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Abstract

We prove the analogue for continuous space-time of the quenched LDP derived in
Birkner, Greven and den Hollander [2] for discrete space-time. In particular, we consider
a random environment given by Brownian increments, cut into pieces according to an
independent continuous-time renewal process. We look at the empirical process obtained
by recording both the length of and the increments in the successive pieces. For the case
where the renewal time distribution has a Lebesgue density with a polynomial tail, we
derive the quenched LDP for the empirical process, i.e., the LDP conditional on a typical
environment. The rate function is a sum of two specific relative entropies, one for the pieces
and one for the concatenation of the pieces. We also obtain a quenched LDP when the tail
decays faster than algebraic. The proof uses coarse-graining and truncation arguments,
involving various approximations of specific relative entropies that are not quite standard.

In a companion paper we show how the quenched LDP and the techniques developed in
the present paper can be applied to obtain a variational characterisation of the free energy
and the phase transition line for the Brownian copolymer near a selective interface.

MSC2010: 60F10, 60G10, 60J65, 60K37.

Keywords: Brownian environment, renewal process, annealed vs. quenched, empirical pro-
cess, large deviation principle, specific relative entropy.

Acknowledgment: The research in this paper is supported by ERC Advanced Grant 267356
VARIS of FdH. MB is grateful for hospitality at the Mathematical Institute in Leiden dur-
ing a sabbatical leave from September 2012 until February 2013, supported by ERC.

1 Introduction and main result

When we cut an i.i.d. sequence of letters into words according to an independent integer-
valued renewal process, we obtain an i.i.d. sequence of words. In the annealed LDP for the
empirical process of words, the rate function is the specific relative entropy of the observed law
of words w.r.t. the reference law of words. Birkner, Greven and den Hollander [2] considered
the quenched LDP, i.e., conditional on a typical letter sequence. The rate function of the
quenched LDP turned out to be a sum of two terms, one being the annealed rate function, the
other being proportional to the specific relative entropy of the observed law of letters w.r.t.
the reference law of letters, with the former being obtained by concatenating the words and
randomising the location of the origin. The proportionality constant equals the tail exponent
of the renewal time distribution.
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The goal of the present paper is to derive the analogue of the quenched LDP for the case
where the i.i.d. sequence of letters is replaced by the process of Brownian increments, and the
renewal process has a length distribution with a Lebesgue density that has a polynomial tail.

In Section 1.1 we define the continuous space-time setting, in Section 1.2 we state both the
annealed and the quenched LDP, while in Section 1.3 we discuss these LDPs and indicate some
further extensions. In Section 2 we prove the quenched LDP subject to three propositions.
In Sections 3—4 we give the proof of these propositions. In Section 5 we prove the extensions.
Appendix A recalls a few basic facts about metrics on path space, while Appendices B-C
prove a few basic facts about specific relative entropy that are needed in the proof and that
are not quite standard.

1.1 Continuous space-time

Let X = (X;)t>0 be the standard one-dimensional Brownian motion starting from Xy = 0.
Let # denote its law on path space: the Wiener measure on C([0,00)), equipped with the o-
algebra generated by the coordinate projections. Let T' = (T;);en, (To = 0) be an independent
continuous-time renewal process, with interarrival times 7, = T; — T;_1, @ € N, whose common
law p = £(71) is absolutely continuous with respect to the Lebesgue measure on (0, c0), with
density p satisfying

lim log p(z) = —q, a € (1,00). (1.1)
z—oco  logx

In addition, assume that

supp(p) = [s4,00) with 0 < s, < o0, and p is continuous and strictly positive

on (8., 00), and varies regularly near s,. (1.2)
Define the word sequence Y = (Y ?));cy by putting (see Fig. 1)
Y(l) - (E - E—h (X(s+T¢,1)/\Ti - XT¢71)320>) (13)
which takes values in the word space
F=J ({8} x {F € C(10,00)): f(0) =0, f(s) = f(2) for s > t}) (1.4)
>0
equipped with a Skorohod-type metric (see Appendix A). Let
yNrper — (yW y@ L yW yW y @y (1.5)
denote the N-periodisation of Y, and let
| V-1
RN = N Z 6§iYN—per (16)
i=0

be the empirical process of words, where 0 is the left-shift acting on FYN. Note that Ry takes
values in P (F'N), the set of shift-invariant probability measures on FN. Endow FN with the
product topology and P (FN) with the corresponding weak topology. When averaged over
X and T, the law of Y is (.Z denotes law)

Qor = (p)™ with gy = /(O ) 2 (8, (Xorz0) (17)

By the ergodic theorem, w-limy_ ;o Ry = @) » a.s., where w-lim denotes the weak limit.



Figure 1: The word sequence Y. Upper part: Brownian path X and renewal times 7. Lower part:

increments of the path between the renewal times (which are elements of F).



1.2 Large deviation principles

For definitions and properties of specific relative entropy, we refer the reader to Appendix B.
The following theorem is standard (see e.g. Dembo and Zeitouni [7, Section 6.5.3]).

Theorem 1.1. [Annealed LDP]
The family £ (Ry), N € N, satisfies the LDP on P™ (FN) with rate N and with rate function

I"™(Q) = H(Q | Qpw), (1.8)

the specific relative entropy of @Q w.r.t. Q,y . This rate function is lower semi-continuous,
has compact level sets, is affine, and has a unique zero at QQ = Q, y .

To state the quenched LDP, we need to look at the reverse of cutting out words, namely,
glueing words together. Let y = (y™)ien = ((ti, fi))ien € FN. Then the concatenation of y,
written x(y) € C([0,00)), is defined by

k(y)(s) = filt) + -+ fica(tio) + fi(s = (L + -+ tic1)),

_ (1.9)
t1+...+ti_1§S<t1+"'+ti7 i € N.

Write 7;(y) = ¢; to denote the length of the i-th word. For Q € P™ (FN) with finite mean
word length mg = Eg[m1] = Eg[m1(Y)], put

1 i

Uo(A) = —Eq [/ 14(6°k(Y)) ds} , A CC(]0,00)) measurable, (1.10)
mQ 0

where 6% is the shift acting on f € C([0,00)) as 0°f(t) = f(s+t) — f(s), t > 0. Note that

W is a probability measure on C([0, 00)) with stationary increments, i.e., ¥g = g o (%)}

for all s > 0. We can think of ¥¢ as the “stationarised” version of x(Q). In fact, if mg < oo,

then
T

Vg = w—lim% #(Q) o (05) "1 ds, (1.11)

T—oo 0

and £(Q) is asymptotically mean stationary (AMS) with stationary mean Wq. In fact, the
convergence in (1.11) also holds in total variation norm (see Lemma B.4 in Appendix B).
Note that ¥q,,, =%

To state the quenched LDP, we also need to define word truncation. For (t, f) € F and
tr > 0, let

(¢, ))]er = (EAtr, (f(s Atr)sso) (1.12)
be the word (t, f) truncated at length tr. Analogously, for y = (y)ien € FN set [yl =
([yDir)ien € FYN, and denote by [Q];, € Pi“V(F(Ii]tr) C P(FN) with Fy ¢ = [Flir the image
measure of @ € P™ (FN) under the map y > [y}t

Theorem 1.2. [Quenched LDP]

Suppose that p satisfies (1.1-1.2). Then, for # a.e. X, the family £(Ry | X), N € N,
satisfies the LDP on P (FN) with rate N and with deterministic rate function 19¢(Q) given
by

17(Q) = lim I5*([Qw), (1.13)
where
I ([Qlw) = H([Qlw | [Qpwlr) + (o = Dymyg), H(Y(qy,, | #). (1.14)

This rate function is lower semi-continuous, has compact level sets, is affine, and has a unique
zero at Q = Q.



Theorem 1.2 is proved in Sections 2-4. Let PMVAn(FNy = {Q € PV (FN): mg < oo}.
We will show that the limit in (1.13) exists for all @ € P (FN), and that

19°(Q) = H(Q | Qo) + (a = 1)mgH(Yq | #), Q€ P"I(FY). (1.15)

We will also see that 19%¢(Q) is the lower semi-continuous extension to P (FN) of its restric-
tion to Pnv-fin( i),

1.3 Discussion
0. A heuristic behind Theorem 1.2 is as follows. Let

RY . (X), 0<tp<---<ty<oo, (1.16)

SN
denote the empirical process of N-tuples of words when X is cut at the points ¢1,...,tN
(i.e., when T; = t; for i = 1,...,N). Fix Q € P"™ A (FN) and suppose that Q is shift-
ergodic. The probability P(Ry ~ @ | X) is an integral over all N-tuples ¢1,...,ty such that
R (X))~ Q, weighted by H,f\il p(ti —ti—1) (with to = 0). The fact that R\ , (X)~Q
has three consequences:
(1) The ti,...,ty must cut = N substrings out of X of total length ~ Nmg that look
like the concatenation of words that are Q-typical, i.e., that look as if generated by
U (possibly with gaps in between). This means that most of the cut-points must hit
atypical pieces of X. We expect to have to shift X by ~ exp[NmgH (¥q | #')] in order
to find the first contiguous substring of length Nmg whose empirical shifts lie in a small
neighbourhood of Wq. By (1.1), the probability for the single increment ¢; — ¢y to have
the size of this shift is ~ exp[-NamgH (¥Yq | #)].

2) The “number of local perturbations” of t1, ..., tx preserving the property R X))~
t1,..,tN
Q is ~ exp[N H, g (Q)], where H, | stands for the conditional specific entropy (density)
of word lengths under the law Q.

(3) The statistics of the increments ¢; — tg,...,txy — ty—1 must be close to the distribu-
tion of word lengths under Q. Hence, the weight factor [[Y, p(t; — ;1) must be
~ exp[NEg[log p(71)]] (at least, for Q-typical pieces).

Since

mQH (Vo | V') — Hy k(@) — Eqllog p(m1)] = H(Q | 4p,), (1.17)
the observations made in (1)—(3) combine to explain the shape of the quenched rate function
in (1.15). For further details, see [2, Section 1.5].

Note: We have not defined H, x(Q) rigorously here, nor do we prove (1.17). Our proof of
Theorem 1.2 uses the above heuristic only very implicitly. Rather, it starts from the discrete-
time quenched LDP derived in [2] and draws out Theorem 1.2 via control of exponential
functionals through a coarse-graining approximation.

1. We can include the cases @ =1 and o = oo in (1.1).

Theorem 1.3. Suppose that p satisfies (1.1-1.2).
(a) If a« = 1, then the quenched LDP holds with I9"® = I*" given by (1.8).
(b) If « = oo, then the quenched LDP holds with rate function

H(Q| Qo) if lim myq H(¥q, | #) =0,

(1.18)
00 otherwise.

1"(Q) = {



Theorem 1.3 is the continuous analogue of Birkner, Greven and den Hollander [2, Theorem
1.4] and is proved in Section 5.

2. We can also include the case where p has an exponentially bounded tail:
p(t) < e for some A > 0 and ¢ large enough. (1.19)

Theorem 1.4. Suppose that p satisfies (1.1-1.2) and (1.19). Then, for # a.e. X, the family
Z(Rn | X), N € N, satisfies the LDP on P™ (FN) with rate N and with deterministic rate
function 19°¢(Q) given by

H@Q|Qpw) ifQERy,
que _ P,
(@) = { 00 otherwise, (1.20)
where
inv/ 7N . 1 4 s\—1
Ry =<Q € P™(F): w-lim — Sevyo (0°) " ds =W for Q-a.e. Y ¢. (1.21)
T—00 T 0

Theorem 1.4 is the continuous analogue of Birkner [1, Theorem 1] and is proved in Section 5.
On the set PV-fin(FNY the following holds:

Vo=% ifandonlyif QecRy. (1.22)

The equivalence in (1.22) is the continuous analogue of [1, Lemma 2| (and can be proved
analogously).

