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UNIVERSALITY FOR FIRST PASSAGE PERCOLATION
ON SPARSE RANDOM GRAPHS

SHANKAR BHAMIDI', REMCO VAN DER HOFSTAD?, AND GERARD HOOGHIEMSTRA?

ABSTRACT. We consider first passage percolation on the configuration model with n vertices,
and general independent and identically distributed edge weights assumed to have a density.
Assuming that the degree distribution satisfies a uniform X?2log X-condition, we analyze the
asymptotic distribution for the minimal weight path between a pair of typical vertices, as well
the number of edges on this path namely the hopcount.

The hopcount satisfies a central limit theorem (CLT). Furthermore, writing L,, for the weight
of this optimal path, then we shown that L, — (logn)/an converges to a limiting random variable,
for some sequence «,,. This sequence o, and the norming constants for the CLT are expressible
in terms of the parameters of an associated continuous-time branching process that describes the
growth of neighborhoods around a uniformly chosen vertex in the random graph. The limit of
L, — (logn)/a, equals the sum of the logarithm of the product of two independent martingale
limits, and a Gumbel random variable. Till date, for sparse random graph models, such results
have been shown only for the special case where the edge weights have an exponential distribution,
wherein the Markov property of this distribution plays a crucial role in the technical analysis of
the problem.

The proofs in the paper rely on a refined coupling between shortest path trees and continuous-
time branching processes, and on a Poisson point process limit for the potential closing edges of
shortest-weight paths between the source and destination.

1. INTRODUCTION AND RESULTS

1.1. Motivation. First passage percolation (FPP) is an important topic in modern probability
theory, motivated by questions in a number of fields including disordered systems in statistical
physics, where it arises as a building block in the analysis of complicated interacting particle
systems such as the contact process, branching random walk and various epidemic models.

Let us start by describing the basic model. Let G be a connected graph on n vertices. Assign
independent and identically distributed (i.i.d.) random edge weights or lengths to the edges of
the graph. These random edge weights generate geodesics on the graph. Think of the graph as a
disordered random system carrying flow between pairs of vertices in the graph via shortest paths
between them. Choose two vertices in the graph uniformly at random amongst the n vertices.
We will call these two vertices “typical” vertices. Two functionals of interest are the minimal
weight L,, of a path between the two vertices and the number of edges H,, on the minimal path,
often referred to as the hopcount. We assume that the common distribution of the edge weights
is continuous, so that the optimal paths are a.s. unique and one can talk about objects such as
the number of edges in the optimal path.

This model has been studied intensively, largely in the context of the integer lattice [~N, N]¢
(see e.g. [19,22,29,38]). For the power of this model to analyze more complicated interacting
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particle systems, see [32] and [16] and the references therein. In the modern context, FPP
problems take on an added significance. Many real-world networks (such as the Internet at the
router level or various road and rail networks) are entrusted with carrying flow between various
parts of the network. These networks have both a graph theoretic structure as well as weights
on edges, representing for example congestion. In the applied setting, understanding properties
of both the hopcount and the minimal weight are crucial, since whilst routing is done via least
weight paths, the actual time delay experienced by users scales like the hopcount (the number of
“hops” a message has to perform in getting from the source to the destination). Simulation-based
studies (see e.g. [13]) suggest that random edge weights have a marked effect on the geometry
of the network. This has been rigorously established in various works [3,8-10], in the specific
situation of exponential edge weights.

In this paper, we study the behavior of the hopcount and minimal weight in the setting of
random graphs with finite variance degrees and general continuous edge weights. Since in many
applications, the distribution of edge weights is unknown, the assumption of general weights is
highly relevant. From a mathematical point of view, working with general instead of exponential
edge weights implies that our exploration process is non-Markovian. This is the first paper that
studies first passage percolation on random graph models in this general setting. In a forthcoming
paper [7] we will show that, due to the flexible choice of degree distribution, our results carry
over to various other random graph models, including rank-1 inhomogeneous random graphs as
introduced in [12].

Organization of this section. We start by introducing the configuration model in Section 1.2,
where we also state our main result, Theorem 1.2. In Section 1.3, we discuss a continuous-time
branching process approximation, which is necessary to identify the limiting variables in Theorem
1.2; this identification is done in Theorem 1.3. In Section 1.4, we study some examples that allow
us to relate our results to existing results in the literature. We close with Section 1.5 where we
present a discussion of our results and pose some open problems.

Throughout this paper, we make use of the following standard notation. We let == denote
1

L . d e
convergence almost surely, — denote convergence in mean, —> denote convergence in distri-
bution, and — convergence in probability. For a sequence of random variables (Xp,)n,>1, we
write X,, = Op(b,) when | X, |/b, is a tight sequence of random variables, and X,, = 0p(b,) when
| X | /by — 0, as n — co. We write D ~ F to denote that the random variable D has distribu-
tion function F'. For non-negative functions n +— f(n), n — g(n), we write f(n) = O(g(n)) when
f(n)/g(n) is uniformly bounded, and f(n) = o(g(n)) when lim,_,~ f(n)/g(n) = 0. Furthermore,
we write f(n) = O(g(n)) if f(n) = O(g(n)) and g(n) = O(f(n)). Finally, we say that a sequence
of events (&,)n>1 occurs with high probability (whp) when P(&,) — 1.

1.2. Configuration model and main result. The configuration model (CM) is a random
graph with vertex set [n] := {1,2,...,n} and with prescribed degrees. Let d = (di,da,...,d,)
be a given degree sequence, i.e., a sequence of n positive integers with total degree

b=y di, (1.1)

1€[n]

assumed to be even. The CM on n vertices with degree sequence d is constructed as follows:
start with n vertices and d; half-edges adjacent to vertex ¢ € [n]. Randomly choose pairs of
half-edges and match the chosen pairs together to form edges. Although self-loops may occur,
these become rare as n — oo (see e.g. [11,25]). We denote the resulting graph on [n] by CM,,(d),
with corresponding edge set &,.

Regularity of vertex degrees. Let us now describe our regularity assumptions on the degree
sequence d as n — oco. We denote the degree of a uniformly chosen vertex V' in [n] by D,, = dy.
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The random variable D,, has distribution function F;, given by

1
Fu(z) =~ > Ldy<a)s (1.2)

S
where 14 denotes the indicator of the event A. We write log(z)+ = log(z) for z > 1 and
log(z)+ = 0 for x < 1. Then our regularity condition is as follows:
Condition 1.1 (Regularity conditions for vertex degrees).

(a) Weak convergence of vertex degree.
There exists a cumulative distribution function F of a discrete random variable D, taking
values in N such that

nh—>Holo F,(z) = F(z), (1.3)

for any continuity point x of F; i.e., D, 4 D.
(b) Convergence of second moment.
1
. 27 qs 2 2
nlgroloE[Dn] = nlgroloﬁ E dj = E[D7], (1.4)

JEM]

where Dy, and D have distribution functions F,, and I, respectively, and we assume that

v =E[D(D —1)]/E[D] > 1. (1.5)

(c) Uniform X?2log X-condition. For every K,, — oo,
lim E[D2log (Do/K,),] = lim S dlog (d;/K,), =0 1.6
lim E[D} log (Dy/ n)+]—ngngonz[:]j0g(]/ n)y =0. (1.6)

j€n

By Condition 1.1(c), the random degree D,, satisfies a uniform X? log X-condition. The degree
of a vertex incident to a half-edge that is chosen uniformly at random from all half-edges has the
same distribution as the random variable D} given by

F:{(.CE) :E[DHH{DHSI}]/E[DnL r € R, (17)

which is the size-biased version of D,,. The latter random variable satisfies a uniform X log X-
condition if and only if D,, satisfies a uniform X?log X-condition. As explained in more detail in
Section 1.3 below, Dy is closely related to a branching-process approzimation of neighborhoods
of a uniform vertex, and Condition 1.1(c) implies that this branching process satisfies a uniform
X log X condition. By uniform integrability, Condition 1.1(c) follows from the assumption that
lim,, o0 E[D2 log (Dn)+] = E[D?log (D)+].

Note that that Conditions 1.1(a) and (c) imply that E[D!] — E[D?], i = 1,2. When the degrees
are random themselves, then the distribution function F,, as well as the left-hand side of (1.4) and
(1.6), are random and we assume that the convergence in (1.3), (1.4) and (1.6) to the respective
(deterministic) right-hand sides holds in probability. Thus, in this case, we require that, with
En[Di] = 1% i€ln] d; (which is now a random variable) and for every € > 0 and i € {1, 2},

lim P(|F,(2) — F(x)] 2¢) =0, Vz€R,  lim P(|E,[D;] — E[D']| > ¢) = 0. (1.8)

A similar condition replaces (1.6).

Condition (1.5) is equivalent to the existence of a giant component in CM,,(d), see e.g. [27,34,
35]. Let F be a distribution function of a random variable D, satisfying (1.5) and E[D?log (D). ] <
00. We give two canonical examples in which Condition 1.1 holds. The first is when there are
precisely ny, = [nF' (k)] — [nF(k —1)] vertices having degree k > 1. The second is when (d;);en]
is an i.i.d. sequence of random variables with distribution function F' (in the case that Zie[n] d;
is odd, we increase d,, by 1, this does not affect the results).
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Edge weights and shortest paths. Once the graph has been constructed, we attach an edge
weight & to every edge e, where (& )ece, are i.i.d. continuous random variables with density
fe:[0,00) — [0,00) and corresponding distribution function F¢. Pick two vertices U; and Us at
random from [n] and let I';2 denote the set of all paths in CM,,(d) between these two vertices.
For any path m € I'12, the weight of the path is defined as

D & (1.9)

Let
Ly, = min » &, (1.10)
ecT

denote the weight of the optimal (i.e., minimal weight) path between the U; and Uy and let H,
denote the number of edges or the hopcount of this path. If the two vertices are in different
components of the graph, then we let L, H, = co. We are ready to state our main result. Due
to the complexity of the various constants and limiting random variables arising in the theorem,
we defer their complete description to the next section.

Theorem 1.2 (Joint convergence of hopcount and weight). Consider the configuration model
CM,,(d) with degrees d satisfying Condition 1.1, and with i.i.d. edge weights distributed according
to the continuous distribution Fg. Then, there exist constants a7, € (0,00) and cu,, v, with
Qn — a,Yn — 7, such that the hopcount H, and weight L, of the optimal path between two
uniformly chosen vertices, conditioned on being connected, satisfy

(Hn — Ynlogn
vBlogn

as n — 0o, where Z and Q) are independent and Z has a standard normal distribution, while Q)
has a continuous distribution.

1
L, — a—logn) 1 (Z,Q), (1.11)

This is the first time that FPP on sparse random graphs with general edge weights has been
studied; for the particular case where the edge weights have an exponential distribution see e.g. [9].

In Remark 1.4 below, we will state conditions that imply that we can replace «a, and -,
by their limits « and =, respectively. Theorem 1.2 shows a remarkable degree of universality.
For CM,,(d) satisfying Condition 1.1, the hopcount always satisfies a central limit theorem with
mean and variance proportional to logn. Also, the weight of the shortest weight path between two
uniformly chosen vertices always is of order logn, and the fluctuations around logn/«,, converge
in distribution. We will see that even the limit ) has a large degree of universality. For this,
as well as to define the parameters a, ay, 8,7, 7n, we first need to describe a continuous-time
branching process approximation.

1.3. Continuous-time branching processes. In this section, we define the limiting
continuous-time branching process (CTBP) that describes the neighborhood structure of first
passage percolation on CM,,(d). Define the size-biased distribution F'* of the random variable D
with distribution function F' by

F*(z) = E[D1{p<y]/E[D], z€R. (1.12)

When Condition 1.1(a)-(b) holds, the function F* is the weak limit as n — oo of F¥ in (1.7).
Now let (BP*(¢)):>0 denote the following CTBP: (a) At time ¢ = 0, we start with one individual
which we refer to as the original ancestor or the root of the branching process.
(b) Each individual v in the branching process lives for a random amount of time which has
distribution Fg, i.e., the edge weight distribution, and then dies. At the time of death the
individual gives birth to D* — 1 children, where D* ~ F*. Lifetimes and number of offspring
across individuals are independent.

Note that in the above construction, by Condition 1.1(b), if we let X,, = D* —1 be the number
of children of an individual, then the expected number of children satisfies

E[X,| =ED* 1] =v > 1. (1.13)
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Further, by Condition 1.1(c), for D* ~ F™*,
E[D*log (D*)+] < o0. (1.14)

The CTBP defined above is a standard Bellman-Harris process, with lifetime distribution F
and offspring distributed as D* — 1 [4,20,23]. The Malthusian parameter « of the branching
process BP* is the unique solution of the equation

(o) = u/ooo e “dFe(t) = 1. (1.15)

Since v > 1, we obtain that o € (0,00). We also let a;, be the solution to (1.15) with v replaced
by

Vn, = E[Dy (D, — 1)]/E[Dy,). (1.16)
Clearly, o, — a when Condition 1.1 holds, and further |, — a| = O(|v, — v|).

Standard theory (see e.g., [4,20,23]) implies that under our assumptions on the model, namely
(1.13) and (1.14), there exists a random variable W* such that

1
et BP*(1)] “=5 W, (1.17)

Here the limiting random variable WW* satisfies W* > 0 a.s. on the event of non-extinction of the
branching process and is zero otherwise. Thus o measures the true rate of exponential growth of
the branching process.

By (1.15), we can define the cumulative distribution function Fg, often referred to as the
stable-age distribution, as

x
Fe(z) = 1// e YdFe(y). (1.18)
0
Let 7 be the mean and &2 the variance of Fg, ie.,
o0 oo
U= I// xe Y dF¢(x), o2 = V/ (z — D)%e " dFg(x). (1.19)
0 0

Then 7,52 € (0,00), since o > 0. We also define Fn,g to be the distribution function F_’f in
(1.18) with v and « replaced by v, and a,, and we let 7, and &2 be the corresponding mean and
variance.

We need a small variation of the above standard CTBP, where the root of the branching
process dies immediately giving birth to a D number of children where D has distribution F,
the original (i.e., non size-biased) degree distribution as in Condition 1.1(a). The details for
every other individual in this branching process remain unchanged from the original description,
namely each individual survives for a random amount of time with distribution F¢ giving rise to
a D* —1 number of children where D* ~ F*, the size-biased distribution function F™* as in (1.12).
Writing |BP(¢)| for the number of alive individuals at time ¢, it is easy to see here as well that

oot |BP (1) " I (1.20)
Further, conditionally on D = k,
L0 o ),
where D ~ F, and W*® are i.i.d. with the distribution of the limiting random variable in (1.17).
Let W denote a random variable distributed as W conditioned to be positive, i.e., for every x > 0,
POW <z)=PW <z |W>0). (1.21)

To simplify notation in the sequel, we will use (BP(%))¢>0 to denote a CTBP with the root having
offspring either one (as for the standard CTBP), D or D* — 1. It will be clear from the context
which setting we are in.

