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Abstract

We give a sufficient condition for tightness for convergence of rescaled critical spatial structures to
the canonical measure of super-Brownian motion. This condition is formulated in terms of the r-point
functions for r = 2,...,5. The r-point functions describe the expected number of particles at given
times and spatial locations, and have been investigated in the literature for many high-dimensional
statistical physics models, such as oriented percolation and the contact process above 4 dimensions and
lattice trees above 8 dimensions. In these settings, convergence of the finite-dimensional distributions
is known through an analysis of the r-point functions, but the lack of tightness has been an obstruction
to proving convergence on path space.

We apply our tightness condition first to critical branching random walk to illustrate the method as
tightness here is well-known. We then use it to prove tightness for sufficiently spread-out lattice trees
above 8 dimensions, thus proving that the measure-valued process describing the distribution of mass
as a function of time converges in distribution to the canonical measure of super-Brownian motion. We
conjecture that the criteria will also apply to the other statistical physics models cited above.
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1 Introduction and main results

In the past twenty years, many critical high-dimensional spatial branching models have been conjectured or
proved to converge to super-Brownian motion (SBM). Perhaps the earliest were Rick Durrett’s conjecture
on long-range contact processes in 1 dimension converging to super-Brownian motion with logistic growth
(see Section 1 in [46]) and David Aldous’s conjecture on lattice trees above 8 dimensions converging to
Integrated Super-Brownian Excursion (see Section 4.2 in [1]). Attempts to understand the large-scale
behaviour of lattice trees in high dimensions date back even further [44, 40].

Significant progress has been made in a number of settings, including (i) lattice trees (LT) above
8 dimensions [18, 12, 13, 34], (ii) oriented percolation (OP) above 4 spatial dimensions [33] (see also
[3, 47, 48]), (iii) the contact process (CP) above 4 spatial dimensions in [30, 31] (see also [2]), (iv) the
contact process in lower dimensions when the range of the process increases with the rescaling [7], (v) the
voter model in 2 or more dimensions [8, 5, 9], and (vi) the Lotka-Volterra model [10]. These results suggest
that SBM is a universal scaling limit of critical interacting particle systems above a critical dimension.
See [11, 49] for detailed surveys of super-processes and convergence towards them, and [14, 15, 43] for
introductions to super-processes and continuous-state branching processes.

In each of the cases (i)-(iii) above, what has been proved is the rescaled convergence for large dimen-
sions of the (Fourier-transforms of the) so-called r-point functions, which describe the expected number
of particles at given times and spatial locations. Together with the results in [35] and the identification
of the survival probability in high-dimensions in [25] (see also [23, 24] for sharper results in the con-
text of oriented percolation), these results prove the convergence of the finite-dimensional distributions
to those of the canonical measure of super-Brownian motion (CSBM), thus showing that CSBM is the
only possible limiting cadlag process in these models. Proving tightness and hence a full statement of
weak convergence on path space in these settings has remained a major open problem. For example, in
the setting (i) of lattice trees, see the discussion in Section 1 of [34], and in the setting (ii) of oriented
percolation see the discussion following Corollary 1.3 in [33]. Verifying tightness in these limit theorems
for random mass distributions at criticality has remained open due to the lack of any general method
to bound higher moments of increments of the rescaled discrete processes. In (iv) the weaker (i.e. long
range) setting makes the issue easier to handle, and for the approximate voter model settings (v, vi),
the coalescing random walk dual allows one to resolve the problem. In the case of self-avoiding walk,
tightness was established using sub-additivity (see Lemma 6.6.3 and (6.6.42) in [45]). The convergence
of the finite-dimensional distributions in settings (i) to (iii) relies on subtle cancellations. It was not even



clear that such cancellations are valid uniformly in time and hence at least one of us believed tightness
would fail in some settings.

In this paper we resolve this issue. We give conditions for tightness of the rescaled empirical measures
of a general class of discrete time particle systems on the space of cadlag measure-valued paths, and hence
establish convergence to CSBM on path space if convergence of finite-dimensional distributions is known
as in the cases above. This involves formulating an expansion (with bounds) for moment measures which
leads to control of the moments of the increments of the Fourier transforms of the rescaled empirical
measures of our discrete mass distributions (Conditions 3.1 and 3.2 in Section 3.) The key condition is
formulated in terms of the r-point functions for r < 5.

As a test case we first verify the conditions for critical branching random walk, reproving the fact
that branching random walk converges on path space to CSBM (see e.g., [49]). We then go on to show
that lattice trees above 8 spatial dimensions also satisfy our conditions, hence giving the first example
of a high-dimensional “self-interacting” model in (i)-(iii) above for which convergence to CSBM on the
space of cadlag paths is proved. We expect that the general method developed herein can also be used
to prove convergence on path space for (ii) and that an appropriate continuous-time modification of it
should enable a corresponding proof in the case of (iii).

1.1 General setting

We work with general discrete-space particle systems/models in statistical mechanics. Each particle «
in the system has an associated spatial location ¢(a) € Z¢ and temporal component | € Z,. (For the
processes we will study, the labels a will take values in a finite rooted tree.) Let N, (z) be the number of
particles alive at time n located at position z, and N, denote the total population at time n, i.e.,

Np(z) = #{a:¢(a) =z,|a] =n}, and N,= ) Np(z). (1.1)
zeZd
Let P and E denote the probability measure describing the law of the model and its expectation, respec-
tively. We start from a single initial particle located at the origin o, and assume that once the total
population reaches 0 it remains at 0 thereafter, i.e.

Ny = No(o) =1, and N, =0for all n> S =inf{m >0: Ny, =0}, P-almost surely. (1.2)

For critical models of branching random walk, lattice trees, oriented percolation and the contact
process (for sufficiently spread-out kernels above the respective critical dimensions), it is known (see
e.g. [49, 26]) that there exist model dependent positive constants A and V' so that the survival probabilities
satisfy

nIP’(Nn>O)—>%, as n — oo. (1.3)

We will in fact assume such a convergence in general for our tightness result (see (2.3) below). The r-point
functions for 7 > 2, 7 € Z~1 and 7 ¢ 7Z"1 are defined by

r—1
1 (&) = B[ [] Ny (1) ] (1.4)
i=1
Models such as lattice trees and oriented percolation have single occupancy, i.e. N,(z) € {0,1} for
every z € Z% and n € Z,, P-almost surely. In such cases, letting {0 — 2} = {N,(z) > 0} be the event that
there exists a connection to vertex x at time n, we recover the following expression that typically appears
in the lace-expansion literature

t0(2) =P(o > a;¥i=1,...,r - 1). (1.5)

This includes some degeneracy, such as t&n)(ac,x) =t (z).



Let My (E) be the space of finite measures on a Polish space F, equipped with the topology of weak
convergence. Define a sequence of M F(]Rd)—valued processes {Xt(n)}tzm for n e N, by

n 1
XM = Tvn ZZ:dNnt($)5x/m(')7 (1.6)

where v > 0 is another model-dependent constant, and Nyj: = N|,,;). The scaling of time and space by

n and n~ Y2 respectively is the scaling under which random walk converges to Brownian motion. The

scaling of the measure by n~! occurs since typically (see [26]) if the population is alive at time n, it is
of size n. However, since the population survives until time n with probability of order 1/n by (1.3),
we would see nothing at time ¢ = 1 in the limit as n — oo. Therefore to get a non-trivial scaling limit
we define a sequence of finite (but non-probability) measures z,, on the Skorokhod space D(M (R?)) of
cadlag M (R%)-valued paths {X;}s0 by

() = nAVE({X )0 € ). (1.7)

Clearly this sequence of measures cannot converge to a finite measure. For X = {X;}s0 € D(Mz(R%)), let
S =8(X) =inf{t > 0: X; =0;/}, denote the extinction time of the process, where 0y is the zero-measure.
We let Ny be the canonical measure of super-Brownian motion as defined in Section II1.7 of [49] with the
branching parameter v = 1 and the underlying spatial motion there being standard (variance parameter
is 1) d-dimensional Brownian motion. Recall that Ny is a o-finite measure on D(M(R?)) supported by
the set of continuous paths X starting at 0;; which stick at 0ps after the extinction time S > 0 and such
that No(S > ¢) = 2/e for all € > 0. Then, for the critical branching random walk model starting from a
single particle at the origin, there are A, V,v (specified in Section 1.2.1 below) so that

in(- 9 >¢€) —> No(-,8>¢e)  on D(Mp(RY)) for every e > 0, (1.8)

where the convergence is weak convergence of finite measures. See, for example [49, Theorem I1.7.3(a)]
(the argument given there for branching Brownian motion is easy to adapt to branching random walk)

or Theorem 1.1 below. In general we abbreviate (1.8) as pi, —> No.

1.2 Specific models

In each case below the model is defined in terms of a symmetric random walk kernel D:Z% — [0,1]
satisfying Y., .z¢ D(x) = 1. Although the results hold slightly more generally, let us assume that D is
uniform on a box of radius L in Z%, i.e.,

D(x) = Lipejufmsry/ (2L + 1) = 1). (1.9)
Throughout the paper we use |z| to denote the Euclidean norm of a vector z. Let

0% = Y |z*D(x) < oo, (1.10)

xeZd

so that the covariance matrix of D is (0%/d)I;. In both of our models the random branching objects
can be defined in terms of pairs (T, ¢), where T is a finite abstract tree (see Section 1.2.1 below) and
¢: T — Z% is an embedding of the vertices of that tree. For a vertex a € T we let |a| denote the distance
of a from the root in T. Edges in T will be denoted by aa’ where o' is a child of « in the tree.

The two models differ markedly in the probabilities assigned to different (T, ¢).



1.2.1 Branching random walk

We follow the construction in [4] and [20]. Let W = U;2,{0} x N" be the set of finite words starting with
a 0. If @ =0a;--apn € W {0}, the parent of « is 7m(a) = 0---app—1 € W. A (finite) rooted tree T is a finite
subset of W such that

(i) 0 €T (call O the root of T) and,
(ii) If a = 0ay--ay, € T, then m(a) € T and {017 j <y} c T.

If @ =0, €T, Tnr () are the children of  and |a| = n is the generation of a and, as noted above,
is also the graph distance in T between a and the root. We say 5 € T is a descendant of a € T, or « is
an ancestor of 3, if || > |a| =n and 0515, = a. Let a A 8 be the most recent common ancestor of o and
B (i.e., Ja A B] is maximal). We write T to denote the set all (finite) rooted trees.

Next we introduce a probability law on T to construct the critical Galton-Watson tree with a critical
offspring distribution (pm,)mso satisfying

> mpm =1, V=> m(m-1)py < . (1.11)

m>0 m>0

To avoid the trivial offspring law §; we assume that pg > 0. We will also assume that

> m*py, < oo for all natural numbers £, (1.12)

m>0

although for the tightness part of our arguments ¢ = 4 suffices in the above. We begin with a single
individual whose offspring distribution is given by (pm,)ms0. Each of the offspring then independently
has offspring of its own, with the same critical distribution (p,)ms0. Mathematically this leads to a
probability on T given by

P(T) =[] pe., for TeT, (1.13)

aeT

where £, = £, (T) € Z, is the number of children of o in T. In this case N, = #{a € T : |a| = n} is the
size of the nth generation, and Kolmogorov [41] showed that (1.3) holds with A =1 and V as in (1.11)
(see, e.g. [49, Theorem II.1.1]).

We define a random embedding ¢ of T into Z% to be a mapping from the vertices of T into Z% such
that the root is mapped to the origin and, given that « is mapped to z € Z%, each child o’ of « is mapped
to y € Z® with probability D(y - z), independently of the other children. Branching random walk is then
defined to be the random configuration (T, ¢) with probability law

P(T,¢) = P(T) [] D(¢(c) - ¢(a)). (1.14)

aa’eT

Recall that ae’ € T means that o' is a child of « in the tree T. In particular, the path in Z? from
the origin to ¢(«), where a = Ocvjag ...y, € T is a random walk path of length |a| = m with transition
probabilities given by D. The counting process N, (z) associated with (T, ¢) is now given by (1.1). For
this model we take v = 0?d~! in (1.6), and re-prove the following well-known result:

Theorem 1.1. For critical branching random walk, py, = Np.

This result has a long history, for which we refer the reader to [49] and the references therein. We
include the proof in Section 4 to illustrate our convergence criteria in a less technical setting. The
additional moment condition (1.12) that we have imposed on the offspring distribution is not needed for
the convergence result above (see [49]), but as our general approach is based on convergence of mean
moment measures this seems unavoidable without additional truncation arguments.



1.2.2 Lattice trees

A lattice tree 7 in Z¢ is a finite connected set of lattice edges 2z’ (and their associated end vertices z, ")
containing no cycles. We write zz’ € T (resp. z € T) if zz' is a edge in T (resp. x is a vertex in 7). Here
x and 2’ denote vertices in Z%. We will choose a random lattice tree according to a weight function on
the embedded objects, defined by

W.(T)= [] =2D(a' -=2), (1.15)

zx'eT

and we define the two-point function by p.(z) = X750, W2(T). A subadditivity argument shows that
the radius of convergence z. of Y., .74 p-(x) is finite [40]. Let W (-) = W,.(:) and p = p,.(0). We define a
probability measure on the (countable) set of lattice trees containing the origin by P(7") = p'W (T).

Let us now describe the model in terms of embeddings of abstract rooted trees, for comparison
with the branching random walk situation. If T is a finite rooted tree, an injection ¢ : T — Z< is
an embedding of a lattice tree 7 iff it maps the root of T to the origin, has range 7, and aa’ € T
iff ¢p(a)p(a’) € T. We call (T,¢) a tree embedding. Two tree embeddings, (T,¢) and (T’,¢’), of
the same lattice tree T are equivalent in the space of all tree embeddings. Clearly we may identify
the lattice tree T with the equivalence class [T, ¢] of all its tree embeddings. The weight (1.15) of a
lattice tree 7 can then be expressed in terms of any tree embedding (T, ¢) in its equivalence class as
W.(T) = Maarer 2D(8(a) = 3()), and thus P([T, 8]) = p~ 2/ Taarer D(8(a’) — (). Note also that
Np(z) =#{aeT:¢(a) =z, |a| =n} € {0,1} is invariant under equivalence of (T, ¢).

Our main result for lattice trees is the following:

Theorem 1.2. For the lattice trees model with d > 8 and step distribution (1.9), for sufficiently large L,
depending on d, there are positive constants A,V,v such that uy = Np.

1.3 Some applications and open problems

Let {X;}s;s0 denote a canonical path in D(M(R%)). Weak convergence on path space implies weak
convergence of such real-valued functionals as sup,.; (X;) and [; ¥(X) ds where I is a bounded interval
of non-negative reals and 1 : Mp(R?) — R is bounded and continuous. We give a pair of typical
applications, the first of which uses a continuity property of the limiting super-Brownian motion.

Corollary 1.3. Assume pi, 5 Ny. Let I be a bounded interval of non-negative reals and E ¢ R? have
Lebesgue null boundary. Then

un(sust(")(E)e-, S>6)i>N0(SUpXS(E)E‘, S>¢), foralle>O0.

sel sel

Proof. Tt is sufficient to show that X is a continuity point of X + sup;; Xi(E) for Np-a.a. X. Let E°
and E be the interior and closure of E, respectively. It follows easily from [49, Theorem III.5.1] that

X¢(OE) =0 Vt>0, and t = X;(FE) is continuous Ny - a.a.X. (1.16)

Hence it suffices to choose a continuous X € D(M (R?)) satisfying the properties in (1.16) and show that
if X » X in D(Mz(R?)), then

lim sup X" (E) = sup X;(F). (1.17)
N=>00 te] tel
We first show that
limsupsup X (E) < sup X;(E). (1.18)
n—oo  tel tel



Choose t,, € I so that Xt(:)(E) > supye; X (E) - % We can find a subsequence {ny } ey for which the left-
hand side of (1.18) is the limit through the subsequence, and so that t,, - ¢ € I. Since X is continuous,
we have Xt(Z:) - X; in Mp(R?). It follows that

limsupsup X (E) = lim sup X;"¥(E) < limsup X" (E) < X;(F) < sup X;(E) = sup X;(E),
n—oo  tel k—oo geg "k tel tel

where the continuity of ¢ = X;(E) is used in the last equality. An even simpler argument, left for the

reader, shows that
lim inf sup X\ (E°) > sup X;(E°). (1.19)

N=>00  te] tel

(If € > 0, start by choosing tg € I so that sup,; X¢(E°) < X3, (E°) +¢). Now use (1.18), (1.19) and the
fact that Xy (E°) = X¢(F) for all ¢, to derive (1.17) and so complete the proof. |

The second application can often be obtained without tightness, but becomes relatively straightforward
in the presence of tightness.

Corollary 1.4. Assume pin = No, and

sup E, [X{(1)]<C. (1.20)

neN;1>s>0

Then
,u,n(fOooXs(")(l)dszt) »No(foooXs(l)dszt):\/2/(7rt), for all t > 0.

Remark 1.5. The conclusion of Corollary 1.4 is equivalent to the statement that \/nP(Yso Nk > n) —

2/(Vr). The condition (1.20) will hold in all of the models we have in mind. It is a consequence of
Condition 3.1(a) below and (1.2). See the discussion after Condition 3.1 for the references showing that
it holds for a range of models including lattice trees (it is trivial for branching random walk).

Proof. The equality for the limiting measure is a consequence of the well-known connection between the
canonical measure of super-Brownian motion and It6’s excursion measure (see Chapter III of [43]). It also
can be derived from Theorem 1.1 and the exact asymptotics for the total progeny of a Galton-Watson
process (see Theorem 1.13.1 of [16]).

Next, we show that pn( oo XM(1)ds>t,S < 6) vanishes uniformly in n when ¢ | 0. For this, we note

that, by the Markov inequality and (1.20) for £ < 1,

[ee) €
n XM()ds>t,S<e) < pn f XM (1)ds >t 1.21
([ X (1)ds &)<l [ X (W)ds >1) (1.21)

-1 ‘v
<t E,M[fo X0 (1)ds]
<Ctle.
Further by (1.8)

limsup o fowxg“>(1)ds > 1,5 > 1/2) < limsup (S > 1/e) = No(S > 1/¢) = O(e), (1.22)

the last, e.g. by Remark I1.7.4 of [49]. Since fol/e Xs(1)ds is a continuous functional of the path we have
(by differencing (1.8)),

un(fol/aX;m(ndse.,Se(a, 1/5]) ﬂNO(fol/aXs(l)dse.jse(g, 1/5]), (1.23)



As the limiting distribution has no atoms (this follows easily from the fact that [~ X(1)ds has no atoms
under Ny by the equality of the limit already noted) the above implies that

'u”( fOOOXén)(l)ds >t,5¢€ (871/5]) - NO( /OooXs(l)dS >t,S¢€ (8,1/5]) for all t > 0. (1.24)

Putting the pieces together, and using that (see the above argument)

NO(/OOOXS(l)dszt,Se [5,1/5])=N0(f0°°XS(1)dszt)+O(a), (1.25)

we may complete the proof. [
For some applications the weak topology on the space of finite measures on R? is too weak. For example
weak convergence of measures does not imply convergence of their supports as the support functional is
only lower semi-continuous. To illustrate this issue consider the “one-arm probabilities” which have
attracted considerable attention recently, particularly in the context of percolation. For lattice trees, let
7| = max{|z|: z € T}, and let B, be the open Euclidean ball of radius r, centred at the origin in R%. For
a measure-valued process X = {X;}ss0, let | X|| = sup{r : Upo{X:(B¢) > 0} # @}. We make the following
conjecture about the asymptotics of the extrinsic one-arm probability P(| 7| > r) for lattice trees.

Conjecture 1.6 (Extrinsic one-arm probability). For d > 8 and sufficiently large L,
lim 72P(| T > r) = ——No(| X > 1). (1.26)
=00 AV

See [42] for a proof that the extrinsic one-arm probability for percolation above 6 dimensions decays
like 1/r? (although the precise constant in the asymptotics is not identified there).

While (1.26) does not follow from the weak convergence result i, 5 Ny established in this paper,
the lower bound in the following corollary (proved in Section 5.2) is almost immediate:

Corollary 1.7 (Extrinsic one-arm lower bound). Let d > 8. Then for sufficiently large L,

lim inf r?P(| 7] > ) > AU—VNO(HXH > 1). (1.27)

Application to other models: For oriented percolation and the contact process above 4 dimensions,
convergence of the finite-dimensional distributions has been proved, due to the survival probability and
r-point function asymptotics provided in [26, 23, 24] and [33, 29, 31] respectively. Tightness remains an
open problem in each case.

Conjecture 1.8 (Convergence for oriented percolation). Condition 3.1, and hence p, = No, s valid
for oriented percolation when d >4 and L is sufficiently large.

The verification of Condition 3.1 would be through a lace expansion analysis. We believe that a similar
approach can be used to prove weak convergence to super-Brownian motion for the contact process as
well, but one first needs versions of the tightness criteria given in Section 3 that are appropriate for
continuous-time processes.

The picture is much less complete in the case of ordinary (non-oriented) percolation and d > 6, where
even convergence of the r-point functions (hence finite-dimensional distributions) and validity of Condition
3.1 below is not yet known.

In Section 2 we discuss the relationship between convergence of the r-point functions and weak con-
vergence of the finite-dimensional distributions. We then give convenient general abstract conditions,
notably bounds on the fourth moments of the increments of their Fourier transforms, for weak conver-
gence to CSBM on path space (Theorem 2.2). This result is proved in Section 5 along with Corollary 1.7.
In Section 3 we state the two conditions on the r-point functions (Conditions 3.1 and 3.2) and formulate



our general tightness result, Theorem 3.3, for general discrete time models. Condition 3.1 consists of
bounds on the 2-point function that are known to hold for all of the models (i)—(iii) in high dimensions—
see the discussion in Section 3. Theorem 3.3 is then proved in Section 6 by verifying the conditions of
Theorem 2.2. In Section 6 we prove Theorem 1.2 by verifying Condition 3.2 for lattice trees (with d > 8
and L sufficiently large) through lace expansion techniques. The proof here relies on certain diagram-
matic bounds for coefficients arising in the lace expansion, Proposition 7.3, which in turn is established
in Appendix A by modifying the arguments in [34].

2 Weak convergence of measure-valued processes

We work in the general framework of Section 1.1. Let D = D(Mp(R%)) be the (Polish) space of cadlag
M (R%)-valued processes {X;}ss0 equipped with the Skorokhod topology. The space M (D) is also
Polish. For X; e M(R?), f:R% - C and k ¢ R?, define

X = [, F@)Xi(da), and Ki(k) = [ o7 Xi(da). (2.1)

Recall the definition (1.8) of weak convergence to the canonical measure Ng. Much is known about
Ny, for example, by [49, Theorem I1.7.2(iii)], for every & > 0,

2\ 2

No (X:e(1) e GN{0p}) = (—) fGe_%zd:c, and in particular No(S>e)=Nop(X.(1)>0)=-. (2.2)
€ €

For each fixed €, (1.8) is a statement about convergence of a sequence of finite measures on a Polish

space. By considering the test function 1, (1.8) implies that for each & > 0,
un(S>e) = No(S >e). (2.3)

In other words, convergence of the survival probabilities is necessary for weak convergence. It is easy to
check from the definitions (notably (1.6) and (1.7)) and (2.2) that (2.3) for any fixed € > 0 is equivalent
to (1.3) which in turn is equivalent to (2.3) for all € > 0. Convergence of the survival probabilities for
branching random walk reduces to a statement about Galton-Watson branching processes and is a well-
known result due to Kolmogorov [41] (see [16, Section 1.10] or [49, Theorem II.1.1]). The corresponding
property (2.3) for lattice trees, oriented percolation, and the contact process is a very recent result
[23, 24, 26]. Due to this fact, the weak convergence in (1.8) can easily be translated into a statement
about convergence of the corresponding (conditional) probability measures on the Polish space D,

P; = P;, for all & > 0, (2.4)

where P;(-) = pun(-|S > €) = pin (-, S > €) /(S > €), and Pg (1) =No(+|S > ¢).