3. By applying the contraction principle we obtain the quenched LDP for single words. Let

m: FN — F be the projection onto the first word, and let 7 Ry = Ry © (771)_1.

Corollary 1.5. Suppose that p satisfies (1.1-1.2). For # -a.e. X, the family £ (m Ry | X),
N €N, satisfies the LDP on P(F) with rate N and with deterministic rate function 13" given
by

I1"(g) = inf {I"(Q): Q € P™(FY), mQ = ¢}. (1.23)
This rate function is lower semi-continuous, has compact levels sets, is convexr, and has a
unique zero at ¢ = q, y -

For general ¢ it is not possible to evaluate the infimum in (1.23) explicitly. For ¢ with
mg = Eq[1] = E,on (1] = mgen < oo and Woen = #, we have I™(q) = h(q | dp,w ), the
relative entropy of ¢ w.r.t. g, » .

4. We expect assumption (1.2) to be redundant. In any case, it can be relaxed to (see
Section 3.1):

supp(p) = Ui]‘il[ai,bl-} U [apr41,00) with M € N and 0 < a3 < by < az <

< by < apy41 < oo, and p is continuous and strictly positive on (1.24)
UM, (a;,b;) U (apr41,00) and varies regularly near each of the finite endpoints of
these intervals.

5. It is possible to extend Theorem 1.2 to other classes of random environments, as stated in
the following theorem whose proof will not be spelled out in the present paper.



Theorem 1.6. Theorems 1.2-1.4 and Corollary 1.5 carry over verbatim when the Brownian
motion X is replaced by a d-dimensional Lévy process X with the property that E[e<’\’X1>] < 00
for all X € RY (where (-) denotes the standard inner product), # is replaced by the law of X,
and in the definition of F in (1.4) continuous paths are replaced by cadlag paths.

6. In the companion paper [3] we apply Theorem 1.2 and the techniques developed in the
present paper to the Brownian copolymer. In this model a cadlag path, representing the
configuration of the polymer, is rewarded or penalised for staying above or below a linear in-
terface, separating oil from water, according to Brownian increments representing the degrees
of hydrophobicity or hydrophilicity along the polymer. The reference measure for the path
can be either the Wiener measure or the law of a more general Lévy process. We derive a
variational formula for the quenched free energy, from which we deduce a variational formula
for the slope of the quenched critical line. This critical line separates a localized phase (where
the copolymer stays close to the interface) from a delocalized phase (where the copolymer
wanders away from the interface). This slope has been the object of much debate in recent
years. The Brownian copolymer is the unique attractor in the limit of weak interaction for a
whole universality class of discrete copolymer models. See Bolthausen and den Hollander [4],
Caravenna and Giacomin [5], Caravenna, Giacomin and Toninelli [6] for details.

2 Proof of Theorem 1.2

The proof proceeds via a coarse-graining and truncation argument. In Section 2.1 we set up the
coarse-graining and the truncation, and state a quenched LDP for this setting that follows from
the quenched LDP in [2] and serves as the starting point of our analysis (Proposition 2.1 and
Corollary 2.2 below). In Section 2.2 we state three propositions (Propositions 2.3-2.5 below),
involving expectations of exponential functionals of the coarse-grained truncated empirical
process as well as approximation properties of the associated rate function, and we use these
propositions to complete the proof of Theorem 1.2 with the help of Bryc’s inverse of Varadhan’s
lemma. In Section 2.3 we state and prove two lemmas that are used in Section 2.2, involving
approximation estimates under the coarse-graining. The proof of the three propositions is
deferred to Sections 3—4.

2.1 Preparation: coarse-graining and truncation

2.1.1 Coarse-graining

Suppose that, instead of the absolutely continuous p introduced in Section 1.1, we are given
a discrete p with supp(p) C AN for some h > 0. Let

Ep={f € C([0,h]): f(0)=0}. (2.1)

Path pieces of length h in a continuous-time scenario can act as “letters” in a discrete-time
scenario, and therefore we can use the results from [2]. Note that (Ej,)Y as a metric space
is isomorphic to {f € C([0,00)): f(0) = 0} via the obvious glueing together of path pieces
into a single path, provided the latter is given a suitable metric that metrises locally uniform
convergence. Similarly, we can identify P (EN) with

P (0(]0,00))) = {Q € P(C([0,00))): Q = Qo (")}, (2.2)



which is the set of laws on continuous paths that are invariant under a time shift by h. Note
that the set

F= ({t} x {f € C([0,00)): f(0)=0,f(s) = f(t) for s > t}) (2.3)

tehN

is isomorphic to E, = Unen (Ep)" via the map vy Fp, — E), defined by

w(h, 1)) = ((F(C+G=DR) AR = f(G=DR)) . @b )R (24)

i=1,...,n
For Q € Pvfin(FN) " define

T1—1

Z 14 (eiLhK(Y))

1=0

1

hti
= %EQ [/0 La(k(Y)(hlu/h] + 5))s>0) du
(2.5)
for A C C([0,00)) measurable, where 71 is the length of the first word (counted in letters,
so that the length of the first word viewed as an element of Fj, is h7y) and 6 is the left-shift
acting on (E,)N. The right-most expression in (2.5) can be viewed as a coarse-grained version
of (1.10). The following coarse-grained version of the quenched LDP serves as our starting

point.

1

Proposition 2.1. Fiz h > 0. Suppose that supp(p) C AN and lim,_,~ log p({nh})/logn =
—a with a € (1,00). Then, for # a.e. X, the family £ (Rn | X), N € N, satisfies the LDP
on P ((ER)N) with rate N and with deterministic rate function given by

L'(Q) = HQ| Qpn) +(a = VmH(Yqu | 7).,  QeP™™(ERY),  (26)
and
L"(Q) = lim L'(Qlw), Q¢ P ((EWY), (2.7)

where Qs = (g0 )N with qpy defined as in (1.7), and Vg ), defined via (2.5).

Proof. The claim follows from [2, Corollary 1.6] by using Ej, as letter space and observing
that E), = tn(Fp). Note that F}¥ is a closed subspace of FN. Since supp(p) C hN by
assumption, we have I"*(Q) > H(Q | Qp») = oo for any Q € P™ (FV) with Q(FN\F}') > 0.
Therefore we can consider the random variable Ry as taking values in P ((Ep,)N), PV (F, N
or PV(FN), without changing the statement of Proposition 2.1. Note that I, is finite only

on P (FNy c pinv(FN). O

We want to pass to the limit 4 | 0 and deduce Theorem 1.2 from Proposition 2.1. However,
an immediate application of a projective limit at the level of letters appears to be impossible.
Indeed, when we replace h by h/2, each “h-letter” turns into two “(h/2)-letters”, so the word
length changes, and even diverges as h | 0. This does not fit well with the way the projective
limit was set up in [2, Section 8|, where the internal structure of the letters was allowed to
become increasingly richer, but the word length had to remain the same. In some sense, the
problem is that we have finite words but only infinitesimal letters (i.e., there is no fixed letter
space). To remedy this, we proceed as follows. For fixed discretisation length A > 0 we have
a fixed letter space, and so Proposition 2.1 applies. We will handle the limit A | 0 via Bryc’s
inverse of Varadhan’s lemma. This will require several intermediate steps.



2.1.2 Truncation

It will be expedient to work with a truncated version of Proposition 2.1. For A > 0, let
[t]n = h[t/h] for t € (0,00) and put [p]y = p o ([-]n) 7}, ie.,

[pln = th,i5ih € P(hN) C P((0, 00)), (2.8)
Sh
where "
wni = (G~ Dhsitl) = [ pla)da (2.9)
(i—1)h
is the coarse-grained version of p from Section 1.1. It is easily checked that (1.1) implies

= —Q.
n—00 logn

Write.Z7,, ([Rn]e | X) for the law of the truncated empirical process [Rx]i conditional on
X when the 7;’s are drawn according to [p]p,.

Corollary 2.2. For #-a.e. X, the family £, ([En]e | X), N € N, satisfies the LDP on
PinV(F}IL\I) with rate N and with deterministic rate function given by

L'e(Q) = H(Q| Qo) + (= 1)moH(Yonu | #) (2.11)

with Qrp1, 7 tr = ([Q(mh;//]tr)@N

Proof. This follows from Proposition 2.1 and the contraction principle. Alternatively, it follows
from the proofs of [2, Theorem 1.2 and Corollary 1.6]. O

Note that I;':°(Q) = oo when under @ the word lengths are not supported on 2NN (0, tr].

2.2 Application of Bryc’s inverse of Varadhan’s lemma

In this section we state three propositions (Propositions 2.3-2.5 below) and show that these
imply Theorem 1.2. The proof of these propositions is deferred to Sections 3—4.

2.2.1 Notations

In what follows we obtain the quenched LDP for the truncated empirical process [Ryli by
letting A | 0 in the coarse-grained and truncated empirical process [Ry plir with tr € N fixed
(for a precise definition, see (3.1) in Section 3.1) and afterwards letting tr — oco. (We assume
that tr € N and h = 2™ for some M € N, in particular, tr is an integer multiple of h.)

In the coarse-graining procedure, it may happen that a very short continuous word y =
(t, f) € F disappears, namely, when 0 < ¢ < h. We remedy this by formally allowing “empty”
words, i.e., by using

F=ru{(00}=J ({t} x {f € C([0,00)): £(0)=0,f(s) = f(t) for s > t}) (2.12)

t>0

as word space instead of F. The metric on F' defined in Appendix A extends in the obvious
way to F.



Before we proceed, we impose additional reqularity assumptions on p that will be required
in the proof of Proposition 2.3. Recall from (1.2) that supp(p) = [s«,00). Let

S ls) ds
Vﬁ(t, h) = sup 10g Tithto - ~ o |7 t, h > 0. (213)
v€E(0,2h) o (s)ds

We assume that there exist monotone sequences (1, )nen and (Ay)nen, with 1, € (0,1) and
Ay, C (84, 00) satisfying lim,, 0 7, = 0 and limy, o0 Ay, = (84, 00), such that (s.,00)\ A, is a
(possibly empty) union of finitely many bounded intervals whose endpoints lie in 27Ny, and

sup V5(t,27") <, VneN. (2.14)
teAn

In addition, we assume that there exists an 7y < oo such that

sup sup Vj(t,27") <mnp. (2.15)
NEN € (s4,00)

These assumptions will be removed only in Section 4. Note that (2.14)—(2.15) are satisfied
when p is continuous and strictly positive on (s, 00) and varies regularly near s, and at co.

2.2.2 Proof of Theorem 1.2 subject to (2.14-2.15) and three propositions

Proof. A function g on Ftis Lipschitz when it satisfies

J4
|g(y(1), oy Oy =gy ,y(g)/)’ <y Z dp(yY),y0)")  for some Cy <o0. (2.16)

Consider the class € of functions ®: P(ﬁ N) — R of the form
6(Q) = [, sdm@n-eon [ gndr, Q. QeP™(EY), (27)
1 m

where m € N, £1,..., ¢, € N, and g; is a bounded Lipschitz function on Fl for i = 1,....m
This class is well-separating and thus is sufficient for the application of Bryc’s lemma (see
Dembo and Zeitouni [7, Section 4.4].

Our first proposition identifies the exponential moments of [Ry]¢;.

