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Abstract: We consider a stochastic model for a blood bank, in which amounts
of blood are offered and demanded according to independent compound Pois-
son processes. Blood is perishable, i.e., blood can only be kept in storage for
a limited amount of time. Furthermore, demand for blood is impatient, i.e., a
demand for blood may be cancelled if it cannot be satisfied soon enough. For a
range of perishability functions and demand impatience functions, we derive
the steady-state distributions of the amount of blood X, kept in storage, and
of the amount of demand for blood X (at any point in time, at most one of
these quantities is positive). Under certain conditions we also obtain the fluid
and diffusion limits of the blood inventory process, showing in particular that
the diffusion limit process is an Ornstein-Uhlenbeck process.

1. Introduction

This paper is devoted to the study of a stochastic blood bank model in which
amounts of blood are offered and demanded according to stochastic processes,
and in which blood is perishable (i.e., blood can only be kept for a limited
amount of time) and demand for blood is impatient (i.e., a demand for blood
may be canceled if it cannot be satisfied soon enough). Let us first provide some
background, and subsequently sketch the blood bank model in some more de-
tail.

One of the major issues in securing blood supply to patients worldwide is
to provide blood of the best achievable quality, in the needed quantities. In
most countries blood, which is collected as whole blood units from human
donors, is separated into different components which are subsequently stored
under different storage conditions according to their biological characteristics,
functions and respective expiration dates. Blood units and components are or-
dered by local hospital blood banks (LBB) from the Central Blood Bank (CBB)
respectively) according to their operational needs. The CBB has to run its in-
ventory and supply according to these requests and to the need to keep suffi-
cient stock for immediate release in emergency situations. It also has to perform
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tests to determine the unit’s blood type and to detect the presence of various
pathogens which are able to cause transfusion-transmitted diseases, such as
Hepatitis B (HBV), Hepatitis C (HCV), Human Immunodeficiency Virus (HIV)
and Syphilis; see, e.g., Steiner et al. [16].

Blood consists of several components: Red Blood Cells (RBC), plasma and
platelets. In addition there are 8 blood groups (types): O*,0~, A", A=, B*
,B~,AB", AB~ (— means Rh negative) where the interrelationship between
the transfusion issuing policies among the 8 types is quite intricate. It turns out
that each of the negative types can satisfy the corresponding + type, but not
vice versa. Blood components are perishable as RBC can be used for only 35
to 42 days and platelets for only 5 days (plasma, however, can be frozen and
kept for one year). Accordingly, if RBC and particularly platelets are not used
for blood transfusion within their expiration dates then they perish.

In most developed countries demand requirements of about 50,000 blood
donations are needed per one million persons per year. About 95% of these
donations are aggregated by CBB’s and the remaining 5% by LBB’s. Blood
units stored at the CBB are usually ordered by LBB'’s for planned elective surg-
eries. However, as it happens rather frequently, elective surgeries turn out to
become emergency ones due to various conditions of the patient involved. In
such cases, hospitals use their own local blood banks to supply the demand,
and they cancel the required demand from the CBB; this is what we refer to
as demand impatience. A good review on supply chain management appears
in Belién and Forcé [4] and the references cited there in. Other relevant studies
are Ghandforoush and Sen [9] and Stanger et al. [15].

In this paper we consider the analysis of blood perishability and demand
impatience, concentrating on only one blood type. We do this by considering
the stochastic inventory processes {X(t),t > 0}, with X;(¢) the amount of
blood kept in storage at time ¢, and {X4(t),¢ > 0}, with X4(¢) the amount of
demand for blood (the shortage) at time ¢. If X;(¢) > 0 then X4(¢) = 0, and if
X4(t) > 0 then X, (t) = 0. We assume that amounts of blood arrive according
to a Poisson process, and that requests for blood arrive according to another,
independent, Poisson process. The delivered and requested amounts of blood
are assumed to be random variables. We represent the perishability of blood
by letting the amount of blood, when positive, decrease in a state-dependent
way: if the amount is v, then the decrement rate is {,v + «;. The &, factor is
motivated by the fact that a large amount of blood present suggests that some
of the blood has been present for quite a while — and hence there is a relatively
high perishability rate when much blood is in inventory. The o, factor pro-
vides additional modelling flexibility. One can in this way represent the blood
perishability more accurately; but the o, term could also, e.g., represent a fluid
demand rate of individuals or organizations, which contact the CBB directly,
and that is only satisfied when there is inventory. Similarly, we represent the
demand impatience by a decrement rate {;v + ag4. The £, factor is motivated
by the following fact. When there is a large shortage (demand) of blood, there
are probably many patients waiting for blood, so many patients that might be-
come impatient (i.e., they could recover, or die, or become in need of emergency
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surgery) leading to a cancellation of the required demand from the CBB. Again,
the o4 factor provides additional modelling flexibility; it not only allows us to
represent demand impatience more accurately, but it could also, e.g., represent
additional donations of individuals in times of blood shortage. To keep things
simple, in the remainder of the paper, we shall refer to the {v + «, term as the
blood perishability rate, and to the ;v + a4 term as the demand impatience
rate.

The inclusion of both the perishability factor v + «; and the demand im-
patience factor {4v 4+ o4 makes the analysis of the ensuing model mathemati-
cally quite challenging, but leads to a very general model that contains many
well-known models as special cases. Our two-sided stochastic process, with
both jumps upward and jumps downward, and with the rather general slope
factors &v + «, could represent a quite large class of stochastic phenomena. It
should for example be noted that this model is a two-sided generalization of
the well-known shot-noise model that describes certain physical phenomena
(cf. [10]). In some of our calculations we remove either the £ factors or the «
factors, and this results in easier calculations and more explicit results.

Our main results are: (i) Determination of the steady-state distributions of
the amounts of blood and of demand in inventory; in particular, we present a
detailed analysis of the case in which the delivered and requested amounts of
blood are both exponentially distributed. (ii) Expressions for mean amounts of
blood and demand in storage, and for the probability of not being able to satisfy
demand. (iii) We obtain the fluid and diffusion limits of the blood inventory
process, showing in particular that the diffusion limit process is an Ornstein-
Uhlenbeck process.

The paper is organized as follows: Section 2 presents a detailed model de-
scription. A global analysis of the densities of demand and of blood amount
in storage is contained in Section 3. A detailed analysis of the case of exponen-
tially distributed delivered and requested blood amounts, when o, = ag = 0
(i.e., pure proportionality) is provided in Section 4, while Section 5 considers
the case of positive «;, and «ag4. Section 6 is devoted to the case & = &g = 0.
The fluid and diffusion scalings are discussed in Section 7, and in Section 8
we present numerical results for certain performance measures like mean net
amount of blood and the probability that there is a shortage of blood. These re-
sults indicate, a.0., that the probability that there is a shortage of blood can be
accurately approximated via a Normal approximation, based on the Ornstein-
Uhlenbeck process appearance in the diffusion scaling. Section 9 contains some
conclusions and suggestions for further research.

2. Model description

We consider the following highly simplified model of a blood bank, restricting
ourselves to only one type of blood.

Blood amounts arrive according to a Poisson process with rate A;. The amounts
which successively arrive are independent, identically distributed random vari-
ables By, By, ... with distribution Fy(-); Fy(z) = 1 — Fy(x).
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Fig 1: Sample path of net amount of blood available as a function of time.

Demands for blood arrive according to a Poisson process with rate Ay. The
successive demand amounts are independent, identically distributed random
variables Dy, Do, ... with distribution F,(-); Fy(z) = 1 — F4(z). We view these
amounts as continuous quantities, measured in, e.g., liters.

If there is enough blood for a demand, then that demand is immediately sat-
isfied. If there is some blood, but not enough to fully satisfy a demand, then
that demand is partially satisfied, using all the available blood; the remainder
of the demand may be satisfied later.

Blood has a finite expiration date. We make the assumption that if the total
amount of blood present is = > 0, then blood is discarded — because of its finite
expiration date — at a rate {,x + s, so linear in z.

Blood demands have a finite patience. We make the assumption that if the total
amount of demand present is z > 0, then demand disappears — because of its
finite patience — at a rate ;& + oy, so linear in x.

