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Abstract This paper considers a batch arrival M*/G/1 queue with impa-
tient customers. We consider two different model variants. In the first variant,
customers in the same batch are assumed to have the same impatience time,
and impatience times associated with batches are i.i.d. according to a general
distribution. In the second variant, impatience times of customers in the same
batch are independent, and they follow a general distribution. Both variants
are related to an M/G/1 queue in which the service time of a customer de-
pends on its waiting time. Our main focus is on the virtual and actual waiting
times, and on the loss probability of customers.
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1 Introduction

The performance analysis of queueing systems with impatience has recently
experienced a surge of interest (cf., e.g., the special issue [15]). On the one
hand, this is motivated by advances in approximating large queueing systems
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with abandonments via many-server asymptotics and related diffusion approx-
imations. On the other hand, it is triggered by the strong connection between
queueing systems with impatience and various application areas, ranging from
call centers and health care to perishable inventories and organ transplantation
systems.

We consider batch-arrival M/G/1 queues with impatient customers. Batches
of customers arrive according to a Poisson process with rate A, and the number
of customers in each batch follows a general discrete probability distribution
with probability function p, (n = 1,2,...) and mean E[B]. Service times of
customers are independent and identically distributed (i.i.d.) with probability
distribution function (PDF) G(z) (z > 0) and mean E[G]. We assume that
the service time distribution has a probability density function (p.d.f.) g(x)
(x > 0). Customers are served under the first-come first-served (FCFS) service
discipline, unless otherwise mentioned.

Each customer has her own maximum allowable waiting time, referred to
as the impatience time. If the elapsed waiting time of a customer reaches
her impatience time, she leaves the system immediately without receiving her
service. We assume that once a customer starts to receive her service, she
remains in the system until the end of her service, even if her impatience
time is expired. We consider two different models of batch-arrival impatient
customers. In the first model, customers in the same batch are assumed to
have the same impatience time, and impatience times associated with batches
are i.i.d. according to a general distribution. In the second model, on the other
hand, impatience times of customers in the same batch are independent, and
they follow a general distribution. Throughout this paper, we denote the first
model by M*/G/14Ggame, and the second model by M*/G/14Gg;ig. For both
models, we denote the PDF of the impatience time by the same notation H (x)
(z > 0). We assume that customers may have infinite impatience time (i.e.,
such customers are patient), so that H(x) may be defective:

lim H(z) =1— he. (1)
Tr—ro0
In the M*/G/14Ggame queue, hs € [0, 1) represents the probability that a ran-
domly chosen batch consists of patient customers, while in the M*/G/14+Gqa;g
queue, it represents the probability that a randomly chosen customer is patient.

Related literature. The case of batch arrivals in a queueing system with im-
patience has not yet received much attention. A key reference is [20], which
considers the M*/M/c+D queue, and which focuses on the loss probability,
providing an exact expression for it in terms of the waiting time distribution
of the ordinary M*/M/c queue. We refer to p. 364 of [16] for an overview of
the literature of the single server queue with impatience. See [1,2,14,26] for
GI/G/1+4G, [12] for GI/G/1+D, [23] for M/G/1+M, [8,17] for M/G/1+PH,
[3,12,14] for M/G /14D, [1,2,5] for M/G/1+G. All these references concern
impatience w.r.t. waiting time. Impatience w.r.t. sojourn time is being con-
sidered in [8], and also in [5]; to distinguish between the two, one might use
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the notations +GY and +G® for impatience w.r.t. waiting and sojourn time,
respectively. An exact analysis of queueing systems with impatience and multi-
ple servers is not only given in [20], but also, e.g., in [4,7]. See, furthermore, [6]
for bounds and approximations for the loss probability, [19] for waiting time
approximations and, e.g., [30] for asymptotics and [28] for a diffusion control
problem for a multiserver queue for which the tradeoff between blocking and
abandonment is studied.

Main results. A key observation of the paper is, that the virtual waiting time
(workload) in both the M*/G/1+Ggame and M*/G/14+Gaig queue can be
viewed as the workload in an M/G/1 queue in which the service time of a
customer depends on its waiting time y in a particular way (PDF G(w | y)).
We derive an expression for the workload density in that M/G/1 queue. We
also express the loss probability in the M*/G/14+Ggame and M*/G/14+Gaig
queue into that workload density. In subsequent sections G(w | y) is worked
out in detail for the M*/G/14Ggame and M*/G/14+Gaix queue. We thus de-
rive the distribution of the steady-state workload and waiting time, and also
the loss probability, in those batch arrival models with impatience.

Notation. For convenience of the notation, we define ,, (n = 1,2,...), G(x)
(x >0), and H(z) (x > 0) as the complementary PDFs given by

Pn = Zpkv (2)
k=n
G(z) =1-G(x), H(z)=1-H(z),

respectively. Note here that
P =1 3)

We define ¢(™ (z) (z >0, n =1,2,...) as the n-fold convolution of g(x), and
G™(x) (x>0,n=1,2,...) as the corresponding PDF.

g V(@) =g(x), g™ (@)=g" Vxg(x), n=23,...,
") = [ ™).
0
We also define p as the traffic intensity.
p = AE[B]E[G].

To avoid inessential complications, we assume G(0) = 0 and H(0) = 0, i.e.,
there are no customers with zero service times or impatience times. Empty
sum and empty product terms are defined as zero and one, respectively.

Organization of the paper. In Section 2, we discuss properties of the vir-
tual waiting time and the loss probability which the M*/G/14+Ggame and
M*/G/14Gaist queues have in common. In Section 3, we focus on the M*/G/14+Ggame
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queue. We consider the stability condition, the number of losses, and the ac-
tual waiting time distribution. The obtained expressions simplify considerably
for the special cases (geometric batch size, exponential service times, expo-
nential patience) which are treated in Subsection 3.2. The M*/G/1+Gaig
queue, which is considered in Section 4, is considerably more complicated
than the M*/G/14Ggame queue; we have to be satisfied with results for the
Mg /G/1+Gag queue (virtual waiting time, number of losses) and for the
M*/M/14+Mgig queue. In the latter case, we can determine the queue length
and virtual waiting time distribution, as well as the number of losses.

Section 5 is devoted to the M*/G/14+D queue, i.e., a queue with con-
stant impatience, which is a special case of both the M*/G/14+Ggame and the
M*/G/14Gaigr queue. We obtain the distributions of virtual and actual wait-
ing time. In addition, we conduct an analysis of the busy period. Finally, we
conclude this paper in Section 6.

2 Unified observation for virtual waiting time and loss probability

In this section, we briefly discuss some properties of the virtual waiting time
(workload) and the loss probability which the M*/G /14 Ggame and M*/G/1+Gaigt
queues have in common. Regarding each batch as a single customer, we obtain
single-arrival queueing models whose virtual waiting time processes are iden-
tical to those of the original M*/G/14Ggame and M*/G/14+Gaig queues. It is
readily verified that each of these single-arrival queueing models can be formu-
lated as an M/G/1 queue with service times dependent on waiting times [22],
which have the following features.

(i) Customers arrive according to a Poisson process with rate A,
(ii) All customers are patient, i.e., they do not leave the system before their
service completion, and
(iii) The service time of an arriving customer who finds y (y > 0) amount of
work in system is distributed according to a PDF G(w | y) (w > 0).

We define the mean service time of a customer who finds y amount of work in
the system, B(y), (y > 0) as

5w = [ wiGw|y. (®)
w=0

In the M/G/1 queue with service times dependent on waiting times, the system

is stable if the following conditions are satisfied.

AB(y) < oo for all y > 0, limsup AS(y) < 1. (5)

Y—00

Remark 1 [22] states that this stability condition is proved in [11]. Intuitively,
(5) implies that the mean amount of work brought into the system per time
unit is less than one if the workload in system is sufficiently large. Note that
a similar stability condition is derived in Theorem 10.2 of [21] for an M/G/1
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queue where both the arrival rate and the service time distribution are depen-
dent on the workload.

Once the two-variable function G(w | y) (w > 0, y > 0) is given, and
if it satisfies (5), we can characterize the stationary virtual waiting time of
this single-arrival model as follows. To make the notation simpler, we define

Gwl|y) (w>0,y>0) as

Gwly)=1-Gw|y).

Let v(x) (x > 0) denote the PDF of the stationary virtual waiting time, and
let my denote the stationary probability that the system is empty. Note that

o + /000 v(z)dr = 1. (6)

+

Using the level-crossing argument [9,13], we have

x

vla) = AmG(o | 0)+ A [ G-y Py =0 (0

This is a Volterra integral equation of the second kind, whose solution is
uniquely given by

x) =mo Z On(x), x>0, (8)
n=1
where {¢,,(x),z > 0},=1,2, .. is a sequence of functions defined as
¢1(x) = AG(x]0), x>0, (9)
(z) —)\/ bn-1(y)G(z —y | y)dy, z>0,n=2.3,.... (10)

Furthermore, 7 is obtained from (6):

—1

1+i0n] : (11)

oo
cn:/ On(x)dx, n=12,....
0+

Therefore, once G(w | y) (w > 0, y > 0) of the M*/G/1+Ggame and
M*/G/14+Gair queues are derived, mg and v(xz) (x > 0) in these models are
immediately obtained. In addition, we can also obtain the loss probability
based on this. For each of the M*/G/14+Ggame and M*/G/14+Gaig queues,
let Poss denote the stationary loss probability, i.e., the probability that a
randomly chosen customer leaves the system without receiving service. The
following theorem shows that P, is given in terms of mg, as is the case for
the single-arrival M/G/14+G queue [14].

where



6 Yoshiaki Inoue et al.

Theorem 1 In each of the M*/G/1+Gsame and M*/G/1+Gaig queues, Plogs
is given by

1—
Ploss =1 — o . (12)
p

Proof Applying Little’s law to the server, we obtain
1 =m0 = AE[B] - (1 - Ross) - EIG],
which implies (12). O
Theorem 1 can be intuitively understood by rewriting (12) into

1_
1_-Ploss: 7T0~
p

The right-hand side of this equation represents the ratio of the amount per
time unit of processed workload 1 — my and that of offered workload p. When
customers arrive one by one, i.e., in the M/G/1+G queue, 1 — P is also
equal to
o0 JR—
o +/O+ v(y)H (y)dy. (13)

The following corollary is an extension of this relation to the M*/G/14+Ggame
and M*/G/14+Gaig queues.

