬁ)y)

V u,v
1+ O(ay +emyp))
= S EIB(r)[EIB(r)[EIB(rs)].
The second case is when all the connections occur with paths of length at most m,, in which case we
use Lemma 3.17 and get a O(ay + €mg) bound. This concludes the proof. O

Lemma 3.19 (Supercritical square diagram). Let G be a graph satisfying the assumptions in Theorem
1.3 and consider percolation on it with p < p.(1 +¢€). Let r1, 2 be both at least my. Then,

Y Pz <> u)P(z <> wp)P(2p <> U))P(2p <> uy) < CmA(EIB(r)D? EIB(r))*+CVm* moary .

! !
(ulvul)y(MZruz)»thz

Proof. See Figure 1. If one of the connections is of length at least my, then we use Lemma 3.13 and the
[mo,n]

summation simplifies. For instance, if u; z1, then we use Lemma 3.13 and sum over z;, followed

by sums over u; and u,. This gives a bound of
Cm?EIB(ry)])?

- Y Plzz 2 u)P(z2 < uh) < CMP(EIB(r) PEIB(r) |12,

! !
ulruzv'zz

where C > 1 is an upper bound on 1+ O(ay + emy).
We are left to bound the sum

> P(z1 <2 u)P(z1 < up)P(2zp <2 u})P (25 < 1)) (3.9)
(ur,u)), (uz,u5),21,22

=V Y P02 1u))P0 <= up)P(zp <2 u))P(z <3 u),

(ur,u), (uz,u5),22
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by transitivity. We write this sum as VZué f(u5) g(us), where

gup) = Y PO u)P(z S uPz S uy),  fuh)= Y PO uy). (3.10)
(w,u)),22 U~
We then bound
V) fun)guy) < V(3 f(uy)(maxg(uy) (3.11)
u/ u’ u2

2 2

= VmE|B(mo)lmax 3, PO 2Pz 2 up)P(z, 2 x).

(u1,u)),22

By condition (2) in Theorem 1.3, we can write the above as

VZ fuyguy) < CVm? E|B(mo)| max Z Z p" (0, u)p' (w1, u)p”?(u}, 22)p" (22, X) (3.12)

u uy, U,z 11, 12,1320

< CVm®E|B(mo)Imax ). Z P (0, u1)[p f2+1(u1,Z2)+ L, 2)1p" (22, )

U1,z t,1,13=0 1
<CVm? E|B(mp)|(ay + O(1/m)) < CVmZ[EIB(mo)IaV,

where we use Lemma 3.11 in the second inequality, and Claim 3.16, condition (2) in Theorem 1.3
and ay = 1/m in the final inequality. Further, E|B(mg)| = O(my) by Corollary 3.5 and the fact that
mp = o(e~1). This concludes our proof. U

4. VOLUME ESTIMATES

In this section, we study the expected volume of intrinsic balls and their boundaries at various radii
in both the critical and supercritical phase.

4.1. In the critical regime. Given a subset of vertices A and integer r = 0 we write

G(r; A) =E|0B(r; A)|, G(r) = m‘?x G(r; A).

Theorem 2.1 implies that for “most” r’s the value G(r) is bounded above by a constant (more pre-
cisely, given any fixed A and R, the number of r’s satisfying 1 < r < R and E|0B(r; A)| = C/6 is at most
OR). The following useful result states that G(r) is at most a constant for all r. We believe that this es-
timate should hold only under the assumption of the triangle condition but we are only able to prove
it under the stronger assumptions of Theorem 1.3.

Theorem 4.1 (Expected boundary size). Let G be a graph satisfying the assumptions of Theorem 1.3
and consider percolation on it with p = p.. Then there exists a constant C > 0 such that for any integer
r,

G(r)=C.

Proof. Define F(r) = E|B(r)| and F(r; A) = E|B(r; A)|, so that F(r; A) < F(r) for all subsets A. Define
G*(r) = max,;<, G(s), and let r = 2mg be a maximizer of G*, that is, r is such that G(r’) < G(r) for any
r' <r. Let A= A(r) be the subset of vertices which maximizes G(r; A) so that G(r; A) = G(r) = G*(r).
Given such r and A = A(r) we will prove that there exists ¢ > 0 such that for any integer s = 0,

F(r+s;A)=cG*(r)F(s; A). (4.1)
We begin by bounding

(r,r+s]

F(r+sA) =) Posal0—v).
1
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For a vertex u we define €%(0; A) = {x: 0 — x off AU {u}}. Now, for any vertex v, if there exists u # v

such that 0 <> u off A and u < v off €4(0; A), then 0 (nr+s) v off A. Furthermore, if such u exists, then

it is unique because otherwise v € €%(0; A). We deduce that
F(r+sA4)2 ) Pog 4(0 = uand {u < v off €% (0; A)}).
VEU
We now condition on €%(0; A) = H for some admissible H (that is, for which the probability of the

event €%(0; A) = H is positive, and in which 0 =L uoccurs). In this conditioning, we also condition on
the status of all edges touching H. Note that by definition An H = @. We can write the right hand side
of the last inequality as

Y Y Poal€"(0;A) = H)Post a(u < v off H),
vEu 0%y off A
in the same way as we derived (3.1). This can be rewritten as
> > Post A(€"(0; A) = H)[Pogr a(1t <> v) = Pogt a(u < v only on H)].
vEU T 02y off A
We open the parenthesis and have that the first part of this sum equals precisely G* (r) F(s; A) since r
and A were maximizers. We need to show that the second part of the sum is of lower order. To that
aim, if u S only on H, then there exists h € H such that h # u and {u S hiolh < vl By the BK
inequality, we bound the second part of the sum above by

)Y Y Porr a(€"(0;A) = H)Post a(tt <> W)Post a(h = v).
“ g0y off Ah€H h#u,v
Summing over v and changing the order of the summation gives that the last sum is at most
F(5;4) ) Poft a0 = 1,0 = M)Poft o(u <> h).
u#h
We bound this from above using Lemma 3.3 by
F(5;4) Y Y Pos a0 =5 2) max P(z <= u off AUD)Pyss 4(z = W)Post 4t > h). 4.2)
u#h,zt=r DeV(G)
We sum this separately for t < r —mg and ¢ € [r — my, r]. For t < r — mp, we bound forany Dc V
—r 3G(r—t—mgy;AuD) 3G*(r
P(z = woff AUD) = 2 0 ) 36
|74 |74
where the first inequality is by Lemma 3.15 and the second by definition of G*(r). Hence, the sum
over t <r—mgin (4.2) is at most
3G*(r)F(s; A)
|4

3G*(r)F(s; A)(EIE(0)])3

- =3A3G* () F(s; A),

Y Pofr 4(0 <5 2)Pogt 4(2 — MPost a(h <> u) <

u,h,z
where the inequality we got by summing over u, h and z (in that order) and the equality is due to the
definition of p. in (1.1). Our A = 1/10 is chosen small enough so that 313 < 1/2.
We now bound the sum in (4.2) for ¢ € [r — mg, r]. We first bound
3G*(r)
|4
as we did before using Lemma 3.15 and pull that term out of the sum. This gives an upper bound of

3G*(r)F(s; A) ULy -
— v > gng%)P(Z < uoff AUD)Pyg 4(z — WPose 4(u < h).

Pyt (0 L=<

)

u#h,z s1



26 REMCO VAN DER HOFSTAD AND ASAF NACHMIAS

We would like to sum the first term in the sum over s; and get a contribution of P(z 28 ). We cannot
do that however, because the maximizing set D may depend on s; so these are not necessarily disjoint
events. Instead we bound for all D € V(G)

P(z = uoff AUD) < m(m—1)"pSp*(z,u) < (1 + 0o(1)p* (2, w)

where the first inequality is since m(m — 1)*1p*! (z, u) bounds the number of simple paths of length s;
connecting z to u and the second inequality is due to condition (2) of Theorem 1.3. Now, if one of

the connections z < h or u <> h is in fact a connection of length at least my we use Lemma 3.13 to
[710,09) h, then we bound the probability of this

simplify the sum. For instance, if the connection is z
by 2V~ 1E|€(0)| and the sum simplifies to

AG* (r)F(s; A)E T s
G*(n) (‘5;2 )E|6(0)] Z Z pS1 (z, ))P(u <= h),
u#h,z s1=0

we then sum over h, 4, z and s; and get a contribution of

4G*(r)F(s; A)my(E|€(0)])?

=0(G™(r)F(s; A)),

vV
since (E|€(0)))% = O(V?3) and mg = o(e 1) = o(V'/3). Thus, it remains to bound
3G*(r)F(s; A) mg
Y Y P (& WP a2 = M)Pos AU ).
4 u#h,z$1=0
We bound this by
% 2 Y. P zwp?u,mp*hz) =01)-G"(NF(sA),

u#h,z$1=0,52=1,s3=0

where we used Claim 3.16 and condition (3) of Theorem 1.3. This concludes the proof of (4.1).
We now turn to prove the main result assuming (4.1). First, for any r < 2m, we have that the number
of non-backtracking paths emanating from 0 is at most m(m —1)" ! and hence, for any A,

G(r; A <m(m—-1)"1pl=1+0(1),

by condition (2) of Theorem 1.3. It remains to consider the case r = 2my. Assume by contradiction
that there exists some r = 2m1 such that r is the maximizer in the definition G* (r) and that G*(r) = 2/¢
where c is the constant from (4.1). Fix such r and let A = A(r) be the maximizing set as in (4.1). Now,
putting s = r in (4.1) gives

F@2r;A)=cG*(r)F(r; A) = 2F(r; A).

Putting s =2r in (4.1) gives
F@3r;A) = cG*(r)F(2r; A) = 4F(r; A),
and so, by induction, for any k,
F(kr; A) =228 F(r; A).
We have reached a contradiction, since on the right hand side we have a quantity going to oo in k

(note that A cannot contain 0, otherwise it will not be maximizing, so F(r; A) = 1) and on the left hand
side our quantity is bounded by V. 0

We now wish to obtain the reverse inequality to Theorem 4.1, that is, a lower bound to E|0B(r)|. Of
course, this cannot hold for all r but it turns out to hold as long as r <« V'3, This is the correct upper
bound on r because the diameter of critical clusters is of order V'3 (see [48]).



HYPERCUBE PERCOLATION 27

Lemma 4.2 (Lower bound on critical expected ball). Let G be any transitive finite graph and put p = p.
where p. is defined in (1.4). Then, there exists a constant & > 0 such that for all r < EV1/3,

E|B(r)|=r/4.

Proof. For convenience write ¢ = 1/4. Assume by contradiction that E|B(r)| < cr. Given this assump-
tion, we will prove by induction that for any integer k = 0,

E|B(lr(1+k/2),r(1 + (k+ 1)/2)])| = 281 c*+2r 4.3)

Let us begin with the case k = 0. Since E|B(r)| < cr there exists r’ € [r/2,r] such that E|dB(r")| < 2c.
Hence,

EIB([r,3r/2D| = Y P(B(r')= AEIB((r,3r/2])| | B(r') = A]
A

Y P(B(r')= AE[ ) EIB,Bri2—r';A)]
A acdA

crE|0B(r)| < 2¢%r,

IA

where the inequality follows since E|B,(3r/2—r1'; A)| < E|B(r)| < cr for any A by monotonicity. Assume
now that (4.3) holds for some k and we prove it for k + 1. Since it holds for k, we have that there exists
r'er(1+k/2),r(1+ (k+1)/2)] such that E|0B(r")| < 25¥*2¢**2, By conditioning on B(r’) = A as before
we get that

E|B(lr( + (k+1)/2), r(1+ (k+2)/2)])| = cr - 2F*2F+2,

concluding the proof (4.3). Now, since ¢ < 1/2 it is clear that the sum over k of (4.3) is at most Cr,
contradicting the fact that £, |€(0)| = AVL3 by our definition of p. in (1.4). Note that the constant ¢
may depend on A. U

Lemma 4.3 (Lower bound on expected boundary size). Let G be a transitive finite graph for which
(1.5) holds and put p = p.. Then there exists constants c,& > 0 such that for any r < EV1/3,

EIOB(r)| = c.
Proof. By Lemma 4.2 and Theorem 2.1 we have that E|B([2r, Cr])| = r for some large fixed C > 0. Also,

EIBCNIP <Y PO %05 p) < Y PO 2Pz < 0Pz < y) < Cr?,

Xy ERT
by Theorem 2.1. By the inequality
P(X > a) = (EX - a)*/EX? (4.4)
valid for any non-negative random variable X and a < EX, with a =0,
POB@2r)#p)=clr,

for some ¢ > 0. Furthermore, given B(r), each vertex of dB(r) has probability at most Cr~! of reaching
0B(2r) by Theorem 2.1. Hence, for any { > 0,

P(OBQ2r) # @ and |0B(r)| <{r) < C%*(Ir.
We now have
P(0B(r)| = {r) = P(OB2r) # @) —P(OB(2r) # @ and |0B(r)| <{r)
c C%

=T T T

ror
and the lemma follows by choosing ¢ > 0 small enough. U
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4.2. In the supercritical regime. In this section, we extend the volume estimates to the supercritical
regime. The following is an immediate corollary of Theorem 4.1:

Lemma 4.4 (Upper bound on supercritical volume). Let G be a graph satisfying the assumptions in
Theorem 1.3 and consider percolation on it with p < p.(1 +¢€). Then for any r and any A<V we have
EldB(t;A)|<C(1+¢)', and E[B(r;A)|<Ce '(1+e).

Proof. The first assertion is immediate by Theorem 4.1 and Lemma 3.4. The second assertion follows
by summing the first over ¢t < r. U

The corresponding lower bound is more complicated to obtain, and as before, can only hold up to
some value of r. In conjunction with Lemma 4.4, it identifies E|B(r)| = ©(e~!(1 + £)") for appropriate
r’s.

Theorem 4.5 (Lower bound on supercritical volume). Let G be a graph satisfying the assumptions in
Theorem 1.3 and consider percolation on it with p = p.(1 +¢). Then for any r satisfying

BB = — Y (4.5)
(loge3 V)4
the following bound holds:
EIB(r)|=ce ' (1+e).
Proof. First, we may assume that
r<e llog(e®V), (4.6)

since otherwise the assumption of the lemma cannot hold together with the conclusion. Recall now
the simultaneous coupling (described at the end of Section 2.1) between percolation at p; = p. and
p2 = pc(l+¢€). Let

y(x) =10 =5 xin Gp,},
and given a simple path 1 of length ¢ between 0 and x, write
Ay(x,n) =1{0 bt x in Gp, and 7 is the lexicographical first p,-open path between 0 and x},

so that o/, (x) = Uy </ (x,n). Write 9B, (x,n) for the event that the edges of 7 are in fact p;-open (not
just p2). We have that

=0 .
Ay (x,m) NBy(x,m) {0 — xin Gp,},

S0,
_ 1
U  ennBixmcio =—"xinG,}. 4.7)
lelr—e1,rly
We will show that
r—eLrl . -1
YR xinG,\ U slxmnBon)=oE, 4.8)
X

lelr—eL,rly

and first complete the proof subject to (4.8). Since {«/,(x,n) N B, (x,1)},,, are disjoint events, (4.7) and
(4.8) show that

Y P, N Be(x,m) =Ep |B(r -, 1)l —oe) = ce 7!,

x,0elr—e1,rl,n

where the last inequality used Lemma 4.3 and the fact that r < V13 by (4.6) and £ > V13, From this
the required result follows since

P(Bo(x,0) | Ap(x,m) = A +) ¢,
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which implies that

Ep,|B(r)| = > P (<t (x, 1)) (4.9)

x,0elr—e1,rl,n

= > P (st (2, )P(B (x,1) | Lo (x, ) (1 + )"
x,lelr—eL,rl,n
>1+e)" Y Pl N B(x,)
x,0e[r—e-1,rl,n
> (1 +£)r_‘?_1c(€_1 .