Let I > 1, and £ = (t1,...,t) € [0,00).. We use 77 : D - Mz(R%)! to denote the projection map
satisfying 7p(X) = (Xy,...Xy,). The finite-dimensional distributions (f.d.d) of v € My(D) are the
measures vy € Mp(Mp(R?)Y) given by

vi(H) =v({X:m(X) e H}),  HeB(Mp(R"),

where B(FE) denotes the Borel sets of E.

The probability measure P on D is uniquely determined by its finite-dimensional distributions. By
[35, Proposition 2.4], convergence of the finite-dimensional distributions follows from convergence of the
survival probabilities and convergence of the mean moment measures

r—1 r—1
E,, [H X;?(ki)] — En, [H Xti(ki)] : for > 2,£€[0,00)" "} ke RAD), (2.5)
i=1 =1



Again note that under (2.3), the convergence of the f.d.d. of the normalized or unnormalized measures

(written P° R F, for each € > 0, and u, R Np, respectively) are equivalent. Using the lace expansion,
the limits (2.5) have been established for LT, OP, and CP in terms of asymptotic formulae for the Fourier
transforms of the r-point functions (1.4). See Section 3 for more details and Section 1 for references.
Thus weak convergence in (2.4) would follow from relative (sequential) compactness of the sequence of
probability measures P:.

For a Polish space E, let D(F) be the space of cadlag functions from R, to E with the Skorokhod

topology, and recall that D = D(M(R?)).

Definition 2.1 (C-relatively compact). A set of probabilities {Py}acr on D(E) is C-relatively compact
on D(E) if it is relatively compact (every sequence has a convergent subsequence) and every weak limit
point Pu satisfies Poo (C¢) =0 where C is the set of continuous functions in D(E).

Our first result reduces the C-relative compactness of the probabilities P¢ to a fourth moment condition
for increments of the processes. The proof is given in Section 5.1. Recall that we are in the general setting
of Section 1.1.

Theorem 2.2. Suppose that (2.3) holds for some € >0, and that the following hold:

(i) supn™' ¥yeza [2PE[ N (2)] < oo,
neN

(ii) there exist ¢ >0, n >0 such that for each T > 0 and k e R there exists Ck,r > 0 with supjy, Ck, < 00
for each T', such that for all n e N,

o 1+¢
nE“Xl(/’Z(k) - X](’;T)l(k)ﬂ <Crr (u) ,  forall j,l € Z, satisfying 7,1 <nT. (2.6)
n

Then the probability measures { P°}nen are C-relatively compact on D for all € > 0.

If, in addition, (2.5) holds, then ju, — No.

3 The r-point functions and general criteria for tightness

In this section, we continue to work in the general setting of Section 1.1 and replace the tightness condition
(2.6) by criteria in terms of the Fourier transforms of the r-point functions (1.4). Firstly note that

. 1 A 1 k.
XM (k) = f ik-y N, ) dy) = ——— IM‘TNR . 3.1
t ( ) A2Vn S xGZZ:d t(x) J;/\/E( y) A2Vn mEZZ:de t(l’) ( )
Therefore
r=1 AV B T et
B, ‘,’“‘)(ki)] __nar e v "B TT Nue, (z5)
w [E t; (A2Vn)r-1 jeg(;_l) []11 g J]
1 ii,j—
s eV (), (3.2)
A(A2Vn)" Zezd(r-1) "
Defining .
i) (k) = Y™t (@), (3.3)

we see that

r—-1 . 1 . ]_4}
B [T 00 = b ) o
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When r > 3, tA;L}) includes a small contribution from degenerate cases arising from some of the x; being
equal. We assume the following bounds on the increments t(z)l(k) A(.Q)(k) and on the second spatial
moments ¥, za |z|*t? (z):

Condition 3.1 (Two-point function assumptions).

(a) There is a constant a > 1 so that for any K' >0 there is a K so that for all integers j >0
[E5) (k) =57 (k) < K((G+1)7 + [k[*). (3.5)

7+l
(b) Theorem 2.2(i) holds, that is, there is a constant K >0 so that

> lz|*t? () < Kn, for alln > 1. (3.6)

reZd

Equation (3.5) is proved in [32, 33| for oriented percolation with a = (d-2)/2 > 1 for d > 4, in [29] for
the contact process with a = (d—2)/2> 1 for d > 4, and in [34, 27] for lattice trees with a = (d-6)/2 > 1
for d > 8. In general, (3.5) is a crucial part in the inductive approach to the lace expansion, as studied in
various guises in [21, 27, 29, 32]. Further, the same references also prove that Condition 3.1(b) holds.

Our next condition involves various lace expansions for the r-point function for r = 3,4, 5, and forms
the heart of our analysis. In its statement, for a vector 7 = (ny,...,n,-1), n denotes the largest coordinate
of 7, and n the smallest coordinate of n. If I c J. = {1,...,r =1}, let 7iy = (n;)ses, and for m € Z, let
n—-m=(ny—-m...,n._1 —m). Finally, define

mi amg = (mypVvmy)—(mygAmg)+1=|mg—ma|+1. (3.7)
Condition 3.2 (Lace expansion and its bounds). There exist X\, mQ(kIO, kr,, kL), - (k1o k1, k1),
P — ny (Bros Ky k), 89 (K), #S(k), #9(k), and constants a > 1 and p € [0,1) such that, for

T€{37475} and all e N™~ 1’k€R(T l)d’
LR 2, Ko wnsigy Rty Fry BB 00 (k)i (k) + A0 (R),  (3.8)
Io,I1,12 1§m1gﬂ,1§m2gnﬁ ,M2;

where the sum over Iy, I, Iy is over all partitions of {1,...,r—1} such that 1 €I, Iy + @ and iz = min{i €
{1,...,7r=1} N I1} € Is. The lace expansion coefficients satisfy the bounds

AR <C, RPOK)<Om, RS (R < C(In-nf* +7°7), (3.9)

and, uniformly in Iy, I, I5 (with (mvn), =mivmaVvn, in (3.11) and (mVvn),, =miVmoVn,Vn. in

(3.12)),

068 ()] € Comg 2 ), (310)
) i, (R < Oy o ma) ™ ((my 2 ma) + (m v n)?) (3.10)
|X§?L)1,m2;n*,n**(]%)| < C(m v n)w(ml 4 m2)—a ((ml 4 mQ) + (m v TL)%Z*) : (3‘12)

We may, and shall, assume a € (1,2). We discuss Condition 3.2 in Section 6.1 below.

Clearly Theorem 2.2(ii) holds (with 1+ ¢ =an (2-p)) if for every T > 0, there exists C7 > 0 such that

n I:‘X(n)(k) X(n)(k)’ ]< Crn —(an(2- p))|l |a/\(2 D) (3‘13)
for all j,l € Z,, and k € R? satisfying j <! <nT and |k| < T.

Thus, the following result implies that Theorem 2.2(ii) follows from Conditions 3.1 and 3.2.
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Theorem 3.3 (Tightness criterion). Assume that Conditions 3.1 and 3.2 hold. Then (3.13) holds. As a
result, conditions (i) and (ii) of Theorem 2.2 hold, and so if (2.3) also holds for some £ >0, then {P5}
are C-relatively compact on D for all € > 0.

The final result is immediate from Theorems 2.2 and 3.3.
Corollary 3.4. Assume Conditions 3.1 and 3.2 as well as (2.3) and (2.5). Then p,, —> No.

We give a short overview of the proof of Theorem 3.3. To abbreviate notation, for a function
f;):NT_1 — R, and for [, j € N such that [ > j, we write

Af](fl) _ (_1)1"71 Z (_1)01+---+0r71 féT) (3‘14)

‘,l,
Fe{0,1)r-1 !

where (6;;); = j +0;(l - j). In particular, Af](.fl) = fi - fj, so Condition 3.1(a) is a bound on Aff;ﬂ(k:),
where the variable k € R? is fixed in this notation. Note also that for r = 1, Af;;) = f™, and for r > 2,
A f;fj) =0.

We claim that for j <[ in N,

A A 4 .
nE[| X (k) - X (k)] | = (A2V) 7B AL ((k, k, ~k, ~k) [\/om), (3.15)

where k € R? is again fixed in the above notation. To see this, let X; = X;%(k) and let X; denote the
complex conjugate of X;. Then the left-hand side of (3.15) is

nE[(X; - X;)*(X; - X;)?] = (-1)*nE [((-1)X; + X;)*((-1)X; + X;)?] (3.16)
2 4
= (Av)*l(_l)él Z (_1)01+---+U4E N HX((Zj z)z(k) H Xé;;l)i,(—k)
5¢{0,1}4 i=1 ’ i'=3 ’
1

z (—1)01+"'+U4£§j)71((]{7,k,—k‘,—]{?)/\/ﬁ),

= (A2V)4n3 5—@{071}4

where (3.4) is used in the last line. This proves (3.15). Therefore, to prove Theorem 3.3, it suffices to
show that for each T > 0 there exists a constant C > 0 such that,

S5) /7 [ - jer(2-p) - -
AL ()] < OTZ3‘T]| for all j <leZ,, and k e R* satisfying l|k|? < T3, (3.17)
By applying the linear operator A to (3.8), we obtain that Af;‘j’;(l%) satisfies

Affl)(k:) — Z Z A ~ (ITpl+1) ;jJ(E‘)ALt(H“H) (I%h )A'E(‘”Qlﬂ) (E;Ig) + ,7](751)(];}) + Al,%fl)(l_{})’ (318)

Xml,mz j—ma,l-my Jj—ma,l-m2
Io,I1,I2 m1,m2<j

where ﬁ;?(l?:) denotes the contribution due to terms where mj € [j +1,1] or mg € [j + 1,1]. To check this,
one should note, for example, that if £, . =gPhDES),  then A f;? = Ag](.?l)Ahfl)Akfl).

In Section 6, we bound the contributions to (3.18) one by one. In order to bound Affl)(lzr), we need
to rely on bounds on Aff;(l::), Af}‘?’;(/%) and Afﬁ)(l_{}), respectively. These bounds are similar in spirit
to the bound on Af;f’l)(lz:) required for Theorem 3.3, and we start by proving these simpler bounds using
Condition 3.2.
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4 Proof of Theorem 1.1

Recall that the survival probability of BRW satisfies nP(NN,, > 0) - 2/V (Kolmogorov [41]), and the
r-point functions scale to those of SBM when the branching law has all moments (see e.g., [20, Theorem
3.2]). By [35, Proposition 2.4], p, it Np, so by Theorems 3.3 and 2.2 it remains to verify Conditions 3.1
and 3.2. For this we will only require (1.12) for ¢ = 4.

Let (Aj);s0 denote the factorial moments of the distribution (pm)mso, i.e. A1 =1, Ay = V' and more
generally,

Aj = Z ( )‘pm < oo for j <4 by (1.12) with £ = 4. (4.1)
m—

Also, we write P; for the set of partitions of J, = {1,...,r — 1} into j non-empty sets I = Iy, ... ,I;’)
where we order the elements of I* ¢ P; by ordering the smallest elements so that /] contains the element 1,
I contains the smallest element of J, \ I] etc. Then, [20, Proposition 2.3] states that for every Z € 74r-1)
and every 7 = (ny,...,ny—1) withn; >1foralli=1,...,7r -1,

r—1 i
tO@) =S > 1D *t%” "N (@), (4.2)
J=1 " frep; s=1
where (D * t“ SNV ) = e D(z)t;j’f;) irs —(2,...,2)). Let k(I) = ¥ kj. From (4.2) and an
induction it is poss1ble to derive (3.8) (see below), where if J = J, ~\ {j} when n = n; with j minimal, then
for r = 3,4, 5,

RS (R) = D(k( )50, (), (4.3)
and
X0 g (k1 ry) = A20my my D(R( ;)™ ' D(k(11)) D (k(I2)), (4.4)
)A(irzz)l,mz,n* (kloa kh ) ];Iz) = )\35m1,m2 ]l{mmn*}D(k(‘]r))ml_lb(k(ll))ﬁ(k(IQ))ﬁ(k(IO))n*_mlJrl’ (4'5)
Xk mginesmee (B) = MGy o Ly g nnay D)™ T D (k1) D (k) D(kz)"™ ™D (kg7
(4.6)

+ A30m1ma Ly cnanne ) D(E(T)) ™ D (k) D(k2) D (ks + k1)t ey (3, Ka).

(In most cases, k; € R is the jth coordinate of k; the few cases where k; € R is the jth coordinate of
k € R? will be clear from the context.)

In particular, note that m; = mg in the summation in (3.8). The form of the final formula is different
but whenever it is used we shall see below that it will be the case that Iy = {3,4}, I = {1}, and I = {2}
and so it may be recast as the previous formulae. We now give a direct derivation of (3.8) without using
(4.2) to give some intuition for (3.8) in the simplest possible case.

Consider an individual o = 0qv; ... oy, in the Galton-Watson tree T. Then by (1.14),

P(¢(a) = 1o € T) = D™ (1),

i.e., the path in T from 0 to « is embedded as a simple random walk path with step distribution D.
Therefore,

£ (1) = E(Noy (21)) = B[ 3 T(g(a)-er.aemy ] (47)

lar|=n1

> D™ (z1)P(aeT)

laf=n1

=D™ (xl)E[Nru] =D™™ (1'1),
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which is also immediate from (4.2) and induction.
We have for r € {2,3,4,5},

r—1
10 (z) = E[q N, ()]
= > > P(e()=wi,eTi=1,...,r=1)

lai]=n1  |op_1|=ne_1
= > o Y P(d(e)=w,i=1,...,r=loeT,i=1,...,r=1)P(; €T, i=1,...,r-1).
lar]=n1  |op-1|=nr—1

Taking Fourier transforms, we get

iOF=> - Y PleyeT,i=1,....,r-1) (4.8)

lar]=n1  |ap-1|=nr—1

x S FEP(d(on) = i, i =1, .= € T, i=1,...,r—1)
z

= > Y PleeT,i=1,....,r = Dina,,. (k).

lail=n1  |op_1|=ne_1

Here mal,,,.,apl(l}) is the Fourier transform of the random vector in Z4"1) obtained by running in-
dependent random walks (with kernel D) along the branches of the tree generated by aq,...,a,-1 and
considering the final positions of the r — 1 leaves in Z?. (Although the reader should note from the above
that we use the term “leaves” loosely as we include the cases where «; is an ancestor of «;.) This follows
from the independence in (1.14).

Welet av B =0a1...q101 ... B denote the concatenation of two words in the set of finite words W
and a/m = 0ag ... a,, denote the ancestor of « in generation m. Fix aq,...,a,-1 € W with |o;| = n; and
let i9 € {2,...,7 =1} be such that m. =|a; A a4,| is minimal among all «;, i > 2 (take io minimal if there
is more than one choice). If a; is a descendant of «,, or conversely, then n = |a1| A |ai,| = n; (take i =1
if @y = a,). To find the contribution to (4.8) from these terms, set J = {1,...,r =1} ~ {i} and sum over
B = aj A a, and use the independence properties of the Galton-Watson tree from (1.14) to see that this
contribution equals

Y. > PBvajeT,iel)

|Bl=n |af|=n;—n,i#i

xRN B(g(8) =y, p(B v af) - $(8) =B v ol € T, i€ J)

Y xlie]
[ X PBeT) N EEVR@B) =y)]- Y PlajeT,iel) (4.9)
|Bl=n Y lovg|=n;—ni#i
x ) ei(ki'x,l)P(qb(ozg) =xlieJaleT,ie.])
x!ieJ
=T ni(r-1) (.
= D(k(Jr)) tﬁl_ﬂ(kl)a

which by (4.3) is 45 (k). In the last line we have used (4.7) and (4.8). Note that some of the coordinates of
7y —n may be zero. Therefore I%;:)(I;Z) represents the contribution from the terms when o is a descendant
of oy, or conversely.

Assume now that «a; is not a descendant of oy, and «;, is not a descendant of a;. This means that
there is a proper branch point between a1 and {aa,...,a,1} at time m, € {0,...,n—1}. Let 5 = ay|m.
be the parent of the branching children. Let j € {2,...,r — 1} denote the number of children of 8 which
are ancestors of some «;, i <r—1. Let m; =m, +1 and w; = a;]my be the child of § which is the ancestor
of a1, and let wa # w; be the child of # which is the ancestor of «;,.
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When j >3 we let ws, ..., w; denote the other j -2 children of 5 which are ancestors of {a; : i # 1,42};
use the tree order in W to order them. For s =1,...,7, let I c {1, ...,r—1} denote the set of i such that
wy is an ancestor of ;. Therefore 1 € I] and i3 = min{i € {1,. -1}~NI{}e D).

We now derive (3.8) for r = 3. In this case j =2, I{ = {1}, .72 = {2} {i2}, and so

n=nyAng. (4.10)
m!

If m is the total number of children of 8 then the number of ways we may choose w; and ws is Tn=2)l
and so the remaining contribution to (4.8) is

n

py i Ml S P8 e Tying(hn + k2)D(k)D (k)
(m 2) |Bl=m1-1

X Z P(O/l € T)P(Ozé € T)mall(kl)ﬁlaé(kg)

laf|=n;—m1,i=1,2

bo 2[5 POy b+ ko) | DO DI, G2, ().
1=1718l=m1 -1

In the first line the product D(k;)D(ky) arises from the steps taken by w; and wy from their parent.
The term in square brackets equals D(ky + ko)™~ by (4.7) and (4.8). Letting (Io, 11, I2) = (&, I}, I}) and
using (4.10), we see this establishes (3.8) for r = 3 with ¥ as in (4.4). (It is also easy to derive the above
by iterating (4.2).)

We omit the derivation of (3.8) for r = 4 and move straight to the more complex r = 5 case. Then
j<4,Ip=Ul_ I (Ipasin (3.8)), 1 € I}, and i3 € I # @. The number of ways to choose wy, ..., w; when j
has m children is (mL_'], The contribution from Iy = @ (which implies j = 2 and is the main term), and
from the case where there is a true branch point, may be calculated as in the r = 3 case and is

)OS me 2

Iy, I misn=nj Anp, m=2 _2) |Bl=m1-1 |af|=n;—m1,iely |a|=n;—m1,iels
P(BeT)ms(k(J,))P(a; e T,iel;)P(aj €T, ie IQ))D(k(Il))D(k(IQ))malll (l?:h)ma,é (k1,)
=Y X D))" DRI DRI (Rr)E) (kr,). (4.11)

11,12 mlénlll\nIZ

Here the first sum is over Iy, [ a partition of {1,...,4} into non-empty sets such that 1 € I; and iy € I,
and in the last line we have again used (4.8). This gives the Iy = @ contribution to (3.8) with Y™ as in
(4.4).

Consider next the contribution from |Io| = 1, in which case j = 3, |I;| =1 or 2 for j = 1,2 and i € {2,3}.
For the sake of definiteness assume that i3 = 2. Let ng = 7iy,. Then the contribution to (4.8) is the sum
over Iy, I1, Iy a partition of {1,...,4} into non-empty sets such that |Iy| =1, 1 € I; and i3 =2 € I3 of

Z Z pm(m 3)'

mi1<n m=3 |Bl=m1-1 |af|=no—m1,iely |af|=n;—mi,iely |a’|=n;—m1,iel2
P(BeT)mg(k(J;))P(ajeT,iely)P(a) € T,iel1)P(a)" €T,iely)
x D(k(10))D(k(I1))D(k(13)) e (k(1o)) e (k(I1) )ham (k(12))

=X 2 Lpnyengy D(R())™ T D(k(L0)) D(k(11)) D(k(12)) D(k(1o)) "™

m1Sn11 /\’Vl[2

A(I11I+1) (k )t(I12\+1) (k )
n Iz)-

1M Tipy—my
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This gives the |Iy| = 1 contribution to (3.8) with ¥ as in (4.5) (and n. = ng).

Finally consider the |Ip| = 2 contribution. In this case j =3 or 4, I} = {1}, I = {2} and Iy = {3,4}. The
contribution from j = 3 means there is a later split in the Iy part of the tree, which results in a 3-point
function in the above calculations. So after a short calculation this contribution becomes
A5 > Lpmenganay D)™ D(k1) D (ko) D (ks + ks )ES) (ks k)t . (R )ES . (py).

n3—msi,n4="my nr—mi N, —mi1
misny, ANy,
(4.12)

After some relabelling (note that 7iz, = (n3,n4)) this gives rise to the second part of Y® in (4.6) (with
(14, n%x) = (n3,n4)). The j =4 case corresponds to four disjoint ancestral branches from 8 to ag,...,ay
and this gives rise to a contribution of

VDY 1{m1§n3An4}D(k(Jr))ml-1(ﬁb(kj))(ﬁﬁ(kj)”f‘ml+l)Aff}_ml(k )iy (Fy). (4.13)
, 1

mlﬁn[l AT,

After some relabelling (7if, = (n3,n4)) this corresponds to the first part of X® in (4.6). This completes
the derivation of (3.8).
To verify Condition 3.1, note that from (4.7)

) j j
t;i)l(k) - tf)(k) = (H ) (k) -1] (H ) > (cos(k-z) - 1)D(x).
=1 =1 T
Therefore by (1.10) and the fact that |cos(y) — 1] < %?/2, (3.5) holds with K = ¢2/2 for all K’ > 0.
The condition (3.6) with K = 0% can be obtained from (4.7) since the left-hand side is the mean square
displacement of an n-step walk in Z? with kernel D and so equals no?.

We next verify that 24 and x), ,,, satisfy the bounds in Condition 3.2. Since |D(k)| <1 for all k,
we see from (4.7) that |/<c7(§’)(k:)\ < 1. For r = 3,4, we use the fact that critical BRW satisfies

[t (k)| < Ca" 2. (4.14)
This is true because the left-hand side is
r—1 r—1
’Ze‘m]E[HNn (2)]| < B[ X TT N ()] = [H Nni] <2,
T =1 i=1

where the last holds by a standard moment generating function calculation as in [16, Section I.5]. There-
fore, | (k)| < C(7 - n), and |&¥ (k)| < C(7 - n)?, as required. The bounds on X . (k), x® (k),

Xml sT25T%

my,mso
and X mym..n., (k) trivially hold, the latter by another application of (4.14). This completes the verifi-
cation of Condition 3.2, and hence the proof of Theorem 1.1. [ ]

5 Weak convergence proofs

5.1 Proof of Theorem 2.2

In this section we prove Theorem 2.2 which gives a criterion for tightness of a sequence of measure-valued
processes. The section concludes with the simple proof of Corollary 1.7.

The first step towards our tightness criterion is to develop a user-friendly version of what is sometimes
called Jakubowski’s Theorem (Theorem 5.2 below), which involves tightness of the real-valued or complex-
valued processes obtained by integrating a separating class of test functions with respect to the underlying
measure-valued processes. The second step will be to reduce the tightness of these R- or C-valued processes
to a fourth moment bound.
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Definition 5.1 (Separating class). A class Do c Cy(R%,C) is a separating class in My(RY) if

[1(®) = v (@) for every ¢ € Do = [n=r]. (5.1)

Since the distribution of a random vector is determined by its Fourier transform, we have that Dg =
{z e*?: k eRY} is a separating class.
The following theorem is standard, see e.g., [49, Theorem II.4.1].

Theorem 5.2. Let Dy be a separating class containing 1. A sequence of probabilities { Py }neny on D is
C-relatively compact if and only if the following two conditions hold:

(CC)For every n>0 and T > 0 there is a compact K, 7 c R? such that
sup P, (supXt(ngT) > n) <. (5.2)
n t<T

(C-vP) For every ¢ € Dy, the sequence of probabilities {Pf}neN on D(C) defined by
P,‘f(o) = P, ({Xt(®) }es0 € ®) is C-relatively compact.