Notice that either the total amount of blood present, or the total amount of de-
mands, is zero, or both are zero; they cannot be both positive. Hence we can eas-
ily in one figure depict the two-sided process {X (¢),t > 0} = {(X»(t), Xa(?)),
t > 0} of total blood and total demand amounts present at any time ¢, as we
have done in Figure 1. For our purposes, we are mainly interested in the charac-
teristics of the process described above in stationarity. Let us denote by X the
steady-state total amount of demand and by X, the steady-state total amount
of blood present, with corresponding density functions f(-) and g(-), respec-
tively. Notice that these are defective densities; we have [T f(v)dv = 74 =
P(demand > 0) and foof g(v)dv = m, = P(blood > 0).If o = g = 0, then
neither X; nor X has probability mass at zero, and 7, + 74 = 1 (when there is
only a very small amount z present, the “decay” rate {2 or {4z is very small).
However, if a;, and/or oy is positive, then there is a positive probability my of
being in 0.

When £, and &, are positive, existence of these steady-state densities is obvi-
ous; otherwise, the conditions for the existence of the steady-state distributions
requires some discussion, cf. Section 6. In the next section we try to determine
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f(-) and g(-), using the LCT (Level Crossing Technique).

3. Analysis of the densities of demand and of blood amount

In this section we present a global approach towards determining f(-) and
g(-) in the most general form of our model. At the end of the section, we also
consider a few other important performance measures, viz., 7o and the mean
length of time during which, uninterruptedly, there is a positive amount of
blood (resp. demand). The latter could be viewed as the busy period of the X
process (resp. of the X4 process).

First we consider the density ¢(-) of the amount of blood. We equate the rate
at which some positive blood level v is upcrossed and downcrossed, respec-
tively. LCT leads to the following integral equation: for v > 0,

" / "9 Folv — y)dy + / " F W) By + y)dy + oo Fo(v)
0 0

— M / g Faly — v)dy + (& + an)g(v). (3.1)

Here the three terms in the lefthand side represent the rate of crossing level
v from below; the first term corresponds to a jump from a blood inventory
level between 0 and v, whereas the second term corresponds to a jump from a
shortage level, and the third term corresponds to a jump from level 0. The two
terms in the righthand side represent the rate of crossing level v from above;
the first term corresponds to a jump from above v, and the second term to a
smooth crossing.

Next we consider the density f(-) of the amount of demand (shortage). We
equate the rate at which some positive demand level v is upcrossed and down-
crossed, respectively. LCT leads to the following integral equation: for v > 0,

[ C () Falv — )y + Mg / " g(y)Falo + y)dy + moraFa(v)
0 0

= x " @) Foly — v)dy + (€av + 0a) F(v). (32)

It should be noted that these two, coupled, equations are symmetric (swap f
and g, and the b and d parameters).
Let us introduce the following Laplace Transforms (LT):

P(s) = /0 e "V f(y)dy, (3.3)

v(s) := /O h e *Yg(y)dy. (3.4)

We now take Laplace transforms in (3.2), considering its five terms and calling
them T4, 75, T3, T, and 75, successively. We have:

0 v _ —sD
T = Mg /U:O e %" /y—O fy)Fa(v — y)dydv = )\dd)(s)%, (3.5)
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T = /\d/ / Fd v + y)dydv
v=0
i [ engty) [ e Eatziazay, (3.6)
y=0 z=y
T3 = 7T0>\d/ e Fy(y)dy, (3.7)
0

Ty = )\b/ e %Y fy)Ey(y — v)dydv
v=0 y=v

=X\ /yoo e Y f(y) /Z: e Fyy(2)dzdy, (3.8)

=0

Ts = &4 /OO ve %V f(v)dv + agp(s) = =48 (5) + aad(s). (3.9)

=0
3.1. The case of Coxian jumps

We shall now analyse these equations for the case that F3(-) and Fy(-) are Cox-
ian distributions. More specifically, if X;, ¢ = 1,2,..., K are independent, ex-
ponentially distributed random variables, and E[X;] = i, i=1,2,...,K, then
a Coxian amount of blood B can be represented as:

7 1—1
B =) X; withprobability p; [[(1—p;), i=12,... K. (3.10)
j=1 j=1

The class of Coxian distributions lies dense in the class of all distributions of
nonnegative random variables (cf. [2], Section II.4); hence one can approxi-
mate F(-) arbitrarily closely by a Coxian distribution. In the above case, it is
easily verified that one can represent Fy,(x) as follows:

Fy(x) =P(B > x) Zle 1—phz H

J=11=1l#j5

Bz B (3.11)

if all 3; are different. If two f3; coincide, then a term with ze %% (Erlang-2)
must be added. We leave this to the reader, but in Remark 2 below we outline
how Erlang terms can be handled in solving the integral equations (3.2) and
(3.1).

Taking Laplace transforms in those integral equations, we shall encounter
the following terms:

y K
sz 17 _ § I | _ E | I _ a(s=8j)y
/z:O ¢ Fb(Z)dZ =1 b 1 ph Bl 6] Bj - S (1 ¢ )7

J=11=1;l#j5
(3.12)
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o K
—st d 1 _ (S+Bj)y’
/Z_ye b(2) ; }_[1 bn ;I RL] B — B; Bj _|_se
(3.13)
i—1
e B - 3.14
;thl ph;lg#& @5] (3.14)
and hence

1-Efe 8] & B

— = ;p H 1—pi 72” Hz# o, ﬂj (3.15)

Their counterparts for the case that Fy(-) is Coxian, being given by

Fy(z) =P(D > x) Zqz H (1—gqp Z H —95® (3.16)

i=1 h=1 Jj=1i= 11753

are readily obtained by replacing K by L, p; by ¢; and f; by §; everywhere.
Combining (3.2) with (3.5)-(3.9), and using (3.12) and the counterparts of
(3.13) and (3.15) for Fy(-), we find:

i 5 ]
Aao(s ;%[{1—%2 H 5= 5,5, +

J=11=151#j
+ Aqui H 1 —qn) Z II 5 —5 5 +Sh(5j) + o]
i=1 = j=11=1; l;ﬁj
= >\b ;pz 1;[ — DPh ;l R[?é 51 Bj Bj — S(¢(S) - d)(ﬂj))
- &ad'(8) + aqp(s). (3.17)
When &; > 0, this equation can be written in the following form:
¢'(s) = Au(s)p(s) + As(s), (3.18)

with the homogeneous term Ay (s) being given by

An) = Adzlngl—qhz 1 5%

J=11=1;l#j5

K i—1 [
8 1
- oy om[Ja-m)d] H 5o l e R

i=1  h=1 J=11=1;1#j]
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and the inhomogeneous term A;(s) being given by

Af(s) = —— {AquzH 1-qn) Z H 5l_§ 5 +s[ 7(85) + mo]

J=11=1l#j5

i

+ /\b;sz L—pn)) H mﬁlﬁjﬁjl o(B))| .  (3.20)

Jj=11=1;l#j5

The solution of (3.18) is given by the following expression:
¢(8) _ QS(O)efOS Ap(2)dz + / Ay (u)ef: AH(Z)dzdu, s> 0. (321)
0

~(s) is given by a mirror expression, where ¢(0) is replaced by v(0) and where
Ap(s) and A;(s) are replaced by expressions in which K and L are swapped,
and p and ¢, and 3; and ¢;. It should be noticed, though, that ¢(0), v(0) and
7o still have to be determined. Furthermore, it should be noticed that Ay (s)
and A;(s) have singularities at s = /1, ..., Bx. These singularities are remov-
able, but handling Formula (3.21) clearly requires some care. Instead of work-
ing out the details, we shall in the next section focus on the case of exponen-
tially distributed amounts of blood and demand - so K = L = 1. For that
case we shall not only work out the solution of the differential equation for
¢(s) in detail, including the determination of the missing constants, but we
shall also present a different way of handling equations (3.2) and (3.1), with-
out resorting to Laplace transforms. We refer to [7] for a detailed discussion of
first-order linear differential equations with singularities like (3.18); in [7] such
equations arise in the study of another two-sided stochastic process, represent-
ing a queueing model with additional inventory capacity.

Remark 1. If{; = 0, then ¢(s) is obtained from (3.17) in a standard manner; see also
Remark 7 for the special case that K = 1.

Remark 2. We now outline how (3.13) and (3.14) change when the B; have an
Erlang-(I + 1, B) distribution, and when the D; have an Erlang-(k + 1,6) distribu-
tion; (3.12) and (3.15) do not change (but of course E[e~*P] changes). Firstly,

l

/y hldz =3 S;H [1—Ze-<ﬂ aw (( .”i]. (3.22)
z2=0 - ’

Jj=

Term Ty now becomes:

_F [qb(s) -2 — o) / h yie-ﬁyﬂy)dyl .G
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It should be noted that s = [ is a removable singularity. E.g., for I = 0 one has
T4 — /\b¢(323—¢(/3).