Thus, our main effort is to show (4.8) under the restriction of (4.5) and (4.6). Fix x and assume that
the event

[r=e"4,r

SxinGp 3\ U lennBelxn) (4.10)

lelr—eL,rln

{0

occurs. In words, this event means that either the shortest p,-open path is shorter than the shortest
p1-path or that they have the same length but the lexicographically first shortest p,-path contains
an edge having value in [py, p2]. This implies that the p,-path shortcuts the p;-path. Formally, given
vertices u, v and integers £ € [r — e 1,r,kel0,4],te[2,¢] with k + t < ¢ write T (u, v, x, ¢, k, t) for the
event that there exists paths 1,12,73,7 in the graph such that

(1) n, is a shortest p;-open path of length k connecting 0 to u,

(2) 2 is a shortest p;-open path of length ¢ connecting u to v,

(3) nsis ashortest p;-open path of length ¢ — ¢ — k connecting v to x,

(4) Bx({ —k—-1)NBy(k) =@ in Gp,,

(5) v is p2-open path of length at most # connecting u to v and one of the edges of y receives value
in [p1, p2], and

(6) n1,n2,n3 and y are disjoint paths,

see Figure 2. The event (4.10) implies that I (u, v, x, ¢, k, t) occurs for some u, v, /¢, k, t satisfying the
conditions above. Our treatment of the case ¢ = mj is easier than the case t < my so let us perform
this first. When ¢ = m( we forget about condition (4) and the special edge with value [p;, p»] in (5) and
take a union over ¢, k and t € [my, r] of the event I (u, v, x, ¢, k, t). This union implies the existence of
vertices u, v such that the following events occur disjointly:

1) 05 uin Gpp
@ u< yinG,,

r .
3) vexin Gm»

r .
(4) u< vin Gp,.

Indeed, the witnesses to these (monotone) events are the paths 1;,72,13,y. We now wish to use the
BK inequality, however, as the astute reader may have already noticed, our witnesses are not stated
in an i.i.d. product measure. Let us expand briefly on how we may still use the BK inequality. We
may consider our simultaneous coupling measure to be an i.i.d. product measure by putting on each
edge a countable infinite sequence of independent random bits receiving 0 with probability 1/2 and 1
otherwise such that this sequence encodes the uniform [0, 1] random variable attached to each edge.
In this setting, a witness for an edge being p-open is the sequence of bits attached to the edge and
similarly for the edge being p-closed. Similarly, we define this way events of the form “E; in Gy,
occurs disjointly from E; in Gp,”. With this definition of witnesses we may use the BK inequality here
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T

—l—k—t
p2-open, |y| <t

FIGURE 2. The event 9 (u, v, x, %, k, t) — an excursion.

to bound the probability of the union above and sum over x (as in (4.8). This gives an upper bound of

P[my,r]
Y P, 05 WP, (w2 )Py, (v )P, (1S v).

u,v,x

We sum over x and get a factor of r by Theorem 2.1. We bound P, (1 —— lmo,7] v) < CrV~! by Lemma

3.13 and Theorem 2.1. We then sum over v and get a factor of E,,|B(r)| and on u to get another factor

of r. All together this gives an upper bound of
Cr3E,,|B(r)
% = 0@ 'log (V) = 0(e™D),

by (4.5).

We now treat the case in which ¢ € [2, my]. We claim that the event I (i, v, x, ¢, k, t) implies that
there exist disjoint paths 77,,y between u and v such that || = ¢ and |y| < ¢ and the intersection of
the following events occurs:

(a) n2is p1-open,
(b) v is p2-open, and one of its edges receives value in [p1, p2],

(0 *u off n, Uy and v padatani off 9, Uy U By (k) in Gy, .

Indeed, let n1,12,7n3,Y be the disjoint paths guaranteed to exists in the definition of 7 (u, v, x, ¢, k, t).
The paths n7, and y show that both (a) and (b) indeed occur (note that we have relaxed the requirement
that ), is a shortest p;-open path). Seeing that (c) occurs is slightly more subtle. First observe that for

any two vertices z, y and integer £ = 0

1z =% y off A} = U ({,B is open} N {p' has a closed edge}) ,
B:1BI=¢,pnA=p B:1B1<t,p'nA=¢
where §, ' are simple paths in G and we slightly abuse notation and write SN A = @ to denote that
the edges of f are disjoint from the edges touching A. To see that (c) holds we note that the event
I (u,v,x,4,k, t) implies that n; is of length k between 0 and u, disjoint from 71, Uy, is p;-open and

any shorter path between 0 and u has a p;-closed edge in it; in particular, 0 £ woff 12 U7y occurs in
Gp, - Similarly, n3 is of length ¢ — k — ¢ between v and x, is disjoint from 7, Uy U By (k), is p1-open and

any shorter path between v and x has a p;-closed edge in it; in particular v Ly off M2 UY U By(k)
occurs in Gy, .
Now, the events (a), (b), (c) are independent since they are measurable with respect to disjoint sets

of edges (the edges of 17, ¥ and all the rest). The probability of their intersection is hence

P p 1 - (p1/p2)'Y|]Pp1(0<—>uoffnzuyandv<—>xoffn2UyUBo(k))
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where the factor [1-(p;/p2)"'] is the probability that one edge of y has value in [p;, p2] conditioned on
all edges being p»-open. We compute the probability on the right hand side as usual by conditioning
on By (k), this gives

—0—k-1

p|1712|p|27|[1_(p1/p2)|?’|] Z Ppl(BO(k):A)Ppl(v

A:O«:—]Eu

xoff Aun,uYy).

We now start summing all this over u, v, x, ¢, k, t,12,y. We start by summing over x the last probability,
giving as a constant factor by Theorem 4.1. The sum over A gives a term of P, (0 = woff 12 UY) which

we sum over k € [0, 7] and bound this by P, (0 < ). Furthermore, the number of possible 1’ is at
most m(m—1)"p’(u, v) and if |y| = s < ¢, then the number of such y’s is at most m(m —1)*"1p®(u, v).
We also bound [1 - (p;/p2)°] < Cse. All this gives that

Y P(J (u,v,x,0,k, 1) <Ce Y (m—1)**"plp3sp’ (u, v)p*(u, V)P, (0 u).

u,v,x,0,k,te[2,mg) u,0,l
te(2,mpl,s€(1,t]
By condition (2) of Theorem 1.3 and the fact that m = o(e™1), we have that (m— l)s”p{ pg =1+o(ay),
so we may bound this sum by

Cey P, 0w Y  sp'w,v)p’w,v).
u,t v, te[2,mpl,s€(1,t]
The sum over £ € [r—e~1,r] gives a factor of €71, and since G is transitive, the second sum over v, t, s
does not depend on u. Hence we may sum over u separately using Theorem 2.1 giving a bound of
Cr > spi(u, v)p*(u, v).
v, te[2,mpl,s€(1,t]
Foreach s=1and s; € {1,..., s}, we can bound
m

p’(0,v) <
m-—1

Y p™ O, w)p* " (w,v),
w

because the number of non-backtracking paths of length s from 0 to v is at most the sum over w the
number of non-backtracking paths of length s; from 0 to w times the number of non-backtracking
paths of length s — s; from w to v (the factor m/(m — 1) comes from properly normalizing these num-
bers). As a result,

COLV

> sp' (0, v)p*(0,v) < > Y p' (0, 1)p” (0, w)p*(w,v) <

)
v, te[2,mo),s€(1,] M =1 ywte[2,mel,s1€01,t],52<51 logV

by condition (3) in Theorem 1.3 and the fact that ¢ + s; + s, = 3. All together we get that
Cra
Y PTwuxl k)< —=ok),
u,v,x,0,k,te[2,my) log %4

by our assumption (4.6) and since ay = o(1). This finishes the proof of (4.8) and concludes the proof
of the theorem. U

The following are easy corollaries:

Corollary 4.6. Let G be a graph satisfying the assumptions in Theorem 1.3 and consider percolation on
itwith p=p:(1+¢). Then for any r satisfying

r<e’l [log(£3 V) —4loglog(e® ],

the following bound holds
EIB(r)|=0"'1+¢)).
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In particular for ry defined in (2.8)
EIB(ro)| = O ayeV).
Proof. The upper bound follows from Lemma 4.4 and the lower bound from Theorem 4.5. U

Lemma 4.7. Let G be a graph satisfying the assumptions in Theorem 1.3 and consider percolation on it
with p < p.(1+¢). Let r be an integer satisfying the assumptions of Theorem 4.5. Then,

EIB(r)|* < Ce ' (EIB(r))?.
Proof. 1f0 < x and 0 < y, then there exists a vertex z and an integer ¢ < r such that the event

0= zlolz “ xjolz = y)
holds. Apply BK-Reimer and sum over x, y and then z to bound

r
EIB(r)|* < Y EIOB(D)IEIB(r - )IEIB(r - 1)].
t=1
We apply Lemma 4.4 and Theorem 4.1 to bound
EIB(rP < Ce (1 +e)*",

and Theorem 4.5 gives the required claim. U

5. AN INTRINSIC-METRIC REGULARITY THEOREM

For an increasing event E and a vertex a, we say that a is pivotal for E for the event that E occurs
but does not occur in the modified configuration in which we close all the edges touching a. We write
Piv(E) for the set of pivotal vertices for the event E. For vertices a, x, radii r1, j, and Ac V, we define

P2myg,n]

Gr,j(a,x;A) =E[l{u: a uoff A\{a}and a € in({xlﬂl uh)}| | By(jx) = A].

Definition 5.1 (Regenerative and fit vertices). (a) Given vertices x, a, radii ry, jx = my and a real num-
ber f >0, we say that a is (f, jx, r1)-regenerative if

(1) x & a, and
) G, j.(a x;Bx(jx)) = (1 - B)EIB(r1)],
and note that this event is determined by the status of the edges touching Bx(j.). We say that a is

(B, jx, r1)-nonregenerative if x <% a but it is not (B, jx, 1) -regenerative.
(b) Given an additional real number 6 > 0, we say that x is (0, B, jx, r1)-fit if

(1) 0Bx(jyx) # @ holds and,
(2) the number of (B, jx, r1)-nonregenerative vertices is at most 5¢™..

It will also be convenient to combine our error terms. For this, we define
Wy, = a%,/2+£mo, (5.1)

so that w,, = o(1). Our goal in this section is to prove that if 0B, (jy) # @, then x is fit with high proba-
bility. This is the intrinsic metric regularity theorem discussed in Section 2.5.

Theorem 5.1 (Intrinsic regularity). Let G be a graph satisfying the assumptions of Theorem 1.3. Let
p=pc+e¢),letr =r, = Mle where M = My, is defined in (2.7) and r € [e~Y, o], where g is defined
in (2.8). For any 8, € (0,1) there exist at least (1 — O(w5")r radii j, € [r,2r] such that

P(xis (5, B, jx, r1)-fit) = (1- 067 B2e*Mw!/*))P(0B,(j,) # @).

We start by proving some preparatory lemmas:
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Lemma 5.2. Assume the setting of Theorem 5.1. Then,

2r .
S Y P(x 5 a, a BNy off By (j) \ a}) = (1 Ow,))EIB([r, 2r)EIB(r)].

jx:r a,u

Proof. We condition on By (j,) = A for any admissible A (that is, A for which the event x < g occurs
and P(By(jy) = A) > 0). Then,

2my, 11
—

P(a =" u off By(j) \a} | B<(ji) = A) = P(a 2" u off A\ {a}),
and
P(a 2200 off A\ fa) = Pa “220] 1) — p(a 220N only on A\ fa)) .

Summing over the first term gives

Y P aPa 2N y) > BIB((r, 200 (EIB(ry) | — EIB@mo))

a,u, jx€lr,2r]

= (1= Olwm))E|B(r)|EIB([r,2r])I,

since [E|B(2mg)| < Cmy by Corollary 3.5 and E|B(r;)| = ce~! by Theorem 4.5 and since r; = 1. It
remains to bound the sum

Y. ) P(B:(jx)=AP(a

a,u,jxelr2r] A

Plamo,n) uonlyon A\{a}).

As usual, if a Hlemon] uonly on A\ {a} occurs, then there exists z € A such that {a RiN zloiz LN u}. BK
inequality now gives
> YPB(jI=4) Y PPz uw. (5.2)
a,u,jxelr2r] A ze A\{a}

We sum over u and extract a factor of E|B(r;)|. We then change the order of summation, so the sum
simplifies to

EBr)l Y  PxZaxZaPalz.

a,z#a, jx€lr2rl
We sum over j, (noting that the events x La,xL zare disjoint as j varies) and bound this sum by

EBBr)l Y, P(xZa,x 2 2)Pa s 2).

az#a
As usual, if x 2, aand x 2, z, then there exists z’ such that the event
x L Zyotd L zotd 2 a}
occurs. By the BK inequality we bound the above sum by

EB(r)l Y P(xZ:2)Pd 2 9P 2 aPa - 2).

a,z',z#a
We may now sum over a and z # a using Corollary 3.18 and then sum over z’ to get that this is bounded
by
EIB(r)IEIB2n))?
v .
This concludes our proof since the second term in the parenthesis is of order at most a%/’ze“M vy t2<
a%//z by the upper bound on r;, our choice of r and M in (2.7) and Corollary 4.6. U

C[ElB(rl)l[ElB(Zr)|[wm+
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. . Jxtr
FIGURE 3. a is not pivotal for the event x < u.

Lemma 5.3. Assume the setting of Theorem 5.1. There exists a C > 0, such that

2r . Py
S Y P(x <= a, a 2Ny off B, (j) \a}, a € Piv({x ©22 up) = (1 - O(w,)EIB([r, 2rDIEIB(ry)].

jx:r a,u

Proof. Fix j € [r,2r]. We rely on Lemma 5.2, and bound the difference in the probabilities appearing
in Lemma 5.2 and the one above. If the event

=Jx P[2myg,n]
a «——

{x = a, u off Bx(jx) \ {at} (5.3)

occurs but a ¢ Piv({x L u}), then there exist zy, z and ¢ < j, and paths n1,72,71,72,Y3 such that

(@) y:is an open path of length at most r; connecting a to z»,

(b) 2 is an open path of length at most r; connecting z, to u,

(c) ys3is an open path of length at most r, + j, connecting z; to zy,

(d) n, is a shortest open path of length precisely ¢ connecting x to z;,

(e) m2 is a shortest open path of length precisely j, — t connecting z; to a,
®) y1,72,73,1m1,7n2 are disjoint.

See Figure 3. Indeed, assume that a is not pivotal for x £ and (5.3) holds. Let n be the lexico-
graphically first shortest open path of length j, between x and a and y a disjoint open path of length
in [2mg, r1] between a and u off By (j) \ {a} which we are guaranteed to have since (5.3) holds. Since a
is not pivotal we learn that there exists another open path f between x and u of length at most j, +r;
that does notvisit a. Hence, f goes “around” a, or in formal words, there exists vertices z; and zp on 8
appearing on it in that order such that z; € § and z, € y and the part of § between z; and z; is disjoint
from nuy. We take ¢ < jx to be such that n(f) = z; and put n; = 1[0, t],172 = nl¢, jx]. We take y3 to
be the section of § between z; and zp and Y4,y be the sections of y from a to z, and from z; to u,
respectively.

For all j, t € [r,2r] these events (that is, the existence of z;, z» and the disjoint paths) are disjoint
since 7171 and 7, are required to be shortest open paths. The union of these events over j,, t implies
that there exists z;, z, such that

2r 2r r r+2r T
{x < z1}o{z) < a}ofa — zp}o{z] —— zp} 0 {zp — u},
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since we can just take 11,72,71,Y2,Y3 as our disjoint witnesses. Using BK inequality we bound the
required sum from above by

2 2 +2
Y P(x <> 2z)P(z = @)P(a > 2)P(z 2 25)P(2n <> u).
a,u,z1,2p .
217#22,21 74,2274

Summing first over u extracts a factor of E|B(r;)|, and we sum over a and z, using Corollary 3.18, and
lastly sum over z;. This gives a bound of
N EIB(r)IE|B(ry +2r)|EIB(2r)]|

|4
We apply Lemma 5.2 to conclude the proof since the second term in the parenthesis is of order at
most aye*M < a%//z by the upper bound on r, our choice of r and M in (2.7) and Corollary 4.6. Also
note that E|B([r,2r)| = E|B(2r)|/2 by Corollary 4.6 and our choice of r and M. [l

CEIB(r)IEIB2r)||wm

Lemma 5.4. Assume the setting of Theorem 5.1. For any vertices x, a,

2r o
S Y P(x < a,a 2N 1 off B () \a}) < (1+ O(wn))V EIB(r)IEIB([1,2r])].

Jx=r U

P2myg,r]

Proof. The event x x a,a u off By (jx) \ {a} implies that

{x = a}ola~u},

the second witness is the open edges of an open path of length in [2my, r1] off B, (j,) \ {a} and the first
witness is the lexicographically first shortest open path of length j, between x and a together with all
the closed edges of the graph. The BK-Reimer inequality gives that

22mon] ) off By(jo) \at) < P(x <Z a)P(a 2 w).

We sum over u and j € [r,2r] get that the sum is bounded by

P(x<=—j’fa,a

EIB(r)IP(x 222 a).

Lemma 3.14 gives that

P(x 220 @) < (1+ O(wm) VI EIB((r — mo, 21 — mg))|.