Corollary 1 Py satisfies

oo

A03(0) +/\/ v(y)B(y)dy

1- Hoss = yp:O+ ) (14)

where B(y) (y > 0) is defined as (4).
Proof Note that (4) implies

s0) = [ aGtly [

w=0 t=0

= / dt/ dG(w | y)
t=0 w=t

= / G(t | y)dt, y > 0. (15)
t=0

Taking the integral of both sides of (7) over x € (0, 00), we obtain
o0 xT o
1 —mp = AmoB(0) + )\/ dx/ Gz —y | y)v(y)dy
=0+ y=0+

= Amof(0) + A v(y)dy/ Gz —y|y)dx
y=0+ =y
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A0w®+éwz@www)

=04+

It then follows from Theorem 1 that

oo

Ammm+x/ o()BW)dy = p(1 — Pios),

y=0+
which implies (14). O

In the M/G/1+G queue, AB(y) = pH (y) holds for y > 0, so that the right-
hand side of (14) reduces to (13). Also, it is easy to see that the numerator
of the right-hand side of (14) can be interpreted as the amount of processed
workload per time unit, which is also equal to 1 — 7y as mentioned above.

We derive G(w | y) (w > 0,y > 0) for the M*/G /1+Ggame and M*/G/1+Gaigr
queues in Sections 3 and 4, respectively. Using the above results, we then derive
stability conditions of the original models, and obtain v(z) (z > 0), 7, Ploss,
and other performance measures. We also discuss the M*/G/1+D queue in
Section 5, which is a special case of both M*/G/14Ggame and M*/G/14+Gaig
queues.

3 The M*/G/1+Ggame queue

In this section, we consider the M*/G/14+Ggame queue. We assume that cus-
tomers of the same batch have the same impatience time, which is distributed
according to a general distribution with the PDF H(z) (z > 0).

3.1 General case

We first derive G(w | y) (w > 0, y > 0) defined in Section 2. Suppose an
arriving batch sees A amount of work in the system. Let Njoss (resp. Nadmit)
denote the number of lost (resp. admitted) customers in this batch. Further let
W; (i=1,2,..., Naamit) denote the service time of the ith admitted customer.
We define the joint conditional probability F'(n, k;wy,we,...,wg | y) (y > 0,
wy > 0,we >0,...,w,>0,n=0,1,.., k=1,2,...) as

F(n, k;wy,wa, ..., wg | y)
= Pr(Nioss = 1y Nadmit = k, W1 < wy, Wa <ws, ..., Wi <w, | A=y).

We further define f(n,k;wi,wa,...,wg | y) (y >0, w; > 0,wg >0,..., wg >
0,n=0,1,..,k=1,2,...) as

akF(nvk;wlaw27-"7wk | y)

fn ks wy,we, .. wg | y) = . (16)

8w18w2 s awk
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Lemma 1 f(n,k;wi,we,...,w | y) (y > 0, wy > 0,we > 0,...,w > 0,
n=0,1,..., k:: ,2,...) s given by
fO, k;wy,wa, ..., w | y)
k—1 k
= pkH(y + Y wm> [T 9w,
m=1 i=1
flny kywy,wae, .. wi | y)
k—1
= Pn+k [H<y+zwm)H( anL)]ngla n=12....
m=1 m=1
Proof Lemma 1 follows from the definition of f(n, k;wy,ws, ..., wg | y)- O

Lemma 2 In the M*/G/1+Gsame queve, G(w | y) (w >0, y > 0) and B(y)
(y > 0) are given by

Glw | y) = B)T(w) + / "Hiy ) S Bre® )G — wydu, (17)
k=2

(18)

where {Gp}n=1,,. denotes a sequence of i.i.d. random variables distributed
according to the service time distribution G(x).

The proof of Lemma 2 is provided in Appendix A.
Theorem 2 The M*/G/1+Gsame queue is stable if
p < 00, phe < 1. (19)

Proof The mean batch size E[B] is given in terms of p,, (n =1,2,...) by

= ann = anzl = Zﬁl
n=1 n=1 =1 i=1
It then follows from (18) that
E[GE[B]he < B(y) <E[GIE[BIH(y),  y=0,

which implies

phee < AB(y) < pH(y),  y =0,
and, cf. (1),

lim AB(y) = pheo

Y—>00

Therefore, if (19) holds, the stability condition (5) is satisfied. O
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In the rest of this section, we assume that (19) holds, so that the system is
stable. Recall that under this assumption, the stationary virtual waiting time
distribution is immediately obtained from (8) and (11).

We next consider the number of losses. Let Poss(n) (n = 0,1,...) denote
the probability that the number of lost customers in a randomly chosen batch
is equal to n. Also, let Pogs(n | ) (x > 0, n=0,1,...) denote the conditional
probability that the number of lost customers in a randomly chosen batch is
equal to n, given that this batch finds x amount of work on arrival. Owing to
PASTA, Pioss(n) is given in terms of Pogs(n | ) by

Ploss(n) = 7T'Oploss(n | 0) + / BosS(n ‘ x)v(m)dx, n=0,1,.... (20)
0+

Theorem 3 Pss(n|z) (n=0,1,..., 2 >0) is given by

0 k—1
Ploss(o | JJ) = ZpkE F(-T + Z Gm) , (21)
k=1 N m=1 - )
Poss(n | 2) = puH(@) + > pusiB [H (2 4+ > Gn) = H(2+ Y G ) |
k=1 m=1 m=1
n=12.... (22)

Proof Theorem 3 immediately follows from Lemma 1 and the following rela-
tions.

PIOSS(O\x):Z/ / / F0, ks wy,we, ... wg | @)
k=1 w1:O U)2:0 ’LUkIO
sdwpdwg_q - - - dwq,

Ploss(n‘x):an(l‘)_A,_Z/oo /Oo /OO f(n,k§w1’w2’.”7wk|x)

0 7JJ2:0 wk:0

g
Il

dwrdwg_1 -+ - dwy.
O

Finally, we consider the actual waiting time of each customer. For a ran-
domly chosen customer, let H denote her impatience time, and let Ngong
denote the number of customers of the same batch who are in front of her.
Let A denote the workload in system seen by the batch which contains the
randomly chosen customer, and let Wl (i=1,2,..., Nront) denote the service
time of the i-th customer of the batch. We then define Q(0 | y) (y > 0) and
Q(nywy,wa, ..., wy, |y) (y >0, w; >0, ws >0,...,w, >0,n=1,2...)as

Q(O ‘ y) = Pr(Nfront =0,H >y | A = y)7 (23)

and

n
Q(n;whw%“wwn | y) = Pr<Nfront = naH > y+ZW’Lv
=1
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Wl§w17W2§w27---aWn§wn|A:y)'

(24)
We define g(n;wi,wa,...,w, | y) (y > 0, wy > 0, wy > 0, ..., w, > 0,
n=12,...) as
- w |y):8"Q(n;w1,w2,...,wn|y)
y W1, W2y...,Wn 6?1)1871128711” .
We further define giota(w | y) (w >0,y >0, n=1,2,...) as
Grotal(w | y) = q(L;w [ y) (25)
i w w—w1 W—W] — W2+ —Wn_2
Sl
n=2 v w1=0+ Jwz=0+ Wy —1=0+
n—1

'Q<”;’w1,w27~-~,wn—17w* E w | y)dwn—ldwn—2"‘dw1-
i=1

(26)

Lemma 3 Q0 | y) (y > 0) and q(n;wy,wa,...,w, | y) (y > 0, w1 > 0,
wy >0, ..., w, >0, n=1,2...) are given by

Pny1 & - -
afmiwn, e |4) = EE A+ 3 wa) [Totwd. 9

Proof Because A and Npong are independent, (23) and (24) are rewritten to
be
Q0| y) = Pr(Ngont = 0) Pr(H > y),

and
Q(n;wlana s, Wy ‘ y)

— Pr(Npon = n)Pr(H Sy+ Y W, Wi < wy, We < wa,.. Wy < wn>.
m=1

We then obtain (27) and (28), using (3) and

oo

kpk 1 ﬁn—&-l
Pr(Ntont = = T = s = 7].,....
*(Nivons = 1) ZE[B}k g "0
k=n+1
O
Corollary 2 giotai(w | y) (w >0, y > 0) is given by
Hy+tw <~ @

Gotal(w | y) = W E pn+19( )(w). (29)

n=1
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Proof Tt follows from (26) and Lemma 3 that

qtotal(w ‘ y) = E[B] F(y + w)g(w)
i = g w w—wq W—W]—Wo——Wp—_2
+ L H(y +w) / /
n=2 E[B] w1 =0+ Jwa=0+ Wy —1=04+
n—1 n—1
: { H g(wi)} g(w - Z wi)dwnfldwn72 e dwy,
=1 =1
which implies (29). O

Remark 2 Tt follows from (15), (17), (27), and (29) that

w

Glw|y) = E[B] (Q(O WG + [

w1 | 9)C w0 — u)du) ,
0+

w>0,y>0, (30)

B(y) = EIBIEIGIQ(O0 | y) + E[B] / Oj dw / " ot | 9w — w)du

w =0+
= § -Q(0 | y) + E[B] /:_OM Grotal (u | y)du /:u G(w —u)dw
_2 (Q(O o)+ /O (] y)du> . yzo (31)

Let D denote the actual waiting time of a randomly chosen customer who
is not lost. Let D(z) (z > 0) and d(z) (z > 0) denote the PDF and the p.d.f.
of D, respectively. Note that

D(0) + /O:C d(z)dz = 1. (32)

The following theorem follows immediately from the definitions of Q(0 | x)
and Qtotal(t | y)

Theorem 4 D(0) and d(x) (x > 0) are given by

o 1 ) o ™0
N ]- - ]Dloss FOQ(O | O) B (]- - PIOSS)E[B]’ (33)

x

Togiow( | 0) + v(2)Q(0 | 2) + / V() ot (@ — | 1)t -

- 1 - Boss 0+
(34)
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Remark 3 Using (14) and (31), we can verify that

o0

1 _-Ploss - ’/TOQ(O | O)+/

[qutotal(x | O) + ’U(SL’)Q(O | CL’)
0+

Jr/ V(t)qrotal(x — t | t)dt|dx,
0+

so that (33) and (34) satisfy the normalization condition (32).

The actual waiting time distribution is thus given in terms of the virtual
waiting time distribution. In addition, it is directly given by the solution of a
Volterra integral equation of the second kind as follows.

Lemma 4 d(z) (x > 0) satisfies the following integral equation.

d(x) = D(0)H (x) (Acbmh(x) +> Porg™ (x))

xX

+ \H(z) /0+ d(y)Graten(x — y)dy, x>0, (35)

where Gparen(z) (x> 0) is defined as
Ghraten(r) = 1 — anG(") (x). (36)
n=1

The proof of Lemma 4 is provided in Appendix B.