Secondly,

* —st _i : Z —(s+o)y \\° T Y)J) 3+6) ) (3 24)
b(2)dz = (s + §)i+t ' '
z =0

=Y

Term Ty now becomes:

Ty = A /
v=0

(s + 5) i
= /\d s+ 5 L Z / y'e g(y)dy. (3.25)

9(y)Fy(v +y)dy dv

3
fD‘
3
u:\
gg

>

b

It is readily seen that the resulting counterpart of (3.17) can again be written in the
form (3.18), and hence the solution is formally still given by (3.21).

3.2. A few simple performance measures

In this subsection we first relate 7 to the densities f(-) and g(-) (cf. Proposi-
tion 1), and subsequently we express the mean length of time during which
there is, uninterruptedly, a positive amount of blood present, into f(-), g(-) and
mo; we do the same for the mean length of time during which there is, uninter-
ruptedly, a positive demand (Proposition 2).

Proposition 1. Let mg be the steady-state atom probability of the zero period. Then

~ aqf(0) + apg(0)
N Ad + Xy .

Proof. Substitute v = 0 in (3.1) and (3.2) and take the sum. The result is ob-
tained after several steps of elementary algebra. O

The result introduced in the Proposition above is very intuitive. By LCT
aqf(0) + apg(0) is the rate at which level 0 is reached (i.e., the process will now
really stay at 0 for a while), so that [aqf(0) + apg(0)] 7! is the expected length
of time between two successive times level 0 is reached by the fluid. More pre-
cisely, the (zero periods , non-zero periods) generate an alternating renewal pro-
cess whose expected cycle length is [y f(0) + apg(0)] 1. The expected length
of the zero period is [A\s + \y] 7!, since the end of the zero period is terminated
at the moment of the next jump. But the jump process is a Poisson process with
rate Ay + Ay. Now the renewal reward theorem simply says that

E|[zero period]
Elcycle]

Ty =
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In preparation of the next proposition, for the process X = {X(¢) : ¢ > 0}
we define a modified process Xy, = { X (t) : t > 0} where X, is constructed
by deleting the zero periods (only the zero periods, not the emptiness periods) from X
and gluing together the non-zero periods. The modified process is Xy, such that
Xm(t) = Xa(t)1ix, >0y + Xo(t)1ix,(t)>01 where by definition of the model
{Xa(t) >0} = {Xp(t) = 0} and {X,(¢) > 0} = {X4(t) = 0}.

Proposition 2. Let By, and I, be the generic non-emptiness period and the emptiness
period, respectively, of the inventory system. Similarly, let By and 1; be the generic
non-emptiness period and the emptiness period, respectively, of the demand process.
Then

_ 1—m
EBy = Gsona 1= Faw)s )y’

(Z) _ 1—m
EBs= S v 1= Bmrwa:

And
_ 1 B
) ED = ST Rmimden BBy
(i) El, — | BB
&= X T Fa(w)g(w)dy+ramo d

Proof. (i ) Consider the non-emptiness period of the inventory system. The
steady state densities of the inventory system and the demand process of Xy,
are given by

gm(x) = ) = 1—m

1—m 0
respectively. At the end of the non-emptiness period of the inventory system
there are two disjoint ways (disjoint events) to downcross level 0+. Either level
0 is downcrossed by a negative jump or level 0+ is reached by the fluid reduc-
tion (both in Xyy,). The rate of the first eventis Ag [~ Fu(y)gm (y)dy and by LCT
the rate of the second event is a;gy, (0). Since the events are disjoint, the rate of
downcrossings of level 0+ is Aq [~ Fu(y)gm (y)dy + apgm (0). That means that
the expected length of the non-emptiness period is given by
~1

[Ad /0 T Fa)gm(0)dy + argm(0)] . (3.26)

Thus
1-— 0

apg(0) + Aa fy° Faly)g(y)dy

Now EBy is obtained by complete symmetry.

(ii) Define a cycle in the real process X (not the modified process X,,,) as the
time between two upcrossings of level 0+. By definition, the emptiness pe-
riod plus the non-emptiness period is a cycle in X. That means that the ex-
pected length of the emptiness period is the expected length of the cycle mi-
nus the expected length of the non-emptiness period. The non-emptiness pe-
riod in X and in X,,, are identical and the length of the expected cycle is

EB, =
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o Jo° Fo(w) f(y)dy + Aemo) ™Y, since, Ay [ Fy(y) f(y)dy + Xomo s the rate of
the upcrossings of level 04. We obtain

1
Mo Jo° Fo(y) f(y)dy + \omo

El, + EBy, =
yielding EI;,. El, is obtained by symmetry. O

4. The exponential case

We assume in this section that Fy,(z) = e #*% and Fy(x) = e "¢, Moreover,

we take a, = a4 = 0. Under these assumptions, we can not only work out

(3.21) in detail, but we shall also solve (3.2) and (3.1) without using Laplace

transforms. In the next section, we shall allow «; and a4 to be positive, still

requiring exponentially distributed amounts of blood deliveries and demands.
Equations (3.2) and (3.1) reduce to:

Ad / Fly)e H =V dy + Age e / g(y)e "vdy
0 0

=N\ / oof(y)e—“b@—”)dy+fdvf(v), v>0; (41)

Mo [ gy xe [ ey
0 0
= /\d/ g(y)ef‘”(y*”)dy +&ug(v), v>0. (4.2)

In addition, the level crossing identity for level v = 0 gives the condition (take
v = 0 in either (4.1) or (4.2)):

= —HKbY — > —Hay
b /O fly)e™¥dy = Ay /O g(y)e H¥dy. (4.3)

Taking LT in (4.1) and (4.2) yields:

(s) Ypa) _ oy O0s) = dlm) o
)\dud+8+>\dud+8 =X\ s £ad'(s), (44)
7(8) + A d)(ﬂb) -\ 7(8) - ’Y(ﬂd) _ gb’}/(s)- (45)

b b d
Wy + S [ fHa — S

Hence we have two inhomogeneous first order differential equations in the LTs
6(s) and (s):

Sy = (s |2t A L] A ) A v(ka)

o [0 _ M . @6
Ed b —8 &4 fqa + 8 Ed b —8 &4 fqa + 8 (4.6)

imsart-generic ver. 2014/10/16 file: blba200715.tex date: July 21, 2015



Bar-Lev et al./A blood bank model with perishable blood and demand impatience 12

/ Aa 1 Ay 1 Ad Y(pa) Ay o)
_ Ad _ 2 _ad 2 . 47
7() 78>{§bud—3 §bﬂb+5] & pa—s & ppts “n
A standard approach yields:
- Mo % Hd L:
os) = (ub - 5) (Md < S) [#(0) (48)
M 3 Mb—Z)Afi)(Md—i—z)gd dz
§ 7(“d)/o ( 1o Iz fhd
N Sy —2\% " (patz o dz
§ qb(ub)/o < o ) ( Hd ) Mo }
Similarly,
_ Hd Ls Hb %
Ws) = (Md - 5) (ub " S) (0) (49)

Ab
b Cla—z\% (2% dz
- — () —
&b 0 Hd b Hb

s Ad_q Ap
Ad g — 2\ My + 2\ % dz
- =(na) —) - }
&b 0 Hd b Hd

Notice that the exponents in the above integrals have powers which are larger
than -1 (e.g., % — 1), so that these integrals do not lead to singularities. We
still need to determine the two constants ¢(0) = ng and v(0) = m,. Together
with ¢(up) and y(pq), we have four unknowns. We determine these unknowns
using the following four equations: (i) From (4.3), we get \pd(1n) = Aav(1a),
while (ii) 74 + m, = 1. Finally, we take (iii) s = p in (4.8) and (iv) s = pq in
(4.9).