We have that
EIB([r — mg,2r —mo))| <E|B([r,2rD|+E[B([r — mg, r))| < (1 + O(emp))E|B([r,2r])|

since E|B([r —myg, r])| < Cmy(1+¢)” by Theorem 4.1 and Corollary 3.5 and since E|B([r,2r]) = ce 1+
£)?" by Corollary 4.6 (we use the assumption that r > £~!). Hence

P(x %2 a) < (1 + Ow,) VEIB(r,2r])], (5.4)

concluding our proof. U

Proof of Theorem 5.1. By combining Lemmas 5.3 and 5.4 we deduce that for any x there exist at least
(1-O(w/?))V vertices a such that

2r .
Y YP(xEaa Pmon] o ffo(]x)\{a},aePlv({x XN u) = A+ 0?) VI EIB(r) IEIB((r, 2r])].
Jx=r U

Write G for the variable
2r

G= ) Gj.nla, % By ()L, =iy

Jx=r1

a’
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Note that G is a random variable that is measurable with respect to B,(2r) (that is, it is determined

. . 2
by the status of the edges touching B,(2r)) and that it equals 0 unless x 21 . Furthermore, only
one of the summands can be nonzero because the events in the indicators are disjoint. Our previous
approximate equality can be rewritten as

= (1+ O *) V" YEIB(r)IEIB(Ir,21]).

Hence, for at least (1 — O(w},/lz)) V vertices a,

E[G|x"2 a) = 1 - 0! )EIB(r)I, (5.5)

by Lemma 3.14. This gives the conditional first moment estimate. The second moment calculation is
somewhat easier. We have

P[2mo 1]

21 P[2m0,r1]
-y Y [E[p % uy off By(jx) \ {a} | Bx(j.))P(a

Jx=ru1,u2

T Uy off By \ad | By ()1 e |-

We bound, almost surely in B, (jy) and for i = 1,2,

P[2my,
p(g 22mon) [ P12mg,r] 1l

and sum over u; and u, to get that

Ui Offo(]x) \{a} | Bx(]x)) =P(a NN u;),

[r,2r]

EGY, e, < [EIB(r)I] P(x ¥ @),

so that

[r2r] ]

E[G?|x < [EIB(r)I)°.

Combining this with (5.5), we obtain

Var(G| x “22 a) = O([EIB(r) 12w)?).

By Chebychev’s inequality, for any > 0,
P(G=(1-PEBmI|x 2 a)= 0 2wl?).
Recall that this holds for at least (1 — O(a)“ 2))V vertices a. Call these vertices valid. We have

Y. P(x"2a,G < - PEBGI) = OEIBr 2B *wh?),
avalid

by our previous estimate. Also, since there are at most O(w},éz V) invalid a’s, we apply (5.4) to bound
the sum over all a by

ZP( 2, G<(- ,6)[E|B(r1)|) O(EIB([r,2r)If2w)/?).
a

Returning to our original notation, we rewrite this as

2r o
Y. Y P(x = a,Gj, (a2 Bc(j) < (1 - DEIB)I) = O(EIB([r,2rDIf20h?)

Jx=r a

Hence, there are at least (1 — O(w}#))r radii jx € [r,2r] such that

D P(¥ 5 4,Gjor, (@ Belj) < (- PEIBODI) = OEIBUR2rDIrf7%0))

- /

where the last inequality is by Lemma 4.4. Given such j,, write X(j,) for the random variable

X0 =|{a: x = 4,6, 5B < (1 - HEBIDIY],




HYPERCUBE PERCOLATION 37

so that EX(jy) < Ce*M ,6_2(1),1744. The variable X (j,) equals the number of (§, jy, r1)-non-regenerative
vertices. By Markov’s inequality we get that for any 6 > 0

P(X(j) =6e ) =0(e67 f2e*Mwll4),
and we conclude by Lemma 3.6 that at least (1 — O(w” ))r radii j € [r,2r] satisfy
P(0B.(j) # @ and X (j,) <8¢ ) = (1- 00 %M w,,H))P(OB.(jx) # 2),

as required. U

6. LARGE CLUSTERS ARE CLOSE

In this section, we prove Theorem 2.4 which shows that many closed edges exist between most
large clusters. This section involves all our notation from the previous sections and in particular the
parameters V, m, my, €, ®y. We define B, k,¢,{,6 as

M

B=(logh)?, k= g ¢=(logM)"t,  (=dogM)V8  S=¢/2. (6.1)
For notational convenience we also denote
ja 2morly v g PRMon) s e Pive B

P2 ’ ’
[moro]yu,} —

P2my,ro]
—

b Wy nibe Piviy 222 ).

Let Sj,,j,.r (%, ¥) be the random variable counting the number of edges (u, u) such that there exist
vertices a, b with
(1) <A (x, ¥, jxr Jy)s

2) x<—>aandy<—>band

P2myg,rol,x
———>

3) a u and
@) b2 ok By + 1)
Further define

2r+r0

Sorarn(6) = [{ t): (x 28 wyo {y S0 0y |B, 25 + 7o) - By 21 + ro)| = €M 2 E[B(ro) )2}

We will use the fact that for any jy, jy € {r,...,2r}*

Sorr (6 1) = Sjy o (6, ¥) = Sar2rr (X, 3), (6.2)

where Szr 1, (X, y) is the random variable defined above Theorem 2.4. Finally, write </ (x, y, jx, jy, 0, B, k)
for the intersection of the events

(1) A (X, ¥, jxr Jy),

(2) |Bx(jo)l €721 +)* and |By(jy)| <€ 2(1+¢€)* and |0B,(j)| < e ' (1 + €)%,
(3) 10Bx(jy)| = e**e~L and 10B, (j,)| = e*/4e7!,

(4) xis (1, B, jx, ro)-fitand yis (1, B, jy, ro)-fit,

5)

E[S,,jyr0 (X 11 | Bx(jx), By(jy) | < V' me 2 (EIB(ro))* ey .

{an(]x)‘_’aBy y)}
This event is measurable with respect to Bx(jx), By(j,). The following three statements will prove
Theorem 2.4:

Lemma 6.1. Assume the setting of Theorem 2.4. Then,

E[{x,y: o (x,y,2r,2r) and Szy,2.1, (X, ) = B2V me 2 (EIB(r0))*}| = 0(e* V).
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Theorem 6.2. Assume the setting of Theorem 2.4. Then there exists radii jy, ..., j¢ € [1,2r] such that for
at least (1—0(1))V? pairs x, y,

P(,szf(x, ¥,2r,2r) and N A (X, Y, Jxr Jy» ro,ﬁ,k)c) = o(e?).
JxrJy €Lt job?
Theorem 6.3. Assume the setting of Theorem 2.4 and let x,y be a pair of vertices. Then, for any radii
Jojy€in...,2r?,
P(Sj,. i, (6, y) <22V " me *(E|B(ro))* and  (x, , jx, jy To, B, K)) = O(B'%€%) .
Proof of Theorem 2.4 subject to Lemma 6.1 and Theorems 6.2-6.3. Lemma 3.8 shows that

Hx,y: A (x, 9,22} &
— 1.
4e2V2

Thus, it suffices to prove that
|{x,y: & (x,y,2r,2r) and x, y are not (1, ro)-good}|
e2Vv? _)

Lemma 3.10 shows that

|{x,y: < (x,y,2r,2r) and |€ (x)| < EV)V4e2 or |6 ()| < (83V)1/4£_2}| .

22 — 0.

We are left to handle requirement (3) in the definition of (r, rp)-good. Let ji,..., j, be the radii guar-
anteed to exist by Theorem 6.2 and let x, y be a pair of vertices for which the assertion of Theorem 6.2
holds. Theorem 6.2 asserts that the number of such pairs is (1—o0(1)) V2 so the sum of P(<# (x, ¥,21,2r1))
over pairs not counted is o(e? V?). Write J(x), J(y) for the lexicographically first pair (j, iy edjn... jor?
for which the event </ (x, y, jx, Jy, ro, B, k) occurs, or put J(x) = J(y) = coif no such jy, j, exist. Then for
atleast (1 —o0(1))V?2 pairs x, y

P(of (x,7,21,21), J(X) =00, J(y) = 00) = 0(€?) .

Theorem 6.3 together with the union bound implies that for any such pair x, y

Y P(Sjjrny) s 282V me 2 ®IB(ro))?, J (%) = ju J() = ) = OB 2P,
JorJy€ljnsnjeb

which is o(£?) by our choice of £ and f in (6.1). By these last two statements we deduce that
E[{x,y: o/ (x,y,2r,2r) and VYjy, jy  Sj, j.r (6 y) <262V me 2 EIB(ro))*}| = 0(6*V?).
This together with (6.2) and Lemma 6.1 implies that
E|[{x,y: o (x,y,21,2r) and Spr4r, (%, y) < B2V me 2 (EIB(ro) )%} | = 0(e2 V),

concluding our proof since 8'/? = (log M)~!. U

6.1. Proof of Lemma 6.1: Bounding the error S,, 5, r,- 1n this section, we prove Lemma 6.1. We begin
by providing some useful estimates.

Lemma 6.4. Assume the setting of Theorem 2.4 and let p = p.(1 + €). There exists C > 0 such that for
any positive integer n
(1) Z P({u Sxpofu' <& yrand u an u') < C[ms_s(l +e)"+ayVme2Q1 +£)2”].
x,y,(u,u’)

@ ) P{u L xyo{u/ <& yyand x an y) < C[ms‘s(l +e)+ayVme2Q1 +£)2”].
x,y,(u,u’)
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§2’I’L—t1—t2 §2n—t1—t2

FIGURE 4. The edge (u, u') is counted in the first and second sum of Lemma 6.4.

. . 2 . .
Proof. We begin by showing (1). If {u Soxpofu & ytand u = 1/, then there exists vertices z;, z, and
integers 1, I < n such that the event

=0  =b ’ 2n—t1—t n-t n—ty
{u—z1,u = 23,dg,(u,u) =t + Lo{z) —— z}o{x — zi}o{y < 25},

or the event
2n—t—1t

=0 | =0 / n—-t n—ty
{u—z1,u — z3,dg,(u,u) =z t1 + oz Z2}o{x < zploly «— a1},

occur. See Figure 4 (a). Indeed, let 1) be the shortest open path of length at most 2n between u and v/
and let y,,Yy,w be two disjoint paths of length at most 7 connecting x to u and y to u/, respectively.
We take z1, z» to be the first vertices of y, , and y,,,» which belongs to 7. There are two possible order-
ings of z;, zp on 7, that s, (u, z1, z2, u') or (u, z», z1, u'), which give the two possible events. Assume the
ordering on 7 is (u, z1, z2, 1) (the two orderings give rise to identical contributions to the sum in (1)),
and put f;, t, to be the distances on 1 between u and z; and between z; and u/, respectively and write
11,72 to be the corresponding sections of  and 73 is the section of ) between z; and z,. The paths y;
and y» are the sections of y , and y,,,» from x to z; and from y to zp, respectively. The witness for the
first event is 11,7 together with all the closed edges of G, (the closed edges determine that 1,7, are
indeed shortest open paths, and that de (u,u') = 11 + 1), for the second, third and fourth events, the
witnesses are just 173,y1 and y», respectively.
We now apply the BK-Reimer inequality and bound the sum in (1) by

2n—t—1t

2 )y P(u = z1,u' B 25,dg, (u,u) = 11 + )Pz 2)P(x 2 2)P(y 2 25).

xX,%,21,22,(u,U'), 1 <n,tr<n

We first sum over x, y and get a factor of Ce™2(1 +£)?"~ 12 by Lemma 4.4. The event u 4 zi,u =

2o, de(u, u') =t + t, implies that u P z1 and v’ L zy off B, (t;) hence we may bound its probability
by
Y PBu(t) = AP = 2 off A),
A: u<=—t1»z1
and so we get an upper bound of

2n—t1—t

Ce™? ) (1+£)2" 1 2p(u 2 z)) maxP(u/ =% 2z off AP(z, 23). 6.3)

z1,22,(u,u), ti<m,tr<n



40 REMCO VAN DER HOFSTAD AND ASAF NACHMIAS

We bound this in two parts. If t, = m,, then we use Lemma 3.15 together with Lemma 4.4 to bound,

. . =t _ . .
uniformly in A, P(u/ =z, off A) < CV~1(1 + €)2. We then sum over z, and z; in that order using
Lemma 4.4 and extract a Vm factor from summing over (u, u'). If t, < my and #; = my, then we use

Lemma 3.13 together with Lemma 4.4 to bound P(u A z1) < CV71(1 + €)%, Further, we use condition

(2) in Theorem 1.3 and € = o(mal) to bound, uniformly in A, P(u/ I zp off A) < Cp™2(u/, zp). We then
sum over z; and z; in that order using Lemma 4.4 and extract a V m factor from summing over (u, u').
All this gives an upper bound of

Cme 1+ Y (+e) " 2<Cme1+e)"",
1, hb<n

: f— 2n—t—t
as required. We next sum (6.3) over 1, t, < my. We first relax (1 +£)2 070 < (14¢)2" and P(z; P

2) <P(z9 o zp), and then sum over #;, f; to get an upper bound of
Ce21+e*" Y Puz)P & 2)P(z 2 2).
21,2, (u,u’)
We now sum over z;, z; using Corollary 3.18 and Lemma 4.4. We get that this is bounded by
més‘l (1+¢)%n
|4

CVme (1 + 8)2”[ + av] < C[me's(l +oM+ayVme 21+ 8)2”] )

1 as required.

since my <é&~
To bound (2) we proceed in a very similar fashion. If {u RN x}o{u 2 y}and x o y then there exists

vertices z1, zp and 11, £ < n such that the event

=0 =0 2n—ti—1t n—n yn—1t
{x =21,y = z22,dg,(x,y) 2 1 + R} o {z) —— zo}o{u — zi}o{u — 2z},

or the event

5]

— =t 2n—t—t.
x = 22,y = 21,dg, (%, ) = t1 + oo {2 ———

n—t n—rt:
Zo}o{u— zi}of{u' — 2},

occur, by the same reasoning as before, see Figure 4 (b). Let us handle the first case only (the second
leads to an identical contribution). We appeal to the BK-Reimer inequality and as before we condition
on B,(t;) and bound

=t =t =T
P(x — 21,y = 2,dg,(x, ) =1+ 8)< ), P(By(t) = AP(y — z off A).
A:xilzl
We sum over y then x using Lemma 4.4 giving a bound of

C Y +9MPw Tl 2Pl R )P T 2y).

z1,22,(u,u'), t1,o=n

An appeal to Corollary 3.18 and Lemma 4.4 to sum over zj, z, gives a bound of

8_3(1 +£)4n—2(t1+t2) 2n]

CVm ) (1+gh*®
h,b<n 14

+ av] <C[me>Q+e)" +ayVme *(1 +¢)

where the last inequality is a direct calculation. U

Proof of Lemma 6.1. For convenience put n = 2r + ry. By Markov’s inequality, the expectation we
need to bound is at most

2672V m T EEIBro) 2 Y Pix < uoly & u'},1Bu(m)] = €M EIB(r)l). (6.4)

x,y,(u,u’)
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We split the sum into

Si= Y P(ix<upoly < u'},IBu(n)| = e**Me 'E|B(rg)| and By (n) N By (n) = @),

x,y,(u,u’)
and
So= Y PlixLuoty L uh,uu).

x,¥,(u,u’)

We bound S; using the BK inequality
Si= Y P(x<u,|Bu(m)=e*Me ' EIB(ro))P(y < u).

x,y,(u,u')
Summing over y and x and then over (u, u') gives that this is at most
leElB(n) | . IElB(n) | 1{|B(n)|2€20M5'71[E|B(r0)|} | .

We use the Cauchy-Schwarz inequality to bound

— /
EIB() 150 =e20me 1515003 | < [EIBPPUB(0)| = M e EIB(ro))] 2.

We bound this using Lemma 4.7 and the Markov inequality by
EIB(M)|1yp(n)=e20Me-1EB(ro) 3| = Ce_loM([HB(n)|)3/2([E|B(T0)|)_1/2 )
and conclude that
81 < Ce™ ™MV m(E|B(n))**EIB(ro)) 2.
We bound S, using part (1) of Lemma 6.4 by
Sy < Clme(1+&)* +ayVme 2(1+¢)*"].
We put these two back into (6.4) and get that we can bound this sum by

CVZ2e2(E|B(n)|)>'2 . CVe3(1 +¢e)*n . CmayV?(1 +¢)?"
BU2eOM(E[B(ro) )2 BU2EIB(ro))?  B2m(EIB(ro))?

by our choice of ry in (2.8), n=ro+2r, r = M/¢, = (log M)~? and using Corollary 4.6. U

= 0(£2V2),

6.2. Proof of Theorem 6.2: Finding good radii. We proceed towards the proof of Theorem 6.2. Recall
the choice of parameters in (6.1).