We are now in a position to identify the limiting random variable @) as well as the parameters

a76777 an77’n:
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Theorem 1.3 (Identification of the limiting variables). The parameters a, oy, 8, Vn,y in Theorem
1.2 satisfy that o is the Malthusian rate of growth defined in (1.15) and «, is the solution to (1.15)
with vy, replacing v, while

1 1 o2
N = B=—. (1.22)
av QpVn o
Further, Q) can be identified as
1
Q== (—logW® —logW® — A+¢), (1.23)
e

where P(A < x) = e~ ® " (so that A is a standard Gumbel random variable), W W are two
independent copies of the variable W in (1.21), also independent from A, and c is the constant

¢ = log(E[D](v — 1)/ (vap)). (1.24)

Remark 1.4 (Asymptotic mean). In (1.11), we can replace oy, and 7y, by their limits o and ~
precisely when v, = v+ o(1/v/logn) and o, = a + o(1/logn). Since |, — a| = O(|v, — v|),
|Un, — | = O(|vy, — v|), these conditions are equivalent to v, = v + o(1/+/logn) and v, =
v+ o(1/logn), respectively.

Theorem 1.3 implies that also the random variable () is remarkably universal, in the sense that
it always involves two independent martingale limit variables corresponding to the branching
processes, and a Gumbel distribution.

Let Ly (i) denote the weight of the ith shortest path, so that L, = L,(1), and let H, (i) denote
its length. Further let H, (i) and L,(i) denote the re-centered and normalized quantities as in
Theorem 1.2. The same proof for the optimal path easily extends to prove asymptotic results for
the joint distribution of the weights and hopcount of these ranked paths. To keep the study to a
manageable length, we shall skip a proof of this easy extension.

Theorem 1.5 (Multiple paths). Under the conditions of Theorem 1.2, for every m > 1,

SN T . d
((Hn(2), Ln(9)))ieim) — ((Zi; Qi) )ieim) (1.25)
as n — oo, where fori € [m|, Z; and Q; are independent and Z; has a standard normal distribu-
tion, while

1
Q; = - (—logW™M —logW® — A; +¢), (1.26)

where (Ai)iglm) are the ordered (minimal) points of an inhomogeneous Poisson point process with
intensity \(t) = el.

1.4. Examples. We treat some examples of edge-weight distributions that have appeared in the
literature and have been treated via distribution-specific techniques.

(i) We start with exponential edge weights [3,8-10]. In this case, it is immediate from (1.15)

and (1.18) that
a=v-—1, v=o=1/v,

hence Theorems 1.2-1.3 show that H,, converges to a normal distribution, with asymptotic
mean and asymptotic variance both equal to ;%5 logn. Furthermore, Theorem 1.2 induces
the convergence of the minimal weight in [9, 10]. Observe that the random variable M,
which appears in [9, (C.19)], is equal to —A. In [10], the special case of the Erdés-Rényi
random graph with exponential edge weights was tackled. There is a small error in the
expression of the limiting random variable in [10, (4.16)].

(ii) By studying weights of the form & = 1+ E./k, where (E,) are i.i.d. exponentials with mean
1, and consecutively sending £ — oo, one would expect to obtain results which are close
to limiting results on the graph distance between a pair of uniformly chosen vertices in [n],
conditioned to be connected. Indeed, the results match up nicely with those in [17] for the
Norros-Reittu model and [21] for the CM. For the sake of brevity we leave the derivation to
the reader.
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(iii) As a third example one can consider the CM with fixed degrees 7, and where each edge is

1.5.

given an edge weight E*, s > 0, where E ~ Exp(1), a variant of the weak disorder models
in statistical physics [13]. One can formally consider the case r = n — 1, although this does
not satisfy the conditions of our theorem. Here the CM with fixed degrees n — 1 resembles
a complete graph on [n] and the results match up nicely with those in [6], namely, a central
limit theorem for H,, with asymptotic mean slogn and asymptotic variance s?logn, while
n®[L, — 3 logn] converges in distribution, where A = I'(1 + 1/s)*. We refer to [6] for the
derivation of these parameters.

Discussion. In this section, we give a brief discussion of our results, possible extensions and

open problems.

(a)

Universality. Our results are universal in the sense that, as Theorems 1.2-1.3 demonstrate,
the CLT for the hopcount depends only on the first two moments of the size-biased offspring
distribution and on the edge-weight distribution, but not on any other property of the network
model. Further, the form of the limit random variable has a universal form in terms of the
martingale limits of branching processes and a Gumbel random variable.

Infinite-variance configuration model. In [9], we have investigated the CM with ex-
ponential edge weights, but with i.i.d. degrees with P(D > z) ~ cz~ ("D and 7 € (2,3),
so that E[D?] = oco. In this case, the result for L,, is markedly different, in the sense that
L,, converges in distribution without re-centering. Further, H,, satisfies a central limit with
asymptotic mean and variance equal to a multiple of logn. It would be of interest to inves-
tigate whether H,, always satisfies a central limit theorem, and, if so, whether the order of
magnitude of its variance is always equal to that of its mean.

The X log X-condition. In Condition 1.1(c), we assume that the degrees satisfy a second
moment condition with an additional logarithmic factor. This is equivalent to the CTBP
satisfying an X log X-condition (uniformly in the size n of the graph). It would be of interest
to investigate what happens when this condition fails.

Flooding and diameter. In [3], the flooding time and diameter, i.e.,
MaXje(n]: L, (U,5)<c0 Ln(U1,7), respecively max; jeml: L, (i,j)<co Ln(i,7), where Ly(i,j) is
the minimal weight between the vertices ¢ and j and Uj is, as before, a randomly selected
vertex, is investigated in the context of the CM with exponential edge weights. It would be
of interest to investigate the flooding time for general edge weights.

Superconcentration and chaos. Analogous to various problems in statistical physics such
as random polymers or FPP on the lattice, our results suggest that the FPP optimal path
problem is chaotic. This means that there exists €, — 0 such that refreshing a fraction ¢,, of
the edge weights with new random variables with the same distribution would entirely change
the actual optimal path, in the sense that the new optimal path would be “almost” disjoint
of the original optimal path, see e.g. [14]. Such questions have also arisen in computer science
wherein one is interested in judging the “importance” and fair price of various edges in the
optimal path; if an edge being deleted causes a large change in the cost of the new optimal
path, then that edge is deemed very valuable. These form the basis of various “truth and
auction mechanisms” in computer science (see e.g. [5,18,33]).

Pandemics, gossip and other models of diffusion. First passage percolation models as
well as models using FPP as a building block have started to play an increasingly central role
in the applied probability community in describing the flow of materials, ranging from viral
epidemics [15], gossip algorithms [2] and more general finite Markov interchange processes
[1]. Models with more general edge weight distributions have also arisen in understanding
the flow of information and reconstruction of such information networks in sociology and
computer science, see e.g. [30,31] for examples in this vast field.

Organization of this paper. In Section 2, we describe the coupling between the first-passage
percolation neighborhoods in CM,,(d) and a CTBP. In Section 3, we state our main technical
result that describes a Poisson process limit for the occurrence of short paths between U; and
U, which then proves our main theorem. In Section 4, we extend results for CTBPs, as proved
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in [20,23,37], to the case of infinite-variance offspring distributions, using truncation. In Section
5, we prove bounds on our coupling. In Section 6, we give a novel proof of the asymptotics
for the number of alive individuals in a CTBP in an given generation and with a given residual
lifetime. This proof is tailored to deal with CTBPs observed till some time ¢ that have an offspring
distribution that depends on n where n — oo and t = t,, — oo simultaneously. In Section 7, we
prove our main technical result on the Poisson process limit.

2. COUPLING

In this section, we describe a coupling between FPP on CM,,(d) and continuous-time branching
processes. We start with an informal description.

2.1. Informal description of shortest weight trees. The model CM,,(d) with edge set &,
together with i.i.d. lengths (also referred to as weights) (&¢)ecs, on the edges, was introduced
in Section 1.2. Here & ~ F¢, with density f.. Our ultimate goal is to calculate the limit
distribution of the hopcount H,, and weight L,, of the shortest path between a uniformly chosen
pair of connected vertices U; and Uy, when Condition 1.1 is satisfied.

To obtain a proper understanding of the shortest path between two vertices, we imagine a
liquid that percolates through the edges of the CM at rate one. We start percolating the liquid
simultaneously from both vertices U; and Us and we interpret the edge weight & on edge e as
the distance between the two vertices incident to e. For any ¢ > 0, the set of half-edges that
are currently being wetted by the liquid, as well as the residual time to completely wet them,
starting from U; will be informally denoted as the shortest weight tree SWT® i = 1,2. A precise
definition of these SWT’s will be given in the next section. When the liquid has reached two
vertices that are incident to a connecting edge between the two SWT’s, then a possible shortest
path has been found. Since at that moment the connecting edge has not yet been filled, we can
not be sure whether the given path between U; and Us is indeed the shortest one. Hence we
have to find all connecting edges between the two SWT’s and take the minimum of all these path
weights to determine L,, and H,,.

In the mathematical description in the next section, we build the CM simultaneously with
the liquid percolating through the edges. Since we will construct the process sequentially, it is
easier to index the sequence of new edge-weights added to the system as (§;);>1. The half-edges
emanating from the wetted vertices are called the alive half-edges AH(t) at time ¢. During the
building process, we form two SWT’s consisting of ‘alive’ half-edges and vertices attached to Uy,
for i = 1,2. In order to perform the building process properly, we put the i.i.d. weights (&;);>1 on
the half-edges instead of on the edges. Technically one has to be extremely careful in constructing
the process in this fashion. Imagine a situation where the liquid reaches both a and b for some
edge e formed by merging the half-edges e = (a,b). Assigning independent half-edge weights &,
and & is then not the same as first passage percolation. Instead we put the weight on the half-
edge that is found first by the liquid. We initiate the construction by putting weights &1, ... ,§dU1
on the half-edges incident to U; and weights gdUﬁ'l’ . ,§dU1 +dy, ON the half-edges incident to
U,. Of course, this creates a problem when these half-edges are paired to one another, which we
have to take into account properly.

We construct a sequence of epoch times (7})x>o that track when a decision has to be made.
Start with 7y = 0 and wait until the end point of the first of the dy, + dy, half-edges is reached.
This time is called 77 and successive times at which further end points of ‘alive’ half-edges are
reached are called T5,T3,.... At t = T, we pair the exhausted half-edge, which we call 1, with
one of the ¢, — 1 other half-edges at random; the found half-edge is called P,,. The formed edge
(r1, Py,) receives the weight of the exhausted half-edge 71 and we connect the siblings of P, to
the newly found vertex. The sibling half-edges receive i.i.d. weights from the sequence (§;);>1,
whereas the weights of the other ‘alive’ half-edges are updated by subtracting T7. We repeat the
whole procedure by finding the minimum of the ‘alive’ half-edges, and after adding this minimal
weight to T we find the second epoch time T5. We continue this procedure until all half-edges
are attached to one of the SWT’s.
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In general, the formed edge (71, P,,) at time t = T} receives a weight with the correct distri-
bution. However, this only occurs when r; pairs with one of the ¢, — (dy, + dy,) so-called ‘free’
half-edges, i.e., half-edges connected to vertices which are not yet wetted. When r; pairs with
one of its dy, — 1 sibling half-edges (and hence a self-loop occurs) or when 7 pairs with one of
the dy,_, half-edges incident to vertex Us_; (and hence a ‘collision’ edge occurs), then we do not
know what weight we should assign to the self-loop or collision edge, because the half-edge to
which r; is paired is an alive half-edge and already had a weight. In order to resolve this issue,
in the next section, we shall make sure that a weight is only assigned to one of the half-edges
of an edge. This will be achieved by first investigating whether a half-edge is paired to a ‘free’
half-edge or to an ‘alive’ half-edge. In particular, we will change the order in which half-edges are
paired. We are free to pair half-edges in any order we like and this property is used to remove
self-loops, edges that close a cycle and collision edges beforehand. This way, all paths receive
weights with the correct distribution, and after the completion of the entire construction we take
the minimum of all connecting paths to find L,, and H,.

The removal of self-loops, edges that close a cycle and collision edges is done at the epoch times
Ty, T1,T5,.... Conditionally on the number of ‘alive’ half-edges and ‘free’ half-edges, we know
the success probabilities of Bernoulli random variables that determine whether a pairing results
in attaching to a ‘free’ half-edge or to an ‘alive’ half-edge.

We will couple SWT(-) both to an n-dependent continuous-time branching process (CTBP)
denoted by BP,(-) and to a CTBP BP(-) whose driving offspring distribution is the size-biased
degree distribution as in (1.12) and lifetimes having distribution F¢. This results in a coupling
(SWT(t), BPy(t), BP(t))i>0 on the same probability space (€2, F,P), where SWT(¢) consists of the
alive half-edges that are connected to Uy and Us by paths of weights at most ¢, as well as their
residual lifetimes, while BP,,(t) contains the same information for the n-dependent CTBP and
BP(t) for the n-independent CTBP.

Since there are a number of ingredients in this coupling, let us start by giving the reader an
intuitive mental picture of the key actors in this coupling. In the first step of the coupling, which is
explained in full detail in Section 2.2, we couple the forward degrees in the SWT(t) to the number
of offspring in the branching processes BP,(t) and BP(¢). On one and the same probability
space (Q,F,P), we introduce sequences of random variables (B{"”)i>1, (Bi)k>1, (Y.")r>1 and
(X,(c"))kzl, and a sequence of stopping times (7j)g>1.

The sequences (B;:))kZI and (By)r>1 are i.i.d. and will be used as the number of offspring
in a branching process, where the first branching process depends on n, while the second one is
independent of n. In the coupling, there is a strong dependence between B,E;m and By for any
k. The sequence (Yk(n))kzl will correspond to the sequence of forward degrees, i.e., the degree
minus one, as the liquid in SWT percolates through the graph, while X ,(C") will be equal to Yk(")
minus the number of pairings that result in either a self-loop, a cycle or a collision edge. Using
the stopping times 71, the kth variable X ,(C") will be successfully coupled to Bﬁz) precisely when
XV =Y and Y = Bfy.

Since this coupling is not perfect, in the second step of the coupling performed in Section 2.3,
we discuss the evolution of the processes (SWT(t), BP,(t), BP(t)):>0, including the evolution of
the children of the alive half-edges that are miscoupled. Finally, in Section 2.4, we state the
main bounds on our coupling. After this high-level explanation, let us now give the details of our
coupling construction.

2.2. Coupling forward degrees of the SWT. Before we start with the definition of the SWT’s
on one probability space, we introduce an abstract procedure involving two sets, and a recursive
sequence of samples drawn without replacement. This procedure is used repeatedly during the
building of the SWT’s to remove occurring self-loops, edges that close a cycle and collision edges.
The idea is as follows. Consider a partition of a set [m] into A and B = A°. One can achieve
a uniform draw from [m] in two steps, first by performing a Bernoulli experiment with success
probability p, = |A|/m; if the outcome of this experiment is one, then we draw an object
uniformly from A, otherwise we draw a uniform object from B. In fact, we do not even have to
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actually draw the latter uniform element. We will perform such a construction repeatedly, with
A denoting the set of alive half-edges at appropriate stopping times and where the set [m] is
recursively defined. When doing so, we can think of this as ‘testing’ whether a half-edge creates
a self-loop, cycle or collision edge, or whether it connects to a ‘free’ half-edge. This is formalized
in the following procedure. We first need to set up some notation.

The procedure takes as its input one non-empty set, the “alive” set AS = {ay,aq, ..., as} having
s elements, and the size of the “free” set N. The elements a; € AS, j =1,2,...,r for » < s are
special. We will view them as a list (namely an ordered set) TS = (aj, ag,...,a,), of r elements.

