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Abstract. We study a vacation-type queueing model, and a single-
server multi-queue polling model, with the special feature of retrials.
Just before the server arrives at a station there is some deterministic
glue period. Customers (both new arrivals and retrials) arriving at the
station during this glue period will be served during the visit of the
server. Customers arriving in any other period leave immediately and
will retry after an exponentially distributed time. Our main focus is on
queue length analysis, both at embedded time points (beginnings of glue
periods, visit periods and switch- or vacation periods) and at arbitrary
time points.
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1 Introduction

Queueing systems with retrials are characterized by the fact that arriving cus-
tomers, who find the server busy, do not wait in an ordinary queue. Instead of
that they go into an orbit, retrying to obtain service after a random amount of
time. These systems have received considerable attention in the literature, see
e.g. the book by Falin and Templeton [10], and the more recent book by Artalejo
and Gomez-Corral [3].

Polling systems are queueing models in which a single server, alternatingly,
visits a number of queues in some prescribed order. Polling systems, too, have
been extensively studied in the literature. For example, various different service
disciplines (rules which describe the server’s behaviour while visiting a queue)
and both models with and without switchover times have been considered. We
refer to Takagi [24,25] and Vishnevskii and Semenova [27] for some literature
reviews and to Boon, van der Mei and Winands [5], Levy and Sidi [16] and
Takagi [22] for overviews of the applicability of polling systems.

In this paper, motivated by questions regarding the performance modelling of
optical networks, we consider vacation and polling systems with retrials. Despite

* This is an invited, considerably extended version of [9]. The main additions are
Subsections 2.4 and 2.5 and Section 3. These present respectively an alternative
derivation of the mean number of customers and the optimal behaviour of a single
queue system, and the performance analysis for a general number of queues.



the enormous amount of literature on both types of models, there are hardly
any papers having both the features of retrials of customers and of a single
server polling a number of queues. In fact, the authors are only aware of a
sequence of papers by Langaris [12-14]| on this topic. In all these papers the
author determines the mean number of retrial customers in the different stations.
In [12] the author studies a model in which the server, upon polling a station,
stays there for an exponential period of time and if a customer asks for service
before this time expires, the customer is served and a new exponential stay
period at the station begins. In [13]| the author studies a model with two types
of customers: primary customers and secondary customers. Primary customers
are all customers present in the station at the instant the server polls the station.
Secondary customers are customers who arrive during the sojourn time of the
server in the station. The server, upon polling a station, first serves all the
primary customers present and after that stays an exponential period of time to
wait for and serve secondary customers. Finally, in [14] the author considers a
model with Markovian routing and stations that could be either of the type of
[12] or of the type of [13].

In this paper we consider a polling station with retrials and so-called glue
periods. Just before the server arrives at a station there is some deterministic
glue period. Customers (both new arrivals and retrials) arriving at the station
during this glue period "stick" and will be served during the visit of the server.
Customers arriving in any other period leave immediately and will retry after
an exponentially distributed time.

The study of queueing systems with retrials and glue periods is motivated by
questions regarding the performance modelling and analysis of optical networks.
Performance analysis of optical networks is a challenging topic (see e.g. Maier [17]
and Rogiest [21]). In a telecommunication network, packets must be routed from
source to destination, passing through a series of links and nodes. In copper-based
transmission links, packets from different sources are time-multiplexed. This is
often modeled by a single server polling system. Optical fibre offers some big
advantages for communication w.r.t. copper cables: huge bandwidth, ultra-low
losses, and an extra dimension — the wavelength of light. However, in an optical
routing node, opposite to electronics, it is difficult to store photons, and hence
buffering in optical routers can only be very limited. Buffering in these networks
is typically realized by sending optical packets into fibre delay loops, i.e., let-
ting them circulate in a fibre loop and extracting them after a certain number
of circulations. This feature can be modelled by retrial queues. Recent experi-
ments with ‘slow light’, where light is slowed down by significantly increasing
the refractive index in waveguides, have up to now shown very modest buffering
times [11]. It should be noted that with the very high speeds achievable in fibre,
packet durations are very short, so that small buffering times may already allow
sufficient storage of small packets. We represent the effect of slowing down light
by introducing a glue period at a queue just before the server arrives.

The paper is organized as follows. In Section 2 we consider the case of a
single queue with vacations and retrials; arrivals and retrials only "stick" during



a glue period. We study this case separately because (i) it is of interest in its own
right, (ii) it allows us to explain the analytic approach as well as the probabilistic
meaning of the main components in considerable detail, (iii) it makes the analysis
of the multi-queue case more accessible, and (iv) results for the one-queue case
may serve as a first-order approximation for the behaviour of a particular queue
in the N-queue case, switchover periods now also representing glue and visit
periods at other queues. In Section 3 the N-queue case is analyzed. Section 4
presents some conclusions and suggestions for future research.

2 Queue length analysis for the single-queue case

2.1 Model description

In this section we consider a single queue @ in isolation. Customers arrive at Q)
according to a Poisson process with rate A. The service times of successive cus-
tomers are independent, identically distributed (i.i.d.) random variables (r.v.),
with distribution B(-) and Laplace-Stieltjes transform (LST) B(-). A generic
service time is denoted by B. After a visit period of the server at @ it takes
a vacation. Successive vacation lengths are i.i.d. r.v., with S a generic vacation
length, with distribution S(-) and LST S(-). We make all the usual independence
assumptions about interarrival times, service times and vacation lengths at the
queues. After the server’s vacation, a glue period of deterministic (i.e., constant)
length begins. Its significance stems from the following assumption. Customers
who arrive at ) do not receive service immediately. When customers arrive at
during a glue period G, they stick, joining the queue of ). When they arrive in
any other period, they immediately leave and retry after a retrial interval which
is independent of everything else, and which is exponentially distributed with
rate v. The glue period is immediately followed by a visit period of the server at
Q.

The service discipline at @ is gated: During the visit period at @, the server
serves all "glued" customers in that queue, i.e., all customers waiting at the end
of the glue period (but none of those in orbit, and neither any new arrivals).