Proposition 2.3. The families Z(Ry | X), N € N, and Z([Rnlwe | X), tr € N, are
exponentially tight X -a.s. Moreover, for ® € €,

Aor(P) = hm — logE[eXp (N®([Rn]ix) ’ X} = hm Ap o (®)  exists X-a.s., (2.18)

where Ay ¢ 1s the generalised convex transform of I,?t given by

Ap (@) = sup {<I> I,?ﬁ Q)} (2.19)
Qepinv.fn (M)

Furthermore, for ® € €,

A(®) = lim NlogE{exp (N®(Rn)) ‘ X} = lim Ag(®) exists X-a.s. (2.20)

N—oo tr—oo

10



Our second proposition identifies the limit in (2.18) as the generalised convex transform
of I'"® defined in (1.14),

H(Q| Qpwr) + (a—1)moH (U | #) if Q € P™(FY,),

o0 otherwise,

I§*(Q) = (2.21)

and implies that the latter is the rate function for the truncated empirical process [Ry ;.

Proposition 2.4. For & € €,

Aow(®) = sup  {®(Q) - IF(Q)}. (2.22)
QeP™ (FY,.)

Furthermore, for # -a.e. X, the family £ ([Rn)w | X), N € N, satisfies the LDP on P™ (F}}.)
with deterministic rate function I;-°.

Note that the family of truncation operators [-];, forms a projective system as the trun-
cation level tr increases. Hence we immediately get from Proposition 2.4 and the Dawson-
Gértner projective limit LDP (see [7, Theorem 4.6.1]) that the family .Z(Ry | X), N € N,
satisfies the LDP with rate function Q + supg,en I ([Qltr). Furthermore, since the projec-
tion can start at any initial level of truncation, we also know that the rate function is given
by Q — supy sy I ([Q)wr) for any n € N. Thus, Proposition 2.4 in fact implies that the rate
function is given by

[(Q) = limsup I3 ([Qlw). (2.23)
tr—o0
At this point, it remains to prove that 19 from (2.23) actually equals 19" from (1.13) and
has the form claimed in (1.15).

This is achieved via the following proposition, note that (2.24) is the continuous analogue
of [2, Lemma A.1].

Proposition 2.5. (1) For Q € P™vfin(FN),

Jim T8([Ql) = H(Q | Qo) + (o = )mH (T | #). (2.24)

(2) For Q € PinV(FN) with mg = oo and H(Q | QW/) < 00 there exists a sequence (@tr)treN
in PRV ENY such that w-lime o0 Qi = Q and

I1"(Qy) < IY([Qler) + 0(1),  tr — oo, (2.25)

Proposition 2.5 (1) implies that for Q@ € P™fin(FN) the limsup in (2.23) is a limit, i.e., it
implies (1.13) on PV (FN) and also (1.15).
To prove (1.13) for Q@ € P™ (FY) with m¢g = oo and H(Q | Q,») < oo, consider Qi as
in Proposition 2.5 (2). Then
[(Q) < liminf ["(Qu) < liminf I"((Qls), (2.26)
t tr—o0

r—00

where the first inequality uses that 19" is lower semi-continuous (being a rate function by the

Dawson-Gértner projective limit LDP), and the second inequality is a consequence of (2.25).
For @ € P (FN) with H(Q | Q,») = oo we have

lim inf 12((Q)w) > liminf H(Qler | (Qprl) = H(Q | Qpy) =00, (2:27)

tr—oo
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i.e., also in this case the limsup in (2.23) is a limit and (1.13) holds.

It remains to prove the properties of 19" claimed in Theorem 1.2: lower semi-continuity
of T9u¢ = Jaue follows from the representation via the Dawson-Gértner projective limit LDP
in (2.23); compactness of the level sets of 19" and the fact that @,y is the unique zero of
Q — I1¢(Q) are inherited from the corresponding properties of I*"™ because "¢ < [2m0;
affineness of Q — I9¢(Q) can be checked as in [2, Proof of Theorem 1.3]. O

Remark. Theorem 1.2 together with Varadhan’s lemma implies that

A(D) = sup {o(Q) — 17°(Q)}, D7, (2.28)
Qepinv.fin(FN)

and identifies 19"¢(Q)) as the generalised convex transform
(@) = sup {e(Q) - A@)},  QeP™(FY) (2.29)
€

(see [7, Theorems 4.4.2 and 4.4.10]). The supremum in (2.29) can also be taken over all
continuous bounded functions on P™Y(FN).

2.3 Continuity of the empirical process under coarse-graining

Before embarking on the proof of Propositions 2.3-2.5 in Section 3, we state and prove two
approximation lemmas (Lemmas 2.6-2.7 below) that will be needed along the way.

For NeN, 0=ty <t; <--- <ty and ¢ € C([0,00)), let y, = (yg))ieN with

yg) = (ti —ti—1, ((p((ti_l +5) A ti) — go(ti_l))szo) € F, i=1,...,N, (2.30)
and define
1 — inv/ 7N
Rt (9) = 37 2_% Ogiypver € P (F™). (2.31)

We need a Skorohod-type distance dg on paths, which is defined in Appendix A.

Lemma 2.6. Leti,j € N, i < j, and t,t' € (0,00), t < t', be such that (i —1)h < t < ih,
(j — D)h <t < jh. Then, for any ¢ € C([0,00)) and k € N,

ds (p((ih + ) A jh), o((t+ 1) At))

<log&l+2  sup [p(s) —e(G=Dh)|+2  sup [p(s) —@((j —1)h)]. (2.32)
(i—1)h<s<(i+k)h (j—1)h<s<jh
The same bound holds for ds([p((ih 4+ ) A jR)]w, [p((t + ) At)]|w) for any truncation length
tr > 0.

Proof. Without loss of generality we may assume that j > i+ k (otherwise, employ the trivial
time transform A(s) = s and estimate the left-hand side of (2.32) by the second term in the
right-hand side of (2.32)), and use the time transformation

(Rt e g
/\(s):{s oSSR (2.33)

s+ith—t if s> kh.
In that case A(s) +t = s + ih for s > kh and y(\) = |log[((i + k)h — t)/kh]| < log %L, The

same argument applies to the truncated paths [p((ih+-) Ajh)]i and [p((t+ ) At (in fact,
we can drop the third term in the right-hand side of (2.32) when (j — 1)h > tr). O
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Lemma 2.7. Let p € C([0,00)), h >0, NeNandty=0<t <--- <ty. Let L €N, and
let g: F* — R be bounded Lipschitz with Lipschitz constant Cy. Then, for k € N with k > ¢,

N‘ /A gdmeRN . tx () —/A gdﬂ'éRN;[tl]h,...,[tN]h(90)‘

< 40)|gllos + CglN (2h + log k+1)+4C Ez sup l(s) — o([tiln — h)],
—1 [tiln—h<s<[t;]n+kh

(2.34)
where mp: FN — FY denotes the projection onto the first £ coordinates. The same bound
holds for the truncated versions [Rn.t,,..tx (#)]lte and [Ryife1,.... 1t 1, (@)]6r for any truncation
length tr > 0.

Proof. For i =1,...,N, recall yg) from (2.30), i.e., yg) is the i-th word obtained by cutting

the continuous path ¢ along the time points ¢, ...,t,, and let
guh) = (Hﬂh — [tic1n, (e(([ticaln +8) A Ttiln) — @((tifﬂh))szo» (2.35)

be the analogous quantity when the h-discretised time points [t1]n, ..., [tn] are used. By
Lemma 2.6 we have

dr (y,50M) < (2h +log BL) + 2 sup lo(s) — o([tiz1]n — 1)
[ti1]n—h<s<[ti—1]n+kh (2.36)
+2 s |e(s) - ([t — B
[tiln—h<s<[tiln
Writing 7 = (7"),cy and putting, similarly as in (2.31),
N—
RN [tl—‘hv ) tN Z y(h) N-per) (237)
=0

we see that the claim follows from (2.16) in combination with Lemma 2.6. Note that possible
boundary effects due to the periodisation are estimated by the term 4/|/g||oo. The observation
about the truncated versions of the empirical process follow analogously from Lemma 2.6. [

3 Proof of Propositions 2.3-2.5

3.1 Proof of Proposition 2.3
Proof. The proof comes in 3 Steps.

Step 1. A.s. exponential tightness of the family Z(Ry | X), N € N, is standard, be-
cause the family of unconditional distributions .Z'(Ry) satisfies the LDP with a rate function
that has compact level sets. Indeed, let M > 0, and pick a compact set K C PinV(FN)
such that limsupy_,o & 1ogP(Ry ¢ K) < —2M. Then P(P(Ry ¢ K | X) > e M) <
eMNEP(Ry ¢ K | X)] < exp(MN — 2MN + o(N)), which is summable in N. Hence we
have imsupy_, o, x logP(Ry ¢ K | X) < —M a.s. by the Borel-Cantelli lemma. The same
argument applies to [Ryt, (alternatively, use the fact that [-]¢, is a continuous map).

13



Step 2a. We next verify that the limits in (2.18) exist. In Step 2a we consider the case
supp(p) = [0,00), in Step 2b the case supp(p) = [s«, 00) with s, > 0.

Let tr e Nand h = 27", Let Y0P = ([Tiln—[Ti=11n, (X(S"F’—Tifl.'h)/\'—Ti-‘h —X"Ti711h)520) S
F be the h-discretised i-th word, and let

N—

1
RN7h - N ZO 607L(Y(h))N»per (31)

,_.

be the h-discretised empirical process, where Y1) = (Y(i’h))ieN. Put £ = b1V -V L,,
Cy=Cy V-V, . Let

Dj,h: sup |X8_th|v akh ZZD’—T/’ZH‘J}I < Ne . (3.2)
(j—1)h<s<jh =1 j=0

By Lemma 2.7, on the event A, j ;(IN) we have
N|®([Rn)i) — @([Ruplir)| < 4] @]|oo + NCym <2h +log kL 4 45), (3.3)

and hence

E[eN*URNW| X < exp [NCylm (2h + log B2 4 de) + 40| @] o] B[N PN nl) | X]

+eNI®lep (A, L (N)° | X), (3.4)

For A > 0, estimate

P([Aekpn(N))1X) < e "E

exp [Ai zk: Dz, m ] ‘X] , (3.5)

i=1 m=0

so that, by Lemma 3.2 in Step 4 below,

1 1
lim sup — log P([Acpn(N)]°] X) < —eX + 3 log X (2kAV/h). (3.6)

N—o00

Since lim, o x(u) = 1, we have, for all ¢ > 0 and k € N,

1
limsup limsup — log P([Ac xn(N)]° | X) = —0  ass. (3.7)
hl0 Nooo IV

(pick A = A(h) in (3.6) in such a way that A\ — co and A\Vh — 0).
Next, observe that

E[eN'b([RNhr) ‘ X] — // p(t)dty p(ta — t1)dty x - x p(ty — ty_1)dty
0<t1<--<tN

x exp [N ([Rnity.....tn (X)]ir)] (3.8)
E[eNPURNe) | X = N ws (s dn) exp [N ([Rvings,oonn (X)) ] (3.9)
1<ii<-<gn
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where

wh(jl, - ,jN) = / /0 . ) ﬁ(tl)dtl ﬁ(tg — tl)dtg X e X ﬁ(tN — thl)dtN
<t1<---<
N " (3.10)

< T Ln—1).mn) (1) -
k=1

The idea is to replace the right-hand side of (3.10) by Hé,v:l [pn(h(jr — jk—1)), which is the
corresponding weight for a discrete-time renewal process with waiting time distribution [p].
The rigorous implementation of this idea requires some care, since the coarse graining can
produce “empty” words.