Abusing notation, the procedure initializes with AS(0) := AS, TS(0) := TS and N(0) := N and we
will sequentially update these sets and this number as follows using a sequence of conditionally
independent Bernoulli random variables (/3;)1<i<, and a sequence of sets (S;)i>1:

Procedure 2.1 (Preprocessing the matchings). (a) Initialization: Define the success probabil-
ity and set S1 as

___AS(O) -1
~ |AS(0)[ + N(0) — 1

Let 81 ~ Bernoulli(p;).
(i) If B1 = 1, then select element by uniformly at random from the set S1 and update the
sets as AS(1) = AS(0) \ {a1,b1} and if by € TS(0) then TS(1) = TS(0) \ {a1,b1}, else
TS(1) =TS(1) \ {a1}. We do not change N(1) := N(0).
(ii) If p1 =0, then we do not select any element from S1 and we update the sets as AS(1) =
AS(0) \ {a1} and TS(1) = TS(0) \ {a1}, while N(1) = N(0) — 1.
(b) Recursion: For k > 1 we proceed recursively as above, taking the first element at the front
of the list TS(k) which, abusing notation, we still call apy1 (note, this element may not be
ag+1 in TS(0), if that element is already drawn at a previous time step) now defining

~ |AS(k)| -1
PRt = TAS(B) + N(k) — 1

D1 and S1 =AS\ {a1} ={ag,...,as}. (2.1)

and Sk+1 = AS(k) \ {ax}, (2.2)

generating Pr+1 ~ Bernoulli(pgt1) and proceeding as in (i) and (ii) above, with ay,b1,S;
replaced by ag41,bg+1,Sk+1, respectively.
(c) Termination: We stop when the list equals the empty set, i.e., TS(k) = @.

Let us give a brief and informal sketch of how we use Procedure 2.1. Consider the infomal
description in Section 2.1 of the liquid percolating through a network started from two vertices
Uy and Us simultaneously. Assume that at some time ¢, the liquid from vertex U;, where i = 1,2,
hits a new vertex V. The set of half-edges incident to V', called HEy, except the one used by
V to connect to SWT®, are now deemed active since the flow has encountered this new vertex
V. Write AS = AH® () U AH® (t) U HEy for the collection of alive half-edges at this time, and
TS = (HEy ) for the set of half edges incident to V. Then the above procedure tests for each one
of these newly added half-edges whether it pairs to a half-edge in AH(t), which corresponds to
the “B; = 17 events, or instead connects to a new half-edge not in SWT™ (¢) U SWT® (¢), which
corresponds to the “8; = 0” events. In the latter case, we actually do not connect the half-edge,
but only record that the half-edge is paired to a free half-edge and thus decrease the number
of free half-edges N(k) by 1. Further note that in each “S; = 1”7 event, the new edge created
could either be (a) a self-loop or cycle when the half-edge pairs to an alive half-edge in SWT® (t),
namely the same cluster that sees V' for the first time or (b) arguably more importantly, creates
a collision edge when it is paired to a half edge in SWT® " (#), the other cluster. These collision
edges are the ones that potentially create the shortest path.

Let us now turn to the precise definition of the probability space for the coupling of the forward
degrees of SWT and the associated branching processes. We start on one and the same probability
space (2, F,P) with the following ingredients:

(i) Two vertices U; and U chosen at random from [n];
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(ii) Label the ¢, half-edges by [¢,] with the half-edges of vertex 1 labelled 1,2, ...d;, the half-
edges of vertex 2 labelled di + 1,...,d; + da, etc. We will require repeated draws with
replacement from [/,], which results in an i.i.d. sequence (o;);>1. We will also require a
second sequence of i.i.d. draws (d;);>1 that is independent of the draws (¢;);>1;

(iii) To each o; and &;, we associate random variables Bé") and BE”) that correspond to the
forward degree of the vertices incident to the half-edges o; and &;. To each B;”) and Bé"),
we associate random variables B; and B;, whose distributions only depend on Bé") and E’é")
and not on any of the other randomness involved;

(iv) An iid. sequence (&;);>1 of edge-weights with distribution Fg, and a second sequence of
i.i.d. weights (&)i>1 that is independent of the edge-weights (&)i>1;

(v) Recall that vertex j € [n] had degree d;. Recall the uniform choices by, ba, ... in Procedure
2.1 modulated by the values of the Bernoulli sequence 1, 82, .... Analogously, we construct
random variables (b;(1),...,b;(d;)), taking values in the set of half-edges [¢,] modulated
by a sequence of Bernoulli random variables 3;(1),...,5;(d;). The distribution of both
these random variables will depend on (Ul, Us, (04)i>1, (fi)izl)- The precise laws of these
ingredients will be specified as we sequentially apply Procedure 2.1 below.

Before using the above ingredients to construct SWT, let us first describe how they are used
to construct the offspring of the branching processes BP,, and BP. We define, for i > 1,
n

B'L(n) = Z(d] - ]‘)]]‘{d1+...+dj_1<0'7;Sd1+...+dj}’ (23)
7j=1

i.e., when o; chooses one of the half-edges incident to vertex j, Bf") is the forward degree (i.e.,
degree minus one) of that vertex j. Obviously, the sequence (Blm)z‘zl is 1.i.d. with common
distribution given by

. . k41
g’ =B(B" =k) == > gmkpry, k>0 (2.4)

Note that g{' = P(D} = k+ 1), where D} has the same distribution as the size-biased version of
D,,, the degree of a randomly selected vertex, see (1.7). Assuming Condition 1.1, we have that

g,(:) — gk, a8 n — 00, where

(k+1)fre1
Ik = oo 7 s k>0, (2.5)
E;i1 ij
and where f; = F(j) — F(j — 1).
We next construct an ii.d. sequence (B;);>1 with common distribution (2.5) by using the
<">)i21 sequence as follows: For each ¢ > 1, B; depends only on BZ-(") and

already constructed (B;
is generated via the conditional distribution

P(B;=k|B™ =1) = 02221) - (2.6)
ijo 7l
where
min{gk,gl(c")}, for k =1,
py =} (gx — min{gi, gy }) (g, — min{g;, 9"’ }) (2.7)

for k # 1.
1oy - ) ks
It is easy to check that (B;);>1 is an i.i.d. sequence of random variables having probability mass
function (gx)k>o in (2.5). In fact, the joint distribution (pgll))k,lzo is the one that maximizes the
coupling probability between the two probability mass functions (gx)r>0 and (gy"”)k>o (alterna-

tively, the coupling that minimizes the total variation distance between the two distributions
[39]).
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Let us now proceed to the more involved construction of the shortest weight tree SWT using
the above probabilistic ingredients. The main ingredient of our construction are the continuous-
time processes of ‘alive’ half-edges (AH(t);>¢ and ‘free’ half-edges (F(¢)):>0. We also introduce
two new random sequences (Y.")g>1 and (X;”)k>0. We will need an additional superscript i
to denote whether Yk(") and/or X,i") belongs to the SWT of U;,i = 1,2. The continuous-time
processes (AH(t)):>0 and (F(t))¢>0 only change at random times Tp = 0 < T} < Ty < ... and
therefore a full description of the continuous-time evolution can be given by a specification of
how the random times above are constructed and how these processes “jump” at each of these
times.

At time t = Tj, we start by testing whether any of the half-edges dy, incident to U;,i = 1,2,
are paired to one another. This is performed vertex by vertex, and we start with U;. Let us
define HE;, for j € [n], as the set of d; half-edges that belong to vertex j. We define Yo("’l) as the
number of half-edges incident to U, i.e.,

Yo"t = dy, = [HEy,|. (2.8)

Now put AS = HEy;,, TS = (AS), where the parentheses (-) indicate that we consider a list instead
of a set, and N = /,, — dy;,, and apply Procedure 2.1 to remove all half-edges from the total set of
dy, half-edges that are part of a self-loop. We then define RHE,, as the set of unpaired half-edges
after the self-loops incident to Uy are removed and

X¢"" = |RHEy, |, (2.9)

as the number of unpaired half-edges of U; after the self-loops have been removed. We attach
i.i.d. weights to each of the half-edges in RHE,, by taking the first X(()"’l) weights from (&;)i>1.

We continue with the dy;, half-edges incident to Uz, and test whether they are paired to one
of the Xé”’l) remaining half-edges incident to Uy, or any of the dy, half-edges incident to Us. We
do this by applying Procedure 2.1 with AS = RHE,, UHE,, TS = (HEy,) and

N =4, —dy, —dy, — X, (2.10)

which equals the total number of half-edges that are still available to be connected to (noting
that the ones that are paired to the half-edges incident to U; are no longer available). A self-loop
is formed when during this test a half-edge is paired to one of the dy, sibling half-edges. A
so-called collision edge is formed when during this test a half-edge is paired to one of the X((]n’l)
remaining half-edges incident to vertex U;. The weight of this collision edge is the weight of the
half-edge incident to U, which it has already obtained in the previous step. A collision produces
a path between vertices U; and Us, which possibly is the minimal weight path between U; and
Us. We define RHE;, as the set of unpaired half-edges incident to vertex U after the removal of
the self-loops and collision edges. Furthermore, we define

Yo" = dy,, (2.11)

and
Xg"" = |RHEy, |, (2.12)

ie., X(()"’2> denotes the number of unpaired half-edges of vertex Us after the test for collision edges
and self-loops has been performed. We attach i.i.d. weights to each of the half-edges in RHE;, by
taking the first Xé"’2) available weights from the i.i.d. sequence (§;);>1 (note that the first Xé"‘l)
weights have already been assigned to the half edges in RHE;, ). By construction, the remaining
Xé"’l) + Xé"’g) half-edges incident to the vertices Uy, Uy are paired to fresh vertices, i.e., vertices
distinct from U7 and Us.

For the moment, we collect the possible collision edges at time Tj, together with their weights,
which is equal to the weight of the half-edge incident to U; that forms one half of the collision
edge, and continue with the description. All half-edges that are not paired to one of the other
dy, + dy, — 1 half-edges incident to either U; or Us together form the set AH(0), the set of active
half-edges at time 0, i.e.,

AH(0) = RHE,, URHE,. (2.13)
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For y € AH(0), we define the height H(y) = 1 and its index I(y) = ¢, if the half-edge y is connected
to U;, i = 1,2, and Ry(y) for the weight with distribution F¢ that the half edge received earlier.
This initiates the construction with

SWT(0) = (v, H(y), I(y), Ro(y))yean(o): (2.14)

and we let SWT®(0) = (y, H(y), Ro(y))yean(0),1(y)=i» be the subset of SWT(0) that is connected
to vertex U;, i = 1, 2.

After the above initialization, let us now describe how to construct the process SWT(t) =
SWT® () U SWT®(¢) and SWT® with i = 1,2, for general ¢ > 0. Abusing notation,
we call SWT®(t) the shortest path tree emanating from vertex U;. Using the information
(SWT®(s))o<s<t, we can construct the genealogical tree representing how the liquid percolates
from the source U; but this process contains much more information including edge lengths en-
countered by the process. As for t = 0, the process SWT(¢) has a set of ‘alive’ half-edges AH(t),
which we formally define below. For y € AH(t), we record its index I(y) € {1,2} if y € SWTU®)
and we let H(y) denote the graph distance of y to Uy, (viewing (SWT®(s))c0, as a tree).
Further, for y € AH(t), we let R;(y) denote the residual lifetime of y at time ¢. Then, we let

SWT(t) = (y, H(y), I(y), Re(y))yenne) (2.15)
denote the set of alive half-edges together with their indices, their heights and residual lifetimes.
At a later state, we will also define BP,,(¢) and BP(¢), the CTBP analogs of SWT(?).

We next recursively define the evolution of (SWT(t))>0. Define T1 = min,can(o) Ro(y) and de-
note the half-edge equal to the argument of this minimum by 3§, hence Ro(y3) = minyean(o) Ro(y)-
Since the distribution of the weights (lifetimes) admits a density fe, yj is a.s. unique. Now set

AH(t) = AH(0), 0<t<Ti, (2.16)

i.e., the active set remains unchanged during the interval [0,77). This defines the shortest weight
tree in (2.15) for 0 < ¢ < T, where I(y) and H(y) are defined above and R:(y) = Ro(y) — ¢, 0 <
t < T, denotes the remaining lifetime of half-edge y at time ¢.

At time ¢ = T, we continue by describing the pairing of the half-edge y5 with 2o = Py and
at this place we will introduce the coupling between Yl("> and Bim (see (2.3)). For a half-edge vy,
let V}, denote the vertex incident to it. By construction, zg = Py(*) is chosen such that V; is not
equal to U;, ¢ = 1,2. This is achieved by taking

7 =min{m > 1:V,,  # U1, V,, # Us}, (2.17)
and we define
v = B and 20 = 0. (2.18)

When 71 = 1, we see that Yl("> = Bi”), while when 7 > 1, the forward degree Yl(") of the chosen
vertex V,, is not successfully coupled to the random variable B{".

At time t = T3, we remove yj from the set AH(t—). Then, for each of the dy,, — 1 other
half-edges incident to vertex V, we test, using Procedure 2.1, with

AS = AH(t—) U (HEVZO \ {Zo}), TS = (HEVz0 \ {ZQ}) (2.19)
and
N =/{, —dy, —dy, —dv,, — [AH(0)], (2.20)
which again has the interpretation of the number of available half-edges at the time of finding
V.., whether it is part of a self-loop or paired to a half-edge from the set AH(¢—). All half-edges
incident to V, that are part of a self-loop or incident to AH(t—) are removed from vertex V; we
also remove the involved half-edges from the set AH(t—). For all the remaining sibling half-edges
x of zp we do the following: z is added to AH(t—), I(z) = I(y}), H(z) = H(y§) + 1, while R, ()
is the next available i.i.d. lifetime from the sequence (&;);>1. We now set

AH(t) :AH(Tl—), T §t<T2,

where Ty = Ty + mingean(r,) By (y), and where the minimizing half-edge is called 7.

2
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We continue using induction, by defining AH(t) and SWT(¢) during the random interval
[Tk, Tk+1) for kE > 1, given that the processes are defined on [0,7}%). By construction, we know
that z;_y = Pyr  is chosen such that V,, , is not equal to U;, i = 1,2 or one of the previously

chosen vertices V,,,1 < j < k — 2 (for k = 1, the latter is an empty condition). Therefore, we
take

T =min{m > 11+ 1: V,,, & {U1,U2, Vo, ..., Vs, ,}}, (2.21)

and we define
v, = B and Zj—1 = 07, (2.22)
When 7, = 7,1 + 1, we see that Yk(”) Bﬁ:) 41, while for 7, > 73,1 + 1, the forward degree Yk(")

of the chosen vertex V;

-, is not coupled to the random variable Bﬁ:ll 41 and we call the vertex
v

degree-miscoupled. At time t = T}, we remove y;_, from the set AH(t—). Then, for each of

tlig_cliVZkil — 1 other half-edges incident to vertex V., |, we use Procedure 2.1, with
AS = AH(t—) U (HEv,,  \{zk-1}),  TS=(HEy,_ \{z-1}). (2.23)
and
N=¢,— Zdvz |AH(T_1)], (2.24)

to test whether it is part of a self-loop or palred to a half-edge from the set AH(t—). It is part
of Procedure 2.1 that all half-edges incident to V., | that are part of a self-loop or incident
to AH(t—) are removed from vertex V,, ,; we also remove the involved half-edges from the set
AH(t—). We will discuss the role of the half-edges incident to V;, , that are paired to half-edges
in AH(¢t—) in more detail below.

