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METASTABILITY ON THE HIERARCHICAL LATTICE

FRANK DEN HOLLANDER, OLIVER JOVANOVSKI

ABsTrACT. We study metastability for Glauber spin-flip dynamics on the N-dimensional hierar-
chical lattice with n hierarchical levels. Each vertex carries an Ising spin that can take the values
—1 or +1. Spins interact with an external magnetic field A > 0. Pairs of spins interact with each
other according to a ferromagnetic pair potential J = {Js}7,, where J; > 0 is the strength of
the interaction between spins at hierarchical distance i. Spins flip according to a Metropolis dy-
namics at inverse temperature 3. In the limit as 8 — oo, we analyse the crossover time from the
metastable state B (all spins —1) to the stable state B (all spins +1). Under the assumption that
J is non-increasing, we identify the mean transition time up to a multiplicative factor 1 4 og(1).
On the scale of its mean, the transition time is exponentially distributed. We also identify the set
of configurations representing the gate for the transition. For the special case where J; = j/Ni,
1 <4 < n, with J > 0 the relevant formulas simplify considerably. Also the hierarchical mean-field
limit N — oo can be analysed in detail.

1. INTRODUCTION

Interacting particle systems evolving according to a Metropolis dynamics associated with an
energy functional, called the Hamiltonian, may end up being trapped for a long time near a state
that is a local minimum but not a global minimum. Just how long it takes for the system to escape
from the energy valley around a local minimum and reach the global minimum depends on how deep
this valley is. The deepest local minima are called metastable states, the global minimum is called
the stable state. While being trapped near a metastable state, the system is said to be in a quasi-
equilibrium. The transition to the stable state marks the relaxation of the system to equilibrium.
To describe this relaxation, it is of interest to compute the transition time and to identify the set
of critical configurations the system has to cross in order to achieve the transition. The critical
configurations constitute the lowest saddle points in the energy landscape encountered along paths
that achieve the crossover.

Metastability for interacting particle systems on lattices has been studied intensively in the
past three decades. Various diﬂ“erer‘}t5 approaches have been pro do%ed7 which are summarised in the
monographs by Olivieri and Vares H, Bovier and den Hollander 111. Recently, there has been interest
in metastability for interacting particle systems on random graphs, which is much more challenging
because the transition time depends in a delicate manner on the realisation of the graph.

In the present paper we are interested in metastability for Glauber spin-flip dynamics on the
N-dimensional hierarchical lattice at low temperature. We obtain a full description of both the
transition time and the set of critical configurations representing the gate for the transition. Our
results are part of a larger enterprise in which the goal is to understand metastability on large
graphs. The hierarchical lattice is interesting because it has a non-trivial geometric structure and
allows for a rich variability in the choice of the interaction parameters.

The outline of the paper is as follows. In Section [I.1] we recall the definition of Glauber spin-
flip dynamics on an arbitrary finite connected graph. In Section [1.2] we recall the basic geometric
definitions that are needed for the description of metastability and recall three key theorems from
the literature that are valid in the limit of low temperature. These theorems, which are based on
a certain key hypothesis but are otherwise model-independent, state that the mean transition time
equals [1 + og(1)] K* eI with B the inverse temperature, and that the gate for the transition
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is C*, where (T'*,C*, K*) is a model-dependent triple. The theorems also show that the spectral
gap of the generator of the dynamics scales like the inverse of the mean transition time and that
the transition time divided by its mean is exponentially distributed asymptotically. In Section
we recall that the prefactor K* is given by a variational formula. In Section [I.4] we define the
hierarchical lattice. In Section [I.5] we verify the key hypothesis for Glauber spin-flip dynamics on
the hierarchical lattice and state five assumptions on the interaction parameters. In Section [1.6] we
state our main theorems, which identify the triple (I'*,C*, K*) for the hierarchical lattice subject
to these assumptions. In Section we close with a discussion and point to related literature.
The proofs of the main theorems are given in Sections The framework that is recalled in
Sections is taken from Bovier and den Hollander Tl, Chapter 16].

1.1. Ising model and Glauber spin-flip dynamics. Given a finite connected graph G = (V, E),
let O = {—1,+1}V be the set of configurations o = {o(v): v € V'} that assigns to each vertex v € V
a spin-value o(v) € {—1,41}. Two configurations that will be of particular interest to us are those
where all spins point up, respectively, down:

(1.1) H=+1, H=-1.

For 8 > 0, playing the role of inverse temperature, we define the Gibbs measure
eq:Gibbs 1
(1.2) 1 () = - e PO peQ,
Zp
where H: 2 — R is the Hamiltonian that assigns an energy to each configuration given by

eq:hamiltonian

(1.3) H(o) = —% Z vy o(v)o(w) — g Z o(v), o€,

(v,w)EE veV
where J = {Je}eck is the ferromagnetic pair potential acting along edges, satisfying J, > 0 for all
e € E, and h > 0 is the external magnetic field.

For two configurations o,n € €, we write ¢ ~ 1 when ¢ and 7n agree at all but one vertex.
A transition from o to n corresponds to a flip of a single spin, and is referred to as an allowed
move. Glauber spin-flip dynamics on 2 is the continuous-time Markov process (0¢);>0 defined by
the transition rates

—B[HM—H(o)]+
€ ) g~ ,r]’
1.4 ) =
(14) ¢p (1) {O, otherwise.

The Gibbs measure in is the reversible equilibrium of this dynamics. We write P¢? to denote
the law of (0¢)i>0 given o9 = o, L5 to denote the associated generator, and A& B to denote
the principal eigenvalue of £&#. The upper indices G, 3 exhibit the dependence on the underlying
graph G and the interaction strength S between neighbouring spins. For A C ), we write

(1.5) TA:inf{t>O: o €A, A0<s<t: 037&00}
to denote the first hitting time of the set A after the starting configuration is left.

1.2. Metastability. To describe the metastable behaviour of our dynamics we need the following
geometric definitions.

Definition 1.1. (a) The communication height between two distinct configurations o,n € Q) is

(1.6) ®(0,n) = min maxH(E),

v o—=n £€y

where the minimum is taken over all paths v: o — n consisting of allowed moves only. The com-
munication height between two mon-empty disjoint sets A, B C Q) is

1. d(A,B) = i P .
(L7) (AB)= min ()
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s(]g)l The stability level of o € Q is
eq:Stability
(1.8) Vo= min  ®(o,n) - H(o).
H)<H(o)

(c) The set of stable configurations is

(1.9) Qstab = {0 €Q: H(o) = min?—[(n)} .
neQ

(d) The set of metastable configurations is

(1'10) Qmeta = {U € Q\Qstab5 Vo = negl\?g:mb ‘/71} .

It is easy to check that Qa1 = {H} for all G because h > 0 and J. > 0 for all e € E. In general,

Qumeta 1s not a singleton. In order to proceed, we need the following key hypothesis:
eq:Hhyp

(1.11) (H) Queta = {8}
Hypothesis (H) states that {8, B} is a metastable pair. The energy barrier between H and H is

eq:defGammastar
(1.12) ' =®B,8) - H(B),
which is a key quantity for the description of the metastable behaviour of our dynamics. We will
say that a path v: B — H is an optimal path when

eq:optimal-path

(1.13) max H(n) = @ (B, H).
ney
T)* (Z*
n

< @(5,53‘)/4/ < ¢(B,8)

=

FIGURE 1. Schematic picture of the protocritical set and the critical set.

Definition 1.2. Let (P*,C*) be the unique mazimal subset of ) x Q with the following properties
(see Fig. [1]):
(1) VoeP*dneC*: o~mn,
VnelC*3docePr: n~o.
(2) Yo e P*: ®(0,8) < ®(0,H).
(3) Yo € C*3v: 0 — H:
(i) maxye, H(n) < (B, H).
(i) yN {n € Q: @(n,B) < (n,H)} =0.

Think of P* as the set of configurations where the dynamics, on its way from B to H, is ‘almost
at the top’, and of C* as the set of configurations where it is ‘at the top and capable of crossing
over’. We refer to P* as the protocritical set and to C* as the critical set. Uniqueness follows
from the observation that if (P7,Cy) and (P3,C3) both satisfy conditions (1)—(3), then so does
(PrUPs,CrUCS). Note that

H(o) < ®(B,8B) Voe P,

(1.14) H(o) = ®(B,8) Voecl*.
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It is shown in Bovier and den Hollander li(iﬂ,isChapter 16] that subject to hypothesis (H) the
following three theorems hold.

Theorem 1.3. limg_, PEG’B(TC* <tg|m<mg) =1

Theorem 1.4. There exists a K* € (0,00) such that

(1.15) lim e " ESP (ng) = K*.
B—o0

Theorem 1.5. (a) limg_,o AS? Eg”@(rgg) =1.

(b) limg o0 PSP (1m/ES (1) > t) = e7* for all t > 0.

H(o)

el

5 ¢ ®

FIGURE 2. Schematic picture of H, B, B, I'* and C*. Lemmashows that 1/K* is in
essence proportional to |C*|.

The proofs of Theorems in Tﬂlsdo not rely on the details of the graph G, provided it is finite,
connected and non-oriented. For concrete choices of G, the task is to verify hypothesis (H) and to
identify the triple

eq:triple
(1.16) (I*,C*, K™).
A schematic picture of the role of these quantities is given in Fig.

1.3. Variational formula for the prefactor. The prefactor K* in Theorem [I.4] is given by a

dH15
variational formula (see Tl, Lemma 16.17]):

eq:variationalform

1 ) . 1 2
(1.17) oo, o mn, 5 ) Hew @S0
f\SEI El.f\SEEEO,f\Sk:Ck o,neS*

Here, {Sk}izl is the unique sequence of maximally connected disjoint sets Sy C €2 defined by
) TES, = H(o)<®B,B),d(0,8) =068 =>5,H.

Think of {Sk}ézl as ‘wells at the top’ (see Fig. . The sets Sg, S are defined by
Sg={oceQ: ®(0,8)<2(H,H)},

Sp={oceQ: ®(0,B) < (HH)},

and are to be thought of as the ‘valleys’ around B and H. The set S* is defined by

(1.20) S*={oce: ®(0,8)V O (s,H) <PHMB)},

(1.19)

i.e., the maximally connected set with energy < ®(B, H) containing B and H. Note that {Sk}£:1’
Sg, Sm C S*.

The variational problem in has the interpretation of the capacity between Sg and Sm
for simple random walk on S* jumping at rate 1 after the sets {Sk}izl , 53, S are wired. If we
impose additional constraints on the optimal paths and their behaviour near the set C*, then
simplifies considerably, as is shown in the following lemma.
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c* 5
Ss Sm

H
H

FIGURE 3. Schematic picture of the wells {S}£_;. Note that C* C S\(Sg U Sm).

Lemma 1.6. Suppose that there exists a k* € N such that the following are true:
(1) C* ={o € §*: |o| = k*}.
(i) For all o € C* the sets

Udefs U, = €S*:n~o, = |o| =1},
(20 3 {n ) ne~ o, =lof -1}
Uy ={neS:n~o nl=lo|+1},
satisfy
eq:condition-lemma
(1.22) o(n,B)<®B,B) VneU,, &nBH)<oB,8) VyeUr.
Then (1.17) simplifies to
eq:reduced-varform-0 ‘(] ||(]
1.23
) R XA

dH15
Proof. The proof is analogous to that in Tl, Section 17.5]. The variational problem in (1.17)) simplifies
because of the following two facts that are specific to Glauber dynamics:
o S*\[Sg U Sg] = C*, i.e., there are no wells inside C*.
e There are no allowed moves within C*, i.e., critical configurations cannot transform into
each other via single spin-flips.