Lemma 6.5. For any radiusr = ¢~! and any{ >0,

P(laB(r)l >0and3je e, r—e " with |0B()] <{z!) < O(e).

Proof. Assume that the event holds, and let J be the first radius j with j € [e~! r — &71] which has
[0B(j)| < {e~!. Conditioned on J and B(J), for |0B(r)| > 0 to occur, one of the vertices on the boundary
of B(J) needs to reach level r. Since r — j = ™!, Corollary 3.5 and the union bound gives that this
probability is at most C(. This together with the fact that the probability of |0B(j)| > 0 is at most Cg,
by Corollary 3.5, concludes the proof. U

In the lemma below, we write P4 (-) = P(- off A| Bx(jx) = A) and let E4 be the corresponding expec-
tation.

Lemma 6.6. There exists ¢ > 0 such that for any radius j € [r,2r] the following statement holds. Let
the set A be such that x is (6, 3, jx, ke ™ -fitand |0Bx(jy)| = (e™! when By (jx) = A. Then,

PA(10B.(jx+ ke 1 /2)| = e ek ) = cC.
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Proof. We perform a second moment argument on |By([j, + k£_1/2,jx + ke~ 1| rather than on the
required random variable. Since x is (8, B, jx, ke ~!)-fit
EalBx([jx, jx+ ke 1) = (10Al -6~ 1)(1 - BEIB(ke™1)].
Furthermore,
EalBx(Ljx jx + ke~ /2])| < |0A[E|B(ke ™" /2)],

by monotonicity. Since |0A| = 2671 by our choice of { and 6, and 8 = o(1) (recall (6.1)), Corollary 4.6
now gives us a lower bound on the first moment

1
EalByx([jx+ke /2, ji+ ke )| = ZIGAI[EIB(ks‘l)I,

To calculate the second moment, if u, v are counted in |B([jy, j. + ke 11)|, then either there exists two
vertices a;, a, in 0 A such that

-1 -1
{m ke, u off A}o{ay ke, v off A},
or there exists a € 0 A, a vertex z and t < ke~ ! such that

ke -t

_ -1_
{af—t»zoffA}O{z uoffA}O{zIfE—fvoffA}.

We apply the BK-Reimer inequality and sum over u, v. We get
EalBy(Ux, jx + ke D2 < 10APEIB(ke Y2+ Y. Pala<>zoff A)EIB(ke - 1)])>.

acdA,z,t<ke™1

We first sum over z using Lemma 4.4, then appeal again to Corollary 4.6 to get that

EalBy([jx, jx + ke ' NI* < CEIB(ke H?[I0AI* + |0 Ale™].

By (4.4),
P(IBx([jx + ke 12, jx+ ke '] = FIOA[EIB(ke ™)) = cloA” o
X X »JX — 8 _|6A|2+|0A|£_1_ )
where the last inequality is since |dA| = {e¢™!. By Theorem 4.5, we can write this as
Pu(1Bx(lju+ke 112, ju+ ke ') = cle %e*) = el (6.5)

for some constant ¢ > 0. Now, ifIBx([jx+k£_1/2,jx+ks_l])l > c(e_zek and IGBx(jx+k£_1/2)| < g lek/4

occurs, then
0By (jx+ ke '/2)| <e7 ' and Y By (ke '/2; A)| = c(e2eF,
VEOBy (jx+ke™1/2)
must both occur. By the Markov inequality and Lemma 4.4, the probability of this event is at most

€—2e3k/4

cle 2ek

by our choice of { and k in (6.1). Putting this together with (6.5) yields the assertion of the lemma. [J

=0 e M=o,

Lemma 6.7 (Finding good radii). There exists radii ki, ..., ke in [r,2r] such that
kiv1—ki=ke™!,
foralli=1,...,¢ and
P(xis (8, B, ki, ke 1)-fit)
P(xis (1, B, ki, ro)-fit)
P(xis (8,8, ki + ke 112, ro)-fit)

1+ OL5)POB, (k) # @),
1+ OWY5)POB, (k) # @),
(1+ O *)P@B (ki + ke 1/2) # @).
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Proof. This is the only place where we use Theorem 5.1. Indeed, say a radius j € [r,2r] is good if it
satisfies the three assertions of the proposition with k; replaced by j. Three appeals to Theorem 5.1
give that atleast (1—o(1))r radii j € [r,2r] are good by our choice of § and . Now, since £k = o(M) and
r = Me~! it is immediate that there exist ¢ good radii which are ke~! separated from each other. [

Lemma 6.8. For at least (1 - o(1))V? pairs x,y and for any jy, jy € [1,2r],

-1 2 _3/4
[E[ijrjyrrol{xzfo_“}ry}] <V "m(E|B(ro)|) ay .

Proof. Part (2) of Lemma 6.4 with n = ro + 2r and a straightforward calculation with Theorem 4.5 and
our choice of parameters shows that

S E[Sivipnl 2, | < CVmEBroD [ave®™ +avet],
X,y fx — "y}

which gives the result since Caye®™ < a3/* by our choice of M in (2.7). O

Proof of Theorem 6.2. Recall the requirements (1)-(5) in the definition of < (x, , jx, jy, 70, B, k). We ap-
ply Lemma 6.7 and let ki, ..., k¢ be the corresponding radii. We prove the theorem with radii {ji, ..., j,}
defined by
Ji=ki+ k‘E_l/Z,
fori=1,...,¢ and assume x, y are such that the assertion of Lemma 6.8 holds. We will prove that for
these pairs x, y
P(d(x, ¥,2r,2r) and ﬂ {(g) does not hold for jx,jy}) = o0(e?), (6.6)
JoJy€ljrmjet
for g € {1,2,3,4,5}. We do this in the order (1), (2), (4), (5) and (3). Since </ (x, y,2r,2r) S <4 (X, , jx, Jy)
when jy, j, <2r, (6.6) holds trivially for g =1 and all x, y, jy, j, <2r.
For any j, € {ji,..., je},

P(4(x, Y, jx, jy) and |Bx(j)l = e (1 +€)*) = Ce*(1+€) " = O(e ™ Me?),

by the Markov inequality, Lemma 4.4, the BK-Reimer inequality and Corollary 3.5. This implies that
P(<f (x,y,2r,2r) and 3jy € {j1,..., je} such that|By(j)|= e 21+ 6)3’) =o0(e?),

since ¢ = o(eM). Similarly,

P( (X, jx, jy) and [0B(j)| = e (1 +€)*") < Ce*(1 +€) 7" = O(e MeP),

leading to the same bound. This proves (6.6) for g = 2.
Next, we wish to show that for any j, € {j1,..., j¢},

P(f(x,Y, jx, jy) and x is not (1, B, jx, ro)-fit) = O(*wll5). 6.7)

It is tempting to use the BK-Reimer inequality here, however, we cannot claim that the event in (6.7)
implies that 0By (j,) # @ occurs disjointly from the event x is not (1, B, jx, ro)-fit, since they are both
non-monotone events and the corresponding witnesses may share closed edges. Instead, we condi-
tion B (jx) = A and get that

P( (X, Y, jx jy) and x is not (1, B, jy, ro)-fit) = > P(Bx(jx) = AP(OB,(j,) # @ off A),
A: x is not (1,8, j,ro)-fit

since (1, B, jx, ro)-fit is determined by the status of the edges touching B,(jy). We use Corollary 3.5 to
bound P(0B(j,) # @ off A) = O(¢) and

P(0Bx(jx) # @ and x is not (1, B, jx, ro)-fit) = P(0Bx(jx) # @) —P(0Bx(jx) # @ and x is (1, B, jx, ro)-fit)
<P(0B;(jy) # ) Ow!/),
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by our choice of radii in Lemma 6.7, so Corollary 3.5 gives (6.7). Therefore,
P(o/ (x,y,2r,2r) and 3jy € {j1,..., j¢} such that x is not (1, B, jx, ro)-fit) = O(fszw},és) =o0(e?),
by our choice of ¢ in (6.1), of M in (2.7), and of w,, in (5.1). This proves (6.6) for g = 4.
Similarly, by Lemma 6.8 and Markov’s inequality, for any jy, jy,
P(s/(x,Y, jx, jy) and (5) does not hold) < Csza%,/‘l.
The union bound implies that
P(<f (x,y,2r,2r) and 3y, j, € {j1,..., j¢} (5) does not hold) = O([Za%//‘lez) =0(e?),
by our choice of ¢. Therefore, (6.6) holds for g = 5.

Thus, it remains to prove (6.6) for g = 3. This is the difficult requirement in which we only prove
that one of the radii in {j,..., j/} satisfies it (in fact, all radii satisfy it, but that is harder to prove, and
we refrain from doing so). In the same way as in the proof of (6.6) for g = 4, using Corollary 3.5, it is
enough to show that

P(0B.(2r) # @ and |0B,(j) | <e’*e™! Vj € lji,..., jo}) = 0le). (6.8)
Forie{l,..., ¢}, wewrite «/; for the event that x is (6, 8, k;, ke 1)-fitand %B; for the event that |0Bx(ji)| <
e~ lek’* and 9; for the event

92; =4{10By (k)= (e Vie(l,...,i}},
so that
P(an(Zr) Z@and [0Byx(j )| <P(@ynBin---N%By) +P{0B(2r) # ¢} N @;).
Then we can split
P@DnBin---NB)<P@eNA))+P(DeNB1N---N By Ay).

By our choice of k; in Lemma 6.7 and Corollary 3.5 we have that P(2, n</;) < ew!/5, so that

PPy NBriN--NBy)<ew !> +P(By | Dyn BN By 1N AP @Dy 1N BN By_1).
Thus, by Lemma 6.6,
PPN BN NBy)<ew!®>+(1—cOP@r_1NnBryN--NBy_1),
By iterating this we obtain
P@,NB1N---NBy) <elw'l®+Ce(1-c)l = 0(e),

since fw}/® = 0(1) and (™! = o(¢) (recall (6.1)), and P(2;) < Ce by Corollary 3.5. Lastly, Lemma 6.5
shows that

P({0B(2r) # 8} ND;) = o(e),
showing (6.8) and thus concluding the proof of (6.6) for g = 3 and the proof of Theorem 6.2. U

6.3. Proof of Theorem 6.3: Conditional second moment. We now set the stage for the proof of The-
orem 6.3. We perform this by a conditional second moment argument on Sj,,j ., (x, y). We will be
conditioning on By (jx) = Aand By (j,) = B where A and B are such that the event </ (x, y, jx, jy, 0, B, k)
holds. We abuse notation, as before, and treat A, B as sets of vertices but our conditioning is on the
status of all edges touching By (j, —1) and By, (j, — 1). Thus, while A and B are disjoint sets of vertices,
they may be sharing closed edges. With this in mind, we generalize the notation just before Lemma
6.6, and write P4, Pp and P 4 g for the measures

Pa() = P(off A|Bx(ju) = 4),
P3() = P(off BIB,(j,)=B),
Pas() = P(off AUB|By(jx) = A By(jy) = B).
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We start by proving five preparatory lemmas.

Lemma 6.9. Assume that A, B are such that x,y are (1,, jx,10)-fit and (1, B, jy, ro)-fit, respectively.
Then,

P2myg,10], _ _ _
Y Y Pala Iy p g BV > (1882 VL EB(ro) ) 2mIO Al — e ) (0Bl — £ 7V).
a,bedAx0B (u,u’)

Proof. Let ae dAbe a (B, jy, ro)-regenerative vertex. Then, by definition,
P[2my,rol,
Y Pala 2% w) = (1 - BEIB(ro)|.
u

Denote by U the set of vertices

U = {u: Pala 22005 ) < (1 Y2 VEIB (o)1},
and recall that Lemma 3.15 guarantees that

P[2mg, o), x W < (1+ O(ﬁg[EIB(ro)l

’

PA[a

by our choice of § in (6.1), so that

(1-PEIB(rp)| <) _Pala

P2myg,rol,x
—>

u) <|UI1-BY2)VIEIB(ro)| + (V = |UNA + 0(B)) V" EIB(ro)l,

and we deduce that |U| < 2,6”2 V. In other words, for at least (1 — 2[31/2) V vertices u,
P(2my,rol,x W)= (1- ,3”2‘)/[E|B(r0)| '

Similarly, for any b € B which s (f, jy, ro)-regenerative, there exist at least (1 —2,61/ 2V vertices u such
that

PA(a

1/2
P2my,rol,y W)= (1 - B )EIB(ro)] -
\%4
Thus, for such a and b, at least (1 —48Y?)V vertices u satisfy both inequalities. Write D for this set
of vertices so that |D¢| < 4,6” 2V. Since the degree of each vertex is m, the number of edges having at
least one side in D€ is at most 4,61/2Vm. Thus, at least (1 — 8ﬁ1/2)Vm directed edges (u, u') are such
that u and ' both satisfy the above inequalities. Hence

Ps(b

_ (1-8B"*)EIB(ro))*m

Z PA(aP[ZmO,rO],x M)PB (b P2my,rol,y u/) >

(u,u")

Since x is (1, B, jx, ro)-fitand y is (1, B, jy, ro)-fit the number of such pairs a, b is at least
(10Al-eH(0B|-¢7h),
and the lemma follows. U

Lemma 6.10. The following bounds hold:

P2my, =t —t _
Pap(a 2y, 0 2o 2)Pe(b <2 21)Ps a1 “=2 ) < al/210 Al1OBIV " m(EIB(ro))%,
(a,b)e0Ax0B
(u,u'),z1,t1€[mg, 1ol
and
P2my, —t =t _
Y Pap(a 0y a L 2)Py(b ™ 2)Py(z 22 1)) < al/210A110BIV " m(EIB(ro)])2.
(a,b)e0Ax0B

(w,u"),z1,t1€[my, o]
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L . P[2my,
Proof. The proof of the second assertion is identical to the first, so we only prove the first. If a {2mo 1o

o .
u and a — z;, then there exists z, and , € [mg, rg] such that
=t ro—1t2 ro—1t2
{a — 23} o{zp — ulo{zy — 21}

or there exists z, such that

Pmyg,ro] P[myg,ro]

m,
{a—= zp}o{z, uo{z, z1}
or there exists z, such that
Pmy, 1] my Pmy, 1]
{a —— zp}o{zp — uto{zg —— z1}.

To see this, let 7 be the lexicographically first shortest open path between a and z; so that 5| < rp and
let y be an open path between a and u such that |y| € [2my, r9]. Let z, be the last vertex (according to
the ordering induced by y) on y belonging to n (that is, the part of y after z, is disjoint from 1 and the
part of ) after z, is disjoint from y). Let £, be the distance between a and z, along 7. If £, = my, then
the first event occurs: the first witness is the first #; open edges of 1 together with all the closed edges
in the graph, the second witness is the set of open edges of y between z, to u (note that there are no
more than ry — f, edges since the part of y between a to z, is of length at least f,) and the third witness
is the set of open edges of n between z, and w. If t, < m occurs and the part of y between z, and u is
longer than m,, then the second event occurs by similar reasoning. Finally, if #, < mg occurs and the
part of y between z, and u is of length at most my, then the part of y between a and z; is longer than
myp and the third event occurs.

This leads to three different terms, we use the BK-Reimer inequality and get that the required sum
is at most S + S? + S where

=T — I —I =t —1
S = Y P4 5(a < 22)Pap(z2 < WPAp(2 < 21)Pp(b = 21)Pp(z1 <— u),
(a,b)edAxAB,(u,u'),
21,22,11,t2€[mo, o]
and
P , P , =t —t
S0 = Y Pag(a® 2Pz 2 )P, gz ) 2P (b 2 2Pz LR W),
(a,b)edAxAB,(u,u'),
ZI!Zthle[mOrrO]
and
Plmo, Plmo, =t —t
$9= Y Pas@ ™ )P s(e ™ wP s S 2)Pp(b S 2Pz TE u).

(a,b)edAxdB,(u,u'),
21,22, 11 €E[myg, 1]

We use Lemma 3.15 together with Lemma 4.4 to bound the factors P4 g(a pa z2) and P (b 4 z1) in
S9 by CV1(1+¢)2 and CV~1(1+¢)", respectively. This gives

-2 t+t, To—12 To—1l2 ro—t1 g
S“<cCcv Y 1+&)"172 Y Paplzp —— WPy gz —— 21)Paplz — ).
(a,b)e0AxdB,(u,u'), 21,22
t1,02€[my, 1ol

We sum over z;, z; using Corollary 3.18 together with Lemma 4.4 to get that

8_3 (1 + 8)37‘0—1‘1 —21
Vv

§9 < cv? Y (1+e)th

(a,b)edAxAB,(u,u),
ty,t2€[mo, ol

< Cayml0A|ldBIV 1e™2(1+¢€)2 +Cl0AlIOBIV 2me (1 +¢€)r,

ay +

where the last inequality is an immediate calculation. By Theorem 4.5 the first term is at most

Cay|0AlI0B|V ™ m(E|B(ro)))?,
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and by our choice of ry in (2.8), the second term is at most

1/2 3
ay;“log(e’V)
O 10 AI0BIV ™ m(EB(ro)))?.
Velv
This gives an upper bound on S fitting the error in the assertion of the lemma. To estimate S’ we
use Lemma 3.13 to bound P4 p(z> Plmorol,y and P (2 Plmorol - ). This gives
E|B(ro)])? - -
so< BB @ )P (h < 2P 2 ).