For j = (j1,...,jn) appearing in the sum in (3.9), let R(j) = #{1 < i < N: j; = ji_1}
be the total number of repeated values and j = (J1y--+s7M) with M = M(j) = N — R(j),
1 <ji <+ < ju, the unique elements of j. Note that any given j with M = [(1 —¢)N] can
be obtained in this way from at most ((;Xq) different j’s.

In the following, we write n(h) = n, and A(h) = A,, with 7, and A, from (2.14) when
h = 27", Let us parse through the right-hand side of (3.10) successively for k = N, N—1,... 1.
When j = ji-1, we integrate t; out over (h(jx, — 1), hjx] and estimate the (multiplicative)
contribution of this integral from above by 1. When j, > jx_1, we replace p(ty — tp_1) by
p(tr—hjr—1) and integrate ty out over (h(jr—1), hji|. For h(jx—jr—1) € A(h) we can estimate
the contribution of this integral from above by "™ [ o]}, (h(j, — jx—1))) by using (2.14), while
for h(ji—jk—1) & A(h) we can estimate it by €™ [p]|n(h(jx —jr—1)) by using (2.15) with s, = 0.
Thus, for j with R(j) <eN and #{1 <i < N: h(j; — ji—1) € A(h)} <eN, we have

M
wh(i) < eEMoN on(h)N H“ﬂh(h(jz _ji—l)) (3.11)

i=1

with M = N — R(j). Furthermore,

’N‘ﬁ (RN ooijne (X)) = MO([Rarngy .. hjar (X)]ir)

< (N = M)H|®] 0 < eN|®oc.

(3.12)
Combining (3.9-3.12), we find
]E[eN{’([RN,hhr) | X]
< MR (R(T T, [Tw]0) 2 eN | X)
+IP’<#{1 <i<N:[Tlh—[Tialn € A(R)} > 5N‘X)}
N N M
L gl tn(mN <5N> > ox M1 (Rt e ) TT T (G — o).
M=[(1-2)N 1<51 <-<jnr i1
(3.13)

But

M
S M Q) Tl (G G1r)) = By, [ M2 | X, (3.14)

1<nh<<Jm k=1
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where E,), denotes expectation w.r.t. the reference measure ([, », and so we can apply
Corollary 2.2 and Varadhan’s lemma to obtain

]\/}im % logEfp,, [qu’([RM]“) | X] = sup {o(Q) — I,?ﬁ(@)} (3.15)
o0 erinv,ﬁn(E\;LN)

By elementary large deviation estimates for binomials we have, for any ¢ > 0,

1
limsup limsup — log P(R([T1 15, ..., [Tn]n) = eN | X) = —oo, (3.16)
B0 Nooo N

1
limsuplimsup—logl[”(#{l <i<N: [T]h— [Tiziln € A(h)} > eN ‘ X) = —o0. (3.17)
hl0  Nooo N

(Note that the events in (3.16-3.17) are independent of X.) Combining (3.4), (3.13) and
(3.15), and noting that limy_, + log (;]VV) = —cloge — (1 —¢)log(1l —¢), we find

lim sup % ]ogE[eNCD([RN]m) | X}

N—oo

g{ sup {D(Q) - I(Q))

Qe’Pinv,ﬁn ((EAZ)N)

+ Cylm(2h + log B + 42) + eng + n(h) +clog L + (1 —5)log115}

1
V[ [|@]loo + limsup — log P(Az k5 (N)¢ | X)
N—o00 N

. 1
{10+ tmsup  tog P(R( T, [T1) 2 | ) }
N—00
1
v {chlloo +limsup - log P(#{1 < i < N: [T}] — [Titl ¢ A(D)} 2 N | X) }
N—o00 N
(3.18)
and hence
lim sup e log E[eN®(FNIo)] X < lim inf sup {o(Q) - I"(Q)} (3.19)
Nooo N R0 ;

erinv,ﬁn(ELN)

(let h | 0 along a suitable subsequence, followed by € | 0 and k£ — oo, and use (3.7) and
(3.16-3.17)).
Analogous arguments yield

1
lim inf — log E [eV®(BN]e) | X] > lim sup sup {2(Q) — I":(Q)}- (3.20)
N—oo N hl0  Qepinv.fin((E,)N) ’

Indeed, we can simply restrict the sum in (3.9) to j’s with j1 < --- < jn, so that the
approximation argument is in fact a little easier because we need not pass to the j’s.
Finally, combine (3.19-3.20) to obtain (2.18).

Step 2b. Next we consider the case supp(p) = [s«, 00) with s, > 0 and indicate the changes

compared to Step 2a. To some extent this case is easier than the case s, = 0, since for
coarse-graining level h < s, no “empty” word can appear in the coarse-graining scheme. On
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the other hand, when implementing a replacement similar to (3.11), it can happen that an
integral [ p(ty — th—1)L(n(jr—1),hjx) (t) dtx gets mapped to [p]n(h(jk — jk—1)) = 0 even though
the true contribution of that integral to (3.9) is strictly positive (namely, when h(j — jr—1) <
S« < h(jr — jr—1 +1)). The idea to remedy this problem is to replace [p]n(h(jr — jrk—1)) by a
sum of “neighbouring” weights of [p];, and to suitably control the overcounting incurred by
this replacement. The details are as follows.

Fix h > 0 and s, , = [s«|p. For N € N, consider j = (j1,...,jn) as appearing in the sum
n (3.9). We say that k € {1,..., N} is “problematic” when h(j; —jr_1) € {Seh—1, Suhy S n+
1}, and “relaxable” when ji — jx—1 > 2 and

[p1h(R(jk — Je—1 +m))
w201 [ TG — o) | = 3-21)

Write Kpro(j) = {1 <k < N: k problematic} and Kyq(j) = {1 <k < N: k relaxable}. Try
to construct an injection frel;j: Kpro — Krel with the property frel; (k) > k as follows:

Start with an empty “stack” s. For k = 1,..., N successively: when k is problematic,
push k on s; when k is relaxable and s is not empty, pop the top element, say &/, from
s and put fre1 (k") = k; when k is neither problematic nor relaxable, proceed with the
next k. -

We say that j is “good” when the above procedure terminates with an empty stack (in
particular, fie j(k') is defined for all ' € Kpy0) and

Z (frel,l(k) - k) < eN (322)

k€ Kpro

(in particular, #Kp0(j) < eN), and also #{1 < k < N: j — ji—1 € A(h)} < eN. For a
given good j, consider the set of all j = (j1,...,]n) obtainable by setting

jk: = ]k -+ Ak, jfrel,l'(k) = jfrel,l'(k) — Ak with Ak c {—1,0, 1} for k € Kprm (323)

and Ji = jx for k & (Kpro U frelj(Kpro)). Note that a given good j corresponds to at most
3N different J’s and that, for any such 7,

‘N‘I’([RN;hjl,...,th (X)) = NO([RN:hji,....hjas (X)ir)

<l Y (frag (k) — k) < NP (3.24)
kEKp!‘O

With wp (41, ..., jn) defined in (3.10), we now see that (analogously to the argument prior
to (3.11)) for any good j,

N
wh(i) < eEMoN gn(h)NoeN Z H(ﬂ}h(h(jz _ji—l))~ (3.25)

Jj corresp. to j i=1

Moreover, we have

1
lim sup limsup — log P(([T1 14, - - -, [Tn4) not good | X) = —oo. (3.26)
B0 Nooo N
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To check (3.26), let Sy be the size of the stack s in the k-th step of the above construction
when we use ji = [Tk |n, and note that ([11]p,..., [Tn]|n) is good when Zi\;l S <eN. A
comparison of (Sk)ken with a (reflected) random walk on Ny that draws its steps from {0, £1},
where (+1)-steps have a very small probability (< f;:ﬁh p(t)dt) and (—1)-steps have a very

large probability (p(Az)) when not from 0, shows that lim supy,, + log P(Zszl Sk > eN) =
—oo for every € > 0. We can then estimate similarly as in (3.18), to obtain (3.19) for the case
sy« > 0 as well.

Analogous arguments also yield the lower bound in (3.20).

Step 3. We next verify that the limits in (2.20) exist. Note that

1
|®(Ry) — ®([Rn]ir)] < ||<I>HOON#{loops among the first N loops that are longer than tr},

(3.27)
which can be made arbitrarily small (also on the exponential scale, via a suitable annealing
argument that uses that loop lengths are ii.d.). A similar estimate holds for |®([Ry]¢) —
O ([Ry]ir)| with tr < tr'. This shows that Ao, (P) forms a Cauchy sequence as tr — oo. [

Remark 3.1. The arguments in Steps 2a and 2b can be combined to yield the same results
when assumption (1.2) is relaxed to assumption (1.24). Indeed, for a given coarse-graining
level h, (1.24) gives rise to finitely many types of “problematic points” that can be handled
similarly as in Step 2b (combined with arguments from Step 2a when a3 = 0).

Step 4. We close by deriving the estimate on Brownian increments over randomly drawn
short time intervals that was used in (3.6) in Step 2. The intuitive idea is that even though
there are arbitrarily large increments over short time intervals somewhere on the Brownian
path, it is extremely unlikely to hit these when sampling along an independent renewal process.
The proof employs a suitable annealing argument.

Recall D;j, from (3.2). For h > 0 fixed, the D, ;’s are i.i.d. and equal in law to \/EDM =
Vhsupg<<; | Xs| by Brownian scaling.

Lemma 3.2. Let T = (T;);en be a continuous-time remewal process with interarrival law p
satisfying supp(p) C [h,00). For A > 0 and k € Ny, define

N k
. 1 .
€0 h) = limsup - log E |exp [AZ 3 Dm/mm,h} (U(Dj,h,g eN)|, (3.28)
= i=1 m=0
which is > 0 and a.s. constant by Kolmogorov’s 0-1-law. Then
li Ah) = A>0. 2
im &\ h) =0 ¥A=0 (3:29)

Proof. We consider only the case k = 0, the proof for £ € N being analogous. Abbreviate
= O'(Djvh,j € N), and let

x(u) = E[GXP [U SUp g<t<1 ‘Xt’”, u € R (3.30)

Note that x(-) is finite and satisfies lim,_0 x(u) = 1. We have

N 2 N
E|:E|:6Xp [AZD(Ti/th} ’gh] :| S ]E|:6Xp [2)‘ZD[T¢/h‘\,h}:|
i=1 =1

= E[exp[?)\DLh]]N = X(2)\\/E)N.

(3.31)
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Thus, for any € > 0,

N 2
exp [)\ Z D[Ti/hl,h] ‘ “,

P|E > (x(2AVR) + €)Y
i=1
) . , o)\ (3.32)
< (x(2\Wh) + 6 VE |E |exp XS Dy, ‘g < [V
< (W) +9 33 prmns] ] | < ()
which is summable in N. The Borel-Cantelli lemma therefore yields
1 al 1
limsup — log E AS D ‘g < ~log x(2\Vh). 3.33
im sup - log [eXp[ ; [Tz/h],h} h] < 5 logx(2Avh) (3.33)
]
3.2 Proof of Proposition 2.4
Lemma 3.3. For tr € N and Q € P™ (F,),
18°(Q) = lim limsup inf { I1%5(Q"): Q' € B.(Q) N P™ ((Ep)™) ], (3.34)
el plo ’

where h | 0 along 27", m € N.

Note that after Ej,, is identified with a subset of Foy (see (2.4)), (3.34) states that I
converges to [~ as h | 0 in the sense of Gamma-convergence.