Consequently, (1.17) reduces to
varforl 1

(1.24) Y [ —h(@)2Us | + k(o) 2Uf],

— = min
K*  n:cx=0,1]
oeC*

where U, and U, consist of the configurations in Sg and Sm, respectively, that can reached from
o € C* by a single spin-flip. The solution of (|1.24) is computed easily to obtain (|1.23]) a

Remark 1.7. An immediate consequence of the additional assumptions in Lemmal [1.6]is that I = 0
(‘no wells at the top’) and that all configurations in S* that are neighbours of configurations in C*
have an energy that is strictly below ® (B, H) (‘the top is not flat’). Consequently, only transitions
from C* to Sg and Sg (‘down from the top’) contribute to the prefactor (see Fig. {4)).

C*

Sg Sm
H

FIGURE 4. Configurations in C* are strict maxima in the energy profile of an optimal
path. No plateau or wells are present.
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1.4. The hierarchical lattice. Let N € N\{1}, and define the N-dimensional hierarchical lattice
An to be the metric space (N, d) with N the set of positive integers and d the ultrametric defined
by

eq:metric-d

(1.25) d (a,b) = max {k € Ny: amod N¥ # bmode}, a,beN,

which is called the hierarchical distance. We say that A C N is a k-block of Ay when |A| = N* and
d(a,b) <k for all a,b € A. In particular, we define A to be the n-block

orderdef

(1.26) n={1,2,...,N"},

which is the N-dimensional hierarchical lattice with n hierarchical levels (see Fig. .

FIGURE 5. Schematic representation of A3. The distance from the vertex in the lower-
left corner to any vertex in the lower-left 1-block different from that vertex equals 1, to
any vertex in the lower-left 2-block that is not in the lower-left 1-block equals 2, and to
any vertex in the lower-left 3-block that is not in the lower-left 2-block equals 3. Note
that, with this interpretation, for any two vertices v and w the size of the smallest box
containing both v and w is N4V,

The set A% is the underlying graph from which we build our state space Q@ = {—1, —|—1}A?J. We
may alternatively write A%, = {v1,...,vyn} with v, the vertex corresponding to the integer a. Note
that d(ve,vs) = d(a,b). We define v: B — H to be the path v = (y0,...,vnn), where ~y; is the
configuration with v, (v,) = 41 for a < k and ~, (v,) = —1 for a > k, i.e., spins are flipped upward
in the order in which they are labelled. We refer to «y as the reference path, and it will play a crucial
role in our analysis.

Whenever convenient, we may think of {2 as the power set of AR, and of configurations o € Q as
subsets of A%;. Thus, we may identify a configuration o € {—1, +1}*~ with the set {v € A% : o(v) =
+1} and its flipped image @ with the set {v € A} : o(v) = —1}.

To define the interaction, we make AR, into a complete graph by placing an edge between all
pairs v,w € A with v # w. The ferromagnetic pair potential between such pairs equals Jg(y,w),

where
(1.27) T ={J}
is chosen such that J; > 0 for 1 <+ < n. Hence the Hamiltonian in (1.3)) becomes
eq:Hamiltonian 1 h
(1.28) H (o) = -3 Z Ja(vw) o(v)o(w) — B Z a(v).
v,wEAﬁ: ’UEAR,
vFEW

1.5. Hypothesis and Assumptions. We want to apply the theory behind Theorems 11.5] for
which we need to verify Hypothesis (H) in (1.11). In the sequel we will need five assumptions on
the interaction parameters of our model.
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Assumption (A1):

1\ & ;
(1.29) (1 - N) ;JZN > h.

(A1) guarantees that B is a local minimum and corrresponds to the range of parameters for which
the system is in the metastable regime.

Theorem 1.8. Suppose that J is monotone, i.e. either non-increasing or non-decreasing, and that
(A1) holds. Then hypothesis (H) is verified.

We will see from the proof of Theorem that without (A1) there are no local minima in the
energy landscape.
Our main task is to identify the triplet (I'*,C*, K*) in (1.16]). To do so, we require four assump-

tions on f, which we list below.

Assumption (A2):

(1.30) (a) 30>0,MeN: 1-6>[5]-§>6 VYN>M,
(b) liminf > JiN'—h| >0,
i=m-+1
where
. 1\ « ;
(1.31) mo = max{ogmgnL <1N>_Z J;N >h},
1=m-+1
N . 1 n .
(1.32) 5 = E(JmHNm“)*l Kl_N) Z J;N" —h|.
i=m+1

(A2)(a) guarantees that § is not an integer when N is sufficiently large, and does not approach
an integer either as N — oo. (A2)(b) guarantees that the interaction is not ‘conspiring’ to allow
| > s1 JilN* —h| to vanish as N — co. Both assumptions are made to avoid certain degeneracies.
These would not pose an essential problem, but would complicate our analysis unnecessarily.

Assumption (A3):
For all 1 < k < N™ with N-ary decomposition k = am N 1. + ag:

eq:A2 m—1 ) 7 ) ) i—1 . n .
(1.33) > V[V~ a - 1)( ZoajNﬂ) ta; (N’ - ZoajNﬂ)} th 3 TN
i i= Jj= Jf =m = 0.
NS3so [57(25 — [8] + 1) Jmei N2

This assumption has a somewhat unappealing form. Its purpose is to ensure that, in the limit as
N — 00, the energy along optimal paths fluctuates by relatively small amounts over short distances.
We will see that it is satisfied when J; = o( N~=""1) as N — oc.

Assumption (A4):
eq:A3decayrateofJi J: 1 1
1.34 oo+ V1<i<im.
(134) soo(y) wisis
This assumption guarantees that the total interaction between a given spin and all the spins at a
given hierarchical level remains bounded as N — oo.
Assumption (A5):
eq:AssumptionUniquemax

(1.35) No linear combination of J, ..., J, is a multiple of h.

This assumption again avoids certain degeneracies, and is valid for all but countably many choices
of h and J.
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1.6. Main theorems. We are now ready to state our main results. The seven theorems and two
corollaries given below identify the triple in , consisting of the communication height I'*, the
set of critical configurations C* and the prefactor K*. Formulas simplify as more constraints are
placed on J.

e Communication height. Recall the definition of I'* in ([1.12]).
Theorem 1.9. Suppose that J is non-increasing and that (A1) and (A3) hold. Then

eq:thrm-Gamma value 1 2
(1.36) 0" = +on (1)] § (Jat1) Z JN* — , N — .
1=m-+1
Corollary 1.10. Suppose that J; = J; /N with J; = o(N) and that (A2)(b) holds. Then (A3) holds
and
1,- o ’
(1.37) I =[1+on (1) Z(J,;LH)*1 ( Z Ji — h) N N & .
i=ri+1
Our next result gives a formula for T'* when .J; = J/N* for some J > 0. Let
eq:indexI
(1.38) I={(m,s): 0<m<n—-1,1<s<N-1}U{(n—1,N)} CN?
and for (m, s) € I define
eq:hdagger ~ 1 1 ~ 1
(m,s) _ - . o _ - o
(1.39) h J [(1 N) (n—m)—(s—1) N] € [O,J (1 N) n] .
Theorem 1.11. Suppose that J; = J/N* for some J > 0. Let (m, s) € I be such that h satisfies
(1.40) RS < < plmes—h),

(1) If N is odd, then
I — (s(N—g—&—smon)—N—smod2)+N_28_(_1)smod2}

&
% {J (1 - ;) (n—m—1) h] (N™ (s — smod2) +1).

(2) If N is even and s is odd, then

eq:thrm-Gamma-case3a

(1.41) TV
%,

(1.42) =T},
with
J -1
(143) Iy, = %J\f—"”m“(Am —-1)+J {2Bm — NmmonAm} (N —s)
N m mod 2 m—1 s—1 s—1
+ J [ 1 Bn =N Ap+ N 5 N-=

_%

s ([ ]

m—mmod2 m
where A,, = (%) and B,, = (Nlel).

(3) If N is even and s is even, then

eq:thrm-Gamma-case3c

1 N
(144) T*=T% |+ <h<m’8*1> - h) {st - <5 5 ) N™ - <2) By + NHmmod?Am} .

Corollary 1.12. Suppose that J; = j/Ni for some J>0. Let o € (0,1) and 0 < m < n—1 be
such that h = J (n —m — «). Then

eq:thrm-Gamma-case4

(1.45) T =[1+on (1)] 5 a® NTTL
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e Critical configurations. Recall the definition of C* in Definition [1.2] Recall from Section
that every integer a € A%, corresponds to a vertex v, in such a way that d (a, b) = d (vg,vp), and that
~v: B — His the reference path v = (70, ..., vnn), where 7 is the configuration with v, (vg) = +1

for a < k and v (v) = =1 for a > k. If J is monotone, then ~ is an optimal path as defined in
(1.13).

Theorem 1.13. Suppose that J is strictly monotone. Then there exists a 1 < M < N™ such that
C* is the set of isometric translations of Y- Furthermore, if (A1), (A2) and (A4) hold, then the
N-ary decomposition M = a,_ 1 N" 1 + ...+ ag satisfies

eq:thrm - K decomp

1.4 lim — -l =
(1.46) Ngnoo Z la; —mi| =0,
where the coordinates ng,...,Mp—1 are€ aS follows =0 form <i<n-—1,n; = [§], and

Min—1, - - -y Mo are defined recursively in and - below.

By isometric translation we mean any leeCtIOH ¢: A% — A% such that d (vg, vp) = d (¢ (va) , @ (vp)),
1<a,b< N".

Theorem 1.14. Suppose that .J is strictly monotone and that J; = J; /N* with J; = o (N). If (A1),
(A2) and (A4) hold, then the coordinates ng,...,Nn—1 n Theorem are as follows:

0, m<i<n-—1,
(1 47) o |_§-|7 i:m,
. i = %7 Z:m_lv
N
2

i1 Tn—ig 2m1 i L
[ijl( jm::])( n )+E ( m+i>_i:7¢+1}’ 1<i:<m-—1.

Theorem 1.15. Suppose that J; = j/N’ for some J > 0. Let (m,s) €1 be such that h satisfies

(1.48) R(ms) < b < plmes=h),
Then C* is the set of all isometric translations of the configuration ~yys, where
[SNT"W , N is odd and s is odd,
eq: K “Elcsrgr)a Mo [( ) m} +1, . N is odd and s is even,
(= )Nm—|—z (%—(s—i—j—&—l)mod?)Nm_J—l—%, N is even and s is odd,
(5;2)Nm+2]: (= (s+j+1)mod2) N7 + & N is even and s is even.

e Prefactor. We finally turn to the prefactor K* defined in (1.17).

Theorem 1.16. Suppose that J is strictly monotone and that (A1)—~(A5) hold. Then
1

eq:thrm Kstar-casel K*
(1.50) y [ZiEBd ni—lNi_l] [EieBu (V' — Ui—lNi_l)} Nn—m—l ﬁ (N
[ZiEBd nilei_l} + [ZieBu (N — nHNi‘l)} N =m0 io \
where 1o, . .., Np—1 are the coordinates defining the critical configurations in Theorem[I.13] and the
integer sets By and B, are defined in below.

