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Cannings’ population model

The Ξ-coalescent is a special type of coalescent process which is
invariant under finite permutations. It can be defined in terms of
its restriction on the finite subset of N for which one can take
[n] = {1, . . . , n}. It starts at time 0 with the singleton partition.
Given the coalescent has b blocks, a (k1, . . . , kr )-collision happens
with rate λb;k1,...,kr in which b −

∑
ki blocks remain unchanged

and ki blocks merge into a single new block, i = 1, . . . , r . This
family of coalescent processes was introduced by Möhle and
Sagitov (2000) and Schweinsberg (2000) showed that this family
can be parameterized by finite measures Ξ on the simplex

∇ = {(x1, x2, . . . ) : x1 ≥ x2 ≥ · · · ≥ 0 and |x| = x1 + x2 + · · · ≤ 1}
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Cannings’ population model

The rates have to be consistent which implies the following
expression for the rate λb;k1,...,kr (s = b − k1 − · · · − kr ):∫

∇

s∑
`=0

∑
i

(
s

`

)
xk1
i1
. . . xkr

ir
xir+1 . . . xir+`

(1− |x|)s−`Ξ(dx)∑
x2
i

where the inner sum is taken over all distinct indices (i1, . . . , ir+`).

This expression suggests that it would be nice to parametrize
points x ∈ ∇ setting xi = xpi where x ∈ [0, 1] and p ∈ ∇◦,

∇◦ = {p : p1 ≥ p2 ≥ . . . and p1 + p2 + · · · = 1} .

Definition. If the preimage of measure Ξ in the space of pairs
(x ,p) ∈ [0, 1]×∇◦ has a direct product Λ× Ξ◦ structure we call
the corresponding coalescent Λ× Ξ◦-coalescent.
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Cannings’ population model

The set ∇◦ is not compact. In particular,∫
∇◦

Ξ◦(dp)∑
p2
i

<∞

does not always hold. However for the purpose of this talk most of
the time we suppose that the measure Ξ◦ is supported on the
finite-dimensional subset of ∇◦:

Ξ◦ ({p : pd+1 = pd+2 = · · · = 0}) = Ξ◦
(
∇◦
)

for some fixed d .

The case d = 1 corresponds to the Λ-coalescent.

We also suppose that the measure Λ has no atom at zero and
behaves regularly in its neighborhood (main assumption):

Λ([0, x ]) = Axα + O(xα+ς), x ↘ 0, 0 < α < 1, A, ς > 0 .

The same assumption was made in Gnedin and Y. (2007) in the
work on the Λ-coalescent.
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Cannings’ population model

Schweinsberg (2000) showed that the Ξ-coalescent arises as a limit
in the Cannings population model. Take a population of size N.

I either each individual has exactly one offspring with
probability 1− 1/N;

I or a catastrophe happens with probability 1/N after which the
population restores its fixed size N according to the first jump
in the independent Ξ-coalescent on N blocks.

Claim (Schweinsberg): A sample of n individuals in a proper time
scale converges to the Ξ-coalescent on n blocks as N →∞.
If the Λ× Ξ◦-coalescent is considered:

I Λ determines the relative size of population which is
untouched by the catastrophe;

I Ξ◦ is responsible for the offsprings of those who was affected
by the catastrophe;

I if the support of Λ× Ξ◦ is d-dimensional no more than d
families survive among affected.
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We introduce the multinomial moments of Ξ◦, ` ≥ r ≥ 1:

µ`,r =

∫
∇◦

∑
k

∑
i

(
`

k1, . . . , kr

)
pk1
i1
. . . pk r

ir

Ξ◦(dp)∑
p2
i

I the outer sum over all compositions k1 + · · ·+ kr = `, ki ≥ 1;

I the inner sum over all ordered r -tuples of indices i1 < · · · < ir .

We also introduce

µ2−α,1 =

∫
∇◦

p2−α
1 + · · ·+ p2−α

d

p2
1 + · · ·+ p2

d

Ξ◦(dp).
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We are going to investigate the number of collisions Cn and the
number of steps Xn which happen in the Λ× Ξ◦-coalescent started
with n blocks till it collides in the single block.

I In the Λ-coalescent these two quantities are equal;

I In the Ξ-coalescent Cn ≥ Xn.

It turns out that both Xn and Cn grow linearly:
Thm 1 (LLN). If main assumption on Λ hold and the support of
Ξ◦ is d-dimensional then as n→∞

Xn ∼
ξd

µ2−α,1
(1− α)n, Cn ∼ (1− α)n,

in probability, where ξd = 1− (2− α)
∑d

j=2
(α)j−2µj,j

j! .
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With some further restriction on measure Λ we are able to find
more precise asymptotics of Xn.