We sequentially order the remaining siblings half-edges of z;_1 in an arbitrary order. In this
order, we do the following: Let « be one such half-edge of V;, ., then add = to AH(t—), and set
I(z) = I(y;_,) and H(z) = H(y;_,) + 1, while Ry, (x) is the next in line of the i.i.d. sequence
(&)i>1. We now set

AH(t) = AH(Tk—), T, <t< Tk+1, (2.25)
where Ty 11 = T}, + mingean(r,) B, (y), and where the minimizing half-edge is called yj.

For t € [Ty, Ti+1), we define SWT(¢) by (2.15), where Ri(y) = Rz, (y) — (t — T}). Finally, we
denote the number of the dek,l — 1 other half-edges incident to vertex V,, | that do not form

a self-loop and that are not paired to a half-edge from the set AH(t—) by X ,(C"). We say that the
vertex V;, | is successfully degree-coupled to the corresponding individual in a branching process

that has offspring B;:ll 41 (this will show up again in the next section) when both
yW=Br ., and X" =Y, (2.26)

and otherwise call is degree-miscoupled.
We finally denote S = |AH(T})|, so that S§” = X" +X<"’2), while Sy, satisfies the recursion

S =S+ X — (2.27)
This describes the evolution of (SWT(%))¢>0.

Cycle edges and collision edges. At time T}, k£ > 1, we find the half-edge y;_, that is paired to
Zp_1 = Pylz—l’ and for each of the other half-edges z incident to V;, ,, we check, using Procedure
2.1, whether or not a self-loop has been formed or whether or not P, € AH(T;—). The newly
found half-edges that are paired to already alive half-edges in AH(T}—) are special. Indeed, the
edge (x, P,) creates a cycle when I(xz) = I(P,), while (x, P,) completes a path between U; and
Us when I(x) = 3—I(P,). Precisely the latter edges can create the shortest-weight path between
U1, Us. Let us describe these collision edges in more detail.

At time T}, and when we create a collision edge consisting of x and P,, then we record

(Tk,I(x),H(x),H(P$),RTk(Pz)), (2.28)
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where
I(z) = I(y5-1), H(z) = H(yr—1) + 1. (2:29)

Order the times at which collision edges occur as (T;C‘)l)) j>1, and let (z;, Py;) be the corresponding
collision edge (so that P, is in the other SWT as z;). If multiple collision edges are created at
the same time, then order them arbitrarily. We will see that the probability of such events in the
time scale of interest converges to zero as n — oco. Write

€ = (T;col>’[(z]~),H(xj),H(ij),RTgcol)(ij))jzl, (2.30)
j

for the collection of all collision edges collected by the process.

It is possible (albeit unlikely) that multiple half-edges incident to V,, , create collision edges,
and if so, we collect all of them in the list in (2.30). With some abuse of notation we denote the
Jjth collision edge by (z;, P;;); here P, is an alive half-edge and z; the half-edge which pairs to
P,;. Note that, at the time ¢ of creation of the collision edge, the weight of the half-edge has
already been assigned to the half-edge P, and the half-edge P,; has residual lifetime equal to
Ri(Py;)-

The weight of the (unique) path between U; and U, that passes through the edge (z;, Pr,)
equals QT;COI) + R con (Py;) and its hopcount is equal to H(z;) + H(Py,)+1, so that the shortest

J

weight equals
s (col)
L, = glzl?[2Tj + RTJ;COU (Pe;)]- (2.31)

Let I* denote the minimizer of j — ZT;COI) + R (con (Py;), then
J

H, = H(xp)+ H(P;,,)+ 1. (2.32)
Of course, (2.31) and (2.32) need a proof, which we give now:

Proof that Ly, in (2.31), and H, in (2.32) yield the minimal weight and hopcount, respectively.
Observe that the weight of each path between U; and Uy with weight L can be written in the form
L = 2Ti(°°1) + RT_(col)(Pxi), for some i > 0. Indeed, let (i = Uy,i1,12,...,ix = Us) form a path

with weight L, and denote the weight on (i;-1,%;) by &, for 1 < j < k. For k = 1, we obviously
find &, = 2Tp + &, . For general k > 1, take the maximal j > 0 such that &, +--- + &, < L/2.

Then, since L = Y.F_, €.., we have that 37_, &, < Z’gsz &e. SO that

J k J
LZZdeS‘i'[Z ges_zges]a
s=1 s=1

s=j+1

which is of the form L = QT;COU + R (con (y), for some j > 0 and some half-edge y. Note that in
j

the construction of the SWT’s, instead of putting weight on the edges, we have given weights to
half-edges instead. In the representation (2.31) full edge weight is given to the active half-edges
and weight 0 to the ones to which they are paired. At time Tj(wl) when a collision edge has
been found, the path-weight of the edges belonging to the same vertex U; as half-edge y* add up
to T;“’l), the path-weight of all completed edges connected to 3 — U; together with the residual

lifetime R (con (P,) of the half-edge P, has to be added to T;COI) in order to yield the total weight

of the pathj between Uy and Us.

The proof of (2.32) follows because the number of edges of the path between U; and U, that
passes through the collision edge (x;, ij) is equal to the sum of the heights of the vertices incident
to x;, Py;, respectively, and we add 1 for the edge (z;, P;;) itself. This completes the proof of
the claim. [
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2.3. Coupling: Process level. In the above, we have described the coupling between reduced
forward degrees (X™);>1 in SWT and i.i.d. random variables ((B\", B;))i>1, where (B{");>1 has
marginal distribution (2.4) and (B;);>1 has marginal distribution (2.5), and they are coupled as
in (2.7). We have used this coupling to describe the evolution of (SWT(t))¢>0, and at the end of
this process, we know of each vertex that is found by the liquid, whether it is successfully degree-
coupled or not. As long as no degree-miscouplings occur, this can be thought of as a coupling
between SWT and two CTBPs with lifetimes having distribution F¢ and offsprings (B;"))izl and
(B;)i>1, respectively, but the evolutions will start to diverge as soon as degree-miscouplings start
to appear. We now extend this coupling.

Recall that the SWT® consists of half-edges and their attributes, connected to U;, for i =
1,2. We aim to couple each SWT® i = 1,2, to an independent CTBP BP!”, so that SWT is
coupled to BP,, which consists of two independent CTBPs, i.e., BP,, = (BP",BP{?), as well
as to an n-independent limiting CTBP BP that also consists of two independent CTBPs, i.e.,
BP = (BP™W,BP®). If Y is the forward degree of vertex V, ,, then I(y;_,) indicates to
which SWT the vertex belongs. We recall that we say that the vertex V,, , in the SWT is
degree-miscoupled to the corresponding individual (which we also refer to as vertex) if

YW £BY L orit XAV (2.33)
Vertices that are degree-miscoupled will appear both in the SWT as well as in the CTBP BP,,.
However, after being degree-miscoupled, the evolution of vertices in the CTBP and SWT diverge,
as we explain now. For the SWT, we say that an alive half-edge is miscoupled if the shortest-
weight path to the vertex incident to that half-edge uses at least one degree-miscoupled vertex.
In particular, the evolution of the SWT is such that half-edges of degree-miscoupled vertices are
by definition attached to miscoupled half-edges. The same is true for the CTBP BP,, that is,
offspring of degree-miscoupled individuals are by definition miscoupled.

The weights assigned to half-edges incident to miscoupled vertices in the SWT and individuals
in the CTBP are independent. For this, we have introduced a second sequence of i.i.d. weights
(€)i>1 that is independent of the edge-weights of correctly coupled half-edges (£;);>1. Each time
that a half-edge is found by the SWT, we perform Procedure 2.1 and the coupling to the CTBPs
BP,, and BP. When, instead, a half-edge is found by (one of the) CTBPs only, we pair it to a
uniformly chosen half-edge chosen from [¢,,] without replacement. These choices are determined
by the i.i.d. sequence (¢;);>1, and, from these, the random variables BE") and B; are obtained
as explained in (2.3) and (2.7). We use the variables B\™ for the evolution of BP,, and B; for
the evolution of BP. Thus, the evolution of miscoupled individuals in the CTBPs BP,, and BP
is completely independent of the evolution of SWT. When differences arise in BP,, and BP, also
their evolutions are mutually independent.

We close this section by defining the sets of alive individuals in the coupling of
(SWT(t),BPy(t),BP(t))i>0. Both BP,(t) as well as BP(t) each have their sets of alive indi-
viduals that we denote by Al,(t) and Al(t), respectively. For BP,(t), we can think of these alive
individuals as corresponding to repeated draws of half-edges. By our coupling, these sets of alive
individuals in BP,(t) and BP(¢) are effectively coupled to the alive half-edges in AH(t). The
successfully coupled half-edges in SWT(t) and BP,(t) at time ¢ form AH(¢) N Al,(t), the suc-
cessfully coupled individuals in BP,(¢) and BP(t) form Al,(t) N Al(t). We note that each alive
half-edge, individual y in AH(t), Al,(¢) and Al(t) has a residual lifetime R, (t), as well as an index
I(y) indicating which subtree y is an element of and a height H(y) denoting the generation of y.
Similarly to (2.15), we then define

BP, (t) = (y7 I(fU)? H(y)a Ry (y))yeAIn(t)7 BP(t) = (ya I(y)? H(y)a Rt(?J))yeAl(t)' (2'34)

Since the objects in (2.34) are coupled to (SWT(t)):>0 in (2.15), this completes the coupling of the
FPP processes (SWT(t), BP,,(t),BP(t)):>0 and defines the probability space (2, F,P) on which
this coupling of (SWT(t), BP,(t), BP(t)) lives. We let (F;)i>0 be the filtration generated by all
the randomness used in the construction up to time t, i.e., F; contains all the information needed
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to construct (SWT(s), BP,,(s), BP(s))sc(o,- Under this coupling law, we can speak of convergence
in probability, and we shall frequently do this in the sequel.

Summary of the coupling. For completeness and future references, we resume how differences
arise in the coupling. Degree-miscouplings arise due to three effects:

(1) MISC-miscouplings occur between the forward degree Y™ (which are not ii.d. due to
draws being without replacement) and the i.i.d. draws (B}");>1, because 7, > 71 + 1;
and

(2) cycle-events occur referring to self-loops or cycles that makes X,(:) < Yk("). In these cases
we remove the self-loop or the edge that gives rise to a cycle from the set of alive half-
edges. This amounts to removing up to at most ka”) - X ,i,’” half-edges incident to vertex
Ve ., as well as up to at most Yk(”) -X ,(C”) half-edges to which they are paired from SWT.

(3) collision edges are found. In this case, precisely one of the vertices to which the colli-
sion edge is incident is degree-miscoupled. We want to emphasize here that the degree-
miscoupling caused by finding the collision edge at time Tj(“’l) does not effect the coupling
of the shortest-weight paths. When the collision edge is removed, we are left with two
paths connecting U; to one of the vertices incident to the two half-edges of which the
collision edge consists. It should be checked that at any time prior to T;COD each of these
paths is not miscoupled, i.e., does not contain any earlier degree-miscoupled vertices.

In all these three cases, the vertices involved are called degree-miscoupled, and any further
offspring of degree-miscoupled vertices (in the SWT or in the CTBP) are called miscoupled. Thus,
any miscoupling gives rise to a tress of miscoupled children half-edges in the SWT, respectively,
offspring in the CTBP.

2.4. Main coupling results. We consider the process coupling (SWT(t), BP,,(t), BP(t)):>0 de-
fined in the previous section, as well as the associated filtration (F;)i>0. We recall that
BP,.(t) = (BPY(t),BP?(t)) are two independent CTBPs starting with offspring distribution
D,, in the first generation and offspring law B = D* —1 in the second and further generations,
and BP(t) = (BP")(t),BP®(t)) which are two independent CTBPs starting with offspring distri-
bution D in the first generation and offspring distribution B = D* — 1 in the second and further
generations. For this coupling (SWT(t), BP,,(t), BP(t))i>0, we let AH(t)AAL,(t) denote the set of
miscoupled half-edges at time ¢. With a slight abuse of notation, we write |[SWT(t)| = |AH(?)|
and [SWT(t)ABP,(t)] = |AH(t)AAl,(t)|. Finally, we denote the set of all miscoupled half-edges
and individuals up to time ¢ by

L) SWT(s)ABP,(s). (2.35)
s€[0,t]

In this section, we state two key propositions concerning the coupling. Proposition 2.2(a) shows
that there exists some s, — oo such that, whp, there are no miscouplings up to time s,. In
Proposition 2.2(b) and Proposition 2.3, we investigate the size of SWT(¢) for ¢ close to t, =
logn/(2ay,).
Proposition 2.2 (Coupling the SWT to a BP).
(a) There exists s, — oo such that, for the coupling defined in Sections 2.2-2.3,

P(<SWT(S))S€[O,SW_] = (BPn(S))SE[O,Sn] = (BP(S))SE[O,sn}) =1-o(1). (2.36)
Consequently, with WS = e=@nsn|SWT® (s,,)], i = 1,2,

lim lim P(W;g € 6,1/, W € [e, 1/5}‘1/\/;31/\/;3 > 0) ~ 1. (2.37)

el0 n—oo

(b) Let t,, = logn/(2ay,). For the coupling of (SWT(s))s>0 and (BP,(s))s>0 defined in Sections
2.2-2.3, there exist sequences €, — 0 and B, — oo such that, conditionally on Fs,, and for
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every t <t, + By,

]P’(’ L[J]SWT(s)ABPn(s) > env/in | o) =5 0. (2.38)
s€(0,t

The proof of Proposition 2.2 is deferred to Section 5. We warn the reader to beware for
confusion between the (large) constant B, and the ii.d. random variables (B;);>1. Fix the
deterministic sequence s, — oo from Proposition 2.2. Now let

t, = 201471 logn, t, = 201471 logn — 2;1 log (W;:L)ngf) (2.39)
Note that e®nn = /n; it will turn out that both |[SWT®(¢,)|, for i = 1,2, are of order \/n.
Further, it will turn out that collision edges start to appear when these clusters grow to be of
this size. Consequently, the variable t,, denotes the typical time at which collision edges start
appearing, and the time ¢, incorporates for stochastic fluctuations in the size of the SWT’s.
Fori € {1,2}, k >0, and s,t > 0, we define

SWT It ¢+ 5)] = [{y € AH(): I(y) = i, H(y) = k, Ruly) € [0, )}, (2.40)

as the number of alive half-edges at time ¢ that (i) are in the SWT of vertex Uj;, (ii) have height
k, and (iii) have remaining (or residual) lifetime at most s. We further write

ISWTE[t,t + 8)| = ‘{y € AH(t): I(y) =i, H(y) < k, Ri(y) € [0,5)}|, (2.41)

for the number of alive half-edges that have height at most k. To formulate the CLT for the
height of vertices, we will choose

5—2

bo(t, @) = — + 2/t 2 (2.42)

Uy, 3’
where 7, 7 and 5% are defined in (1.19).
Define the residual life-time distribution Fy to have density fr given by
_ Jo e elety)dy v
B JoT e[l — Fe(y)] dy Cv—1

Below, we let ® denote the standard normal distribution function. Finally, for a half-edge y €
AH(t), we let X = dy, — 1.