We are interested in the steady-state behaviour of this vacation model with
retrials. We hence make the assumption that p := AMEB < 1; it may be verified
that this is indeed the condition for this steady-state behaviour to exist.

Some more notation:

G, denotes the nth glue period of Q.

V., denotes the nth visit period of ) (immediately following the nth glue period).
Sp denotes the nth vacation of the server (immediately following the nth visit
period).

X,, denotes the number of customers in the system (hence in orbit) at the start
of G,,.

Y,, denotes the number of customers in the system at the start of V,,. Notice that
here we should distinguish between those who are queueing and those who are
in orbit: We write Y,, = Yé‘” + Y,SO), where ¢ denotes queueing and o denotes in



orbit.
Finally,
Z,, denotes the number of customers in the system (hence in orbit) at the start

of S,.

2.2 Queue length analysis at embedded time points

In this subsection we study the steady-state distributions of the numbers of
customers at the beginning of (i) glue periods, (ii) visit periods, and (iii) vacation
periods. Denote by X a r.v. with as distribution the limiting distribution of X,.
Y and Z are similarly defined, and Y = Y@ 4 Y () the steady-state numbers
of customers in queue and in orbit at the beginning of a visit period (which
coincides with the end of a glue period). In the sequel we shall introduce several
generating functions, throughout assuming that their parameter |z| < 1. For
conciseness of notation, let 3(z) := B(A(1 — 2)) and o(z) := S(A(1 — 2)). Then
it is easily seen that

E[z¥] = 0(2)E[#?], (2.1)

since X equals Z plus the new arrivals during the vacation;
E[z%] = E[B(z)""" 2", (2.2)
since Z equals Y(°) plus the new arrivals during the Y(9) services; and

]E[zgf(q)zgx(v)] _ e—/\(l—zq)GE[{(l _ e—uG)Zq + e—yGZO}X]. (23>
The last equation follows since Y@ is the sum of new arrivals during G' and
retrials who return during G; each of the X customers which were in orbit at
the beginning of the glue period have a probability 1 —e~"¢ of returning before
the end of that glue period.

Combining Equations (2.1)-(2.3), and introducing

f(z) = (1= e9)B(2) + 7%, (2.4)
we obtain the following functional equation for E[z¥]:
E[2*] = o(z)e A PENCE[f(2)X].
Introducing K (2) := o(2)e 1=F)E and X (2) := E[2¥], we have:
X(2) = K(2)X(f(2))- (2.5)

This is a functional equation that naturally occurs in the study of queueing
models which have a branching-type structure; see, e.g., [7] and [20]. Typically,
one may view customers who newly arrive into the system during a service as
children of the served customer ("branching"), and customers who newly arrive
into the system during a vacation or glue period as immigrants. Such a functional
equation may be solved by iteration, giving rise to an infinite product — where



the jth term in the product typically corresponds to customers who descend
from an ancestor of j generations before. In this particular case we have after n
iterations:

— T[] KD E)X (=), (2.6)

=0

where f(0)(2) := z and fU)(2) := f(fU=1(2)),5 =1,2,.... Below we show that
this product converges for n — oo iff p < 1, thus proving the following theorem:

Theorem 1. If p < 1 then the generating function X (z) = E[z%] is given by

ﬁ (f9(2) (2.7)

Proof. Equation (2.5) is an equation for a branching process with immigration,
where the number of immigrants has generating function K (z) and the number of
children in the branching process has generating function f(z). Clearly, K'(1) =
AES + ApG < oo and f/(1) =e¥C 4+ (1 —e7¥Y) p < 1, if p < 1. The result of
the theorem now follows directly from the theory of branching processes with
immigration (see e.g., Theorem 1 on page 263 in Athreya and Ney [4]). O

Having obtained an expression for E[z*X] in Theorem 1, expressions for E[zZ]
and E[z, Yo ye )] immediately follow from (2.2) and (2.3). Moments of X may

be obtalned from Theorem 1, but it is also straightforward to obtain EX from

Equations (2.1)-(2.3):

EX = A\ES +EZ, (2.8)
EZ = pEY @ + EY(©), (2.9)
EY @ = \G + (1 — e "9)EX, (2.10)
EY () = ¢ VCUEX, (2.11)

yielding
EX = LS+ AG (2.12)

(1=p)(1—evC)
Hence
~ AES + \pG AES + \G
EY(@ = G+ (1 —e¥¢ = ; 2.13
( TP = 1-p (2.13)
By (© = oGS £ MG —, (2.14)
(I=p)(L—e%)
_ =G —vG

EZ — ApG 4+ AES[p(1 —e7 %) +e } (2.15)

=)=



Notice that the denominators of the above expressions equal 1 — f/(1). Also
notice that it makes sense that the denominators contain both the factor 1 — p
and the probability 1 — e ¥ that a retrial returns during a glue period.

In a similar way as the first moments of X, Y9 Y(°) and Z have been
obtained, we can also obtain their second moment. For further use we here
calculate E[X (X —1)]:

K//(l)
(1 =p)(1 —e9) (14 p(1 —e7v¢) +e7v)
K'(D2K'(1)(p(1 —e™C) + %) + (1 — e "“)N\’EB?]
(1 =p2A —e @21+ p(l —evC) +e7v¢) 7

E[X(X —1)] = (2.16)

where K'(1) = AES+A\pG and K" (1) = A2ES? +2p\2GES + A3GEB? + (AGp)?.

Remark 1. Special cases of the above analysis are, e.g.:

(i) Vacations of length zero. Simply take o(z) = 1 and ES = 0 in the above
formulas.

(ii) v = oo. Retrials now always return during a glue period. We then have
f(2) = B(2), which leads to minor simplifications.

Remark 2. Tt seems difficult to handle the case of non-constant glue periods, as
it seems to lead to a process with complicated dependencies. If G takes a few dis-
tinct values G, ..., Gy with different probabilities, then one might still be able
to obtain a kind of multinomial generalization of the infinite product featuring
in Theorem 1. One would then have several functions f;(z) := (1 —e™"%)B(z) +
e v%iz and all possible combinations of iterations f;(f(fx(...(z)))) arising in
functions K;(z) = o(z)e (=P j — 1.2 ... N. By way of approxima-
tion, one might stop the iterations after a certain number of terms, the number
depending on the speed of convergence (hence on 1 — p and on 1 —e™¥%7).