Proof of Lemma 3.3. Note that, when restricted to Pi“"(Fg?g),
both @ — mg and @ — V¥ are continuous (3.35)

(by dominated convergence), while this is not true when @ is allowed to vary over the
whole of P (F®N). A more general statement is the following: if w-lim, ,oo @, = Q and
{Zp, (11): n € N} are uniformly integrable, then lim,, o mg, = mg and w-lim,_,o Vg, =
Vg

In the proof we use several properties of specific relative entropy derived in Appendix B.
Let Q € PinV(Fé\ftr), and abbreviate the right-hand side of (3.34) by I2"°(Q). Note that, by
(3.35) and the lower semi-continuity of ¥ +— H(W¥ | #), the map

Pinv(F(Ii]tr) =) Ql — mQIH(\IlQ/ ‘ 7/) (336)

is lower semi-continuous. Hence, for any § > 0, we have mg H (W | #') > mqH(Vq | #')—§
for all Q' € B.(Q) N P™ (E,If i) When ¢ is sufficiently small (depending on §). Combine this
with (B.10) in Lemma B.2 in Appendix B, and note that w-lim Qj +» = Q4 as h | 0, to obtain
I8°(Q) = I™(Q).

For the reverse direction, we need to find h, > 0 with lim,,ch, = 0 and Q) €
Pinv((Ehmtr)N) with w-lim,, 00 @), = @ such that liminf, I}?:?tr(Q;L) < I(Q). Here
a complication stems from the fact that we must ensure that both parts of I }?Zir(Q;L), namely,
H(Q, | Qplp, w7 0e) and H(Wq, p, | #), converge simultaneously. The proof is deferred to
Lemma B.3 in Appendix B. O
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We are now ready to give the proof of Proposition 2.4.

Proof. Fix tr € N. Denote the right-hand side of (2.22) by A (®). Let ®: P™(FN) - R be
of the form (2.17). For every § > 0 we can find a Q* € P™ (Fy',) such that ®(Q*)—Ih*(Q*) >
Air(®) — 8. For e > 0 sufficiently small (depending on §) we have |2(Q") — ®(Q*)| < 6 for all
Q' € B-(Q*) and, by Lemma 3.3,

liminf inf {135(Q): Q' € B-(Q) NP™ (B} < IE°(@) +0. (33
Thus
lsn nf sup {@@) - (@) @ € BAQ)NP™(Bruw)™)} = Rel@) — 36 (3.38)

Let 6 J 0 to obtain liminfy o A ¢ (®) = Mgt (®) > Ay (D).

For the reverse direction, pick for h € (0,1) a maximiser Q} € Pinv((E;l,tr)N) of the
variational expression appearing in the right-hand side of (2.19), i.e., ®(Q;) — I,/ (Q}) =
Ap t(®). This is possible because ¢ — I,??tf is upper semi-continuous and bounded from above,

and I,'\ has compact level sets. We claim that
the family {Q} : h € (0,1)} € P™(F") is tight. (3.39)

Assuming (3.39), we can choose a sequence h(n) | 0 such that

lim {@(QZ(@) - I,‘j?j)ﬁtr(QZ(n))} = hn};lfouPAh,tr((I)),

N N . (3.40)
w-lim QZ(n) = Q for some Q € P (FN),

n—o0

Then lim, o0 CD(QZ(n)) = ®(Q) because ¢ is continuous, and liminf,_, IEFS) tr(QZ(n)) >

IM™(Q) by Lemma 3.3. Hence
Ror(®) = lin sup Ao () = Jim, (@) = I o (Qh)| < (@) = I3°(Q) < Rur(@).

(3.41)

It remains to prove (3.39), which follows once we show that for each N € N the family of
projections mn (Q3) € P (FN), h € (0,1), is tight (because FN carries the product topology;
see Ethier and Kurtz [9, Chapter 3, Proposition 2.4]). Let M = ||®||oc + 1. Then necessarily
H(Q; | [Qm}“y/]tr) < M, and hence h(rn(Q}) | WN([QW;LW]U) < NM for all h € (0,1).

Since WN([Q[,)MW]H) = ([Q[p“hjy]tr)@N converges weakly to mn ([Q,»]tr) = ([qpy/]tr)@N as
h ] 0, the family {7n([Q[p1, #]w): h € (0,1)} is tight, and so for any ¢ > 0 we can find

a compact C C FN such that 7n([Qy), »]t)(C°) < exp[—(NM + log2)/e] uniformly in

h € (0,1). By a standard entropy inequality (see (B.3) in Appendix B), for all h € (0,1) we

have

log 2+ h(mn (Q7) | 7 ([Qrarlin) _ log2 + MN <.

log (1+ (v ([Qp, wli)(€)) 1)~ Tos (14 exp[(NM +log2)/e]) =
(3.42)

This proves the representation (2.22) of the limit Ag ¢, (®) from (2.18). From (2.18) and (2.22),
plus the exponential tightness in Proposition 2.3, we obtain the LDP via Bryc’s inverse of
Varadhan’s lemma. O

TN (@R)(C°) <
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3.3 Proof of Proposition 2.5
3.3.1 Proof of part (1)
We first verify (2.24), i.e., for Q € PVfin(FN),

lim I5"([Qlw) = lim |H([Qlix | [Qpr]r) + (a = D)myqy, H(¥(qy,, | #)

tr—o0 tr—o0 ]

= H(Q | Qo) + (0~ DimgH(Tq | ). (3.43)

The proof comes in 5 Steps.

Step 1. Note that limy oo H([Qltr | [@Qp#]ir) = H(Q | @p») by the projective property of
word truncations, limgy—co Mg, = Mm@ < 00 by dominated convergence, and

liminf H(Wg), | #) > H(¥q | #) (3.44)

by the lower semi-continuity of specific relative entropy together with w-limy—0 g, = Yo-
Hence, to obtain (3.43) it remains to prove that

limsup H(Wyqy, | #) < H(Vq | #), (3.45)

tr—o0

Step 2. To prove (3.45), we use coarse-graining. For every h > 0 we can identify Evh with
Fj, C F (recall (2.3)). In order to represent @ € P™V:i2(FN) by a shift-invariant law on (F),)N,
we discretise the cut-points onto a uniformly shifted grid of width h, as follows. For t € R,
h >0 and u € [0,1), define (compare with Section 2.1.2)

[t1hy =min{(k+wh: k€ Z,(k+u)h >t} (= T[t—uhl,+uh). (3.46)

Draw Y = (Y9);en = (73, fi))ien from law @, and let U be an independent random variable
with uniform distribution on [0,1]. Put 7o =0, T), =71 + -+ + T, n € N,

j:‘i = |Vn—|h,Ua 1€ NOv 7:7, = j:"L - Tli*la fl = (HTZ_IK(Y))( A 711)7 1€ N. (347)

(Note that it may happen that 7, = 0. We can remedy this by allowing “empty words”,
i.e., by formally passing to F as in Section 2.2.1.) Write [Q], for the distribution of ¥ =
(Y®D);en = (74, f1))ien obtained in this way. We view [Q] as an element of P™Vfn((F)N).
To check the shift-invariance of [Q]y, note that by construction an initial part of length
S1 = Tg — To = Uh of the content of the first word is removed (in a two-sided situation, this
part would be added at the end of the zero-th word). The corresponding quantity for the
second word is S = Ty — T} = [Ty ]ny — T1. Observe that, for measurable A C [0,h) and
B C [0,00),

P(SQ EA,Tl EB) —/

P(Ty € dt)/ dula([t — uhln — (t — uh)) = %]P’(Tl € B)A(A),
B

[0,1]
(3.48)
i.e., S is distributed as Uh and independent of Y, and so (Y (*1);cy again has law [Q]4.
This settles the shift-invariance. The key feature of the construction of [Q], is that x(Y) =
(V" k) (Y), so that
Ug,n = Yo, (3.49)
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and therefore
H(Yiqrp| #)=H(¥q | 7). (3.50)
Thus, (3.50) gives us a coarse-grained version of the right-hand of (3.45).

Step 3. If tr is an integer multiple of h, then the coarse-graining [Q], € P™ - ((F},)N)
of Q € P"™:fin(FN) defined in Step 2 commutes with the word length truncation [, i.e.,
[[Q1r)tr = [[Qltr |n. This is a deterministic property of the construction in (3.46). Indeed, fix
u € [0,1) and h with tr = Mh for some M € N, consider t;_1 < t; with t; —t;_1 > tr (so that in
the un-coarse-grained truncation procedure the i-th loop length would be replaced by tr), let
ki—1,k; € Nbesuch that [¢;_1]|p = (ki—1+u)h and [t; ], = (ki+u)h. When we first truncate
and then coarse-grain, the i-th point becomes [t;_1 +tr]|p , = (ki—1 + M +u)h. When we first
coarse-grain and then truncate, the i-th point becomes [t;_1]p, ,+ (( [tilhu—[tiz1]hu) /\Mh) =
(ki—1 + u)h + Mh, which is the same.

Step 4. Let h = 27 define [Q], € P ((F,)N) as in Step 2, and write @}, = [Q]; 0 ¢,
for the same object considered as an element of PMV:n((E,)N) (recall (2.1-2.4)). Write v, =
Z((X.an)) for the Wiener measure on Ej. Then mg, = mq,/h (the mean word length
counted in h-letters), while

H(Wq | ™) = H(Yq1,n | 7)), (3.51)
by construction, and

[[Qlir1n = [[Qn)tr = [Qh](ee/n) © ths (3.52)

where the first equality follows from the commutation property in Step 3 and the second
equality is a truncation of the words from )}, as elements of E},.

Step 5. Fix ¢ > 0 and let trg = tro(Q, ) be so large that
Eo[(YW] —tr),] < jemq,  tr>tr. (3.53)

Then, for 0 < h < 2—14st, we have

T
Erg, (M5 = £) ] < femg + 2h < Lempq, - (3.54)

Divide both sides of (3.54) by h, and observe that the continuum word of length |V ()| under
[Q1), corresponds to the discrete word of |Y(1|/h h-letters under @', to obtain

Eqp [(IYW] = 5),] < zemqy (3.55)
This estimate allows us to use Lemma B.5 in Appendix B, which says that for every 0 < e < %,
(1-c¢) [H(q/[%] o |7 +b(s)} < H(Wg | v2Y) (3.56)
with b(e) = —2¢ 4 [eloge + (1 —¢)log(1 — €)]/(1 — ). However, by (3.51-3.52) we have
H(Yig 0 | 71) = H¥ i@ | #) = H(Y(q), | 7). (3.57)
Substitute this relation into (3.56) and use (3.50-3.51), to obtain
(1= ) [H(¥g, | #) +b(e)| < H(¥q | #). (3.58)

Now let € | 0 and use that lim, o b(e) = 0, to obtain (3.45).
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3.3.2 Proof of part (2)

Fix Q € P(FY) with mg = oo and H(Q | Q,») < co. We construct Qi € Pvifin(FNy,
tr € N, satisfying (2.25) via a “smoothed truncation” that has the same concatenated word
content as its “hard truncation” equivalent. The proof comes in 5 Steps.