V2
(a,b)edAxOB,(u,u'),
z1,22,t1€[mo, o]
We now sum over (u, u'), z1, z; and f; using Lemma 4.4. We get that

mowyzC|0A||aB|v—1m([E|B(r )2
— 07,
Velv

by Theorem 4.5 and (2.8). Since myg = o(e™ 1), this fits within the error estimate in the assertion of the
lemma. The estimate on S“ is performed in precisely the same as for S*, and gives the same error
estimate, concluding the proof. U

S® < ClA|IOBIV 2 m(E|B(ro)l)?romee '(1+&)0 <

Lemma 6.11. The following bounds hold:

Y. Pugla
(a,b)e0Ax0B,a’ €0 A
(u,u),z1,t1€mg, o]

BTl )P g (a L 2)PR(b 2 2Pz =2 1) < a)/2el0 APIOBIV ™ m(EIB(ro)))?,

and

BTl vy p(d L 2)PR(b =l 2)Pp(z) <2 1) < al/2el0 ARIOBIV ™ m(EIB(ro))2.

Y Pagla
(a,b)e0Ax0B,a' €0 A
(w,u),z1,t1€[my, o)

Proof. The proof of the second assertion is identical to the first, so we only prove the first. We use
Lemma 3.15 to bound P4 5(a <22%" 1) < CV='E|B(ro)| and Pg(h =2 z1) < CV~'(1 + €)". We then
sum Pg(z; o u) over (u,u') to obtain a factor of Cme (1 +£)"*"" by Lemma 4.4. We now sum
P, p(a SR z1) over z; and get another E|B(rp)| factor and now sum all this over a, b, @', t;. This gives a

contribution of
C|0AI*|0B|V " *mro(E|B(ro))*,

by Theorem 4.5. This is at most
Cgl(fiAla%,/2 log(ze3 V)
Velv

by our choice of ry in (2.8) and Lemma 4.4, concluding our proof. ]

|0 AI10BIV " m(E|B(ro)))?,

Lemma 6.12. The following bounds hold:

Y Pala 2 2)Palz 2 w)Pp(b 222 /) < CIOAIOBIIBIV 2 mro(EIB(ro))?,
a,bed0 Ax0B
(u,u'),z1€B, 11 €[myg, 1]
and
—t =T P[2my,19] _
) Pa(a <=2 2)Pa(z1 — wPp(b 2% ') < ClOAIIOBIIBIV 2 mro(EIB(ro))>.

a,be0Ax0B
(w,u'),z1€B, 11 €[myg, o]
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Proof. The proof of the second assertion is identical to the first so we only prove the first. We use

Lemma 3.13 to bound
2’/nOrrO]

Pp(b ——= u) < (1+0()V 'EIB(r)],
and, as before, we use Lemma 3.12 together with Lemma 4.4 to bound
Pila2z)<CV(1+e)",

sum over u' such that (u, u') € E(G), and finally use Lemma 4.4 to bound

Y Palz1 2wy <Ce (1+e)071,
u

Altogether, after summing over a € 0A,b € 0B, z; € B, < ry, this gives the bound of
CIOAlIOBI|BIV ?mroe ™" (1 +€)"°E|B(ro)| < CIOAlIABI|BIV 2 mro(E|B(ro))?,
where we have used Theorem 4.5. U
Lemma 6.13. For any positived >0 and >0,
EABSjsjpr (6 ) = A =8B")V  mEB(ro))*(10Al -~ (10B| &™) - Err,

where
Err < C|0A||0B|V " m(E|B(r)|)? [ro(IAI +IBNV ! +al/2(1+ g|aA|)]

Proof. We have that

P[2my,r9),x P[2myg,1ol,y .
EABSjnjprey) = ) Y Pap(la —""=u} and {b —— u' off By(jx + 10)}), (6.9)
(a,b)e0Ax0B (u,u’)
because the additional requirement that a and b are pivotals in the definitions of {a L2l2mo.rol, > u} and

P[2my,rol, . . . . . .
(b 2210 implies that they are unique in A x 0B, so no pair (a, b) is overcounted in the sum.

We define By (r9; AU B) = UyegaBa (ro; AU B). We condition on By, (rg; AU B) = H for an admissible

P2myg,rol,x
——

H (that is, any H that has positive probability and a u off B occurs in it). Each summand in

(6.9) equals

P2myg,rol,y

S P4 5(Boalro; AUB) = H)PA,B(b U off H| Bya(ro; AU B) = H)
H

and we have

PA,B(b

because in both sides the status of the edges touching AU H cannot change the occurrence of the
event. This gives that

P2myg,rol,y P2mg,rol,y
— ———

' off H | Boa(ro; AUB) = H) =Py (b u' off AU H),

P2myg,rol,y
—

EABSj.jprnHV) = D Y Y Pap(Bsalro; AUB) = H)Pg(b u off AUH).

(a,b)e0Ax0B (u,u') H
Now, by Claim 3.1,

P2myg,rol,y P2myg,rol,y

YW off AUH) = Pg(b 22000 ) _pg(p 22000

Pyp(b u' only on AU H),

where in the last term we have dropped the requirement that y is pivotal (which only increases the
probability). Hence by summing on H we get,

P2myg,rol,x P[2my,1ol,
EAsSinjn6))= 3 Y Papla " u)Pp(b—""2u)-S,,
(a,b)e0Ax0B (u,u')
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where
5= Y Y S Pus(Boalro; AUB) = H)Pg(b <221 i/ only on AU H). (6.10)
(a,b)e0Ax0B (u,u') H
As before,
Py pla 20T 1) = p oy (q L2 off B,

since the status of the edges touching AU B in both sides does not matter. Claim 3.1 again gives that

Pa(a uoff B) = Pyla

and so we may further expand

P2my,1r0l,x P[2my,1r0],x P[2my,10]

u)—Pla—2> uonlyonB),

EaBSjy,jyro (X, ¥) = 81— 82— 83,

with .
Si= Y Y Pa(atE ypy(h ),
(a,b)edAX OB (,1')
Ss= ), Y Pala d2monly, only on B)Pg(b ——— Bemonol .

(a,b)e0Ax0B (u,u’)
and S, is defined in (6.10). Lemma 6.9 gives the required lower bound on S; which yields the positive

contribution in the assertion of this lemma. We now bound S, and Ss from above, starting with Ss. If

P[2my, . 2 .
PRI only on B, then either a “= u or there exists z; € B and 11 € [my, ro] such that

=n ro—h ro—h =0
{a<— z1to{z1<——u} or {a<— z1}o{z1 — u},

Indeed, let y be the lexicographically first shortest path between a and u. If |y| < 2m, then a i u,
otherwise |y| € [2my, ro] and we take z; to be the first vertex in B visited by y and 7 is such that y(#) = z;.
If t = my, then we put #; = ¢ and otherwise we put #; = |y| — t. In any case #; € [my, r9]. When ¢ = my,

the witness for a — zj is the set of open edges of the path y|0, ¢] together with all the closed edges of

the graph and the witness for z; 97y are the open edges of y [z, |y|l. The case t < my is done similarly.
We get that

P[2
S3 = Y Paa R upg(b 2y
(a,b)e0Ax0B
(w,u’)
P[2my,
+ )y Pa(a =2 2)Palz) “8 w)Pp(b 22000 )y
(a,b)e0Ax0B
(u,u"),z1€B, t €[mp, 0]
-t =r P[2my,
+ Y Pa(a "% 2)Pa(z) <2 1)Py(b 200 ).
(a,b)e0Ax0B

(u,u'),z1€B, 1 €[myg, o]

P[2my,
For the first term we bound Pg(b DLemo 1o}

to get a contribution bounded by
CI0A|I0BImV 'EIB(ro)lmg < CIl0AlI0BIV ™' m(E|IB(ro)))*[mo(EIB(ro))) "]
Cai/?10AlldBIV  m(EIB(ro)l)?, (6.11)

u') < CV'E|B(ry)| by Lemma 3.13 and sum over everything

A

IA

by our choice of ry in (2.8), our assumptions ay = (€3V)~V2 in (2.5) and mg = o(¢™') and Corollary
4.6. This fits in the second term of Err in the assertion of the lemma. We bound the second and third
terms using Lemma 6.12 giving an upper bound of

C|OAlI8BI|BIV~*mry(E|B(ro)])?,

which fits in the first term of Err in the assertion of the lemma.
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P2myg,ro]
—

We proceed to bound S, in (6.10) from above. As before, if b u' only on HU A, then either

b o u' or there exists z; € HU A and t; € [my, o] such that
b8 zyolz; Ch Uy or (b8 zy0iz B Ul (6.12)

The case b pald! ' is handled as before and gives a contribution of C|0A||0B|mV~YE|B(ry)|mg which
by (6.11) again fits the second term of Err. To handle the other cases, let us first sum the contribution
to Sy due to (6.12) over z; € H. We use the BK-Reimer inequality and change order of summation to
bound this contribution to S, by

P2 ) =r —r
> Pag(a 2moTol 1, 34’ € 3A such that @' <& 2)Pg(b <2 2)Pg(z <=4 )
(a,b)e0Ax0B
(u,u'),z1,t1€[mg,r0)
P[2my, —t =t
+ ) Papla L2monol 34’ € 9A such that @' <% z)Pp(b =2 2)Py(z1 <= u).

(a,b)edAxIB
(w,u'),z1,t1<rg

. P[2my, . . . P[2my,
Now, if a 222! 1y and there exists a’ € dA with @’ <% zj, then either a “22" 1, q L z; or there
. P(2my, .
exists a’ € A such that {a AL ulof{a <> z}. Hence we may bound this from above by (1) + (I1)
where
P(2my, =t -t
(n = Y Paplay a s 2)Pa(b 2 2)Ps(z 2 )
(a,b)e0Ax0B
(w,u),z1,t1€[mg, 7o)
PL2my, —t =t
+ Y Pap@E yal 2)P(b Sl 2)Ps(z 2 U,
(a,b)e0Ax0B
(uyu,)vzlvtlsro
and
P[2my, =t —t
un = Y Pap@ )P, p(a o 2)PR(b 2 2Pz = W)

(a,b)e0Ax0B,a'€d A
(w,u'),z1,t1€[my, 1]

+ Z Pagla
(a,b)e0Ax0B,a' €0 A
(u,u’),zl,tlsro
Lemma 6.10 readily gives that (I) < al/?|0Al|0B|V~'m(E|B(ro)|)* which fits into the second term of
Err. Lemma 6.11 gives that (I1) < a%//zslaAlzlaBI V~Ym(E|B(ry)])? which fits in the second term of Err.
We sum the contribution to S, due to (6.12) over z; € A and bound it from above by

P[2myg, 1]
—>

P2 , —r =
L2m0n) Py p(a Lo 2)PE(b Y 2)Ps(z <2 ).

P,us(a WPg(b =2 2)Pp(z1 =2 u) < ClOAIOBIIAIV 2 mro(EIB(ro))?,

(a,b)edAxIB
(u,u'),z1€A,t1€[mg,1o)

by an appeal to Lemma 6.12. This fits in the first term of Err and concludes our proof. U
Lemma 6.14. The following bound holds:

EaBSj,,jyro X, V1L 2y 5 <=Q1+Q2+Q3,

{0A#40
where
Qi = (1+0(ay +empy)V2m?E|B(ro))*10AF10BI,
Q2 = CV 2 m’e ' (EIB(ro)))*|0AlIOBI(10A| +10B)),

Qs CV =2 m?e 2 (E|B(ro)))*|0AlldBI.
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Proof. Assume that (u, u’l) and (uo, ué) are two edges and let a, a;, ay be vertices in 0A and b, by, b,
vertices in 0B. Define

P[2myg, 1] P2myg,ro]
—>

P[2my,1o]
T (u1, U, ay, az) ={a; —— ui}of{ay —

ut, I (uy,uz,a)={a ul}n{ali@m—‘)’@ up}.
(6.13)
We define 9 (ul, uz, b1, by) and I (ul, uz, b) in a similar fashion.

Now, if (14, ”1) and (uy, uz) are counted in S, Jyro (X y)? l{aAZ,Z)aB}’ then one of the following events
must occur off AU B:
(1) There exists ay, az, b1, b such that I (uy, up, a1, a) oI~ (”v u2, b1, b,) occurs,
(2) There exists aj,ay, b such that I (uy, us, aj, az) o (ul, uz, b) occurs, or the symmetric case
T (U1, Uz, a)o (ul,uz,bl,bg)
(3) There exists a, b such that I (u1, uz, a) o J (u}, u,, b) occurs.

219
See Figure 5. Observe that the disjoint occurrence of the events is implied since 0 A # dB. We now

sum the probability of these events over (uy, u}), (up, u3) and this gives us three terms which we will

bound by Q1, Q» and Qs, respectively. By Lemma 3.13 and the BK inequality,

(1+ O(ay +emyg))(EIB(ro))?
V2 ’

Psp(T (U1, uz, a1, az)) < (6.14)

whence

Y Pap(T (w1, up, a1, a2) 0 T (u}, uh, by, b2)) < (1+ O(ay +emg))V—>m? (E|B(r0))*[0AI*|0BI?,
ay,az,bi,ba,
(u1,1), (uz, u3)

which equals Q;. To bound the probability of (2), if 7 (1}, u}, b) occurs, then, as before, there exists a
vertex z; and £ € [my, ro] such that

=1 To—I1 _y ro—1I1 g
{b— z1}o{z1 = uy}o{z1 — uy},

or there exists z; such that

mo Tol mo Tol

b3 z1jolz <20 uy}olz) —— uy},
or there exists z; such that
P[myg,ro] P[myg,ro] m,
b —= z1}o{z1 —= uj} o {z1 — uy}.
Hence, the BK-Reimer inequality gives that
= ro—t ro—t
Y Pap(T (uupb) = ) Papb—z)Paplzr «— u)Paplz < up)
u’l,ué ui;ulzrzlv
t1€[mg,rol
P[my,ro] P[my,ro]
+ Z Pup(b < z21)Pap(21 — 2 u})P 4 p(21 — > 1))
lruzvzl
P[my, 1] P[myg,ro] m
+ Z Pag(b—= z))P p(z1 —— u)Pap(z1 — uy).
ulruzvzl

We estimate the first sum by summing on u,, ] then on z;, ¢; using Lemma 4.4 to get a bound of
Ce 31 +e)*™ < Ce ' (EIB(ro))?,

by Theorem 4.5. The second and third sums are bounded by Cm(E|B(ro)|)?> which is of lower order
since emgy = o(1) by (2.9). We use the BK inequality and (6.14) to bound the contribution due to the
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(u1, 1) (u1,u) (u1, v

)
(u27 u/2) (U‘Qa UIQ) (UQ%
b

a1 as by b ay a9 b a

(1) (2) (3)

FIGURE 5. The three contributions to the second moment of S;, JyTo (x,y). The main
contribution comes from (1).

first event in (2) by
Y Pas(T (ur,uz,a1,a2))Pa (T (U, up, b)) < CV2m?e ™ (EIB(ro))*|0AI*|0B].

alraZFhr(ulvui)v
(ug, )
The symmetric in (2) obeys the same bound with the roles of |0 A| and |0B| reversed. This contribution
equals Q.. To bound the contribution due to (3), we note that
> P 5(T (uy, U, @)Pa (T (], us, b)),

! !
a,b,(uy,uy),(uz,us)

is bounded using the BK-Reimer inequality by the three sums

=n ro—h ro—h =0 ro—Iz ro—ly 4
Z Py pla<— z1)Pap(z1 < u1)Pap(z1 < u2)Pap(b— 22)Pap(20 — u))Psp(22 — u,),
a,b,(u1,u}), (2, u})
21,22,11,L2€[mg,1o]

P[my, 1] P(my,ro

i),

=f ro—h To—101 my l
Y. Pagla— z)Pap(z1 <— u1)Pap(z1 < up)Pap(b— 22)P 4 p(22 u)P4 (22
a,b,(uy,u)), (U2, us)

21,22, 11 €[my, 1]

and
m Plmy, 1ol Plmyg,ro] m Plmy, 1ol Plmyg,ro]
Y Pagla— z1)Paplz1 —— u)Pap(z1 — p)Pap(b — 2)P g p(zp — u))P gz —— uy).
a,b, (uy,u})

!
(uz,u,),21,22

To bound the first sum, we use Lemma 3.12 and Lemma 4.4 to bound P4 g(a Pt z)) < CV1(1+e)h and
P, p(b P 22) < CV~1(1+€)%2. We then use Lemma 3.19 and Lemma 4.4 to sum over 21, 22, (U1, u’l), (uo, u’z).
This gives us an upper bound of

CV210AlI0BIm*e (1 +&) + CIOAlIOBIV 'mPmpay ). (1+e)"1™"
t1,t2€[my, 1ol
< CV 2|0 All0BIm*e 2 (EIB(ro))*,
where the last inequality is due to Theorem 4.5 and our choice of rg in (2.8). This is contained in Qs.
To bound the second sum, we use Lemma 3.15 to bound each of the last two terms by CV ~1E|B(ry)|.
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We then sum over (u;, u’l) and (u», u’z) using Lemma 4.4. We then sum over z;, 2z, using Lemma 4.4
and finally over a, b, t; to get that this sum is at most

C|0A||0B|V " >m*(E|B(ro)) e  my,

which is contained in Q3 since emg = o(1). For the third sum we use Lemma 3.15 four times, and then
sum over everything to get a bound of

CIOAIIOBIV 2m?EIB(ro))*m3,
which is also contained in Qs3, concluding our proof. U

Proof of Theorem 6.3. We condition on the events By(jx) = A and By (j,) = B such that the event
(X, ¥, jx» Jy» To, B, k) holds. By requirement (2) of o/ (x, y, jx, jy, o, B, k) and our choice of parameters
ro(Al+|B)V <V 1le3loge® V)e3M < (loged V)7L,

and

1/2 3M 172 _ 1/4
ayel0Al=e’ T ay =ay .