2.3 Queue length analysis at arbitrary time points

Having found the generating functions of the number of customers at the be-
ginning of (i) glue periods (E[zX]), (ii) visit periods (E[z;mz}f(o)]), and (iii)
vacation periods (E[z7]), we can also obtain the generating function of the num-
ber of customers at arbitrary time points.

Theorem 2. If p < 1, we have the following results:

a) The joint generating function, R"*(z4,2,), of the number of customers in
the queue and in the orbit at an arbitrary time point in a vacation period is
given by

o

(2.17)



b) The joint generating function, R9(z,, z,), of the number of customers in the
queue and in the orbit at an arbitrary time point in a glue period is given by

G
dt
Ryi(zg, 20) = / e AITEL{(1— o)z e )N S (218)
t=0

¢) The joint generating function, R (24, o), of the number of customers in the
queue and in the orbit at an arbitrary time point in a visit period is given by

2q [ 21 = BB = 2" 2 )] 1~ Bai — =)

E[Y ()] (zq ~BO\1 - zo))) A1 - z)EB
(2.19)
d) The joint generating function, R(z,, zo), of the number of customers in the
queue and in the orbit at an arbitrary time point is given by

R(zq, 20) = pRui(zg, 20) + (1 = P)%Rgl(zq» Z0) + (1 — P)GE?];SRM(Z? ZO)>
2.20

Ry; (an Zo) =

Proof.

a) Follows from the fact that during vacation periods the number of customers
in the queue is 0 and the fact that the number of customers at an arbitrary
time point in the orbit is the sum of two independent terms: The number
of customers at the beginning of the vacation period and the number that
arrived during the past part of the vacation period. The generating function
of the latter is given by

1—SOA1-2))
A1 — z)ES

b) Follows from the fact that if the past part of the glue period is equal to ¢,
the generating function of the number of new arrivals in the queue during
this period is equal to e *1~24)t and each customer present in the orbit at
the beginning of the glue period is, independent of the others, still in orbit
with probability e™! and has moved to the queue with probability 1 —e™"t.

¢) During an arbitrary point in time in a visit period the number of customers
in the system consists of two parts:

e the number of customers in the system at the beginning of the service
time of the customer currently in service, leading to the term (see Remark
3 below):

q o

o (Bley 251 EIBOG - 20)Y 23 )

= ; (2.21)
E[Y @] (2, — BO(1 - =)

e the number of customers that arrived during the past part of the service
of the customer currently in service, leading to the term

1 =B\ = 2,))
M1 — 2)EB




d) Follows from the fact that the fraction of time the server is visiting @ is
equal to p, and if the server is not visiting @, with probability ES/(G +ES)
the server is on vacation and with probability G/(G + ES) the system is in
a glue phase.

O

Remark 3. A straightforward way to prove (2.21) is to condition on the number
of customers, say, j, in queue at the end of a glue period, and to average the
number of customers in queue and in orbit over the beginnings of the j services.
A more elegant proof of Formula (2.21) uses the observation that typically in
vacation and polling systems each time a visit beginning or a service comple-
tion occurs, this coincides with a service beginning or a visit completion. This
observation yields (see, e.g., Boxma, Kella and Kosinski [8])

YV (2q: Z0) + Sel2q, 20) = Sp(2q: 20) + VVe(2g: Z0)-

Here, Vi (24, 25) and V.(zq, o) are the joint generating functions of the number of
customers in the queue and in the orbit at visit beginnings and visit completions,
respectively. Similarly, Sy (24, 2,) and S.(z4, 2,) are the joint generating functions
of the number of customers in the queue and in the orbit at service beginnings
and service completions, respectively. Finally, v is the reciprocal of the mean
number of customers served per visit. Clearly,

1 (@ vy ~ (@) (o)
Y= mﬂ Vb(ZfIv ZO) = E[Z;/ Zz;/ ]7 VC(qu ZO) - ]E[B(A(]‘*ZO))Y Z(})/ ]7
and s
Sulzgr ) = 202 gy 2y,
Zq

which yields that Sp(z4, z0) is given by (2.21).

From Theorem 2, we now can obtain the steady-state mean number of cus-
tomers in the system at arbitrary time points in vacation periods (E[R,,]), in
glue periods (E[Ry]), in visit periods (E[R,;]) and in arbitrary periods (E[R]).
These are given by

E[R,.] = E[Z] + A2

] 2E[S]’
E[Ryg] = E[X] +)§,
E[B2 E[y (@ y (o) 14+p)E[Y (D (v (@D 1
E[Ry] =1 +)‘2]}[Z[B% + [E[y@] L4 Q40) éE[w(q)] 1,
]

E[R] = pE[Rui] + (1 = p) gias B[Ry] + (1 — p) giis E[Rua].  (2.22)

Remark that the quantities E[Y (@Y (?)] and E[Y@ (Y@ — 1)] can be obtained
using (2.3):

E[Y @Dy @] = \Ge "“E[X] + (1 — e ¥) e "YE[X(X — 1)],
E[Y (Y — 1] = AG)? + (1 — e ") E[X (X — 1)] +2)G (1 - e ™) E[X].