Notice that the identity A\p¢(11p) = Agy(1a) allows us to reduce the two inte-
grals in (4.8) to one integral (and similarly in (4.9)):

o = () g () oo @10

. P g
Ad B + pd AN Pd + 2 S
- = (ka) — dz ] :
€a Hottd  Jo Hb Hd
Remark 3. If A\, = 0 then we have a known queueing model or shot-noise model with

state-dependent service rate; cf. Keilson & Mermin [10] and Bekker et al. [3] for the
so-called shot noise model.
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Remark 4. The case Aq = &g is special. Formula (4.8) now reduces to

Ap

o9 = ()" - foo) @)

My — 8 pa+s

Ap

S — 2\ M dz

- Y(pa) —

0 Hb Hd

s 2oy
b oy — 2\ T ug+zdz
- )\*QS(M;) e } :

d 0 Hb Hd  Hb

Both integrals are easily evaluated (rewrite, in the last integral, pq + z = pqg + o —
(1o — 2)). We find:

_ Ho % Hd
o) = (22)" 24 o0
Y(pa)  Aa 3 pa+ e O(us) Ao ]
e Mot Plue) fhd e o+ g
pa [ v(pa) Aa(ps — s) pa+ e P(pe) b B }
fa + S [ Hd A+ Ag o) Hd Hd /\b+)\d(ﬂb o)
4.12)

Now observe, cf. (4.3), that \pd(1p) = Aay(pa). Hence, in both lines of the above
formula, two terms cancel. Moreover, ¢(s) should be analytic for s = , yielding

+
$(0) = plup) L (4.13)
Hd
Finally we obtain:
Hd td + o Hd Hd
_ — (0 _ 414
#(s) Md"‘Sd)(ub) py o( )ud+8 Wd,ud"'S’ (4.14)
and hence
f(x) = mapae™ 4", x> 0; (4.15)

the shortage (amount of demand present) appears to be exponentially distributed when
Ad = &q.

It should be noticed that, if \q = &g, then the first and last term of (4.1) are equal when
(4.15) holds; and using (4.3) it is also readily verified that the second and third term of
(4.1) are equal. The constant w4 will in general still depend on the parameters \g = &4,
)\b/ b and fb.

We end this remark with the observation that in the one-sided shot-noise process (so
Ao = 0), Bekker et al. [3] also observe that \q = £q results in an exponential density.

4.1. A direct approach to the exponential case

In this subsection we shall determine f(-) without using Laplace transforms.
Notice that, once f(-) has been determined, g(-) follows by swapping parame-
ters (symmetry).
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Differentiate (4.1) w.r.t. v:
Aaf (V) — pa [)\d/ f(y)ewd(v—y)der/\d/ g(y)ewd(wy)dy
0 0

= —Xf(v) + Aoy / h Fe ™ dy + & (v) + Equf'(v). (416

Using (4.1) once more, now to replace the term between square brackets in
(4.16), we get:

Cavf'(v) = Mg+ —&)f(v)
— g (Ab / fly)e m=v)dy +§dvf<v>)

— / Fy)e =)y, (4.17)
and once more differentiating w.r.t. v then gives:
Lavf" (v) + &af'(v) — (Aa + Ay — &a — paav) f'(v)

= —pa€af(v) + (o + pa) Ao f (v) = pio(po + ,ud)/\b/ Fly)e m=dy.

(4.18)

The integral that appears in (4.18) can be eliminated by using (4.17), and we

thus finally obtain the following second order homogeneous differential equa-
tion:

Eav " (v) + (260 — Aa — N + prabav — pwéav) f'(v)+

+ (1aba — mo€a — pare + poAa — pypadav) f(v) = 0. (4.19)

As additional equations we have [;° f(v)dv = w4, and the continuity condition

(4.3); this amounts to a level crossing identity at 0. (4.19) is a known type of

second order differential equation.
We can rewrite (4.19) as follows:

vf”(v) + (A+ Bv)f' (v) + (C + Dv)f(v) =0, (4.20)
where
Ap+ A Aalty — A
A=2-2720 B gy, C=pa—py+ Do,
§d &a
(4.21)

Note that we divided both sides of equation (4.19) by &4 here. We will try to
transform the differential equation into one of which the solution is easily de-
rived. In order to do so, we first guess f to be of the form f(v) = e#?h(v), where
B is a constant and h another real-valued function. Substituting this into (4.20)
gives

vh"(v) +[(28 4+ B)v + Al I/ (v) + [(8° + BB+ D)v + AB + C] h(v) = 0. (4.22)
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Next, we would like to choose 3 such that 5% + B3 + D = 0, that is

—B++B?—-4D
2 b

8= (4.23)

which equals either —i4 or . Since the solution of (4.20) we are looking for
is a density, and necessarily f(v) = e¢’*h(v) — 0 as v — oo, we set 3 equal
to the negative root —p4. Lastly, we apply a change of variable, = v, and
h(v) = w(x), so that (4.22) is transformed into

zw"(z) + [(28+ B)§ 'z + A] w'(z) + 6 [AB + C]w(z) = 0. (4.24)
By choosing (26 + B)d~! = —1, i.e.
6 =—(28+ B) = pp + pa, (4.25)

we obtain
zw’ (z) + [A — z]w(x) + 6 [AB + Clw(x) = 0, (4.26)

which is known as Kummer’s equation, zw” (z) + (b — z)w'(z) — aw(z) = 0, see
[14], with parameters

o= 5 [AB+C) =122,
&a
b=A=p_ MM
d

Kummer’s equation has two linearly independent solutions, namely w(z) =
M(a,b, ), where M is Kummer’s hypergeometric function, also denoted by
1Fi(a,b,x), and U(a,b,x), Tricomi’s hypergeometric function. These are de-
fined as, see [14, Eq. (1.3.1)],

M(a,b,z) = Z:O (S)’;& 2 (4.27)
Ula,b,z) = IMM(Q,&J:) + F(lf(a)l)xle(l fa—b2—bx),

(4.28)

where (.),, is the Pochhammer symbol, which is used to represent (y), = y -
(y+1)-...- (y + n — 1). We can therefore deduce that f(v) is of the form

PV [e1 M(a,b,0v) + c2 Ula, b, 6v)], (4.29)
or
e Hav {clM (1 — %,2 )"’+>‘d s (M + pa)v ) +

+ CQU(l 24,2 — 2B (1 4 1) )} (4.30)
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where ¢; and ¢, are constants. From [14, p. 60], we have

INQ)
M(a,b,x) ~ Féa))efxab, as & — oo. (4.31)
Hence,
A Ab+ A
e MV \f (1—d,2— bt d,(ub—l—ud)v)
&d &d
(2 — Ap+Ag
Vs N )el“’v (o + pa)o) ™47 = o0, (4.32)
(1 - 5:)

for all p1p > 0, which leads us to conclude ¢; = 0. We deduce ¢, by exploiting
the restriction that

/ f(v)dv = mq, (4.33)
0
where 7 is the probability of positive demand. Hence
macy ' = / e (1= 24,2 = 2 (g pua)o) dv. (4:34)
0

By slightly transforming [14, (3.2.51)], we find

Apt+A
oo ﬂld ;glii:b))zﬂ ( 21142 —m) : (4.35)

Altogether, this yields:

Proposition 1.

F(l—i—%) e‘“d”U(l— 24,2 — 2B (1, 4 1) )
f(v) T Ab‘f‘)\b’ Ad b Hb (436)
P( € ) 2F1(1_571’1+5d E)
with corresponding Laplace transform, again by [14, Eq. (3.2.51)],
A A, S
R (e )
b(s) =mq s » = (4.37)
o (1f L )

By exchanging parameters, a similar expression can be formulated for the density and
LT of the amount of blood present.

Last, we obtain expressions for w4 and ;. These follow immediately by a
level-crossing argument around the point v = 0:

Ap /OOO f)Fy(v)dv = \g /000 g(v)Fy(v)dv. (4.38)
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In the exponential case, this becomes (see already (4.3)):

/\b/ f(v)e_“b”dv:/\d/ g(v)e Hdy. (4.39)
0 0

An equivalent form of (4.39) is A\y@(1s) = Aay(pa), or by filling in s = y; in
(4.37),

d T4 \p b T Ad

Mot oy (1= 2,1,14 3, =) Ao i o (1 20,1,1 4 20, — 1)

(4.40)

where we used that 2 F1(a, b, ¢,0) = 0. Using 7, + mq = 1, we solve (4.40) and
obtain

)\deQFl( 241,14 4 _ﬁ)
Td —
A (B B R e (- BT E)
(4.41)

By substituting this result into both (4.36) and (4.37),

Ap
_ é—l r (1 + ) A —nav r (1 — Ad 9 )\b+Ad 4.42
f(’U) = — dMb € [FR (:U/b + Md) ) ( . )

Adpib fhd ( Ad Ap 8 — Nb)
)=C 1240 (124 114+ 28, 4.43
ols) = Ha + s &a’ €a s+ pa (4.43)
where
C = Ay o Fy (1 A1 2 7“7)+Abud2F1 (17Ab,1,1+— —Z—g).
(4.44)

Similar expressions can be formulated for the density g(v) of the amount of
blood present, its LT +(s) and the probability 7, of being positive.