Theorem 1.17. Suppose that J; = j/Ni for some J > 0 and that h satisfies
(1.51) hms) < b < plmes—h)
for some (m,s) € I. If N is odd, N # 2,4 and m > 1, then

eq:thrm Kstar-case2

1 N
1.52 Nn—m—2 | I N — ’
( ) s i=0 (ai) ( ¢ )’

=[1+on(1)]

)(N—Th‘),
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where ag = %+1, ai:%forizl,...,m—l, andam:w.
1.7. Discussion. The theorems and corollaries in Section [L.6] provide a full description of the
metastable behaviour of Glauber spin-flip dynamics on the hierarchical lattice, for any dimension
N and any number of hierarchical levels n. The formulas are somewhat complicated for general f,
but simplify considerably as more restrictions are imposed on f, such as J; = J /Nt 1<i<nand
J > 0, and in the hierarchical mean-field limit N' — co. The formulas even allow us to investigate
the limit n — oo towards the infinite hierarchical lattice.

The case of ‘standard’ interaction, defined by J; = J /N% and treated in Section 4] is the easiest
to interpret. The magnetic field h defines the integer pair (m, s) through the inequality

sy I[(1- ) wmm -0y sn<d (1o L) rom-G-n g

It turns out that the pair (m, s) captures the size of a critical configuration. Indeed, from Theorem
we see that if N is odd, then every critical configuration is of size M = fsjgm] when s is odd

and M = [%1 when s is even, with similar results for NV even. In particular, the set of critical
configurations corresponds precisely to the set of all configurations of said size that are an isometric
translation of v,.

Equations and in Theorem are not particularly elegant, but in the hierarchical
mean-field limit, and with « € (0,1) and 1 < m < n — 1 defined through the equation h =

J(n —m — a), we find that

eq:Gamma limit T* JOZQ

(1.54) lim —— =

while for @ = 0 we have th_mo N = 1J
The prefactor K* in Theorem [I.17]in the hierarchical mean-field limit scales like

(1.55) I; ~ (1;0‘> om(N=3) yn (;}Q)

in which the dominant term is exponential in V.

Our results are part of a larger enterprise in which the goal is to understand metastability on
large graphs. Jovanovski ﬁ 4] analysed the case of the hypercube, DommeNrs T?i the case of the random
reqular graph, and Dommers, den Hollander, Jovanovski and Nardi T h] the case of the configuration
model. Each requires carrying out a detailed combinatorial analysis that is model-specific, even
though the metastable behaviour expressed in Theorems is universal. For lattices like the
hypercube and the hierarchical lattice a full identification of the triple in is possible, while
for random graphs like the random regular graph and the configuration model so far only the
communication height is well understood, while the set of critical configurations and the prefactor
remain somewhat elusive.

2. MONOTONE PAIR POTENTIALS

In Section [2.1] we study the change in energy when all spins in two hierarchical blocks are
switched (Lemma [2.1] - below). In Section [2.2| we show that the reference path 7 is an optimal paths
for monotone pair potentlals (Lemma |2.2] below) In Section [2.3] we give the proof of Theorem [1.8

2.1. Energy landscape. Let m <n—1, let U be an m + 1-block in A}, and let U; and U; be two
disjoint m-blocks in U. Suppose that U; C U; is a k-block in Uy and Uj C U, is a k-block in Us,
for some k < m. Let o € Q be any configuration, and let ¢’ be the result of switching the values of
o at U] and U}. More precisely, let p: U; — Uj be any isometric (with respect to d) bijection, and
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set

o(v), v ¢ Upuls,
(2.1) o) = alp), veU,

o~ (v), veUs
For k+1 < i < m,let 4, = {xe€U;No: d(z,Uj) =14} (which is well defined because all
v € Uj are at the same distance from any = € U1\Uj), B; = {xr € U1 No: d(z,Uj) =i}, C; =
{zr €eUsna: d(z,U)) =i} and D; ={z € Us No: d(z,Us) =i}.
Lemma 2.1. For any o € (Q,

m

(2.2) H(o)=H (o)=Y 2(Ji = Jmrr) (|Ail = |Cil) (U3 Mol = |UT Nal).
i=k+1
Proof. Note that the number of interacting pairs (i.e., pairs (v,w) such that o(v) = —o(w)) in

U] x U} in o is the same as in ¢’. Hence

(23) - Z Jd(v,w)a(v)a(w) = - Z Jd(v,w)al(v)al(w)'

vel; vel;
weU) weUy}

The same is true for interacting pairs in (U{ U Ué) X (U{ U Ué), Ui xU{, Uy x U, as well as U x A%,
where U is the complement of U. Thus, we only need to consider interacting pairs coming from
U x (U1\U7), U{ x (U2\U3), Uj x (U2\U}) and Uj x (U1\Uj). The contribution to H (o) — H (B)
of interacting pairs in U] x (U;\Uj) is given by

(2.4) - Y Jiwawo@o(w) = > T (|AlUTne|+|Bi| U n7l).
vel! i=k+1

wEUl\U{

Thus by moving the set U; No from Uy to Us, this contribution is replaced by

(2.5) = Y i@ @) (W) = > T (|4 U] o]+ |Bi| U] N5]).
vel) i=k+1
weUi\Uj

Similarly, the contribution to H (o) — H (B) of interacting pairs in U] x (U2\Uj) is given by

(2.6) > Jmir (1G] [U{ N o]+ |Ds] U] NT),
i=k+1

which is subsequently replaced by

(2.7) Y Ji(Gillui nol+|Dil |UT Nal).
i=k+1
Similar observations follow for interacting pairs in Uj x (U2\U}) and Uj x (U;\U7). Hence

m

H(o) =H (@)= Y (Ji = Jms)
(2.8) i=k+1

x (114l = [Cill (W3 ol = U7 o) + (1Bl = | D3} (I3 ] = U7 ) ).
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Noting that |B;| + |A;| = (N — 1) Ni=1 = |D;| + |C;], we get

m

H(o) =H (@)= Y (Ji = Jms1)
1=k+1
o0 x ([14:l = [Cill (w3 ol = U7 Ny + [Cil = 4]} (05 07|~ (U7 N ) )
= :E:: (‘]% - L7n1471>
1=k+1

x ([14:l = [Cill (w3 ol = U7 N o) + [ 4] = €] (U] N7l = U5 N3] ).

Finally, noting that |Uj N&| = N¥ — |U/ No| and |U5NT| = N* — |U5N 0|, we complete the
proof. (]

2.2. Optimal paths. Recall the definition of an optimal path from (1.13]). We call a path v: B —
H, denoted by {’yi}ﬁo for some M > N™, uniformly optimal when, for all 0 <i < M,

eq:unif-optimal

(2.10) H(y) = min H(y),
lol=]i]
and strictly optimal when the minimum in the right-hand side of is only attained by configura-
tions that belong to some uniformly optimal path. We think of a path v between two configurations
in € both as a sequence of configurations denoted by {%‘}iﬂil and as a sequence of vertices denoted
by {v (z)}f\il, where v (7) is the single vertex in the symmetric difference ~;_1/A~;.
Order the vertices {Ul}fvzl in A% in a natural order so that, for all 1 < k£ < n — 1 and for all

0<j <N"/NF {vjniiq,..., 0418+ } belong to the same k-block. Let v™MP: B — H be the path
defined by YMP (i) = v; for 1 <i < N™. Let ¥M': B — B be defined by ™! (k) = vy, and

n—1
k=1
2.11 0 (k)=1 N | =—= | mod N |.
(.11 (0 =1+ 3Nt (| Bt moa )
Thus, the vertex Y™ (k) belongs to the ((k — 1) mod N)th (n — 1)-block, and within that block it

belongs to the (| %" Jmod N)th (n—2)-block, etc. We can now use Lemmato draw the following
conclusions.

Lemma 2.2. (1) If J is non-increasing, then Y™ is a uniformly optimal path.
(2) If J is non-decreasing, then Y™ is a uniformly optimal path.
3) If J is strictly decreasing or strictly increasing, then YMP or yMU s strictly optimal.

Proof. We treat the non-increasing case and the non-decreasing case separately.

Non-increasing case: Let o € Q2 be given. We will construct a sequence of configurations {¢;};-_;, all
of volume |o| and with v, = 'yll\le, such that H (o) > H (¢1) > ... > H (), and the inequalities
being strict whenever J is strictly decreasing. This will prove the claim for the non-increasing case.
For 1 < k < n, define ¢, to be the (unique) configuration that satisfies the following two
conditions:
1. For every k-block U C A%, [UNa| = |U Nyl
2. For all ¢ < j with v; and v; belonging in the same k-block, v; € v, implies v; € ¥y

In particular, note that ¢ is obtained from ¢ by “shifting” the +1 values of o found inside every
1-block as far left as possible (i.e., with the lowest possible index) within the same 1-block. It is
obvious that H (¢1) = H (o). It is also clear from this recursive definition that ¢, = fy‘l‘ﬁ‘D.
Starting with 1, we will show how to obtain 141 by a series of transformations that are
non-increasing in H. Let U be the first & + 1 block of AY, and let Uy,..., Uy be its k-blocks,

n
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arranged so that |U; No| > |U;y1 Nol|. Note that this may be achieved by re-arranging (or re-
labeling) the blocks Uy, ..., Uy, and any such re-arranging is an H-preserving operation. Let a =
min {i: |U; No| < N*} and b =max{i: |U;No| > 1}. Note that if a = b, then U N0 is already in
the correct form, satisfying the definition of ¢;1. Thus, we may assume that a # b. Find a maximal
block Uy, C Uy, with |U,Na| > 0 such that, for some block of equal size U, C Uy, [UyNa| > |U,Nol.
To do this, take the first k& — 1-block U in U, and the last k — 1-block U, in U, that satisfies
|U, N@| > 0, and check whether |U; No| > |U, No|. If not, then proceed by taking the first k — 2-
block in Uy, etc. By the definition of a and b, this constructive search for U, and U, always yields
two such blocks. Once these are found, perform the switching operation in Lemma 2.1 on the blocks
U, and Uy, and denote the resulting configuration by v, (see Fig. @ Then, by Lemma with s
denoting the size of the blocks U, and ﬁb,
k

(212)  HE M) = Y 205~ Jen) A~ Gl (0ol ~ |Tuno])

1=s+1
where we recall that 4; = {z € U, N&: d(z,U,) = i} and C; = {z € U,Na: d(z,U,) = i}. By
definition, we have |U, N o| — |U, No| > 0, and from the monotonicity we get that J; — Jy,41 > 0.
Lastly, by the fact that |U, No| > |Uy, No| and the construction of vy, as well as the definition of
Uy and Uy, it also follows that |A;| —|Ci| < 0 for all s + 1 < i < k. Therefore H (¢,) — H (1) < 0.
Repeating this construction until min {i: |U; No| < N¥} =max{i: |U; No| > 1} (which happens
in a finite number of moves), and repeating the same construction for all other &k + 1-blocks, we get
the configuration 1, and hence H (Yp11) — H () < 0.

M M
S Wi
B o
[ [

FIGURE 6. The transformation v, — 5. The blocks Ua and Ub are drawn with a
dashed outline. Solid black circles represent elements of ¢y (i.e., vertices on which the
configuration v, takes the value +1), while blank circles are elements of .

Uq Uq

Non-decreasing case: Given a configuration o, we again apply a series of transformations involving
switching and re-arranging of blocks in ¢ (all of which are non-increasing in H) and ending with
the configuration 4|. Firstly, through a series of re-arrangements, we may assume that o is left-
aligned: for any 0 < k < n — 1 and any k-blocks U; and U4, contained in the same (k + 1)-block
(a lower index on a block implies that it contains vertices that also have a lower index), we have
|U; No| > |U;+1 Nol. It is clear that these re-arrangements are H-invariant.