Hence the error term in Lemma 6.13 is at most

Err < C[(loge® V)™ + a}/*]10 All0BIV  m(E| B(ro)|)%.
Lemma 6.13 together with requirement (5) in the definition of </ (x, y, jx, jy, o, B, k) and our choice of
fin (6.1) (in particular, that § < ay/* A loge3V) ™! by (2.7)) give

[EA,B[ij,jy,ro(x,y)l ]Z(1—C,BUZ)V_lm([EIB(ro)l)zlaAllaBl-
{0A+ 0B}

Since |0A| and |0B| are at least e¥/4¢~!

e V0A%10B| + e Y0AI?10B| + 7210 A||0B| < Ce ¥4|10A%10B)?,

hence, by Lemma 6.14 and our choice of parameters,

M

[EA,B[ij,jy,ro(x,y)zl oy | = (140 V2m?EIB(ro))*10A*10BI*.

{0A+> 0B}
We conclude that
P5(S)sjpro (X Y) = 282V m(EIB(ro))*10Al10B]) = 1 - O(8"%),
where we used the fact that e ¥/4 = 0(p) and (4.4). This concludes our proof since [0 A| and |0B| are at
least e71. O

7. PROOFS OF MAIN THEOREMS

7.1. Proof of Theorem 1.3. In Section 2.4 we already proved Theorem 1.3(a) hence we may assume
that the finite triangle condition (1.5) holds and focus on part (b) of the theorem. Since |61 < ko+Z=,
where kj is from Theorem 2.2, Lemma 2.3 immediately gives that |6} | < (2+0(1))eV whp, showing the
required upper bound on |6 | — note that this argument only uses the finite triangle condition hence
it is valid for any &,, satisfying €,, > V'3 and ¢,, = 0(1). For the lower bound we will additionally
assume, as part (b) requires, that £,, = o(m,, 1y and show that

P,(1611=2-0(1)eV)=1-o0(1). (7.1)

This establishes part (b) of Theorem 1.3. Recall that p = p.(1 + €) is our percolation probability, let
0 > 0 be an arbitrary small constant and put p, p; to satisfy

p2=0¢lm, pcl+e)=p1+1Q—-p1)p2,

so that p.(1+ (1 —-0)¢) < p; < p.(1+¢€) since p. = 1/m. Denote by G,, and Gp, two independent
percolation instances of G with parameters p; and p», respectively. The sprinkling procedure relies
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on the fact that G, is distributed as G, U G;,. We first apply Theorem 2.4 to G, and deduce that for
M, r defined in (2.7) and ry defined in (2.8),

Py, (Prry = (1-30)4e*V?) = 1-0(1). (7.2)

Now we wish to show that when we “sprinkle” this configuration in G,,, that is, when we add to the
configuration independent p,-open edges, most of these vertices join together to form one cluster
of size roughly 2¢V. To make this formal, given G, we construct an auxiliary simple graph H with
vertex set

V(H) ={x€Gp,: €)= (V)1e7?},
and edge set
EH) ={(x,y € V(H)?: x,y are (r, ro)-good} .
Thus, using Lemma 2.3 with ko = e 2(€3V)/* and (7.2), with probability at least 1 — o(1),

[V(H)|=2+0()eV, |E(H)| = (1 -30)4€>V?. (7.3)

Denote v = |V (H)| and write xy,..., x, for the vertices in G,, corresponding to those of H. Given
G, for which the event in (7.3) occurs, we will show that whp in G,, U G, there is no way to partition
the set of vertices into M} w My = {x,..., x,} with |[M;| = 30 v and | M>| = 30 v such that there is no open
path in G,, U G, connecting a vertex in M; with a vertex in M. This implies that whp the largest
connected component in Gy, U Gy, is of size at least (1 -30)v.

To show this, we first claim that the number of such partitions is at most 23 vy since |6 (x;)| =
(3V)H4e2, Secondly, given such a partition, we claim that the number of edges (u, u’) such that u €
M;j and u’ € M, (note that, by definition, these edges must be p;-closed) is at least e 40M (log M) 102V m.
To see this, we consider the set of edges in H for which both sides lie in either M; or M, (more pre-
cisely, the vertices of H corresponding to M; and M>). This number is at most

M? + Mz < 30v)* +(1-30)*v* < (1 -50) 17,

where we used the fact that 6 > 0 is a small enough constant, M; + M, = v and both M; and M; are in
[30v, (1 -30)v]. By (7.3), the number of edges in H such that one end is in M; and the other in M, is
at least 02 V2. In other words, there are at least 02 V? pairs (x,y) € My x M such that Sy, 4, (x,y) =
(log M)~ 'V 1me™2(E|B(ry)])>. Note that is a large number due to our condition (2.8). In total, we
counted at least 0&2V?2 - (log M) 'V~ me~2(E|B(ro)|)? edges (u, ') and no edge is counted more than
|B, (21 + 19)| - |B,s (21 + 1)| times, which is at most €™ ¢~2(E|B(r)|)? by the definition of S+, (x,y)
and the second claim follows.

Hence, if |61 | < (1 —360) v, then there exists such a partition in which all of the above edges (u, u)
are p»-closed. By the two claims above, the probability of this is at most

23(&'3V)3/4(1 _ pz)e‘4OM(logM)_19m£2V < 23(83 V)3/4e—e"40M(logM)_162£3V = o(1),

since p, = e/ m and by our choice of parameters in (2.7) and (2.9). This concludes the proof of (7.1)
since 6 > 0 was arbitrary and establishes the required estimate on || of Theorem 1.3 (b).

We now use (7.1) to show the required bounds on E|¥4(0)| and |62|. The upper bound E|¥€(0)| <
(4 + 0(1))€2V is stated in Lemma 2.3 and the lower bound follows immediately from our estimate on
%1. Indeed, write €; for the jth largest component. Then

EEOI=V" Y E€wI=V 'Y EE/*=V I EEGI=@d-o01)eV,
veV(G) j=z1

where the first equality is by transitivity, the second equality is because each component € is counted
|€j| times in the sum on the left and the last inequality is due to (7.1). Furthermore, by this inequality
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and Lemma 2.3, we deduce that
Y EI6)1* = 0(e*V?),
j=2
and hence |6,| = 0(¢V) whp. This concludes the proof of Theorem 1.3. O

7.2. Proof of Theorem 1.1. In this section we restrict our attention to the hypercube and prove The-
orem 1.1. We begin by showing that m, defined in Theorem 1.3 with ay = m™!logm, satisfies mg =
O(mlogm). See Lemma 7.1. The proof of Theorem 1.1 is then split into two cases. In the first case we
assume that £,,, < 1/m? so that € = o(my 1 and appeal to Theorem 1.3. In the second case we perform
the classical sprinkling argument for the case € > 1/m?, as done in [18].

Lemma 7.1 (NBW estimates). On the hypercube {0,1}™
Trix(m ™! logm) = O(mlogm),

and for any integer L= 1

L
sup) . Y pl(x,wp”u, v)p®(v,y) < 01/m?) + O(L*/V). (7.4)
XY uv t,t,t3=0
H+b+13=3
Proof. We make use of the results in [25], as we explain now. The bound on Tyix(m ™! logm) = O(mlogm)
is [25, Theorem 3.5]. We next explain how to prove (7.4), which will give condition (3) in Theorem 1.3
for L = Amlogm and an appropriate A > 0.

Let D: {0,1}'" — [0,1] be the simple random walk transition probability on the hypercube, that is,
D(v) = 1/m whenever v is a neighbor of the all zero vector. Our proof of (7.4) relies on Fourier theory.
For convenience, we take the Fourier dual of {0, 1} to be {0,1}"". Then, the Fourier transform f (k) of
f:1{0,1}"* — Ris given by

f= Y D" fw), (7.5)
x€{0,1}m
with inverse Fourier transform
1 “
fw== Y D" fK). (7.6)
V ieioaym

For the hypercube, D(k) takes the appealingly simple form
D(k)=1-2a(k)/m, (7.7)

where a(k) is the number of non-zero coordinates of k.
In [25, Theorem 3.5] it is proved that, when m =2 and ¢ = 1, with p’(k) denoting the Fourier trans-
form of x — p’(0, x),

p’ (k)| < max (|1D(K)],1/Vm—-1)"", (7.8)
and p°(k) = 1. This gives us all the necessary bounds to prove the NBW triangle condition (7.4).

Denote the sum in (7.4) by S. The contribution to S where #; + f, + t3 = 3 equals O(1/m?). Thus, we
are left to bound the contribution due to t;, £, t3 with #; + f, + t3 = 4. Forany t = 1,

m
m-1
where, for f, g: {0,1}"* — R, we define the convolution f * g by

(f*W= Y [fgx-y. (7.10)
y€{0,1}m

pix,y) < (D*p" Hx, ), (7.9)
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Therefore,
L
S<Clm? +34(%)4sup Y (D xpTxpZxp®)(x,y), (7.11)

- XY 81,82,53=0
S1+52+53=0

where 3% is an upper bound on the number of ways we can add 4 to the coordinates of (s, s», $3) to get
(t1, £, t3) with 1 + £, + t + 3 = 4. The above can be bounded in terms of Fourier transforms as

C L
S<Cim*+—sup Y. (DFUD N DU*p (k)p(k)p* (k) (7.12)
Xy ke{0,1}m $1,82,53=0
S1+52+53=0

C L R
sC/m2+V Y Y DWMpTRIpZRIIPE k).

ke{0,1}™ s1,82,53=0
S1+82+53=0
The contribution to k = 0 equals L3/V since D(0) = p’(0) = 1, and the contribution due to k = 1 (where
1 denotes the all 1 vector) obeys the same bound. It is not hard to adapt the proof of [17, Proposition
1.2] to show that the sum over k # 0,1 is O(1/m?). We perform the details of this computation now.
Writing x; = max(x,0) for x € R, and noting that there are at most 2 values of s for which (s—-1); = ¢,
we obtain

C Lo R _ _ _
S<CIm?*+2L3IV+—= Z Z D(k)4max(|D(k)|,1/«/m—1)(51 Dy+(s2—1) 4 +(s3—1)4
ke{0,1}: k#£0,1 $1,82,53=0
2 3 C23 2 4 o 2 S1+82+53
<C/m*+2L°/V+— >  DMH* ) max(IDK)I,1/Vm-1)
ke{0,1}": k#0,1 $1,52,53=0

C2° D(k)*

=CIm*+2L3 |V + — © (7.13)

V' keo1im k20,1 [1-max (D)), 1/vm—1)]>

We bound

1 D(k)*

DY - 3 (7.14)

V ket,1im: k201 [1 - max (|D(k)], 1/vVm—1)]

1 A 1
<— D(k)* - + :
Vke{o,l}; k#0,1 [[1—|D(k)|]3 1-1/vm-1)3

We next use the fact that % > kefo,1}m D(k)* is the probability that a four-step simple random walk on
the hypercube returns to its starting point, which is O(1/ m?2). Alternatively, and more useful for the
proof that follows, we can write

1 R m
— Y D=2y (",1)(1 —2jIm)* = mME[2X - m)*] = 0(1/m?), (7.15)
V keloym j=o\J

where X has a binomial distribution with parameters 1/2 and m, and we use that E[(2X — m)d] =
O(m?). We use similar ideas to deal with the contribution involving [1 - |D(k)|]~3, which we rewrite as

1 D(k)* m-1 (m) 1-2j/m)*

1 M- ol L - —
VkE{O,l}m:k;éO,l [1—|D(k)|]3 ]’:]_ ] [(2]/m)/\(2_2]/m)]

(7.16)

Thesum 27} o114, 3m14) (’;1 ) is exponentially small in m by either Stirling’s formula or large deviation
bounds on the binomial distribution with parameters m and 1/2. When j € [m/4,3m/4], we can
bound 1/[(2j/m) A (2—-2j/m)]3 < 8 to bound the above sum by O(1/m?) in the same way as in (7.15).
Together with (7.13), this completes the proof of (7.4). U
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Proof of Theorem 1.1. We start by proving the theorem in the case &, < 1/ m?. We take ay = m™logm
and Lemma 7.1 shows that my = O(mlogm) and that condition (3) of Theorem 1.3 holds. Condition
(2) of Theorem 1.3 holds by (1.2). Condition (1) is fulfilled automatically, therefore, in this case Theo-
rem 1.1 follows from Theorem 1.3.

We now handle the case € = 1/m? and € = o(1). We start by proving (7.1) in this case. In [18], it
is proven that [6)] = ceV whp in this case, and the argument used there is based on isoperimetry
together with Lemma 2.3 and suffices to prove the required 2e V' estimate in our setting as well, as we
show now.

Let 6 > 0 be a small arbitrary constant. As before, fix the sprinkling probability p» = 8¢/ m and take
p1 such that p = p.(1+¢€) = p; + (1 - p1)p2 so that p; = pc(1+ (1 -0+ 0(1))¢e). By Lemma 2.3, whp in
Gp,»

2(1-20)eV = Z,,, =2(1+0)eV,

for ko = e 2(e3V)1/4. As a result, there are at most 2(1 +0)eV/ky = 2(1 + 0)(e3V)3/* clusters of size at
least ko. Denote these clusters by (2;);c;, so that || < 2(1 +0)(£3V)3/4.

As before, we now perform sprinkling and add the edges of G,,. We bound the probability that
after the sprinkling there is a partition of the clusters (2;) ;¢ into two sets S, T both containing at least
0eV vertices such that there is no path in G,, connecting them. If there is no such partition, then the
largest component in G, U G, has size at least (2 —30)¢V and we conclude the proof. We follow [18,
Proof of Proposition 2.5].

Since |I]| < 2(1 + 0)(3V)3/* the number of such partitions is at most 220+0)EV¥ e hound the
probability that given such a partition there is no p,-open path connecting them. By [18, Lemma 2.4],
whenever A = 1 satisfies

)3/4

e d2m < gero 7.17)

there is a collection of at least %Bsm_ZAV edge disjoint paths connecting S and T, each of length at
most A. This is where the isoperimetric inequality on the hypercube is being used. Note that A needs
to be large, in fact, we put A = m?’3 and use the fact that € = m~2 so that (7.17) holds. The probability
that a path oflength A has a p»-closed edge initis 1— pzA. Since the paths are disjoint, these events are
independent, and we learn that the probability that they all have a p,-closed edge in them is at most
< e—cpgﬂem‘ZAV _ e—cHAeAm_SAV. (7.18)

loem=22v
[1-p2)’
Thus, the total probability that sprinkling fails is at most

311314 _ pA A, —3A _ o(1-0(1)
22(1+9)(s V) e c0°e®m V:e c2V~0 m’ (7.19)

since € = m™~2 (in fact, this argument works as long as € = e_cmm). The proof of (7.1) when € > y-13
and € = o(1) is now completed.