Remark 5. By applying the Pfaff transformation

2F1(G/,b7C,Z) = (1_2)_b2F1 (C_a7b7c7lzz> ) (445)

we may reformulate

S (1—£ 1,1+ 2, —&) " gFl(’\b“d - ) (4.46)

a7’ Hd Ho+pd €a 777 &a’ potia
so that
Ao+ A b
Ad2F1 ( ‘e b 55 ub-‘rud)
d = Ap+A A Ap+A A (4.47)
b d Ab Mb b d Ad Hd
Aa2F1 ( 1 &a” Mb-‘v-ud) + Ay 2B ( 1 & Hb-‘rud)
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By also transforming the hypergeometric term in the numerator of (4.36), we get an
equivalent form of (4.42), namely

Ap
C—,,lr (1 + £d) At (t1 + 1) o Hav

U (1- 22,2 utha, ).
/\b+/\b) 1 (ky + pa)v

(4.48)

Calt - )\d 2F1 <>\b+Ad71a %7 llblf:#d) + )\b 2F1 (Abtkd717 27:7 #bﬁ’dﬂd) . (449)

As a consequence, (4.43) is given by

o F (/\bgr)\d 1 ﬁ’ Mb—S)
=C7

77 €a mbtpa
¢(8) = Td alt Ad 2F1 ()\b+)\d ) 1a éb Mb+ > )
o F Ap+Ag 1 Ap Kb d’ HbTHd
1 Ea 777 &a putia

(4.50)
By close inspection of these derived density functions, we make a few addi-
tional remarks.
First, it can be verified, e.g. nummerically, that the expressions in (4.8) and
(4.43) coincide.
Secondly, the confluent hypergeometric function U (a, b, ) has limiting form
asz — 0,

ri-b)  Te-1) .,

Ua,b,z) = I(a—b+1) + [(a)

+0(:z*7Y, b<2, (4.51)

see [11, Subsec. 13.2]. Note that b < 2 for all parameter settings. This expression
shows that U(a, b, z) has a singularity at z = 0 if Re(b) > 1, which in our
case translates to f(v) and g(v) being analytic at v = 0if Ay + A\g > &; and
b + Ag > &, respectively. Assuming A, + Ay > max{&, {4}, (4.51) also implies
that

(142 r (m - 1)
lim f(v) =C' ——="2 ) LA (4.52)
v—0 - T Ap+Ag o T Ab '
(2 ) ()
Ab
~—1 € ~—1  ApAdlblid
= —_— )\ = -~ .
R ve= vy S P VT
Similarly,
lim g(v) = 1 NAdHbld (4.53)
v—0 Ao+ 2a— &

By equating these two expressions, we conclude that lim,_,¢ f(v) = lim,_,0 g(v)
< o0, i.e. the overall density function is continuous at v = 0 if and only if
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& = &a.

The asymptotic behavior of U is given by [14, p. 60],
U(a,b,z) ~ 279, 2z — 00, (4.54)
which implies that the density function will decay as
f(v) ~ CF emHav gra/Eat v — 00, (4.55)

for some constant C*. Note that for Ay = £, the asymptotic behaviour is con-
sistent with (4.15). Let us take a closer look at this case Ay = £;. Formula (4.43)
reduces to

— 1A Ha  _ Hd 456
¢(3) dMb it s Td udJrS’ ( )

where we used that 2 F1(0,a,b,z) = 1 for all a, b, 2. Hence, conditioned on be-
ing positive, the amount of demand present is exponentially distributed with
parameter p4, regardless of the values of Ay = &4, as well as Ay, &, and p5. Note
that we also could have deduced this from (4.37) by observing 2 F1 (0, 1,a,z) =
1forall a,z € R, so that i
d

o(s) = my it s (4.57)
This is in accordance with what we found in (4.15) with the approach based on
Laplace transforms.

A second special case arises when the process is symmetric, that is, Ay =
Ad =Ny = prg = pand & = g = £ Obviously, we get mp, = 14 = % due to the
symmetry. If we define n := \/¢,

T(1+n)pe " U (1 —n,2(1 —n),2uv
Flo) = (I+n)p (1 —mn,2( 177) pv) (458)
2T (2n)2Fy (2n,1,1+ 1, 3)
_ I'(1+n) p
2T2n)2F1 (20, 1,1+ 7, 3) 2V
where K, (+) is the modified Bessel function of the second kind, see
[11, Eq. (13.6.10)].

1
(2u0)""2 K1 (),
2 n

Based on the LT in (4.43), we can directly derive a couple of characteristics
of the process.

Corollary 1. The expected amount of demand (blood) present, given that it is positive
equals

R VD VD 1
M&mpﬂzg—i—i+i - - . (459)
d Hd b 'ubQF1< _?57171""5*37_%)
LA A A 1
E[Xy| X, >0/ = — |22 - 244 24 - - (4.60)
S | Ha  pd o F (1_?:71,1+?;1,_ﬁ)
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Accordingly, the expected net amount of blood present equals

(M A Ty T4 MNpAg (11
Hm_(w )(&*@)*ci(@ @) (4.61)

Proof. The expression in (4.59) can be derived through differentiation of (4.43).
However, we choose to use the implicit equation in (4.6) with s = 0 and the
fact that ¢(0) = 74 to obtain

E[Xq4|Xq > 0] = YO _1 {)‘d Ao Ab D) )‘d’Y(ﬂd):|

(0) e  w 6(0) T pa 6(0)

_I{A_Ab (1 1) ot
§a Lia 1o w - pa)  ©(0)

1 { —_— b + ftd )\bd)(ﬂb)}

7 popa  ¢(0)
Here we defined m := 22 - 2—2, which can be regarded as the mean net amount

of blood brought into the system per time unit, and A\y¢(up) = Agy(1q). From
(4.43), we know

() pa 1 (4.62)
¢(0) Ho + [4d 2F1<1_£d,171+/\b %)
so that
o 1 )\ A m 1
E[Xd|Xd>O}—€d[ met 2F1( d11+——#—3) } (4.63)
The expression for E[X}|X; > 0] follows directly. Furthermore,
E[Q] = mE[Xs| Xy > 0] + mE[-X 4| Xg > 0]
Ty 7Td Ad b
- ? &al ' pab Ay Ad _pa
b & 21?1(1—?,1,1+ _E)
. Ab Td
o 8d oy (1f5 R ﬂ%)
—1 _
Note that 742 F1 ( 5 , 1,1 + Zb f%> = AaiyC~ 1. Hence,
Ty Td AbAd 1 1
E[Q] = m +]+ . (—)
<] [fb €a C \& &
which completes the proof. O

Remark 6. Note that if & = &4 = &, we get E[Q] = m(m, + 7a)/E = m/E. The
expression in (4.59) contains no &,. Indeed, while the value of &, influences the proba-
bility that X4 > 0, it does not influence the mean of X q given that X4 > 0.
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Fig 2: Expected mean amount of blood, demand, and net blood present.

In Figure 2 we plotted the behavior of the three performance metrics in
Corollary 1 while keeping m fixed. In Figure 2.A we set A\, = 1.2, Ay = 1,
wy =1, pg = 1.2, so that m = 11/30 and vary &, = g = { between 0 and 1. In
Figure 2.Bwe fix § = {4 = 0.5 and take A\y, = 1.20, A\q = 0, pip = 0, pg = 1.20, so
that still m = 11/30, and vary 6.