Fnl2) /0 e fe(a ) dy. (2.43)

Proposition 2.3 (Ages and heights in SWT). Fiz j € {1,2}, and numbers x,y,t € R, s1,s9 > 0,
all independent of n. Then, conditionally on Fs, and WIWE) > 0,

(a) we have
e 20t |SWTY) e+ bt + t 4 s1)[|SWTE ), B + .5+t + 52))] (2.44)
— GQM(I)(:C)(I)(?J)FR(SI)FR(32)7

(b) further

e 2t |SWTY) (ol + bt +E+ 1) Y X721 (2.45)
v

{uesw@,;jgtw) [En+t,En+t+sa)}

5 ve®® () (y) Fr(s1) Fr(ss).

The proof of Proposition 2.3 is deferred to Section 6.
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3. MAIN INGREDIENT: P0OI1SSON POINT PROCESS LIMIT

In this section, we state our main result that implies Theorems 1.2-1.3. To state this result we
need some additional definitions.

Recall the collection of collision edges ¢ from (2.30). Here the jth collision edge is given by
(w5, Pr;), where Py, is an alive half-edge and x; the half-edge which pairs to P;;. Rescaling time
by t, (see (2.39)), we define

H(z;) — tn/Pn H(Ps;) — tn/7n

T =7 ¢, H™ = ,  HyY = , 3.1
g g " J NCE 7 NN (3.1)

and write the random elements (Z;);>1 with =; € S :=R x {1,2} x R x R x [0, 00), by
=) = (T 1)), HY™, B, Rygeon (Br,)). (3.2)

Then, for sets A in the Borel o-algebra of the space S, we define the point process

j>1
where §, gives measure 1 to the point x. Let M(S) denote the space of all simple locally-
finite point processes on S equipped with the vague topology (see e.g. [28]). On this space one

can naturally define the notion of weak convergence of a sequence of random point processes
I1,, € M(S). This is the notion of convergence referred to in the following theorem.

Theorem 3.1 (PPP limit of collision edges). Consider the distribution of the point process
I, € M(S) defined in (3.3) conditioned on Fs, and WIWSE >0, for s, as in Proposition 2.2.
Then, asn — oo, I, converges in distribution to a Poisson Point Process (PPP) I1 with intensity
measure

2vfr(0)
E[D]

Theorem 3.1 will be proved in Section 7.

Adt x i x dx x dy x dr) = Mt @ {1/2,1/2} ® ®(dx) @ ®(dy) ® Fr(dr). (3.4)

Completion of the proof of Theorems 1.2 and 1.3. Let us now prove Theorem 1.2 subject
to Theorem 3.1. First of all, by (3.1), (2.31) and (2.32),

(Hn_anll/'n logn I —ilogn)
)y Lin

— a
\/ 75, logn "
is a continuous function of the point process II,, and, therefore, by the continuous mapping

theorem, the above random vector converges in distribution to some random limit (Z, Q).
Recall that I* denotes the minimizer of i +— 27" + R (con (Pr,). By (2.31), the weight Ly, as

i

(3.5)

well as the value of I*, are functions of the first and the last coordinates of IT,,. The hopcount H,

is a function of the third and the fourth, instead. By the product form of the intensity in (3.4),

we obtain that the limits (Z, Q) are independent. Therefore, it suffices to study their marginals.
We start with the limit distribution of the hopcount. By (3.1) and (2.32),

H, — ﬁlogn

\/%logn

By Theorem 3.1, the random variables (]:I}cf), ]:Iﬁc)), converge to two independent standard nor-
mals, so that also the left-hand side of (3.6) converges to a standard normal.
The limit distribution of the weight L,, is slightly more involved. By (2.39), (2.31) and (3.1),

1~ 1~
— 5\/§H}‘f) + 5\/§H}i‘e) + 0:(1). (3.6)

1 _ 1
L,— —logn =L, —2t, = L, — 2t, — — log(W" W) (3.7)
Qn

n

1 _
— —— logWIW?) + min[2T” + R o (Py,)]-
(e I3

n
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By Proposition 2.2, (W, W) 4 (WM, W), which are two independent copies of the random
variable in (1.21). Hence,

1 1
L,——logn % —= ~log(W"W®) + minf2m; + Ril, (3.8)
Qp i>

where (7;);>1 is a PPP with intensity 21%%(]0) e?dt, and (R;);>1 are i.i.d. random variables with
distribution function Fj independently of (7;)i>1.
We next identify the distribution of M = min;>;[2m; + R;]. First, (2m;);>1 forms a Poisson

vfr(0)
E[D]

cess (2m; + R;)i>1 is a non-homogeneous Poisson process with mean-measure the convolution of
p(—oo,x] = [ ”I{;flg?) e dt and Fj. Hence P(M > x) equals the Poisson probability of 0, where
the parameter of the Poisson distribution is (u * F)(z), so that

P(M >z) = exp{—yffé])eax /000 Fr(z)e“*dz}. (3.9)

Let A have a Gumbel distribution, i.e., P(A < z) =e™¢ ", z € R, then, from (3.9),

process with intensity e®*dt. According to [36, Example 3.3 on page 137] the point pro-

M = min(2m; + R;) L o'\ — alog(vf(0)B/E[D]), (3.10)

with B = fooo Fr(z)e~**dz. In the following lemma, we simplify these constants:

Lemma 3.2 (The constant). The constants B = [;* Fr(z)e™**dz and fz(0) are given by

B=vjw—1).  fal0)=a/(v—1). (3.11)
Consequently, the constant c in the limit variable (1.23) equals

—log(vfr(0)B/E[D]) = log(E[D](v — 1)?/(awp)). (3.12)
Proof. According to (2.43) and (1.15),

u0) = 2 [ e ey dy = o). (3.13)

For B, we use partial integration and substitution of (2.43). This yields

B:/ w(2)e” ¥ dz = = / fr(z)e™ ¥ dz = 1/ / e Ye(y+2)dydz
0 v

1%

= / sfe(s)e”* ds = (V—l)/o sFe(ds) = /(v —1). (3.14)

v—1

This completes the proof of Theorems 1.2 and 1.3 subject to Theorem 3.1. [

4. HEiIGHT CLT AND RESIDUAL LIFETIME FOR CTBP

In this section, we set the stage for the proof of Proposition 2.3 for CTBPs. We make use
of second moment methods similar to the ones in [20,23,24, 37], but with a suitable truncation
argument to circumvent the problem of infinite-variance offspring distributions.

As in the first part of Section 1.3, we consider a (standard) CTBP process [20, Chapter 6], with
lifetime distribution F¢ admitting a density f¢, and random offspring X = X, satisfying (1.13)
and the X log X in (1.14). We define

oo
n= 1// e 2 dF¢(s), and =KnJ, j>1, (4.1)
0

for some K > 1. Note that n € (0,1), since « is such that Vfooo e~ * dF¢(s) = 1. The truncated
CTBP BP" has for each individual in generation j offspring (X A m;) instead of X.

We denote the number of alive individuals in the CTBP at time ¢ by |[BP(¢)|. By |BPx(¢)],
|BP[t,t + s)|, we denote the number of alive individuals in generation k at time ¢, number of
alive individuals in generation k at time ¢ with residual lifetime at most s, respectively. We
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warn the reader that |BPy(t)| refers to the number of individuals in generation k, and not to
the n-dependence. When dealing with n-dependent CTBPs, we will use the notation |BP,, x()]
instead.

Here the generation of the first individual equals 0, and the generation of its offspring is equal
to 1, etc. For the truncated process BP"(t), we define, analogously to the definitions above,
IBP“™(¢)|, |BPY™ (t)|, and |BP{™[t, ¢ + s)|. Furthermore,

k 00
IBPUV[t t+ )| =Y |BPY[t,t+5),  [BP™[t,t+s)| =) [BPIV[t,t+s)]. (4.2)
7=0 3=0

A key ingredient to the proof of Proposition 2.3 is Proposition 4.1 below:

Proposition 4.1 (First and second moment CLT). Consider the branching process BP(t) in-
troduced above, with i.i.d. lifetimes Fe admitting a density and random offspring X satisfy-
ing v = E[X] > 1, and E[X1og(X)4] < oo. Choose m; = Kn™J as in (4.1). Then, with
A=w-1)/(awp),

(a)

. —at — 3 ] —ot — (m) g
tlg(r)loe E[[BP(t)|] = A, Klgnooh?iigpe E[|BP(t)| |IBP"™(t)]| =0, (4.3)
(b) there exists a constant C' > 0, such that uniformly in t € [0, 00),
e ?E[|BP™(1)]?] < CK, (4.4)
(c)
lim lim e atE“BP(!;)(t,z)[t,t + 5)|] = A®(2)Fr(s), (4.5)

K—oot—o00

where Fy is defined through (2.43) and k(t,xz) =t/ + x\/ta? /(D)3 .

(d) Replace in the above statements BP by BP,,, with offspring X,, depending on n in such a
way that X, LN X, v, = E[X,] — E[X] and lim,, E[X,, log(X,,/K})+] = 0, for any K,, — oo.
Furthermore, now define m; by mj = Konn? | with 1, = vy, Jo~ e s dFe(s), and replace k(t,x)
by kn(t,x) defined in (2.42). Then Part (a) and Part (c¢) hold with o = o, and t = t,, and with
the limits replaced by limy,_,, for any sequence t,, — oco. Similarly, under these conditions and
substitutions, Part (b) holds for all n > 1, with K replaced by K, uniformly in t.

Proof. We start by proving Proposition 4.1(a). The first claim of Part (a) is proved in [20,
Theorem 17.1]. We bound the first moment of the difference between the truncated and the
original branching process. Let v = E[(X A m;)]. We compute that for ¢ > 0,

[e.o]

e E[ 3 [1BP(8)| - [BPYV ()] = e atzu —HV“ J[FR@) - FEM @], (46)

k=0 j=1
where ng is the k-fold convolution of F, where, by convention, Fgo(t) =1 for every t > 0. In

order to bound the differences v* — H§:1 v9 we rely on the following lemma:

Lemma 4.2 (Effect of truncation on expectation CTBP). Under the conditions of Proposition
4.1, uniformly in k > 1,

k
L[] =< (og(1/n)'E[X log (X/K). ]| = ox(1), (4.7)

where ok (1) denotes a quantity that converges to zero as K — oo.

Proof. Since v <y, for all j > 1, it is easily shown by induction that

ko k ®) o %)
14 14 14
1—||—< <1——><§ (1——). 4.8
. v v _j 1 v ( )
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Now, using that v > 1,

L)

> (1-5) £ Y EXLpramy] = E[X Y Lo, axy] (4.9)

j=1 j=1 j=1
and we note that the number of j for which m; = Kn™7/ < z is at most [log (z/K)/log (1/n)] V

Therefore, the inequality in (4.7) holds. Since E[X log (X/K),] = o0x(1), the equality in (4.7)
follows. L]

By Lemma 4.2 and (4.6),

o0 o
| Y [IBPu(t)] — BPLV()]]] = ox (e E| 3" BPL(®)I| = 0x(1),  (4.10)
k=1 k=1
which completes the proof of Proposition 4.1(a).
We continue with the proof of the second moment estimate in Proposition 4.1(b). We follow
the proof in [37], keeping attention to the truncation. We introduce the generating functions

h(s) =E[s*],  h;(s) = E[s""m)], (4.11)
where m; is given by (4.1). Parallel to calculations in the proof of [37, Lemma 4],
E[|IBP™[*] = A (1)(E[[BP"™])* « F¢ + hi (1)E[[BP"™[*] + F, (4.12)

where my = (meg, mg, ...) is m with the first element removed, and where for simplicity of reading
the argument t has been left out. Transforming to

[BP™(t)] = e~*!|BP"™ (1)), (4.13)
we obtain, after multiplying both sides of (4.12) by e~2%¢

£8P = M @p e + P gep g ()
where
t t t
R =v [[emar. Q=i [ emiri =nty [ are). @)

and where we recall that n = [[¥e™* dF¢(y) < 1 and v = h/(1). Iteration of (4.14) yields

E[[BP"™|? Zﬁ fi—1e; (E[BP™ )2 x Q% (4.16)
where h”(l) o (1)
nn; nn;
ej = Z/ 7 fi= Z/ , (4.17)
and where 7i; = (mj41,mjy2,...). Obviously,
E[BP"™ (t)]] < E[[BP"(t)[] < E[IBP(t)|] — A, (4.18)

by Part (a). Hence, provided that the sum j>1J1° 7 fij—1e;j converges, which we will establish
in Lemma 4.3 below, we have that, uniformly in ¢,

EHBP<m < szl fj_lej, (419)

for some constant C' > A2,

Lemma 4.3 (Effect of truncation on variance CTBP). For m; = Kn~/, and with v = E[X] > 1,

> 2K
> freefiieg < — (4.20)
=1 n
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Proof. We bound f; <7, and

¢j < nEI(X Amy)? = n(mIB(X > my) + EIX?1(x<m,)); (4.21)
so that
Z f1 ce fjflej < Z m?]P’(X > mj)ﬂj + ZE[XQH{Xgm]-}]nj' (422)
= =1 =1

We bound both terms separately. The first contribution equals

s , . s . —a(X) _ 1
K2 B(X > Ky = K2E[> 0771 ey s xy) = K2E[ = 1, (4.23)
j=1 j=1
where a(x) = max{j: Kn~7/ <z} = |log (x/K)/log (1/n)|. Therefore, n~**) < X/K, so that
K? Kv
Zm (X >mj)p < 1_77E[X/K]:1_n. (4.24)

The second contribution is bounded in a similar way as

iE[lel{XSmj}]nj :E[ix%ﬂ'ﬂ{xgm_”} :E[X2 i nﬂ} :E[XQ"MX)}, (4.25)

j=1 j=1 J=b(X) 1=n
where b(z) = min{j: Kn~7 >z}, so that n°X) < K/X. Therefore,
> . KE[X] Kuv
2 —
;E[X Lpcampl? < 5= = 7 (4.26)
"
Proposition 4.1 (b) follows by combining (4.19) and (4.20).
For Proposition 4.1(c), we start by showing that
k(t,x)
e ot Z (IBP;[t,t +5)|] = A®(z)Fr(s). (4.27)

Observe that |BP[t,t + s)| = ijo |BP;[t,t + s)| is the total number of alive individuals at time
t, with residual lifetime at most s, so that from [20, Lemma 2, Appendix Chapter VI|, on the
renewal equation

E[|BP[t,t + s)|] = Fe(t + 5) — Fe(t) + V/ E[[BP(t —y,t + s — y)[ dFe(y), (4.28)
0
we readily obtain (compare the derivation of [20, Theorem 24.1)),
Jim <~ BRI t-+9)] = fim '3 EBR[1t-+9)]] = AF(),
j:

with A = (v — 1)/(awp) as given in the proposition. For fixed s > 0, define

o0 o0

BR.(tt+s)= > BRlLt+rs)= S e BPLt+s). (4.29)
j=m+1 Jj=m+1
Then, (4.27) follows if we show that
E[|BPsrim[t,t + 8)|] = AFp(s) — AFr(s)®(z) = AF(s)®(—x). (4.30)

Conditioning on the lifetime (with cumulative distribution function equal to Fg¢) of the first
individual,

E[|BP;t,t +s)|] = V/O E[[BP;j1[t —y,t + s —y)|] dFe(y). (4.31)
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Changing to BP; and Fg and iteration of (4.31) yields

t
E[|BP.km[t,t +5)l] = / E[[BP[t —y,t —y + )| dF; "7 (y), (4.32)
0

where ng is the j-fold convolution of Fg, and hence the distribution function of the independent

sum of j copies of a random variable each having cumulative distribution function. F_’g. This is
the point where we will use the CLT. Take an arbitrary € > 0 and take ty so large so that for
t > o,

|E[|BP[t,t + 5)|] — AFg(s)| < e. (4.33)
Then,

[EIIBP. ko[t + 5)[] = AFa(s)®(—)| < eF; ™0 (1) + AFa(s) [ ;"0 1) = b(—a)|

t
<
t—to

The last term vanishes since E[|BP[t, t+s)|] is uniformly bounded and F*W () —ng(t’m) (t—to) =
o(1), as t — oo. Furthermore, with m = k(¢,x) — oo,

E[[BPIt — .t~y + 8)]] — AFa(s)| dF "0 (). (4.34)

52

k(t,z) N——i-x = t ~mv — za\/m. (4.35)

3
As a result, by the CLT and the fact that v and 5% are the mean and the variance of the
distribution function Fy,

lim M0 (t) = @(—x). (4.36)

t—o00

Together with (4.34), this proves the claim in (4.30), and hence (4.27). Finally we use the second
statement of Part (a) to show that

k(t k(t,x)
e ot Z [|BP;[t,t +s)|] —e Z [IBPS™[t, ¢+ s)]] (4.37)
< e (E[BP()]] — [IBP“’”( ) — 0,

as first t — oo and then K — oo. This shows Proposition 4.1(c).