The remaining bounds on |61 |, E|¢ (0)| and |6>| only rely on (7.1) and Lemma 2.3 and are performed
exactly as in the conclusion of the proof of Theorem 1.3. This completes the proof of Theorem 1.1. [J

7.3. Proof of Theorem 1.4. Our expansion and girth assumption of the theorem allows us to deduce

some crude yet sufficient bounds on p’(-,-), namely, that there exists some constant g > 0 so that

V=9 t<ClogV,
CV™l t=ClogV,

(m-1~" t<(clog,,_,V)/2,

d p'(x,y =
and p°(x,y) {V—q t=(clog,,_, V)/2.

p’(0,0) s{
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Indeed, the second bound on p’(0,0) comes from the classical fact that Ty (C v 1= O(logV). See
e.g. [5, below (19)]. The first bound on p’(0,0) comes from the girth assumption. Indeed, the graph
induced on the vertices of graph distance at most |g/2], where g is the girth, is a tree. Hence, in order
for the walker to return to 0 at time ¢ it must be at distance ¢ — |g/2] from 0 and then take the unique
path of length |g/2] to 0 so that g can be taken to be any number smaller than ¢/2. The bounds on
p’(x, y) are proved similarly.

We take ay = C(logV)~! (which is at least 1/m by our assumption that m = clogV) and prove
that conditions (2) and (3) of Theorem 1.3 hold. Note that my = O(log V). To show condition (2) we
show that percolation with p = (m — D+ ay/logV) has E,|€(0)] > V13 5o that pc < p. To show
this lower bound on E,|€(0)| in this regime of p it is possible to use a classical sprinkling argument.
However, it is quicker to use [46, Theorem 4] and verify that

2r
e 'r) [1+8" —11p'(0,0) = o(1), (7.20)
=1
where e = ay/logV and r = e! [log(£3 V) - 3loglog(£3 V)]. Theorem 4 of [46] then yields that P(|6;| =
beV/(log(e3V))3) = 1 - 0(1) for some b > 0 which immediately gives a lower bound on E|€ (0)| since

El€(0) = V 'E[€1? = (1+ 0(1)b?e?V/(log(e® V)8 > VI3,

by our choice of €. We use our bounds on p’(0,0) above and sum (7.20) separately for r < ClogV and
t=ClogV. For t < ClogV we bound (1 +¢)’ —1 = O(er) and use our first bound p’(0,0) < V9 to get
ClogV ClogV
elr Y A+ -1p'0,00=r Y tVi=0Q).
t=1 t=1
When ¢ = Clog V we bound

1+ -1<(1+e) =e3V(oge’ V)2 =0V (logV) ™),

by our choice of €. We use our second bound p’(0,0) < CV~! to bound
2r
elr Y [A+8" -11p'(0,0) = O(r*e*(log V) ) = o(1),
t=ClogV

since r < C(log V)2. This concludes the verification of condition (2) of Theorem 1.3.

To verify condition (3) we need to prove the bound

ClogV
> > p" (x, w)p”(u, v)P®(v,y) = O((log V) ™). (7.21)
U,V ty,t,t3: t1+ir+13=3
We first handle the special case of (#;, 2, 3) = (1,1,1). An immediate calculation with Lemma 3.11
gives that (on any regular graph of degree m)

Y pl(x, wp' (w, v)p' (v, y) = 0/ m?).
u,v

In all other cases of (1, f, t3) we use our bound on p'i(x, y) for i € 1,2,3 such that ¢; is the largest
of 1, 1y, t3 (which must be at least 2). We pull this bound out of the sum, and sum the other two
terms over u and v to get a multiplicative contribution of precisely 1. The sum over (#3, f, £3) such
that 3 < f; + £, + £3 < 15 is bounded by C(logV)~? since the number of such triplets is bounded,
and each contributes at most C(log V)~2 because one of the ¢;’s is at least 2, so that our bounds on
p’(x, y) guarantee that for this #; we have p'i(-,-) < O(1/m?) < O(1/(log V)3 by the assumption that
m = clogV. Similarly, the sum over triplets (f;, f», £3) such that f; + o + 3 = 15 and t; < my is also
bounded by C(log V)2 since the number of such triplets is at most C(log V)3, and each contributes at
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most C(log V)~ because at least one of the #;’s is at least 5 and for this #; we have p'i(,-) = C(log V)™
again by our assumption that m = clog V. This concludes our verification of conditions (2) and (3) of
Theorem 1.3 and concludes our proof. U

(1)

2)

3)

4)

)

(6)

8. OPEN PROBLEMS

In this paper we prove a law of large numbers for |6’ | above the critical window for percolation
on the hypercube. Show that |6} | satisfies a central limit theorem in this regime. In G(n, p) this
and much more was established by Pittel and Wormald [51].

Show that |6,| = (2+0(1))e 2 log(€32m) when p = p.(1+¢) and that |6} | = (2+0(1))e 2 log(£32m)
when p = p.(1 —¢) for € > V13 and € = o(1). This is the content of [18, Conjectures 3.1
and 3.3]. In [15] this is proved for £ = 60(logn)3/n in the supercritical regime, and for £ >
(log n)?/(n'/21loglog n) in the subcritical regime. In G(n, p) these results are proved in [51] and
[38, Theorem 5.6].

Show that (|%;]272"3) ;> converges in distribution when p = p.(1+ t27™/3) and t € R is fixed
and identify the limit distribution. Up to a time change, this should be the limiting distribu-
tion of (|cgj|n—2/3)j21 inG(n,p)withp=~1+ tn~13)/ n identified by Aldous [4].

Consider percolation on the nearest-neighbor torus Z‘,,f where d is a large fixed constant and
n — oo with p = p.(1+¢) such that e > n~%3 and £ = 0(1). Show that |, |/ (en%) converges to a
constant. Does this constant equal the limit as € | 0 of € 104(p.(1 + €))? Here 6,4 (p) denotes
the probability that the cluster of the origin is infinite at p-bond percolation on the infinite lat-
tice Z%. The techniques of this paper are not sufficient to show this mainly because condition
(2) of Theorem 1.3 does not hold in Z¢ (in fact, it is easy to see that p. — (2d —1)"! = ¢ > 0 for
some positive constant ¢ = c¢(d) — this is always the case when our underlying transitive graph
has constant degree and short cycles). The critical regime of this graph is well understood by
the works [16, 17, 29, 30].

Show that the finite triangle condition (1.5) holds on any family of expander graphs.

Let 6 > 0 be a fixed constant and consider the giant component %, obtained by performing
percolation on the hypercube with p = (1+6)/m. Show that whp the mixing time of the simple
random walk on % is polynomial in m. Is this mixing time of order m?? This is what one
expects by the analogous question on G(n, p), see [10, 26]. Further analogy with the near-
critical G(n, p) (see [22]) suggests that whp the mixing time on 6; when p = p.(1 + ¢) with the
usual condition that £ > 27/3 and € = 0(1) is of order e~ 3log(e32"™).

APPENDIX A. ASYMPTOTICS OF THE SUPER-CRITICAL CLUSTER TAIL

Our goal in this section is to prove Theorem 2.2. In [16], Theorem 2.2 is proved without the precise
constant 2. Here we sharpen this proof to get this constant. We assume that G is a general transitive
graph having degree m and volume V satisfying the finite triangle condition (1.5). In order to stay
close to the notation in [16], we define

and

Vglax =supV,(x,),
XZY

Tp(x):Pp(0<—>x). (A.1)
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Proposition A.1 (Upper bound on the cluster tail). Let G be a finite transitive graph of degree m on
V vertices such that the finite triangle condition (1.5) holds and put p = p.(1 + €) where € = o(1) and

£ > V3, Then, for every k = k, satisfying k. = €72,

P,(6(0) = k) <2e(1+ 0+ (V) + (2 +ay)). (A.2)

Proposition A.2 (Lower bound on the cluster tail). Let G be a finite transitive graph of degree m on
V vertices such that the finite triangle condition (1.5) holds and put p = p.(1 + €) where € = o(1) and
g > V=13, Then, for every a € (0,1/3), there exists a c = c(a) > 0 such that

P, (€)= 2 V)") = 261+ Ole + (V) + av)), (A.3)

Remark. The above propositions apply also to infinite transitive graphs (where (£2V) ¢ is replaced by
0), assuming that (1.5) holds with y(p)3/V replaced by 0.

Proof of Theorem 2.2. Follows immediately from the above propositions. U

A.1. Differential inequalities. We follow [16, Section 5]. For p,y € [0, 1], we define the magnetization
by
4
M(p,y) = [1—(1—)’)k]Pp(|<€(0)|=k)- (A.4)
k=1

For fixed p, the function y — M(p, y) is strictly increasing, with M(p,0) =0 and M(p,1) = 1. When we
color all vertices independently green with probability y, and we let ¢4 denote the set of green vertices,
then (A.4) has the appealing probabilistic interpretation of

M(p,y) =Ppy(0—9), (A.5)

where P, is the probability measure of the joint bond and site percolation model, where bonds and
sites have an independent status. This representation is important for the derivation of useful differ-
ential inequalities involving the magnetization.

Lemma A.3 (Differential inequalities for the magnetization). Let G be a finite transitive graph on V
vertices and degree m. Then at any p,y € (0,1)

(1- )614<m(1— )M% (A.6)
p ap - Y 0/}/7 .
M< 614+[1m M?* + M]+[1m M+y] oM (A.7)
—Yay 5 Mmp Y 5 Mmp Ypap, :
and
M= mp[y+(1—y)§m(m—1)p a(p) M ]W’ (A.8)
where
a(p) = (1-2p)° = (L+mp+2(mp) )V — mpM - (mp)* M?. (A.9)

The inequality (A.6) is proved in [1], where it was used to prove the sharpness of the percolation
phase transition on 7%, and was first stated in the context of finite graphsin [16, (5.14)]. The differen-
tial inequality in (A.7) is an adaptation of another differential inequality proved and used in [1], which
is improved here in order to obtain sharp constants in our bounds. The bound in (A.8) is an adap-
tation of [16, (5.16)], which was used there in order to prove an upper bound on M(p,y). Again, the
inequality is adapted in order to obtain the optimal constants. We will first use Lemma A.3 to obtain
Propositions A.1 and A.2.
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A.2. The magnetization for subcritical p. We take p = p.(1 — ¢) with € = o(1) and e3V > 1, and we
take y = o(1). Then, [16, Lemma 5.3] shows that M(p,y) = O(,/y). The main aim of this section is to
improve upon this bound, using the improved differential inequality in (A.8).

We have that M(p,y) = O(,/y) and x(p) = O(1/¢) by [16, Theorem 1.5]. Further more, assumption
(1.5) gives that Vglax = O(ay + (e3V)™1) and [16, (1.30)] then implies that mp <1+ O(ay). Putting all
this into (A.9) yields

a(p)=1+0(yy+EV) +ay). (A.10)
Substituting (A.10) into (A.8) in turn gives that
1, 0M
Mz(1+O(\/)7+(£3V)'1+av))[y+§M2 > (A.11)
Y

We now use this to prove the following lemma:

Lemma A.4 (Upper bound on the slightly subcritical magnetization). Let G be a finite transitive graph
of degree m on V vertices such that the finite triangle condition (1.5) holds. Lety = o(1) and put p =
pc(1—¢) withe = 0o(1) and e3V > 1. Then,

M(p,y)=2y(1+O0(yy+ (V) +ay)). A.12)

A similar bound as in Lemma A.4 was proved in [16, Lemma 5.3], whose proof we adapt here, with
\/2y replaced with /12y, and a less precise error bound. The precise constant v/2 is important for us
here as it relates to the constant 2 for the 2¢(1 + o(1)) survival probability.

Proof. We note that (A.11) implies that

B_,0M
Mz-—-M—, (A.13)
2 oy
where we abbreviate B =1+ O(,/y + (2V) ™! + av). Therefore,
o[M?]
<4/B. (A.14)
oy
Integrating between 0 and y, and using that M(p,0) = 0 yields that
M? < 4y/B, (A.15)
so that M < \/¥(2/v/B). Now, when we have this inequality, we can further bound
B 2
Y= M, (A.16)
so that by (A.11) we get
,OM
M= B[1/2+B/4|M P (A.17)
Y
Performing the same integration steps, we arrive at
2< #y (A.18)
" B/2+B?%/4" '

Therefore, the constant has become a little better (recall that B is close to 1). Iterating these steps
yields that, for every k > 1,
e Tte
Y, (B/2)
We prove (A.19) by induction on k, the initialization for k = 1,2 having been proved above. To advance
the induction hypothesis, suppose that (A.19) holds for k = 1. Define

(A.19)

k .
Ap=)_(B/2)/, (A.20)
=1
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so that (A.19) is equivalent to M? < 2y/ Ag. In turn, this yields that y = A M?/2, so that

,OM
MzB[Ak/2+1/2]M -, (A.21)
ay
which in turn yields that
2
2 —— v A.22
Bll+Au/2" (a.22)
Note that
Bl1+ Apl/2 = Agsr, (A.23)
which advances the induction. By (A.19), we obtain that
2
2<_—— ___y=2[2-BJy/B. A.24
?Zl(B/Z)]Y [2-Bly (A.24)
Finally, the fact that
[2-Bl/B=1+0(y7+ V) +ay) (A.25)
completes the proof. (I

A.3. The magnetization for supercritical p. In this section, we use extrapolation inequalities to ob-
tain a bound on the supercritical magnetization from the subcritical one derived in Lemma A.4. Our
precise result is the following:

Lemma A.5 (Upper bound on the slightly supercritical magnetization). Let G be a finite transitive
graph of degree m on V vertices such that the finite triangle condition (1.5) holds and put p = p.(1 +¢)
wheree = 0(1) and e > V'3, Then for any c € (0,1/3),

M(p,y) < (s +1/2y+ 52)(1 +0(e+ 7+ (EV)  +ay)). (A.26)

Proof. We follow the proof in [16, Section 5.3], paying special attention to the constants and error
terms. Indeed, we use (A.6) and the chain rule to deduce that, with A= (1-2 pc)_l, and M( p,h) =
M(p,1—-e™ M, } 3

op <mAM T (A.27)
Take P; = (p.(1 +€), h) and write m; = M(P;). Further, take n = £(e3V)~¢ for some c € (0,1/3), so that
n=o(g) and 173V — oo, and take P, = (p.(1 —n), Am;€’), where

h
"—e+n+ . A.28
€ =€+1 Am; ( )

Then, with m, = M(P»), we have that m, = m; (see e.g., [16, (5.46)]). Therefore, by Lemma A.4 and
again writing B=1+O(yy7+ (V) ! +ay) withy=1-¢7",

M(p,1=e™M) = my < my < /2B —e-Ame') (A.29)
=1+ 0(m€e))\/2ABmy €

=1+ O(mle))\/ZABml (e+mn)+2Bh

= (140 + (€3V) ©)\V2ABm e + 2Bh,
where in the last inequality we use that ) = £(e3V) ¢ < £ and m; < 1. The inequality

mp < \/ZABmls +2Bh

m* = ABe + \/2Bh + (ABe¢)2. (A.30)

has roots
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Since m; = 0 and m, = 0 while m_ < 0, we deduce that

M(pe+elm,1—e ) =my <1+0E+EV) %)) (ABe + V2Bh + (ABg)?). (A.31)
We have thaty =1-e~" = h(1+O(h)) and A= 1+ O(ay) (by [16, (1.30)]) and B = 1+ O(/F + (€3V) 1 +
av). Putting all this together in the last inequality completes the proof. U
Proof of Proposition A.1. We note that, forany / = k=1 and a > 0,
1-(1-alk) =1-e (A.32)
Therefore, by (A.4),
P,(€0)=k) <1 —e_“]_lM(p,a/k). (A.33)

Recall that k > £72 and take a = (2k)'/? so that a/k = e2(¢?k)"1'? = 0(¢?). We note that for y =
€2(e2k)~1/2, (A.26) reduces to

M(p,y) <2¢(1+0(e+EV) ' + (€2 * + ay)). (A.34)

Then, by (A.34) and the fact that 1 —e~% = 1+ o((e%k)™'/%),
M(p,alk) <2¢e(1+0(e+ V) + (20 + ay)). (A.35)
This completes the proof of Proposition A.1. U

A.4. Lower bound on tail probabilities. In the remainder of this section, we shall prove Proposition
A.2. Throughout this proof, we will take p = p.(1 + ¢€).
We shall assume that with ky = e 2(e3V)% > £72? and a € (0, 1/3), there exists b;o = bjo(a) such that

P (1€ W) =23 V)%) = byge. (A.36)

The bound in (A.36) is proved for finite graphs in [16, Theorem 1.6(i)] and in [9], in conjunction with
[28], on infinite lattices satisfying the triangle condition. The proof of (A.36) is similar to the argument
we shall give for the improved bound, and shall be omitted here. In turn, (A.36) implies that, for
y=1/ky = €2(e3V)™® = 0(£?), there exists a constant b such that