Start with & = n — 1 and check whether |U; No| > |Unx No| + 2. If so, then switch the value at
v € Uy (equal to +1) with the value at vy» € Uy (equal to —1). Denote the result of this switch
by ¢’. From Lemma [2.1] we have

(2.13) H(o')—H(o) = z_: 2(Ji = Ju) [[Ai] = |Ci[] (0= 1).

Since o is left-aligned, we know that |A,_1| < |Cp,—1]. Inductively it follows that |A4;| < |C;| for all
1 < i <n—1. Since, by the monotonicity, we also have J; — J, <0 for all 1 <¢ <n —1, it follows
that H (¢') —H (o) < 0.

Next re-arrange o’ to make it left-aligned (at no cost in H), and repeat this construction until
[Uv No| < |UiNo| < |UvNo|+ 1. Note that this takes a finite number of steps. Once this is



14 FRANK DEN HOLLANDER, OLIVER JOVANOVSKI

accomplished, resume by recursively repeating the construction for £ = n — 2, within each n — 1-
block, etc. This terminates with M O

o]

2.3. Proof of Theorem The proof is analogous to that given in licjilﬂ,mSection 17.3.1], and relies
on the existence of a uniformly optimal path.

Proof. Let o € Q\ {B,B}. Find two vertices v;,v; € A’ such that v; € o and v; ¢ 0. By translation
invariance, we can construct a uniformly optimal reference path ~ that is a translation (via some d-
preserving bijection of A%) of the path y™P in the non-increasing case and ™! in the non-decreasing
case, and that satisfies v (1) = v; and v (2) = v;. Note that in both cases

eq:intersectedpath on Y1 = El7

2.14
( ) 1<|loenyl <k Vk>2.

Furthermore,

eq:refpathcompare
(2.15) H(eUm) =H(0) =D Jaww) — D Jawwy) —h < Y Jaqww;) —h=H(n)—H (D)

w#v; wHv; W
w¢(7 weoT

where we use the fact that J; > 0, 1 <4 < n. Similarly, if we let &' = min {k € N: H (1) <H (B)},
then by (A1) it follows that &’ > 2, and so for 2 < k < k/,

H (U U’Yk:) - H (U) = Z Z Jd(w,v) - Z ZJd(w,v) —h |’7k\0|

eq:refpath weVk\o vEaUy wEyE \o VET
(216) < Z Z Jd(w,v) - Z Z Jd(w,v) —h "yk\0'|
weYE\o vEYK wEL\o VETNY

=H () —HOwNo) <HOk) —H Vno) < H(w) —H(B),

where the last inequality follows from the fact that |y, No| < k (by (2.14)) because v is uniformly
optimal. Taking k = k', we get from (2.16]) that H (0 U~x) < H (o), and hence that the stability
level V, of o defined in [I.8] satisfies

. - <I™*.
(217) Vo < max {0,(H () ~H (@)} <T
This settles the claim because Vg = I'*. O

Remark 2.3. Note that if (A1) is not satisfied, or in other words if

N () S s
N = o
then it follows from the inequality in (note that without (A1) this is not a strict inequality)
that
(2.19) HoUm)—H(o)<H(Mm)-HE) <O,

and hence o is not a local minimum of H. Since ¢ is arbitrary, it follows that H has no local minima.
This again illustrates why assumption (A1) is needed.

3. NON-INCREASING PAIR POTENTIAL

In Section [3:I] we prove a concavity property for the energy profile along the reference path
inside hierarchical blocks (Lemma below). In Section we show that the flucuations of the
energy profile inside a hierarchical block are relatively small (Lemma below) and use this to
prove Theorem in the hierarchical mean-field limit (Corollary and Remark below). In
Section [3.3] we identify the critical configurations and check that the conditions in Lemma [1.6] are
satisfied (Lemmas below). We use these results in Section [3.4] to prove Theorem and

in Section [3.5] to prove Theorems [[.I3HI.14]
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3.1. Concavity along the reference path. From now on we will only consider the case where
J is non-increasing. We will drop the superscript MD and denote the uniformly optimal path 4™MP
defined in Section [2] by v. We observe that

k N™
(3.1) How)—HE) = D> > Jiwwy) —hk, 1<kE<N,
i=1 j=k+1

and it is not difficult to show that (3.1)) can be written as

n . , k
—HB)=Y SN EkmodN! (N - |—— dN -1
eq:HMDheight2 H (,Yk:) H ( ) Zl ( o ( \‘NllJ o )
(3.2) =

+ (N"' = kmod N'™1) {N]f_lJ mod N) — hk.

Hence the communication height between H and H is given by

* — Ari—1 i _ B
eq: gammastarMD "= 1SI§CIE§DJET" { z_:l JiN <k mod N (N {Ni_lJ mod NV ]_)
(3.3) i=

+ (N —kmod N 1) {NflJ modN) — hk}.

However, it is not clear from li how I'* and the energy values along the path v depend on J. We
will therefore derive I'* in a different way, obtaining a more insightful expression.
Note that if j < k, then

. weni k N™ J
eq:genincrement
(34) H (’Yk) -H (Vj) = Z ( Z Jd(vi,vs) - Z Jd(w,m)) —h (k - .]) .
i=7+1 \s=k+1 s=1
In particular, we observe that, for any 0 < a <n —1,
eq:base-increment n—-1 i
(3.5) H(yne) = H (1) = H (yne) = H(B) = (N = 1) N* Y N'Jiyy — hN®.
We are interested in the global maxima of the energy profile. In order to locate where these occur, we
analyse the geometric properties of the sequence {H(7;)} Ny The following result describes concave

subsequences that appear in {H(’yz)}f\]:% (see Fig.|7) and that will be used repeatedly in Section
to locate the global maxima of the energy landscape.

Lemma 3.1. Suppose that k =j+ N® andl = k+ N® for some a > 0 and j > 0. Suppose that the
three vertices v;, vy and vy all lie in the same (a + 1)-block. Then

(3.6) (H () = H (37)) = (H () = H () = 2Ja1 N

Proof. Note that, forany 1 < s < N* b>1,b#a+1,

(3.7) {t > 7+ N d(vjys,ve) =b} = [{t > k+ N*: d(Viys,v:) = b},

while

(3.8) Ht >j+ N d(jis,vr) =a+ 1} ={t >k + N d(vpys,vp) =a+ 1} + N
Similarly, for b > 1, b# a+ 1,

(3.9) {E < d(vyra o) = BY = [{t < k2 d (0grs00) = B},

while

(3.10) {t < d(vjss,vr) =a+ 1} + N =|{t <k: d(vpss,v0) =a+1}].
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Hence, by rewriting the sum in , we get
(H (') =H (3")) = (L (0™) =1 ("))

M
N® N® n
eq:difference-increments (Z Z Jb {t Z ] + Na d (Uj—‘,-sa Ut) - b}| o Z Z Jb |{t S J: d (Uj+s7 Ut) - b}>

(311) s=1b=1 s=1b=1
N® n N® n
- ZZJ;,Ht >k+ N: d(vggs,ve) = b} — ZZJ;,Ht <k:dpts,v) = b}|>

s=1 b=1 s=1b=1
=2J, 1 N%,

This shows that the energy profile along the path ~ is made up of periodic segments that are concave
(see Definition below). O

Concave subsequences of {H (’h)}fil

o

FIGURE 7. The solid circles represent a periodic subsequence of {H (v:)}; 7:) of period
N"~! while the hollow circles represent points of period N™~2 that are contained within

the same (n — 1)-block.

3.2. Hierarchical mean-field limit. The hierarchical mean-field limit corresponds to letting the
hierarchical dimension N tend to infinity while keeing the hierarchical height n fixed. We will show
that, under certain assumptions on the rate of decay of the sequence {.J;}!"_,, in the hierarchical
mean-field limit the sequence {H(7;)} X, attains its global maximum at a location that is close
to a multiple (by some factor in {1,...,N}) of the largest block size where the corresponding
configuration has energy larger than H (E!) We define this explicitly as follows.

Recall from that

m maX{OSmgn—lz <1—> Z JNZ>h}

i=m-+1

(3.12) = max{0<m<n—1: H(ynv»)>H(B)},

where the second line follows from ({3.5]).
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From Lemma [3.1]it follows that, for all M > and all 1 < s < N —1, H (ysym) < H (B). Note
also that, by Lemma and equation (3.5)), we define

Qs = H(’YSNM)_ ( )
s— 2

|
M

H(Ys—iynm) — H(Vs—i—tynm)) + H (ywn) — H (0)

1= O
= s[(H(ywm) =H () = (s = 1) Ty N>"]
n—1
N 1 N
(3.13) = sN™ [(1 — N) kz Jpal NFH—h— (s —1) JmHNm] .
=m

Increments of values given by (3.13]) are equal to

) 1\ =t )
(3.14) st — Qs = N7 [(1 - N) > Tk NFH = h - 2st+1le .
k=m

By the concavity implied by Lemma [.1} we have that oy 41 — s < 0 if and only if s >
3, where § is defined in (1.32). Under Assumption (Al)(a) it is easy to see that the sequence
{H (Ysnn—1) —H (E)}i\;o attains a unique maximum at 1 < [§] < N, with value

(3.15) Hypnn) —H(E) = [51(25 - [8] +1) g1 N2,
Furthermore, we claim that for any N < t < N"™™ H(y,nm) < H(ypsnn). Indeed, define d =
d(vrg N, Venm) > 1, and note that tN™ =N + sN™ for some 0 < 1,5 < N. Hence

H(yenm) —H(B) = H(%N&) —HEB) +H (vewm) — H(%Né)
<H (Venm) — H('YnNJ)

eq:allatlevelm

3.16 . ) .

(3.16) = sN™ [(1 - ) Z JeN*¥ —h— (s = 1) Ty 1 N™ — nJ g N¢
k=m-+1

<H (Ysnm) = H(B) < H(ypgnvm) —H(B),

where the first inequality follows from the definition of 7 and the fact that d > .
We next show that fluctuations in energy |H (v;) — H (v;)| for |i — j| < N™ are relatively small
compared to H (y51) — H (B).

Lemma 3.2. Letk =37 ja;N* with0 < a; < N—1, and let M = Z:;l a;N* with0 < b; < N—1
andn—1>t>s. Then

(3.17) H (yraw) —H(ym) <H () — H(B)
and
(3.18) [H (yar+k) — H (var)| < [H () — H (B)| + hk.