By combining these relations with (2.22), (2.8), (2.12) and (2.16), we obtain
— after tedious calculations — the following relatively simple expression for the
mean number of customers E[R]:

~ NE[B?] | AE[(G+ S)?] | ME[G + S] e V¢
TR R e R B TR G S
(2.23)
which we rewrite for later purposes as
B NE[B? E[S] E[S?] E[S] G G
BBl =r+oa—py Y eremioEg P arrEC T e ES 2
e—uG
n AP(Cl“FIpE[SD NG +EIS) oy (2.24)

Remark 4. (i). It should be noticed that the first two terms in the righthand
side of (2.23) together represent the mean number of customers in the ordinary
M/G/1 queue, without vacations and glue periods. The third term represents
the mean number of arrivals during the residual part of a vacation plus glue
period. The fourth term can be interpreted as the mean number of arrivals
during a visit period of the server (since the mean length of one cycle, i.e.,
visit plus vacation plus glue period, is via a balance argument seen to equal
E[C] = G%ELS], while a mean visit period equals pE[C]). The fifth term is the
only term involving the retrial rate v. In particular, that term disappears when
v — oo. In the latter case, our model reduces to an M/G/1 queue with gated
vacations, with vacation lengths G + S. The resulting expression for the mean
number of customers coincides with formula (5.23) of [23] (see also formula
(3.2.6) of [26]).
(ii). A more interesting limiting operation is to simultaneously let v — oo and
G | 0, such that vG remains constant. The resulting model is an M/G/1 queue
with vacations and binomially gated service; see, e.g., Levy [15]. Here, each
customer who is present at the end of a vacation, will be served in the next
visit period with probability p = 1 — e ¥“. In this case, the mean number of
customers in the system is given by
ANE[B?]  ME[S?]  ME[S]  AE[S](1-p)

E[R] p+2(1_p)—|— SE[S] + 1, + wi—p) (2.25)
This formula coincides with the results obtained in [15] (see e.g., formula (7.1)
with N = 1 in [15] for the mean sojourn time of customers in this model).
Observe that our formula, after application of Little’s formula, does not fully
agree with the mean delay expression (5.50b) in [23] and with a similar formula
on p. 90 of [26]. Those mean delay expressions for the binomial gated model
seem to refer to the case where customers who are not served during a visit
(w.p. 1 — p) are lost; hence factors like ljpp in those mean delay expressions.
(iii). Formula (2.24) immediately shows how the mean number of customers
behaves for very small and for very large values of the glue period length G:

B[S
Gv(l—p)’

E[R] G 1o, (2.26)



and

E[R] ~ G, G- . (2.27)

2(1 - p)
In subsection 2.5 we explore the effect of G on E[R] more deeply.

2.4 An alternative derivation of the mean number of customers

Alternatively, equation (2.24) can be obtained using mean value analysis. Let
T denote the steady-state sojourn time of customers in the system. The mean
value relations for the system are given by Little’s law

E[R] = AE[T] (2.28)
and the arrival relation
2

BIT] = (EIR] - p)ELB] + pygrr] + BB

E[S] + G G G

i e TU PR

E[S] (E[S? oG +E[S

4(1mG+Eg}Q£w%+G+e G1ijD' (2.29)

Combining (2.28) and (2.29), one readily arrives at (2.24). The main ideas to
obtain (2.29) are the following:

1. The steady-state sojourn time can be written as the sum of the busy time
of the server during the sojourn time and the idle time of the server during
the sojourn time.

2. The mean busy time of the server during the sojourn time is given by

E[B?]
PoE[B]

This follows by changing the order of service in the system into the First
Come First Serve order (remark that changing the order of service does not
change the mean busy time during a sojourn time).

3. If a customer arrives during a service period, the mean idle of the server
during its sojourn time is given by a geometric number of vacation plus glue
periods. This gives the pﬂi]:% in (2.29).

4. If a customer arrives during a glue period, the mean idle of the server during
its sojourn time is given by G/2. This gives the (1 — p)%m% in (2.29).

5. If a customer arrives during a vacation period, the mean idle of the server
during its sojourn time is given by a residual vacation period plus a glue
period plus, with probability e™*“, a geometric number of vacation plus

glue periods. This gives the term

E[S] (E[5?]
u_mG+Mﬂ<

(E[R] — p)E[B] + +E[B].

oG +E[S]
vG
oE[g) "¢t 1—eﬂ0)

in (2.29)



2.5 Optimizing the length of the glue period

The results of the previous subsections can, e.g., be used to determine the value
of G which minimizes the mean number of customers in the system at any
arbitrary time point. The mean sojourn time of an arbitrary customer follows
from Little’s formula. Therefore we can find the value of G which minimizes the
mean sojourn time of an arbitrary customer.

Let us first present a sample of numerical results that we obtained for E[R)
as a function of G. We consider four cases: (i) the service time distribution and
vacation time distribution are exponential, (ii) the service time and vacation time
are constant, (iii) the service time distribution is exponential and the vacation
time is constant and (iv) the service time is constant and the vacation time
distribution is exponential. For all these cases we assume that the expected
service time EB = 1, expected vacation time ES = 10 and retrial rate v = 0.5.
We plot G vs E[R] for A =0.5,0.9.

(a) A= 0.5 (b) A=10.9

Fig. 1: Exponential service and vacation time distributions

From the examples in Fig 1 we observe the following results:

— The mean number of customers at any arbitrary point seems to be convex
w.r.t. glue period length, i.e., there exists a glue period G,,;, where the sys-
tem has minimum mean number of customers E[R,,;,] and hence minimum
mean sojourn time.

— For a very small G, E[R] decreases exponentially with G (as confirmed by
(2.26)).

— For a large G, E[R] increases linearly with G (as confirmed by (2.27)).

Indeed, if G is very small, the number of customers joining the queue in each
glue period is very small and thereby the efficiency of the system is decreased.



On the other hand, a large G means the system stays in the glue period for a
long time and this decreases the efficiency of the system. Hence it is logical to
have a G, which optimizes the system.

We will now prove that E[R] is indeed convex in G. Differentiating the ex-
pression for E[R] in Equation (2.23) w.r.t. G gives

d _AE[(G + S)?] Ap ve V¢

a6 = A ge s s evey MEHESD G ey
(2.30]
Differentiating (2.30) again w.r.t. G gives
d? B A E[(G + S)?] Ave™ V¢ (14e7v%)
@ =g | Eersr | Taopa—eroy |[VPOTESD g
(2.31)

The first term in the righthand side of (2.31) is nonnegative, because E[(G +
S)?] > E[G + S)%.

Let
(1+e"%)
(1—evG)
We can see Q(G) — o0 as G — 0 or G — 0. Let Q(G) attain its minimum
at G = g. Hence at G = g,

Q(G) == v(pG +E[S]) ~2p.

d
—Q(G)=0
Q(G) =0,
which implies
p —2v
E[S] = 1— 9).
pg +E[S] = o — (1 —e™™)
Therefore
Qlg) = g[ew —2+4e79) > 0.