Furthermore, using the PASTA property of the Poisson process, we get
P(demand immediately satisfied) = [~ g(u)(1 — e #4*)du = 7, — (14), which
is by equivalent form of (4.43) for the LST ~(-), equal to

c-1x F(l—ﬁ,1,1+ﬂ,—&)— Fo .
bid (2 1 &a &a Hd Uy + fig

5. A variant

In this section we return to the case that the expiration rate of blood and the
patience rate of demand are not purely proportional to the amount of blood
and of demand, respectively. Accordingly, we generalize the expiration rate
of blood from &v to &v + a3, and the patience rate of demand from &,v to
&qv + ag. We do stick to the assumptions of exponentially distributed amounts
of demand and blood, though. Hence this is a generalization of the results in
Section 4.1. Equations (4.16)-(4.19) change into:

Aaf(v) = pa Pd/ Fly)e =9 dy + X, / g(y)e T dy + 1o A geHa
0 0

==X f(v) + Apps / ) Fy)e W= dy + &4 f (v) + (Eqv + ag) f'(v), (5.1)
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(Cav + aq) f'(v) = (Na + Xo — &) f (V)
i (Ab [ @ ay s o+ ad>f<v>)

— 1p A / fly)e m=v)dy, (5.2)
v

(bav + aq) f"(v) + &af'(v) — (Na + Ao — €q — pa(€av + q)) f'(v)

= —paaf(v) + (o + pa) o f(v) — po(pe + ,ud))\b/ fly)e " =)dy,
(5.3)

(av + ) [ (0) + (28a — Aa — A + pa(€av + q) — pp(€av + ) f' (v)
+ (1aa — t€a — taXe + A — pppa(Eav + aq)) f(v) = 0. (5.4)

Solution to differential equation (5.4)
We attempt to solve differential equation (5.4). Let us introduce a new variable
z such that {52 = £4v + ay4. Hence

z(v) =v+ %, v(z) =2z — ., (5.5)
€a €a
Then (5.4) can be rewritten as
Cazf" (2 — af€a) + (26a — Aa — No + (pa — p15)€a2) ' (2 — a/€a)
+  (waa — mv€a — HaXo + HpAd — pvpa(€az)) f(z — aa/€a) =0, (5.6)
which almost resembles Equation (4.19). If we furthermore define f(2) = fz—

ag/€4) and note that f'(z) = f/(z — aq/€q) and f(2) = f"(z — aa/q), (5.6)
becomes

€azf"(2) + (264 — Aa — Mo + (a — mp)éaz) ' (2)
+ (pa€a — pv€a — pads + wha — wwpa(€az)) f(2) = 0, (5.7)

which is exactly the same as (4.19). From (4.30), we already know that the only
feasible solution to (5.7) is of the form

fz) = C7remmau (1- 24,2 = 2 (g + o)) (5:8)

with z > 0, so that

f(z) = f(z+ aa/€a)
= C L pgeHalztaa/éa) [y (1 - %, 2 — 7’\55:’\“[ s (4 pa) (2 + ad/fd)) :
(5.9)
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Fig 3: Sample path of the net amount of blood present if £, = {4 = 0.

for some positive constant C. Computing this constant C' in this case proves
more tedious, because we are now after the values of the integral

/ B e HaF (1 - %, 2 — %, (pa + ub)z> dz. (5.10)
[e%) d

We had an expression for the Laplace transform of t*U(a, b, t) at hand in the
previous case, but finding an expression for this integral has so far been un-
successful. Another issue that arises for this setting is the observation that the
event {v = 0} will have positive probability, due to the additional decay (of
both blood and demand) that does not slow down for v close to 0. Therefore,
we have the additional equation 74 + m, + m9 = 1, where 7y > 0 denotes the
probability of the event “no inventory, no demand”.

6. Another variant

In this section we assume that the expiration rate of blood and the patience rate
of demand are constant; so we take &, = {4 = 0. A visualization of a possible
sample path is depicted in Figure 3.

We again restrict ourselves to the case of exponentially distributed amounts
of demand and of blood deliveries. We now need to impose stability condi-
tions. In the case of positive demand, the drift is towards zero if \JED <
agq + M EB, while in the case of a positive amount of blood, the drift is towards
zero if \EB < ap + MED. If these two conditions are violated, either the
amount of demand or the amount of blood present increases without bound
(see also Remark 8 below). In this case, (5.4) reduces to

agf" (V) + (=Aa — Mo + praca — pwoea) f'(v) + (—pare + ppAa — popraca) f(v) = 0.
6.1)
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Hence f(-) is a mixture of two exponential terms: f(v) = Rye "+" + R_e -7,
where z; and z_ are the positive and negative root of the equation

ozdxz — (,udad — Qg — Ag — )\b)x + (*,de)\b + ppAg — ,ubudozd) =0. (6.2)

Notice that the last term in the lefthand side of (6.2) is negative if the stability
condition A\JED < ag+ ApEB holds, i.e., if upAg < paAs + o ftaceq, thus guaran-
teeing that the product of the two roots x and x_ is negative, and hence that
there is a positive and a negative root. One should subsequently observe that
R_ must be zero to have a probability density. Hence f(v) is simply (a constant
times) an exponential; similarly for g(v). In addition, the steady-state amounts
of demand and of blood have an atom at 0 (since £; and &, are no longer zero,
the demand and blood processes can reach 0).

Remark 7. Alternatively, we could have taken Laplace transforms; (4.4) now changes
into (only its last term has to be adapted):

; G A\, V(pa) _ " d(s) — d(up)
Hd + S Hd + 8 Hb — 8

+ agp(s), (6.3)

or
o(s) = Ady(pa) (s — ) + Mo(po)(pa +5) 6.4)

aa(pa + 5) (o — 8) = Aa(ps — 8) + Ao (pta + s)
Now notice that the zeros of the denominator of (6.4) are exactly s = x_ and s = x,
and that the numerator should be zero for s = wxy. Inversion then again gives an

exponential density f(v), v > 0; similarly for g(v).

Remark 8. Interestingly, the model of this section is closely related to the model with
workload removal that is considered in [5]. There an M /G /1 queue is studied with the
extra feature that, at Poisson epochs, a stochastic amount of work is removed. In the
M /M /1 case with removal of exponential amounts of work (cf. Section 5.1 of [5]), one
has the model of the present section when we concentrate on the amount of demand
present. One difference with the model in [5] is that, when the workload in that model
has become zero, the work becomes positive at rate Ay, whereas in the present model
the amount of blood can become positive (so zero demand is present) and the amount
of demand does not have to become positive when demands arrive (because they are
immediately satisfied; cf. Fig. 3). So the atom at zero is in the present model larger than
in the model of [5]. In our model a positive demand level may be reached from below zero
(by a jump, i.e., a demand arriving at an epoch that there is some, but not enough, blood
present). The memoryless property of the exponential demand requirement distribution
implies that this jump results in a demand level that is exp(p.q), just as if the initial
demand level had been zero. In the case of non-exponential demand requirements, our
model becomes equivalent with an M /G /1 queue with exponential amounts of work
removed, and with the special feature that the first service requirement of a busy period
has a different distribution. Lemmas 4.1 and 4.2 of [5] present the stability condition
of that M /G /1 queue with work removal; it amounts to \qJED < ag + M\EB, which
indeed is one of the two stability conditions of the present demand/blood model.

Finally we observe that Formula (5.1) of [5] coincides with (6.2) (take ag = 1,
/\d = /\+, >\b = )\_, Hd = 1/ﬂ and MUy = 1/’}/).
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7. Scaling limits

We finally study the model with o, = g = 0 from an asymptotic perspective,
by obtaining the fluid and diffusion limits of the blood inventory process. That
is, we will create a sequence of processes, indexed by n = 1,2, ..., in which we
let the rates of blood and demand arrivals grow large. If we then scale the pro-
cess in a proper manner, we are able to deduce a non-degenerate limiting pro-
cess, that provides insight in the overall behavior of the arrival volume when
the system grows large. Furthermore, only the first two moments of the blood
and demand distributions are needed.

7.1. Identification of the limiting process

First, we introduce some additional notation. Let X;(¢) and X,4(t) denote the
amount of blood and demand, respectively, at time ¢ > 0. Let

Q(t) = Xb(t) — Xd(t), (7.1)

be the net amount of blood available at time ¢. Remember that X (¢), X4(¢t) > 0,
and X (t) > 0 or X4(t) > 0 for all ¢, since ag = ap = 0. Let Ny(t), Nq(¢) be the
two independent Poisson processes counting the number of arrivals of blood
and demand, respectively. Then the following integral representation holds for

Q(1),
t t Ny (t) Na(t)
mwzmm—@AQﬂﬁw+@Angw+ 1&—Z;m,<m>

1=

where 27 = max{0,z} and z= = max{0, —z}. For the sake of exhibition we
will concentrate on the case & = £; =: &£ Our analysis can be extended to
the general case, but involves more technicalities which do not contribute to
the insight provided by the limiting process. A sketch of this generalization is
given at the end of this section. Define

Ny (t) Ny(t)
X(t)=Y_ Bi- > D 7.3)
=1 =1
so that (7.2) reduces to
Q) = Q) ~¢ | Q) ds+X(0), (7.4

The first step in the definition of the sequence of processes under investigation
is defining the asymptotic scheme we are interested in. As mentioned above,
we intend to let the arrival rates grow to infinity. Therefore, in the n** process
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Qx(t), we replace the rates of the arrival processes by n), and nA4. This in-

duces Poisson processes Né") (t) and N Cg”) (t) with arrival rates n)\, and n)\g,
respectively. However, we have

NP() L Ny(nt)  and  NV(t) £ Ny(nt), (7.5)

so that the term X () in (7.2) in this asymptotic scheme can be replaced by

Ny (nt) Ng(nt)
Xu(t)= Y Bi— > D (7.6)
=1 1=1

The first step in our analysis is obtaining the fluid limit of the process. Bearing
in mind application of the Functional Strong Law of Large Numbers (FSLLN),

we scale the process as Q,, () = 2=} 5o that with (7.4)

t
Qult) = Qn(0) — € /O Qu(s) ds + Xo(t), 7.7)
where X,,(t) = X,,(t)/n. Let us rewrite (7.7) a bit, by observing
EX,(t) = % [ENy(nt)EB — ENy(nt)ED] = \,EBt — A\(JEDt.  (7.8)

Setting m := MEB — \dED,

m
3

where Y,,(t) : X,,(t) — mt is now a centralized process.