Remark 4 It py =1 and p, =0 (n = 2,3,...), ie., in the M/G/14+G queue,
we have

o

D) = ———,
( ) 1- Ploss
and (7) is rewritten to be

x

v(z) = AmoG(z) + A / )G - )y

It then follows that

d($) = % [)\ﬂ'OG(x) + A(l — Ploss) /Oj d(y)é(x - y)dy
— AD(O)H(2)C(x) + NH () / )G iy

which is consistent with (35), because p,, = 0 (n = 2,3,...) and Gpaten () =
G(z) (x > 0) in this case.
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Theorem 5 d(z) (z > 0) and D(0) are given by

d@) = D(0) Y. bpale), >0, (37)

D(0) - 1+icn,n] , 59)

where {¢p n(x); & > 0}p=12,.. is a sequence of functions given by

¢p,1(x) = H(z) (AGbatch(x) + D Prngrg™ (fC)) ; (39)

¢p.n(z) = NH () /0+ ¢D,n—1(Y)Graten ( — y)dy, n=23,..., (40)

and cp, (n=1,2,...) is given by

chn:/ ¢p . (z)dr.
0+

Proof (37) and (38) is proved in the exactly same way as (8) and (11), using
Lemma 4 and (32). O

Remark 5 Using (12) and (33), we can verify that

_ o - Top
PO = =R, JFIB] ~ 0= ro)EIB]
which implies B
_ E[B]D(0)
0= S TE[BID(0) (1)

Therefore, g is given in terms of D(0). Furthermore, using (12) and (41), it
is verified that Plogs is also given in terms of D(0) by

1

Poss =1 ——.
: p+ E[B]D(0)

(42)

3.2 Special cases

In this subsection, we consider several special cases of the M*/G/14+Ggsame
queue. In Section 3.2.1, we show that the expression for the number of losses
given in Theorem 3 is much simplified in the M8 /G/14+Ggame queue. Next,

we derive a specialized formula for the actual waiting time distribution in the
Mee° /M/14+Ggame queue in Section 3.2.2. We consider the M*/M/14+Mgame
queue with general batch sizes in Section 3.2.3, and obtain the Laplace-Stieltjes
transform (LST) of the virtual waiting time. Finally in Section 3.2.4, we con-
sider the M&°° /M /14+Mgame queue, which is the intersection of the M&° /M /14 Ggame
and M*/M/14+Mgame queues.
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3.2.1 ME°® /G /1+Gsame queue

We assume that sizes of batches follow a geometric distribution, i.e.,
Pn = (1—a)a™ !, n=12..., (43)

where « € [0,1). In this case, the traffic intensity p is given by

AE[G]
= . 44
P=T (44)
Note that (2) is reduced to be
pn an717 n= ]'7 2’ 7 (45)
so that we have from (17) and (18)
Gw|y) =HyG(w)+ [ Hy+u))y_ og"™()G(w—u)du,
0 k=1
[eS) k—1
Br) = BIG) Y o* 1B |H (2 + 3 G (46)
k=1 m=1
Theorem 6 In the M3 /G/1+ Gsame queue,
(i) Poss(n|x) (n=0,1,...) is given by
Pioss(0 | 2) = M@ s, (47)
p

Ploss(n | ) = [1 — Ploss(0 | 2)](1 — a)a”_l, x>0,n=1,2,...,(48)

and
(i) Poss(n) (n=0,1,...) is given in terms of the loss probability Poss by

-Ploss(o) =1- P10557 (49)
Ploss(n) = Pioss(1 — a)a™ !, n=12.... (50)

Remark 6 (48) implies that the conditional number of lost customers in a
batch [Nipss | Nioss > 0] is distributed according to the geometric distribution
with parameter 1 — a. This is almost obvious from the memoryless property
of geometric distributions.

Remark 7 (49) can be understood intuitively as follows. Let M denote a
generic random variable for sizes of batches. For a randomly chosen customer,
let M denote the number of customers in the same batch who are in front of
her. 1 — Poss is then given by the probability that A + Zi\f:l G, is less than
H, where H denotes a generic random variable for impatience times. On the
other hand, Plyss(0) is given by the probability that A+ er\l/[:_ll G, is less than
H.If M is geometrically distributed, M and M —1 have the same distribution,
so that (49) holds.
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Proof We first consider (i). (47) immediately follows from (21), (44), and (46).
Similarly, (48) is obtained from (22) as follows.

Poss(n | £) = (1 —a)a™ ' H(x)

+(1- a)a"_l{z o"E

k=1

F(m +) Gm)]

—(1-a) Z o
k=1

=(1-a)a" " {H(z)+aH(z)+ (1 — a)H(z) — Poss(0 | z)}
= (1—a)a" M1 — Poss(0 | 2)].

Next, we consider (ii). Using (20) and (47), we have
A A
]Dloss(o) = 7-(06(0) +/ 6(5U) . ’U(’I‘)dl?
p 0 P
(49) thus follows from (14). Similarly, for n = 1,2,..., (20) and (48) imply

Faet) = (1 = )"~ [10[1 = P01 0]+ [ "1~ a0 900}
= (1—a)a" (1 = Poss(0)). '
We then obtain (50) from this equation and (49). O
3.2.2 MB°® /M /1+Gsame queue
In this subsection, we assume (43) and
g(x) = pexp[—pz], x>0, (51)

where p > 0. It follows from (44) that

A

T
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In this case, we have

(e D(g o bl ueXp [—par]) ()2
2 Pt =2 ot (]
= o exp|—pa] explapuz]
= apexp[—(1 — a)ua]. (53)

(17) is then reduced to be
G(w | y) = H(y) exp|—puw]
+ap [y u)expl—(1 - a)pa]expl-p(w ~ wldu
0

— expl-pun] [ +ap [ Ty + wexplodaa] . 64

Although G(w | y) in (54) takes a simpler form than the general case (17), it
does not seem to substantially simplify the formulas (7) and (8) for the virtual
waiting time.

On the other hand, Gpaten(z) (z > 0) given by (36) is reduced to be

abatch(a:) =1- i(l — a)an71 <1 — Ti mH:ﬂW)

n=1 m=0
= i 1—a)a" ! Z expl= )
=y SR S ggart
m=0 : n=m+1
_ z_zo eXp[—uzj!(auz)
= exp[—(1 — a)pax]. (55)

This leads to a specialized formula for the actual waiting time distribution,
which is given in the following theorem.

Theorem 7 In the M®° /M/1+Gsame queue, D(0) and d(z) are given by
d(x) = (A + ap)D(0)H(z) exp[A () — (1 — a)pa], x>0, (56)

{1 + /Oo()\ + ap)H(z)exp[\J (z) — (1 — a)px]dx ) ,(B7)
0+

D(0)

where

:/ H(y)dy, z > 0.
0
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Proof Because (57) immediately follows from (56) and the normalization con-
dition (32), we consider (56) below. Recall that d(x) (x > 0) is given in terms
of ¢pn(z) (x> 0,n=1,2,...) by (37). Using (53) and (55), we rewrite (39)
and (40) as

¢p.1(z) = H(z) (Aexp[—(1 — a)puz] + apexp[—(1 — a)pa]),

x

¢p.n(x) = NH () . oD.n-1(y) exp[—(1 — a)u(z — y)]dy, n=23,....

We then define ¢p ,,(z) (z >0, n=1,2,...) as

Op.n(2) expl(1 = a)pia]

It is easy to verify that ¢p ,(z) satisfies
Yp,1(x) = H(z), (59)
Ypn(z) = \H () Yp.n—1(y)dy, n=23,.... (60)

0+
By induction, we prove
n—1
oy M @) _

wD’n(x)_H(x).W’ z>0n=12.... (61)

For n = 1, (61) immediately follows from (59). We then assume that (61) holds
for some n = m (m = 1,2,...). Under this assumption, it follows from (60)
that

¥p.mi1(z) = NH(z) /Oi ()\J(g?)@) 1){{(21) dy

= d [ (A"
<x>/0+dy[m! ]dy
. M)

m)!

[
=

|

)

so that (61) also holds for n = m + 1. Therefore, we have (61) forn =1,2,.. ..
It then follows from (58) and (61) that

ZQSD”L( A+ ap) Zq’[}D" z) exp[—(1 — a)pux]
—1 n=1
= (A g TT () explAT (@) expl—(1 — a)pea].

(56) now follows from this equation and (37). O
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As mentioned in Remark 5, my and Pogs are given in terms of D(0). There-
fore, the number of losses Poss(n) (n = 0,1,...) in the M2°/M/14+Ggsame
queue can be obtained from Theorems 6 and 7. Based on these results, we
derive ordering relations of Ploss and Poss(n) (n = 0,1, ...) with respect to the
variability of impatience times. Let H denote a generic random variable for im-
patience times. Further let L denote a generic random variable for the number
of losses in a randomly chosen batch, i.e., Pr(L =n) = Pogs(n) (n =0,1,...).

Definition 1 ( [24, Theorem 3.A.1])

Let X and Y denote two non-negative random variables with the same
finite mean E[X] = E[Y] < co. X is said to be smaller than or equal to Y in
the convex order (denoted by X <., Y) if and only if

/ Pr(X > u)du < / Pr(Y > u)du, for all > 0.

Remark 8 The convex order compares the variability of random variables.
Note that X <. Y = E[X] = E[Y] and Cv[X] < Cv[Y], where Cv[] de-
notes the coefficient of variation [24, Eq. (3.A.4)].

Theorem 8 Consider two stationary ME° /M/1+4 Gsame queues with the same
arrival rate A, the same batch size distribution p, = (1—a)a™ ™t (n=1,2,...),
the same service time distribution G(x) (x > 0), and the same finite mean
impatience time E[H] < co. We denote quantities in the k-th (k =1,2) queue
with a superscript (k). It then follows that

2
H<1> Scx H< ) = Plf)si — P)l<os>s’ (62)
and
HY < H® = LM <, L®), (63)

where <y denotes the usual stochastic order, which is defined as [24, Page 4]
LY <, L <¢§:a }:a& foralli=1,2,....

Remark 9 (62) is an extension of the ordering property of Py in the single-
arrival M/M/1+4+G queue mentioned in [27]. Also, a related result in the single-
arrival M/G/14+G queue can be found in [18].

Proof We first consider (62). Because of (42), Ploss increases with D(0) when
p and E[B] are fixed. Therefore, it is sufficient to show

HY < H® = DM(0) < D?(0). (64)

We rewrite the integral in (57) by partial integration.

/OO()\ + ap)H(z) exp\J (z) — (1 — a)px]dx
0+
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_Atan /OOO exp[—(1 — a)px] - 4 [exp[AJ(m)]}dw

h N dx
_ 2 4—/\% [eXP[—(l — a)px] - eXp[/\J(x)}]ZO o)
+(A‘%a“¥1_*ﬂ“u£+<xpk%1—*ﬁﬂxyexmAJ@Ndx

A tap Atap [
= + p /0+ exp[—(1 — a)pz] - exp[AJ(z)]dz. (66)

Note here that lim, o, exp[—(1 — a@)px + AJ(x)] = 0 follows from the stability

condition \h
hoo = ——o— < 1.
Ple = T =a)u
Because the two queues have the same mean impatience time E[H] < oo, we
have

J® () = E[H] — / 7%y, k=12,
and therefore,
HY < H® = J<1>(x) > J@ (z), for all z > 0.

(64) now follows from (57) and (66). We thus proved (62).
Furthermore, (63) immediately follows from (62) because (50) implies

SRR =B N (1-a) ", k=12i=12,....