We observe that the minimum value of Q(G) is always nonnegative. Since both
terms of (2.31) are nonnegative, dd—;IE[R] > 0.

Hence E[R], the mean number of customers at an arbitrary point of time in
the system, is convex in G. So the system can improve the quality of service by
setting an optimal value G for the fixed glue period.

In Table 1 we analyze the behaviour of G,y and E[R,,;,] as we increase
E[S] for an exponential distribution B(-) with EB = 1, arrival rate A = 0.5 and
retrial rate v = 0.5.

Table 1 suggests that, in the case under consideration,

— Gumin and E[R,;,] increase when E[S] increases.

— Gumin and E[R;,;,] increase when the variance of S becomes larger.

— When ES approaches 0, G,,;, also approaches 0. When there is no customer
in the queue, the system will then have a series of very short glue periods, and
when a customer arrives or returns from orbit, it can almost instantaneously
be taken into service. In this case, the system reduces to an ordinary M/G/1

2 2
retrial queue; indeed, Formula (2.23) reduces to E[R] = p + ;‘&Eiibp)] +ﬁ
which is in agreement with Formula (1.37) of [10].



Table 1: Exponential service time distribution, EB =1, A =0.5 and v = 0.5

ES |Gmin for exponential S(-)|Gmin for constant S(-)|E[Rmin] for exponential S(-)|E[Rmin] for constant S(-)
0 e, ¢e—0 e, ¢e—0 ~ 2 ~ 2
0.1 0.608 0.606 2.476 2.473
0.5 1.334 1.320 3.419 3.385
1 1.846 1.801 4.259 4.170
5 3.694 3.508 9.276 8.549
10 4.785 4.495 14.778 13.070
50 7.783 7.225 56.027 45.156
100 9.167 8.521 106.606 83.634

3 Queue length analysis for the N-queue case

3.1 Model description

In this section we consider a one-server polling model with multiple queues, @Q;,
i =1,---,N. Customers arrive at @); according to a Poisson process with rate
Ai; they are called type-i customers, ¢ = 1,--- , N. The service times at @); are
iid. r.v., with B; denoting a generic service time, with distribution B;(-) and
LST Ei(-), i = 1,---,N. The server follows cyclic polling, thus after a visit
of @;, it switches to Q;+1. Successive switchover times from Q; to Q41 are
iid. r.v., with S; a generic switchover time, with distribution S;(-) and LST
5’1(), i = 1,--- ,N. We make all the usual independence assumptions about
interarrival times, service times and switchover times at the queues. After a
switch of the server to @Q;, there first is a deterministic (i.e., constant) glue
period G;, before the visit of the server at @Q; begins, i = 1,--- ; N. As in the
one-queue case, the significance of the glue period stems from the following
assumption. Customers who arrive at ); do not receive service immediately.
When customers arrive at @); during a glue period G;, they stick, joining the
queue of ;. When they arrive in any other period, they immediately leave and
retry after a retrial interval which is independent of everything else, and which
is exponentially distributed with rate v;, i =1,--- , N.

The service discipline at all queues is gated: During the visit period at @Q;,
the server serves all "glued" customers in that queue, i.e., all type-i customers
waiting at the end of the glue period — but none of those in orbit, and neither
any new arrivals.

We are interested in the steady-state behaviour of this polling model with
retrials. We hence assume that the stability condition Zf\il pi < 1 holds, where

Some more notation:

G; denotes the nth glue period of Q;.
V,: denotes the nth visit period of Q;.
Sni denotes the nth switch period out of Q;, i =1,---, N.




(XSB,X,(Q, e ,ij]i,) denotes the vector of numbers of customers of type 1 to
type N in the system (hence in orbit) at the start of G, ¢ =1,--- | N.

(Yﬁ),Yn(;), e ,Yﬂ\),) denotes the vector of numbers of customers of type 1 to

type N in the system at the start of V,,;, 1 =1,---, N. We distinguish between
those who are queueing in ); and those who are in orbit for @Q;: We write

Yn(f) = Yg(n + YTE::O), i =1,---, N, where ¢ denotes queueing and o denotes in
orbit.

Finally,

(Zflil), ng, e ,Zy(fj)\,) denotes the vector of numbers of customers of type 1 to

type N in the system (hence in orbit) at the start of S,;, i =1,---, N.

3.2 Queue length analysis

In this section we study the steady-state joint distribution of the numbers of
customers in the system at beginnings of glue periods. This will also immedi-
ately yield the steady-state joint distributions of the numbers of customers in
the system at the beginnings of visit periods and of switch periods. We fol-
low a similar generating function approach as in the one-queue case, through-
out making the following assumption regarding the parameters of the gener-
ating functions: |z;] < 1, |zi4] < 1, |2| < 1. Observe that the generating
function of the vector of numbers of arrivals at @1 to @y during a type-
i service time B; is Bi(z1,22, + ,2N) = Bi(zyzl Aj(1 — z;)). Similarly, the
generating function of the vector of numbers of arrivals at Q; to Qn dur-
ing a type-i switchover time S; is 0;(z1, 22, ,2N) = 5‘1(25\;1 Ai(1 = z5)).
Since the server serves ;11 after (); we can successively express (in terms

of generating functions) (Xr(flﬂ), XSQH), e Xff;l)) into (Z,(fl)7 27227 e ,Zr(fj)\,),
(Zr(zll)’ Z’ELQ’ o Zr(LJ)V) into (ng), ng)’ T 7Y7§2q)? YrSzZ‘O)a e ’Yn(;\)/)v and

D y@ oyl vy Ly @Oy inte (x1), x5 - X); ete. Denote by
(Xl(i), Xéi), e 7X](\?) the vector with as distribution the limiting distribution of

(Xffl), X.T(fg), - ,XSJ)\,), z =1,--- ,N, and similarly introduce (Zl(i), Zéi), e 7ZJ(\?)
and (Y7, v . v, with Y, = v 4 ¥ fori=1,--- | N. We have:

(i+1) (i+1) (i+1) (i) (i) (i)
X X x§ z® z z§
Elz7' 232 -2y | =o0i(z1,22, -, 2n)E[z1 "t 252 o2 ] (3.1)
z{? z)  ZQ ) (i) (iq) (io) (i)
Blzy" 257 ooay™ Y17 =ha, Yy = hyo o Y7 = hig, Vi = hig, -+ Yy
:(sz]>ziw[ﬁi(zla227'”7ZN)] 4
JFi
yielding
() () () ; (i) () (i0) (i)
z® z z yGo y® vy, Y, Y
Elzy" 25% - 2yV | = E[[Bi(21, 22, - s 2n)] T 2t z® ez o ZN

(3.2)

hn]



Furthermore,

@) (ia) y(i0) () . .
et 2, X0 X =
_ (H Z;J’je*Aj(lfzj)Gi)e*)\i(l*Ziq)Gi[(1 _ e*l/iGi)Ziq + e*ViGizio]ai’
J#i
yielding
W) y@ (ia) y/(io) (i >
E[zy y Zz; Z:; ) Y (He—,\ S(1=2;)G; ) “Xi(1=2q)Gs
J#i
x{® .G G )
E[(TT27 )11 — 7Oz + oGz X,
J#i
(3.3)
It follows from (3.1), (3.2) and (3.3), with
fi(Zh 22yttt aZN) = (1 - eini)Bi(Zlv 22, 7ZN) + einizia
that
(1) 3Gt (i+1)
Bl 57 2y | =oilan . ,ZN)(HefA-"(lfzj)G")e’)"?(l’ﬁi(zl’z%“"ZN))Gi
J#i
X -
<B[(T] 2" )fiter 20,0 (3.4)
J#i
Let z denote vector (z1, 22, -+, zn); further
h’b(z) = fi('zh T R hi+1<z); T 7hN(Z)) (35)
and
hn(2) == fn (21,7, 2n). (3.6)

Since the server moves to Q1 after @, substituting i = N in (3.4), we have

DR "ZJ)\?(VI)] =on(z, 20,2 [ e MO ZJ)GN> e AN (=Bn(z1,22,,2n)) G
J#EN
X )
<B[( T] 27 ) (2P, (3.7)

J#EN
From (3.4) we have

XM ) _
(HZ )hN () ] =on-1(z1,22,- s z2v-1, b (2 (He A (1=2) G 1)
J#EN
Xe*AN—l(lfﬁN—l(zlyzb”';ZN—lth(z)))GN—l e*AN(lth(Z))GNfl

N-2
(N—1) x(V-1)

CE( L5 ) thves (o o ()55



From (3.7) and (3.8) we have

x® X(l) x® 1 Ge) m(1 a
Elz" 2 "ZNN]:O'N(ZhZQy"'aZN)(He (=) N)e N(1=PBn (21,22, 28))Cn
i#AN
N—
XUNfl(Zl,“' ZN— 1,hN (H _Aj(l_zj)GNfl)e—ANfl(l—,@Nl(z1,~-,szl,hN(z)))GN

j=1

N— (N-1) (N—1) (N—1)
e —AN(1-hn(2))GN- 1E ( H )[hN_l(Z)}XN,l [hN(Z)]XN }

=1

<.

N
[ H oi(z1,- 2z, hiva(2), -+ hn(2))

i=N—
i—1 N
(He A (1-25)Gi )(ewufﬁi(m-,zi,hi+1<z>,~--Jm(z)))ai)( I1 ewufhj(z))ci)]
j=1 j=i+1
N2 xN-D (N-1) (N-1)
<E[(TT 2 )lwvaP N ()
j=1

By recursively substituting as above we get

(1) (1) (1)

Elz0 25 Ho’l 21, 2 hig (2) He—GD(z
xEHth?’, [ha ()X [hN<an%’},
(3.9)
where
i—1 N
Di(z) = > A (=) A (1-BiCzr, -+ 20, higa (2), -+ hw(2) )+ 3 As(1=hy(2)
7=l j=i+1

Equation (3.9) can be divided into three factors, representing the switchover
period, glue period and visit period respectively. The first factor, for a particular
value of i, represents the arrivals during the switchover time after the visit of Q;.
The second factor represents the arrivals during the glue period before a visit of
Q;. It is further divided into three generating functions. First are the arrivals of
type j < i; these don’t have any further effect on the system. Then the arrivals
of type 4, these are served during the following visit and produce new children
(i.e., arrivals during their service) of each type. Finally those of type j > ¢ which
may or may not be served in future visits and if served produce new children
of each type. These two factors are taken for all 4 = 1,--- , N. The third factor
represents the descendants (arrivals during services, arrivals during services of

customers who arrived during services, etc.) of (Xl(l), e ,X](\})).



Consider

X(2) = K(2)X (h(2)) (3.10)

where
h(z) := (h1(2), -, hn(2))
and h;(z) are as defined in (3.5) and (3.6).
Define 2" (2) = 2, K™ (2) = hy(B" "V (2), b5V (2), - hV(2) L i =
]_’ . ’N.

Theorem 3. If ), p; < 1, then the generating function X (z) is given by

X(z) = ] K™ (2), b8 (), . (2)). (3.11)
m=0

Proof. Equation (3.11) follows from (3.10) by iteration. We still need to prove
that the infinite product converges if ) . p; < 1. Equation (3.10) is an equa-
tion for a multi-type branching process with immigration, where the number of
immigrants of different types has generating function K(z) and the number of
children of different types of a type i individual in the branching process has
generating function h;(z), ¢ = 1,--- , N. An important role in the analysis of
such a process is played by the mean matrix M of the branching process,

mip-- NN

M = , (3.12)

my1---MNN

where m;; represents the mean number of children of type j of a type 7 individual.
The elements of the matrix M are the same as given in Section 5 of Resing [20],
which is

N
mi; = fij - 1[J <] + Z firmag, (3.13)
k=i+1
where

mi; = gg;(l,l, ,1) and fij = %(1717 ,1)

We observe that the equation for m;; is the sum of two terms. First the
children of type j < 4, who do not affect the system in the future. Next the
children of type j produced by the children of type £ > ¢ in the subsequent
visits.