Proof. Note that, during the move from ~vys to yas+%, the total change in energy due to interacting
pairs at distance 1 is given by (1 — %) k ZE:H_Q J;N? for s +2 < i < t, while for i > ¢t +1 it is given
by kY0, HlN’ (N —2b; — 1). Now, for 1 <¢ < s+ 1, this change is equal to

S
(3.19)  JiN%ag (N —ag)+ Y JisaN' | (N —a; — 1) Za]NJ +a; | N - Za]NJ ,

i=1
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which is also the same during the move from g to v5. Thus, we get

H (ym+x) — H(vm)
% i—1
_Z‘Il-‘rlN 70,27]. Zaij + a; N’L*ZQJNJ
7=0 7=0
1
— |k JiN' 4+ k J; N N —2b; — 1) — hk
eq:gamma-m+k ( N) Z + Z +1 )
) 1=s+2
s % ) ) i—1 )
SZJHJN 70,27]. Z(lej + a; N’L*Zaij
=0 7=0 7=0
+<1—N>k:ZJN‘ hk
=542

=H () —H (=)

Note, furthermore, that the right-hand side of the first line of (3.20) is non-negative, as is the first
sum in the second line and both sums in the third line. Making use of the triangle inequality, we
get the second claim of the lemma. O

We will assume for now that /i > 1 and consider the case m = 0 in Remark It follows from
Lemma and Assumption (A3) that, for any 0 < k < N™ and ¢ > 1,

[H(Verenn) — Hvenn )| < [H(ve) — H(ye)| + hk
HOvainvn) —HE) = [H(yavm) — HB)]

since from (3.20) we see that the numerator in the right-hand side of (3.21)) equals the numerator
in the condition of Assumption (A3), and from (3.13) the same follows for the denominator. Thus,
using (3.13]) we conclude the following.

Corollary 3.3 (Proof of Theorem . Suppose that Assumption (A2) holds. Then
(3.22) D= [+ on (1] (H (yrann) — H(5))

= [+ o (1] 5] (25 - [8] + 1) Js 1 N

= [1+on(1)]8 T N?™.

Remark 3.4. The special case m = 0 can be considered seperately. By Lemma it follows, for
any 0 <t < N™ and with

(3.21) —0 as N — oo,

(3.23) 5§ = (2J1)1[ 1—l nilJi (N _h|,
(%) &

that

(324 H )~ H(B) < H (r12)) — H ()

and hence I = H(yrs7) — H (B) = [5] (25 — [8] + 1) Ji.

3.3. Critical configurations. It is clear from that the prefactor K* is closely related to
the set of critical configurations C*, in particular, the cardinality of this set. The symmetry of A%,
implies that the image of any critical configuration under an isometric translation is also a critical
configuration. Thus, we have to count the number of isometries that result in distinct elements of
C*, which is a problem related to the N-ary decomposition of the size of a critical configuration. To
do so, we first establish a result that determines the N-ary decomposition of any global maximum
subject to Assumption (A3).

The following lemma gives us the asymptotic value of the terms in the N-ary decomposition of
the size of a critical configuration.
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Lemma 3.5. Suppose that (A1)—(A4) holds, and that the path v attains a global mazimum at vy .
Let

(325) M:an_an_1—|—...+k1N—|—a0

be the N-ary decomposition of the integer M. Then

n—1
1
(3.26) i Eolaz i =0,
=

where n; =0 forh <i<n-—1, ns = [§], and Np—1,...,n0 are defined in (3.28)) and (3.32) below.

Proof. From the definition of m in (1.31]) and the argument leading up to (3.22)), it is clear that
limpy o0 |a;| = 0 for i > 1. Let 0z = [§]. Then, for any 0 < o < N,

H (oo soics) = H (g, 00)
= JaN?" 20 (N — o) + i1 N> o (N — g — 1)

1 N ) N N
eq:diffinzetas + (1 - N> Z O'JiNmfl*F’L _ Jm+17’]m0’N2m71 _ hO'Nm71
(3.27) i=1+2

= JuN?""26 (N —0) + Jjs 1 N?" Lo (N — 25 — 1)

1 i . . R
+ (1 — N) | Z oJ; N1 _ po N L
i=m-+2

By the concavity in Lemma H(Vyp N7 (o1 N7 1) — H (Y N9 ponm-1) < 0 if and only if

1 Jint1
eq:zetamhat-1 0V ’72 <<( I )N(N — 20 — 1)

(3.28) i
1\ o= [ Titi\ xrin1 h
TERAY e PSS VY | (R
N ; T TN =
Observe that (3.28]) is continuous in 7. Hence, if @, € [[§] (1 —€), [§] (1 + €)] for some € > 0, and
@m—1 1s equal to (3.28) with n;, replaced by ¢y, then
eq:zeta-varphi 1 Jm+1 2
. ~ -1 — @m—1| < m — Pl = -~
(329) 7 o1 = 9ot < (225 o, pal = O () +

Since we already know from the reasoning leading up to Corollary [3.3] that any global maximum
M must satisfy a; = 0 for ¢ > 7 and an € [[§] (1 —€),[8] (1 +¢€)], by we also have that
ap—1 € M1 (1 =€) ,nm_1 (1 +€)], with € allowed to be arbitrarily small as N — co. We can
now repeat these computations recursively, to conclude the same for as,_o, ..., agp.

Given Ny, ..., Mi—i, let 0 < o < N and s (i,7) = > ;o Mt N7t + jN™~=1 and note that

(3.30) H(Vs6,0)) = H(Vsi0)) + T N2 =15 (N — )
it1
+ Z Tin—igg N2 o (N — 2451 — 1)
j=1

1 n .y ) .y
+ (1 - N) > o ;NI — pe N
j=m+2
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Thus, we have

(3.31) H(Vsiorn) = HVstio)) + S i NPT D (N — 20 — 1)
i+1 o _
+ Z Tin—ip g N2 DR (N — 2 g — 1)
j=1
j=m—+2

and hence H(Vs(i,041)) — H(Vs(i.0)) < 0 whenever

1 i+1 J

= I\ NI (N — 2 —
eq:zetai+l 0\/ ’72<<Zl( J’ﬁl—z )N (N 27]m71 1)
(3.32)

(1—7) i ( Z+Z)Ni+j+1_ m> +N—1ﬂ = i1 < 0.

Jj=2

Again it follows that if ¢5—; € {0,..., N — 1} and ¢p—;—1 is equal to the left-hand side of (3.32)
with 74—, replaced by @ —; in (3.32), then

Im—it1

i = Pl + 2
an—i Nrn—i Orin—i N

(3.33) [Mi—i—1 — Prm—i—1]| < (
This proves the statement of the lemma. O

We need to look at the change in energy when we go from a critical configuration in the set C*
to a neighbouring configuration obtained by changing the sign at one vertex. Our next observation
concerns the sets U, and U, defined in the statement of Lemma

Lemma 3.6. Suppose that (A1) holds and that every & € C* has the same volume |§| = k*, and
that every configuration of volume k* has energy at least ® (B,H). Suppose furthermore that for

every configuration o € US, H (o) # ® (B,8). Then (1.22)) is satisfied.

Proof. Let £ € C*, and suppose that o € U, , so that o = &\ {v,} for some a < k*. If o lies on some
optimal path, then, by the assumption that this path has a unique maximum, is satisfied.
Else, since ¢ lies on an optimal path, there exists some configuration & = &\ {vp} on the same
path, of volume |¢'| = k* — 1 (note that by (Al) k* > 0) and with ® (¢,8) < ® (H,H). We claim
that the path ¢ — o N¢ — & stays strictly below ® (B,H), which proves the statement of the
lemma. Since by definition H (o) < @ (B,H) and H (¢') < @ (B,H), we only need to show that
H(oNE') < ®(B,H). However, note that

(o' N § Z Jd(vbﬂ)z) Z Jd('Ubﬂ)i) - Jd(vb,va) +h
i<k* i>k*
(3.34) i7ba
< Z Jd(vb,m) - Z Jd(vb,vl) +h=H (6/) —H (5) < 0,
i<k* i>k*
i£b

where the last inequality uses the fact that ® (¢/,8) < ® (£,8). This proves the claim for o € Ug .

The argument for o € Ug' makes use of the fact that by assumption H (o) # @ (H,H), and is
otherwise identical to the argument above. O

Next, let us first consider any configuration ~y; lying on the path «, with k = a,,_1 N" ' 4...+ao,
and let o}, be a configuration obtained from by flipping the sign at a vertex w such that d (w, v) =
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bforb e {1,...,n}. Note that by symmetry it makes no difference which particular vertex we select.
If o (w) = —y% (w) = —1, then for b =1 we have

eq:vertexflip-si n—1

(3.35) H(ow) —H(w)=J1(2a0— N —1)+ > J1N*(2a; — N + 1) + h,
=1

while for 2 < b < n,

H (ov) —H ()

eq:vertexflip-s2

(336) b—1 4 1 b—1 ) , - n—1 4
=Y N L=< )+ 23 aiN'—N' - N + > JipaN' (20, = N +1) + h.

i=1 =0 i=b

Similarly, if o (w) = —7y% (w) = +1, then for b = 1 we have

eq:vertexflip+sl n—-1 .
(3.37) M (o) —H(w) =D JiaN' (N = 2a; — 1) — b,
=0

while for 2 < b < n,

H (op) — H ()

b—1 b—1 n—1
) 1 ) B i
=Y JN' (1—N> +J <Nb—2§ a;N' — N? 1) + > JipaNY (N = 2a; — 1) — h.

=1 =0 i=b

eq:vertexflip+s2

(3.38)

Under Assumption (A5), {H (’yz)}f\r:o attains a unique maximum. Indeed, this is immediate from

(3.4). Furthermore, from Assumption (A4) it follows that J is strictly monotone, and hence by
Lemma [2.2) the path ~ is strictly optimal. This implies that all o € C* must have the same vol-
ume, and that every other configuration of that volume has larger energy. Hence the conditions of
Lemma [3.6] are met.

3.4. Proof of Theorem [1.16l Define

b—1 b—1
Bd{1gbgm; Z]iNi(lf%> Jb<22mNiNbN“>

=1 =0
n—1 )
+) JiaN' (2 = N+1) +h < o}

eq:Bd Bu i—b
(3.39) !

b—1 1 b—1

B,=d1<b<n: JiNi(l——)—i—J NV — 25 N — NP1
pevsn S 2 5

n—1
+ ZJiJrlNi(N — 27}1' — 1) —h< 0},
i=b

where {m}?;ol is defined as in the statement of Lemma By li and 1) By gives the

distances to the ‘critical’ vertex of the vertices that are flipped in obtaining configurations that
result in a lower energy than the critical configuration. Thus

N (o)={ceU;: H(o)<H(o)}| =[1+on (1)] Z i1 N1,
i€Bg

N*(0) = [{o € U Hio) <H@)}] = 1+ ox (U] 0 (N = na V).

1€By,

(3.40)
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Hence, by Lemma [I.6] we have

= 2icBq NN YCiep, (NF = nima N1
K* = [1 +on (1)] Ug* (;iEBd 7711Ni1))+((2i63u (Nz _ 7711N11)))

(ZieBd ni—lNi_l) (ZieBu (N — m_lNz‘—l))
(ZieBd milNi_l) + (ZieBu (Nt — 772‘71Ni_1))
Nn—mh—1 m (N

. N_Uog Ua

(3.41) =[1+ oy (1)]

!

3.5. Proof of Theorems -—- Let {J;}?, be such that J;/N — 0 for all i € {1,...,n}
as N — oo, and take J; = J;/N%. It is easy to check that Assumption (A3) is satisfied given that
Assumption (A2)(b) is also satisfied.