3.2.8 M* /M /14 Mgame queue

Here, we assume that batch sizes are generally distributed. We assume (51)
and o
H(z) = exp[—nz], x>0, (67)

where 7 > 0. In this case, (17) is reduced to be

Clw | y) = exp|—ny] exp|—pe] + / " explon(y + )

e} expl—uu U k—2
3 AP expl )
k=2
. 1 " mexpl—nul (qu)*~*
= exp[—ny — pw] 1-1-;::2]91@(,“/77)]~C 1/0 (k—2)! du

= exp[—ny — pw] |1+ Zﬁk(u/n)k‘l Z W
k=2 j=k—1 :
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= exp[—ny|R(w), (68)
where

R(z) = exp[— Z (u/m)*~ i explnal ()’

|
=1 j=k—1 J:

We define R (s) (Re(s) > 0) as

(s) = /000 exp|—sz|R(z)dz.

Also, we define v*(s) (Re(s) > 0) as the LST of the stationary virtual waiting
time.

v*(s) = m + /oio exp[—sz|v(z)dz. (69)

Lemma 5 R (s) (Re(s) > 0) is given by

[e%e] k—1
—% 1 _ 12
R = E _ .
(S) n+s Pk <u+7]+s) (70)

k=1

Proof By definitions of R(z) and R (s), we have

Zpk /)"~ H /w(8+u)exp[—(8+u)w‘]
, i exp[—nz](ne)’ |

‘ x
j=k—1 J:
] k—1
1
=Snn o ()
— s+u S+ pu+n
which implies (70). O

Remark 10 Let p*(z) (]z|] < 1) denote the probability generating function
(PGF) of the batch size distribution.

oo
z) = Z 2" .
n=1

We can rewrite (70) as

g
R (s) = . 7i .
H+s 1—
p+n+s
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Theorem 9 In the M*/M/1+Msame queue, the LST v*(s) (Re(s) > 0) of the
stationary virtual waiting time is given by

v*(s) = mo + Mo Z H AR (s + kn). (71)

n=0 k=0

Furthermore, g is given by

1+ i ﬁ AR*(kn)] . (72)

n=0 k=0

Proof Tt follows from (7), (68), and (69) that

oo x

exp[—sx]dm/ R(x — y) exp[—nylv(y)dy
+ y=0+

v*(s)

7o+ MR (s) + /\/

=0

=70+ MoR (s)

oo

LA / °°0+ expl—sy] expl—nylv(y)dy / R(z — y) expl—s(z — y)}dz

=70+ MR (s) + A[v*(s + 1) — 7] R (s)
To + AR (s)v*(s +n). (73)

(71) is then obtained from the iteration based on (73). Note that (72) immedi-
ately follows from (71) and lim,_,o4 v*(s) = 1. Finally, it should be observed
that the infinite sums in (71) and (72) converge; this follows using d’Alembert
ratio principle, since |AR (s + kn)| < 1 for k sufficiently large. O

3.2.4 MB /M/1+Msame queue

We consider the M2 /M /14+Mgame queue, i.e., we assume that (43), (51), and
(67) hold. Note that this model is a special case of both of the models discussed
in Sections 3.2.2 and 3.2.3.

Corollary 3 In the ME®°®/M/1+M queue, my and v*(s) (Re(s) > 0) are given

by
A At ap R A o
o R ;)kHlknJr(l—a)u ’ (")
oA mo(A+ ap) o=
v*(s):7r0+s+u P ZHs+kn+ O (75)

n=0 k=1

Proof Using (45), we rewrite (70) as

[e’e) k—1
u+s§:1 (u+77+8)
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1 1
_,u+$ 1— ap
u+n+s
st+n+p

C(nt st (1 -a)p}
(71) is then reduced to be

(oo} n
s+k+n+pu
vi(e) =mo WOT;,EO (s +kn+ s+ (k+ D+ (1 - a)u}
_ s+ (n+1n+p T A
_“0+“0; s+ p kI;[Oer(kJrl)nJr(l*a)u
o is+(n+1)n+<1—a)u+auﬁ A
— 0 0
n=o S+ p i s Hkn+ (1= a)p
o is+<n+1>n+<1—a>u’ﬁ A
=Ty On:() s+ p k=18+k77+(1_0‘)/u‘
n+1 )\

”O,;swgs%nﬂl—a)u

oA Sl N A
=my+——+m
st 0;8+ugs+kn+(1—am
00 ap n+1 A
+
0;5+ugs+kn+(170¢)ﬂ

oA A+ ap A
=T+ —+7 .
st 02 s+ p ,gs+kn+(1—a)u

From this equation, (75) follows. (74) then follows from (75) and the normal-
ization condition lims_,g4 v*(s) = 1. O

Let d*(s) (Re(s) > 0) denote the LST of the actual waiting time.
d*(s) = D(0) —|—/ exp|—sz]d(x)dz.
0+

Corollary 4 In the M®°/M/1+M queue, D(0) and d*(s) (Re(s) > 0) are
given by

-1
B A+ gt e A
D(0) = |1+~ ,;),EkTI‘F(l—a)N] , (76)
oo n+1l
T'(5) = D)+ D) 2L S ] s+l<;77+)\(1—a)u' 7

n=0 k=1
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Proof Using (67), we rewrite (56) as

d(x) = (A + ap)D(0) exp[—na] exp[(A/n)(1 — exp[-na]) — (1 — &) pa]
= A+ ap)D(0) - exp[—{n + (1 — a)u}] - exp[(A/n)(1 — exp[—nz])]

= (A ) D(O) - expl—{n+ (1 — a)ya) 3 AL ORI

n!
n=0
We then have
. B V2
d*(s) = D(0) + (A + M)D(O)nz:% n! s+n+(1-a)u
. {s+n+ 1 —a)u}exp[—{s+n+ (1 —a)u}z]
- (1 — exp[—nz])"dz
= (A/n)" . A+ oap

= D(0)+ D(0) >

n=0

n! s+n+(1—a)u

1;[ k+177+(1—o¢)

A+ o A
= D(0) + D(0) - b\ %HH(HDHQ ap’

which implies (77). (76) now follows from (77) and lim,_,o4 d*(s) = 1. O

Remark 11 Tt is readily verified that (74) and (76) satisfy (41).

4 M*/G/14+Gaig queue

In this section, we consider the case that all individual customers of a batch
have i.i.d. impatience times. We assume that impatience times of customers are
distributed according to the PDF H(z) (x > 0). This case is mathematically
more complicated than the M*/G/14Ggame case, and we have to restrict atten-
tion to some special cases: the M2°/G/14+Ggig and M*/M/1+Mgig queues.
For the M&%°/G/1+Gaigr queue, we perform an analysis of the virtual waiting
time and the number of losses, in a similar way to that for the M*/G/14+Ggame
queue in the previous section. As we will see, results for the M8®°/G/14+Gain
queue are more complicated than those of the M*/G/14+Ggame queue, even
with the assumption of geometric batch sizes. For the M*/M/14+Mgig queue,
we take another approach based on the queue length process, which is formu-
lated as a continuous-time Markov chain with the skip-free to the left property.
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4.1 M&°°/G/14+Gaig queue

We assume that the batch size distribution is given by (43). Recall that once
we derive the two-variable function G(w | y) (w > 0, y > 0), we can obtain
the virtual waiting time distribution and the loss probability based on the
results in Section 2. Let f(n,k;wi,wa,...,wr | y) (x > 0, wy > 0,wy >
0,...,wg >0, n=0,1,..., k = 1,2,...) denote the joint conditional PDF
defined in the same way as in (16) for the M*/G/14+Ggame queue. We further
define f*(z, k;wy,wa, ..., wi | y) (>0, wy > 0,we >0,...,w >0, |z] <1,
k= 1,2,...) as the PGF of f(n,k;wi,ws,...,wr | y) with respect to the
number of losses n:

oo
f*(z7k;wl7w27"'awk|y) = Zznf(nak;wtha"'?wk | y)

n=0
To obtain f(n, k;wi,ws,...,wk | y), we introduce the following quantities.
Let Nl(oksl (]\71(0’?h = 0,1,..., Nioss) denote the number of lost customers in a

batch who are in front of the k-th (k=1,2,..., Naamit) admitted customer. We
define F*(z, k; wy,wa,...,wi |y) (y >0, |z] <1, w; > 0,wy >0,...,wg >0,
k=1,2,...) as

F*<Z,]€;’w1,’w2,...,U)k ‘ y) = Zznpr<Nadmit > kaN(

lo:

k) _
ss = b

n=0

Wi <wi, Wo <wg, ... , Wi <wp | A=1y).

We further define f*(z, k;wi,ws, ..., wg | y) (y >0, |2] <1, wy >0, wy > 0,
cowwp>0,k=1,2,...) as

- ok F* z,k;wy, we, .., w
f(zak;wl,wz,...,’wkly): ( 1 2 k‘y)

Ow10ws - - - Qwy,

Let H!(z,y) (J]z]| <1, y > 0) denote a defective PGF of the number of lost
customers when no customers are admitted in a batch, given that y amount
of work is seen by the batch.

[M]8

H;(Z,y) = 2" Pr(Nloss =1, Nadmit = 0 ‘ A= y)

Il
-

n

(1= a)a""H{H(y)}"

M

Il
-

n

l1-a

=z2H(y)  ———. 78
2H{y) 1 —zaH(y) (78)
Also let H,.(z,y) (|2 <1, y > 0) denote a defective PGF of the number of

(lost) customers in front of the first admitted customer in a batch when at
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least one customer is admitted, given that y amount of work is seen by the
batch.

oo
Hy\(,y) = Y 2" Pr(Noamie > 1, N

loss
n=0

—n|A=y) (79)

oo

=Y (- @)™ Y S H ) H) =
n=0

m=1

H(y)
1—zaH(y)

Note that we have o

Remark 12 Tt is readily verified that H*(1,w) (resp. H,.(1,w)) denote the
PDF (resp. complementary PDF) of the greatest impatience time among cus-
tomers in the same batch.