Step 1. It will we be convenient to consider the two-sided scenario, i.e., we regard @) as a
shift-invariant probability measure on FZ. Define

tr F(%tr x [0,1)% — FZ, xer: ((firTi)icz, (ui)icz) — (fir 7i)icz, (3.59)
as follows. Put tg =0, t;, =t;_ 1+ 7, t_; =t_j41 — 741 for i € N, and ¢ = K,((fi,Ti)iez), set

I?Z' _ t; — u; lf T; = tr, (3.60)
t; if 7; < tr,

T =t; —t;—1 and fz() =o((-ANT;) + ti—1) for i € Z. In words, the total concatenated word
content remains unchanged, and if the length of the i-th word 7; equals tr, then its end-point
t; is moved u; to the left. Put Qi = ([Q]y ® Unif[0, 1]%%) o Xt_rl € PV(FZ). By construction,
\Iletr =Yg, and ma,. = MQlu- In particular,

Step 2. Write Qrf = (lgpn)SE ® Unif[0, 1]%%) o x;* for the result of the analogous operation

on the reference measure (g, ; 2 )%, We have w-limg; o0 Qtr = Q and w-limg o0 ([gp, 7 }®Z ®
Unif[0, 1]%%) o x;" = (g,0) %%, and hence

hm 1an(Qtr | Q") > supliminf inf H(Q'| Q)

e>0 00 Q'€B:(Q)

> H(Q | (4p0)%) = Jim H([Qlux | [ap 1), (3.62)

where we use Lemma B.2 (2) in the second inequality. (Note: Inspection of the proof of
Lemma B.2 (2) shows that the inequality “<” in (B.10) also holds for @’s that are not
product.) The last equality in (3.62) holds because the truncations [-]¢ form a projective
family (see [2, Lemma 8.1]). As specific relative entropy can only decrease under the operatlon
of taking image measures, we have H(Q | Q™) < H([Ql: | [0, 15F) < H(Q | q ) S0

lim supy,_, o (Qtr | Qref) < H(Q| q, 7//) and, indeed,

Jim H(Qu | Q) = lim H([Qlu | lap0157) = H@Q | a57)- (3.63)
The proof of (2.25) is complete once we show that

H(Qu | ¢5y) < H(Qu | Q) +o(1), (3.64)

since, by part (1),

fQue(étr) = H(@tr | q?%/) + m@trH(‘ll@tr | 7). (3.65)
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Step 3. It remains to verify (3.64). Note that

H(@tr ‘ QE)Z ) (Qtr ‘ Qref) = hm iE |:10g dm N Qtr 1 drnQtr :|

Nooo N Qu dg ®N o8 dﬂ_NQref
1 d?TNQref
= lim —=Ex |1 3.66
Ngnoo N Qtr[ o dq;@fy]x ) ( )
and that, by construction, dﬂN@,ﬁﬁf / dq?% is a function of the word lengths 71, ..., 7x only (in-

deed, because of the i.i.d. property of Brownian increments it easy to see that under both laws
the word contents given their lengths are the same, namely, independent pieces of Brownian
paths). Write R]ref for the law of the sequence of word lengths under N{ff. Then we must
show that

1 d pref
limsup lim —]E~ M

msup lim - v (1 7)| 0. (3.67)
T o0

Step 4. Denote the density of TrNRref with respect to Lebesgue measure on R by f‘“ef
Consider fixed 71,...,7n, and decompose into maximal stretches of 7;’s with Values in (tr —
1,tr+1) (note that under y, no word can become longer than tr+1, while when 7; < tr—1 the
corresponding word is not truncated, i.e., t; = t;). Thus, there are 0 < M < N, ¢} < j} < il <
gy <o <ihy <jhy < Nsuchthat {1 <i< N: 7 € (tr—1,tr+1)} = UM, [i}, j1]JNN. Observe
that, by construction, ftrrefN (T1,...,7n) can be decomposed into a product of Hj: 7 <tr—1 p(75)
and M further factors involving the 7;’s from these stretches, where the k-th factor depends
only on (7;: ), <1 < j;). We claim that

rref (=~

- M
Tlyeeuy T ir i i<N: T;>tr—
o (71 N) < H (Cytrl ) Gl _ (Cltr1+€)#{19§N' Tiztr=1} (3.68)

[T, (7))

for some C7 = C1(p) < oo and € = €(p) € [0, 1] uniformly in tr for tr sufficiently large. To see
why (3.68) holds, consider for example the first stretch and assume for simplicity that ¢} =
1 < 41 and that we know that the O-th word is not truncated (i.e., fo = to = 0). Let £ < j; +1,
and pretend we know that the first £ —1 words are truncated (i.e., 71 = - -+ = 7y_1 = tr), while
the ¢-th word is not (7 < tr). Then 7y = tr —uy and 7; = tr — u; + u;— 1 for 2<i<{-—1,and
SO u; :Zi (tr—=75) for 1 <i<{l—1and 7p =T — up—y :%g—z 1(tr — 7;). This case

contributes to fref the term

/-1

p(ltr,50) "5 (7 = X (6 = 7)) T] o (S (b = 7). (3.69)
i=1

Note that, by (1.1), we have (3.69)/ [T;_; p(7;) < Ca(Cstr'=€)~! for some Cy = Cy(p),C3 =
C3(p) < oo and € = €(p) € [0,1] uniformly in tr for tr sufficiently large. The contribution of
any given stretch of length j; — ) +1 can be written as a sum of at most 27t~ t1 cases where
the indices of the truncated words are specified. Each such case can be estimated by a suitable
product of terms as in (3.69). Furthermore, outside the stretches the words are necessarily

untruncated and thus contribute p(7;) to fref which cancels with the corresponding term in
QN
pEN.
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Step 5. From (3.68) and the shift-invariance of @tr we obtain that

dmy RS

o1 -
lim —E~ IOgW(Tl,...

N N Qe ,TN) | < C(1+logtr)Q(r > tr —1). (3.70)

Now, h(Zg(m1) | p) < H(Q | qiw) < 0o by assumption. Because of (1.1), this implies that
Eq[log(m1)] < oo, and hence that Q(71 > tr) = o(1/logtr). Therefore (3.70) implies (3.67).
0

4 Removal of Assumptions (2.14)—(2.15)

We give a brief sketch of the proof only, leaving the details to the reader. Assumptions (2.14)—
(2.15) are satisfied when p satisfies (1.2) and varies regularly at oo with index a.. The latter
condition is stronger than (1.1). To prove the claim under (1.1) alone, note that for every
d > 0 and o/ < « there exists a probability density p' = p/(d,a’) such that p < (1+§)p/, ¢/
varies regularly at oo with index o/, and p(t)dt converges weakly to p(t)dt as 6 | 0 and o/ 1 .
Since the quenched LDP holds for p/, we can proceed similarly as in [2, Sections 3.6 and 5] to
get the quenched LDP for p.
More precisely, for B C P™(FN) we may write (recall (1.6) and (2.31))

P(Ry e B|X)= / dty -+~ dty p(t1) p(t2 —t1) - p(tn —tn-1) (4.1)
0§t1<---<t]\7<00 > ].B(RN;t17”'7tN (X)),

and estimate p(t;) < (14 6)p'(t1), etc., to get P(Ry € B | X) < (1+8)N P'(Ry € B | X),
where P, P’ have p, o’ as excursion length distributions. Let C € P™ (FN) be a closed set,
and let C©) be its e-blow-up. Then the LDP upper bound for o’ gives

1
limsup — log P(Ry € C¥) | X) <log(1+6)— inf I9(Q) X-as., (4.2)
Nooo N Qece P

where the lower index p’ indicates the excursion length distribution. Let ¢ | 0 and o' 1 «,
and use Lemma B.2 (2), to get

1
limsup —log P(Ry € C¥) | X) < — inf I8"(Q)  X-as. (4.3)
N—oo IV Qece)

Finally, let € | 0 and use the lower semi-continuity of Igue to get the LDP upper bound for p.
An analogous argument works for the LDP lower bound: Now we pick o/ > «, d > 0 and
a probability density p' = p/(d, ') such that p > (1—4)p/, and p’ satisfies the same conditions
as above. Arguing as before, we obtain for any open O C PV (FN),
1

. . - (8) > . gue _ 4

lmglof N log P(Ry € C¥ | X) > ére% I77(Q) X-a.s. (4.4)
5 Proof of Theorems 1.3—-1.4

We again give a brief sketch of the proofs only, leaving many details to the reader.
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Theorem 1.3(a), which says that for a = 1 the quenched rate function coincides with the
annealed rate function, can be proved as follows: Since the claimed LDP upper bound holds
automatically by the annealed LDP, it suffices to verify the matching lower bound. For this
we can argue as in the proof of the lower bound in Section 4. For any o/ > 1 and § > 0 we can
approximate p by a suitable g’ = p'(d, ') such that p > (1 — §)p’. Then, using Theorem 1.2
with g’ and taking § | 0, o’ | 1, we see that for any open O C PV (FN),

1
liminf — log P(Ry € C© | X) > — inf Jann X-a.s. 5.1
im inf - log P(Ry X 2= ot ey T (@) a.s (5.1)

(recall (1.15)). Finally note that any Q € P™(FY) with H(Q | @, ») < oo can be approx-
imated by a sequence (Q,) C Pin(FN) in such a way that H(Qn | Qpn) — H(Q | Qo)
to obtain the claim (using for example a “smoothed truncation” operation similar to Sec-
tion 3.3.2).

Theorem 1.3(b), which says that for o = co the quenched rate function coincides with the
annealed rate function on the set {Q € P (FN): limg oo miQl. H(Y(q), | #) = 0} and is
infinite elsewhere, follows from arguments analogous to [2, Section 7, Part (b)]: For the upper
bound, we can pick arbitrarily large o/ > 1 and approximate p < (1 + ¢)p’ with the help of a
suitable probability density p’ which has decay exponent o’. Using Theorem 1.2 with p’ and
taking o’ 1T 0o, § | 0, we see that the upper bound holds with the claimed form of the rate
function. For the matching lower bound we can trace through the proof of the lower bound
contained in Theorem 1.2 but replacing our “coarse-graining work horses” Proposition 2.1 and
Corollary 2.2 (which rely on [2, Cor. 1.6]) by versions that are suitable for & = co (which rely
on [2, Thm. 1.4 (b)] instead), still using a suitable truncation approximation of the quenched
rate function analogous to the one proven in Proposition 2.5. This constitutes a way of
rigorously implementing the “first long string strategy” from [2, Section 4], as explained in
the heuristic given in item 0 of Section 1.3, through the coarse-graining approximation.

Theorem 1.4 follows from Theorem 1.3(b) via an observation that is the analogue of [1,
Lemma 6]: subject to the exponential tail condition in (1.19), any Q € P™ (FN) with H(Q |
Qp,») < oo necessarily has mg < co. Because of this observation we can argue as follows.
If mg < oo, then limg o0 mQl, = mqQ and limyg, o0 ‘I/[Q] . = Yo by dominated convergence
(recall (1.10)), which in turn imply that liminf, o mig),, H(¥(q),, | #) = mqoH(Vq | #),
as shown in Lemma B.5 in Appendix B. The limit is zero if and only if ¥ = %, which by
(1.22) holds if and only if @ € Ry . This explains the link between (1.18) and (1.20).

A Basic facts about metrics on path space

We metrise F, defined in (1.4) (and Fj, C F defined in (2.3)) as follows. Let dg(¢1,d2)
be a metric on C([0,00)) that generates Skorohod’s Ji-topology on D([0,00)) D C([0,00)),
allowing for a certain amount of “rubber time” (see e.g. Ethier and Kurtz [9, Section 3.5 and
Egs. (5.1-5.3)])

ds(¢1,¢p2) = inf {fy(/\) vV / e “sup }qﬁl(t Au) — da(A(t) A u)‘ du}, (A1)
AEA 0 t>0
where A is the set of Lipschitz-continuous bijections from [0, o) into itself and

A(t) — (s
v(A) = sup )log(i() .
0<s<t<o0o -8

(A.2)
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With
dr(y1,y2) = |[t1 — ta| + ds (o1, $2) (A.3)

for y; = (ti, ;) € F, (F,dr) becomes complete and separable, and the same holds for (F}y, dr)
for any h > 0.