Mpy)z[1-01 —Y]kO]PpUC@”(V)l = ko) = bioe. (A.37)
Equation (A.37) will be an essential ingredient in our proof. We start by proving the following lemma:

Lemma A.6 (Lower bound on the magnetization). Let G be a finite transitive graph of degree m on
V vertices such that the finite triangle condition (1.5) holds and put p = p.(1 + €) where € = o(1) and
e> V13, Then, fory = e2(E3V) with a € (0,1/3) and anyc<1,

M(p,y) = 2e[1+0(e+ (V) “ +ay)]. (A.38)
Proof. Throughout the proof, we fix a € (0,1/3). We recall the differential inequality (A.7)
M<y2M Lo M]+[1m M+y] oM (A.39)

By (A.37), and the fact that y — M(p,y) is increasing, for any y = £2(¢3V)~* we have that y = O(Me).
Further, mp <1+ O(e + ay), so that, for some A > 1 with A=1+ O(e + ay) we obtain

M < ai/I+éM2+éM oM (A.40)
_Yay 2 2 pap' '

We rewrite (A.40) as

0<LOM 10 A v p (A.41)
" Moy yop o PHTPL '
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and integrate for y € [yo,y1] and p € [po, p1], where yo = (6€)%(63€3V)~®, We note that (A.37) holds for
po = pc(1+¢€6) for any 6 = 0(1) and y = y(. We further take

po=pe(l+86), pi=pcl+e), v =elosloNy (A.42)

where a > 1 is chosen below.
Then, as in [27, (5.57) and the argument below it], by the fact that p — M(p,y) and y — M(p,y) are
non-decreasing,

0= (p1-— po)logM + log()fl/)/o)[éle(m Y1) — (p1— po)l (A.43)
B M(po,yo) 2 ’ ' .
Now,
log(y1/y0) = (log(1/6))¢, (A.44)
while, by Lemma A.5 and (A.37),
M(p1,y1) <2e(1+0(e+(V)7Y)),  M(po,yo) = bioe, (A.45)
so that, for 6 > 0 sufficiently small,
M(p1,y1) ~
og————— <log(2e/(b1pd¢€)) < 2log(1/6). (A.46)
M(po,yo) 8 10 8
Dividing (A.43) through by (log(1/6))¢%, we arrive at
A _
S PIM(pLy1) 2 pe(l-0)e 1-2(log(1/8))'74|. (A.47)
Recalling that p; = p.(1 + €) and that a > 1, as well as the fact that A=1+ O(e + ay), this yields
M(p,y1) = 2¢[1+ O(e + (log 1/6)'~* + ay)]. (A.48)
Finally, note that
,)/1 — e(lOg(l/é‘))a,yO — e(lOg(l/(s))a (68)2(6383 V)—a (A.49)

— 82(83‘/)—&(e(log(llé))“az—?)a) > 82(83 V)—a,
when we take § = e~ €'V for any a > 1. Indeed, then e(°8(1/9)“§2-3¢ _, ;a5 § — 0. Since y —
M (p,y) is increasing, this implies that

M(p,y) = M(p,y1) = 2¢[1+O(e + (log(1/6) " *+ ay)] = 2¢[1+ O(e + (V) T+ ay)].  (A50)
Denoting ¢ = 1 —1/a, this proves the claim. O

Proof of Proposition A.2. We use [16, (6.5) in Lemma 6.1], which states that, for any 0 < yy,y; <1,
P,(€(0)| = k) EM(p,%)—%eyokM(P,Yo)- (A.51)
0

Now we take y; = £2(¢3V) ™% with «’ € (0,1/3) taken as in Lemma A.6, yo = €2(e3V) ™% with a < a/, and
k = 1/y¢. Then e’k = e, while, by Lemma A.5 and the fact that y, = o(£?), we obtain that

M(p,vo) <2e(1+0(1)). (A.52)
Therefore, by Lemma A.6 and (A.51), taking ¢ = 1/2 in Lemma A.6,
P,(6(0)] = k) =2e(1+0( + V)2 + ay)) - € V)¥~0(e). (A.53)
We obtain that
P,(60) =2 V)%) 2 2e(1+ 0+ (V)2 4+ (V)% +ay)). (A.54)

This proves the claim in Proposition A.2 with ¢ = a —a’ € (0,1/3). U



HYPERCUBE PERCOLATION 65

A.5. Derivation of (A.8). We follow the proofin [16, Appendix A.2] as closely as possible, deviating in
one essential inequality. Indeed, in [16, (A.23-A.32)], it is proved that

oM
M(p,y) 2me(p,y)Pp,y(Ooéﬁ)—Xg—Xg, (A.55)

where X, and X3 are defined in [16, A.32] and the event 0 & ¢ means that there are x, y € ¢ with x # y
such that 0 < x and 0 < y disjointly. We copy the bounds on X, and X3 in [16, (A.46)] and [16, (A.53)]
respectively, which prove that

2 2 oM max 2 oM
Xo =p™mM (p,)f)a—y(p,y), X3=V, " pmM (p,y)a(p,y), (A.56)

and we improve upon the lower bound on P, ,(0 < %) only. Our precise results is contained in the
following lemma:

Lemma A.7 (Improved lower bound on the double connection). Forall p,y € [0,1],
1
P,y(09)=y+(1 —y)5mim - D p?a(p) M*(p,y), (A.57)

where
a(p) =1 -2p)* = (L+mp+2(mp)*)Vy™ — mpM(p,y) - (mp)* M(p,y)".

Proof. Note thatif 0 € ¢, then 0 © ¢ occurs. Therefore, we obtain
Py (09 =y+1-7)Pp, 09 |0¢%9). (A.58)

Thus, we are left to obtain a lower bound on P, (0 < ¢ | 0 ¢ ¢). For this, we follow the original
argument in [16, Section A.2], adapting it when necessary.

For a directed bond b = (x, y), we write b = x and b = y for its top and bottom. Let e, f be two
distinct bonds with e = f = 0, and let E, r be the event that the bonds e and f are occupied, and
that in the reduced graph G~ = (V~, E”) obtained by removing the bonds e and f, the following three
events occur: e — ¥, ? — % and €(e)n ‘6(?) =@.

Let P;J/ denote the joint bond/vertex measure on G~. We note that the event {0 < %} contains the
event U, rE, r, where the (non-disjoint) union is over unordered pairs of bonds e, f incident to the
origin. Then, by Bonferroni’s inequality and since E, ¢ is independent of 0 ¢ ¢4, we get

le,f}

=p’) P, C—%9 f—9F, €@nE()=0)-Y,
ef

where

Y] = > Y. Puy(Ee,fiNEe,f0¢%9). (A.60)

{e1, fil£leo, o}
We first bound Y;. For this, we note that there are two contributions to Y;, depending on the number
of distinct elements in {ej, f1, €2, f2}, which can be 3 or 4, and whose contributions we denote by Y, 3
and Yj 4, respectively.
We start by bounding Y; 3. The number of pairs of pairs of edges {e;, fi} # {e2, fo} such that |{ey, fi, e2, fo}| =

3is m(m —1)(m —2). For such a pair, let x1, x», x3 denote the distinct elements of {Eljl,éz,?z} such
that x; corresponds to the end of the edge that appears twice in {ey, f1, ez, f2}. If E, f N Ee, £, OCCurs,
then either

{(0, x1) occ.} o {(0, x2) occ.} 0{(0, x3) occ.} o {x] —— H}o{xy —— G}o{x3 — G}
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occurs, or there exists a z such that
{(0, x1) occ.} o {(0, x2) occ.} o {(0, x3) occ.}o{x; — ¥4}
o{xp «— zlo{xz «— z}o{z «—— ¥}

occurs. Therefore,
1
Vi3 < (1-y)Zmim=1(m=2)p*M(p,y)’ IM(p,)+ V™, (A.61)

where we bounded
Y Pyl — 2)Py(x3 — 2) < V¥,
Z

which is wasteful, but sufficient for our purposes.

For Y; 4, we sum over {ey, fi} # {e2, fo} with the constraint that all these edges are distinct. The
number of such pairs of pairs is m(m —1)(m —2)(m — 3)/4. Then, a similar computation as for Y 3
yields that

1
Yi4<(1-y)gmim=1)(m-2)(m=3) p* M(p,y)*[M(p,y)” + 8V, ™. (A.62)

We continue to bound the sum over {e, f} in (A.59) from below. Let
W=W,r={e—9, f—9, €@nE() =0} (A.63)

denote the event whose probability appears on the right side of (A.59). Conditioning on the set € (e) =
Ac V™, we see that

P,, W)= Y P, (€@=4¢c—% f—% €@nE([f)=0) (A.64)
A:fgA
This can be rewritten as
P,y (W)= Y P, (€@=4¢—% f—FinV \4), (A.65)
A: fgA

where {f — ¢ in V™ \ A} is the event that there exists x € ¢ such that f — x in V~\ A. The inter-
section of the first two events on the right hand side of (A.65) is independent of the third event, and
hence _
P, (W)= AZMP;W(%(E) =A e— 9P, (f—GinV \A). (A.66)
. e
Let M~ (x) = P;,Y(x — ¢9), for x € V™. Then, by the BK inequality and the fact that the two-point
function on G~ is bounded above by the two-point function on G,

P, (f——%9inV \A) =M (f)-P,, (f — % onlyon A) (A.67)
>M (f)- Y. 1,(f, )M ().

yeA
By definition and the BK inequality,
M~ (x) = M(p,y) —Pp,y(eor f is occ. and piv. for x < ¥) (A.68)
=M(p,y)(1-2p).
It follows from (A.66)—(A.68) and the upper bound M~ (x) < M(p,y) that
P,,(W)zMpy) ) P, (€@=4 e—G[1-2p)~ Y 1,(f,)]
Aeg A yeA

=M(p,y)[M~ @0 -2p)— Y 1,(f,y)P, (€—y, e—9)]. (A.69)
yev-
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It is not difficult to show, using the BK inequality, that
P;,Y(@—»y,@—»(g)s Z‘; Tp(e, w)Tp(w, y)M ™ (w), (A.70)
wev-

and hence, by (A.68)-(A.69),

P, (W)= M(p,y)[M (@1 ~-2p) - ZV 7,(f, 1)1 p@ W T, (w, y) M~ (w)]
YWeV™

= M*(p,y)[(1-2p)* - V™.
This completes the proof of (A.57). U

A.6. Derivation of (A.7). In this section, we prove (A.7), which is an adaptation of the proof of the

related inequality
Msyai/I+M2+pMai4, (A.71)
oy ap
which is proved in [1] (see also [27, Lemma (5.53)]). The main difference between (A.71) and (A.7) is
in the precise constants. Indeed, we have that pm = 1 and M > v, so that, (A.7) is morally equivalent

to
M < ya—M += M2 +1 pMai/[ (A.72)
oy ap
i.e., in the inequality in (A.71) the last two terms are multlphed by 1/2.
We follow the proof of [27, Lemma (5.53)] as closely as possible, deviating only when necessary.

Indeed,
M(p,y) =Ppy(€0)NG#@) =P, (|€0)NYG|=1)+Pp,(€0)N¥|=2). (A.73)

The first term on the r.h.s. of (A.73) equals )/aaif, as derived in [27, (5.69)]. For the second term, we

define Ay to be the event that either x € ¢ or that x is connected by an occupied path to a vertex
ge¥. Then,

Py, (€ 0)NEG|=2) =Py, (Ago Ag) (A.74)
+Pp (1€ (0) NG| =2, Ago Ag does not occur).
In the derivation of (A.71), we simply apply the BK-inequality to obtain
Ppy(Ago Ag) <Py (Ag)* = M(p,y), (A.75)

leading to the second term in (A.71). Instead, we split, depending on whether 0 € ¢4 or not. If 0 € ¢,
then 0 € ¢4 occurs disjointly from Ay, so that the BK-inequality yields

P,y (Ago Ay, 0€%4) <P, (Ago{0€Y}) <yP(Ag) = yM(p,7). (A.76)
When, instead, 0 ¢ ¢4, there must be at least two neighbors e of the origin for which the event
AgoApo{(0,e) occ.} (A.77)

occurs. Therefore, we can bound, with N denoting the number of neighbors e for which the event in
(A.77) occurs, so that N = 2 a.s. and Markov'’s inequality yields

1
Py (oo Ao, 02%) = 32 Epy | a0 oce
o
1
=2 Y Py (A0 Ago{(0,e) occ.l). (A.78)
e~0

Therefore, again by the BK-inequality;,

1 1
Ppy(A00 Ao, 024) < 5 Y Py (AePpy(Ao)p = - pmM(p,y)?,
e
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so that
1
P, (Ago Ag) < EpmM(p,y)z +yM(p,y), (A.79)

which yields the second term in (A.7).
We move on to the bound on the probability of the event that |6 (0) N¥4| = 2, but that Ayo Ay does
not occur. This event is equivalent to the existence of an edge b = (x, y) for which the following occurs:

(i) the edge bis occupied; and

(ii) in the subgraph of G obtained by deleting b, the following events occur:
(a) no vertex of ¢ is joined to the origin by an open path;
(b) x is joined to 0 by an occupied path;
(c) the event A, 0 A, occurs.

The events in (ii) are independent of the occupation status of the edge b = (x, y) so that

Py, (€ (0)NY| =2, Ago Ag does not occur) (A.80)

=L Y P, (x,y) closed, x € €(0), €(0) Y = 3, Ayo A,)

l_px~y

= lf Y Py (xe6(0),€0)NG =0, Ay0A,),
p iy

where we write x ~ y to denote that (x, y) is a bond. We condition on % (0) to obtain

P, (€(0)NG=p,A,0A) (A.81)

= _pp Y Y P,(€0)=AP,, (€0)NG=0,A,0A,|6(0) =A),

]. - x~y A
where the sum over A is over all sets of vertices which contain 0 and x but not y. Conditionally on

% (0) = A, the events €(0)N¥ = @ and Ay o A, are independent, since €(0) ¥ = ¢ is defined on the
vertices in A, while Ay o A, depends on the vertices in A€ and the edges between them. Thus,

=Ppy(€0)NYG =3 |€(0) = APy, (A0 Ay off A),

where we write {Ay o A, off A} for the event that Aj o A) occurs in the graph where all edges with at
least one endpoint in the set A are removed. So far, the derivation equals that in the proof of [27,
Lemma (5.53)]. Now we shall deviate. We split, depending on whether y € ¢ or not, to obtain

P, (Ayo Ay off A) =P, (Ay0 A, off A, y€9) +P, (A 0 Ay off A,y &%)

When ye 4,
{AyoA,off A,ye 4} ={({lye¥}oA)) off A}, (A.83)

so that, by the BK-inequality,

P, (Ay0 A, off A y€9) <YP, (A, off A). (A.84)
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As aresult,
lpp ZPp'y(XE%(O),Cg(O)mg:Q’AyoAy’ye(g) (A85)
-p 5
= 1Ypp 2. 2 Pp(€0) = AP (€0)NYG =@ |6(0) = APy, (Ay off A)
-p 545
o Y Y Py(€(0) = AP, (€0)NY =0,A, | €(0) = A)
1=p =2
- oM
= L Z PP,Y(X €€¢(0),60)NY = @,Cg(y) NY #@) = Yp—o,
l_px~y ap

where the first equality follows again by conditional independence, and the last equality by the fact
that (see [27, (5.67)])

oM
op

We are left to bound the contribution where y ¢ 4. For this, we note that when A, o A, occurs off A
and y ¢ ¢, then there must be at least two neighbors z of y for which the event

1-p) Y P,y (x€€(0),€0)NG=0,Cy)NYG #p). (A.86)
x~y

{(Az04y0 (3,2 occ) off A} (A.87)

occurs. Therefore, by a similar argument as in (A.78),

1
Pyy(Ayo Ay off Ay ¢ d) <2 Y Py ((Az0 4y 0((3,2) occ.)) off A). (A.88)
-y

By the BK-inequality,
Ppy((Az0 Ay 01(3,2) occ)) off A) < pPy, (A off AP, (Ay off A)
< pM(p,y)Ppy (A, off A).

Repeating the steps in (A.85), we thus arrive at

p | oM
—— Y Py (x€€(0),€0)NG=0,A,0A,,y¢4) < -mp°M(p,y)—. (A.89)
1_px~y 2 6p

Therefore, summing the two bounds in (A.85) and (A.89), we arrive at
1 oM
P, (€ (0)N¥G| =2, Ago Ay does not occur) < [EmpM(p,y) +] Po
p

which is the third term in (A.7). This completes the proof of (A.7). U
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