Remark 13 Because sizes of batches follow the geometric distribution with
parameter 1 — « and they are independent of the amount of work seen on
arrival, it follows for any y > 0,

z(1 —a) — e
—— < = H H . .
U2 b o)+ 2Ho () e
Lemma 6 f*(z,k;wl,wg,...,wk ly) (y >0,z <1,w; >0,ws >0,...,w; >
0, k=1,2,...) is given by
Fr(z L | y) = Hy (2 9)g(w), (81)
k i—1
Pz kwnwa, .y | y) = o (g [T o (20 + 7w ) glwn),
i=2 j=1
k=2,3,.... (82)
In addition, f*(z,k;wi,wa,...,wg | y) is given in terms of the joint density
f*(Z,k;wh’U)g,...,'IUk | y) by
Fr (2 kywy,wa, . wy | y) = (2 ks wy,wa, . wy | )

. [l—a—FaHZ(z,y—l— Xk: wm)} (83)
m=1

Proof For k =1, (81) immediately follows from the definition (80) of F:;(z, Y).
We thus consider k = 2,3,.... Let Nr(fs)t (k=1,2,...) denote the number of
customers in a batch behind the k-th admitted customer, given that Naqmit >
k. Owing to the memoryless property of the geometric distribution, we have
Pr(NE =n)=(1—-a)”, n=01,.... (84)

rest

Therefore, we obtain

f*(Z,k;lUl,wg,...,'lUk |y)
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Zf*(Z,k—l;whwz,---,wk—l |y)'ZPr(Nr(ekst1) n)

= f*(Z,k - 1;'[01,’11}27 sy WE—1 | y) ' O[F; (Zvy + wm)g(wk)v

(82) now follows from (81) and (85).
Furthermore, it is easy to see that

f*(Z, /C; w1, W2, ...,Wg | y)
= f*(Z k'wl,wg, e, W ‘ y)
(P =00 Yot <t ).
n=1
(83) thus immediately follows from (78) and (84). O

To determine G(w | y), we consider the total amount of work brought into
the system. We define f . (2, k;w|y) (|2 <1, y>0,w>0,k=1,2,...) as

fora(z: w [ y) = f*(z, 1w | y),
and for k =2,3,...,

ft*otal(z’ k7w | y)

k—1
*(Z,k;wl,wz,---,wk_hw— E wmly)dwk_1dwk_z-~dw1.

m=1

s

We further define ft*otal(z; w | y) as
A > A
ft*otal(z;w ‘ y) = th*otal(zvk;w ‘ y)
k=1
Lemma 7 For fized z (|z| <1) andy (y >0), fi,..(zw | y) is given by the
solution of the following Volterra integral equation of the second kind.
ft*otal(z;w | y)

= T (2 ) / ez y) - 0T (e, y + wg(w — wdu, w> 0.
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Proof With (81) and (85), it is verified that f,,,(z,k;w | y) is given by the
following recursion.

Fora(z: w | y) = Hy(z,9)g(w),  w >0, (86)
Frualeokiw |9) = [ Fra(eok = L[ ) oL (2 + w)gloo = ),
w>0k=23,.... (87)
fi a1 (zw | y) thus satisfies
ft*otal(z;w | y)

= flota(z, Liw | y) + th*otal(z7k;w | y)
k=2

s w
=H_(z,9)9(w) + Z/ fora(z k= Liu|y) - aH, (z,y +u)g(w — u)du
g Jo+

—

=T (2 y)g(w) + / Foalz 1) - 0T, -+ w0 —

O
Theorem 10 In the M /G/1+Gaig queue, G(w | y) (w >0,y > 0) is given
by
Gl = [ i - ot ) (59)
Yy) = " 1 —aH(y+t) total Y )

where for fixzed y (y > 0), ftotal(w | y) is given by the solution of the following
Volterra integral equation of the second kind.

H(y)g(w) / Y aH(y+u)
— T + P A
0

frotal(w | y) = ] + frotal(u | y)g(w — u)du,

1—aH(y) y1—aH(y+u
w>0. (89)
The proof of Theorem 10 is provided in Appendix C.
Theorem 11 The ME°/G/1+Gair queue is stable if
p < 00, phoo < 1. (90)

The proof of Theorem 11 is provided in Appendix D.

Remark 14 Owing to Theorems 2 and 11, the M*/G /14 Ggame and M&° /G /1+Gg;g
queues have the same stability condition.

In the rest of this section, we assume (90). The stationary virtual waiting
time distribution is thus immediately obtained from (8) and (11).

Next, we consider the number of losses. We define P (z,k | y) (2| <1,
y>0,k=1,2,...) as

o0
F)If)ss(za k | y) = Z 2" Pr(Nloss =17, Nadmit = Kk | A= y)

n=0
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Lemma 8 P! (z,k|y) (12| <1,y >0, k=1,2,...) is given by
Poss(2,0 [ y) = Ha(2,9), (91)

k i—1
Plselesk [y) = Ho (2B | § [ of (20 + Y2 6))
=2 j=1

. [1 7OZ+OLH(>;<Z,y+ i G"lﬂ

m=1

where {Gp}n=12,. denotes a sequence of i.i.d. random variables distributed
according to the service time distribution G(x).

Proof (91) is obvious by definition (78) of HX(z,y). On the other hand, using
Lemma 6, we have for k =1,2,.. .,

f)lt)ss(zvk | y)
:/ / / f*(zak;wl,'lUQ,...7wk |y)dwkdwk—1"'dw1

w1=04+ Jwa=0+ wg =0+

- [ [ [ e
w1=04+ Jwo=0+ wr=0+

k i1 k
. HaFZ(z,y—kaj)g(wi) [1—a+aH§<z7y+Zwm)}
i=2 j=1 m=1
-dwpdwyg_1 - - - dw,
which yields (92). O

Let Pf (2| y) (2] <1,y > 0) denote the PGF of the number of losses in
a batch which finds y amount of work in the system on arrival (cf. Theorem
3).

Pz ly) = ZPIOSS(N | y)z".
n=0

Furthermore, let Bf_(2) (|z| < 1) denote the PGF of the number of losses.

Pl (2) = Z 2" Ploss (1)
n=0

Note that P (z) is given in terms of P _(z | y) by (cf. (20))

oo

PBi(2) = TP (2] 0) + / o(y) Pl | 1)dy.
0+
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Theorem 12 P, (z | y) (12] < 1, y > 0) s given by
oo k i—1

PBisz | 9) = Halzp) + Aoz ) Y B | [[ofo (20 + > 6))
k=1 i=2 j=1

k
. [1—o¢+aH;(z,y+mz_:le)]

Proof Theorem 12 immediately follows from Lemma 8 and

Pz |y) = Pig (2,0 | y) + > Pi(z,k | y).
k=1

4.2 MX/M/1+Mdiff queue

In this subsection, we assume that service times and impatience times are ex-
ponentially distributed, i.e., (51) and (67) follow, while the batch size distribu-
tion p, (n =1,2,...) is a general discrete distribution. Let L(t) (¢ > 0) denote
the total number of customers in the system at time ¢. In the M*/M/14+Mg;g
queue, it is readily verified that L(t) is formulated as a continuous time Markov
chain M = {L(t) € {0,1,...}; t > 0} with infinitesimal generator

A piA D2 P3A
po=A—p  piA P2
r=|0 p+n -A—-—p—-n  mA | (93)

0 0 w+2n —A—pu—2n---

Note that there always exists a non-negative integer K such that
(o]
> onppd<p+kn forallk>K,
n=1

and therefore M is irreducible and positive recurrent. Let @ = (mo,7mq,...)
denote the stationary probability vector of M.

wl' =0, e =1,

where e denotes a column vector whose elements are all equal to one.

Lemma 9 7, (n=1,2,...) satisfies

A
Eapp——_— s E S U 94
u+(n—1)n,§) g &9
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Proof We consider a censored Markov chain M (n = 0,1,...) obtained
by observing M only when L(¢) € {0,1,...,n}. It is easy to see that the
infinitesimal generator I'™ of M is given by

—A piA P2 Pn—1A DA
BoSA—p pIA e paa) B 1)
( 0 pu+n =A-—p—n-- Pn—3A D2
F n) = . . . . . . 9
0 0 0 e =A—p—(n—2)n DA
0 0 0 o pt+ =11 —p—(n-1)n
(95)
where p,, (n = 1,2,...) is defined as in (2). Note that p; = 1. Let (") =
(ﬂ(()n), ﬂ”), . ﬂﬁn)) denote the stationary probability vector of M),

Mt =, aWe =1.

It is readily verified that 7w(™ and the stationary probability vector of the
original Markov chain M satisfy

Come™ = (70, M1y« Tn)s
where ¢, = >, m;. Therefore, we have
(70,71, - - - ,wn)F(") =0,

and in particular,

n—1

> TP A = m{p+ (n—1)n} = 0.

k=0
We thus obtain (94). O
Remark 15 71,7, ... is recursively given in terms of 7y with (94). Therefore,

an approximation to m, (n = 0,1,...) can be computed using (94) and the
normalization condition

(o]

Z T, = 1.

n=0

Let 7*(z) (]z| < 1) denote the PGF of the queue length distribution.

n=1 n=1 k=0
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oo oo
= A E T2t E 2R
k=0

n=k+1
= ZAE[B] - 7" (2)p"(2),

where p*(z) denotes the PGF of the equilibrium distribution for batch sizes.

On the other hand, we have

> ma{n+ (n— Dnye" = (n—n)(x*(2) — mo) + 21 - dz(Z

Therefore, we obtain

dr*(z) AE[B]p*(2) p—m , .
e
_mole=n) ey L 5 (2) — L1
- +7r()n<AE[B]p() . )

Below, we consider a real-variable function ¢r, : (0,1] — R given by
(oo}
on(z) = Z Tpx'.
n=0

Note that ¢r,(x) (0 < x < 1) satisfies

d — 1 _
¢;£x) _ (p n;?)ﬂo -|-<Z5L(x)-H ()\E[B]p'*(x) - Mxn) , 0<z<1, (96)
and
Jim on(z) =m, (1) =1.

Theorem 13 7 and ¢r(x) (0 <z <1) are given by

-1

o = {1+AE”[B] /O /e (1) exp [AEW[B] /t 1 ﬁ*(u)du] dt} . (o7)

o1.(2) :w0{1+AE[f}x / D (1) - exp PEgB] /tx ﬁ*(u)du] dt}.
(98)

The proof of Theorem 13 is provided in Appendix E.
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Remark 16 TIf u < n, t**=M/7 on the right-hand side of (98) is singular at
t = 0. However, we can verify that

/ 1 t=m /M5 (t) exp PEW[M /t ’ ﬁ*(u)du] dt

0 T

1 E B T
= lim t=m/m 5% (tx) exp [)\ TE ]/ ﬁ*(u)du} dt
¢

a—0+ a z

E B x 1
1-exp {)\T)H/ ﬁ*(u)du] lim / =/ gy
0 a

a—0+

ME[B] [ _, 1 — grmm/ntl
—exp |—— p*(w)du| lim ——m———
nJo a=0+ (p—mn)/n+1

Remark 17 If the batch sizes are geometrically distributed, i.e., (43) holds, we
have

IN

XE[BIp" (=) = _Aaz.

In this case, ¢, (z) reduces to

1 T
A A 1
oL(x) =m< 1+ f/ t=m/n__ 2 exp f/ du| dt
1 Jo 1—atx N Jw 1 —au
1 A/ (nex)
1+ f/ fummym_ A (1= ote dt
n Jo 1—atx 1—-oax

A (ne)  p1
= 70 {1 4 ( ! ) / pu=m/n(y — am)VW)—ldt}
1—ax 0

A/ (ne)
) (o) =M= () () /0L

1
/ t(ufn)/n(l atm)/\/(”"‘)ldt}
0

A —(u=m)/n 1 A/(ne) A
:770{1+ (oz) ( ) B(am,u,> )
an 1—ax N no

where B(x;81,082) (x > 0, 1 > 0, B2 > 0) denotes the incomplete Beta
function.

z 1
B(x;51,52):/ tﬁl’l(l—t)ﬁfldt:aﬁl/ t911(1 — ta)P2 e,
0 0
p1> 0,582 > 0.