The theory of multi-type branching processes with immigration (see Quine
[19] and Resing [20]) now states that if (i) the expected total number of immi-
grants in a generation is finite and (ii) the maximal eigenvalue A4, of the mean




matrix M satisfies A\jqr < 1, then the generating function of the steady state
distribution of the process is given by (3.11). To complete the proof of Theorem
3, we shall now verify (i) and (ii).

Ad (i): The expected total number of immigrants in a generation is

N N
Al(Gl(Z mlj) + ZES] + Z Gj)
j j=1 j=2
FA2(((Gr+ 81)(1 — e7262) + Zng + (G + Sy)e 242 +ZIES +ZG
+ .o
N-1 N-1
AN (G +8)) A =N+ GN) (D my) + > (G + S;)e VN + ESy)
J=1 J j=1

:Z<Ai(((i(0j+5j))(1—e% N+ Gy) me +X_: v 1+ZIES + Z ))

Jj=1 Jj=1 J=i+1
(3.14)

Since the above equation is a finite sum/product of finite terms it is indeed finite.
Here, the term A1(G1(}_;ma;)) corresponds to the type 1 customers arriv-
ing during the glue period of ()1 and their subsequent children of all types. The
term )\1(25.\7:1 ES; + Z;V:2 G;) corresponds to the type 1 customers arriving
during the glue periods of @, 7 = 2,---, N, and switchover periods after @,
j=1,---,N. These customers arrive after the visit of J; and hence do not get
served or produce children. The term Ay (((G1+51)(1 —e_”2G2)+G2)(Zj ma;)+
(G1 + S;)e~v2%2) corresponds to the type 2 customers arriving during the glue
period of @1, )2, the switchover period after (); and their subsequent chil-
dren. The term /\2(2?22 ES; + Ej\[:?) G;) corresponds to the type 2 customers
arriving during the glue periods of @;, j = 3,---, N, and switchover periods
after Q;, j =2,---,N. These customers do not produce any children. Similarly
the term A (55,1 (G + 8)))(1 — ™) + GN) (5 my) + 3075 (G5 +
Sj)e VN G~ corresponds to the type N customers arriving during the glue period
of Q1, - ,QnN, the switchover periods after @)1, -- ,Qx_1 and their subsequent
children. The term AyESy corresponds to the type IV customers arriving during
the switchover period after @y, which do not produce any children.
Ad (ii): Define the matrix

e~ v1G1 4 (1 _ e*VlGl) p1 (1 _ efulGl) \EB; (1 _ e*”lGl) AWEB;
o (1 — e_VQGQ) MEBs e V262 + (1 — G_V2G2) p2 - (1 — G_DZGQ) ANEDB;
(1767VNG.N) MEBy (lfefl’NC."N))\QEBN e*VNGN+(1;e*VNGN)pN

(3.15)



where the elements h;; of the matrix H represent the mean number of type j
customers that replace a type i customer during a visit period of @; (either new
arrivals if the customer is served, or the customer itself if it is not served). We
have that

e G 4 (1 —e 1) (22 pi) | EBy

EBl EBI
EB, e~ V262 + (1-— e~ v2G2 (Z P ) EB, EB,

H| T |= ( ' ) (50 <| . (3.16)
EB,, EB,,

{e*VNGN +(1- e*V.NGN) (%, pj)] EBy

if and only if > ; p; < 1. Using this result and following the same line of proof as
in Section 5 of Resing [20], we can show that the stability condition }_; p; <1
implies that also the maximal eigenvalue A4, of the mean matrix M satisfies
Amaz < 1. This concludes the proof. O

We can now obtain the moments, EXJ(-HI)

way as in Section 2.2, in terms of IEXJ@ and EXi(i) :

, either from (3.11) or in a similar

(i+1) _ (i
EX{Y = \ES; +EZ.

When j # i, _ ' _
EZ" = \EBEY " +EY,",
else ' ' _
EZ" = NEBEY," 4+ EY,".
Further

() _ ()
EY;” = \;Gi + EX;7,
EY, ") = NG, + (1 — e “G)EX,
BV = e GEXD.
From the above equations we get, when j #£ i :
EX (Y = MES; + X1+ pi)Gi + MEB;(1 — e " EEX + EX,
and _ _
EX"™Y = NES; + AipiGi + (pi(1 — e iG) 4 e GHEX.

Using flow balance arguments (mean number of customers of type i served
per cycle equals mean number of type ¢ customers arriving per cycle) and the
obvious fact that the mean cycle time equals EC' := >, (ES; + G;)/(1 — p) , we
obtain N

EY;? = ﬁ > (ES; +Gy). (3.17)

J



We can also use a similar argument for mean number of type ¢ customers leaving
the orbit, (1 —e™" I)EX( 9 to equal the mean number of type i customers
entering it, \;(EC' — G;), per cycle, yielding

Ai [Zj(ESj +Gj)
1—eviGi 1—-p

]EXZ.(i) = -Gl (3.18)
We can observe that (3.17) and (3.18) satisfy the above relation of IEYl-(iq) and
EXi(i). Further for each i, cyclically substituting we get all EX j('i) and therefore
EY,” and EZ{".

The second moments of Xj(-l) and the various terms IE[XJ(-i)X,gi)} can be
obtained by solving a set of equations which is derived by twice differenti-

ating (3.10) wr.t. z; and 2k, j,k = 1,---, N, and calculating the value at
2
z=(1,1,---,1). Since the system is cyclic, once we obtain EXJ(-D ,j=1,--- N,
42
we can similarly obtain IEX](-Z) ,i=1,---, N, by changing indices. It is not diffi-

cult to develop an efficient procedure for determining higher moments in polling
systems with a branching discipline, cf. [20].

3.3 Queue length analysis at arbitrary time points

In the previous section we have given the procedure for finding the dlstrlbutlon of

the number of customers at the beginning of glue periods (E[[[, 2 ]) (ii) visit

@ . : 7
periods (E[(HJ# ZJYJ )Zv?r/z(w)zi(lo)]), and (iii) switchover periods E[[1, 2 % D,

fori =1,---, N. Similar to the single queue case, we now obtain the generating
function of the number of customers at arbitrary time points.