Remark. We might at first be inclined to metrise F' in a more straightforward way than
(A.3), e.g. via

A (y1,y2) = |tr — tol + 161 — P2llos w3 = (i) € F, i =1,2. (A-4)

However, if we would use Lipschitz functions with dg replaced by df}rSt in (2.16), then in the
analogue of Lemma 2.7 we would be forced to use terms of the form supg~q|p(s +t A t) —
@(s+ihAjh)| in the right-hand side. When used for ¢ = X (a realisation of Brownian motion
as in Proposition 2.3), this would in turn force us to control the increments of the Brownian
motion not only locally near the beginning and the end of each loop, but uniformly inside
loops. In fact, it seems plausible that an analogue of Proposition 2.3 where dr is replaced
by df}rSt actually fails. Furthermore, note that we cannot arrange dg in such a way that, for
¢ € C([0,00), h >0, t; <t| <ty <t with |t) —t1| < h, |th —ta] <h,

ds(o((t1 +-) At2), o((th +-) Aty)) <2k + sup [d(s) — o))+ sup [o(s) — (t5)].

t1§8§t/1 tQSSStIQ

(A.5)

This is why in Lemma 2.7 we need the freedom to use an extra k and to “look in a neighbour-
hood of the cut-points of size kh”.

B Basic facts about specific relative entropy

In Section B.1 we recall the definition of (specific) relative entropy of two probability measures.
In Section B.2 we prove various approximation results for (specific) relative entropy, which
were used heavily in Sections 3. Especially the parts with Uy require care because of the
delicate nature of the word concatenation map @ — Wg. The latter is looked at in closer
detail in Section B.3.

B.1 Definitions

For p, v probability measures on a measurable space (S,.7),

W | v) = J5(log %) dp, if p<v, B.1)
o0, otherwise, '

is the relative entropy of p w.r.t. v. When the measurable space is a Polish space E equipped
with its Borel-o-algebra, we also have the representation (see e.g. [7, Lemma 6.2.13))

h(p|v)= sup {/fdu—log/efdu}— sup {/fd,u—log/efdu}
feCy(E) f: E>R

bounded measurable

(B.2)

(and if g < v with a bounded and uniformly positive density, then the supremum in the
right-hand side is achieved by f = logdu/dv).
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Equation (B.2) implies the entropy inequality

log2+ h(p | v)

A) <
WA S T 1/ A)
by choosing f = aly and « = log[l + 1/v(A)] (see e.g. Kipnis and Landim [13, Appendix 1,

Proposition 8.2]).
For Q € P (FY),

(B.3)

1
H(Q | (gp)®") = Jim —h(7nQ | (go0)®N) = sup Nh(wNQ | (gp)®Y) (B.4)

with 7y the projection onto the first N words, is the specific relative entropy of @) w.r.t.
(gp.»)®N. Similarly, using the canonical filtration (Z )¢ on C([0,00)), for a probability
measure ¥ on C([0,00)) with stationary increments we denote by

1 1
the specific relative entropy w.r.t. Wiener measure. See Appendix C for a proof of (B.5).

B.2 Approximations

Let E be a Polish space. Equip P(E) with the weak topology (suitably metrised). EN carries
the product topology, and the set of shift-invariant probability measures PV (EN) carries the
weak topology (also suitably metrised).

B.2.1 Blocks

For M € N and r € P(EM), denote by r®N € P(EY) the law of an infinite sequence obtained
by concatenating M-blocks drawn independently from r (i.e., we identify (EM)N and EN in
the obvious way), and write

1 M-1
sblock (r r®N o c P (EN) (B.6)
]=0

for its stationary mean.

Lemma B.1. For Q = ¢®" € P"(E) and r € P(EM),

H (sblocky(r) | Q) = (r | TmQ). (B.7)

Moreover, for any R € PV (E),

w-limsblockys (mp R) = R. (B.8)

M—o0
Proof. This proof is standard. Equation (B.7) follows from the results in Gray [12, Section
8.4, see Theorem 8.4.1] by observing that sblocky,(r) is the asymptotically mean stationary
measure of r®Y. It is also contained in Follmer[11, Lemma 4.8], or can be proved with
“bare hands” by explicitly spelling out dmysblockys(r)/dg®" for N > M and using suitable
concentration arguments under ¢~ as N — oo. Equation (B.8) is obvious from the definition
of weak convergence. O
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B.2.2 Change of reference measure

Lemma B.2. (1) Let v,v1,vs,... € P(E) with w-lim,, o v, = v. Then

h(p | v) =limlimsup inf h(y' |v,), pePE). (B.9)
el0 n—oo pWEB:(1)

(2) Let Q = ¢®N, Q1 = qig’N, Qo = qégN, ... € P™(EN) be product measures with w-limy, 00 Qn,
= Q. Then

H(R| Q) = limlimsup 1nf(R)H(R/ | Qn), RecP™(EMN. (B.10)

el0 n—ooo R'EB:

Proof. (1) Denote the term in the right-hand side of (B.9) by h(u). Let f € Cy(E), § > 0.
We can find g5 > 0 and ng € N such that

V0 < e <eo, i € Bel /fdu >/fdu— (B.11)

Vn>mng: log/ el dv, < 10g/ e dv + é (B.12)
E B 2

Therefore, for 0 < ¢ < gp and n > ny,

inf  h(y' | vy) > / fdu — log/ ef dvy, > / fdu— log/ ef dv — 6. (B.13)
E E E E

W EBe (1)

Now optimise over f and take & | 0, to obtain 2(x) > h(u | v) via (B.2).

For the reverse inequality, we may without loss of generality assume that h(p | v) =
[ elogpdy < oo, where ¢ = du/dv > 0 is in L'(v). Then for any § > 0 we can find a ¢ > 0
in Cy(E) N L'(v) such that [, ¢dv =1 and

/|(ﬁ—<p‘du<5, /|(ﬁlog$—cplogg0‘du<5. (B.14)
E E

Note that lim,,_,oo fE @dv, =1, and let ¢, = ¢/ [ @dvy, and py, = Ppvy. Then, for g € Cy(E),

1 _
‘/gdun—/gdu‘ = ’~/gsodvn—/g<pdV‘
E E [pedvn Jg E

1 ~ ~ ~ ~
< ’f - 1‘ ngHooJr‘/ gcpdvn—/ gsodV) +‘/ 9(@ —p)dv|,
[ @ dvy E E E
(B.15)
which can be made arbitrarily small by choosing § small enough and n large enough. In
particular, for any £ > 0 we can choose ¢, ¢ and ng such that p, € B.(u) for n > ng. Hence

limsup inf A(y | v,) < limsup h(u, | vp)

n—oo WMWEB:(p n—00

(B.16)
= limsup/ o log @, dvy, = / plogpdy < h(u|v)+4d
n—oo JE E
and letting 6 | 0 we h(u) < h(u | v).
(2) Recall that for R € P"(EN) and Q a product measure,
. 1
lim —h(ryR|7nyQ)=H(R|Q) = sup —h (rNR | 7N Q). (B.17)
N—oo N

NEN
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Denote the expression in the right-hand side of (B.10) by H(R). Fix N € N. Since for each
e > 0, we have B./(R) C {R': nyR' € B.(wnR)} for ¢ sufficiently small we also have

lim li f H(R'|Q,) >l f ! n)- B.18
lim lﬂsongem ® H(R' [ Qn) lffisipueéﬂwm]\f h(p' | TnQn) (B.18)

Let € | 0 and use Part (1), to see that H(R) > +h(ryR | mn@Q) for any N. Hence also
A(R) > H(R| Q).

For the reverse inequality, we may w.l.o.g. assume that H(R | Q) < oo. Fix e > 0
and § > 0. There is an N € N such that H(R | Q) < +h(rnR | 7nQ) + 6, and since
avR < mnQ = ¢®N we can find a continuous, bounded and uniformly positive function
fn: EN — [0,00) such that Ju I dg®N =1, S5 fnlog f dg®N < h(wNR | WNQ) + N§ and
Ry € B.js(R), where Ry = sblocky (fn ¢®V) € P™(EN) (see Lemma B.1). By (B.7), we
have

H(Ry | Q) = /mmmwN (B.19)

Now put fyn = fn/ [p [N ¢®N, and define Ry,, = sblocky (fnng®N) as the “stationary
version” of (f,¢2N)®N. In particular, H(Ry,, | Qn) = %+ [ fynlog fnndg?N. Since fu
is continuous, we have Ry, € B.(R) and [ [nnlog fnndg?N < H(R| Q)+ 36 for n large
enough. Hence

lim sup inf(R) H(R'| Qn) <limsup H(Ry, | Q) < H(R| Q) + 44. (B.20)
n—oo

n—oo R'EDB:

Now let ¢ | 0 followed by lim, o to conclude the proof. O

B.2.3 Existence of sharp coarse-graining approximations to the quenched rate
function

The following lemma was used in the proof of Lemma 3.3.

Lemma B.3. Let Q € Pi(FY) with H(Q | Q ) < 00. There exist a sequence (hy)nen with
hyp, > 0 and limy, o0 hyy = 0 and a sequence (Q),)nen with Q), € Pﬁn(E,Ii) and w-limy, o Q), =
Q such that limsup,,_, I;'°(Qy,) < I9°(Q). The same holds with F replaced by Fou and

E‘hn replaced by E‘hn,tr.

Proof. Recall the definition of [@]p in Step 2 of the proof of part (1) of Proposition 2.5 (see
page 21). For any N € N, we have

hMan[Qn | N [Qpw 1) S MaNQ | TNQpw) < N H(Q | Qpw)- (B.21)

The second inequality follows from (B.4). For the first inequality, use the fact that the
construction of [Q];, can be implemented as a deterministic function of the pair of random
variables (Y, U), together with the fact that relative entropy can only decrease when image
measures are taken. Write 7; = (T; — T;—1)/h, i € N. Since letters both under [Q, ], and
under Qr,1, » are constructed from a Brownian path that is independent of the word lengths,
we have (recall 2.8)

L= by = ) dry [Qpn1n _ (my [Qp o \n) (1 = K1y, PN = k) (B.22)

drnQrp,,» 1,2 [Pk (hke)
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with

(N [Qpw | (7'1 =ki,..., TN = kN)
/ a [ A dtl/ B(ts — t)d(ts — 1) - / Aty — tx1))d(ty — ty 1)
[0,1] 0 t1 tN—1
N
S | Ty () (B.23)
=1

where ky = ki + - - + kg. Thus, by (2.13-2.15),

1 drn[Qpw |n
]S\.flé% NE(QM U logdWNQ[Z]hH <rg(h) (B.24)
with
rQ(h) = m[Q1n(71 € An) +mo[Qln(f1 € An),  h=27T, (B.25)

where A,, C (s4,00) is the set obtained from A, by removing pieces of length 2=" from its
edges (i.e., Ay, is the 27 "-interior of A,). But lim,, . [Q]o-n (71 € A,) = 0 because A, fills up
(8x,00) as n — oco. Since lim,, 00 7, = 0, we get limy o rg(h) = 0. Combining (B.21-B.24),
we obtain that

QU | Q1) = $up (N QU | 7 Qi) < HQ | Qo) +7(h) (20

and, finally,
11121&111) H([Q1n | Qrppp) + (= V)mpqr, H( Vg1, n | #)
< H(Q | Qpur) + (o — YmgH (T | 7). (B.27)
The truncated case, where F' is replaced by Fyt,, etc., can be handled analogously. O

B.2.4 Approximation of U
The approximation in (1.11) is stronger than just weak convergence.