For z € Z¢ and k € R?, let .
&u(z) = cos(k - z) and ¢y (x) = e*. (5.3)

Recall from (2.1) that X;(k) = X;(¢%), and in particular, X;(0) = X;(1). To prepare for a user-friendly
version of Theorem 5.2 for Dy = {¢y, : k € R?} we start with a well-known tail estimate. We let ej be the
jth unit basis vector in R? and for a finite measure, g, on R? and M > 0, define

d 1/M
wanﬂwgﬁ [1(1) = (&, ) 1.

Lemma 5.3. There is a C = C(d) so that for any p € Mp(R?),
(] > VadT) < CZ(yu, M),

Proof. If p; is the jth marginal of p, then the left-hand side is at most Z?:l pj(Jzj| > M). Now apply
Proposition 8.29 in Breiman [6] to each marginal. |

We will apply the following result to the conditional probabilities P:.

Theorem 5.4. Let {X™ neN} be a sequence of processes (under probability measures P, ) with sample
paths in D. Assume that

(i) for each k e RY, {X ™ (k),n e N} is C-tight in D(C), i.e., {Xé")(k),n e N} is tight in C, and for any
T,e>0, keR, there exist 6 = (e, T, k) >0 and nyg =no(e, T, k) € N such that

sup Pn( sup |Xt(")(k:) - X (k)] > 6) <e, (5.4)

nzno 8,t<T,|s—t|<8
(ii) for any T,e >0 there exist ng = no(e,T) >0, 6(e,T) >0 and no(e,T) € N such that

sup P sup  |X((€) - X&) > ) < (5.5)

|k|<no,n=no $,t<T,|s—t|<d

and,
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(iii) for any T >0 and j=1,...,d,

lim  sup E,[X™(1) - XM (&...)] = 0. 5.6
i 0 SUP [X(1) - (&kye,) ] (5.6)

Then {X™} is C-tight in D.

Proof. We wish to apply Theorem 5.2 and so will verify its hypotheses with Dy = {¢p: k € R?} as above.
Note that (C-vP) is immediate by (i).
Step 1. C-tightness of Z(X™, M). Let ZtM’n = Z(X{”,M). Then clearly

|ZMn

X1 = XO W)+ X o) — X (e . (5.7)

We first claim that for €, T > 0 there are n; € N and 71,461 > 0 so that

M
sup P, sup |2, - zMm) > 6) <e. (5.8)
M>1/m1,n>n1 5,t<T,|s—t|<61

Define
Fn(RaT) = {Sungn)(l) > R}7
s<T
and choose R = Rr. > 1 so that

sup P, (T',(R,T)) < &/5.

This is possible due to the C-tightness of { X (1),n € N}, given by (7). Let ng, no, and § be as in (5.5),
and set ny = ng(e?/(5Rd),T), n1 = no(e%/(5Rd)) and &1 = §(2/(5Rd),T). If n>ny; and M > 1/, then
by (5.7)

M,
|Zt "

) (5.9)

Pn( sup
5,t<T,|s—t|<d1

M /M (n) (n)
<PR@RIN+=Y [TE[ sw XM -XOW)r,
j=1

$,t<T,|s—t|<d1

+E, sup ’Xtm) (gkjej) - Xén) (gkjej )|1Fn(R7T)c] dk]

$,t<T,|s—t|<d1

Let Wy, = sup, ter|s—t|<s, XM (1) = X(1)]. Write 1 = Lyw,>e2/5d} + L{w,<e2/5qy and use the fact that
|[W,| < R on the event T',,(R,T)¢, and similar reasoning for the second term, to see that the right side of
(5.9) is strictly less than

5§f YRR s X1 - XP )] E5) + < (5d)

$,t<T,|s—t|<b1

cmm

+RP,( sup X (Ege,) = X (Gye,)| > £2/(5d) ) + €2/ (5d) |

$,t<T,|s—t|<d1

Applying (ii), this is bounded by

£ Mo 2 k=
57 ¢ 5dR  5d 0O

e Md [1/M 2Re? 262
0
which establishes the claim (5.8).
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Step 2. We next claim that for ,7 > 0 there are M3(e,T) >0 and n3(e,T) € N so that

M
sup Pn(sup zZ,0" > E) <e.
M>Ms3,n>n3 t<T

First let 61 = 61(¢/2,T), m =m1(e/2,T), and ny =n1(e/2,T) be as in (5.8), so that

M
sup P, sup |20 - zMm >£/2) <ef2.
M>1/m1,n>n1 5,t<T,|s—t|<61

If T,e >0, then by (5.6) for n >ns(e,T) and M > Ms(e, T),
d
sup B,[Z)""] <Y sup EL[XV(1) = X (&rye;)] <
i<T j=1t<T,|kj|<1/ M

Let ng = ng(e261/(5T),T) and My = My (e251/(5T),T) be as in (5.12) so that
ZM,’H

2
e 51
sup E.[Z:"]<—.
i1 T
nna,M2Ma,i1<T )

Then (5.11) and (5.13) together imply that for M > M3 = My v (1/m1) and n > ng = ny v ng,

P,(sup Z¥" > &) < P.( max ZM" s ¢/2)+ P, max su zMmn _ gMn o o9
(tgil’) ! ) (OSz‘élsT i1 / ) (ogélsTte[ial,(ﬂ%émT]| : | /)
< E [zMny, &
S5 Bax BalZi 1+ 3
2T 5251 €
<— —+-<e.
516 5T 2

This proves (5.10).

(5.10)

(5.11)

(5.12)

(5.13)

To conclude the proof of Theorem 5.4, we combine (5.10) with Lemma 5.3 to conclude that for

n>n3(e/C,T) =ng and M =/dMs(e/C,T) (and C > 1 as in Lemma 5.3),

Pn(sup XM (|| > M) > 5) < Pn(sup zMem s e/@) <ce
t<T t<T C

By increasing M3 we can handle n < n3 and so {X ™} satisfies (CC) in Theorem 5.2.

We next verify that the tightness condition in Theorem 5.4 (iii) follows from (3.6) and (2.3).

Lemma 5.5. Assume that ¥, |z[*t®(z) < Kn, i.e. (3.6) holds, and for a particular ¢ > 0,

pn(S >¢e) > No(S >e¢), i.e.,(2.3) holds. Then Theorem 5.4 (iii) holds for the measures {P: :m € N}.

Proof. By (2.3), it is sufficient to show that
lim sup B, [(X{™ (1) - X" (&) Lissey] = 0.

n—>00,k—0 <1

Since the term in brackets in the expectation is non-negative, the expectation satisfies

0 < By, [(Xy7 (1) = X[ (6)) Lissey] <B, [ X7 (1) - X[V (€)] < C )

Clief?

O|k|2 2,(2)
<——— t,7 () < ——Knt,

by (3.6). This converges to zero as k — 0, uniformly in ¢t < T

t@(z) (5.14)

We finally reduce the tightness conditions in Theorem 5.4 (i) and (i) to the fourth moment condition

in Theorem 2.2.
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Lemma 5.6. Suppose that € >0, (2.3) holds and {Xé")(l),n € N} is tight in R. Suppose also that there
exist ¢,no >0 and constants Cy 1 >0 for k € R, T >0 with SUP|kj<n, Ck,r < O < 00 such that:

ForallneN, TeN, keR? and all s,t € Hyr={m/n:meN,0<m<n(T+1)},
EE[1X (k) - X (R)[*] < Crrlt — s (5.15)
Then Theorem 5.4(i) and (ii) hold for the measures {P: :n € N}.

Proof. The tightness of {X{”(1),n € N} in R implies that the same is true of {Xé”)(k:),n e N} in C for
any k € RZ. Note first that we may define a new probability space with probability measure P on which
all of the processes X are defined each with their respective laws P¢. Since also |X¢(&) — Xs(&)| <
| X, (k) — X4(k)|, it is then sufficient to show that for some 6 = §(g) > 0,

sup P sup [X(k) - X (k)| > 5) < for each k e R?, and (5.16)
n>ng(k,e,T) $,t<T,|s—t|<6
sup P sup  [X(k) - XO(k)| > ) < (5.17)

|k|<no,n2ng (e, T) 5,t<T,|s—t|<6

To derive the above from our fourth moment conditions we can use a familiar dyadic expansion argument
of Lévy (see, e.g., [36, Thm. 1.4.3]). We omit the details which are standard.

Proof of Theorem 2.2. Recall that (2.3) for a single ¢ > 0 implies it holds for all £ > 0 as both are
equivalent to (1.3). Fix any € > 0. By assumption, sup, n™' ¥, [z[*E[N,(z)] < oo so (3.6) holds. The
tightness of {X"”(1),n € N} is trivial because X (1) = 1/n. By Lemma 5.5, Theorem 5.4(iii) holds for
the probabilities { P:}. By assumption, (2.6) holds, so (5.15) holds. Therefore by Lemma 5.6, (i) and (ii)
of Theorem 5.4 hold for {P;}. Theorem 5.4 now applies to the probability measures {P: : n € N}, and
shows that { X} are C-tight in D under these measures.

If also (2.5) holds, then by [35, Proposition 2.4], for all € > 0, P2 i F;,, and so Py = Py, by the

above. As € > 0 is arbitrary, it follows that pu, N Np. [

5.2 Proof of Corollary 1.7

We prove the following result, which includes Corollary 1.7.
Corollary 5.7 (Extrinsic one-arm lower bound). Let d > 8. Then for sufficiently large L and any s >0,

liminf nVAP(||T| > Rv/on, Nps > 0) 2No(| X | > R, S > s), and (5.18)
liminf P([| T > Rv/on|Nys > 0) >No(| X | > R[S > ). (5.19)

Moreover (1.27) holds.

Proof. The first claim follows from Theorem 1.2 and the facts that
nVAP(|T|| > RvV/on, Nps > 0) = un (| X > R, S > 5),

and ¢(X) = Ly|x|>R,5>s} is a lower semi-continuous function on D(Mp(R?)) (as is easy to check). The
second claim then follows since p, (S > s) - No(S > s).

To establish the third claim (and hence prove Corollary 1.7), let §, R > 0. By the modulus of continuity
for the supports of super-Brownian motion ([49, Corollary II1.1.5]) and the fact that if = is a Poisson point
process with intensity No, then X; = [ 142(dv) is a super-Brownian motion starting at dy, we conclude
that

151%1[1—exp(—No(fOSXt(Bg)dno))] :1§$No(fosxt(ég)dt>o) - 0.
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Therefore there exists s > 0 such that
5> N [[" X(BR)dt > 0) > No(Uiso(Xe( BR) > 0}, X.(1) = 0) =No(|X| > RS < ).
It follows that for R >0

liminf nAVP(|T| > Ryv/vn) >liminf u, (| X > R, S > s)
>No(| X > R,S>s)2No(|X| > R)-0. (5.20)

Thus,
liminf nAVP(|T| > Rv/on) > No(| X | > R),

so that if r, = Ry/vn and R =1, we have
1"f2P‘7>n2—vN X|>1),
mm mt 7, (7] >rn) v o([ X >1)

and a standard interpolation argument gives the third claim. [

6 Tightness: Proof of Theorem 3.3

In this section we prove Theorem 3.3. In Section 6.1 we give the general idea of Condition 3.2. The
proof is then organized as follows. We must show (3.13) which, as we saw in Section 3, would follow from
(3.17). In Section 6.2, we start by bounding sums that frequently enter our analysis. Our starting point
of the analysis for Af;‘?;(/;:) is (3.18), for which we need to prove bounds on Affl)(l?:) and Af;.?l)(lz:). These

are established in Section 6.3 and Section 6.4, respectively. Finally, in Section 6.5, we bound Af;.sl)(l::)
and complete the proof of Theorem 3.3.

6.1 Discussion of Condition 3.2

To explain the idea behind the expansions and bounds in (3.8) in Condition 3.2 consider first a 3-point
function, from the origin o at time 0 to points x; and z;, at times n; and n;, and perform the lace
expansion for this 3-point function. This (model-dependent) lace expansion gives an exact expression for
the 3-point function, via an inclusion-exclusion type approach to collecting and counting the interactions
between the nodes along the path(s) from (0,0) to (z1,n1) and (x4,,n;,). The various quantities arising
from the lace expansion for the 3-point function can be bounded in absolute value by certain convolutions
of 2-point functions that can be expressed in terms of Feynman diagrams. In the case of lattice trees, the
entire lattice tree can be considered as the minimal subtree (the backbone) containing these three points,
plus some ribs (each rooted at a backbone vertex) that are themselves lattice trees. These ribs interact
in the sense that they must avoid each other. The lace expansion (via inclusion-exclusion) pretends as if
certain ribs do not interact, and in doing so counts some of the configurations where ribs intersect each
other. It then corrects this overcounting by subtracting off configurations where particular ribs intersect
each other. It proceeds by assuming further ribs do not interact, and correcting, with each correction
term including another pair of intersecting ribs. The diagrams then depict various ribs intersecting each
other. The variable m;—1¢€[0,n1] (resp. ma—1 € [0,n;,]) indicates the time at which the expansion from
the branch point in the direction of x1 (resp. x;,) stops, while mg + 1 € [0, (m1 A mg) — 1] indicates the
corresponding quantity from the origin to the branch point, and the time of the branch point is denoted
My € [mo + 1, (m1 /\mg) - 1]

In (3.8) we have, for example, mj < n; but the m; = n; +1 term in the above will be absorbed in
the x term, as is noted below. See for example Figure 1. For lattice trees the m; are locations along the
backbone at which, roughly speaking, prior and subsequent ribs are independent (i.e. have no interaction).
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Figure 1: Two examples of star graphs Sgi with branch lengths (qo, q1,¢2) = (m«,n1 —m.,n;, —m.) equal
to (5,5,4) and (0,5,4) respectively. The dotted line represents where the lace expansion from the branch
point has stopped, which defines mi —1 >m.,, mgo—1>m,, and mg+ 1 < m,.

To be more precise, the lace expansion for the 3-point function (where iy = 2) for lattice trees yields
the identity

R . ni Nig . . (m1/\m2)—2 R N . R
t;f)(k) - Z gmhm?(k) + Il{(7711/\7712)22} Z tﬁb)o(kl + ko) pD (k1 + k2)§m17(m0+1),m2—(m0+1)(k) X
mi=1mao=1 mo=0
tASl)_ml (kl)fglzi)g—mz(kQ) + /%;?f,niQ (E‘),

where the error term /%%3)(/%) contains degenerate cases where the path from the origin to (nq,21) in the
tree passes through (n;,,z;,) or vice versa, as well as terms corresponding to m; —1 =nq or mg —1 = n;,.
The first term in the sum over mj; and mg corresponds to the case where the expansion reaches all the
way to the origin (including situations where the branching time is m, = 0, such as depicted on the right
hand side of Figure 1). In such cases there is no {2 (ki + k) pD (k1 + ky) term, and we can think of this
as corresponding to mg = —1. Note also that the sum over the branch point is included in the £ terms.
Similar identities can be obtained for OP and CP.

Model-dependent (OP, CP or LT) proofs show that the vertex coefficient éghgz is bounded uniformly
in % as follows (a is as below (3.6)):

‘éfl,fz(]%” Sbel,Zga (61)

where
bé1yf2 :((61 v 62) + 1)_(a+1) (6.2)
+ (b a b)) (G A l) +1)7% (6.3)

Indeed, the bound (6.1) (in the form of (6.2)) is proved for oriented percolation in [33, Proposition
2.3], while (6.1) (in the form of (6.3)) is proved in [31, Proposition 2.2] for oriented percolation and the
contact process. For lattice trees (6.1) in the form given above (i.e. with the sum of (6.2)-(6.3)) follows
from Proposition 7.1 and (7.43) below (both proved in [34]).

For the cases r > 3 one must also include the additional connections to some (z;,n;) for i € J. ~{1,is},
and this appears in the form of indicator functions for the connections in the above analysis. The extra
indicator functions add further complexity to the Feynman diagrams, by adding extra paths from some
part(s) of the diagrams to (z;,n;). A number of different cases need to be considered, according to the
many places in the diagram where the extra paths can be attached. For example, when r = 5, each of the
two further connections to (x;,n;) with ¢ € Js \ {1, 42} may originate on the branch to z1,n; prior to (<)
mq — 1 or after (>) my — 1 or on the other branch prior to mg — 1 or after mo — 1. The superscript in x
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indicates one plus the number of these connections that satisfy the former (i.e. prior to mj —1 or mgy -1
on the respective branches).
Indeed, we will see that

(m1/\m2)—2

Xirlzi mz(k) = §m17m2(l%) + Il{(m1/\mz)22} Z E%(kl + k2)pb(k1 + kQ)éml_(mO*'l)er_(mO*'l)(I%)' (6.4)

mop=0

Using (6.1)-(6.3), we get a bound of the form (3.10). The factor ¥ , (k) obeys the related form

mi1,Mm2inx

(m1Ama)-2

)A(%)l,mz,m(k) = éml,mg;m(l%) + ]l{(m1/\m2)22} Z Ig'gle)o(k1 + kQ)pﬁ(kl + k2)éml_(mOJ'l)’mQ_(mOJrl)m*(];:)’

mo=0
(6.5)
where 5@1732 ., (k) corresponds to &, g2(k§) where an extra line to (z.,n.) is added, where z, is the spatial
variable related to n,. As a result, {gl g%n*(k}) obeys the same bound as fgl 42(14:) apart from being
multiplied by a factor ¢1 v £5. It is not hard to see that therefore (6.5) is bounded by

miAmse
i masn, () < 35 (1 v 1m2) = 110) by g my-mg < C (a8 )™, (6.6)
mo=0
as required. The bound on X mzm’n”(fc) is similar.

We finally discuss the bound on &%’ (k), which contains the contributions where m; —1 = n; or
mg — 1 = n;,. To make the description as easy as possible, suppose that iz = 2, consider the terms in the
lace expansion where m; — 1 = n1, and assume that mo — 1 corresponds to the branch point m,. This
assumption simplifies the situation considerably, because in such terms there is no interaction between the
branch of the backbone to (z;,,n;,) and the branches to (0,0) and (x1,n;) (all from the branch point).
In other words, the intersections between ribs take place on an interval of nodes (containing the branch
point) in the backbone from mgy+1 to m; —1 =n;. The leading contribution from these terms is therefore

of the form
(M1 /\mg)—?

Z 7?5721)0“{1 + kQ)pB(kl + kQ)ﬁnl—(m0+1);n2,n3,n4(l_é)v (67)
mo=0

where the expansion coefficient ,,, _(;m0+1);n,n3,n 4(12;) is due to the expansion coefficient arising in the lace
expansion for the two-point function £, where three extra connections are added. We add the branch
to mg by connecting it somewhere along the backbone from (o,0) to nq, between mg+ 1 and m; — 1 =ny
(and this tells us where the branch point is) while the branches n3 and ny must be attached either within
the same interval (after the branchpoint), or to the branch from the branch point to (z;,,n;,), or to the
other added branch. Summing over the number of possible addition/connection locations gives rise to a
factor of at most (n1 —myg) in the first case and (72 —my) in each of the other two cases. If the ordinary
two-point function expansion coeflicient satisfies

| (B)| < C(m + 1)@ D), (6.8)
then we obtain
|ﬁn1,(m0+1);n27n3’n4(12)\ <C(n-mg+ 1)2 x(ny—=mo+1)"% (6.9)
and we conclude (see (6.11) below) that this contribution to /%S)(l;:) is bounded by
C > C-mo+1)*x(ni-mo+1)"<Cln-nf>+Cr**, (6.10)

mo<ni
as required. In obtaining this bound we have used (7 —mq + 1)% < 2(72 - n)? + 2(ny — mo + 1)2. General
contributions to /%S)(k) are more difficult to handle as one needs bounds on more complicated lace
expansion coefficients. We will need “diagrammatic bounds” of the form (6.8) and its just noted extension.
These are obtained in Propositions 7.1 and 7.3 below.
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6.2 Preparations
In this section we state some results that we will use throughout the proof of Theorem 3.3.

Lemma 6.1 (Bounds on lower point functions). Assume that Condition 3.1 holds. Then

(a) there exists a C >0 such that uniformly in k,
£ (k)| < C, (6.11)
and,
(b) if K and K' are as in Condition 3.1, then for all 1> j and uniformly in k € R? such that |k|*l < K',
AL (k)] < KL= (G + 1) + k). (6.12)
Assume that Conditions 3.1 and 3.2 both hold. Then

(¢) there is a C'>0 so that for @ > 0, uniformly in k,

85 (K)| < Cn, (6.13)
and B
i (k)| < Cn®. (6.14)

Proof. For (6.11), we use |t (k)| < £2(0), £’(0) = 1 (by (1.2)) and sum the bound in Condition 3.1 over
j €[0,n-1]. For (6.12), we sum the bound in Condition 3.1 over [j,I — 1] and note that the bound in
(3.5) is decreasing in j. For (6.13), we use Condition 3.2 for r = 3, with the fact that

Yoo(miamg) <2 Y (m'-m+1)<2) Y (m'-m+1)?<Chn,

mi,m2<n m,m/: m<n m/-m>0
m<m/<n

and use (6.11) for the arising two-point functions.
For (6.14), consider Condition 3.2 for r = 4, where &%’ < Cn. For |Io| = 0, [I1| = 1 and |5 = 2, use
(6.13) to bound |fg27m2(l_%12)|, (6.11) to bound [£)_,,,, (k1)|, and (3.10) to bound |X{. .. |. This allows us

Xm17m2
to bound the contribution from these terms by

C Z (m1 Amg)_aﬁSCﬁQ.

mi,ma2<n

The same bound holds if cardinalities of I; and I are reversed. If |I;| =1 for j = 1,2,3, then use (6.11)
to bound the £ terms and (3.11) to obtain the same bound, recalling that p < 1. As these are the only
possible |I;| values we are done. ]

In our analysis we frequently rely on summation bounds involving powers of mi 4 msy. These bounds
are stated in the following two lemmas (recall that a € (1,2)).