The essential step in establishing a result on the convergence of @, is the
application of [12, Thm 4.1]. Let D0, co) be the space of all one-dimensional
real-valued functions defined on [0, o0), endowed with the usual J;-Skorohod
topology. Then, we know that the integral representation

Q)= 0u(0) ¢ [ t (@ute) = 2) as-+ W 79)

2(t) = y(t) + /O w(w(s)) ds, (7.10)

with boundary condition «(0) = wug, has a unique solution, given that v is a
Lipschitz function. This implies that the function H, : D[0,00) — D|0,c0),
which maps the function u(-) into the solution z(-) of (7.10), is well-defined.
Furthermore, [12, Thm 4.1] tells us that the mapping H,, is continuous. Back to
our case, we set u(z) = —£x + m, to be able to write Q,, = H, (Y, + @, (0)).
Since u is clearly Lipschitz continuous, the mapping H, is indeed continuous,
which allows us to state the next result.

Proposition 2 (Fluid limit). Let E[B], E[D] < ccand Q,,(0) = Q,,(0)/n — ¢(0) €
R, as n — oo. Then for n — oo, B
Qn = ¢ (7.11)
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where = denotes convergence in distribution and

3 £

Proof. First, we concentrate on the process Y,,. Observe that, by the elementary
renewal theorem for renewal reward processes, see e.g. [13, Thm 3.6.1], we
have

o) =+ (a00) - ) (712)

L Mol | Nalnt

— B; = ME — E[ 7.1

w2 = ME[B], Z:: = \E[D], (7.13)
for n — oo and for all ¢ > 0. Hence, X,,(t) 2 N\E[B]t — \JE[D]t = mt. By

definition of Y;, and the assumption of convergence of Q(0), this implies
Y, +Qn = ¢(0) (7.14)

as n — oo. Next, note Q,, = H,, (Y, + Qn(0)). Due to Lipschitz continuity of u,
H,, constitutes a continuous mapping, and hence we can apply the Continuous
Mapping Theorem (CMT), to find

Qn = Hy (Y, + Qn(0)) = Hy (¢(0) = g, (7.15)

where ¢(+) is the solution of

o) =a0) + [ u(g(s)) ds = g(0) — € / ( ) i, (716)

The unique solution of this integral equation is given in (7.11). O

According to Proposition 2, the fluid limit approaches EQ = *# exponen-
tially fast. To obtain an expression for the diffusion limit of the process, we an-
alyze the fluctuations of the process around the fluid limit in (7.11), again by
scaling the process in a proper manner. First, we subtract ¢(¢) on both sides of
(7.9), and multiply by /n:

Vi (Qu(t) — a(t)) = Vit (0 (0) — q(0)) ¢ / V1 (Qu(5) = a(5)) ds+v/AVal2).

) ) (7.17)
Let @, = V1 (Qn — ¢q) and Y, = \/nY,,, then this reduces to

t
Qn(t) = Qn(0) — 5/ Qn(s)ds + Y, (t). (7.18)
0
Again the term Y;, (¢) needs special attention.

Lemma 1. Let EB, ED, E[B?],E[D?] < occ. Then Y,, = oW as n — oo, where
0?2 := NE[B?) + M\JE[D?) and W is a standard Brownian motion.
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Proof. Recall that

Nb nt) Nd nt)

Y, (t) = vn Z B; — ME[B Z D; — M\E[D . (7.19)

By the Functional Central Limit Theorem (FCLT) for renewal-reward processes
given in [17, Thm 7.4.1], the process

Nb nt)
Yo(t) = Z B; — ME[B]t |, (7.20)

converges weakly to o, W}, where W}, is a standard Brownian motion, and

o2 = M\ Var B 4 \(E[B])? = M E[B?]. (7.21)

Similarly ?,f(t) = 04Wy, with the obvious parameter switches and Wy is stan-

dard Brownian motion. Since the processes Y;” and Y,¢ are independent, so are
their limits, and

Y, = VNE[B2] Wy + VAE[D2] Wy £ VNE[B?] + MED2W,  (7.22)

for n — oo and W a standard Brownian motion. O

Now, we are ready to prove the diffusion counterpart of Proposition 2.

Proposition 3 (Diffusion limit). Let EB,ED,E[B2],E[D?] < oco. If Q,(0) —
Q(0), then Q. = Qas n — oo, where Q satisfies the integral equation

Q(t) = Q(0) — ¢ /0 Q(s)ds+ oW (t). (7.23)

In other words, Q is an Ornstein-Uhlenbeck diffusion process with infinitesimal mean
¢ and infinitesimal variance o := \E[B?] + \E[D?].

Proof. We again rely on the result that the mapping H,, as in the proof of Propo-
sition 2 is continuous if u is Lipschitz continuous. Here, we set u(z) = —{x
which again clearly satisfies this condition. We have Q,, = H,(Q,(0) + Yy,).
From Lemma 1, we know

Qn(0) + Yy, = Q(0) + oW, (7.24)

for n — oo. As a consequence of the CMT, we conclude
Qn = H (Qu(0) +Y2) = H, (Q(0) +0W) = @, (7.25)

where Q solves (7.23). O
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7.2. Generalization for &y # &q

We now sketch the scaling approach towards fluid and diffusion limits for the
general case in which £, may differ from &;. In case &, # 4, the integral equa-
tion for Q,, as in (7.7) becomes

Qn (1)

0u(0) + / (—&QF(s) + €aQy (s) — m) ds + V(1) (7.26)

I
Qi

t
n(0) — /o ([6611G, (5501 + Eala, (s)<0y] @n(s) +m)ds + Yy (1),

where Y,,(t) is defined as before. Note that Q,, = H,(Q,(0) + Y;,), where we
now have

u(x) = — [&l{z>0 + Ealiucoy] T+ m, (7.27)
which is still Lipschitz continuous. Therefore by the same reasoning of the

proof of Proposition 2, we obtain the fluid limit Q,, =L ¢, where ¢ is the so-
lution of

t
q(t) = q(0) — /0 ([&1(q(s)>01 + Ealqs)<oy] a(s) — m)ds. (7.28)

The solution to this integral equation is more elaborate than (7.11) and depends
on the sign of m and ¢(0). Assuming m > 0, one can check that,

o0 =7+ (a0~ 7)o £0(0) >0, (729)
5 &b
m _m —&at : < *
&+ (q(0) — &) et i 0 <t <t i£ 4(0) <0, (7.30)
o(1- e~S(t=ta)) | ift > 5,
where . P
m/cd
th=——log | ———— ). 7.31
Ty g(m/gd—q(t))) 73D
Ifm<0
q(t) = ? ( >e St if g(0) <0,  (7.32)
d
S+ (q0) - g) et ifo<t<t _
t)=< & ’ b if ¢(0) > 0, 7.33
q(t) { ﬂ( R tb)) ift >t q(0) ( )
where . e
m/cp
ty=—7log | ————=]. 7.34
"T g g(m/sb—q(O)) 73
Note that the equilibrium of the fluid limit also depends on the sign of m:
m/&, ifm >0,
Jim q(t) = { m/€q, ifm <O0. (7.35)
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In the remainder, without loss of generality m > 0. Furthermore, set ¢(0) =
m/&, so that ¢ = m/&,. Subtracting ¢(t) on both sides of (7.26) yields,

(Qn(t) - Q(t)) = (Qn (0) - Q(O))

t
- /o (6105501 + Eal{o(s)<oy] @n(s) — & a(s) ds + Y, (1)
(7.36)

= (Qu(0) - q(0)) — /0 & (Gn(s) — q(s)) ds
+ / L1q, (s)<0} (&b — €a)@n(s) ds + Yo (t). (7.37)
0
Let Qu(t) = /it (Qn(t) — q(t)). Then

t t
Qu(t) = 0n(0)— G / Qu(s)ds+ / L0 6120y (€0 —E0)@n(s) ds + Yo (1) (7.38)

Now, we argue non-rigorously that the one-but-last term vanishes as n — oo.
Namely, by defining the function G : D[0,c0) — DJ[0,00) by the integration
operator:

G(u) = /0 Liu(sy<oy (& — €a)u(s) ds, (7.39)

this term can be expressed as G(Q,,). Hence by the fact that Qn ' m /& and
the CMT we see G(Q,,) = 0. R

Under this claim, we deduce by the approach of Proposition 3, that if Q),, =
Q for n — oo, then () satisfies the stochastic integral equation

O(t) = 0(0) — & / Q(s) ds + oW (1), (7.40)

which implies that () is an Ornstein-Uhlenbeck process with infinitesimal mean
&, and variance o2 := \E[B?] + \jE[D?)].