Proof of Theorem[I.13 From (1.32) and (3.32) we learn that

= S hj:ﬂ <<1 - ;]> i_zr:;rl e hﬂ

(3.42) e ( zn: Jh)

B 2 Tt

i=m+1

and

N

-1 = [1 4+ on (1)] EE
eq:special-case-zetam-i

(343) 1+1 = n—m

N JmfiJrj 277m i+1 m+j h

j=1 m—i j:2 J—i m—i

for i =1,...,7n. This identifies the configurations announced in (|1.46]). |

Proof of Theorem[I.14, Observe from (1.32) that

(3.44) 2j:+1 ((1 - zb) En: Ji — h) :

and by assumption (A1)(b) we have that

»>
Il

(3.45) N15nm<1—> Z J—thlgnw  Ji—h>0.
i=m+1 i=m+1
Then
kS iy JilN? _ kS i i
eq:AQ(é:hzgi |—§—‘ (28 - ’—S~| + 1) m+1N2m |—§-‘ (28 — |—8~| + ].) m+1Nm 1

NZ?Z:ﬁH-l i _ —1 7. -t - 7.
= 8125 — (5] + D dmt —ow )(Jm“) _Z e
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and similarly

S N ((N —a;—1) (Zézo aij) ta <Ni Sy aij))

eq: A2 check2 [5](28 = [8] + 1) Jypp1 N27
(347) sz—l j'+1 —1 n
< i=0 Y. =0 (N} jm 1 jz
@15+ 0dom O (721) :;

Summing (3.46) and (3.47) we get Assumption (A2). From (3.22)) we get
1 1 1\ < ’
* _ mt+l ((F. B _ i
(3.48) I =[1+oy (1] 3N (Jm+1) ((1 N) Y i h) .

i=m+1

4. STANDARD INTERACTION

In this section we consider the special case
eq:regulardef

(4.1) Ji = J/N', 1<i<n,
for some .J > 0. The Hamiltonian in (1.28) becomes
. J ~d(va,v0) h
(42) Hho)==5 > N-o(u)o(va) =5 D o(va),
a,,beAT](]: agAX{
a#b

where we exhibit the dependence on h. In Sections [£.I] we show that the energy landscape has
certain symmetries. In Section [£.2] we exploit these symmetries to identify the location of the global
maximum of the energy along the reference path ~. In Section [4.3] we use these results to prove
Theorems and In Section [£.4] we compute the prefactor and prove Theorem [I.1

4.1. Symmetries in the energy landscape. In this section we derive four lemmas (Lemmas
below) exhibiting certain symmetries in the energy landscape for the case of standard interaction
(see Fig. . These symmetries will be crucial later on.
For any hy,he >0and 0 < a,b < N,

eq:differenthdifference
(4.3) H (h137va) — H (hi;ve) = H (hasva) — H (has ) + (he — ha) (@ — D).
Definition 4.1. A sequence {ai}ij\il € RM s called symmetric when
(44) Qi = Q)M —i+1, 1 S ) § M,
and concave when

eq:concavityproperty

(45) a; — A;—1 > Ai4+1 — g, 2 < 1 < M —1.
The following lemma is elementary.
Lemma 4.2. Suppose that the sequence {a;}, is symmetric and concave. Then

(4.6) (ax ai = ary).

Recall the definition of 7 from (1.31)), and note that now

-1
eq:mhatregular h 1
4.7 mp=|n—=(1-—= ,
(47) \ { (- %) J
where again we exhibit the dependence on h. It was shown in Section that, in the hierarchical
limit N — oo, iy, gives the order of magnitude of a critical configuration (in particular, the

asymptotic size of a critical configuration was shown to be sN™). We will now show that for the
standard interaction in (4.1)), iy, plays a similar role.
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Let «v: H — H be the optimal path defined in Section We begin by considering the Hamil-
tonian i — H(h;~y;) for certain special values of h. Recall h(™*) defined in (1.39)). In terms of this
quantity, we have

H (h<m»5>; %Nm) —H (h<m75>; EI)

J - " 1
_ 7 m m - (m,s) arm
4.8 = SN (N =)+ JsN™ Y (1— )—sh N
( ) N 1=m-+2 N
m 7 1 7 1 (m,s)
=sN J(N—S)N‘FJ 1_N (n—=m—1)—=h"*) =0
and
eq:mhat-hms 1 1 -1
(49) mh(m,s) = |m-+ (S — ]_) N <]_ — N> = m.

A magnetic field that takes the form h("™*) gives rise to symmetries in the energy landscape along
the path v, which we can exploit in order to find the values at which i — H (h(m’s); %) attains its
global maximum. Later we will use this information to find the location of the global maxima for
general values of h. First we show that the global maximum of i — H (h(™*); ;) is attained in the
interval [0, sN™].

Lemma 4.3. Forany1<s< N and0<m<n-—1,

eq:Hineq h(m S) h(m S)

(4.10) | Dnax H ( 7) = Inax H ( 7) :

Proof. Let K =a, 1N" '+...4+ag and u(i) = a, 1 N1 +...+a;N?, and note that, by Lemma

B2

(4.11) H (h(m,s); 7u(m+1)) <H (h(m,s); fyu(m_ﬂ)) +H (h(m&); ")’a7n+1Nm+1) —H (h(m,s); E|) )
By Lemma and the definition of m = in (3.12)), we have, for 0 <m <n —1,

2y (h(m,s);%mHNmﬂ) N (h("bv‘s);v(amﬂ_l)wmﬂ)

(4.12)

< (hW»S);A,NmH) gy (h“"’S); E) <.

Hence, by induction,

eq:inductsetp H (h(m7s)§'7am+1N’"+1) <H (h(m’s)§'7(am+1—1)Nm+l)
(4.13)

<. <H (h<mﬁs>;7Nm+1) <H (h“"’S); 5)

and therefore

(414) H (h(m7s);'7u(m+1)) S H (h(m7s);7u(m+2)) .

Once again it follows from inductive reasoning that

(4.15) H (h(m’s);vu(mﬂ)) <H (h(m’s);va,,_lzvm> :

By the same reasoning as in (4.13]), we have

(4.16) H (h(m@; %HNH) <H (h<m’5>;7anl) <H (h(m’s); 5)
and hence

(4.17) H (h<m78>;%(m+1)) <H (h<m~9>; 5) .
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Thus
H (A ) = (00 8)
TS R (R 71 ) = H (B iy ) + H (B ) ) = H (RO 8)
<H (h(m’s);’YK) -H (h(m’s);%(mﬂ)) <H (h(m’s); “YamNm+.4.+ao> -H (h(m’s); E') ;

where the last inequality again follows from Lemma [3.2] Moreover, for m = n — 1 the inequality
in is immediate. If a,, < s, then the claim in follows immediately. Otherwise we
have H (h(m’s);’yamNm) <H (h(m’s);El) and hence, by Lemma and using the abbreviation
v(i) = a;N* + ...+ ag,

H (h(m’s); %,(m)> —H (h(m7s); E|>

<M (h<m’s);%(m)> ~-H (h(m’s);%mwm) +H (h(m’s);%mzvm) ~H (h(m’s); El)

(4.19) <H (h<m,s>; %(mq)) oy (h(m,s>; 5)
= 1< H (h(m’S);%) - (h(m’S); El) ’
which settles the claim. O

We next derive two results stating {H(h(™*) 4;)}3N" (illustrated in Fig. [4.1)) is symmetric and
fractal-like, which is used later to locate the global maxima of this sequence.

Lemma 4.4. The sequence {H(h\™*); ;) }: 2" is symmetric, i.e.,
(4.20) H (h(ms);w) —H <h<m78>;%Nm,K) . 0<K<sN™
Proof. Let K =k,_1N" ' 4+ ...+ ko, so that

H (h(m’s);’m) - (h(m’s); EI) + W) |

n—1 i i—1
= TN D OkNT | (N =k = 1) + ki | NP = kN
i=0 j=0 j=0

n—1 i—1 i—1
= TN [ D kN | (N = ki = 1) + kN (N =k = 1) + k;N* — k; > kN
(421} i=0 j=0 j=0

n—1 i—1
= TN [ D kN | (N =2k — 1) + k;N' (N — k)
i=0 =0

n—1 3 i—1
J ; i
=35 [ 2Dk ) (¥ =2k = 1)+ kN (N — k)
=0 7=0

Since k; = 0 for i > m and k,, < s, this simplifies to

H (R0 ) = H (9 8)

m 5 i—1

eq:HKregsymetric J . i

’ g(y4.22) = E N E kiN7 | (N —2k; —1) + k;N* (N — k;)
1=0 7=0

+K<j(l—;/_) (n—m—l)—h(m’s)>.
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Note that if K = sN™ — K, then the number of interacting pairs at distance ¢ = 0,...,m in the
configuration vz (i.e., vertices v,, vy such that v; (ve) = —7vz (vp) and d (ve,vs) = ©) is the same
as in the configuration vyx. At distance m + 1 this number is equal to

m—1
(4.23) N K (s—kpm—1)+ [ N™ = > kN7 | ki + (sN™ — K) (N — 5)
§=0

and therefore we conclude that

H (h<m,s);7f() Y (h<m,s>; B)
S’fﬂ\” (N —2k; — 1) + k;N* (N — k;)
§=0

m—1
K(s—km—1)+ | N™ = > kN | kp + (sN™ = K) (N = s)

=0

+ > J (1 - ]1V) sN™ — zm:kjjw’ —pmIEK,
§=0

(4.24)

Thus, we have

H (B ) = H (B ) = nf J (1 - ;) (sN™ — 2K)
(4.25) i=m+1

+%(K(sfkm 1)+ (sN" —K)(N —s) — K (N —k; — 1)) — h{™®) (sN™ — 2K,
which is equal to 0 if and only if

R™S) (sN™ — 2K))

:j<1—]b> (sN™ —2K) (n —m — 1)

J m
(4.26) +N(K(s—km—l)+(5N —K)(N—-s)—K(N—ky—1))
:j(l—;{)(st—ZK)(n—m—1)+]{[(K(S—N)—i-(st—K)(N—s))
— TN =2k (1= ) (=)= (s — 1) =
=J(s v ) (n—m) = (s )
which indeed is true by the definition of A(™*) in (1.39). O

To state the second result we need some more notation. Let Q: Ny — {0, 1} be defined by
eq:def Q

(4.27) Q (a) = amod 2.

For all integers k € {1,...,m} taking the form k = a(1 + Q(N + 1)) — Q((N + 1)(s + 1)) for some
a € {1,...,m}, define the integer intervals Sy =[S, , S;], where

S = (EJ —1+Q(s(N+ 1))) N™ +k_§am_ijﬂ' +(1+Q(sN))N™*,

eq:SetSk
(4.28) i
S D B
Sp = (LgJ —1+Q(8(N+1))) Nm+zam7j]\[m iy Nk
j=1
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and
N .
(4.29) Um—j = E—Q((J—Fs—i-l) (N+1))].
The following clarification regarding (4.28)) is in order. For odd values of N, (4.28]) defines the sets
S1,...,5m, and the coefficients a,,—; are all equal to L%J = % For even values of N and even

values of s, 1) defines the odd-indexed sets S1, 53, ..., SQL%JH and the coefficients a,,—; are

given by a,;,—1 = %, Ao = % — 1, etc. For even values of N and odd values of s, |i defines

the even-indexed sets Ss, Sy, .. .,S2Lﬂj and the coeflicients a,,—; are given by am—1 = % -1,
2

Ap—2 = %, etc.

Lemma 4.5. For every k € {1,...,m} that takes the form

(4.30) k=a(l+Q(N+1)+Q((N+1)(s+1))
for some a € Ny, the sequence {H(h"™%):~;)}ics, is symmetric.