Lemma 6.2 (Summation bounds). There is a C' so that for j > 1,

Z (mlAmg)_a(j—m1+1)_a§C’, (6.15)
m1,ma<j

S (my amg) V(G —my + 1) < 057, (6.16)
m1,ma<j

S (myamg) (G —my +1) (i —ma + 1) < C. (6.17)
m1,ma<j
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Proof. By considering the two cases 0 < m; —mgo < j and 0 < mg —mj < j we bound the left hand side of
(6.15) by

Y (G-m+1)” 2Z(m+1)a

mi<y

Similarly for (6.16) the bound is

S (G-mi+1)” 2Z(m+1 e <ot

mi<j

For (6.17), note that (m1 a mg)™(@™1) <1 since a > 1, and that Zj 0(J=5+1) <Y, so(m+1)<C. =

We note that A applied to the factors x leaves their bounds unchanged. Therefore from the bounds
in Condition 3.2, for m1,mo <[ and s =1, 2,3, we see that

A

mi,ma;j,

() <C(my 2 mo) *[(ma & mg) +1P] =2 1=y (6.18)
<C(my amg) ™17, (6.19)

Note here that if s =1 then Ax® (k) =x® (k) by definition.

mi,m2;j,l ml mo

6.3 Bound on Aff)(k)
To bound Af;sl)(l%) we will rely on the lace expansion from Condition 3.2.
Proposition 6.3. Assumf that C’ondz’fions 3.1 and 3.2 hold. For each K' >0 there is a C so that, for
all j <1 and uniformly in k such that |k|*l < K',
AL (F)| < CJl - jI. (6.20)

Proof. We may assume j <[ as otherwise the left-hand side is zero. From (3.8) we may write

Af;f’;(;%) = > mz(k)At;”mll iy RDAL? g (R2) w;j)(l%) +A/%;.f’l)(7§), (6.21)
mi1,ma<j
where ﬁ/j(?’l)(l%) denotes the contribution due to terms where my € [j + 1,1] or mg € [j + 1,1]. By (3.9),
|A/%(3)(k‘)| < 4C, which satisfies the required bound since j < [. Applying (6.12) in Lemma 6.1 to
|At(2) (k2)| and (6.11) in Lemma 6.1 to obtain

j—m1,l-mq

|AE?

j—ma,l-ma

(k2)| < 2C, (6.22)

we arrive at

m1,ma<yg

<Cll-j > (m1AmQ)‘“(|/2|2+(j—m1+1)—“). (6.23)
my,ma<j
This gives rise to 2 terms, which we bound one by one. The term containing |l;:|2 is bounded by
ClkPlL=j1 35 (m12m2)™ < ClkPlL - jlj < CKli - jl,

m1,m2<j
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where we use that |k|?j < K’. The term containing no factor of |k|? is (by (6.15)) bounded by
C|l—]| 2 (m1Amg)_a(j—m1+1)_a£0|l—j|.

m1,ma<j
Both terms satisfy the required bound.
To bound '7}?(]{), we note that when applying the A operator to £3”(k) in (3.8), the variable 7 enters
both in the summands and in the domain of summation for m;, ms. We only get a contribution to Af;.?’l)(k:)

from mgy € [j + 1,1] if ny = [ and so when applying the A operator we only sum over ny € {j,1} and not
over ny. Similar constraints apply to mj € [j + 1,1] and as a result,

UHOEDY Z TR COTA SN GO [ S 2

m1<j ma=j+1
l
X X (AR ()82, (k)
mo<jmy=j+1

Y Xm0, (kDD (k2)

j<mi,ma<l

521 + 22 + 23.
By (3.10), (6.11) and (6.22), |X;] +|32] is at most

l
C > > (me-my+1)*<Cll-jl|

mao=j+1mi<j

The same reasoning shows that |33] < C|l — j|. All terms satisfy the required bound and we are done. =

6.4 Bound on Af}j‘;(l%)
We next investigate Af;.‘fl)(l%) :

Proposition 6.4. Supposg that Condi}fions 3.1 and 3.2 hold. For each K' >0 there is a C so that, for
all j <1 and uniformly in k such that |k*l < K,

ALY (k)| < Cli - . (6.24)

Proof. We may assume j < [ as the expression being bounded is zero if j =[. The analogue of (3.18) and
(6.21) for r =4 is

Affl)(fc) = > > AR ol (EY ALY (k: YA (klg) +ﬁ(4)(l<:) +A/<(4)(l<:) (6.25)

mlmgjl j-m1,l-my j—ma,l-ma
Lo, 11,12 m1,m2<j

where 7“’(/@) denotes the contribution from terms (mq,ms) such that m; € [j+1,1] for i =1 or 2.
It follows from (3.9) that
|A/%fl)(k‘)| <Cl<Cll -4,
(since I > j) and hence satisfies the required bound.

Consider next the summation term in (6.25). Note that s = [[p| + 1 is 1 or 2. For s = 2 we have
11| = |I5| = 1 and can use (6.22) to bound |A¢ (kz,)|, and (6.12) to bound |AZ? (kz,)|, and

j—ma,l-ma j—-my,l-mq

(6.19) to see that for |k|?l < K, the s = 2 contribution to the sum in (6.25) is at most
C 3 (maema) U= (ki + (G - ma+1)7)

m1,ma<j

<C Y (myame) U -G|[KT+(j-mq+1)7%]

mi,ma<j

<Cll-jI[K s +1] < ClL - 4],
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as required, where (6.15) is used in the next to last inequality.
For s =1 we have |I1]| = 1, |I2| = 2, or conversely. Use (6.22), Proposition 6.3 and (6.19) to see that for
|k[*l < K', the s = 1 contribution to the sum in (6.25) is at most

C Y (miema) -l <Cjll-jl < CllI -,
my,ma<j
as required.
Turning to ﬁ(‘ll)(k:) consider first the contribution from (mq,m2) € [1,j]x[j+1,1]. To get a contribution
to At(4)(k) from my € [j +1,1] we must have ng, = (here 7 is a triple of j’s and I’s) and so 7i|r, = [.

Therefore when applying the A operator, the I5 variables are held fixed at [ while the others are allowed
to vary through {j,1}. As a result the contribution from these terms equals the sum over Iy, I1, Is of

~ ([Igl+ 7 7 7 (17 |+ A + 7
le N Z]:n ARG Ky, ko R )AED (K )62 (k). (6.26)
1 2

Here, to simplify notation, we write ¢ >(/Z;) for the r-point function where all time variables are equal to
n.

The contribution to (6.26) when |Iy| = 1 (whence |I] = |I3| = 1) is handled using (3.11) (with the fact
that n*,m; <) together with (6.11) and (6.22), giving a bound of

l J
C Y X (miama) < Cli-jlL,

mao=j+1mi=1

as required.
For the contribution to (6.26) from |Io| =0, so |I1]| = 1,|I2| = 2 (or |I1| = 2, |I3| = 1), we use (3.10), (6.22),
and (6.13) (or (3.10), (6.11), and Proposition 6.3) to see that for |k|*l < K, the contribution is at most

l J
C E Z (m1 a ﬂ’LQ)_al < Cl|l —jl,

mg:j+1 mi=1

as required. This establishes the required bound on the contribution from terms (mq,ms) € [1,5]x[j+1,1]
and the terms (mq,mg) € [j + 1,1] x [1,7] may be handled in an identical way.
Finally consider the contribution to ﬁ;?(k‘) from (my,ms) € [j +1,1]%. In this case we only get a

contribution to &(.4;(76) if n;, = nr, =1, and so when applying the A operator the variables in I; U Iy are
Jy T e

set to [ and only the Iy variables vary through {j,1}. As a result the contribution here equals the sum

over I(), Il,IQ of

l
Z A)Z(UOHI) (k‘foakhaklz)t(lllﬁl)(k )A(‘IQHI)(kIQ)' (627)

. ml,mz;]l l-mq l mo
mi,ma=j+1

If |Ip| = 1, then |I1] = |I5] = 1, and so using ’fﬁ)ml(]%h)‘ <C (by (6.11)) we see from (3.11) (with n.,m; <1
and p < 1) that the contribution from |Iy| =1 is at most

l
C Y (mieme)U<Clli-jl, (6.28)
ml,m2:j+1

as required. If |Iy| =0, then |I1| = 1,|l2| = 2, or conversely, and so using (3.10), (6.11), and (6.13) we may
also bound this contribution by (6.28). This completes the proof that |'Ay](4l)(k)\ < Cl|l - 4| for |k[*l < K,

and hence establishes the required bound on |Af;.4l)(lé)|. |
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6.5 Bound on Aff;(l%)

The following proposition verifies (3.17) (with K’ = T®), and hence completes the proof of Theorem 3.3.

Proposition 6.5. Suppose that Conditions 3.1 and 3.2 hold. For each K' >0 there is a C so that, for
all j <1 and uniformly in k such that k>l < K',

o -4 an(2-p)
AL (F)| < CZS‘T‘ . (6.29)

Proof. Without loss of generality, we assume throughout this proof that [ > j. Our point of departure is
(3.18). We now bound all the contributions in that decomposition of Af;sl)(k:) one by one.

The bound on A/%ES;(]%) By (3.9) for r = 5, we obtain that
AR ()] < C(JE = P +157%) < CI(JL = 41/1)°, (6.30)

since a € (1,2) and 1 <1 - j <I. The above is no more than the required bound in (6.29).

Bounds on terms with m;,my < j. We bound the summands in (3.18) according to the value of
s € {1,2,3} arising in Ax®. For s = 3 we have |Iy] = 2, I; = {1} and |I5] = 1. Use (6.22) to bound
]Atﬁ)m27l_m2(k12)| and (6.12) to bound |At§.2_)m1’l_m1(k1)| and see that by (3.12) for |k|*l < K’, the s = 3
contribution is at most

C > (miama) [(my ama) + Pl - j|(Jkaf* + (G —mq +1)7%)

m1,ma<j

<O=4| % [(myoma)'™ + (my o ma) P |[K" 10 ~my + 1))

m1,ma<j

< C’|l—j|[K' S (G -mi+1)7 157 +K'jl”+l“p],

mi1<j
where in the last line we have used (6.16) and (6.15). Clearly the above is at most

an(2-p)

Cll =4[5> + 15> + jIP + 11P] < C|1 - 4| P32 1 1P] < cz3|l‘T=7 : (6.31)

which is the required upper bound.
We continue with the sum involving Ax®. In this case |[;| = 1 and |I3| = 2, or conversely, |Io| = 1, and
we may use (6.18), Proposition 6.3 and (6.22) to bound the s = 2 contribution for |k*l < K', by

Cll-jl > (myamg)[(m1amg)+1]

my,ma<j
<Cli-jl Y [(mueme) ™+ 1P (my e ms) ]
m1,ma<j

<Ol - 4|[5** + jIP].

The last expression is less than the left-hand side of (6.31) and hence by that inequality satisfies the
required bound.
Finally consider the sum involving X ,,,(k). In this case |I;| = 3 and [I5| = 1 (or conversely), or

|I1| = |I2| = 2. In the former case we may use (6.18), Proposition 6.4 and (6.12) to bound this contribution
(for |k’ < K') by

Cll=jPt 3 (maama) [k + (j = m2 +1)™] < Cll = jP1GRP + 1)

m1,ma<g

2 3 2
<Cli-jPr<c|a- i/, (6.32)

28



which is smaller than required. In the case |I1| = |I2| = 2 we may use Proposition 6.3 (twice) and (6.18) to
bound this contribution (for |k[*l < K') by

2 2 3 2

Oll=gF % (miema)<ClL-jPj<Cl|a-p[

m1,m2<j

which is again smaller than required.
We have shown that the summation over my,ms < j in (3.18) satisfies the required bound.

Bounds on terms with mgy € [j+1,l] and m; <j (or vice-versa). To get a contribution to Af;?l)(lg)

from mg € [j + 1,1] we must have ny, =1 (where 7 is a quadruple of j’s and I’s) and so 7 is held constant

at [ over I5. So when applying the A operator, the I, variables are fixed at [, while the others range over

j and [ as usual. As a result the contribution to this term is again the sum over Iy, I1, Is of (6.26).
Using (3.12), (6.11) and (6.22), we see that the contribution due to |y| = 2 is bounded by

Cl i: Zl: (m1 A mg)_a[(ml A mg) + lp] (6.33)

mi1=1mo=j+1

j
<Ol -4l Y [G-m+1)" @D PG —my +1)77]

mi1=1

<Ol - j|[15% + 1171,

where we have used the fact that here mj 2 mo =mg—mi+12>j—-my+1 for all me > j to get the first
inequality. This quantity is bounded by the left-hand side of (6.31) and so by that inequality satisfies the
required bound.

When |ly| = 1, we have |[1| = 1,|I2| = 2 (or |I1] = 2,|I2| = 1) and we use (3.11), (6.22) or (6.11), and
(6.13) or Proposition 6.3 to get a contribution of at most (6.33) (for |k[?l < K').

Finally consider |Iy| = 0. For |k|*l < K’, the absolute value of the contribution from Afﬁ)ml,j—mlfﬁ)rng
is bounded by (use Proposition 6.4 and (6.11))

L
C Y X (miemy) - jll<Cli-jPPL=CP(ll-jI/1)?,

m2=j+]_ m1:1

which is less than the required bound. The contribution from Afl(i)m . f;i) obeys an identical bound
1,J-m1 m2

(use Proposition 6.3 and (6.13)). Finally, the contribution from Afﬁ:ﬂl j_m1£§f>m2 is bounded in absolute
value by (use (6.14) and (6.22))

7 !
C Y Y (miama)(I-ma+1)2<Cll- 4] < CP (L - /1),

mi1=1mo=j+1

which is again less than the required bound. The contribution from m4 € [ + 1,1] and mg < j is handled
similarly.

Bounds on terms with mj,mg €[5+ 1,l]. In this case we get a contribution only if ny, =nz, =1. So
when applying the A operation the variables in I; and I are set equal to [ and only the Iy variables vary
between j and [. As a result the contribution from these terms equals the sum over Iy, I1, Iz of (6.27). All
these contributions are of two kinds. The contributions involving X} ., (k) are bounded by (use (6.18),
(6.11), (6.13) and (6.14))

l
C Y (misma) (- (miame)+1)2 <ClL - = CP(|l - j|/1)%,

mi,ma=j+1
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which satisfies the required bound. The contributions involving Ax® (k) and Ax® (k) are

my,ma;l,j mi,ma2;l,j

each bounded by (use (6.18), (6.11) and (6.13) in separate calculations)

l
Ol 3 (maamy)™[(mysma) + P]<COUJL= P + Pl = jI] = Cll - jI[°7 + 11°P],

ml,m2=j+1

and so again satisfies the required bound, as in (6.31).

Conclusion of the proof of Proposition 6.5. Summing up the bounds for A4 and the four cases
mi,mo<j,m<j,j+1<mo<l,my<j,j+1<mg <, and j+1<mq,mg <[ gives the claimed bound
(6.29). |

7 Proof of Condition 3.2 for lattice trees

In this section, we use the ideas in [34] to prove Condition 3.2 for sufficiently spread-out lattice trees in
dimension d > 8. We follow the same strategy as described for BRW in Section 4, and explain how the
lace expansion in [34] can be used to yield the required estimates. We first derive the expansion in Section
7.1. In Section 7.2 we prove the bounds on ¥”, and in Section 7.3 we bound #”. Both of these proofs
are carried out assuming Proposition 7.3, which is in turn established in Appendix A.

7.1 The expansion

3
J0,J1,J2
point of degree 3 and three legs having jg, j1 and js vertices respectively. We refer to the vertices in S?

as [4,7], where i € {0,1,2} is the label of the branch, and 0 < j < j; for i =0,1,2. ! We refer to the three
branches as S} = [, [0, ;]], with the vertices [i,0], i = 0,1,2 being identified. If some j; = 0, then the
degree of the vertex [0,0] is < 3, and the branch point is a misnomer. In particular, 837070 corresponds to
a single vertex.

Fix r € {3,4,5}. Let ng = 0 and zp = 0. The quantity t;{)(f) is the probability that (z;,n;) € T for
each i € {0,...,7 =1}, i.e. for each i, there is a path of length n; in the lattice tree 7 from o leading to
x;. While for BRW there may be several ancestral lines satisfying this restriction, because of the lattice
tree restriction, the vertices making up these paths are unique. Recall that ti{)(f) involves a normalising
constant p~!, where p = p._(0) is bounded above and below (1 < p < C') uniformly in L (see e.g. [17]).

For fixed = € Z%, let T(z) be the set of lattice trees containing z (and not necessarily the origin).

Using similar notation to that in [34, Section 2.1}, we let S;f.’ =S be the abstract tree with one branch

For fixed n, Z, let Ty (Z) denote the set of lattice trees containing xg = 0,..., 2,1 with tree distances
0,n1,...,n,—1 from the origin respectively. Each T € Tj (%) contains a minimal subtree M (T ), containing
xg,...,Tr—1 and that subtree has the topology of some finite rooted tree T with labelled leaves «ag =
0,a1,...,a,_1. For each such T the branch generation m, = |/\;:11 a;| (recall from Section 1.2.1 that

A7l a; is the most recent common ancestor of the a;’s) and the index i = inf{i > 2 : |a; A | = m,.} are
uniquely defined. For fixed 7, i3 € {2,3,4,5} and m, < n, let T (7, m.;i2) denote the set of T with this
m. and iy. For fixed T let T (Z) denote the set of lattice trees 7 containing Z with minimal subtree
M(T) having topology T. It follows that

r—1
SHCOED DYDY ( ()} (1)
i2=2 M+ <N TeT (fi,mx;iz) TeTrT(Z)

Now each T € T(7i,m,;iz) itself consists of a minimal tree T12 containing 0, aq, vy, with a branch point
B = a1 A ay, of generation m., and r - 3 branches T, from vertices § = (s; € T12:j € {2,...,7—1} \i2)

'In [34], the branches were instead labelled 1,2, 3.

30



(note that some of the sj may be equal) that are compatible with T15 and i in the sense that
§ € (T12:4y )’"_3 = {(32,33, weeySig—1,Sig+1s - -+, Sr—1) such that each s; € T1g,
|si| > m. for each i > iy, and |s;| > m, for each 1< i< z'g}.

Note that, with a relabelling of vertices, T2 has the topology of Sg, where (qo,q1,92) = (Mx, 01 —Ms, NGy —
m.) (see e.g. Figure 1). The point of changing notation from T2 to S;ﬁ is that we want to use the lace
expansion from [34] on Sg, expanding from the branch point in the direction of the 3 leaves. The vertices
0, a1, and «;, in Tyo have the corresponding labels [0, o], [1,41] and [2, g2] respectively in Sg while the
branch point a; A a;, has the label [0,0] = [1,0] = [2,0] in Sg. Also the compatible vertices § (some of
which may be equal) from which to attach branches in the Sg labelling become

Se (ng)“?’ = {(32, Sy ..y Sig—1,Sig+ls- -, Sr—1) such that each s; € Sg, (7.2)

si€[1,[0,1]] U [2,[0,q2]] for each i > i, and s; € [1,[1,¢q1]] U [2,[1,q2]] for each 1 < i< ig}.

Given ‘i‘vﬁvm*a and i?a let @ = Q(Qa'%vZ?) = {¢ : Sg - Zd : ¢([07(JOD = 07¢([17q1]) = .%'1,¢([2,Q2]) = xi2}7
and for ¢ € ® define .
T(G,¢) = {R={Rs:5€S3}: Ry e T(¢(s))Vs}.

For j1 € {1,2}, s =[j1,72] € Sgi, ¢ € @, and R a lattice tree containing ¢(s), we write (x,n) € Rs if x € R4
and the tree distance from x to ¢(s) in Ry is n — (j2 + m.) (this implies that the tree distance from x to
0oin RsuU qb(S%) is n if this combined object is a lattice tree). We now write

O@=Y Y @, 3)

i2=2Mmx<n] ANy

where (recall G = (M., n1,Miy) = (Ma, N1 — My, Niy — My ))

@ Bt ewes)) ¥ [IWE O]l TT 1, 0m,)] 00

56(52;1.2)“3 ReT(q,¢) s€S3 s,teS3 J#lsia

W(e(s9) = ] zD(s(a") - (),

aa’esg

and
Ust = _]l{RSnRﬁt@}-

This is to be understood as follows. A lattice tree 7 with given 7, %, m,, i consists of a minimal tree
containing x1,z;, (that is also equal to an embedding of Sg for ¢ defined by m., i2 and i) together
with some branches, which are lattice trees R, associated to each of the vertices s ¢ Sgi. These R,
must be mutually avoiding for the resulting object to be a lattice tree, and in addition, connections to
(zj,m5):5€{2,...,r =1} \ {iz} must exist within them. The weight of any lattice tree can be written as
the product of the weight of its minimal tree and the weights of its branches. The sum over ¢ is over all
embeddings of Sgi, which are not necessarily 1-1, but the product of [1 + U] means that we only count

1-1 embeddings (since ¢(s) € R, for each s € Szl) and that the Ry are mutually avoiding.
(r31)

For fixed Z, 7 and i, define .’ (Z) to be the contribution to (7.3) from m, = n; An;, (in which case

m« =n). Then

r-1
5 SN\ (riig) —
K@= T, ), (7.5)
i9=
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and by definition,

r—1 ("1/\"12) 1

tO(@) =Y Z tjgj%(z)mg”(z). (7.6)

19=2 Mx=

Let us now focus on the term t(r 2)(33) when m, < nj An;,. Note that by definition of 72, m. < ni Any,
implies that m. <n*(iz), where n*(i2) = minig—1{ni - Liiciny }-
Given an abstract tree S and lattice trees R = (R : s € S), let

K[S]=K[SI(R) = [][1+Usl

s,teS

Then (7.4) becomes

ma@= 3 e wes)) ¥ [IIWRIKSH T 1w y] 09

SE(SS;iQ )yr=3 Ped ReT(§,6) sesgi J¢lio

The lace expansion for the three-point function for lattice trees involves expanding the product K [Sg],

and in each term of the expansion searching outwards (from the root [0,0] of Sg, i.e. from the branch
point 3 of T) for the first point at which there is no indicator involving a pair of vertices on either side
of this point. This expansion was carried out in [34, (2.17)]. To prepare for this, for fixed 4, ¢; and M;
define S}, to be the tree with no branch points and ¢; — M; vertices labelled [i, M; + 1] to [i,q;]. Then the
lace expansion [34, (2.17)] yields

K[S3]= 3 JISy] 121 K[S;.], (7.8)
K ,

where J [S?\Z] is defined below and we use the notation M < ¢ (resp. <) to mean that the inequality holds
componentwise. This arises in the following way. Notice that

K[S] H 1+Ust Z HUsta

s,teS LeG(S) stel’

where G(S) denotes the collection of all subsets of “edges” st with s,t €S (and S is Sgl or SL). If both
s and t are on the same branch ¢ of Sg», ie. s=[i,7] and t = [4,'] for some j < j' (or vice versa) then st
is said to cover the interval [4,[j,5']]. If s = [4,5] and ¢ = [/, '] with i # i" and j,j" # 0 then st is said
to cover [i,[0,7]]u[#,[0,5']]. A graph T e Q(S;’) is a connected graph if every edge in S;f is contained
within an interval covered by some st e I'. For each I' € G (Sg’) there exists a unique M (T") such that Siz
is the largest connected subgraph of S;Zi containing [0,0] on which G is connected. Letting

J[S?\Z] = Z H Usta

3. ) stel’
Fegconn(sj\‘l) ste

where G denotes the subset of G consisting of connected graphs, gives (7.8). See e.g. [34, Section 2]
for more details.

Note that S?\Z has a simpler topology (i.e. no branch point) when some M; = 0 (as is the case when
m = 0 for example), and in fact 88’070 corresponds to a single vertex. Rearranging the order of summation
we obtain

2

n@ = T wes) L[S 2 T 1, 0m,))

M<g $e® ReT(G,¢) s€S3 i=0 se(S3, )3 jeliz
(7.9)
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Let I(iz) = (Io, I1,I2)(i2) be a partition of {1,...,r — 1} satisfying all the restrictions in Condition
3.2. Let (SE7M(f))T73 be the subset of (Sg»m)’”_3 such that s; € [1,[M; +1,¢1]] for each j € I ~ {1},
sj €[2,[M2+1,q2]] for each j e I\ {io}, and s; € [1,[0, M:1]] U [2,[0,Ms]] for j € Iy. Then

n@=r" Y Y Y wesh) ¥ [T wR)|[JshITKSL]

2
I(ig) M<q P<® ReT(d,4) 5<S2 i=0

12 T Y )] (7.10)

3e(S3 _ (I))r-3 ¢l
se(82 (D) J#lsiz

We next decompose (7.10) into pieces based on M. The cases where some M, = ¢; require slightly
different treatment, so we first consider the case M < g.

The case M < G: In this case my >0 and each SilJr is non-empty (although if M; + 1 = ¢; then it consists
of a single vertex). Any ¢ : Sg — 7% can be represented as (¢r, P0, D1, 02), where ¢ : S:])’\Z - Z% and
¢; : S, — Z% are the restrictions of ¢ to those subgraphs of Sg. Let us write v; = ¢([i, M;]) = ¢ ([7, M;])
and y; = ¢([4, M; + 1]) = ¢;([i, M; + 1]) for each ¢ = 0,1,2. We will sum over ¥,y. The weight W(gb(Sg))
factors as

2
W(¢) = W(QZ)#) 1_—5 W(¢Z)ZCD(yz - 'Ui) (7.11)

Let

O, =0, (V) = {gb: Siﬂ — 7% such that ¢([i, M;]) = v;, for i =0,1, 2},
®7 =07(0) = {¢ € D : ¢([0,0]) = 0},
®; =®;(yi, z}) = {¢: S}, — Z such that ¢([i, M; +1]) = y;, ([i, ¢:]) = 2} },

where z(, = 20 = 0, ] = 21 and 2, = z;,. Note that this forces y; = x| if M; +1 =g¢;.
Let

Tr={R={RsseS% }: R, e T(¢s(s))¥s},  and
T; = {7% ={RyseSL}:Rs € T(¢i(s))Vs}, for each i =0,1,2.