We continue with the proof of Proposition 4.1(a) for the n-dependent CTBP. We denote the
number of alive individals at time ¢ in the n-dependent CTBP by |BP,,(¢)|. We then have to show
that for any sequence t,, — 0o, as n — 00,

e I E[|BP, (t,)|] — A, (4.38)

where A = (v — 1)/avi . Denote by ¢(s) = [;° e fe(y) dy, the Laplace transform of fe, the
density of the lifetime distribution F¢. Then

>~ 1—(s)
e Y'E[|BP,(t)|]dt = — . 4.39
| emEe o= =25 (4.3
This equation follows directly from [20, Equation 16.1], with m replaced by v, and is valid when
the real part of s satisfying Re(s) > ay,, where a,, > 0 is defined as the unique solution to
Unp(an) =1 (compare (1.15)). From the inversion formula for Laplace transforms, we obtain

B8P (0] = s [ et (4.40)

where T" is the path (¢ — ico, co + i00), with ¢y > a,. Since o, — a and v, — v > 1 and ¢(s)
is the Laplace transform of a probability density, the function s(1 — v,¢(s)) has a simple zero
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s = ay,, but no other zeros in a small strip |s —ay,| < €, for some € > 0. It is then easy to conclude
from Cauchy’s theorem, calculating the residue at s = a,, that

BIP ()] = o — A (14 0 )
= Ape® (14 0(e ™)), (4.41)
where - L
An = = (4.42)

Oén’/% fooo ye_a”yfé(y) dy nVnlp’
Since A, — A, the claim (4.38) follows.
For the second statement in Proposition 4.1(a) for the n-dependent CTBP, we replace the
inequality in (4.7) by the equivalent n-dependent statement, uniformly in k£ > 1,
ko6
1= ][ = < (log(1/n,)) "E[ Xy log (Xp/Kn) ] (4.43)

j=1 "

Since limy o0 E[ X, log(Xy/Kyn)+]] =0, as n — oo, the statement follows as in (4.10).
For the n-dependent case of Proposition 4.1(b), we need to show that for all n > 1 and
uniformly in ¢,
e 2 E[IBPI (1) ] < CK,, (4.44)

for some constant C', and where K, is the cut-off variable used in m; = K,n, J. Copying the
derivation which leads to (4.16), we obtain

[e.9]

) n n n oo (Mj) 2 23
E[[BP,"[?] = A7 £ el (E[IBP, ™))"+ Qi (4.45)
j=1
where
2
o™ — N E[(Xn A mj) ]7 fgn) _ NnE[(Xn A mj)]’ (4.46)
J Up J Un
and
_ t t
Fact) v [ e dFey),  Qult) =mitvn [ o0 dEe(y) (4.47)
0 0
From the proof of Lemma 4.3, we readily obtain that
DA e < ) miB(Xn > my £ ) BIXLx,cmppln S T E (448)
j=1 j=1 j=1

Since, v, — v and 0, — 1, as n — oo, we find, by combining (4.45) and (4.48), that given £ > 0,
there is an ng so that for n > ng, and uniformly in ¢,

< 2K, (v +¢)(A? +¢)
B (1-n-¢)
By enlarging the constant C' we see that (4.44) holds for all n > 1 and uniformly in ¢.

Finally, we will give the proof of Proposition 4.1(c) for the n-dependent CTBP. We denote by

|BP,, j[t,t + s)| the number of individuals in generation j having residual lifetime at most s at
time t of the CTBP with offspring given by X,,. Then, we obtain, similarly as in (4.32),

e—2antEUBP£Lﬁz)(t>‘2] < CK,,. (4.49)

t
E[[BP, > 4lt t + )[] = /0 E[[BP[t — .t + s — )] dELC (). (4.50)
The expectation E[BP,,[t,t + s)|] satisfies the renewal equation

E[BPult,t + 5)|] = Fe(t + 5) — Fe(t) + v /0 EIBP.(t—yt+5—y)dFe(y).  (4.51)
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For s > 0 fixed, we denote by

K,(v,s) = /OOO e "'E[|BP,[t, t + s)|] dt, flv,s) = /OOO e VNFe(t+s) — Fe(t)|dt, (4.52)

the Laplace transforms of E[|BP,,[t,t+s)|] and [Fe(t+s) — Fe(t)], respectively. Then (4.51) yields

Kn(v,5) = f(v,5)/(1 — vyp(v)). From the inversion theorem for Laplace transforms we obtain
(compare (4.40)),

E[|BP,[t,t+ 5)|] = ;m/revt%

where I' is the same path as in (4.40), so that from the theory of residues, for some ¢ > 0,
etn f(oy,, s)
_Vn@,(an)

with A,, defined in (4.42) and with

dv, (4.53)

E[|BPy[tn, tn + )] = (14 O(e™em)) = ™ A, F, 4(s) (1 + O(e_“")), (4.54)

anyn * —any
For(s)=—— [ e "Y[Fe(y+s)— Fe(y)l dy. (4.55)
Vp — 1 0
Since A, — A and F), z(s) = Fg(s) for n — oo, we obtain that, for any sequence ¢, — oo,
lim E[|BP,[tn,tn + 8)|] = lim e " E[|BP,[tn, tn + 5)|] = AFg(s).
n—oo

n—oo
The n-dependent definition ky,(t,, z) yields that m = ky(t,,z) — oo implies t,, ~ mv, — xa/m,
so that since 7, — 7,

e ® () — @(—a). (4.56)

Since v, — v, oy, — «,we obtain, similarly as in (4.30) and for any sequence ¢, — oo, that

tn B
E[[BPy, >k (tn,2) [Ens tn + 8)[] = / E[|BPultn — 4, tn — y + s)[| dE, eV (y) = AFg(s)®(—2).
0

(4.57)
The remaining details of the proof follow from Part (a) and an argument as in (4.37). "

5. BOUNDS ON THE COUPLING: PROOF OF PROPOSITION 2.2

5.1. Some simple lemmas concerning miscouplings. In (2.26), we have coupled the forward
degrees in the SWT (Y,)g>1, as well as the (possibly) reduced forward degrees (X;");>1, to an
i.i.d. sequence (B;");>1 with distribution equal to that of D — 1 given in (2.5).

We next investigate some simple consequences of this coupling. For this, it will be useful
to note that when D, having distribution function F,, in (1.2), satisfies Condition 1.1(c), the
maximal degree A, = max;c, d; satisfies

A, =o(y/n/logn). (5.1)
Indeed, suppose that A,, > ey/n/logn. Then, pick K,, = n'/* to obtain that

n 2
LS @ log(di/nt/) s > 20 log(A, /nt/)
n n

k=1

E[D% log (Dn/Kn) ]

> n_;(&\/my10g(n1/4/(10gn)1/2) > &?/8. (5.2)

This is in contradiction to Condition 1.1(c), so we conclude that (5.1) holds.
On (2, F,P) we define the sigma-algebra Gj, by

G = o (du,, duy, 75, X5 Y™, (BE)i<) j<- (5.3)

In the following lemma, we investigate the conditional probability of Yk(”) #* B;:)_l 41 given Gy 1.
In its statement, we recall the definition of S;” in (2.27).
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Lemma 5.1 (Miscoupling of forward degree). Assume that Condition 1.1(c) holds. For all
k < my, and assuming that m, < +/nlogn,

POV # Byl 1 Ge-) < oy (5(”) +Z (V{4 1)) = 0:(1). (5.4)

Proof. We have that Y ) £ BTk ,+1 precisely when we pair the half-edge y;_; to a half-edge
of a previously chosen vertex. Now let V. ,...,V,, , be the previously chosen vertices and let
Y\ = Bg), for s < k — 1, be the forward degree of vertex V,, ,, s < k — 1. Then the total

number of half-edges incident to chosen vertices is at most

k—1
S (Y 1),
s=1
By (5.1), A, = 0(\/n/logn) so that
Sy + Z (Y™ + (k+ 1A, < (m, +1)A, =o(n). (5.5)

From (5.5), it is clear that we draw each time from at least £, — o(n) = £,(1 — o(1)) half-edges.
This shows (5.4). "

Lemma 5.2 (Probability of drawing at least one alive half-edge). Assume that Condition 1.1(c)
holds. For all k < my,, and assuming that m, < /nlogn,

PXY <Y, ™ | Grq) < e[(|g(k1))1]<5(n> + ZY(")> (5.6)

Proof. Recall the definition of S;” in (2.27). We have that X, < Y’ when we pair at
least one of the Yk(") half-edges to a half-edge incident to {U;,Us, V,, ..., V,, _,}. Since there
are precisely Y(") half-edges that need to be paired, and the number of half-edges incident to

{U1,U2,VZO,... en_o 1s given Gi_1, equals S(") we find

(n) g
Y™ -S4
b= NS (06 = 1) = 577 =1

Clearly, S,(C”) L <8 (4 Zk Ly{™ . Consequently we obtain (5.6) from the tower-property for
conditional expectatlons [

P <Y | Ge1, VM) <

(5.7)

5.2. Proof of Proposition 2.2(a). The i.i.d. sequences (B{");>1 and (B;);>1 have probability
mass functions (g )k>0 and (gx)k>0 given in (2.4) and (2.5), respectively. Since (g;”)k>0 and
(9k) k>0 are discrete distributions and since by Condition 1.1, the distribution (g )x>1 converges
as n — oo in distribution to (g)r>1, it follows that

drv (B, By) = Z gk — g = 0, (5.8)

where dry denotes the total variation distance, see for instance [39, Theorem 6.1].
Take s,, — oo such that

e?*n (B, By) — 0. (5.9)
According to (1.20), and with ¢ € {1, 2}, we then obtain
e™ O BPW (5,)] £ W(i>’ (5.10)

where W are two independent copies of W. Since IP’(VNV(“ < 00) =1 and e*" — oo, we conclude
that |BP(sy)| < kn, whp, if we take k,, = [e?**"|. If this k, does not satisfy k, = o(y/n), then
we lower s, so that the corresponding value of k,, = |e?**» | does satisfy k, = o(\/n).
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Recall the definition of Gy in (5.3). By Boole’s inequality,
P(X," # B | Gr—1) S P(X" <Y | Goot) + PV, # BV | Gi). (5.11)

Using Lemmas 5.1-5.2, and by taking the expectation, a lower bound for the probability of all
forward—degree—couplings being successful during the first k,, = o(y/n) pairings is

kn
r((Yo =) = 1-r(Ui a0 512
k=1
> -1 iE[smwf(me)]
IO C) e S

kn

sy S (s + S

> 1—ck?/n—1,

where we rely on the inequality

E[Y,™ 1+ 0(1 1

MG < Y S o), (5.13)
j€ln]

whenever k,A,, = o(n), which follows from (5.1).

The lower bound (5.12) implies that, whp, the number of half-edges (|AH(s))s¢(0,s,, is perfectly
coupled to the number of (alive) individuals of the n-dependent CTBP (|Al,(s)|)se[o,s,]> in turn,
(5.9) shows that (BP,(s))s<s, is whp perfectly coupled to (BP(s))s<s,. This proves Proposition
2.2(a). "

We close this section by investigating moments of the size-biased random variables (Yk(”)) E>15
which play a crucial role in the remainder of the paper:

Lemma 5.3 (Moments of size-biased samplings). Assume that Condition 1.1 (a-c) holds. For
all k < my,, and assuming that m, < v/nlogn, and for any K, — co such that K2 = o(n/my),

EY: Ly o,y | 1] = 0:(1). (5.15)
Proof. We use the upper bound
1
(n) < —
where we again use that, since m,, < v/nlogn,
k—1
by = S§7 =Y >y = (g + 1A, = £,(1 = 0(1)). (5.17)
j=1

This provides the necessary upper bound in (5.14) by taking a = 0 and from the identity v,, =
>ien) di(dy — 1) /4y For (5.15), this also proves the necessary bound, since by Condition 1.1(c),

T Z di(dy — D) 1gg>x,y = o(1). (5.18)

le[n]
For the lower bound in (5.14), we bound, instead,

E[Y, "1 Y<K} | Gr—1] = 0 =) [Z di(di=1) L, <3~ Y di(di=1)Lig< 1,1 141 is chosen} |-
le[n]

(5.19)
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where the event ‘I is chosen’ means that vertex [ belongs to the set of already chosen vertices
Ui,U2, V..., Vs, . The first term equals v, (1 + o(1)). The second term is a.s. bounded by

» Vizmg, —

mpK2 /0, = o(1), since K2 = o(n/my,). "

5.3. Completing the coupling: Proof of Proposition 2.2(b). In this section, we use Propo-
sition 4.1 to prove Proposition 2.2(b). In order to bound the difference between BP(t) and SWT (¢),
we will introduce several events. Let B, Cy, €y, My, m, denote sequences of real numbers for
which B,,, C;, = oo and g,, — 0 arbitrarily slowly, and m,, > /n, m,, < y/n. Later in this proof,
we will formulate precisely how to choose these sequences.

Define the event A, by

A, = {] U SWT(s)ABPn(s)‘ < gnm}, (5.20)

s€[0,tn+Bn]

where we recall that SWT(s) ABP,,(s) is the set of alive half-edges at time s that are miscoupled,
and where we recall further that an alive half-edge is miscoupled if the shortest-weight path
from the root to the vertex incident to that half-edge uses at least one degree-miscoupled vertex.
Similarly an alive individual is miscoupled if at least one of its ancestors is degree miscoupled.
Note that when A4,, holds, then ‘Use[o,t} SWT(s)ABPn(s)‘ < epy/n for any t < t, + B, by
monotonicity in ¢ (see Definition (2.35)).