Therefore, with ¢r,(1) = 1, 7 is given by

—u/n A (na) -1
ﬂo{lJr)\a ( 1 ) B<a,'u,)\>} .
n 11—« n no
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4.2.1 Virtual waiting time and number of losses

We first consider the stationary virtual waiting time in the M*/M/14+Mqg;g
queue. Obviously, if the number of customers in the system is equal to n
(n =1,2,...), then the virtual waiting time is given by the absorption time
of an absorbing-state Markov chain with finite state-space {0,1,...,n}, the
initial state equal to n, and infinitesimal generator given by

0 0 o - 0 0
L= 0o --- 0 0
Op+n—p—mn--- 0 0
0 0 0 - —p—(n—2)n 0
0 0 0 - pu+(n—-1n —p—(n-1n

The LST v*(s) (Re(s) > 0) of the stationary virtual waiting time is then given
in terms of the stationary queue length distribution 7, (n =0,1,...).
T ot (=1

PR | P )

n=1

Next, we consider the number of losses in each batch. Let P(n, k) (k =
0,1,...,n,n=1,2,...) denote the conditional probability that the number of
lost customers in a randomly chosen batch is equal to k, given that this batch
contains n customers on arrival.

P(n,k) = Pr(Nioss = k | B=n),

where B denotes the number of customers in a batch, and Ny denotes the
number of lost customers out of B. Further let L denote the number of
customers in the system this batch finds on arrival. We define P,,(n,k) (k =
0,1,...,n,n=1,2....m=0,1,...) as

P, (n,k) =Pr(Nigss =k | Lo = m, B =n).
Because the size of an arriving batch is independent of the number of customers

in the system seen on arrival, it follows from PASTA that

P(n,k)=> mmPu(nk), k=01...nn=12... (99

m=0

Owing to the memoryless property of the exponential distribution, P,,(n, k)
(k=0,1,....,n,n =1,2,..., m = 0,1,...) can be recursively computed as
follows. For m = 0, Py(1,0) and Py(1,1) are given by

Py(1,0) =1,  Py(1,1) =0.
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Py(n, k) for n =2,3,... is then given recursively by

I

P, = . P(n-1,0),
ol 0) ot (n—1)n ol )
I (n—1)n
Po(nk)= —"— . Pn—1,k)+ ——2 . Py(n—1,k—1),
oK) = oy P LR e Ty, el )
k=1,2,...,n—1,
(n—1)n
Py(n,n) = ———1 . pPy(n—1,n—1).
olnam) p+(n—1)n oln—1n—1)
Similarly, for m = 1,2,..., we have
p+ (m—1)n
P.(1,00=2""" 0 p o 1(1,0),
(1,0) prgrap— 1(1,0)
—1
Pm(l,l) — w .pm_1(171) + N ,
{1 4man f4man
and
Pa(n,0) = HEm=Un_ 5 o)
m\'Y M+(m+n—1)n m— » M)
p+(m—1)n
P(n, k) = Po_i(n,k
T R T
-1
(n=1)n Pan—1,k—1), k=1,2...,n,

p+(m—+n—1)n

which determines P,,(n, k) (k=0,1,....,n,n=1,2,.... m=1,2,...).
Therefore, using (99), we can compute P(n,k) (k = 0,1,...,n) for any

n via an algorithmic approach. In addition, the probability function Pss(k)

(k=0,1,...) of the number of losses in a randomly chosen batch is given by

Py =S puP(n k).
n=~k

5 M*/G/1+D queue

In this section, we consider a special case of both M*/G/14+Ggame and M*/G/14+Gaige
queues, viz., the M*/G/14+-D queue. This is the case that impatience times of
customers are constant and equal to 7 (7 > 0):

H(z) = { boorsT (100)

0, T >T.
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Lemma 10 In the M*/G/1+D queue, G(w | y) (w >0, y > 0) is given by

ébatch(w)a y<tw<T-—Y,
Cwln) =3 g +S 5 [ G
(wy) = G(w) + Zﬁk/ g DV (W)G(w — u)du, y<T,w>7—1y,
k=2 70
0, y=T,
(101)

where Gyaten(z) (v >0) is defined in (36).

The proof of Lemma 10 is provided in Appendix F.

In the M*/G/1+D queue, it is clear that the system is always stable.
Therefore, we can determine v(z) and mp, using Lemma 10, (8), (11), and
(101). Let ¢(x) (x > 0) denote a function defined as

Z P gg"iich 0<z< Ts
o) =q"""
PGraten( | 0) + A/ o(y)G(x—ylydy, x>,

where gé’;{ch(x) (x >0,n=1,2,...) denotes a p.d.f. which is given by
(1) _ Ghaten(2)
gbatch(x) - E[B]E[G]v
~(n n—1 1
g}ga‘zch( ) = gl(aatch) gl()a)tch( ) z Z 07 n= 27 37 R

Theorem 14 7y and v(x) in the M*/G/1+D queue are given by

x>0,

T = [1 + /0:0 (ﬁ(m)dm} ) : (102)
v(z) = mep(x), x> 0. (103)

Proof Using (101), it is easy to see that for 0 < z < 7, (9) and (10) are reduced
to be

$n(2) = PG (x),  O<z<T.
Therefore, (8) implies

—WOZp f]l()zzch (), O0<z<T,n=1,2,....
n=1
On the other hand, for = > 7, it follows from (7) and (101) that

T

v(@) = 10pGhaten(z [ 0) + A | v(y)Glz —y|y)dy, x>
0+

From these equations, (103) immediately follows. Furthermore, (102) is ob-
tained from the normalization condition (6). O
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Using Theorem 14, we can verify that if the traffic intensity p is less than
one,

v(x) = 1 fp “vv g (), T < T, (104)

where v\ q/1(x) denotes the PDF of the stationary virtual waiting time
Vax/g/1 in the corresponding M*/G/1 queue without impatience, which is
identical to that in the ordinary M/G/1 queue with the arrival rate A and
the complementary PDF of the service time distribution 6batch(x). Note that
(104) is valid only for p < 1 (otherwise the corresponding M/G/1 queue is not
stable), whereas Theorem 14 still holds for p > 1.

Next, we consider the actual waiting time.

Theorem 15 In the M*/G/1+D queue, D(0) and d(x) (v > 0) are given by

+ / {meﬂg(’")(x)
0+ m=1

0o —1
+ ZP" <9£ZZCh + Z Brus19"™) % Gpmen (@ )) }da:] . (105)

ool

d(x) = + Z pn (91(322& + Z pm+1g gbat);ch( ))] 5 (106)

n=1 m=1

D(0) =

+19(m)

Mg

O<x<rT,

0, > T.

Proof For x > 7, d(z) = 0 immediately follows from (35) and (100). On the
other hand, for 0 < z < 7, it is verified that (39) and (40) reduce to

¢D71( ) pgbatch + Z p7n+lg ’ 0 <z < 7,

n~(n n— — n—1
Bon(8) = 9T + 7 Pag™ # 5D @),
m=1
O<x<tm,nm=2,3,....

Therefore, using (37), we obtain
d(l‘) = D(O) pgbatch + Z pm+1g + Z p gbatch

1
+ Z pn ! Z p77L+1g * g]E)Ztch)( )
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o0 oo
= m n~(n)
Z pm+1g( )(.’E) + Z p gbatch(‘r)
m=1 =

+Zﬂ meHg ™) % Gmaen (2)

(106) then follows from this equation, and (105) follows from the normalization
condition (32). O

For 0 < x < 7, we can rewrite (106) as

sy — D(lo)E 16 @
+ Z(l —p)p" <EIE]13] e (@) + > ng]l g™ % §£Zich(w)>]-

Therefore, if p < 1 (cf. (104)),

d(z) = m Pr(Vap /a1 = 0) Z T];T;}l g™ (z) + ﬁ “omx/a/1(T)
+Zi ( )*’UMx/G/l( )
- D(lo_E/[)B] cdgan(n), o<, (107)

where dy<//1(2) denotes the PDF of the stationary actual waiting time
Duix /g1 in the corresponding M*/G/1 queue. Note that the normalization
constant is determined from the relation

1-D(0) = /O+ d(z)dax
_ DO)E[B] [T
B 1—,;/0+ A=/ (x)de
= D(lo)_E/[)‘B] (PT(DMX/G/l < 7') — Pr(DM"/G/l _ 0))
D(0)E[B .
- (1)_£] (PT(DMX/GA <7)— E[Bf])) :

which implies

I—p
D(0) = E[B] Pr(Dys /a1 < 7)° (108)

This leads to an alternative formula for the loss probability Pss in the
case of p < 1.
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Corollary 5 If p < 1, the stationary loss probability Pioss in the M*/G/1+D
queue is given by
(1 — p) Pr(DMX/G/l > T)

Hoss = ’
1-— pPr(DMX/G/l > 7')

(109)

where Dyix /g1 denotes a generic random variable for the actual waiting time
in the ordinary M*/G/1 queue.

Proof We obtain (109) with a straightforward calculations using (42) and
(108). O

Remark 18 The formula (109) is stated in [10] without a proof. Kim and Kim
[20] shows a similar result for the M*/M/c+D queue, where they state that
the same approach does not seem to be applicable to the M*/G/14+D queue.

Remark 19 When the batch size distribution is geometric, i.e., in the M8 /G /14D
queue, the distribution of the number of losses in Pgs(n) (n = 0,1,...) is given
by (49), (50), and (109) if p < 1.

5.1 Busy period

In this subsection, we derive the LST of the busy period in the MX /G /14D
queue. We define gpatcn(z) (2 > 0) as the p.d.f. of the total amount of work
required by a batch (cf. (36)).

Ibatch (:TJ) = Z png(n) (LL’)
n=1

We further define gl()zzcll(x) (x>0) as

1 n n—1
90 n(@) = goaren(@), g0 (@) = g0 * Gharen(®), n=12,3,....

Let {N(t); t > 0} denote a Poisson counting process with rate A. By definition,

exp[—At](\t)*
k! ’

Also, let {Y'(¢); t > 0} denote a compound Poisson process defined as

Pr(N(t) = k) = t>0,k=0,1,....