Also introduce
PESLAS U TA
12\{i2}a 1f2:27

(S}+,Mi(li))|li|71 = {(Sj)jellf 1S5 € [i, [(Mz + 1)7%’]] Vje I@',}v i=1,2, (7‘12)

and

(83, (Zo))"l = {(s;)jero 85 € [1,[1, M1]] U [2,[1, M2]] Vj <iz and
s; €[0,[0,M;]]u [2,[0,Ma]] Vi > iz}
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Then the contribution to (7.10) from M < § is

Y VY X Wisesi) X [ TT W(RGIKS]] (7.13)

I(ia) M<g §  ¢0ePo ReTy seS,
2
I T wesi) ST W®RKISL] % T, 0w, )] (7.14)
i=1 " ¢;e®; ReT; seS), §€(S,}+‘A{i(]i))ui‘*1 jel! 7 J
2
(ST 5 Weusi) S LT WRMISE S T im)
T =0 P ReT, se8? 5e(S3. (Io))lMol gelo U777

(7.15)

We define the terms Ag, A;, ¢ = 1,2 and A, (which depend on m.,n,y,Z, M, f) according to the terms
in the large brackets || above so that (7.13)-(7.15) is equal to

p_l Z Z Z AOA1A2Aﬂ-.

I(ia) M<g¥o-¥y1,y2

Now letting mg = m. — Mg —1 and m; = m, + M; + 1 for i = 1,2, observe that by the symmetry of D and
translation invariance (and recalling that t3”(y) = Liy-0})

Ap = ptﬁ% (y0), and A;= Pt%ﬁilizi(jh —y;) for i =1,2. (7.16)
Here we adopt the convention (consistent with (7.1)) that tf_;)(i) = 0 if one of the components of 7 is
negative. Let us demonstrate why this holds for example for the term A; in the case I; = {1,2,3}. Given
M, and ¢ define 1 = ¢ — M7 —1=n7 —mq and S}l = SL (as defined for these values of M; and ¢;). Now
observe that for general ¢ and @,

(@) =p™ Y W(T)=p"" 3 W)L (untn)eT) L{(ws b5)eT) - (7.17)
TETz(lTI) TGT[I (IU1)
Any lattice tree T containing the points (0,0), and (w;, ¢;) for i = 1,...,3 can be expressed as the union of

a backbone ¢1(S%1) (starting at (0,0) and ending at (w1, 1)) and mutually avoiding ribs R; (themselves
lattice trees emanating from each vertex ¢1(i) along the backbone), such that we and ws are vertices
within this collection of ribs, of tree distances £» and 3 from the root in the lattice tree 7.

It follows that (7.17) can be written as

@) =p" Y W@ush) X [T WRIKISL] Y Lwmyra) Litut)eryy - (7:18)

$1®1(0,w1) ReT; €Sy, s',s"eS]
On the other hand, by translating by —y; we have that the term A; (for I = {1,2,3}) is

Z W(ﬁbl(sél)) Z [ H W(Rs)]K[SZ] Z ]]'{(-1’2—:1/17”2_7711)5725’}]]'{(-773_y17n3_m1)€Rs”}

$1€P1(0,21-y1) ReT; seS%1 s’,s”eS}1
7.19)
=t} oy (1, = 1), (7.20)
since ny —m1 = ¢1 and we have set ¢; =n; —mq, i = 2, 3.
We write
t(@) - SV (2) =t0%(7) + 1% (2), (7.21)
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where t0°(#) denotes the contribution to ¢’ ()~«{"" () from terms with M < g. Since also Yl Y iin) =
> 7> we obtain

My ((m1iam2)-1)An*(i2) m.—1

n1 2 .
7@ =3 5 3 z(qtgg‘j;j(aé,j—yj))[f > Y 2 w0)A(D)]. (722)

7 mi=1meo=1 gy mx=1 mo=0

We continue to identify AW(M ), which is given by the last line in (7.15). To connect up with the
calculations in [34] we wish to describe this quantity viewed from the perspective of the branch point, so
via a change of coordinates we will identify ¢, € ®, with the branch point y* and the translated map in
o*. For M = (Mo, My, Ms) and 0 = (v, v1,v2) we let

(@)= Y W(e(S3)) X [ [ W(R)IJ[S,] (7.23)

Pre@s () ReT, 5683Z

be the same quantity defined in [34, Definition 4.12] and bounded in [34, Section 6]. Recall that for
g1 € {1,2}, s = [j1,42] € Sgl, ¢ € &, and R a lattice tree containing ¢(s), we write (z,n) € Ry if x € R
and the tree distance from x to ¢(s) in R, is n — (j2 + m.) (which implies that the tree distance from z
to oin Ry u gb(Sg) is n if this combined object is a lattice tree). We now wish to record the spatial and
temporal location of the vertex x € Ry relative to the branch point (y.,m. =mgo+ My +1) of Sg. To this
end, for ¢, € 7, we write

(x4,n4) €Rs if x. € R and the tree distance from z, to ¢r(s) in R is n. — Jo.

(The latter implies that the tree distance to the branch point of Sg is jo + 1. — j2 =n..) We now define

T, (T2) = 3 > W(ex(83)) X [TT WRIVISHI (o npier,.)  and
5e€(ST(Ip))1 o< (7) ReT, 583,
(7.24)
T, (BT T = 3 S W(en(S3)) S IT1 W(Rs)],}[si}w]ﬂ{ (R, ) (7.25)
(5*75**)6 ¢TF€(D*(U) RET Ses:;ﬁ[ (Il'**,n**)éRs**

(S%,(10))?
In terms of this notation, we can identify
Ar(M) = Z Z Tars $Tigy ~mo—Mo— 1(“ Yu; Tpo — y*)z H D(y; —v;). (7.26)
Y V0,V1,02 =0
Furthermore, define, using the same conventions, and writing n* (iz, m1,ma) = ((myAmz) —1) An*(iz)
(o) 2n*(iz,mwnz) my—1
+1)0 - = 2
Xnyamaiiigy Ui E0) =P ) >t (o) A (M). (7.27)
my=1 mo=0
Then, we obtain that

ni Mig 2 )
%) = Z Z > X;‘,jf[;;‘jmo(g;zlo)(1‘[17522'2],(@%_yj)). (7.28)
Yy J=

1=1mao=1

The case where M; = ¢; for some i € {0,1,2}: Let Q = Q(M,q) = {i € {0,1,2} : M; = ¢;}, and
={0,1,2} ~ Q. Then SL and T; are empty for each ¢ € (), and there is no sum over ¢;. Moreover,
W(qb(S%)) factors as

W(¢) =W(ér) lgc W (¢i)zeD(yi = vi). (7.29)
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Then the contribution to (7.10) from M ¢ § is given by

—1 Z Z Z AI AI Al -
[(z2) ]\Z : Y0,Y1,Y2
Mg
where for ¢ =0,1,2, we define ] as in the M < § case and
A;: Aiv %fZ:EQﬂ
]l{yi:w'-}’ lflEQ,

and

e =2 T oy L TT 2eD (i = i)

v €@ 1€Q°
< X WenSy) X [T wRaIISy] X Tl ey (7:30)
PrePr ReT, seS% se(S?, (Io))lTol jelo U777

Setting mo = —1 if My =qo, m1 =ny +1if My = ¢, and mg =n;, + 1 if Ms = g2 (this is consistent with
our notation mgy =m, — My -1 and m; = m, + M; + 1 for i = 1,2 if M; < ¢;), we see that the contribution
(&) to t$7(2) — kY (2) from terms with M ¢ G is given by

W@-LY ¥ S 2Tt tmen)
I Q#gmisnitlicqy masnigtlisegy §  jeQ {0}
x (lI ‘il) (a _y)
(jEQIc_\I{O} e )

n*(iz,m1,m2)  m,-1

x [pHQ‘ > > [Lioeqeytim (vo) + 1{0eQ}1{m0=_1}]A;(M)]~ (7.31)

m«=0 mo=-{0eq)

We let 10 (&) denote the contribution to t0*(#) from Qn{1,2} # @.
The remaining contribution is when @ = {0}, whence My = m, (in particular this includes all remaining
cases where m, =0) and

n*(i2,m1,m2)

M@ =@+ Y Y Z(fl(i'ii%](* )Pl X Ar(m M, M) |

I misnime<ng, § = j=1 ms=0
(7.32)
Define
(Tgl+1)s mlzmam)
Xmimz,nl (ga jIo) = p]l{y():o} Z Aﬂ'(m*’ My, MQ) (733)

mx=0
Then, we obtain that
Tig 2
(r)s -\ _ (7“2) (IIgl+1)s (I\+1 N
tﬁ (l‘) - (.CL‘) Z Z Z E m?,mg;ﬁjo (H ﬁ '_yj)) (734)
7 mi=lmao=1 g j=1

We now combine the above results. Letting

([Igl+1) O _ . (Igl+1)o - (|[Igl+1)s R
Xy iz, (B Z16) = Xomy amosrigg (Fs F10) + Xany g, (U5 Z10)
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we have arrived at

2
(@) =@ AT @ N Y Y Yo, @3 ([Tt S, @y —vp)- (7.35)
j=1

I misni ma2sng, i

Given k € R™*(=1) Jgt 1211. = (kj : j € I;). Multiplying (7.35) by ei’;'f, and summing over I we obtain
(O =RV R +RPE) LYY Y (7.36)
I m1sn1 m2<ni, Yo,Y1,Y2
x S el Eaen bl Taen vy (3, - y1)
Zry
X Z ol Zigely Kiy'(Zja=y2) 1 Zjoer, ki yQt(qu“) (wfg - Y2)

= I —ma2
1‘]2

kz 2 + v
<3 (T et v, @,)-
jIO iE[Q
This is equal to
REVE) RSP (R + Y X 3 EI () ()50 (),

7 misni mQSmZ

where we define

~ + k i + JEO
S’f;)!n}b;,nj ( ) Z Z (HEIZ]teIt Jt Yt H el Ty )Xfx?!ngvnlo (y ;1710), (737)

y $[O t=1 ZEI()

7.2 The bounds on Y assuming diagrammatic bounds

We continue to bound the coefficients arising in the lace expansion. We start with |Iy| = 0, and see that
from (7.27) and using (7.26),

Xiovms (5) =" 233 > t2) (o) (5 - y*)Hch(yl ), (7.38)

mg,Mg20: 1=0
Mop+mo<n* (ig ,mi ,mg)—l

where (Mg, My, M) = (Mo, m1 —mo — My = 2,ma —mg — My —2). We note that in (7.38), the spatial
location of the vertex at time my is equal to yo+ (vo—yo) + (¥« —vo) + (v1 —yx) + (y1 —v1) = Y1, as required.
Here we recall the spatial location of the branch point is y..

Similarly, from (7.33) with Iy = @

X'E;L);mg (y) :p]l{yo:o} 2 Z Z ]1{110 O}W(m*7M17M2)(U y*) H ZCD(yz z)- (739)

Y« my<n*(iz,m1,mz) T i=1

We are aiming for the bound (3.10). Note that from (7.38)

RO EXID WD W WAL O y*>|rgch<yz v (T40)

mg,Mg20: U Ys Y
M0+mos(m1Am2) -2

Using that 3, D(z; —y;) = 1 and also that sup,, ¥, tm(z) < K, we get that
Ry (R <O 3 303 30t (yo)lmyy (8 =y )| D (o — wo)

mo,Mo T Yo Y=

Y 2> D>t (wo)lmyy (@)D (yo = uo = y)

mo,Mg U Yo Y=

<C > 5 () (7.41)

mo,Mo:Mo+mo<n* (ig,ml,mz)—l U
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Similarly,
X, (B)] <C > Limg=-1} D |y (@)]- (7.42)
mO,MO:M0+m0§n*(ig,ml,mg)—l U
Since all of the bounds that we will obtain for x0*)? also apply to x{o*D* (they are in fact easier in
this case), henceforth we will only derive explicit bounds on y{1*)? Let

2
B(M)=Y . !

2 (M + 1)@ (M; + M + 1)@/’ (7.43)

where {i,7} ={0,1,2} ~ {¢{}. The following bound is proved in [34, Section 6]:

Proposition 7.1 (Bound on 7 [34]). There exists C >0 such that for sufficiently spread-out lattice trees
above 8 dimensions, .
Z |y (@) < CB(M). (7.44)
u
Proof. See [34], where bounds are proved for the various contributions to 7 ;, corresponding to laces of
various types. All these bounds are of the form as given in B(M). As in [34, Definition 2.8], a lace L on
Sj}[ (with all M; > 0) is acyclic if there is at least one branch S}, i € {0,1,2} (called a special branch) such
that there is exactly one bond, st € L, covering the branch point of S}Q’V[ that has an endpoint strictly on
branch S%. A lace that is not acyclic is called cyclic. Cyclic laces have 3 edges covering the branchpoint,
while acyclic laces may have two or three. In each case there can be many edges that do not cover the
branchpoint.

The contribution from acyclic laces with two edges covering the branchpoint comes from [34, (6.3-
6.5)%]. The contribution from acyclic laces with three edges covering the branchpoint comes from [34,
(6.6-6.9)] and [34, end of Section 6.2], together with simplifications (note that in [34], the quantities m;
do not represent the same thing that they do in this paper). For example note that [34, third line of
(6.6)] (ignoring the constants in the numerator) is bounded by

M, 1 1
(M + My +1)4/2 mze[M%:/ZMﬂ (Mg —mg +1)(d-8)/2 mlng (mq + Mz +1)(d-4)/2
< M, M, D 1 . 1 c
T (My+ My +1)42 S5 (m+ 1) (@02 T (M + My + 1) (@072 (M + 1)(d-6)/2°

The contribution from cyclic laces comes from [34, (6.10), and end of Section 6.3] together with
simplifications. [
Recall that (Mg, My, M) = (Mg, mq —mo — My — 2, ma —mg — My —2), where my, mo > 2. By changing

variables to m/ = m; — 2 and mj, = mg — 2, the following lemma is sufficient to verify (3.10).

Lemma 7.2 (Bound on X\ ). Ford>8, witha=(d-6)/2>1, and for mi,my >0,

mi,ma

Z B(Mo,ml—mo—Mo,mQ—mo—Mo) SC(ml ATrLQ)_a. (7.45)

mo,Mo:m0+Mo£(m1/\m2)
Consequently, for sufficiently spread-out lattice trees above 8 dimensions, uniformly in k,

X mo (B)| < C(my 2 mg) ™. (7.46)

Xm17m2

*Note the typo in (6.3) in the reference, where the very last exponent should be (d —4)/2 instead of (d - 6)/2.
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Proof. We start with (7.45). By symmetry in mj,me, there are two terms to consider. Firstly, when
0=0,{i,5} ={1,2} in (7.43) and with m = mg + Mo,

Z (M() + 1)_(d_6)/2(m1 +mo —2mg — 2M() + 1)_(d_4)/2 (747)

mo,MO:m0+Mo§(m1/\m2)

= Z Z (Mo + 1)7(d76)/2(m1 + Mmoo — 2m + 1)7(d74)/2

m<(miAma) Mo<m

<C Y (mi+mg-2m+ 1)"(d-0/2

m<(myAma)

< C(m1 A m2)_(d_6)/2.
Similarly, when ¢ =2, {i,j} = {0,2} in (7.43) and again with m =mg + My,

Z (m2 —mo — MO + 1)_(d_6)/2(m1 —mo + 1)_(d_4)/2 (748)

mo,Mg:mg +M0S(m1 /\mg)

= Y (me-m+1)" IS (g g+ 1) D2

m<(miAma) mo<m
<C > (me-m+ 1) @02 () — i+ 1)7(d6)/2
m<(miAma)

< C(m1 a mg)i(diﬁ)p.
As ¢ =1 is similar, (7.46) now follows immediately by (7.41), (7.42) and Proposition 7.1. |

We continue our analysis of Y109 for |Ij| > 0 by defining some notation. Recall (7.23), (7.24) and
(7.25). Then for |ly| < 2 and with (Mo, My, My) = (Mo, m1 — mg — My — 2,ma —my — My — 2), and using
that the temporal variable of the branch point equals m. = mgy + My + 1, we have

2
o (i) = DY » t;ii)(yo)(noch@i—m) (7.49)

Ys U mo,MO:M0+mo$n*('ig,m1,mg)—l
Tr]\;[;ﬁlo_mo—Mo—l(v T YL y*)'

We are aiming for the bounds (3.11) and (3.12), and we proceed as in (7.38)-(7.41). Note that from
(7.37),

[golhe () (7.50)

m17m2 nI

<C Z ZZZZ“” (yo)|m NI 1 ~mo~ Mo~ 1 (0 =y« 21, =y )[D(yo = vo)

Mo,mo:Mo+mo<n*(iz,m1,m2)-1 Yo Z1, Y= T

< C Z Z Z‘ Mnlo—mo Moy- 1(U x10)| (751)

Mo,mo:Mo+mo<n*(iz,m1,m2)-1 U Zp,

Denote the canonical basis vectors in R3 by &, €5, é3. To bound y oMV for [Io| = 1,2, we will make
use of the following version of Proposition 7.1 with extra arms attached, in which p = (10 - d)/2 when
d <10, pe(0,3) for d=10 and p =0 for d > 10.

Proposition 7.3 (Bound on 7 with extra arms). For lattice trees in dimensions d > 8 with L sufficiently
large,

D |7rM;n*(ﬂ;:c*)|gC[n€+§:Mi]B(]\Z)+C » [iB(Z\ZHtéj)] (7.52)

T, i=0 0<t<n, = j=1
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and, recalling that (M vn),, = (M1 Vv MaVn, Vn.),

2
S i, (@2, 20| SC(M v n)**[(n,, Vi )P+ ZMi]B(M) (7.53)
=0

'aﬂfx—,x*x—

3
+C(Mvn)., 3 [ZB(M+téj)].

0<t<nsVna  j=1

The proof of Proposition 7.3 is deferred to Appendix A where the arguments in [34] which led to
Propostion 7.1 are suitably modified. Let us now prove the required bounds (3.11) and (3.12) assuming
Proposition 7.3 with p = (10 —d)/2 when d < 10, p € (0, %) for d =10 and p =0 for d > 10.

Proposition 7.4 (Bound on (") with r=2,3). Ford>8 and a=(d-6)/2, and for my,my >0,

mi,m2;n

Z (m1 —mo — M())B(Mo,?ﬂl —mo — Mo,mQ —mgoy — M()) SC(ml A mg)_a[(ml a mQ) + mlf], (7.54)

mq,Mq:

mo+M0§(m1/\m2)
Y. MoB(Mo,my—mqg— Mo, mg —mg - My) <C(m1 amg) *[(m1amg) +mi], (7.55)
m0+]\4nol(;(]\frgi/\m2)
> > B((Mo,m1 —mo — Moy, ma —mg — M) + téj) <C(mq 2 mg) *[(m1 2 ma) + (m1 v ma)P].
0<t<n mq,M:
m0+M0S(m1/\m2)
(7.56)
Consequently, for sufficiently large L, above 8 dimensions, and uniformly in k,
X5 e (B) < C(ma & ma) ™ *[(my 2 ma) + (ma v ma v n, )P, (7.57)
and (recall that (M V N)sx =M1 VM2V Ny V Nyy)
IR e s (B)] € C(mvm)..(my & ma)™*[(ma 8 ma) + (m v )P ], (7.58)

Proof. We start by proving (7.54). From (7.43) there are three terms to consider. Firstly, when ¢ =
0,{i,7} ={1,2} in (7.43) and with m = mg + My,

(m1 -mg — Mg)(MO + 1)_(d_6)/2(m1 +Mmg — 2m0 - 2M0 + 1)_(d_4)/2 (759)

m0+Mos(m1/\m2)

< S (Mo +1) 42 (my +my - 2m +1) (02

m<(miAmg) Mo<m

<C Y (mi+mg-2m+ 1)~(d-6)/2

m<(miAma)

< C(m1 a mg)i(dfg)/?
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Next, when ¢ =1,{i,7} = {0,2} in (7.43) and again with m =mg + Mo,

Z (m1—mo— Mp)(m1—mo— My + 1)_(d‘6)/2(m2 —mg + 1)—(d—4)/2

mo +M0£(m1 /\mg)

< Y > (mi-m+ 1)~ 32 (g —mg +1) 7@/

m<(mqAmg) Mo<M

<C > (mi-m+ 1) @2 (g — i+ 1)7(@6)/2

ms(miAmz)
<C(my amg) T2 S (my—m+1) @02
m<ma
+C(my s m2)7(d76)/2 Z (my-m+ 1)’(“l*8)/2
ms<mg

< C’(m1 a mg)i(d76)/2 [(m1 a Tng) + mf] ,

(7.60)

(7.61)

where p is as described above. Finally, when ¢ =2, {7,5} ={0,1} in (7.43) and again with m = mg + My,

2 (m1 =mo = Mo)(m1 —mg + 1)_(d_4)/2(m2 —mo - My + 1)—(d—6)/2

mo+Mo<(miAmz)

< o (me-m+ 1)~(d-6)/2 > (mi—-mg+ 1)~(d-6)/2

ms(ml/\mg) mo<m
<C Y (mi-m+ 1) IR (g 1) (@02
m<(miAma)

< C(my 5 mg)~@O2[(my o my) +mt],

(7.62)

as in the derivation of (7.61). This proves that all contributions in (7.54) obey the required bound.
We continue by proving (7.55). There are three cases to consider. Firstly, when ¢ =0,{i,j} = {1,2}

in (7.43) and with m =mg + My,

Z Moy(My + 1)_(d—6)/2(m1 +meo — 2mg — 2My + 1)—(d—4)/2
mo+Mmo(£(]Vr[rg;/\m2)
s Z Z (MO + 1)_(d_8)/2(m1 + Mg —2m + 1)—(d—4)/2

m<miAmz Mgo<miAma

< C(m1 A mg)p(ml A mg)_(d_6)/2,

as required. Secondly, when ¢=1,{i,j} ={0,2} in (7.43) and if m; < mg then

> Mo(mg —mg +1) D2 (my —mg - My +1)~(¢6)/2
m0+1\;fr(;%’(]vr€3;Am2)
s Z (ma —mg + 1)_(d_6)/2(m1 —-mg— My + 1)_(d‘6)/2
mq,Mg:
m0+M0§m1

SC(ml A 77’L2)_(d_6)/2 E Z (m1 —mo + 1)_(d_6)/2

mo<mi My<mi-mo

SC(ml a ﬂ’LQ)_(d_G)/Q E (m1 —mo + 1)_(d_8)/2 < C’(m1 a m2)—(d—6)/2(m1 A mg)p.

mo<mi
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Finally, when ¢ =1,{4,j} = {0,2} in (7.43) and if mg < m; then

Z My(mg —mg + 1)—(05—4)/2(m1 —mg - My + 1)—(d—6)/2
mq,Mq:
mo+Mo<(miAma)
<Y (ma-me+ 1) O S (g - My + 1)@
mo<ms Mo<ma—mo
<C Y (mg—mp+1) 2y amy) (@92
mo<ma2

< C(m1 a m2)7(d78)/2 = C(m1 a mg)f(d76)/2(m1 a mg).