In terms of the above notation, Proposition 2.2(b) can be reformulated as

P(A;, | F,) = 0x(1). (5.21)

Hence only a tiny fraction of the alive half-edges or individuals is miscoupled and the alive half-
edges that are not miscoupled are connected to the root via a path containing only successfully
coupled vertices.

In order to prove (5.21), we introduce the following events:

B, = {Y®(t, + B,) <mp} N{YWVO(t, + B,) < my,}

N{Y®(t, — B,) <m,} N {YV(t, — B,) <m,}, (5.22)
Cn = {ISWT(t)| = [BPu(t)], Vt < tn — By}, (5.23)
Dy, = {# i such that T; < t,+ Bp, X" # B |, dv. > Cy}, (5.24)
where
Y®P () = [{v: v € BP,(s) for some s < t}|, (5.25)
denotes the total number of individuals ever born into the BP,, before time ¢ and
YEWD(¢) = |{v: v € AH(s) for some s < t}, (5.26)

denotes the number of half-edges in the SWT that have ever been alive before time ¢. Informally,
on B,, the total number of half-edges in SWT and individuals in the CTBP are not too large.
On C,, there is no early degree-miscoupled vertex, while on D,,, there is no degree miscoupling
involving a vertex that has high degree, until a late stage.

Obviously,

P(A; | Fs,) (5.27)

To bound conditional probabilitites of the form P(E¢ | F;, ) as appearing in (5.21), we note that
it suffices to prove that P(£¢) = o(1), since then, by the Markov inequality and for every ¢ > 0,

IP’(IP’(SC | Fy,) > 5) <E[P(E | Fy,)]/e = P(E%) /e = o(1). (5.28)
Thus, we are left to prove that
P(B;) =o(1), P(C.nB,) =o0(1), P(D;NB,NC,)=o0(1), P(ANB,NC,ND,)=o0(1). (5.29)

We will do so in the above order.
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Lemma 5.4 (Expected number of particles born). For all t > 0,

E[y(BP)(t)] _ 2(1 B E[DﬂFf(t)) " Vi 1EHBPn(t)H‘ (5.30)

vy — 1 Vp,
Moreover, when e*(tnt5n) = o(7,) and e®(tn=Bn) = o(m,)),
P(B;) = o(1). (5.31)

Proof. Note that we grow two sets of alive half-edges and two BP’s, which explains the factor
2 in (5.30). Asis well known, the expected number of descendants in generation k of a BP equals

vk, where v, denotes the mean offspring. Here, we deal with a delayed BP,, where in the first
generation the mean number of offspring equals E[Dy]; the factor F¢*(t) — Fg(k“)(t) represents
the probability that an individual of generation k is alive at time t. Together this yields

E[|BP, (¢ ZQE v () - FEMTO @), BT 2+22E JUETVEER(8).

(5.32)
It is not difficult to deduce (5.30) from the two identies above.
To bound P(Bf), we note that we have to bound events of the form P(Y®")(¢) > m) and
P(Y®WT(t) > m) for various choices of m and t. We use the Markov inequality and (5.30) to
bound

P(Y®P(t) > m) <E[Y®P(t)]/m < ﬁE[IBPn(ﬂH + % (5.33)

According to (4.41), after conditioning on the offspring of the first individual, E[|BP,(t,)|] =
E[D,]Ane“tn (1 4 o(1)), so that, since E[D,] — E[D],

P(Y®P(t,) > my,) = O(e* /my,). (5.34)
The conditions on ¢t and m in Lemma 5.4 have been chosen precisely so that e (tn—=5n) /m,, — 0,

and e (tntBn) /5 0.
We continue with P(Y WD (¢) > m). We use the same steps as above, and start by computing

E[YOVD ()] =2 + 2 i FrOEPE], k> 1, (5.35)

where Py = ¢, /n and
Pr= > (de—1)/n,  k>1,
|7 |=k,mCCMn (d)
is the sum of the number of half-edges at the ends of paths of lengths k in CM,(d), from a
uniformly selected starting point. Following [26 Proof of Lemma 5.1], we find that

dy,(dv, — 1) i
dy < E[Dy]v,, .
UOZ% : g e <ED.Ju) (5.36)
where the sum is taken over distinct vertices in [n] Note that our definition of v, deviates from
the one given in [26, (2.3)], which explains the difference between the right-hand side of (5.36)

and the result in [26]. We obtain,

E[Y WD (4)] < 2+ 2 Z W|VF < 2E[D,] 4+ v E[Y P (2)], (5.37)

and we can repeat our arguments for IE[Y<BP)(t)]. "
Lemma 5.5 (No early degree-miscoupling). When m,, = o(y/n), then
P(C,, N By) = o(1). (5.38)

Proof. On B,, the inequality Y ®VP(t,, — B,,) < m,, holds. By (5.12), the probability that there
exists a degree-miscoupling before the draw of the m,,th half-edge is o(1) when m,, = o(y/n). =
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Lemma 5.6 (No late miscouplings of high degree). If my, < \/nlogn, and C,, satisfies

TS gz = o) (5.39)
i€[n]
then
P(D; N B, NCy) = o(1). (5.40)

Proof. On B, we have that Y®Y7 (¢, + B,) < M, and hence for a degree-miscoupling, when
D¢ holds, one of the vertices i € [n| with d; > C), has to be chosen twice during the first m,
pairings. By Boole’s inequality and (5.39), an upper bound for this probability is
—2
2 may, lno(n)
1 . = o(1). 5.41
Z f 70 {d;>Cn} — (gn 7O(n))2 m2 O( ) ( )

n

Proposition 5.7 (Degree—miscoupled half-edges have small offspring). If m,, < +/nlogn and
e?onBnC 2 /0, = o(e,\/1), then

P(AS N By N Co N Dy) = o(1). (5.42)

Proof. We split the proof into the contribution of the degree-miscoupled vertices in |BP, (%) \
SWT(t)| and those in [SWT(t) \ BP,(t)|, t < t, + By.

A bound on |BP,(t) \ SWT(t)|. Recall that at time T}, the vertex V;, ,
when one of the equalities in (2.26) fails.
When Yk(") # B;Z)_I_H, we can give an upper bound on the contribution to BP,(-) of the tress

is degree-miscoupled

of miscoupled individuals by drawing from the i.i.d. sequence (B;"))izl. As a result, the total
contribution to |BP,(t) \ SWT(t)|, t < t,, + By, can be bounded above by

Y, (tn + By — Ty), (5.43)

where, for different k& > 1, (Yk(BP)(t))tzo are independent CTBPs. On C,,, we have that T}, > ¢,— B,
so that t, + B, — T} < 2B,,, while on D,,, each degree-miscoupling starts with a vertex with degree
at most C,,. Therefore, from (4.41),

E (Y™ (tn + Bo = Ty)le,np, | < Cadne® P (14 o(1)). (5.44)

On B, the expected number of miscoupling is at most O(m2 /£,), hence

2
E[ 3 Y+ B To)ls,nc,no, | < O( ) Cuetn B, (5.45)
{k5 Tk§t7L+Bn} "

By assumption, the right-hand side is o(g,y/n). Therefore, by the Markov inequality,
]P’(]{BPn(s)se[()’tﬁBn} \ SWT(8)sc0.n 45,1} > Env/} N Bn N C N D, N Mlsc) = o(1), (5.46)

where the intersection with MISC indicates that we only deal with degree-miscouplings of the
form Y(") #+ BTk 1

When Yk(") # X ("), a self-loop or cycle-creating event occurs and the two half-edges that form
the last edge in the cycle are removed from SWT(¢), but they are kept in BP,(¢). In case of a
removal of a collision edge, only one individual is kept in BP,,(¢). Whether one or two individuals
are kept in the BP,(¢) is of no consequence for the argument below.

Again, on the event B, N C,, the expected number of degree miscouplings is bounded by
O(m;, /¢y). Furthermore, on the event B, N C,, the expected offspring of the half-edges involved
in cycle-creating events is at most

v E[Y B (2B,)], (5.47)
where (Y ®P)(t))¢>0 is the total number of individuals that have ever been alive in a CTBP where
all individuals have i.i.d. offspring with law (g,(:)) k>0- Indeed, we have no information about the
remaining lifetime of the half-edge involved in an event that is caused by Y, # X. As a result,
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rather than waiting for the residual life-time to be completed, we instantaneously take as offspring
an i.i.d. draw from (g{");>0, and start the various BP,, () from there (on the average there are v, of
these BP,,). The total number of individuals ever alive only increases by this change. On the event
D,,, we have that E[Y ®"(2B,,)] < C,A,e?*Bn (14 0(1)). By assumption, m2Cy, A,e?nBn /(, =
o(eny/n). Therefore, the total contribution to |BP,(t) \ SWT(t)|, t < t, + B, due to degree
miscouplings of the kind ka") #X ,(C") events is op(en\/n), as required.

A bound on |[SWT(t) \ BP,(t)|. By construction, the number of miscoupled half-edges in
SWT(s)sejo, at any time ¢ is bounded from above by

MIS(¢)

Y- Ty), (5.48)
j=1
where MIS(¢) denotes the number of degree-miscoupled vertices and Yj(SWT) (t —Tj) is the number

of half-edges reached by the liquid during [7},¢), and which are in the tree with root V., ;. On
the event C,,, we have that Ty > t,, — B,,. Therefore, on the event C,,

MIS(tn+B)

ISWT ()tc(0,tn+ B, \ BPa(t)tc(o,tn+Ba)l < Z Yj(SWT>(2Bn)~ (5.49)
j=1

By the Markov inequality,

P(‘{‘SWT(t)tG[O,than] \ BPn(t)tE[O,thanH > En\/ﬁ} N Bn N Cn N Dn)
MIS (tn+By)

< (env/n)"'E [115mn 3 Yj‘SW“(QBn)] : (5.50)
j=1

We rewrite
MIS(tn+By)

E [an ; Yj(SW“(QBn)} (5.51)

< (1+0(1)) Z P(j is degree-miscoupled, B,, N D,,)E[Y V" (2B,,)]

JEN]

dimy\ 2
< (1+0(1) 3 () Ly, <0 EY V(2B,))
jem "

where we use that, upon degree-miscoupling of vertex j, we redraw a vertex from the size-
biased distribution, for which the number of half-edges found before time 2B, is equal to
E[Y©SYD(2B,)](1 + o(1)) since m,, < v/nlogn and B, occurs. Since E[Y VD (¢)] < 2E[D,] +
v E[Y ®P) ()], we obtain that

E[Y SV (2B,)] < vpAne?®nBr(1 4 o(1)). (5.52)
Therefore, we arrive at
MIS(tn+Bn) — 9
E[ﬂgmn Y YEYYEB)| < A B (14 0(1) Y (dJZ”) Lig,<coy-  (5.53)
j=1 Jj€ln]

Bounding Zje[n} djz]l{dj<cn} < Cyl,, the right-hand side of (5.53) is bounded by v, Ae?*nBn (1 4-
0(1))Cpm? [ty = o(eny/n). Combining this with (5.50) proves that [SWT(t)iep,+m.] \
BP.(t)teltutBa)| = 02(env/n) on {Bn NCp N Dy} "

Proof of Proposition 2.2(b). Take
m, = v (loglogn)®, T, = yi(logm) V", (5.54)
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and

B,, = logloglogn, C,, =n'/*, en = 1/logn. (5.55)
By Condition 1.1(c) applied with K,, = v/C}, /e, and using that log /C,, < log(eD,,/+/C})+ when
Dy, > Cy,

1
- Z g0y =ED21p, >0, <E

i€[n]

D121 log(e i Dn/ \ Cn)-i—
log v/C),

which verifies (5.39). All other conditions in Lemmas 5.4-5.6 and Proposition 5.7 are straight-
forward. Therefore, (5.21) follows, which completes the proof of Proposition 2.2(b). ]

= o((logn)™1), (5.56)

6. HEIGHT CLT AND STABLE AGE: PROOF OF PROPOSITION 2.3

We first prove Proposition 2.3(a). Throughout this proof, we abbreviate k,, = k,(t,, z) as in
(2.42). The proof contains several key steps:

Reduction to a single BP. We start by showing that, in order for Proposition 2.3(a) to hold,
it suffices to prove that for j€{1,2}, z,t € R and s > 0, such that ¢t + s < B,,, conditionally on
Fs, and on WIWE >

e_o‘"t”|BP§i’§k [+t Tn + t 4 8)| — e ®(2) Fr(s) /WD /WG, (6.1)

where we use (2.37) in Proposition 2.2(a) to see that /W /W= € [e,1/e] whp. Indeed, by
Proposition 2.2(b) and the fact that e=®»* = ©,(n~"1/2), (6.1) implies that for t + s < B,

e I SWTY) [bn + bt + 4 5)| = e BPY_ | [En + b, 80+t + 5)| + e """ 0p(e,3/n)

— D (z) Fir(s) /WD /WG, (6.2)
which proves Proposition 2.3(a) by the independence of the two CTBPs involved.

Using the branching property. To prove (6.1), we note that (BPY(s))s>s, is the collection
of alive individuals in the different generations of a CTBP, starting from the alive particles in
(BPY(s,,)). Then, conditionally on Fj,,

-
BPY_, [+t tnttt+s)= > Z BP0+t —5n — Ry, tn+t 45— s, — Ri)|, (6.3)
ieBPY) (s,) F=1
where G;j ) is the generation of individual i € BPY)(s,), while R; = R;(s,) is its remaining lifetime
at time s,, and (BP“7(t));>0 are i.i.d. CTBPs for different ¢, for which the offspring for each
individual has distribution (g,i")) k>0, and where the branching process starts with one individual
that dies immediately and has offspring distributed as (g;;”) k>0

Truncating the branching process. We continue by proving that we can truncate the branch-
ing process at the expense of an error term that converges to zero in probability. We let BP{™
denote the branching process BP!""") obtained by truncating particles in generation [ (measured
from the root i) by m; = K,n,'. We take K, — oo such that K,e **» = o(1). We first show
that, as t, — oo, we can replace e_a"t"|BPx7’j<)kn [tn, tn + s)| by e~@nin ]BPSQZBL [tn,tn + )|, at the
expense of a op(1)-term. Indeed, with - -

BPL () =Y [BPLY (O], [BPG#™ (1) = IBP ™ (1)), (6.4)
k=1 k=1

by the n-dependent version of Proposition 4.1(a) in Proposition 4.1(d), which we apply to each
of the individuals born at time s, + R;, and for each sequence w,, — 0o, we have that

R A ——

< TR | [BPL (un)| — [BPLS (u) ] = 0(D).