Proof. Suppose that K € Si, so that

m k—1

(4.31) K=Y anN' = ([5] -1+ QG +1)) N"+ > an N7 + R,
1=0 j=1

where

(4.32) R=am i N F 4y, N 1p 4

for 1+ Q(sN)<am-tr < N—land0<a; <N—-1for0<i<m—k. Alsolet

S

K= (bJ —1+Q(S(N+1)))Nm

(4.33) + ) am N4 NPT R4 (14 Q(sN)) N™F
=K+N""M1 2R+ (14+Q(sN)) N™F,

so that K and K are mirrored points in Sy, (i.e., if K is the i*" point in Sy, then K is the (|Sy| —4)"

point). Note that, by (4.22]),

m 4 1—1
H (h““’s); ’YK) —H (hfm’s); E) => % > a;N7 | (N =2a; = 1) + a;N* (N - a;)
(4.34) i=0 j=0

+K<j<1—]17) (n—m—l)—h(m’s)).

Observe that, for 1 < ¢ < m — k, the total number of interacting pairs at distance ¢ in vz (i.e.,
vertices v,w such that d(v,w) = i and vz (v) = —y; (w)), is the same as in yx. At distance
m — k + 1, the number of interacting pairs in vz is equal to the number of interacting pairs in
vk plus (1 + Q(sN))N™*(R — (1 + Q(sN))N™ ) minus (1 + Q(sN))N™~k(Nm=*k+1 _ R). For
m — k + 2 < 4, the number of interacting pairs at distance 7 in vz is equal to the number of
interacting pairs in vx plus a;N*(R — (1 + Q(sN))N™ %) minus a;N*(N™~*+1 — R) and plus
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(N —a; — 1)NY(N™=*+1 — R) minus (N — a; — 1)N*(R — (1 + Q(sN))N™*). Thus, we have
(1 2e) - (09)) )
m—k i—1
= Z ((ZGJN]) (N—Qai—l)—i—aiNi(N—ai))
P s

+(1+Q(sN)) (2R — N™* — (14 Q (sN)) N™F)

(4.35) + i ((i aij> (N —2a; — 1) +a;N* (N — ai))
j=0

i=m—k+1

+ > (N=2a;—1) (N" 1 — 2R+ (14 Q(sN)) N™ )
i=m—k+1

+ Z J(l—) (Z%Nﬂ (Nm—h —2R+(1+Q(5N))Nmk)>

eq:HKtildeKdiHng:QQ it follows that
(4.36)

M (i) = H (W0 ) = % (1+Q(sN)) 2R = N™"H1 — (14 Q(sN)) N™7F)

+ Z % (N —2a; — 1) (N™ ! — 2R+ (1 + Q (sN)) N™F)
i=m—k+1

+ > (1 - ]1[) (N1 2R 4 (14 Q (sN)) N™F) — p(m®) (K - K) .
i=m-+1

Note that (4.36]) is equal to zero if and only if

h(m,s) (K . K) _ h(m,s) (Nmkarl — 2R+ Nmfk)

(1+Q(sN)) (2R— N™ 1 — (1 + Q(sN)) N™F)

2\&1

(4.37) + zm: % (N —2a; — 1) (N™ "1 2R 4+ (1 + Q (sN)) N™F)
i=m—k+1

n—1

+ Z J (1 - ) (N™FHE 2R + (14 Q (sN)) N™F),

i=m+1

which holds whenever

(4.38) _
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If N is odd, then (N —2a; — 1) = (N — 2|4 ] — 1) = 0, and hence Zin;;nlfqul (N —2a; —1) = 0.
If N is even, then the terms (N — 2a; — 1) alternate between —1 and 1. Thus, if s is even, k is odd

and Z:’;;Ll_kﬂ (N —2a; — 1) = 0 because the sum has an even number of terms, while if s is odd,

then the sum adds up to % We can encode this as

m—1
S (N-2-1)= %Q(s(N—kl)).
i=m— k1

=

(4.39)

Recalling ([1.39)), it remains to show that

(1-5) 0 -m = -1 =~ G+ QEN) + FQ W + 1)

(4.40) 1 1
S
+N(N—2BJ +1—2Q(5(N+1))> t(n—m—1) (1—N>,
or equivalently
1 1 S 1
4.41 - _17:_7@{# N)—1 N 1):_ )=,
(1.41) (-1 = (2[3] QM -1+ QG+ 1) =~ (- 1) ¢
which is trivially true. O
The symmetries in Lemmas [I.2HZ.5] are depicted in Fig. [41]
'wlgnergy profile along an optimal path B 105 H(y;) for i € Sy
1h i | 135 i
——————
1.3} |
~ 05F a —
& &
= ¥ 125 |
O - -
1.2 y
—0.5 | y 115} |
0 1 2 3 4 5 6 — 22 24 26
i -10* i -104

FIGURE 8. Plot of i — H () for A2, with J = 10.3 and h = h™* = J((1 — +)(n —
m) — %) with m = 4 and s = 8. The solid-line in the left plot corresponds to values
i=0,1,...,sN™, and is symmetric as shown in Lemma [4.4] The solid-line in the right
plot shows symmetry of H(v;) for values ¢ € S1, as shown in Lemma [4.5

4.2. Global maximum along the reference path. In this section we derive two propositions
(Propositions below) identifying the location of the global maximum of i — H(h("™);~;).

Proposition 4.6. Suppose that N is odd. If s is odd, then

eq:maxloc H (h(m’S)’fYI_st/QJ) = H (h(m’S))fn_st/Qj—‘rl)
(4.42)
= max H (h(m’s);%) = max H (h(m’s);%'),
1<i<sN™ 1<i<N™

and for all i < [sN™ /2],
eq:1st max s odd

(4.43) H (h(m’s);%‘) <H (h(m’s);VLst/QJ) .
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If s is even, then

eq:maxloc2

(4.44) H (h(m’s);'}/\_(s—l)Nm/2J+l> = Joax A (h“”’s);%) = max H (h(m’s);%)

and for alli < |(s— 1) N™/2] + 1,
eq: 1st max s even

(4.45) H (h(m’s);%) <H (h(m’s);w(s_l)wm/ml) -

Proof. The first equality in (4.42)) is immediate from Lemma since |sN™/2] +1 = sN™ —
|sN™ /2], while the third equality follows from Lemma We claim that the second equality in
([4.42)) follows from both Lemma [4.4] and Lemma [4.2} Indeed, note that by Lemma [3.1] the sequence

(4.46) {(H (hiy)} r]ng - B[J +1<i< VN;J + BIJ +2.

is concave, and by Lemma is also symmetric. Therefore, by Lemma we have that H(y;) <
H(v|snm/2)) for all i such that d(vi,v|snm/2)) = d(vi,v|snm/2)41) = 1. In fact, from Lemma
we have a strict form of concavity,

H (h(m’s);wszvvrb/?J) -H (h(m’s)msN’”/”)

=H (h(m’s);VLst/QJH) -H (h(m’s);wszvm/u) +2J =2J,

(4.47)

which shows that

(448) H('YLSNWL/QJ) > H('yl) Vi< LSNm/QJ : d('Ui, ULSNV”/QJ) = d(Ui7 ’ULSNm/2J+1) =1.
Suppose that this is also true for all i such that d(v;,v|snym/2)) = 7, and let z be such that
d(vz,vLst/gJ) = r + 1. Note that if r + 1 < m + 1, then z belongs to a sequence of the form
{z0+ tNT}i\’;Ol for some zg such that all N terms in the sequence belong to the same (r + 1)-block,
while if r+1 = m+1, then 2 € {2, +tN"}:Z; such that again all s terms belong to the first (m + 1)-

block. Observe that the sequence {H(h(™*);~;)}ica is concave by Lemma and symmetric by
Lemma [£.4] where

(4.49) A= {{zo +ENTIN G [0, [sN™/2)] {sN™ — 20 — tNT} G () [sN™ /2] + 1, st]}
ifr+1<m+1, and
(4.50) A= {{ZO FENTEZEO) [0, [sN™ /2] {sN™ — 29 — tN"Y Y [[sN™/2) +1, SNM]}

if r+1 =m+ 1. Hence it attains its maximum only at the two midpoints of the sequence A (which
has N +1 terms in total). At least one of these two points is at distance r from v|4ym /o). Thus, by
the inductive hypothesis we have that H(h(™%);~,) < H(h(™); Yisnm2))-

Next, we look at the case when s is even. By and the above result for the odd value s — 1,
we have that, for ¢t < [(s — 1)N™/2] + 1,

H (h(m’s)§’YL(sf1)Nmr/2J+1) -H (h(m’s);%>

>H (h(m’s_l);7[(5—1)Nm/2j+1) - H (h(m’s‘l);%) >0,

and thus we only need to show that

eq:otherside

(452) H (h(m’s)§’7L(sf1)Nm/2J+1) >H (h(m’s);%) VIs=1)N"/2]+1<t<[sN™/2]+1.

(4.51)

To do this, recall first that by Lemma the sequence {H(h(™%):~;)}ics,. is symmetric, concave
and of odd cardinality. Furthermore, H(h(m’s);fyL(s,l)Nm/ng) is the midpoint of this sequence,
and for all 4,5 € S,,, we have d(v;,v;) = 1. Hence

(4.53) H (h(m’s);WL(sq)Nm/zHl) >H (h(m’s);%‘)
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for all i < [(s —1)N™ /2] 4 1 such that d(v;, v|(s—1)nm j2)4+1) = 1. Now observe that S, C S,,—1 C
... C Sy, and suppose that H(h("™*); V(s—1)Nm /2] +1) > H(h™5): ;) for all i < [ (s — 1)N™/2] +1
such that d(v;, v|(s—1)nm2)4+1) = 7. If i is such that d(v;,v|(s—1)nm/2)41) = 7 + 1, then like in the
s-odd case we can construct a concave and symmetric sequence such that the midpoint (and hence
maximum) of this sequence is at distance 7 or less from v|(s_1)nm/2)41. It follows that and

(Il

(@45) hold.

Proposition 4.7. Suppose that N is even, and let

; m—1
eq:max-index-r s—1 . N
(454) r = ( 5 ) N™ + Z amijm—J + 5’
j=1
where
eq:amj-Neven ]\f
(4.55) an—j = 5 —Q(j+s+1).

Ifs:2a+1f0rsomea€{0,...,%71}, then

eq:maxloc-1
(m,s). ) — ( (m,s). ) — ( (m,s). )
(4.56) H (h Ve | Jnax H(h Vi | Dax | H(h Vi
and, for all i <,
(4.57) H (h(mvs);%) <H (h(m’S);’Yr) )
Simalarly,
eq:maxloc2-1 ( 4_1) ( {_1) ( *_1)
(4.58) H (h : ;%) = lgigr{ls%]vm?l (h : ;%—) = Dax H (h ’ ;%—)

and, for all i <,
(4.59) H (R 5) < M (RO, )

Proof. The coordinates a,_; are defined below (4.28). Noting that r is the midpoint of the smallest
of the sets {Sy} (for odd or even indices k depending on the case in question), we see that the claim
follows from similar computations as those in the proof of Proposition O

4.3. Proof of Theorems and We now use Propositions [£.6] and [£.7] to determine the
size of the critical configurations and prove Theorems [1.15| and [1.11| (Propositions and
below). Recall the definition of the index set I in (|1.38)).

Proposition 4.8 (Proof of Theorem |1.15)). Let h > 0, and take let (m,s) € I be such that

eq:h-between-hs

(460) h(m75) <h< h(m,s—l).
If s is odd, then for N odd
eq:max-odd
400 203, W (5 ) = H (571500 2)

and for N even

eq:max-even,even

(4.62) (max H(hsy) =H (b ),

where r is given in (4.54). If s is even, then for N odd

eq:max-odd,even

(4.63) Juax, H (hivi) = H (hs v (s—1)Nm2)+1) »

and for N even

eq:max-even,odd

(4.64)  max H(hi) = H (b5 ).
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where 1’ is obtained by replacing s by s — 1 in the leading term in (4.54). If h > j(l — %)n, then
maxy<i;<nn H(h;vi) = H(h; o). If the inequality on the left side of h in (4.60) is also strict, then
these are the unique mazima.