This proves that all contributions in (7.55) obey the required bound.

We continue by proving (7.56). By (7.43) the +t term appears as (e + )7, where b = (d - 6)/2 or
(d-4)/2. Summing this term over ¢ < co gives at most C(e)!~* = C'(8)!(e)7?, from which we obtain the
desired bounds from (7.54) and (7.55).

We next prove (7.57). By (7.51), combined with (7.52) in Proposition 7.3,

K <C [np+iMi]B<M>+0 )3 Z[i M tep)], (7.63

mq,Mq: 1=0 mg,Mq:
mo+Mo<(miame)-2 mo+Mo<(miame)-2

and the bound on [{®*| is the same. Expressing the M; in terms of m;, the claim now follows from
(7.54)—(7.56) together with (7.45). The proof of (7.58) is identical once we notice that the extra factor of
(m v n). arises from (7.53) and the fact that M; <m;, i =1, 2. |

7.3 The bounds on < assuming Proposition 7.3

In this section we prove that (3.9) holds for lattice trees, via the following proposition:

Proposition 7.5. For lattice trees with d > 8, and L sufficiently large, (3.9) holds with a = 2 A ((3d -
20)/(d-4)) > 1.

Proof. Recall the notation of Section 7.1. By (7.4) and (7.2) ¢(r3z) _(Z) = 0 unless nj An;, =n. From

? n1AN;, R
(7.5),
r—1 r—1

r—1
k- (M’ ) =, (riig) = 2(rii2) (A
|Zel Yt @Y Y @) = Z;Mf (0). (7.64)
12=

i9=2 T i2=2

From (7.4) if n > 0, then gp > 1 and proceeding as Section 7.1,

WP@ - 8 e wes)) Y [TTWERI T L]l T 0+U]

se(Sgﬂ.Q)T*3 ped ReT(q,¢) s€S3 J#lsia 5,t€S?
< ¥ oty wes)) ¥ [OWER L e, )]
se(8% )3 be® ReT(q,¢) s€S) J¢l iz I
X [ H [1+U3t:| H [1+Us’t’]]
8,t€S] 0,[1,40] s’,t’éS*;l\S(l)’[l’qo]
<p(t2)+ D #1532 ) (2). (7.65)

Note that in deriving the bound (7.65) we have used the fact (as in Section 7.1) that W(g{)(SZi)) factors
as W(o(Sg .. iol ))W(gb(S%,[U,l]))W(qb(S?’ “ Sy, jo1))- At least one component, say j, of 7i —n is equal to 0.
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In this case t2)(5) = t{ % () = 0 unless y; = 0 and so "> (3) is bounded by the r - 1-point function

0,n—n
of the remaining coordinates. Hence by (7.65) for each i,

£2)(0) < i (0)D(0)iE2 (0) < pi(0) D(0)ES~D(8) < Cla - ™,

0,—n

where we have abused the r — 1-point notation slightly and used the fact (see (2.5) and (3.4), or [34,
Theorem 1.9]) that £°(0) < Cn"~2. Similarly,
£2(0) <5 )(0) < Cla-n™,  ifn=0.

- n-n

Multiplying the constant by a factor of r — 1 arising from summing over iz < r — 1 in (7.64) gives the
required bound on |#4*(Z)).

Recall now that /@(r (%) is the contribution to (7.31) due to @n{1,2} # @&, so that mi—1 = ny or mo—1 =
n;, (and with m, < Q) We concentrate on the contribution due to @ = {1} only (where m; —1 =n; and
n*(iz, m1,ma) = n*(ia,m2) = (ma—1)An*(i2)), as the other contributions are similar. From (7.30) , (7.24)
and (725), and as in (749), for |I()’ < 2 and with (Mo, Ml, Mg) = (]\407 ny—mo— M() - 1, mo —Mmg — MO - 2)
this is equal to

>y > t%Z‘iﬁQ(a?b—yz)[p > i (YO T i, —mg-ao-1 (D = Ui Ty = y*)]

I M2<Niy Y0,Y2,00,V2,Yx* mq,Mo:
mo+Mop<n* (i2,m2)—1

X ( H zeD(y; —vi)). (7.66)
i€{0,2}

[12|-1

By taking the Fourier transform, using Y t(w”)( )< (n-m2+1) , and proceeding as in (7.41) and

(7.51), we have

<CY Y (n-my+ 1) > 22 |ty -mo-nto 1 )|, (7T67)

f mgéni2 mq,Mg: [ f?[o
mo+Mo<n* (i2,m2)-1

where it is understood that my ; (4;21,) = 7y (d) if o =@
7o
The contribution to (7.67) from |Iy| = 0 is bounded as in Proposition 7.1 and Lemma 7.2 by

C Y ¥ (a-mern)Et Y E|7TM(U)‘<C > Y (a-ma+ 1) 0y o my) ™

f:|10|=0 m2<n;, mq,Mo: I [To|= 0 Mm2<ni,
mo+Mo<(niame)

(7.68)

with b= (d-6)/2 and |Io| < r — 2. We take a power ¢ = £(r) € (0,1) to be determined later on, and split
depending on whether my < n; — 2% or not. When mo > n; — 7%, then we can bound

(R-mo+ )2 = (i=ny + 0y —mo + D)2 < (= n)" 3 + CRU)2, (7.69)

=% over my in (7.68) gives a constant. This gives a bound of

Cl(A-n)" +a"e]. (7.70)

and summing (ny 2 my)

-3

When, instead, mo < nj — 7%, then we can bound (7 — mg + 1)'12‘ Leqpr , and use that

Z (?7,1 A mg)_b < Cﬁ_(d_8)g/2. (771)
mo<ni—n®
We now verify (3.9) with a = 2 A ((3d —20)/(d—-4) > 1 and p as in the previous section but chosen in
(0,1/3) if d = 10. Combining the above bounds yields that the contribution to £® due to [Io| = 0 is
bounded by
Cl(i—n) 2+ n02° + g3~ (@-8)2/2], (7.72)
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When r =3 or 4, £ = 1/2 will prove the claim. When r =5, we optimize over £ which gives ¢ = 4/(d - 4),
yielding a bound of the form C[(7 - n)? + a%(¢9]. We complete the proof by writing 8/(d - 4) =
3-(3d-20)/(d-4) <3-a so that the bounds (3.9) hold.

The contribution to (7.67) from |Ip| =1 is 0 if r = 3. For r > 4 it is bounded using Lemma 7.2 and
Propositions 7.3 and 7.4 (and using the trivial bound (7 — mg + 1)2I71 < 7"~ since |I| < r - 3) by

Z Z (7 —ma + 1)‘12|_1 Z Z Z ‘WM;nJO—mo—Mo—l(ﬁ; 1)

Ii|Ig|=1™M25"iy mo,Mo: U Ty
mo+Mo<n*(iz,m2)-1

SCﬁr74 Z (n1 a mz)fb[(nl a mg) + (m \Y, mg)p + 77,?0]
mzsm2

<CA™ S (g amo) P+ AP] <Rt (7.73)

szTLiz

This satisfies (3.9) when r = 4 since p < 1 and when r =5 provided 3 -a > p+ 1, which holds for our choice
of a and p (p < 1/3 is used here).

The contribution to (7.67) from |Iy| =2 is 0 if r = 3,4. For r =5, since |I2| — 1 = 0 the contribution is
bounded, again using Lemma 7.2 and Propositions 7.3 and 7.4, by

cy v > 3 2 |t —monto-1 (s 1) (7.74)
I:|Ip|=2 25Ny m,Mo: U Zp,
mo+Mo<n*(iz,m2)-1
<Cn Z (m a mg)fb[(m a mg) + (77,1 \Y, mg)p +n_10p]. (775)
mgsm2

As in (7.73) and the previous argument, this is at most n'*? <737 and so satisfies (3.9) with r =5. m

Appendix A - Proof of Proposition 7.3
Recall that Proposition 7.3 states that for lattice trees in dimensions d > 8 with L sufficiently large,
2 - 3 -
> 17 1, (5 0)| <[00 + Y M;IB(M)+ > > B(M +tej) (A.1)
U, T 7=0 0<t<ny j=1

and, recalling that (M vn),, = (M;Vv MaVn, Vn..),

2 3
> T i e (W T, Tk )| <(M V)., (> M;+n21B(M)+ Y > B(M +tej) (A.2)

Uy y Tk 7=0 t<ny j=1

In this section we prove these results by making simple but important modifications to the diagram-
matic bounds derived in [34] that were used there to prove Proposition 7.1. In that work the derivation
of the diagrams and subsequent bounding totalled about 30 pages. We will not repeat the arguments to
the same level of detail here, but will instead focus on the modifications required. We start in the next
section by giving an overview of the proof.

A.1 Overview of the proof
Recall first how diagrams arise. By putting absolute values around .J [S;\Y] in (7.24), (7.25), and (7.23),

SNGED EDY > Wien(Sy) X LIT WRIWISH I imayer..y:  (A3)
$+€(8%. (10))! ¢=€®% () ReT, seS%,

44



and

|7T]\7[;n*,n”(ﬁ;x*’x**)‘ Z Z W((bﬂ'(st))

(Sw,8%% )€ ¢7re¢’*(v)
(8%, (10))?

x > [ TT WRDIIIS I (wrm)eRo, ) L (waeimn )eRon, 1 (A.4)
ReTx SES:;VI

If the indicators 1(,, n,)er,, ) a0d L{(4,, n..)er,,,} Would be absent, then we would simply obtain | y; (9)],
and this appendix is devoted to study of these extra indicators.
Recall that J[S3 ] Zregconn(SS y [Lster Ust.- There are many connected graphs to sum over, so it

is convenient to restructure the sum in terms of minimally (except possibly for an extra edge covering
the branch point) connected graphs, which are called laces. Here we call a connected graph minimal
when removing any of its edges disconnect the graph. Indeed, for each connected graph on S3. one can
construct an associated lace. Any given lace L has a corresponding set of compatible edges C(L) such
that if we combine any subset of C(L) with L, we obtain a connected graph on S?\Z whose associated lace
is again L. In particular, any edge s't’ that is completely covered by some edge st € L is compatible with
L. See [34, Section 2] for precise definitions. Then [34, (2.10)] states that

= i Z H Ust H [1 + Us’t’]a (A5)

N=1 LE,C,(N)(S:;’C{)StEL s't’eC(L)

where £ )(S?\Z) is the set of laces on S}[ consisting of exactly N edges. We define quantities 7™ to be
the contributions to the corresponding 7 quantities from laces consisting of exactly N edges. Note that
the sum over N is in fact finite as for N large (depending on M) all summands are 0 (finite M limits the
number of possible edges in a lace).

Since Ug € {0,-1}, this is only non-zero when all Uy = —1 for all st € L, in which case the terms in
the sum over IV are alternating in sign. Clearly,

< i > TI0U«] T [1+Usw], (A.6)

N=1 LeE(N)(S?\Z)StEL s't’eC(L)
and so
SO WERIWSLI<Y Y S WERIIUG [T 1+00] (A7)
ReT, €S2 T N= 1L€[,(N)(S3 ) ReTx SGS?J)VI steL s't’eC(L)

Of course, since each [1+ Ugy ] is either 0 or 1, we obtain a further upper bound by taking a product over
any convenient subset C ¢ C(L) on the right-hand side of (A.6). Note that [34, page 687, after (2.11)]
shows that we need only consider minimal laces. Henceforth (as in [34]), it will be assumed that all of
our laces are minimal (recall that our definition allowed for an extra edge covering the branch point).
We start with (A.3). We note that the effect due to the extra indicator L{(2.,n0)eRs, ) 18 to add a path
to the corresponding vertex coming from s, € Siz within the existing diagram. There are different cases,
depending on whether s, € S?\Z is part of an edge in the lace or not. When it is part of an edge of the
lace, it can in fact be part of several edges, with a maximum of three. We bound these cases separately.
When s, €S2 is not part of an edge in the lace, we can use self-repellence (essentially dropping some
factors of [1+Ugy ] in (A.7)) to upper bound this effect on 7, N, DY multiplying the bound by the number

of possible s, € 83 “» where s, cannot lie on the branch (0, [0, Mo]) and multiplying by &), (0) where

ms, is the temporal coordinate of s, € SZJ”VI. Now, [t (0)| < K uniformly in m, and thus we just multiply
our bound by Mj + Ms + 1, which is an upper bound on the number of possible ribs that are not involved
in an edge in the lace. This leads to the Y7, M; contribution to the right side of (7.52).
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The situation where s, is part of (at least one) edge of the lace is much more complicated, so let
us first recall how to derive the diagrammatic bounds without any extra arms. For this purpose, define
p(x) = p,.(x), which is a two-point function for paths of unrestricted length.

If se sz is part of (at least one) edge of the lace, then (A.6) contains a factor —Ug (or —Uys) for
every t € SiZ for which st € L. For s ¢ S?\Z’ let ys denote the spatial location of the root of the rib
Rs. A factor —Ug or —Uys, which are the indicators that R, intersects Ry, implies that both ys and
1 send out an arm to a vertex zg that is in the intersection of Ry and R;, but imposes no restriction
on the length of that arm. Thus, while the backbone consists of paths of some fixed lengths m for an
appropriate m, the factors Ug; give rise to paths of an unrestricted length, and hence factors of the form
p(zst—+). When s € Siz is part of precisely one edge in the lace, we get a factor p(zs —ys) that originates
from the factor Uy at the vertex s (together with a similar term at ¢ € S3. | depending on the number of
other Uy in the lace). When s € Si;[ is part of precisely two edges in the lace, this gives rise to a factor

PP (zst; — Ys, 2st, — Ys) that originates from the factors Uy, and Uy, at the vertex s, where for Z € ZAr-1)
P(Z) = Y7502,z W(T). In particular,

PO(erzm) = Y W) =p X9, (21, 22) (A8)

T30,21,22

is the (unnormalized) three-point function summed out over the backbone lengths. This can easily be
bounded by

PP (21,22) < )0 p(w)p(z1 - w)p(z2 - w). (A.9)

weZ4

Intuitively this comes from ignoring the mutual-avoidance between the three trees emanating from the
branch point w. More formally, note that the right hand side of (A.9) can be expressed as

> 2 W(T) Y W(T") Y W(T™) (A.10)

w T'30,w T">w,z1 T 5w,z

and (A.9) follows since every T 5 0, 21, 29 appears as at least one triple 7/ u 7" uT" for some w.
When s € S?\Z is part of precisely three edges in the lace, this gives rise to a factor p™ (zst, — ys, 2sty —

Ys, Zsts — Ys) that originates from the factors Ugy, , Us, and Uy, at the vertex s e S?\?I’ where now

p P (21,20,23) = p Z t:i)n’,n”(zlvz%zi’)) (A.11)

n,n/,n'

is the (unnormalized) four-point function summed out over the backbone lengths. This can again easily
be bounded in a similar way as in (A.9), but things are a bit more difficult since now there are multiple
possible topologies for the subtree leading to the points (z1,n), (22,n") and (23,n").

We now begin describing the effect of an addition of the indicator 1y, ,,)er,,1- When s, € S?’\Z is
part of precisely one edge in the lace, the factor p(zs,¢ —ys, ) is replaced with pff’*)_m“ (Zsst = Yses Tu — Ys, ),
where now

P (21, 22) = p Yt (21, 22). (A.12)
n

is the (unnormalized) three-point function for which part of the tree has fixed length and part has a
length that is being summed out over. Moreover, arguing as for (A.9),

P (z1,22) <p* Y ()t (22— w)p(z1 — w). (A.13)

weZdm/'<m

Comparing (A.9) to (A.13) we see that (apart from normalization constants) the effect of the indicator
L{(z. n.)eR,, ) 18 (@) to add a line to (x4, 7. ) of time length n, —m;, and displacement z, —ys; and (b) to
restrict the time length of parts of the paths in the three-point function.
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When s, € S?\Z is part of precisely two edges in the lace, the factor p® (zs,+, = ¥s, , 2s.t, —¥s, ) is replaced

: (4)
with a factor p,) . (Zs.t; = Ysus Zsuty = Ysus Tx = Ys, ), Where now

P (21, 29,23) = p Z tiz),vm,,’m(zl,z%z?,). (A.14)

m/m'"<m

In bounding this quantity in a similar way to (A.13) one must consider different possible connection
topologies, but again the effect of the indicator 1y(,, n,)er,,} 18 (a) to add a line to (x.,n,) of time
length n, —msg, and displacement z, —ys,; and (b) to restrict the time length of parts of the paths in the
four-point function.

Finally, when s, € S?\Z is part of precisely three edges in the lace, the factor p™ (zs,t;, — Ys,» Zs.to —

. . (5)
Ys. Zs.ts — Ys, ) 18 replaced with a factor pn) . (Zs.t; = Uses Zsaty = Yses Zsats = Yser Tx = Ys, ), where now

pgz)(21722723,24) =p Z tffl)lymH,mHl’m(ZlgZ27z37z4), (A15)

m’ m’” m'""<m

and again the effect of the indicator is (a) and (b) above.

A similar analysis can be performed when we have the two indicators 1y(,, n,)er,, 1 and Ly, , o, )eR,,, )
The situation where s, = s.. adds further complexity to the situations described above in that another
extra line to a point (Z.x — Ys,, Mxx —Ms, ) is added. We refrain from giving more details here.

Let us now describe how we handle these modified diagrams. The bounds on the diagrams are obtained
by bounding combinations of two-point functions, using the bounds [[t®|; < K, [t® . < K/(m + 1)¥?,
as well as the z-space bound p(z) < K(|z|2 +1)7(4"2). Essentially, [34, Lemma 5.4] (restated below as
Lemma A.1) states that for every £ > 1 and all m; > 1,

sup(tiz) + -+ 6, # p™) () < Clma ooy + 1)~ (A.16)

(In fact, in [34] the fixed-length 2-point functions are unnormalized and moreover in [34, Lemma 5.4] one
is dealing with convolutions of p*k and fixed length functions of the form h,, = z.D * pt,;,,—o * z.D instead
of t,,, but the same bounds hold up to constants.) The bound (A.16) is used repeatedly to bound the
diagrams in [34], and so it is important to understand how this kind of bound can be used on our modified
diagrams.

In Proposition 7.3 we will, for example, wish to bound (A.13) summed over z, instead of p®(z1). We
may use the fact that >, tf)(z —w) < K uniformly in [, to obtain a bound on this sum of C Zm,Sm(t;?, *
p)(z1) (instead of p(21)). The extra line in C' ¥,,icn (t2) # p)(21) compared to p(z1) will be carried along
in this bounding scheme, and, since it is always next to a line in the backbone (i.e. a line of fixed length),
it will amount to replacing a line ¢t (v —u) for some v,u by C'¥,rcn (2 % t2)) (v —u). Thus, instead of
the left hand side of (A.16) we would have something of the form

C Y sup(tiy) - x5 « 2« oMY (z)<C > (my+-+me+m + 1)~(@-2k)/2, (A.17)
m/'sm T m/<m
since the bound (A.16) still applies to the left hand side of (A.17) (which has an extra path of length
m'). As explained in more detail below, following the bounds in [34, Section 6] then implies a bound of
the form of the second term in (7.52). We use similar ideas for the bound on m; with two extra arms.
As explained in more detail below, this extra arm gives rise to another factor of 7 in our bound.

The remainder of the proof is organised as follows. In Section A.2, we start by investigating the
contribution to Tirn from laces on an interval, starting with the single-edge lace in Section A.2.1, and
considering first the effect of adding the indicator 1, »,)er,,}, followed by the combined effect of the
indicators 1z, n,)er,,} and Li(z,, n..)eR,,,}- We continue the analysis with two-edge laces on an interval
in Section A.2.2, followed by the general case of laces on an interval with more than two edges in Section
A.2.3. Finally in Section A.3 we study general laces on S?\Z'
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A.2 Laces on an interval

Recall Section 1.2.2. Define h,,(u) by

22(D#pt? ,+ D)(u)  ifm>2,
hm(u) =3 z.D(u) iftm=1, (A.18)
Liu=0) if m=0,

where pt$ (u) = pliy=oy- For I >1 and given m € 7., we define h:"(z) = (hum, * =+ * hyp,)(2) to be the
[-fold spatial convolution of the h,,,, and similarly for [ € {1,2,3,4} we define p*"(x) to be the [-fold
spatial convolution of p(-) with itself, with p*?(z) = 1(,_,).

Define

[ee)

F(@) = 3 () = U yegy + 2D(@) + 22(D  p# D)(x). (A.19)
m=0
It is easy to show that for some v > 0, p'(z) < C), (]l{x=o} + ]1{1¢O}[L2’”(|x| + l)d’Z]’l), for each x assuming
that p(z) satisfies this bound (but with a different constant). In other words, p'(x) satisfies [34, (1.4)]
with a different constant C'.

In this section we consider the case where exactly one of the M;’s, say M; = M, in S2. is non-zero.
This corresponds to S = [4,[0, M;]] = [¢,[0, M ]], and we will denote vertices [i,¢] in [i, [0, M]] by £.

A.2.1 The single-edge lace

Consider the further special case of the unique lace L on S consisting of one edge (i.e., the lace L = {0M }).
Thus, we study ), ,(v1), where we recall that 7' (%) denotes the contribution to 7y, () from laces

containing only one edge. Every other edge on S is compatible with this lace. In particular, for this L,

H [_Ust] H [1 + Us’t’] < [_UOM]K[L M - 1] (A20)
steL s't'eC(L)

Also ~Uonr = LirynRy#0} € Layezd Liziero} L{zery - Of course by definition, o € Rg and vy € Ry
Let S— = {1,...,M -1} and ®§ (¢1,¢2) = {¢' : S— - Z%: ¢'(1) = ¢1,¢'(M — 1) = (2} From (7.23),
(A.7), and (A.20), and assuming that M > 2, we can (for example) bound ¥ ;|7 = ()| by

(0,M,0)
Z]l{vozvzzo} Z W(¢W(S)) Z [ H W(RS)][_UOM]K[LM_H

Omedg (1) R, se83,
<2 Liwgm=ay 2, W(9n(8)) X0 [TIW(R)ILzyeroy Lizyeray K1, M - 1] (A.21)
21 U ¢,,e<1>§(v1) ReT, S€S
:ZZ[ > W(Ro)][ > W(RM)]
z1 v1  Ropd0,z1 Rardv1,21
<Y wD@)] Y wW@s-) Y [T WR)IK[LM -1]]zD(n - &) (A.22)
1,62 ¢'edy (C1.(2) R4€T(¢'(s)),5€S— s€S—

As for A; in (7.16) this is equal to

; ;p(zl —0)p(z1 - v1) ng 2eD(C)ptS)_5(Ca = ¢1)D(v1 = C2) (A.23)
| ; >l (v1)pt? (01 —l;;
S:::lpth(Ul)P(”)(Ul - (o+w1)) (A.24)
=Slu1jp 23\4 x p 2 (w). (A.25)
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Figure 2: The diagram arising from a lace containing only one edge, and two of the diagrams arising from
adding an extra arm; at s, =0 and 0 < s, < M respectively. Dark lines correspond to h terms and light
lines to p terms.

The supremum over w; may seem odd in the above but this kind of bound will be useful when we will
need to bound multiple edge laces. See the first diagram in Figure 2. The same is true when M < 2.

Notation. We will use Cz to denote positive constants of the form C3(L) where S(L) approaches 0 as
L — oo and C is a constant which may depend on d but not L, and may change from line to line.

Applying the following lemma (see [34, Lemma 5.4]) with [ =1 and m; = M, we see that the quantity
in (A.25) is bounded above by Cg(M +1)7(4=1)/2,

Lemma A.1. The following bounds hold for all £ >1 and k€ {1,...4} with t = ¥}, ;,
Cs

(*1) (xk)
”hf *p ||°<> = (t+1)(d_2k)/2,

and Hh;””l <C. (A.26)

Note that to prove Lemma A.1, the only fact about p(-) required (apart from symmetry and translation
invariance) is the bound p(z) < K(|z]2 + 1)~ (see [34, (1.4), Lemma 5.8, Prop. 5.9, Lemma 5.10,
Sec.5.4.1]). Since p’(+) also satisfies this bound it follows that Lemma A.1 remains valid when any p is
replaced by p'.