34 BHAMIDI, VAN DER HOFSTAD, AND HOOGHIEMSTRA

Therefore, using that the law of (BPZ:gkn (t))i>0 only depends on Fg, through R;,t,,
e
et ST ST B[IBPUL(F 4t — s — i)l — [BPUE™ (= sy — )| | F
ieBPY) (s,) F=1
<ot 3 [yBP;Qk (Fa+ t — 50— Ri)| — [BPUE™ (£, + ¢ — 5, — Ry)] | Ri,fn}
i€BPY) (sn)
=o(1) Y emlntwttmaf) — g ()eman (T el (6.5)
i€BPY (sn) i€BPY) (sn)
since the random variable |t,, —t,| is tight, and assuming that s, — oo so slowly that s, |, —a| =
o(1). Since R; > 0,
e o Z e i < o7 |BPY (s,,)| LW = Os(1), (6.6)
i€BPY) (sn)

by the ‘perfect’ coupling between BP,, and BP at time s, stated in Proposition 2.2(a), and using
that (see (1.20)),

e |BPU)(s,,)] — WO, (6.7)
We conclude that
e |BPY_ [+t +t+ 5)| (6.8)
oG
=e omin N Z IBPU ™ b+t — sp — Riytn + 1+ 5 — 80 — Ri)| + 0s(1).
i€BPY) (s,) k=1

A conditional second moment method: expectation. We next use a conditional second
moment estimate on the sum on the right-hand side of (6.8), conditionally on F;, . By the n-
dependent version of Proposition 4.1(c) in Proposition 4.1(d), ¢, — oo, and for each i € BPY(s,,),

e~ | [BPY LY (b, B + )| — AD () Fi(s). (6.9)

Observe that also m = k, — k,, — oo, with k, = o(y/logn), implies t, ~ mv, — xd\/m, so
that we can conclude from (4.56) that (6.9) also holds with k, replaced by k, — k,,, as long as
k,, = o(y/logn). As a result, when ¢, + t — s, — R; % 50 and k,, = o(v/logn) and for each 1,

o—an(Entt—sn— [|BP;; Qﬁi_k [tn +t—8p — Riytn +t+5— s, — R)|| fsn} (6.10)

- e_an({n—i_t_sn_Ri)E [‘BPS 7<7l:) k,, [tn +t—s, — Ry, th+t+5— 5y — Rl)’ | R;, t_ni|
= A®(z)Fr(s)[1 + 0p(1)].

Further, we use the general theory of vertex characteristics in [23, Theorem 6.10.1] to conclude
that N

Z emon(sntRe) _Ey 64, (6.11)

i€BPW (sp,)

Indeed, consider Z(t) = > ;cpp() e R = > icBP(t) 1[ﬁgtg%ﬁgi]e_a(&#ﬂ_t)a where the second
sum is taken over all individuals and where 7;, &; are the birthtime and lifetime of individual i,
respectively. Then with the terminology of [23, Section 6.9], Z(t) = ZX(t) = X ;cgp) Xi(t — T),
where the random characteristic x; of individual ¢ is defined by

xi(t) = L g (t)e &0, (6.12)
According to the aforementioned [23, Theorem 6.10.1],
e Z(t) 5 c,W/k(o0), (6.13)
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where ¢, = [ e ™ E[x(u)] du/ [§* e” " up(du), = Jo e 1 = Fe(w)] du/ [;° e up(du)
and where pu(t) = ng( ) This yields ¢, = l/y and k:( )= (v — 1)/(cw ), so that c,/k(oc0) =
1/A. The whp ‘perfect’ coupling between (BP,(s))s<s, with (BP(s))s<s, stated in Proposition
2.2(a) and using that we may take s, — oo so slowly that s,(a — a,) = o(1) implies that (6.13)
implies (6.11).

This yields that, conditionally on F5, and W) Ws2 > 0, and when GV = o,(y/logn) (which
happens whp when s, is sufficiently small),

kn_GEj)
o—Cntn Z E[ Z |BPZ:£%> [tn +t—8n— Riytn +t+5— 8, — RZ-)|] (6.14)
i€BPY) (sn) k=1
— A B() Fu(s) L+ 0 (1)] S eonlnmtnsn
i€BPU) (sy,)
= AeatQ(x)FR(s)[l + Op(l)]ean(fn_tn) (e—ansn Z e—anR,L)
i€BPW (s,)
5 e () Fy(5)y/ WO V),
by (6.11), again taking s, — oo sufficiently slowly, and since gan(tn—tn) — WPWED LN

VIWOWE) (see (2.39)). Notice that in (6.14), we condition on W’ > 0, so that the limit W
has to be replaced by W@ W) > (0 which is equal in distribution to W%,

A conditional second moment method: variance. We next bound, conditionally on Fj, , the
variance of the sum on the right-hand side of (6.8). By conditional independence of (BP!");>1,

e_2a"t"Var( D> BRIt At —sn — Riyln +t 45— 50— Ri)| | ]-"Sn> (6.15)
i€BPY) (s,) =1

k=G
:e—Qantn Z Var( Z |BP(1JM)[ +t_5n Rlafn+t+5_3n_RZ)’ |‘7:Sn>
i€BPY) (s,) k=1
We bound
kn*GEj)
Var( > IBPU Mt A+t — s — Riytn+t+5— s, — Ri) | ]-"Sn> (6.16)
k=1

kn_Gz(j) 2

<E[( > IBPU(tntt— s R)I) | F,]

k=1

< E[[BP%’J'*””(E” T — fsn} - E[yBP;;m(fn bt —sn—R)[?| Ryl
By the n-dependent version of Proposition 4.1(b) in Proposition 4.1(d), for each n > 1,

sup{e 2*"'E[|BP{7"™ (t)]*]} < CK,. (6.17)

t>0
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As a result,
e_%‘"t"Var( 3 Z IBPUI™[f 4+t — s — Ry b + 1+ 5 — 50 — Ry)| | ]-"Sn) (6.18)
i€BP{ (s,) k=1
<eZomin Y E[|BP§;M> (n +t— 50— R)|* | Ri 1
i€BPY (sn)
< CKne—2antn Z eZan(fn+t—sn—Ri)
ieBPU (s,)

_ CKnGQOé'rL(t_n_t7L)e_2a7L5n+20£nt 2 : e 20mRi _ Op(l)Kne_Qo‘”s" 2 : e_zanRi’

i€BPU) (s,) i€BPU) (s,)
since e20n(tn—tn)+2amt — O (1). We can bound this further as in (6.6) and (6.7) by
Ky 2nie 37 en2m i < g emonsn (0705 [BPY) (5,)] ) = Op(1)Kpe ™, (6.19)

i€BPY) (sn)

which is 0p(1) precisely when Kpe™*"*" = o(1). Since we are free to choose K, we can choose it
such that K,e™*"*"» = o(1) indeed holds. By (6.18) and (6.19), the sum on the right-hand side
of (6.8) is, conditionally on Fj, , concentrated around its asymptotic conditional mean given in
(6.14). As a result, (6.1) follows. This completes the proof of Proposition 2.3(a). "

Proof of Proposition 2.3(b). In order to prove Proposition 2. 3(b), we compare the statement of
Proposition 2.3(b) with that of Proposition 2.3(a). Let m = [SWTY) , [f,+t,to+t+s2)], so that
m — oo on the event that WIWE > 0, and consider the sum Yoty XF, where X7 =dy, — 1
are forward degrees of free vertices after time ¢, + ¢, i.e., from the vertices [n]|, we remove the

set S, of all vertices of which at least one half-edge appeared in (SWT(s))s<z, 4+ We will prove
that, conditionally on F, |, with t < By,

Z Xr—1, (6.20)
M¥n
and then the proof of Proposition 2.3(b) follows from the proof of Proposition 2.3(a) and the fact
that v, — v.

Without loss of generality, we may assume that B,, in (5.22) holds, so that ¢ < B,, implies that
S| < T, where T, = /n(logn)'/* as in (5.54). As a result the sequence (di)iein)\s,, satisfies
Condition 1.1 whenever (di)ie[n] does. Hence, Lemma 5.3 holds with B; replaced by X/, so that
in particular, from the Markov inequality, conditionally on ., and for every sequence K,, — oo
satsfying K2 = o(n/m,,),

1 &N,
~ Z;X Lixs>K,p — 0. (6.21)

We use a conditional second moment method on )" | X*1 (Xr<Kn}s conditionally on F; ;. By
(5.14) in Lemma 5.3,

E[Z X! Lixr<rn) | fmt} = mup(1+ 0s(1)). (6.22)
i=1

This gives the asymptotics of the first conditional moment of > " | X 1{x*<K,}- For the second
moment, we start by bounding the covariances. We note that, for 1 <i < j < m,

COV(Xi*]l{Xi*SKn}?X;H{X;SKH} | f£n+t> (6.23)

= E[Xf]l{X;SKn} (E[Xfﬂ{x;gm} | s X150, X = E[XF L xr <k, | ]:En+t]) | ‘an—&-t}‘
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By (5.14) in Lemma 5.3, as well as the fact that i < m, = o(n),

E[X;H{X;gKn} | ffn+taXf, oo aXz‘*] - E[X;H{X;SK"} | ffn+t] = Ouv(l), (624)
so that also
COV<X31{X;gKn}aXfﬂ{x;gKn} | ]:En+t> = 0s(1). (6.25)
Further, a trivial bound on the second moment together with (5.14) in Lemma 5.3 yields that
Var (X1 x<io) | Frurr) < KnBIXT | Foy i) = Kavn(1 + 04(1)). (6.26)
As a result, whenever K,m = o(m?), and k2 = o(n/m,),
m
Var (Y- X7 xr k) | Fruve) = 0s(m?), (6.27)
i=1
which together with (6.22) proves that, conditionally on Fj .,
1 m
> Xilxi<r,y — L. (6.28)
Mn i o
Together with (6.21), this proves (6.20), as required. "

7. THE PPP LIMIT FOR COLLISION EDGES: PROOF OF THEOREM 3.1

Recall that (F3)¢>0 is the filtration generated by all the randomness used in the construction
up to time ¢, i.e.,

Fi = 7((SWT(s), BPu(s), BP(s))scy )
We will investigate the number of collision edges (x;, Py,) with I(x;) = j € {1,2}, H(z;) <
kn(tn, o), H(Py,) < k(tn,y) and R o) (Py,;) € [0, ) created in the time interval [t, +1,t, +t+¢),

where € > 0 is small. We let Z = [Zz,b) x {j} x (=00, z] X (—o00,y] x [0, s] be a subset of S, and
we prove that

P b 20 fr(0) 9
P(IL,(Z) =0 | Fs,) — exp { —/ We YO (2)D(y)Fr(s)dt}. (7.1)
By [28, Theorem 4.7], this proves the claim.
We split
N
=]z, (7.2)
(=1

where If) = [tﬁl, t([)) x{j} x (—o0,x] X (—o0,y] X [0, s), with t([) =a+/le and e = (b—a)/N, with
N € N. We will let € | 0 later on. For a fixed ¢ > 0, we say that a collision edge (x;, Py,) is a first
round collision edge when there exists [ € [N] and a half-edge y € AH(#{”,) such that y is found
by the liquid in the time interval Ilfs), y is paired to the half-edge P, whose sibling half-edge x; is
paired to Py, € AH(t" ) with I(y) = j # I(P;) = 3 — j. We call all other collision edges second
round collision edges. The second round collision edges are such that a half-edge y is found by
the liquid in the time interval Iﬁ (the first round), vy is paired to the half-edge P,, one of the
sibling half-edges xz; of y is then also found by the liquid in the time interval Iﬁ (the second
round) and is paired to a half-edge P,,, whose sibbling half-edge z is paired to P, € AH(téi)l)
with I(xz;) = j # I(P,) = 3 — j. When ¢ > 0 is quite small, the latter seems less likely, which is
why we start with the first round collision edges.

Denote the point processes of first and second round collision edges by II;™ and II$™ | so that
I, = IY™ + II8™. The next two lemmas investigate the point processes I¢™ and TIS™:
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Lemma 7.1 (PPP limit for the first round collision edges). For every s > 0, z,y € R, j € {1,2},
e >0 and { € [N], as n — oo,

2v
E[D]
Proof. The number of half-edges z € AH(#, +t;” ) that are found by the liquid having I(2) = j
and H(z) < ky(tn, z) is equal to
ISWTY) (b + 87 B + 87 +2)]. (7.4)
Fix such a half-edge 2, and note that it is paired to P, that has X7 = dy,,_ — 1 sibling half-edges.

For each of these half-edges we test whether it is paired to a half-edge in AH(Z, + t;”,) or not.
Therefore, the total number of tests performed in the time interval [tf)l, t(5>) is equal to

21 () () F(5) Fi() }- (7.3)

P(I™(Z) = 0| Fyo ) — exp { —
-1

By construction, we test Whether these half-edges are paired to half-edges that are incident to
the SWT or not. Each of these edges is paired to a half-edge w € AH(f, +t}” ) with I(w) =3 —j

(and thus creating a collision edge) and H(w) < k(ty,y) and R, ) (w) € [O s) with probability

equal to
1 € n €
m\swﬂjk Dol Lt 4 s). (7.6)
Therefore, for € > 0, conditionally on ]-" ) the probability that none of the half-edges found

in the time interval in between [t, + téi)l, tn + t ') creates a collision edge is asymptotically equal

to
1 3 ©) X5

H (1 — m|SWT<k(tn y)[t +t£ 17t +t€_1 +S)|) (77)

veSWTY) e+t ttf?) "

Vo on®
_> exp{ - ]E[D] ? tﬂ—l(b(x)@(y)FR(s)FR(e)},
where we use (2.45), that e?**nf» = n~=1 and that ¢, = nE[D,] with E[D,,] — E[D]. The factor 2
in (7.3) is caused by the two possibilities j € {1, 2}. n

Lemma 7.2 (A bound on the second round collision edges). For z,y € R, j € {1,2}, ¢ > 0 and
¢ € [N], as n — oo,
BIV(L) 2 1] Fio ) = O() () Fele). (75)

Proof. By analogous arguments as above, the expected number of second round collision edges
is of order

O:(1)e** ®(2) @ (y) Fu(s) Fr(e) Fe(e), (7.9)

since one of the half-edges z that is found by the liquid in the time interval [t,, + tg Lotn + tés))
needs to satisfy that one of the dy;,_ — 1 half-edges has weight at most e, and which, upon being
found, needs to create a collision edge. [

Now we are ready to complete the proof of Theorem 3.1. We use that

P(I,(T) = 0| F,,) = “_[IP UL (Z7) = 0| Fyo ) | Fuo. (7.10)
We start with the upper bound, for which we use that
P(IL,(Z;”) = 0| Fyop ) <PIIF™(ZY) =0 | ]—'(5) ) (7.11)
£—1
v 4,
— eXP{ - e? ti 1(1)( )q)(y)FR(S)FR(g)}a

E[D]*
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by Lemma 7.1. We conclude that

2v
E[D]

N
P(,(2) = 0| 7,) <E[[Jesn { - 21 @ (1) (1)) Fi(s) Fa(e)} | | (7.12)
/=1

N
—ow{-3 S BB ) Fal) (o)}

v b
= exp{ = gif ful0) [ B@B)F(s)ar),

since lim. o Fz(¢)/e = fr(0), and the Riemann approximation

N b
()
€ E e %/ et (7.13)
(=1 @

This proves the upper bound.
For the lower bound, we instead bound

N
P(I,(Z) =0 | Fs,) > E[HP(H%FR)(IEE)) =0 }‘tﬁl) | ]-‘Sn] (7.14)
=1

_E[(i}?(ﬂgmgf)) >1] ftﬁi)l)) A1 fsn].

The first term has already been dealt with, the second term is, by Lemma 7.2, bounded by

N
E[(0:(1) Y. Fa(@)Fe(e)) A 1| R, | = 0s(1), (7.15)
(=1
as € | 0, by dominated convergence, since Fr(e) = €fz(0)(1 + o(1)) and Fe¢(e) = o(1). "
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