N(t)
Y(t) = Z Gbatch,fu t Z O;
n=1

where {Gbatch,n fn=1,2,.. denotes a sequence of i.i.d. random variables that
follow the p.d.f. gbatch(z), which represents the total required service time of
arriving batches. We define h(x,t) (x > 0, t > 0) as the p.d.f. of Y (¢).
dPr(Y(t) <) =exp[-A](M)* &
W, t) = == o= = Y e g,
k=1 ’
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Workload
T | |
I\:\J B
1 1
1 1
1 ' 1
T S L
1 1 ! 1
1 1 ! 1
1 1 ! 1
1 1 : [
0 3 ek Time
TLy Tuy TRry Tur TRR

Fig. 1 Examples of busy periods with initial workload y < 7.

Note that
Pr(Y (1) = 0) + / h(z, t)da = exp|—M] + / Bz, t)de = 1.
0+ 0+

Let Vi (t > 0) denote the virtual waiting time at time ¢. For 0 < y < 7,
we define Ty, and Ty, as stopping times given by

Ty =inf{t > 0; Y(t) = —y +t}, Ty, =inf{t>0;Y(t) >71—y+t}.

Note that Ty, and Ty, are related to the lengths of first passage times to
Vig = 0 and Vjy = 7, respectively, given that Vig = y (see Figure 1). If
Ty, < Ty, then Viry,,1 = 0, and the busy period terminates. On the other
hand, if Ty, < Ty, then Vi, ) = 7+ TRy, where Tgj, denotes the overshoot
above level 7. The system then does not admit new batches during the next
TRr|, time units. Subsequently a new cycle starts with y = 7, until one of the
boundaries is crossed. If the lower boundary is crossed then the busy period
terminates, otherwise a new cycle starts with y = 7. In all cycles, the random
variables Ty, and Tg|, are dependent (unless the service time distribution is
exponential).

We then define LSTs ¥ (s) and W5, (s,w) (Re(s) > 0) as

&Ilay(s) =E []l{TL|y < Tyjy } exp [—sTL|y]] ,
Py (s,w) =E [1{T)y < Ty} exp [—sTu,] exp [~wThy,]] |

where 1{-} denotes an indicator function. We also define v, (t) (t > y) and
Culy(t,z) (t > 0, 2 > 0) as the p.d.f. and the joint p.d.f. corresponding to
Q/ﬁly(s) and W{ﬁy(s,w), respectively. Note that

7y, (s) = exp[—Ay] exp[—sy] + /:0 Yy (t) exp[—st]dt,

(oo} oo
Uy (8,w) = / / Cu|y(t, x) exp[—st] exp[—wz|dtdz.
=0+ Jt=0+
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We first consider T1,,. For 0 < y < 7 and t > 0, we define g, _,(z,t) as a
p.d.f. given by

d
Gr—y(z,t) = o Pr(Y(t) <z, Ty, > t)

d
:%Pr(Y(t)gx,Y(w)<T—y+w,w§t), r<T—y+t

Lemma 11 g._,(z,t) (x < T —y+1t) is given by

t—x
t

90(x7t) = 'h(ﬁC,t), y=r,

and
gT—y(Iv t)

= h(z,t) — I{z > 71—y} |h(z,z — T+ y)exp[-A({t —z + T — y)]

T—T+y 1
H-ztr—y) [ w7 — 1)
0 t—u

'h(x'reru,tu)du], y < T.
Proof Lemma 11 immediately follows from the results in [25]. O
Lemma 12 ¥y, (t) (t > y) is given by
iy (1) = D (=1)"yy (ns1),
n=1

where W,y (n;t) (n=1,2,...) is defined as
Wiy (15) = gr—y(t — y,t) — exp[-Aylgr (t —y,t — y),

t
lI/L‘y(n;t):/ U y(n — Lw)g, (t —w,t —w)dw, n=23,....
y

Proof Tt is readily to see that Wp,(t) (t > y) satisfies a Volterra integral
equation of the second kind:

Py (t) = gr—y(t —y,t) — exp[=Aylg- (t — y,t — y)

¢
— / Uy (w)g- (t — w,t — w)dw.
y

This concludes the proof. a



Analysis of M¥/G/1 queues with impatient customers 41

We next consider Tyj, and Tgj,. For 0 < y < 7, we define a p.d.f.
Gy r—y(z,t) (0<z<T,t>0)as

d .
Gy r—y(T,t) = e Pr (Y (t) < z, min(Ty,y, Ty)y) > t) -

By definition, we have
Gy r—y(@,t) = gr—y(x, t) — 1{t > y} [exp[—)\y]h(m,t —9)

+/ Yrpy(w)h(z —w +y,t —w)dw|. (110)

Furthermore, we define g(w | y) (w > 0,0 <y < 7) as the p.d.f. corresponding
to the complementary PDF G(w | y). From (101), we have

gbatch(w)v w<T— Y,

g(w|y) = (111)

0o T—y
gw)+ Yo [ " Vgl - wdu, w7y,
k=2 0
Lemma 13 The joint density Cuy(t,x) of Ty}, and Tgry, is given by
t+7—y
Cupy(t,z) = / Gy r—y(U, t) - Aglt +7—y —u+ 2z | u)du

min(0,t—y)

t+7—y
/ Gry(ut) Aglt+7—y—ut | u)du, <y,
0

t+1—y
/ Gyr—y(u,t) - Agt +7 —y —u+2x | u)du, t >y.
t—y

Proof Lemma 13 immediately follows from (110) and the definitions of the
p.dLs {1y, g, (t,7) and gy 7y (u, ). O

We thus obtain the LSTs ¥y (s) and ¥ (s, w) from Lemmas 12 and 13.

Finally, we consider the length Tgp of a busy period. We define ¥jip(s)
(Re(s) > 0) as the LST of Tgp.

Theorem 16 ¥;,(s) (Re(s) > 0) is given by

* _ T * *ok WﬁlT(s)
Pgp(s) = /0 (me(s) + !pU|w(Svs) 10 (s.8) LDGTT(S’ S)> g(w | 0)dw
o U (s
+/O exp[—sw] - % - g(T +w | 0)dw. (112)
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Fig. 2 An example of a busy period with initial workload y > .

Proof We distinguish between two cases: (I) the total required service time of
the first batch in the busy period process equals some value y < 7, and (II)
this service requirement exceeds 7. See Figures 1 and 2.

For case (I) we further distinguish two possibilities: (I-i) the workload will
not exceed level 7 before the end of the busy period, and (I-ii) the workload
does exceed that level before the end of the busy period. By definition, the
busy period LST in case (I-i) is given by ¥} (s).

In case (I-ii), on the other hand, Ty, +Tg|, forms the first part of the busy
period. The remaining part of the busy period is independent of the previous
part. It consists of two components. The first component is a geometrically
distributed number of intervals that start when the workload process down-
crosses level 7 and end when, after the next upcrossing of level 7, that level is
downcrossed once more. The second component is an interval that also starts
when the workload downcrosses level 7, but ends when the busy period ends —
this is an interval in which level 7 is not reached anymore. It has LST ¥} (s).
The lengths of those intervals that occur geometrically often are all i.i.d., and
distributed as Ty, + Tr|,. Therefore, the LST of the total length of the busy
period in case (I) is given by the first term on the right-hand side of (112).

Similarly, we can readily verify that the LST of the busy period in case
(IT) is given by the second term on the right-hand side of (112). O

6 Conclusion

In this paper we have considered a batch arrival M*/G/1 queue with impa-
tient customers. We have considered both the case in which customers in the
same batch have the same impatience time, and the case in which these im-
patience times may differ. Observing that the workload in both variants can
be viewed as the workload in an M/G/1 queue in which the service time of a
customer depends on its waiting time y in a particular way (PDF G(w | y)),
we have first focussed on deriving an expresssion for that workload density.
We have subsequently expressed the actual waiting time distribution (for the
first variant) and the loss probability (for both model variants) into that work-
load density. We have also considered several special cases. One of those is the
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MK /G/14D queue, for which both model variants coincide. Our results for
the latter model include the busy period distribution.
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Appendices

A Proof of Lemma 2

By definition, G(w | y) (w > 0, y > 0) is given by

oo 00 00

Gwln= [ 3 fomlnkit | n), (113)

W p=0k=1

where fiotal(n, k;w | y) (w >0,y >0,n=0,1,..., k=1,2,...) is defined as

ftotal(n7 Lw | y) = f(n7 Liw ‘ y)7

and

ftotal(n7 ks w I y)
k—1

w w—w1 W—W] —Wo—+ - — Wk _9
:/ / / f(n,k;w1,w27---,wk_1,w— > wmly)
w1=0 2=0 0 m=1

w wp_1=

sdwg_1dwyg_o - -dwy, k=2,3,....
Using Lemma 1, we have

ftotal(07 1;’[1) | y) = plﬁ(y)g(w)z
frotat(m, Lw [ y) = pnt1 [Hy) — Hy +w)] g(w), n=12,...,

and for k =2,3,...,

ftotal(o’ k; w | y)

k—1
w w—wi W—W) —wW2 ="~ Wg—2 __
:pk/ / / H(y+zw7n>
w1 =0 Jwa=0 wp_1=0 m—1
k—1 k—1
: {H g(wz‘)} g <w -> wm> dwy_1dwg_2 - - - dwi,
i=1 m=1

ftotal(nv ks w ‘ y)

E

—1

[ [ e S ) )]

w1 =0 Jwy=0 wg_1=0 m=1
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k—1 k—1
’ {H g(wi)}g <w - Z wm> dwg_1dwi_o---dwy, n=1,2....
=1

m=1

With a straightforward calculation, we can verify that for k = 2,3, ...,
Y= k—1
foraO ki w [ ) = pi [ H(y -+ w)g® D (wglw - wdu,
0
w
frotal(n, k5w | y) = pn+k/ [H(y+u) — Hy +w)] ¢* V(wg(w —u)du, n=1,2,....
0

We then define fiotai(w |y) (y >0, w >0, n=0,1,...) as

ftotal(w ‘ y) = Z thotal n, k;w ‘ y)

n=0k=1

It follows that

frotar(w | y) = prH (y)g(w) + Z Prt1 [H(y) — H(y + w)] g(w)

n=1

+ S wﬁ( + uw)g®* D (W) g(w — u)du
kz;zpk/o y+u)g g

APIPILEY [ ) = TG )] o) g0 = )
P ()g(w) + P [F(y) — Aly +w)] g(w)

+ Z Pk /0 H(y +u)g* Y (w)g(w — u)du
+ Zpk-H/ [H(y +u) — H(y + w)] g D (w)g(w — w)du

= p1H(y)g(w) + Py [H(y) — H(y + w)] g(w)

+ Z Pk / H(y +w)g® Y (uw)g(w — u)du
k=2 0

= > e Hy +w)g™ (w)
k=2

= H(y)g(w) = > Prs1 H(y +w)g™ (w)
k=1

oo wi
+> Pk /0 H(y 4+ u)g"* = (u)g(w — u)du
k=2
Using (113), we have
Glwlv) = [ froralt] )i
w

— A(y)G(w) - me [ A+ 09 0

t JR—
+ Z o[ at H(y +u)g* " (u)g(t — u)du

t=w u=0
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Therefore, we obtain (17) noting that

oo oo t
Some [ ar [ H+wg Y gl - w)du
k=2 t=w u=0

= Dk /oo H(y + u)g* ™ (u)du /oo g(t —u)dt

=w t=u

+ Py / H(y+ u)9<k71) (u)du g(t —u)dt
u

=0 t=w

=S P [T AW we® wdut S B [ A+ wg* V@G~ wydu

k=1 w k=2 u=

Next we consider (18). Using (15) and (17), we have
Bw) = PG + [ dw [ T+ w3 p® D )G = wid
=0 =0 k=2
= E[G]H(y S +u)g®* D (u)du h G(w — u)dw
ALY AR J.-.