Recall that Wég )M 0)n _(¥;2.) denotes the contribution to m(g as,0);n. (U;2+) from laces containing only
N edges. As in (A.21), Zv,x* |7r(0 MO _(¥;2.)| is bounded by

Y0 > W(#n(S) X TIW(R)IL s ergrmant K1, 84 = 1K s + 1, M = 1111 (5, 1. )eR.. b

55€8 Tx 21 V1 Ppredf(v1) ReT, S€S
(A.27)

where if s, =0 or s, =M, K[1,s, - 1]K[s, +1,M -1] = K[1,M -1].
Proceeding as above, the contribution to the above sum from s, =0 is

DI [ ) W(Rﬂ)l{(z*,n*)eRo}]p(Ul = z1)har(v1). (A.28)

Tx 21 V1 Rgd0,z1

Let ¢ denote the “branch point” in Ry for the connection from o to z; and x. (it could be o, z., 2z; or
some other point). The connection from o to z, in Ry is of length n,, and the branch point ¢ is connected
to o by some path of length n’ < n, in Ry. Proceeding as above, (A.28) is bounded by

DI Zh (O hng—n (w4 = C)p(C = 21)p(v1 = 21)hpr (v1)

Tyx 21 V1 n'<ns

<ZZ E Zh (C)P(C Zl)|:2:hn,r n(l’* C)]p(vl—zl)hM(vl)

2z1 V1 n'<ny

<Ci Yy, suphM*,o Yt hp(w) <Ch Y (M +n'+1)7 (d-4)/2 (A.29)

n/<n, W n/<n.
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Figure 3: Some of the diagrams arising from a lace containing only one edge, with two extra arms added
at s, and s... From left to right the figures correspond to the situations where 0 < s, < 54, < M, two
cases of s, = 8,4 =0, and 0 < s, = 54 < M respectively.

where we have used Lemma A.1 to bound both the sum over z, and the supremum over w. See the
second diagram in Figure 2. The contribution from s, = M gives the same bound. We are left to bound

Yoo > W(9x(9) Y TIW (R eronrat KL, 80 = 1K 55 + 1, M = 114, n.yers. )

0<sx<M T+ 21 V1 ¢pre®&(v1) ReT, S€S
(A.30)

This is bounded by

) ZZZEhS*(QhM s (V1 = Ol s, (24 = O)p(v1 = 21)p(21 - 0)

O<sys<M T+ 21 V1

- B EEh O sxvl—o[zhm o <>] o 0) (A31)

0<sx<M v1

<01 Y h<(;2>M o * PP (0) <CsM(M + 1) (@02 < cyM(M +1)~ (D72,
0<ss<M
where we have again used Lemma A.1 to bound the sum over z,. See the third diagram in Figure 2.
So what we have seen in this section is that the bound on 7" was obtained by using Lemma A.1 and
takes the form Cjg(M +1)™(4"D/2. When we add an extra arm to 7, we again use Lemma A.1, but the
bound becomes

Cs Y (M +n'+1)" D2 L oM (M + 1) D2 (A.32)

n'<ny

with the first term arising when the extra arm is added at a vertex of S coinciding with one of the
endpoints of edges of the lace, and the second term coming from the rest (when the extra arm does not
coincide with the lace edge), as in the second and third diagrams of Figure 2.

Now consider what happens when we add a second arm, where the two arms arise from indicators
:ﬂ.{(m*’n*)éRs*} and 1{(30**7”**)@725**} respectively. There are contributions from s,., = s, and s, # S.«. In
the latter case, without loss of generality assume that s, < s.x. If 0 < s, < $4x < M, then (see the first
diagram of Figure 3) hps(v1) in (A.24) is replaced with

> 2 > han (Q)thn(m Chnr (G2 = C1) S st (s = C2)Aag s (01 = C2)

C1 G2 n'<naAM n/"<(M Ay )—n' Tix

SC Z [ Z hnl * hnn * hM—n’—n"(Ul)]-

n"<ngw—n' n'<nAM

Note that the sum over n’ and n” replaces the sum over s, s, here.
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We can now proceed as in (A.31) (performing the “extra” sum over n” at the very last step) with
E;i),M—s*)(Ul) replaced by hé:f’),n”,M—n’—n”)(vl)' These two objects satisfy the same bounds in Lemma
A.1, so there is no change to the bounds until we perform the last sum to get an additional factor
Yonr<n,—nt L < Ny at the end. When 0 = s, < 54, < M, the additional effect of the second arm is to replace

hM(Ul) in (A.28) with

> 2 hr(6) Y hnwr (e = ) harr (01 =) <O 30 Thi) (0D, (A.33)

C2 n/'<ngxAM Lok n"’<ne AM

and again we get no change to the bounds in (A.29) until performing the final sum over n” to get an
extra factor n... Similarly when 0 = s, < s.. = M, for the convolution .,  p(z1 —w1)p(v1 - 21) appearing
n (A.24), in addition to replacing p(z; —w) by (coming from the first added arm)

20 2 o (C1 = w1) Z - (T4 = C1)p(21 = C1), (A.34)

G n

we replace p(vy — z1) with

> [ han(Ga =) th (e =C)p(z1 =€) <C Y [har * p(21 —v1)]. (A.35)

n""<nys—M (2 n'<ny—M

This allows us to again proceed as above, performing the sum over n’ last to get an extra factor of n...

It remains to consider the case s = S«x. If 54 = s4x = 0 then there is a tree rooted at w; that branches
(the branching could be degenerate) to the points z, and z.. (and z;). Either z; branches off after the
X+, T+ branch point or before (see the second and third diagrams of Figure 3). According to these cases,
either p(wy — z1) is replaced with

> [ F St Lo - ) T (G2 =) st (s~ G)p(z1 - G) |

n"<nyy  n'<ns Cl T

<C Z [ Z hé:)n,,) * p(wy —zl)],

n’'<niy  n'<ng

which we can bound as before (getting an extra n., from the sum over n” at the end), or p(w; — 21) is
replaced with

Z [ Z Zh w1 = Cl) Zhn"—n (€2 - Cl) Z [ (1'** CQ) Z [ (l‘ - CQ),O(Z'l - Cl)]

N <Ny n’g(n*/\n“)—n" G T

<y 2 zhnf(wl—cl)pm—cl)],

n'<nygx  n'<ny (1

where we have first performed the sums over z, and x,., and then the sum over (». We can now proceed
as before, summing over n” at the very last step to get an additional factor of n... The cases where
Sy = Sxx = M or (see the last diagram in Figure 3) 0 < s, = s,. < M can be handled similarly, giving the
same extra factor of 7,..

In the more general/complicated diagrams to be considered later, the addition of a second arm is
handled in the same way, thanks to Lemma A.1 and the fact that we decompose the diagrams without
regard to s, and s... We can always perform the final sum over n” < n,, at the very last step to give the
extra factor n,.. For this reason, hereafter we explain only the effect on the bounds of adding the first
arm.

A.2.2 Two-edge laces on an interval

Consider now the contribution from laces on the interval S to the sums in Proposition 7.3, or their
armless analogues consisting of exactly N = 2 edges. These are laces of the form L = {0(¢1 + t2),t1 M}
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wq u2 v1 wq z
21 21 z9

V1 + wy

123

)
0] ty U] U1 + w2 0

t Uy U1

Figure 4: The opened diagrams corresponding to 2-edge laces on a single branch, with ¢3 > 0 and t2 =0
respectively. Dark lines correspond to h terms and light lines to p terms.

with 0 <t < M and t; < (t1 +t2) < M, and a sum over all such L is equivalent to summing over ¢; and
to. Thus,

Z H [_Ust] H [1 + Uslt']

LeL£(2)(8) steL s't’eC(L)
M-1M-1-t1
=2 2 Usstn)Unmr [T [1+Usv] (A.36)
t1=1  t2=0 s't'eC(L)
M-1M-1-t;
< Uo(t1+t2)Ut1MK[1,t1 - 1]K[t1 + 1,8 +1to — 1]K[t1 +to+1, M - 1]
t1=1 t2=1
M-1
+ UOtlUthK[l,tl—I]K[tl-f-l,M—l],
t1=1

since each of the intervals [1,t1—1], [t1+1,t1+t2—1], [t1+t2+1, M —1] is covered by one of the edges in the
lace (so any edge in these intervals is compatible with the lace). As above Ut < 3., cza 112 ero) Lizier, s
and similarly —Uyps < ZZQGZ(Z l{zze'Rt}]l{zzERM}'

Now let t3 = M — (t1 +t2) and use the fact that W (¢.(S)) factors into the weights of the embeddings
of the intervals [0,¢1], [t1,t1 + t2], [t1 + t2, M], and proceed as in Section A.2.1 to get a bound on
Y |7T(O MO)(T))| of the form (see (7.23) and (A.7))

M-1M-1-t;

Z Yo > hyy(un)hey (ug = ur)he (v1 = u2)p(z1 — u2)p(z1 = 0)p(22 — ur) p(v1 - 22) (A.37)
ti=1  t2=1 w1 u1,u2,21,22

+ Z DLy, Do hey (ua)heg (v —w)p(z1 = 2)p(21 = 0)p(2 = u1)p(v1 = 22)p(22 — 2) (A.38)

t1=1 t2 V1 U1,21,22,2

M-1M-1-t;

Z Yooosup Y Y by (wn)hay (ug — u ) ey (v1 = u2)p™® (ug = (0 +w1)) p"? (v1 + w2 —u1) (A.39)

t1=1 to=1 W1,W2 v; uji,ug

M-1
+Lgym0y 2, Sup Y D g (un) by (01 —un)pt® (2 = wi) p* (v + wa — 2) p(z — 1), (A.40)

t1=1 W1,W2 v1 uy,z

where in (A.38) we have used the fact that if z; € R, and z2 € Ry, then there exists some branch point z
from which these connections in R, take place. The quantities (A.39) and (A.40) can be represented in
terms of diagrams as in Figure 4.

We decompose the diagram according to which of t1,%s,t3 are comparable to M. In particular, at
least one of t1,t2,t3 needs to be at least M /3, and we decompose depending on which it is. We start by
bounding (A.40), which corresponds to the case where to = 0. We then continue to deal with the general
term in (A.39), which corresponds to general t9 > 0.
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w1 z w1 z

V1 + w9y

V] + w9

0 s* lt] — 5" U1 ,U].

* *

Figure 5: Two diagrams corresponding to a 2-edge lace (with t = 0) on a single branch, with an extra
arm added at s., where 0 < s, <t; and t; < s, < M respectively.

The case (A.40) with ¢ = 0 is easiest. The contribution to (A.40) from t3 = M —t; > t1, so that
t1 < MJ/2, is

> sup Y fy (un)p (2 —wi)p(z = ur) Y by (v1 = wn) pt® (01 + wa = (ur + 2 —uy))

tlgM/le,wz U,z V1
< Y sup Y kg (un)ptP (2 - wi)p(z - wp) sup Y hey (v —ur)p"? (v +we - (ug +2")). (A4l)
t1<M /2 W1HW2 uy,2 Z' v

We first bound the sup over 2’ by Cp(ts + 1)~ (/2 < Ch(M + 1)"(4"9/2 using Lemma A.1. Then using
Lemma A.1 again we write

Y, sup Y hy (u)p" P (z-w)p(z-w) < Y, Ch(tr+ 1)~(@-6)/2 ¢ Cp. (A.42)

t1<M /2 W1 ug,z t1<M /2

Thus (A.41) is bounded by (C’[’;)Q(M +1)"(H/2 By translating the diagram by —v; (so shifting the
origin to the position of the old v1) we can obtain the same bound for the contribution to (A.40) from
t1 > t3. This completes the bounds on (A.40) with ¢5 = 0.

We proceed to adapt the bounds on (A.40) with ¢ = 0 due to the contribution where we have an
extra indicator 1y, n,)er,,}- We refer to this as ‘adding an extra arm’. Let E = {0,t1, M} denote the
vertices that are part of at least one edge. When we add an extra arm, the quantity corresponding to
(A.40) includes terms where s, € E and where s, ¢ E.

For s, ¢ E, and t9 = 0, see Figure 5. After again taking the summation over z, (e.g. as in (A.31)) we
are left with terms (summed over s, ¢ E) of the form

M-1

s 3 (e () ) o= (), on (A4

t1=1 W1,W2 v1,u1,2

M-1

> sup ). htl(ul)h(2 (v1 —u1)pt? (2 —w1) p? (v1 +wa — 2)p(z —uy), (A.44)
~t1,l3)

t1=1 W1, W2 v1,uy,2

depending on whether s, < ¢; or s, >t;. Decomposing the diagrams exactly as we did without the extra
arm (i.e. ignoring the fact that we have h*® instead of h) gives us a bound of

M
gE(cgf(M +1)" D2 < (02 Zl(M + 1) D2 < (Oh)A(M + 1) O, (A.45)

This demonstrates a theme that will appear more generally. When we consider diagrams with an extra
arm added, we will always decompose the diagram as in [34] (i.e., ignoring the extra arm). When the
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n z
w1 J

V1 + w9y

L

U] + w9y

T U1 U1

Figure 6: Two diagrams corresponding to a 2-edge lace with ¢3 = 0 on a single branch, with an extra arm
added at s. =0 or s. = M respectively.

z z
U] + wy w1 c U] + w9 w1 Tiae V] + wo
C *

1 1 U1

A 1 U1

Figure 7: Three diagrams corresponding to a 2-edge lace with to = 0 on a single branch, with an extra
arm added at s, = t1.

t ts

t t3

ty ty

Figure 8: On the left are two diagrams (see the rightmost diagrams of Figures 4 and 7) corresponding to

a 2-edge lace without and with an extra arm added. The same decomposition is used in each case. The
decomposition when t; > M —t; appears on the right.
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extra arm does not fall at an endpoint of an edge of the lace (i.e. when s, ¢ E), our job will be rather
easy, as above.

A bit more difficult are the cases where s, € E. This situation gives rise to 14+1+3 terms (corresponding
to s. =0, M, t; respectively, see e.g. Figures 6 and 7), giving

M-1
YD sup >0 hyy (wn) by (v = w)ptP (v + wa - 2)p(2 - uy) (A.46)
n’<n, t1=1 W1,W2 vy uy,z
X Z p(*z)(z =)y (w1 = () Z Py (24 = Q) (A.47)
< T *

M-1
+ > > sup > hy (u)hey (v —ur)ptP (wr - 2)p(z —ur) (A.48)

n'<ny-M t1=1 W1,W2 v; uy,z

X Zp(w)(z - C)hn’(C - U1 — wQ) Z hn*_M_n'(HT* - C) (A49)
¢ Tx
M-1
+ 3 > sup Y Y by (un) by (v =) ptP (2 = wi) pP (01 + wa - 2) (A.50)
t1=1 n'<n.—t; W1,W2 vy uy,z
x>t (¢ =un)p(2 =€) Y- Py vty (24 = €) (A.51)
¢ Tx

M-1
+ tZ_: sup 37 ey (un) ey (01— ur) Z P (¢ —wn) (A.52)

1 W1,W2 vy uy

xy o hp(z- ul) P (v1 +wg = 2)hnr (C = 2) Y h—nr—nr—, (4 = ) (A.53)

z n'<ny—t1 n"’<n«—t1-n’

M-1
+ tz sup > >~ hyy (u1)hey (v1 —uy) Zp( vy +wa - ) (A.54)

w1, W2 vy uy

x>, 2 > b (2 = ul) P2 (2 = w1) by (C = 2) 3 hny—nrmnrr—ty (24 = C). (A.55)

Z n'<ny—t1 n"’<ni—t1-n’

Here the terms (A.50)-(A.55) arise according to where the branch point for the connection from w; to
z1, 29 is relative to the branch point for the connection to x.. In each case above, the sum over x, can
be replaced by C; using Lemma A.1. We then proceed to decompose the diagrams exactly as in [34],
depending on whether t; > M /2 or t; < M /2. See Figure 8 for an example in the case of (A.54)-(A.55)
when t; > M /2.

We can bound (A.46)-(A.47) as follows. Firstly (after performing the sum over z.), the contribution
from small ¢; is at most

ST Pt Ol -0 (4.50)
n/<na t1<M[2WHW2 U,z
x th3 (v1 —up)p™? (v1 +wsy - z) (A.57)

U1

Now note that (A.57) is equal to

C
(*2) B
hig * pU? (2 —wa —up) < —(t3+1)(d‘4)/2’ (A.58)
by Lemma A.1. Again using Lemma A.1 the sup in (A.56) is in fact
(+3) C/J’
sup Y hy, * by # pUP (wr) < (A.59)

(t1 +n' +1)(@d-6)/2"

w1 wuy,z
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When t; > M /2 we translate the entire diagram by —v; and make corresponding changes of variables in
the sums, then repeat the above analysis to obtain a bound on (A.46)-(A.47) of

Cs Cs Cs Cs
Mty (L +n/+ 1)@=D/2 (5 + 1)(4- o " nentye (LL+n/+ 1)(d=6)/2 (5 + 1)(d=1)/2

(A.60)

n/<ny

2|

Cp Cp Cp Cp
<
- n; [(M +n’+1)(d=9/2 tlz%:/[/Z (M -ty +1)(d=6)/2 " (M +1)(d=1)72 t1§4/2 (t1 +n/ +1)(d=6)/2

2
< Z (Cﬁ) . Cﬁ z Gy
wie (M +n/ +1)(d=D2 (M +1)d-D2 & (nf 4 1)(d 8)/2
2 2
< Z (Cﬁ) (CB) p (A'61)

S (M + 1)@DR T (i +1)@-De"

The second and third terms are similar and lead to identical bounds on (A.48)-(A.51).

Using the fact that Y,cx hw(z) < p'(2) and the above translation and changes of variables for
t1 > M /2, we see that the bound on (A.52)-(A.53) is

Yoo > sup Y gy (un)hey % pUP (2 — w1 —wa)p' (2 = ur) b+ pUP (2 —w1)

n/’<ny t1<M W1,W2 uq,z
<y ¥ Cs Cs . Cs s
iz i (Wt 1)(d=D/2 (3 +1)(d-6)/2 tentje (t3+ 1)(@=D/2 (! 4 1 + 1)(d-6)/2
2> Cs Cp Cj s
= S | L+ s D@D (5 1) @02 (M + 1) (¢4 0+ 1) @02
2 2
wivan, (M +n +1)(d=9/2 (M + 1) 2"

so also satisfies the bound (A.61). Similarly, (A.54)-(A.55) also satisfies (A.61).

Let us now turn to the case (A.39), which corresponds to general t2 > 0. We again start by analyzing
the situation without the extra arms caused by the indicators 1., ,,)er,,y and Lz, n.,)eR,,,}- Thereis
complete symmetry between t; and t3 so we shall only consider ¢ < t3. The sums over ¢1,ts can be broken
up into regions E® = {f:t; +ty <2M 3}, F® = {t 1ty +t3 <2M/3} and G® = {{:ty >t vtz =t3}. Note
that these regions have considerable overlap, so we get an upper bound when we add up the contributions
from sums over t1,ty in these regions. With t3 = M —t; — t5, the contribution to (A.39) from £ € E® is
bounded by

M-1M-1-t1
> >0 Lgemyzysup Y. hy (un)he (ug —u1)p®? (ug - (0+wr))
t1=1 to=1

W1 uy,ug

x sup Y hyy (v = (u+u"))p"? (vg +wa —u)

u,u w2 vy
M 1t c o
B B
< 1
tlz::1 t§1 {tazM/3} (t1 +to + 1)(d 4)/2 (ts + 1)(d 4)/2
Cps M-1M-1-t; O (CB)2

< < . A.62
QIDEIE & & rtae DO < (1) 62

The same bound can be obtained for ¢ € F'® by symmetry and translation invariance (indeed, we can
translate by —v; and the condition ¢; < t3 has not been used yet). For t € G® we do use the condition

56



t3 > t1 to get a bound of
CB CB Cﬂ Cﬂ
< _—
t2§4/3t1§<t3 (t1 +tg +1)(@D/2 (t5+ 1) (D2 7 (M +1)(d-4)/2 tngh;g (t5 +1)(d-9)/2
C/B Cﬁ < (05)2
(M+ 1)(d-9)/2 v (s + 1) 02 = (M + 1)@/

(A.63)

We note that the case G is not needed in our induction (in N) argument carried out in Section A.2.3
below for N > 2 and extra arms. This will simplify that argument a bit.

Now consider adding an extra arm to (A.39) due to the indicator 14, »,)er,,}- If the arm is added
at s, ¢ £ ={0,t1,t; +to, M} we can perform exactly the same decompositions as above, then sum over
sx to obtain the bound (A.45). Consider now the contribution from s, € E. Again by symmetry we may
assume t3 > t; throughout. If s, = 0, the contribution is at most (we suppress the restrictions t; > 1 and
t3 > tl)

>, >osup o hy(w)hy (wl—thm w (@4 = Q) hey (uz = u1) p"? (¢ - uz)

ti+to<M n'<ny W1 wugug,C

x sup Y hyy (v1 = u2)p™? (vy +we — uy)

w2 vy

< SN Csty a0’ +1) DR (g 1)@, (A.64)

t1+to<M n'<ny

If s, =11 + to a similar argument gives the same bound. If s, =t; we get at most

2. Y. sup Y ey (u1)he, (ug = ur)p®® (ug —wr)

t1+to<M n'<n.—t1 W1 uy,ug
xsup Y. hpr (¢ =g ) ey (v1 —ug) p"? (01 +w2—<)(zhm ity (T = C))
w2 (o
< SN Op(n w3+ 1) D21y g+ 1) D2, (A.65)

t1+to<M n'<n,

If s, = M a similar argument gives the same bound. So the total contribution we need to bound is
(consider the cases ¢ +ta > M /2 and t3 > M /2 separately)

Cﬁ[ > S+t + 1) I 1ty 4 1)TED2 o (1) ED (4 vty 0 4 1)‘(d‘4)/2]

t1+to<M:t3>t) n'<n.

< Cﬂ[(M"‘ 1)—(d—4)/2 Z Z (n/+t3+ 1)—(d—6)/2+ Z (n’-i—M-l— 1)—(d—4)/2 Z (ty + 1o + 1)—(d—4)/2

t3<M n'<n n/<ny t1+to<M
+(M+1)" 2SS (g0 + 1)V S (e M 1) DR (154 1)’(”!’6)/2]
t1+to<M n'<n. n/<ny ts<M
< Cg[(M + 1) DR L S (M 4+ 1)_(‘1_4)/2]7
n'<ny

again leading to the bound in (A.61). This proves (7.52) in Proposition 7.3 for laces on an interval in the
case where N = 2. As we have discussed at the end of Section A.2.1, adding a second extra arm can be
handled relatively easily, and gives (7.53) for laces on an interval in the case where N = 2.