The result that the scaled process converges to an Ornstein-Uhlenbeck process
can be intuitively justified by the so-called mean-reverting behavior of the orig-
inal process. That is, the further the process is away from its mean, the greater
the drift towards that equilibrium. This is the defining feature of the OU diffu-
sion process. The decay rates §, and &, are responsible for the original process
being ‘forced” towards 0 and therefore the similarities should not be surpris-
ing. However, note that in the diffusion limit @,, has drift &, (cq. £;) towards
m/& (cq. m/&, if m > 0 (cq. < 0) at any position of the process. This implies
that if @, € (0,m), it has an upward drift equal to &, which is at first sight
counter-intuitive.
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8. Numerical evaluation

This section is devoted to the numerical evaluation of the density functions
f(-) (amount of shortage) and ¢(-) (amount of blood present) found in Proposi-
tion 1, as well as the performance characteristics resulting from these in Corol-
lary 1. In particular, we examine the approximation of the density of the net
blood present that follows from the diffusion limit that we obtained in Section
7. We shall restrict ourselves to the case of exponentially distributed amounts
of blood requirements and blood deliveries.

The diffusion limit in Proposition 3 promises to describe the process’ distribu-
tion accurately for large blood and demand arrival rates. Therefore, we stick
to the framework of Section 7. Namely, we denote by Q,,(t) the net amount of
blood present at time ¢ for the process with arrival rate n\, and n\;, where A,
and A, are fixed quantities. We fix s, 14, & and g as n — co. Let (), be the sta-
tionary counterpart of @, (t). From Proposition 1 we have an exact expression
for the density of @,,, namely h,,(v), defined as

o= { 250 o5

where f,, and g, are the density functions of the amount of demand and blood
present, respectively, where the subscript indicates that all arrival rates are
multiplied by n.

On the other hand, Proposition 3 tells us that Q,, is approximately an Ornstein-
Uhlenbeck process with long-term mean 0, drift —£* and infinitesimal variance
o2, where

i > A A 2\ 2A
€*:{§b’ lfm—()? m:l_i, 0'2:7;—}—72(1. (82)
a, fm <O, Mo d Ky Mg

The stationary distribution of this process is a normal distribution with mean
0 and variance 02 /(2¢*). Hence, we have

Qn —nm/&* ( o >
"> =~ N |0, , 8.3
vn V28* (53
for n large, and we may approximate
Qn vyam o o )
— =N . 8.4
Vn ( & V28 54

Let ¢, (v) denote the density of this normal random variable. The exact density

of Q,,/+/n is given by h,,(v) := /nh,(v/nv). We choose to scale Q,, by /n and
thereby keep the variance of the limit fixed as n — oo, to be able to do a fair
visual comparison.

In Figure 4 we depict the two densities for A\, = 1, A\g = 1.2, up = 0.5, g = 1,
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Fig 4: Density function of @, /v/n (black) and the Gaussian limiting density
function (dashed) for &, = &;.

@n=1 b)yn=5 (c)n =25

Fig 5: Density function of Q,,/v/n (black) and the Gaussian limiting density
(dashed) for &, # &g.

& = &4 = 0.5. Figure 5 shows the density function for the same parameters,
except & = 0.6 and &; = 0.1.

First, observe that for these parameter settings, the Gaussian approximation
is already quite accurate for n = 5. For n = 25, the plots almost align. In Figure
5 we clearly see a discontinuity of the exact density at v = 0, as we already
found by the left and right limits in (4.52) and (4.53). Note however, that as
n — oo the jump at v = 0 vanishes. Also, as n grows, a shift towards the right
(in this case, because m > 0) occurs, so that 74 — 0 and m, — 1 as we predicted
in Section 7.

The fluid limit of @,, gives us an approximation for its mean. Namely, since
Qn/n % m/¢€,, we have
EQ, = nm/E*. (8.5)

The exact value is given in Corollary 1. The diffusion limit also provides an
approximation for 7 (and ;) as n grows large. Namely

Tq = ]P)(Qn < O) =P <Qn _\;%m/{* < - @m)

~P (N(o,a/\/@)) < —‘/gm> ) <—\/2?”7:) : (8.6)

where ®(-) is the cdf of the standard normal distribution. Note that this ap-
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& =81 =05 & =06,863=01
n | EQn/n T4 8.6) | EQn/n T (8.6)
1 1.6 031977 0.30990 | 0.21442 0.43755 0.32531
2 1.6 024092 0.24145 | 0.80897 0.33806  0.26092
5 1.6 012478 0.13363 | 1.19738 0.18271  0.15559
10 1.6 0.04978 0.05833 | 1.30135 0.07873  0.07604
20 1.6 0.00958 0.01325 | 1.32941 0.01827 0.02141
50 1.6 0.00010 0.00023 | 1.33334 0.00036  0.00068
TABLE 1

Gaussian approximations of performance metrics compared against true values.

proximation confirms that 7y — 0 if m < 0, and g — 1 if m > 0.

We numerically test these approximations against the true values for the two
parameter sets as before in Table 1. Note that the expected (scaled) means for
Q. approximated by the diffusion limit equal 8/5 and 4/3, respectively.

We see that in case §, = &4, the approximation for the mean is exact, as we
saw in Corollary 1, while for &, # g4, the value of EQ),, /n converges to the limit
4/3 rather quickly. The approximation for positive demand performs better for
the first scenario. We can blame this on the discontinuity of the density function

of Qn if Sb 7é fd-

9. Conclusions and suggestions for further research

In this paper we have studied a stochastic model for a blood bank. We have
presented a global approach to the model in its full generality, and we have ob-
tained very detailed exact expressions for the densities of amount of inventory
and amount of demand (shortage) in special cases (exponential amounts of do-
nated and requested blood; and either &, = {4 = 0 or oy, = g = 0). Moreover,
we have shown how an appropriate scaling, for the model in full generality,
leads to an Ornstein-Uhlenbeck diffusion process, which can be used as a tool
to obtain simple yet accurate approximations for some key performance mea-
sures.

Our model is a two-sided model, in the sense that we simultaneously con-
sider the amount of blood in inventory and the amount of demand (shortage),
one of the two at any time being zero. Such two-sided processes arise in many
different settings, and thus are of considerable interest. The present setting is
reminiscent of an organ transplantation problem, where there is either a queue
of persons waiting to receive an organ, or a queue of donor organs. The per-
ishability /impatience aspect features there, too [6]. A quite different setting is
that of insurance risk. We refer to Albrecher and Lautscham [1] who extend the
classical Cramér-Lundberg insurance risk model by allowing the capital of an
insurance company to become negative — a situation that is usually indicated
by “ruin” in the insurance literature. Their process thus becomes two-sided.
The capital might become positive again; however, at a rate w(z) when the
capital has a negative value —z, bankruptcy is declared and the process ends.
Interestingly, similar special functions (like hypergeometric functions) play a
role in [1] and in the present study.

imsart-generic ver. 2014/10/16 file: blba200715.tex date: July 21, 2015



Bar-Lev et al./A blood bank model with perishable blood and demand impatience 34

Our results are restricted to one type of blood. It would be very interesting
to extend the analysis to multiple types of blood. Another important exten-
sion would be to use our results to facilitate the decision process that is faced
by the CBB on a daily basis: Which amounts of blood, and of which types,
should today be sent to the local blood banks (hospitals)? Knowing that, e.g.,
blood types O~, A~, B~, AB™ can satisfy the corresponding + type (but not
vice versa), one may try to optimize the blood allocation process on the basis
of actual amounts of blood present.
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