= E[G] [H(y) Z /: (y +uw)g*— 1)(u)du].

(18) then follows from this equation.

B Proof of Lemma 4
It follows from (30), (33), and (34) that
(1= Row) [DOG(w) +
= mQ(0 ] 0)G(w)

+ /0 i [woqml(u 10) + v(w)QO | u) + /O oo (1~ ¢ )] Gl —

b d(u)G(w — u)du}

0+

— o @0 | 0jG(w) + [ | 0Gw — wau|
+f  pQO | 3w~ u)du + / RCL [ totar(u =t 0G0 = i

o

5 “G(w | 0) + /(: v(H)Q(0 | )G (w — t)dt

=

w w—t
+ / o(t)dt / Grotar (u | G (w — ¢ — w)du
t=0-+ u=0

o[G0+ [ o na].

From this formula and (7), we obtain

() = (1 = P AB[B] [DOG(@) + [ d(w)Ce — w)au].

+
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Using (27), (29), (33), (34), and this equation, we have

— % (:E) ’U(:E)
d(z) = E[B](1 — Pioss) nzlpnﬂg (z) + ST
H(z) [ o) - .
- E[B] ~/0+ 1 — Ploss nglanrlg( )(CU - t)dt

= D(0)H(z) Z ﬁn+1g(n)($) + \H () |:D(O)é(a;) + /m d(u)G(z — u)du

n=1

+NH () / ’

= DOAE) Y rrs™ (@) + XA @) [ dwGle — wid
n=1

— 0+

D(0)G / d(u)G(t — u)du} Z D, +1g ™) (z — t)dt
n=1

+ AD(0)H (z) {G(m) + Oi Gt) Y Ppir9™ (- t)dt]
n=1

+ \H(x) /iw d(u)du ) Gt —u) > P19 (@ — t)dt

t=u n=1

T

0)H (x Z pn+lg )(z) + NH(z) /0+ d(u)G(x — u)du

x

+ AD(0)H (z) {G(:c) + [ Gt D Psr19™M (- t)dt]

0+ n=1

+ XH () / :0+ d(u)du / _; GO S Prird™ (@ — u— byt

n=1

= D(O)H(x) Y Pry19" (@)
n=1

+ AD(0)H (x) {G(ﬂﬁ) + /oi G() Y Py (@~ t)dt]

x

4N () / d(w)

u=0+ =0

Gz —u) + /t G(t) Z ﬁn+1g(")(;ﬂ —u— t)dt:| du.

We then obtain (35) noting that

G(w) +/ ZP +19( ) (w — t)dt
T+ S P [ (- G0 e
n=1 0

=1-GW(w) + i B (G (w) = GO (w))

n=1
=1+ Z ﬁn+2G(n+l>(w) - Z ﬁn+1G(n+1>(w)
n=0 n=0
=1-> pat1 G (w)
n=0

= ébatch(u))' (114)
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O
C Proof of Theorem 10
We define ff, (2, k;w|y) (]2 <1,y >0, w>0,k=1,2,...)as
ft*otal(z7 17’11) | y) = f*(Z, 1,’ll) | y)7
and for k =2,3,...,
f:otal(zv k‘; w | y)
k—1
w w—wi W—W] —wWo—+ — Wl _9
:/ / / f*(z,k;wl,wg,...,wk,h’wfZwm)
w1 =0 Jwa=0 wg—1=0 m=1
sdwg_1dwg_o - - - dwy.
Also, we define f,  (z;w |y) as
oo
ft*otal(z;w | y) = Z ft*otal(z7 k;w ‘ y)'
k=1
Note that (83) implies
-ft*otal(z7 k;w ‘ y) = f:otal(zv k;w | y) : (1 -+ aH;(z,y + ’LU)),
and therefore
ft*otal(z;w ‘ y) = ft*otal(z;w | y) : (1 —a+ O‘H;(Z7y + w))
By definition, G(w | y) is given by
— Sl o S
Gl = [~ Rt |9t = [~ (it 1) (1 - a+ aHZ(0,y +0)dt,
w w
Owing to Lemma 7, we can then verify that Theorem 10 follows noting (78), (80), and
ftotal(w ly) = ft*otal(1§w [ v).
O
D Proof of Corollary 11
We show that (5) holds under the assumption (90). We define Z(y) (y > 0) as
oH(y 11—«
2y =AW 1o
1 —aH(y) 1—aH(y)
Because of the assumption H(0) = 0, it follows that
Z(y) < Z(0)=a<l, y2=0. (115)
In addition, it is readily verified that Z(y) is non-increasing, and
aheo
lim Z =—. 116
Jim_ Z(y) T atahe (116)
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With Z(y), (89) is rewritten to be
~ 7 w w ~
frrat(w ] 9) = 222 [ 25 1 w)gw = ) fovar | ),
0+

and its solution is represented as

[e']

ftotal(w | y) = Z Kn(w

where
Ki(w,y) = %7 (117)
Kn(w,y) = /(: Z(y+u)g(w —u)Kp—1(u,y)du. (118)

Because of (115), Kn(w,y) (n =1,2,...) is bounded above by
Kn(w,y) <" 'g™@w), w>0,y>0,n=12...,

so that

oo}

ftotal w | y Z nl (n)

It then follows from (4), (88), and this inequality that

R 1—«a
AB(y) = A By )

w=!

o0 et >
< )\/ we————— ZQ"_IQ(")(w)dw

w=0 1—-a+ahe

: ftotal(w | y)dw

n=1

o0
E -a""1nE[G]
— 1 7a+ah

E 1
= )\ <] . (119)
l—a+ahse 1—«
! < (120)
=p-—————— < 00.
P 1—a+ahs

Furthermore, owing to the dominated convergence theorem,

1-—«a 2
hm AB(y) = >\/ UJylgléo T(y—l—) * frotal(w | y)dw

1—«
= R lim Kn(w,y) | dw.
/w:Ow 1—a+aheo <;yg§o n(w y)) v

Note here that (116), (117), and (118) imply

1 n
hm Kn(w,y) = (%) g(")(w), n=12,....
- {oo]

We thus obtain

oo _ n o0
lim A\3(y) = A E l1-a ( ahoo ) / wg(™ (w)dw
y—00 an:117a+ozhoo 1—a+ ahs w=0
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11—« ahoo m
a Z 1— o+ ahs (17a+ahoo) nE[G]
B /\hooE[G]
T l-a
= pheo < 1,
which completes the proof. O
E Proof of Theorem 13
We define ¢1,(z) (0 <z <1) as
1t -
YL (z) = ¢L(z) exp |:;/ ()\E[B]ﬁ*(u) _HK " 77) du} .
It follows from (96) that
d d 1t -
¢;;I) = ¢;ﬁ§x) - exp [;/ ()\E[B] *(u) — ® 77) du}
~ o)+ (BB (o) - )exp[ [ (em @ - 1)
n
_ (u=n) exp[l/ (,\E[B] ) } 0<z<l1.
nx nJz
We thus have
1
@ =+ [ e [ (el ) - ) du] ay,
nJy u
where a > 0 denotes a positive real number. Therefore, ¢1,(z) is given by
coq 1
¢L(z) = VL (z) exp —;/ (/\E[B] “(u) — £ ’7) du}
—ou@enn [+ [ (AmiB ) - “1 )
LT Ja u
N /’“ (w=mmo . {l /” ()\E[B]ﬁ*(u) S ’7) du} dy
a ny nJy u
= ¢L(a) exp AET[B} /z P (u)du + i (10ga — log x)}
+ /z (k= m)mo exp {)\E[B] / du+ 77(logy — loga:)} dy
a ny
= ¢ (a)z=B=M/Mg(B=1)/1 exp {@/ ﬁ*(u)du:|
n a
+ mox ™ (=M exp [AL[B} /w p* (u)du} (121)
n a

_ z y
B 77/ Y= /=1 oy {7 AE[B}/ ﬁ*(u)du:| dy
n a n a
— o=/ oy [AE[B] / ﬁ*(u)du:|
n a

_ P y
) {(bL(a)a(ufn)/n + WO“Tn/ Y= /=1 oy {_%[m/ 7 (u)du] dy},
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O<z<1. (122)

Next, we consider the limit a — 0+. Note that if 4 < 7, the right-hand side of (122)
takes the indeterminate form oo — co when a — 0+. To remove this singularity, we perform
a partial integration.

_ © E[B] v
m“n n/ ymm/m L exp [—7)\ 77[ ]/ ﬁ*(U)dU} dy

x Y
ﬂ'o/ a [y(u*m/n] - exp [,LE[B] / ﬁ*(u)du:| dy
o ay n a

= 7TOx(u—n)/n exp [_@/ ﬁ*(u)du:| _ ﬂoa(u—n)/n
n a

N WOAET[B] /j Y= M5 () exp [_AET[B] /ay 7" (u)du] dy.

From this equation, we obtain

AE[B]
7

¢L(CE) — x_(ﬂ_"l)/n exp |: / p‘*(u)dui| . (¢L(a) _ Wo)a(u—n)/n

(55 s [ [ ] )
AELB] /93 ﬁ*(u)du} - (¢p(a) — mp)alr—m)/1
n a

1 x
+ 7o {1 + @/ t=m/M5* (1) exp [M ﬁ*(u)du} dt} , (123)
n a/x n tx

AE[B]
n

+7T0{1+

IS}

=z~ (B=M/1 oxp [

where t = y/x. Note that

i _ (b=m)/n — 4 (b=m)/n+1 n—1
al_l}%l_‘_((bL(a) m)a —a1_1>%1+a nZ:lﬂna

o0
= lim a*/" g a1
a—0+
n=1

= 0.

Therefore, taking the limit @ — 0+ on the right-hand side of (123), we obtain (98). Finally,
(97) follows from (98) and ¢r,(1) = 1. 0

F Proof of Lemma 10
It is readily verified that using (100), we can rewrite (17) to be

w oo
G(w) +/ Z ﬁkg(kfl)(u)é(w — u)du, y<T,w<T—Y,
0 k=2

G(w =< _ i Ty _

el G(w) + Zm/ gV WG(w —wydu, y<Tw>7-—y,
k=2 0

0, y>T.

In addition, it follows from (114) that
Ghaien(w) =Gw) + [ 3 pg® V()G - w)d
0 p=2

We thus obtain (101). O
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