A.2.3 Laces on an interval with more than two edges

Let

2N-1
7—[5\]/\[]) = {Ee ZEN_l: Z; ti=M, toj 2 0,252]',1 > 0} . (A.66)
1=
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Then [34, Lemma 5.7] shows that

EWEE)\Z)J\/[,O) (ﬁ) < 2 Z MtEN)(O7O7U1>O)a (A67)

vi fe’Hgdfv)
where ME(N)(a, b,x,y) is defined recursively as follows. Firstly,
Mi(,l)(a, b,z,y) = h(x - a)p(*Q)((x +y)-(a+ b)), (A.68)
and

hi(z+y—a)hy,(z— (2 +9))p"?((a+b)-z), t2#0,
by (2= @)p((w+ ) = 2)p D (@ +b) - (+1)), t2 =0,

Here we have corrected a misprint in the corresponding (5.6) and (5.7) in [34]. Then, for N > 1, define
Mth)(a, b,z,y) =Y Ay, (a,b,u,v) M (u,v,2,9). (A.70)

(t3,.stan-1)

Atl,tz (a’b7l'7y) = { (A69)

u,v

It is shown in [34, Lemma 5.6] that also

Mtfzv)(a, b,x,y) = ZM((ZZ,_}_),QN_;;)(“’b’uvv)AtzN—lvtzN—z (z,y,u,v) (A.71)
u,v

This enables a proof in [34, Section 5.1, Case 1] by induction on N that

N
(N) (CB)
> sup ). M;"(a,b,z,y) < —(M 1)@ (A.72)

i’eHg\fl\f) a7b»y x

We now explain how to carry out the induction. We start by initializing the induction hypothesis. We
have seen that this is true for N = 1, by Lemma A.1 and for N = 2 by decomposing the diagrams and
using Lemma A.1. The induction argument involves dividing )’ up into cases E™) = {: ¢; +t, < M/2}
and F™) = {t: ton_9 +tan_1 < M/2}, which contain all possible £ when N > 3. In the former case, we
decompose the diagram by breaking off the first piece, and using the fact that the remainder has backbone
length at least M /2, to obtain bounds

(C/J’)Nil Cg C,B
((M/2) +1)(d-D/2 [tzl: t; (tr+ 1z + 1) @D " ; (t + 1)(d—6)/2]
(Cp)N

and the second case gives the same bound by a symmetric argument. This advances the induction
hypothesis, and thus completes the proof of (A.72).

When we add an extra arm we again make the same decompositions. Either the extra arm is on the
piece that is broken off, or on the remainder of the diagram. We first describe how the induction works
when the added arm is not at the endpoint of any edge in the lace.

For t1 >2 and 1 < s’ <t; — 1, define

]\4;11);(617 b,x,y) = hg * hy,_g(x - a)p(*Q)((x +y)—(a+ b)), (A.74)
and
At17t2;175'(a7b7x¢y) (A75)

_ {hsf * hyy-g (+y —a)hy,(z - (2 +9))p?((a+b) —z), t22#0,
ho * hy—o (= a)p((z +y) —2)p"?((a+b) - (z +y)), t2=0.
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Similarly if £ > 2, for 1 < s’ <ty — 1 define

Ay 2,5 (a,b,2,y) (A.76)
= hy (T +y—a)hy * hiy_g(z = (2 +9))p"?((a+b) —z), t2%0.

Note that A.; (resp. A.p) corresponds to adding a vertex on an odd (respectively, even) piece of the
backbone. Now define for N > 1 and £=1,2,

Mtf;];],);e(a, b,x,y) =Y. Apy 10,5 (a,b,u, U)M((:; 1),t2N 1)(u, v, T,Y), (A.77)
u,v

and for N >1 and 1< j < N define M{(_Z,);Qj “' and Mi(,_];’,)f‘)j 2 recursively by

Mt%]‘;r/)ﬁjil(aa ba Z, y) = Z At17t2(a’7 ba u, U)M((é\; I)tQQJNgl) .5’ (U, v, T, y) (A78)
u,v

Még,)ﬂj(a, b,x,y) =) Ay 1, (a, b,u,v)M((t]Z 1)32”N21) (v, 2,y). (A.79)
u,v

Here the extra superscript indicates where on the backbone an extra vertex is added. Modifying the
derivation of (A.67), one can readily show that

2N-1t,-1
(N),int ﬁ (N) Vi
> T oaroym, TE)l <20 20 >0 30 My, 77(0,0,01,0), (A.80)
U,z VL fegy(V) €=1 s'=1
(N),int - . . . (N) . )
where T (0. 0)ime (U;x,) is the contribution to T (0.M.0)ime (0; ) from the extra arm being attached at a

point which is not the endpoint of any edge in the lace. We prove by induction that

2N-1t,-1 NM(C )N
(N)I B
Yosup)y > Y M (a,b,x,y)é—(M+1)(d_4)/2,

teH(wa,y z (=1 s'=1

or equivalently, absorbing the factor N into the (C,g)N ,

—-1tp-1 (N) [ b (CB)N A
E E E E M ————-. .81
teH(N) 211175 z (=1 s'=1 a ! y) (M 1)(d D2 ( )

To verify (A.81), first prove the result for N = 1,2, and for N > 2 note that the left hand side is bounded
by

te—1

> supzz > M(N)e(a b, z,y) (A.82)

feB(N) aby =1 x s'=1
2N-1  to-1

+ Y sup » Y > M(N)Z(a b,z,y) (A.83)

feE(N) aby ¢=3 =z s'=1
2N-1 ty—1

+ Y sup », > Z M(N”(a b, z,y) (A.84)

FeF(N) @by ¢=2N-2 z s'=1
2N-3  t,-1

+ Y sup », Y. > M(N)e(a b,z,y). (A.85)

feF(N) aby (=1 =z s'=1
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To bound the term (A.82), use (A.77) and proceed as in the no arm case, applying our bounds on A and
the (already proved) bound on the ordinary M~ This bounds (A.82) by

2 C C
[Z;tl,t;g:M/Q 1s;<te (t1+1t2 +i)(d_4)/2 ’ tlgzj\:J/Q 321 (s +t1 +51)(d_6)/2]
(Cg) NV
" (M72) + DEDP
ME@)Y (@)Y

T ((M)2) + D)@D2 7 (M +1)(d-6)/2

as required. For the term (A.83), for £+ 1,2 we use

ME(.];]/);Z((Z: b,x,y) = Z Ayt (a,b,u, U)A]M(Ahl)%2 A(u,v,,y).

(t3,..staN-1);8
u,v

Proceeding as in the no-arms case, but now applying the current induction hypothesis we obtain a bound
n (A.83) of

Sy Cp M(Cg)™D L MGy
t a2 1<et, (B + 2 + 1) ED/2 ((M[2) + 1)(=D/2 = (M [2) + 1) =D/

as required. By symmetry the same bounds apply to (A.84) and (A.85). Having completed the inductive
proof of (A.81), we may use (A.80) and conclude that

Z| (N),int g )‘ (Cﬂ)N
(OMO)n* * _(M+1)(d 6)/2°

’UCE*

(A.86)

A modification of the above inductive proof can be used to establish, for example, the same bounds with
k extra factors of M if we add k vertices on the backbone. It can also be used to show that if we replace
any p in the diagram by p’ we don’t change the bounds. It can also be used to show that if any p(z) is
replaced with Y,,/c,,, hn/(2) we get a modification to the bound on the whole diagram that is the same as
the modification when N = 1.

Let 7'(';\27) *(4; 2, ) denote the contribution to 7rM (0; ) from adding the extra arm at an endpoint

of some edge of a lace. We proceed less formally now with the inductive argument and focus on the
multiplicative factors that must be pulled out in the induction. In place of the upper bound in (A.81)
our induction hypothesis now has an upper bound of the form:

(Cp)N (Cp)N

n?.
n;* (M +n' +1)(d-4)/2 * (M +1)(d- n2" (A.87)

As before, when we add an extra arm either it is on the piece that is broken off, or on the remainder of
the diagram. Without loss of generality, we may consider only £ € B,

Consider first ta > 0. The contribution when the extra arm is added at s, =0 or s. =t; (i.e., is on the
piece broken off) may be found using the reasoning in (A.64) and (A.65) and the upper bound without
arms in (A.72). This leads to a bound of

(Ca)™ C,B (C,B) "
< A.

The remaining contribution in this case is from the extra arm being on some piece of the remaining
diagram. There are N — 1 such pieces where the extra arm can be added, leading to a factor of N which
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can be absorbed into the exponentially small factor (C’ﬁ)N . Therefore, using the induction hypothesis
(A.87), and (A.72) with M =t; + t3, we may bound this contribution by

Z (Cg)N_l . (CB)N 1 o Cﬁ
n<n. (M+n’+ 1)(d_4)/2 (M+ 1)(d 4)/2 T i, (tl i+ 1)(d /2’

which, in turn, is bounded by (A.87).

Consider now the case to = 0 where the arm is added at s, =0 or t;. We consider only the latter case
here, as the former is relatively straightforward. In this case, as in Figure 7 we get 3 terms incorporating
different local topologies of the connections in R, to =, and other vertices (as in (A.50)-(A.55)). This
gives bounds

> 2 Cs (Cp)N
i (B + "+ 1)(d=6)/2 (M + 1)(d-4)/2
N-1 N-1
Ly % |y (Cp) . (Cy) .
T (t + 1)(dO)2 | = (M +n” +1)@dD/2 7 (M +1)(d- 0"

Cp (Ca)N!
PPy (t1 +n/ +1)(@d=6)/2 (M +1)(d-4)/2

n'<n. t1
(C)Y (Cp)Y

P
S(M +1)(d-4)/2 it ) (M +n+1)(d=9/2

n/lSn

(A.89)

i.e., we again recover the bound (A.87). As for the case t3 > 0, if the arm is added at some other endpoint
of a lace edge, then we use the induction hypothesis to get a bound of

5 (Cp)™ ! )R 5 Cs
o (M +m/+1)d=9/2 (M +1)(d=0/277 | = (¢ + 1)(d-6)/2"

n'<n

This shows that

N N
(N),end _.. (Cﬁ) (Cﬁ)
PRI CEDIEPY (M+n'+ )@D2 " (0 + 1)@D/2

D, T n/<ny

nk. (A.90)

A.2.4 Summary of the bounds for laces on an interval

Let us summarize what we have shown so far in this section:
We restricted our attention to S = [4, [0, M]], which corresponds to laces on an interval. We have

recalled that, by using Lemma A.1 and decomposing the diagrams, the terms ¥ ; |7TEg)M 0) (9)] are bounded

by (C5)N (M +1)"(@H/2_ We have then proved using the same lemma and decomposition that when we
add an extra arm, the bound becomes
D T oh 0yen, (B52)| < (C) Y (M +1)” @DRIM+nl]+ Y (Cp)N (M +n" +1) D20 (A91)
V,Tx% n/<ns
The same bound holds with M = M; + M; when S = [4,[0, M;]]u[j, [0, M;]], since these all correspond to
laces on an interval. Thus we have verified (7.52) of Proposition 7.3 when some M; = 0. As we discussed
at the end of Section A.2.1, adding a second extra arm can be handled relatively easily, and gives (7.53)
for laces on an interval.
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3-edges-meeting_laceFfeps-converted-tw,. pdf

Figure 9: A lace with 3 edges meeting at a common point and 1 of the 3 diagrams arising from that lace.

A.3 Laces on S?\Z where all M, >0

In [34, Section 6], Proposition 7.1 is proved by establishing

2ol (@) < (Cp) ™ B(M), (A.92)
—
where B(M) is defined in (7.43) and 7™ is the contribution to 7 from laces containing exactly N edges.

There are many different diagrams that arise, depending on the various types of laces. The laces are
first characterised as acyclic or cyclic (see the definition in the proof of Proposition 7.1), and the former
case is further characterised by the number of edges in the lace that cover the branch point. In each case
the bound is achieved by decomposing the resulting diagrams into components for which (A.72) applies
directly (i.e. the components are some of the diagrams that arise in the case of the lace expansion on
an interval), or small perturbations of such components that can be bounded by induction on N; (which
roughly speaking is the number of edges with endpoints on branch 7). We will first illustrate the general
approach and some of the additional difficulties via one particular example of an acyclic lace with two
edges covering the branch point. We will complete the proof by describing the basic diagrammatic bounds
in general and the modifications to those bounds when we add an extra arm.

Consider the set of acyclic laces on 82 with two edges covering the branchpoint, and a single additional
edge on branch 1, such that all 3 edges have a common endvertex on branch 1. Note that this situation
(3 lace edges meeting at a common vertex) did not arise when we considered laces on an interval. Letting
s denote the location along branch 1 (see e.g. Figure 9) where these edges meet we can bound the
contribution to ¥ |7r§\f/’[)(ﬂ)| from such laces by

ZZ Z hMO(UO)hMQ(UQ) Z hs(v)hMl—s(ul_'U)P(Zl—’l))p(ZQ—Zl)X

i 0<5<M,
[P(*Q) (w1 = 21)p"? (up — 22)p"** (ug — 22) (A.93)
+ P (w1 = 22)p? (g — 22) p"? (uz — 21) (4.94)
+pU P (ur = 22)pt? (g — 21) p (uz ~ 22)]7 (A.95)

where the three terms (A.93)-(A.95) arise from the three possible topologies of a tree connecting from v
to trees from each u;. Figure 9 corresponds to the contribution from (A.94).

These diagrams are decomposed depending on the relative sizes of My and Ms. Suppose without loss
of generality that My > My. Then in each case above we rearrange the terms and take the sum over ug
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inside all other sums and use Lemma A.1 in the form

C
(*2) _ 6
to get a bound of Cjg( My + My + 1)™@D/2 multiplied by
> 20 2 hg(uo) Y0 hs(v)hag—s(u1 —v)p(z1 = v)p(z2 = 21)%
up,uU1 UV 21,22 0<s<M;
(2 (1 = 20)p (g - 22) (A.97)
+pU? (ug = 22)p" (ug — 22) (A.98)
+pU? (ug = 22)p" (ug - zl)] (A.99)

Comparing this with the diagram arising from a lace on an interval containing two edges that share a
common endvertex we see that the above diagrams are all the same as that on an interval except that
some p has been replaced with p*?. Similarly to the discussion below (A.86) we can prove by induction
(first proving the N = 1, N = 2 cases that diagrams arising from laces (with N edges) on an interval
of length M (= My + M in this case), and with a single p term replaced with p©**  are bounded by
Cév (M +1)~(4=6)/2_ 1t follows that the contribution to ¥, |7r§§[)(ﬂ)| by acyclic laces of this kind is at most

CE(M0+M1 +1)7 (@02 Ao+ My +1) (42 Tt is easy to see that if we have a lace with the same structure
of edges covering the branch point, but with extra edges not covering the branchpoint, we can decompose
in the same way. Under this decomposition we first extract the part of the diagram involving Ms and
ug, which corresponds to a diagram for laces on an interval of length M, which we have already shown
to be bounded by (Cj)N2 (M +1)~4D12 < (C)N2(My + My + 1)"(@D/2 (here we are still assuming that
My > My, and Cjp is changing from place to place), where Na -1 is the number of edges contained strictly
on this branch. As above, the remainder of the diagram corresponds to those of laces on an interval of
length My + My, with some p replaced with p?, so is bounded by C’évaz (Mo + 1)‘(d_6)/2. This achieves
the desired bounds with no arms added, for laces with this kind of arrangement of edges covering the
branchpoint.

Still considering the same kinds of laces, when we add an extra arm to some (z,,n. ), it is either added
at some backbone vertex that is not the endpoint of any edge of the lace or it is added at an endvertex
of some lace edge. In each case, after using ., he(z+ —() < K we perform the same decomposition, with
the same kinds of caveats as for laces on an interval. When the arm is added at a vertex that is not the
endpoint of a lace edge, it is either added on the Ms branch or the My, My branches. In the former case,
we can use our result for laces on an interval with an extra arm added, and the above bound for diagrams
with a p replaced with p*? to obtain bounds My (Cjg)™2 (Ma+1)"=H/2 < My (Cg)N2 (M + My +1)~(-9/2
and (Cg)V N2 (Mo + My + 1)(4=6)/2 a5 required. When the arm is added on the My, M; branches (not at
the endpoint of some lace edge), we first prove by induction that diagrams for N-edge laces on an interval
of length M (= Mg+ M in this case) with some p replaced with p©** and an extra vertex on the backbone
are bounded by M(Cﬁ)N(M+ 1)_(‘1_6)/2 and apply this to the interval of length My+ M7 with N — N5 edges
on it to get bounds (Mg + My)(Cg)N N2 (Mo + My +1)7(4=9/2 and (as above) CéVQ(MQ + My + 1) (/2

Suppose instead that the extra arm to some (z.,n.) is added at the endvertex of some lace edge,
after using Y, he(2+ — () < K the effect of this is to replace at most two p terms in the diagram with p’,
and at least one p term in the diagram with Y/, hn * p. See for example Figure 10. If the added arm
is on branch 2, then we can use the previous section, where we bounded diagrams for laces on an interval
with an extra arm added (at an endvertex of a lace edge) to get a bound (Cg)™2[nh (M +1)~(/2 4
Soren, (Ma + 1" + 1)) < (Co)Ne [0 (Mo + My + 1)" D2 450 (M + My +n/ + 1)~ @D/2] from
branch 2 and as usual (Cg)N~N2(My + My + 1)~(@6)/2 for the remainder of the diagram. If the added
arm is on one of the endpoints of a lace edge on branch 0 or 1, then we prove by induction that diagrams
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N n

Figure 10: Some adjusted diagrams from adding an arm at the coincidence point of three endpoints of
edges, for the diagram in Figure 9.

arising from laces with N edges on an interval of length M with some p replaced with p©*? followed by at
most two p terms with p’ terms and at least one p term in the diagram with Y,,..,,, hys * p, are bounded
by (Co)N[nh(M +1)"@02 15 (M +n'+1)"(@6/2] Then we perform the same decomposition, and
apply the induction result above with N — Ny edges on an interval of length My+ M; and (getting a bound
on the removed branch 2 of (Cg)N2(My + My +1)~(4"9/2 a5 usual) to obtain the bound

(Ca)N (My + My + 1) D[0P (Mo + My + 1) "2 4 S (Mo + My + 0/ +1)" @92 (A.100)

n/<ny

This verifies the bound (7.52) in Proposition 7.3, for acyclic laces with 2 edges covering the branchpoint
that each meet another edge (on branch 1) at a common vertex.

A.3.1 The general case with no added arms

In the above, the diagrams with no arms added were bounded above by (Cj)™ (Mo + My +1)~(4=6)/2 (M +
M2+1)_(d_6)/ 2 and the diagrams with an extra arm added satisfied modified bounds that we are now quite
familiar with: multiplying by Z?:O M;; or multiplying by a factor n%; or replacing (Mg + My + 1)*(‘1*6)/2 or
(Mo + My +1)~0/2 with 3, (Mo+My+n/+1)" @02 or 3 (Mo + My +n/+1)7(4=/2 respectively.
We turn now to the general setting of minimal laces on a star shape of degree 3, for which the basic
diagrams (with no arms added) are bounded in [34, Section 6]. In [34, Section 6], each diagram is
decomposed according to the relative lengths of pieces of the diagram (in particular the M; and the
temporal lengths from the branch point to the first endpoint of some lace edge on each branch). Ignoring
the factors (Cg)N , their bounds take one of the forms described below, where [M ] = M +1 for any M € N,
M, M', M'" are the values of M;, M = M v M'vM" ~ M+ M +M", and b; = (d—i)/2. In addition, s and
s’ etc. represent lengths of certain subintervals of branches (typically from the branch point to the first
endpoint of some lace edge on a branch) of length M or M’ respectively.
For laces with 2 edges covering the branchpoint (see [34, (6.1)-(6.5)]), the bounds take the form

3 Lo ML (- )] (A101)
[M/+MII]—b4 [M+M”]_b67 (A.102)
(M + M3 (M4 M (A.103)

s<M

For acyclic laces with 3 edges covering the branch point (see [34, (6.6)-(6.9)]), the bounds take the

64



form

[M]7" 3 [M + M, (A.104)

)" 5 5 [ 3 [s+ MYTH M + (M - )]
s'<SM’ s"<M'" " s<M

+ [M/+M//]—b4[M+MH:|—b6 + [M’+M":|_b4 E [M.,.M”]_b‘l]’ (A.105)
s<M
(1™ 58 e MM o+ M 5=, (8106
T e
and
[M]_IM [M+ Ml]—bg (A107)
(7M™ 50 5 (M s, (A.108)
Ss'<M' s"<M"
()] 5 3 (M7 4 s M - ] (A-100)
s'<M’ ssM
[M]—bQ M+ M//]—bg Z Z (M - 8]—54’ (A.110)
s:M—-s>M"[3 s'<M’
O™ 5 S M-S (A.111)
s:M—-s<M"[3 s'<M’
and
(ML) 3 [M =] o[ M + 5], (A.112)
s<M
[M+Ml:|fb4 [M’]*b6 [M//]*bfs‘ (A.113)

The last term here arises from the second bound in [34, (6.9)], and is a bound on the 5th and 6th diagrams
of [34, Figure 24]. Although the bound presented here is not exactly as it appears in [34, (6.9)], note that
it can be obtained from the fact that in the 5th diagram the branches 1 and 3 are topologically equivalent,
while in the 6th diagram 2 and 3 are equivalent. So in each case we choose the decomposition presented
in [34], depending on which of two equivalent M’s is larger.

No new bounds (i.e., none in addition to the above bounds) arise for cyclic laces.

A.3.2 The general case with an extra arm

When an extra arm is added to the diagram, it can be attached at a location that is the endpoint of 0,1,2,
or 3 edges of the lace. For a fixed lace, let E; denote the vertices in Si) that are the endpoints of j edges
of the lace, 7 =0,1,2,3. Although the case of 3 endpoints of lace edges coinciding (see e.g. Figure 9) did
not arise in the case of laces on an interval, a particular case has already been treated in this Section.

Regardless of where the extra arm is located, perform the same decompositions of diagrams as in [34]
that gave rise to the bounds of the previous section. Ignoring factors of NV which can be absorbed by the
exponentially small (CB)N when we sum over N, what is the effect on the bounds when we add the extra
arm at s.?7 Depending on s, we have the following contributions. (In what follows, e is always bounded
above by Z?:o M;.)

e The contribution from s, € Ej is to multiply the bound by Z?:o M;.

e The contribution from s, € Ej is to replace some [¢]™% (with i € {2,4,6,8}) with ¥, [¢ +n']™%.
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e The contribution from s, € Fs may involve some p being replaced by p’ (which does not affect the
bounds), while some [¢]™% (with i € {2,4,6,8}) is replaced with ¥, [¢ +7n']™% (to be consistent
with our diagrams for laces on an interval the summation variable could be n’ instead of n’).

e The contribution from s, € E3 may involve one or two p being replaced by p’ (which does not affect
the bounds), while some [o]7% (with i € {4,6}) is replaced with ¥, [¢+7n']™% (to be consistent
with our diagrams for laces on an interval the summation variable could be n” or n'” instead of n’).

In the no arms case we then had to transform these bounds into the form of B(M), so what remains
is to consider the effect of these modifications (i.e. of a single replacement of some term [o]™% with
ien, [0 +1]7%, and t is n’, n" or n) upon the aforementioned transformation into the form of B(M). If
1 < 6 then we can simply use the bound

S [e+t] " <[o] P < ioMj[.]-bi (A.114)
i

t<ny

thus the resulting quantity is bounded by Z?’:o M; multiplied by the original bound with no extra arms
attached. One can then just use the original transformation, but now including the extra factor Z?:o M;.

It therefore remains to consider the case where ¢ = 8. There are two situations, corresponding to
(A.106) and (A.109) respectively, i.e.

M1 5 3 [s+ M M —s'+ M —s—s"+t]", and (A.115)
s'<M’ s s 1<
s+s''<M
B Y S (M 45 Y (M o'+ M se 1] (A116)
s'<M’ s<M t<ns

Here, (A.116) is smaller than (A.115), so we need only bound the former. First perform the sum over ¢
to get a bound of

AP [M) Y Y [s+ MM Y Y (] (A.117)
s'<M! s s s'<M' s"<M
s+s"'<M
<nP[M] ™[ M"]7% <n? B(M). (A.118)

This establishes the claim (7.52). As we discussed at the end of Section A.2.1, adding a second extra arm
can be handled relatively easily, and gives (7.53). [
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