Lemma B.4. For Q € pivfin(FN)

1 T

lim sup Uo(A) — / (k(Q) o (0°)71)(A)ds| = 0, (B.28)

T—00 AcC[0,00) measurable T Jo
i.e., the convergence in (1.11) holds in total variation.
Proof. Note that, by shift-invariance,

1 ™
Uo(A E 14(0°k(Y N . B.2
o) = o [ @) ], Nen (B.29)

Suppose that @ is also ergodic. Then limy_,o0 78v/N = mg Q-a.s. and in L'(Q). Hence, for
given € > 0 we can find a Ty(e) such that, for T' > Ty(e),

ol 2571+

moN(T) moN(T) 1‘ =6 (B-30)
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where N(T') = [T/mq]. Thus, for T' > Ty(e) and any measurable A C C[0, 00), we have

1 /7 o
o) - 7 [ (@0 0) ) (A ds
! ’IE [/TN(T) Ly (kYY) ds— [ 14(0°k(V)) d
< 4(0°k s—/ A(0°k s}
moN(T) |~ Ly 0
1 1y (T ™y — T T
_— — = 1 k(Y <E -1 <
+‘(mQN(T) T)/O A(°s(Y)) ds| < Eq D moN(T) H ‘mQN(T) =5
(B.31)
i.e., (B.28) holds.
If @ is not ergodic, then use the ergodic decomposition
Q= Q' Wo(dQ') (B.32)
’perg,ﬁn(FN)
and note that
mo
mo = / mg WoldQ), Vg — / 9 W (dQ) (B.33)
'perg,ﬁn(FN) 'Perg,ﬁn(FN) mQ

(see also [2, Section 6]). We can choose N(T) so large that the set of @’s for which (B.30)
holds (with @ replaced by Q') has Wy-measure arbitrarily close to 1. O

B.3 Continuity of the “letter part” of the rate function under truncation:
discrete-time

In this section we consider a discrete-time scenario as in [2]: p € P(N), E is a Polish space,
v € P(E), the sequence of words (Y ?);cy with discrete lengths has reference law qf?ﬁ with
¢p as in [2, Eq. (1.4)]. The following lemma extends [2, Lemma A.1] to Polish spaces (in [2]
it was only proved and used for finite E, and without explicit control of the error term). Via
coarse-graining, this lemma was used in the proof of Proposition 2.5.

Lemma B.5. Let Q € Pﬁn(EN) and 0 < & < 3. Let tr € N be so large that

€
EQ[(W@U —tr)J < Smo. (B.34)
Then
(1= o) (H(Wg, | ) +b(e)) < H(¥q | 1) (B.35)
with b(e) = —2e + [eloge+ (1 —¢)log(1 —¢)]/(1 —¢), satisfying lim. o b(e) = 0. In particular,
: ®Ny __ ®N
T H(Wigy, | v = H(wg | v7). (B.36)

Proof. We can assume w.l.o.g. that H(¥g | v®N) < oo for otherwise (B.35) is trivial and
(B.36) follows from lower-semicontinuity of specific relative entropy.

First, assume that @ is ergodic, then Wq is ergodic as well (see [1, Remark 5]). For
U e Pre(EN) and 6 € (0,1),

H(W | v*%) = lim —%log (inf {v®L(B): B C E* (x,¥)(B) > 1 - 5}), (B.37)
—00
= lim sup{ _1 logv®Y(B): BC EX, (7 ¥)(B) > 1 — 5}. (B.38)
L—oo L
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This replaces the asymptotics of the covering number and its relation to specific entropy for
ergodic measures on discrete shift spaces that was employed in the proof of [2, Lemma A.1],
and can be deduced with bare hands from the Shannon-McMillan-Breiman theorem. Indeed,
asymptotically optimal B’s are of the form {7 log Z%% € HW | v®N) £ e}: Put fr = Z’;g%
and set By, = {1 log fr, > H(¥ | v®N) —€}. Then (7, ¥)(BL) — 1 by the Shannon-McMillan-
Breiman, and v®%(By) = Is, f%dﬂ'L‘I/ < exp[—L(H(V | v*N) —¢)], i.e., the right-hand side of
(B.38) is > H(¥ | v®N). For the reverse inequality, consider any B C EL with (7, ¥)(B) > 1,
say. Set B' = BN {1log fr, < H(V | v®N) +€}. Then 7 ¥(B’) > ; for L large enough and
vl (B) > v (B') > exp[-L(H(V | v®N) + €)]7,¥(B’). Hence the right-hand side of (B.38)
is also < H(W | V).

To check (B.35), fix £ > 0. For L sufficiently large, we construct a set By C E” such that
7VqQ(Br) > & and v®5(BL) < exp[—L(1 —€)(br(e) + H(Y (g, | v®V))], ie.,

~ T logiPH(BL) 2 (1= ) [H(Wigy, | V) + by (e)], (5.39)

where limy,_,o br,(¢) = b(e). Via (B.38) applied to ¥ = Wg, this yields (B.35).
To construct the sets By, we proceed as follows. Put N = [(1 + 2¢)L/mg]|. By the

ergodicity of @ (see [2, Section 3.1] for analogous arguments), we can find a set A C EN such
that

V(y(l),...,y(N)) € A:

(D, ) > L1 +e), [y <tr, i(!y”)! —tr); <elL, (B.40)
=1
Eq [\Yﬂ)uA(Y(l), Y] > (1= e)me, (B.41)
and the set
By, = By(A) = {mr(0's(lyM s -, 9™ ]ur):
WO,y ™Myeai=01,..., |y - 1} c EL (B.42)
satisfies

p@[L=e)] (W[L(l—a)] BIL) < exp [ —L(1-¢) (H(\I/[Q]n | U®N) _ 25)]'
(B.43)

Here, use (B.34) in (B.40-B.41), and note that N(1 — §)mg ~ (14+2¢)(1—5)L > (1 +¢)L
and N§mg ~ (1+2¢)5L <eL as L — oo.

For I c {1,...,L}, x € E* and y € EMI. write insy(z;y) € ELHHI for the word of length
L + |I| consisting of the letters from y at index positions in I and the letters from z at index
positions not in I, with the order of letters preserved within x and within y (the word y is
inserted in x at the positions in I). Put

N | —

By = WL({ins](a:;y): ze By Ic{l,.. L},|I|<cLye E'”}). (B.44)

Then 7, Vg(Br) > % by construction. Furthermore, for fixed I C {1,...,L} with |I| = k <
eL,

V®L <7TL({inS[(1';y)Z T € B/L,y € Ek})) = I/®L(7TL,]€(B/L)) < V®[L(176”<7T(L(1,5)]B2),
(B.45)
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and hence

vO(By) < [eL] <[€IL]> exp[—L(1—¢) (H(¥g, | Ny — 2¢)]
=exp [ — L(L —¢)(br(e) + H(Y gy, | v*))] (B.46)

with by (g) = —ﬁ(log[sL] + log ([ELL])) — 2¢, which satisfies lim. | bz,(g) = b(e).

It remains to prove (B.36). Since w-limy o0 (g, = Y@, we have liminfy, o H(V(g,, |
voN) > H(Wg | v®Y), while the reverse inequality lim supy, . H(Y g, | voN) < H(Tg |
v®N) follows from (B.34-B.35) and the fact that limgy—e Eg[(|Y )| — tr)4] = mg by domin-
ated convergence.

For non-ergodic @), decompose as in [2, Eqgs.(6.1)—(6.3)], use the above argument on each
of the ergodic components, and use the fact that specific relative entropy is affine. O

C Existence of specific relative entropy

In this section we prove (B.5). For technical reasons, we consider the two-sided scenario. The
argument is standard, but the fact that time is continuous requires us to take care.

Proof. Let © = C(R) be the set of continuous functions w: R — R with w(0) = 0, which is
a Polish space e.g. via the metric d(w,w’) = [ e (jw(t) — w'(t)] A 1)dt. The shifts on Q
are 0'w(-) = w(- +t) — w(t). A probability measure ¥ on €2 has stationary increments when
U = Wo () ! for all t € R. For an interval I C R denote F; = o(w(t) — w(s): s,t € I).
W denotes V¥ restricted to F;. Write # for the Wiener measure on §2, i.e., the law of a
(two-sided) Brownian motion.

Let U € P(Q2) with stationary increments be given and assume that h( 7y | #fo 1)) < o0
for all ' > 0. To verify (B.5), we imitate well-known arguments from the discrete-time setup
(see e.g. Ellis [8, Section IX.2]).

For Iy, I, disjoint intervals in R, denote by /@}I’h r: QxFr, — [0,1] aregular version of the
conditional law of (the increments of) W on Iy, given the increments in Iy, i.e., for fixed w,
/@}I; 1,(w, ) is a probability measure on F,, for fixed A € F,, K,[‘ljh 1, (+, A) is an Fp,-measurable
function, and A}I’hh(w,A) is a version of Eg[14|F7]. When I; = 0, /f(‘z)ltl2(w,A) = U (A).
Similarly, define /@K 1, (which is simply /1%7 ,(w,A) = #1,(A) by the independence of the
Brownian increments).

Put

drf, 1, (w1, )
arn, = / \Il(dwl)/ KE g (w1, dws) log | —22—(w)) | (C.1)
Q Q d"@[hb(wlu')
the expected relative entropy of the conditional distribution under ¥ on Fj, given Fr, w.r.t.
Wiener measure on Fr,). We have ay, 1, < oo for bounded intervals, because of the assumption
of finite relative entropy of ¥ w.r.t. " on compact time intervals. By stationarity, ar, 1, =
at+1y t+1, for any . ) ]
Let I] C I, note that /@}1’1712 (w,") < “}12,12 (w, ) for P-a.e. w, and /-@KIQ(w, )= /@;?’12((*), ) =
#1,(+). By the consistency property of conditional distributions, we have

drY¥, | (wr,-
i )w)] (C2)

dH/IWiJQ ((JJl, )

a1, :/Q\Il(dwl)/ﬂfﬁgb(wl,d(,ug)log[
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Indeed,

/Q‘I’(dwl)/52”\1111,12(w1,dw2)f(w1,w2):/Q‘I’(dwl)/{2’43}1’1,12(w1,dw2)f(w1,w2) (C.3)

for any function f(w,ws) that is F, 1, ® Fr-measurable. Hence

an,r, — a1, (C.4)

dr¥ | (wy, - dr, ,(wi,7)
= /Q\If(dwl)/QH}I’lJQ(wl,de)(log [Ilb(l)(w)] — log [d;“(w)]>

dﬁ;ﬁlz(wl?') 511,12(@)1,')

d/{}l’hb(wl,-)

. /Q U (du) /Q K 1 (w1, dws) log L%M(m)] >0 (C.5)

because the inner integral is h(x}, | (w1,-) | K7, 1, (w1,7)) = 0. Choosing I1 = 0, (C.5), we get
3 1
an,I, > ag 1, = h(\Ilfz ‘ 7/12)
Observe

d¥os+q, A%y d“%,t},(t,sﬂ] (w,")
— 2" " (w) = w 7
A 0,5+4) A 0.1 d“(o,t},(t,sﬂ] (

(w) \I’(O,s+t} — a.S., (C6)

w, )

take logarithms and integrate w.r.t. U (using consistency of conditional expectation on the
right-hand side), to obtain

h(W 0,544 | Zo,511) = M (Y0, | #0.41) + a4, ts+4 = BP0 | Zo.) + 2 (Y0,5 | #0.9))-
(C.7)

Thus, the function (0,00) 3 t = h(¥ (o, | #(0y) is super-additive, and (B.5) follows from
Fekete’s lemma. O

Under REILOO 0], (0,1’ the coordinate process will be a Brownian motion with a (possibly

complicated) drift process U; = fot us ds, where (ut)e>0 can be chosen adapted, and

Ey [h(ﬁzp—oo,o},(o,h} \ W(OJL])] = Ey Uohug ds] (C.8)

(see Follmer [10]).
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