Proof. We give the proof for N odd and s even, the proof for all other cases being similar. From
(4.3) and Proposition [4.6| we have that, for all ¢ < |(s — 1) N™/2] + 1,

eq:h-gen-max-ineq

(4.65)  H (hiv|(s—1)nmj2)+1) — H (h;y) > H (h(m’sfl);’YL(s—1)Nm/2J+1> - H (h(m’sfl);%‘) >0
and, for i > [(s — 1) N™/2] + 1,

eq:h-gen-max-ineq2

(4.66)  H (hs v s—tynmy2)+1) — H (h;vi) > H (h(m’s);%(sq)zvm/zJH) -H (h(m’s);%) > 0.
This proves the first claim. If the inequalities in (4.60]) are both strict, then both (4.65) and (4.66))
are strict whenever ¢ # [(s — 1) N™/2] + 1. O
Remark 4.9. It is easy to check that if we take b = J((1 — L)(n—m)— (s — 1)) = h™*) or
h=hms=1) = J((1 - +)(n—m)—(s—2)%) in q4.60[), then q4.63[) and 44.61|) remain true.

Proposition 4.10 (Proof of Theorem [1.11)). Let h > 0, and let m and s satisfy (4.60).
(1) Suppose that N is odd. For s even,

. F*:%(Nm[zs(Nf;Jrl)7N71}+N723+1)
;<j<1—]1v) (n—m—l)—h) (N™ (s — 1)+ 1)
while for s odd
r = (8 [as (V- ) 4 N] -2 1)

(4.68) N .
+§ <J(1N) (nml)h) (SN™+1).
(2) Suppose that N is even. For s odd,

I =T*

J L Q(mt1) N™m—2+Q(m) _ 1 /1 /N™_—1 Qm) Nm—Q(m) _q
_2N N2 -1 +J 2\ N—-1 N N2 -1

N /(N™ -1 Nm=Q(m) _q s—1 s—1
4.69 v _ NQ('m) 0N = NTYL—l o 4 N —
o [T () e () v () (-5

4
N s—1 N E N™ 1 N1+Q(m) Nm=Q(m) _ |
2 N -1 N2 -1

while for s even,

_ (s—=1) _
eq:shifted-Gamma "= F;fl + (h h)

N™ — — N™ [ = — NHQm) (L~}

Proof. From Proposition we have that, for NV odd and s even,

eq:GammastarNoddseven

(4.71) "=H (h§ ’YL(s—1)Nm/2J+1) -H(kB),
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where we also note that

m—1
N - 1
(4.72) [(s=1)N™/2]+1=|(s—1)/2|N"+1+ Z {2J N' = (; —1> Nm+§(Nm+1).
i=0
We can now use this decomposition together with (4.22)) to calculate T'* (after a fair deal of tedious
computations). For the case where N is odd and s is odd, I'f is calculated in the same manner,

while (4.70) follows immediately from (4.3]). O

4.4. Proof of Theorem In this section we identify the configurations in the sets U, and U’
defined in Lemma and compute the prefactor K* (Corollary and Proposition below).

Let M be the volume of the critical configurations, whose value was determined in Proposition
E (i.e., M = |sN™/2| if N is odd and s is odd, etc.). Recall that vy, is the last vertex flipped
(from —1 to +1) in obtaining the configuration s along the path . Let b > 1 and let w be any
vertex such that d (w,vpr) = b. Define the configuration o, by

N ou (o) = 4 MW v A
—vm (v), v=w.

Assuming that h satisfies with strict inequalities, we know from Proposition that any
uniformly optimal path attains a unique global maximum. Hence if b = 1, then H (0p) < H (yar),
since H (0p) € {H (ypmr—-1), H (yar+1) }- The following lemma shows that if N # 2,4 and m > 1, then
the only neighbours of v;; with lower energy are those obtained by flipping a vertex at distance
b=1.

Lemma 4.11. Let o, be defined as in (4.73). Suppose that N # 2,4 and m = 1 > 1. Then
H (o) > H (var) whenever b > 2.

Proof. We first consider o, (w) = —1, where w is the vertex at which o, differs from ;. Note that
b < m+1, since there are no +1-valued vertices in v, that are at distance larger than m + 1 from
each other. By (3.36]) we have that

b—1
H(ow) =H(m) = J(-1) (1 - ]1[) + N7 (22aiNi _Nb— Nb—1>

=0

=

n—

(4.74) + (2a; — N +1) + h.
b

2] <

If b =m + 1, then the right-hand side gives
J((b— )(1—L)y+nN- (QZg;éaiNi —Nb—NH) —(1-L)n-m-1)+ 3)
(4.75) >J((m+1)(1—%)+N"™12M - N - N™) — (s —1) %),

where the inequality follows from the bounds on A in (4.60)). It is easy to see from the value of M
in Theorem that the above is strictly larger than

j<(m+1) (1—;,)+]1,((8—1—Q(s+1))—N—1)_(3_1)Jb)

> J - 1) -2 5o
=2\"U"nN) " N)=T
Hence we conclude that for b = m + 1 and o3, (w) = —1 the claim of the lemma holds.

Now assume that b < m. If N is odd, then ag = %—i—@(s +1)and a; = % forl1 <i:<m-—1,
while a,, = L%j = %(SH) and a; = 0 for i > m. If h satisfies 1D forsome 1 <s< N -1

(4.76)
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and 2 < m < n —1 (we do not need to consider the case m = 1 because m > b > 2), then this
implies

H(op) — H(var) :j((b—n—i—m) (1— ]17> + N7 (2Q(s+1)—1)
(4.77) , .
—N(N—s—i—l—i—Q(s—i—l))—&-j)

and hence H (0p) < H () if and only if

b§1+(1]1[> (;(Ns+l+Q(s+1))

eq:bineq-Nodd

(4.78)
+ (1]1[) (nml)Nb(QQ(erl)l)l}).

From (4.60) we have that the right-hand side of (4.78) is less than or equal to

Qs+1)+1

(4.79) ¥

—N2Q(s+1)—1)

and hence is less than 2 when N > 3. This implies that H(op) > H(yx) when b > 2. If N is even,

then
(H (o) —H (ym)) J L= (b—1) (1 - Jif) + Nt <2b§ai1\ﬂ — N? —Nb_1>
par
(4.80) 7%(Nfs+1+62(s+l))—%(Nfl)(n—m—l)
by (1= Qs+ m) — Qs +b+1)) + =
s ience H (04) < H () if and only if
(4.81)
(b—1) (1—;/_) gl—;+Q(SNH)+<1—;> (n—m—1)
+ Q(S]\‘;m) +Q(Stvb+1) b b <2§a Ni— N Nb‘1>

Since h satisfies (4.60), this implies

IN ' (QG+D)+Q(s+b+1)+Q(s+m)
b§1+<1—N> < N

b—1
(4.82) - NP <2 > aiN' - N - Nb1> )

=0

. (1_;0‘1 (Q(S—i—l)—|—Q(s+b+1)+]\?(8+m)+2Q(s+m—b) —Rb),

where R, = N~°((527)(N?"! — N — 2N*=2)). The right-hand side is less than 2 when N > 6, in

which case H (op) > H (k) when b > 2.
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Now suppose that o, (w) = +1. Let us first consider the case when N is odd. Suppose that

b > m. Then by (3.38)
(4.83)

b—1 n—1
1— ) (b—1)+ JN! (Nb —2) a;N' - Nb—1> + > JiNY (N —2a; — 1) — h

=0 i=b

_j<<11> (bfl)‘i’Nbfl(Nbf(SfQ(5+1))Nm+172Q(S+1)7Nb71)
_|_

From (4.60) it follows that this is larger than or equal to

j(N‘b (NP —(s—=Q(s+1)N™+1-2Q(s+1)— N1
(4.84)

+<1—]1V> (m—1)+(s—2)]1v> 0.

Hence, the inequality H (0p) < H (yx) is at most possible for b < m. In this case we get that
H (o) < cH () if and only if

-1
1 h 1
< I—— = — - -
eq:bineq+Nodd b o 1 + (1 N) <J (1 N) (n " 1)
(4.85)

]1V(N5+Q(s+1)1)Nb(12Q(s+1))>.

Once again, from (4.60) it follows that (4.85) is satisfied if and only if

(4.86) b<1+ (1—1>_1 (—I(Q(s—i—l)—l)—Nb(1—2Q(s+1))> <2 VN>2

N N

Similarly, if N is even, then for b > m we get

~ 1 1 Q(s+1) Q(s+m)

- > 1——)@b-1) -
Hon) H<7M>_J<( ) 00 g+ L+
(4.87)
Q(s+b+1) Q(s+m—-0b) 2
+ N + N N

which is larger than 0 when N > 4. Thus, once again we only need to consider b < m, for which
H (0p) — H () <0 if and only if

bél-l-(l—;f)_l(—;(N—s—&-l—l—Q(s—i-l))—(l—;[) (n—m—1)

b—1

eq:bineqg+Neven N (1 o Q(S+m) _Q(S+b+ 1)) + % _Nib (Nb - 2Za1N1 _Nb1>>
(488) . i=0
<1+ (1—]1V) (zif(l—Q(S+m)—Q(s+b+1)—Q(S+1)

_QQ(S—i—m—b))—&-]\](]\}_l)),
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which is less than 2 when N > 4. O
The prefactor K* can now be easily computed.

Corollary 4.12. Suppose that N # 2,4 and m > 1. Then

eq:corollary 1/K 1

(4.89) o agN""2 ﬁ (N) (N —a;).

i—o \%i
Proof. By Lemma we have that, for all o € C*,
(4.90) |UU_’ =|weAy: d(w,vy) =1, v (w) = =1| = ay,
US| =|we Ak d(w,vn) =1, yu (w) = 1| = N — aq.
Furthermore, it is a simple combinatorial fact that

IC*| = {oc € Q: 0 =¢(ym) for some isometric bijection p: AR, — AR}

(4.91) =N""""1(N —aqg)”" ﬁ <iv) (N —a;).
i \a

Equation (4.89)) now follows from Lemmas and O

We can also investigate what the prefactor amounts to when the precondition of Corollary [.12]
is not satisfied. For this, we define

O = {1} U {2 < b <n: bsatisfies inequality (4.78) },

(4.92) O. = {1} J{2<b<m: bsatisfies inequality (£.85) },
and
E;, = {1} U {2 <b <1h: bsatisfies inequality (4.81) },

(4.93) E, = {1} U {2 < b <1 bsatisfies inequality 1.
Then the following is immediate from Lemmas [I.6] and
Proposition 4.13. Suppose that h satisfies
h(ms) < b < plms=b)
for some (m,s) € L. If N is odd, then the prefactor K* is given by

VL= Dt B, (0w e
' K> [Zieod a1 N'71] + [Zieou (N —a;- 1 N'=1)] N —ag i—o \&i
where ag = %—1—1, a; = % fori=1,....,m —1 and az = M. If N is even,
then the summations in (4.94) are over E4 and E,, respectively, and the terms a; are replaced by

a; defined in (4.54).

)(Nai),
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