Theorem 4. If Y . p; < 1 and (zq4,2,) = (2195 %105 "+ » 2Nq» ZNo), we have the
following results:

a) The joint generating function, Rg%(zq,zo), of the number of customers in
the queue and in the orbit at an arbitrary time point in a switchover period
after Q; is given by

R (24, 20) (3.19)

EH Z“) 1-S Z Aj ( Zjo)>.
; (z Xi(1 = 2o) )ES;
b) The joint generating function, R;il)(zq,zo), of the number of customers in

the queue and in the orbit at an arbitrary time point in a glue period of Q;
s given by

R( Z - . (H]E X() ) /G (He_>\-7(1_zj°)t)e_>\7"(1_zi'Z)t]E[{(1—e_yit)Z’ _"_e—yitzl }Xfi)] ﬂ
q> 0 - 1q 10 .
J# t=0 "4 Gi

(3.20)



¢) The joint generating function, Rffi)(zq,zo), of the number of customers in
the queue and in the orbit at an arbitrary time point in a visit period of Q;
18 given by

y i) vy ytio < (o) v\ y o
Zig (E[zzq (Hj;ﬁi Zjo )Zi(; ] - E[Bi(Zj A (1= 2jo)) Y (Hj;éi Zjo )Zzo J

B ] (210 = B, (1= 20)))
1— Bi(3; A\(1 - Zjo)).
(5001 = 20) )EB;

d) The joint generating function, R(z,, zo), of the number of customers in the
queue and in the orbit at an arbitrary time point is given by

Rq(;ii)(zqv ZO) =

(3.21)

R(zg,20) = ) (Pqu(fi)(zm zo)"‘(l—Pi)%R;)(%’ zo)—i—(l—pi)%]%g(zm Zo))-

| (3.22)

3

Proof. The proof follows the same lines as the proof of Theorem 2, in particular

for parts a and d. We restrict ourselves here to an outline of the proof of parts
b and c.

b) Follows from the fact that if the past part of the glue period is equal to
t, the generating function of the number of new arrivals of type ¢ in the
queue during this period is equal to e~ *(1=%ia)t and each type i customer
present in the orbit at the beginning of the glue period is, independent of
the others, still in orbit with probability e~"¢* and has moved to the queue
with probability 1 —e™"i*. Further the generating function of the number of
new arrivals of any type j # i in the queue during this period is equal to
efAj(lfsz)t.

¢) During an arbitrary point in time in a visit period the number of customers
in the system consists of two parts:

e the number of customers in the system at the beginning of the service
time of the customer currently in service, leading to the term

y (i) Y@y ylio) - Ga) y @y y o)
%(M% (ks )z 1= EBAS, M0 = 2a)™ " (s 0 )7 |

BV ] (5 = Bi(, M1 = 250))

b

(see Remark 3).
e the number of customers that arrived during the past part of the service
of the customer currently in service, leading to the term

1- Bi(3, M1 — %))
(5051 230) )EB;




O

From Theorem 4, we now can obtain the steady-state mean number of cus-
tomers in the system at arbitrary time points in switchover periods (]E[Rglu),]) after
@, in glue periods (E[Rg(;l)]) and in visit periods (]E[Rffz)}) of Q;,fori=1,--- N,
and at any arbitrary time point (E[R]). These are given by

i 7 IES
E[R)] = Y (BIZ"] + A 28),
J

ERY] =Y (EXV]+ 1%,

J
(iq)~(i0) (iq) (1) ) BV (iq) (y(iq) _
E[RY] =1+ ( Z/\ JELBL 4 BTV | (SO ER TN L (EB S, MR O )

2E[B;| E[Yi(iQ)] [Y(W)] QIE[Y;(W)]

i

- () G (4) ES; i
E[R] =Y (Pi]E[Rm] + (1= pi) 5@, sy Bl ] + (1= pi)WE[Rgu))]>'

K3
The mean number of type k customers in the system at arbitrary time points in
a switchover period after (Q; and a glue period before @); are given by the values
of E[Rm} and E[R l)] at j = k. The mean number of type ¢ customers in the
system at arbltrary time points in a visit period of Q); is given by

E[BF] | EYCOYCO) | (pBLY,D ()
1+>\i2E[B'i]+ B[y 2E[Y,( 9]

The quantities E[Y(Zq)Y(w)] E[Y(Zq)Y(i)] and E[Y(Zq) (Y(lq) 1)] can be ob-
tained using (3.3).

4 Conclusions and suggestions for future research

In this paper we have studied vacation queues and N-queue polling models with
the gated service discipline and with retrials. Motivated by optical communica-
tions, we have introduced a glue period just before a server visit; during such
a glue period, new customers and retrials "stick" instead of immediately go-
ing into orbit. For both the vacation queue and the N-queue polling model, we
have derived steady-state queue length distributions at an arbitrary epoch and
at various specific epochs. This was accomplished by establishing a relation to
branching processes.

In future studies, we would like to consider other service disciplines. Fur-
thermore, the following model variants seem to fall within our framework: (i)
customers may not retry with a certain probability; (ii) the arrival rates may be
different for visit, switchover and glue periods; (iii) one might allow that new
arrivals during a glue period are already served during that glue period. We also
wish to take non-constant glue periods into account. We believe that a workload

9



decomposition and pseudoconservation law, as discussed in [6], can be derived
for these variants and generalizations, and they may be exploited for analysis
and optimization purposes. We shall then also try to explore the following ob-
servation: One may view our N-queue model as a polling model with a new
variant of binomial gated, with adaptive probability p; of serving a customer at
a visit of Q;; p; = 1 when the customer arrived in the preceding glue period, and
p; = 1 — e "% otherwise.

We would also like to explore the possibility to study the heavy traffic be-
havior of these models via the relation to branching processes, cf. [18§].

Finally, we would like to point out an important advantage of optical fibre: the
wavelength of light. A fibre-based network node may thus route incoming pack-
ets not only by switching in the time-domain, but also by wavelength division
multiplexing. In queueing terms, this gives rise to multiserver polling models,
each server representing a wavelength. We refer to [1] for the stability analysis
of multiserver polling models, and to 2] for a mean field approximation of large
passive optical networks. Therefore we would like to study multiserver polling
models with the additional features of retrials and glue periods.
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