0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8

1

ς

α

Thm 2 (LT). The main assumption

with ς > max{ (2−α)2

5−5α+α2 , 1− α} implies

µ2−α,1Xn − n(1− α)ξd

(n cos(πα2 )µ−1
2−α,1)1/(2−α)(1− α)ξd

→d S2−α, n→∞,

where S2−α is the stable r.v. of index 2− α defined by

E
[
e isS2−α

]
= exp

(
−|s|2−α

(
1 + i(sign s) tan π(2−α)

2

))
.

Conjecture. Similar limit theorem holds also for Cn.
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For the purpose of counting steps and collisions we can forget that
the coalescent is a continuous time process and treat it as a
discrete Markov chain which state is the number of blocks and
collisions. Its behavior is determined by rates

I λb,j ,k the rate of jump from a state with b blocks to a state
with b− j + 1 blocks in which k blocks differ from the original
ones;

I λb,j =
∑

k λb,j ,k the rate of jump from a state with b blocks
to a state with b − j + 1 blocks;

I λb =
∑

j λb,j the total jump rate in a state with b blocks.

Actually we are interested not in rates but in their ratios λb,j ,k/λb,
λb,j/λb. However it is simpler to work with rates.
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collisions. Its behavior is determined by rates

I λb,j ,k the rate of jump from a state with b blocks to a state
with b− j + 1 blocks in which k blocks differ from the original
ones;

I λb,j =
∑

k λb,j ,k the rate of jump from a state with b blocks
to a state with b − j + 1 blocks;

I λb =
∑

j λb,j the total jump rate in a state with b blocks.

Actually we are interested not in rates but in their ratios λb,j ,k/λb,
λb,j/λb. However it is simpler to work with rates.
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In the Λ-coalescent the same rates are (Pitman (1999), Sagitov
(1999))

λΛ
b,j =

(
b

j

)∫ 1

0
x j−2(1− x)b−jΛ(dx) ,

λΛ
b =

∫ 1

0

1− (1− x)b − bx(1− x)b−1

x2
Λ(dx) .

In the Λ×Ξ◦-coalescent rates can be expressed in terms of rates in
the Λ-coalescent and moments of Ξ◦:

λb,j =
n∑
`=j

λΛ
b,`µ`,`−j+1 , λb = λΛ

b −
n∑
`=2

λΛ
n,jµ`,` .

If the support of Λ× Ξ◦ is d-dimensional the sums include just d
nonzero terms.
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First let us look on the number of steps Xn. To find its distribution
we consider the decreasing Markov chain starting at n which state
is the number of blocks in the coalescent. Then Xn is the number
of steps which this Markov chain needs to reach its final state.

Its jump from the state with b blocks is distributed as Jb − 1 where

P
[
Jb = j

]
=
λb,j

λb
.

We introduce also tail rates λb(j) =
∑b

`=j λb,j ; then

P[Jb ≥ j ] = λb(j)/λb.
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The well-known results on the Λ-coalescent imply that if the main
assumption holds the first jump in the Λ-coalescent converge in
distribution to some random variable (Bertoin, Le Gall, 2005).
The same happens in the Λ× Ξ◦-coalescent: Jb converges as
b →∞ to a fixed distribution

P[Jb = j ]→ 2− α
ξd

j+d−1∑
`=j

(α)`−2

`!
µ`,`−j+1 .

Moreover, by formula due to Freund and Möhle (2008)

E[Jb − 1] =

∫
∇◦

∑
i

∫ 1

0
(nxpi + (1− xpi )

n − 1)
Λ(dx)

x2

Ξ◦(dp)∑
p2
i

→ µ2−α,1
(1− α)ξd

=: v

Yuri Yakubovich On the number of collisions in certain Ξ-coalescents



Λ × Ξ◦-coalescent
Main results; Connections with Λ-coalescent

Stochastic bounds
Limit theorem for Xn

Jumps in the decreasing Markov chain
Stochastic bounds
Inequalities on parameters for bounds to work
Inequalities on parameters for obtaining the same sum

The well-known results on the Λ-coalescent imply that if the main
assumption holds the first jump in the Λ-coalescent converge in
distribution to some random variable (Bertoin, Le Gall, 2005).
The same happens in the Λ× Ξ◦-coalescent: Jb converges as
b →∞ to a fixed distribution

P[Jb = j ]→ 2− α
ξd

j+d−1∑
`=j

(α)`−2

`!
µ`,`−j+1 .

Moreover, by formula due to Freund and Möhle (2008)
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The weak convergence of jump distributions makes it possible to
find distributions which bound jumps stochastically on the most
part of the trajectory.

We want to find J+
n↓k and J−n↓k such that for k > nυ, υ < 1,

J+
n↓k ≤d Jb ≤d J−n↓k for all b in range n ≥ b ≥ k .

To this end define

λ+
n↓k(j) =


λk , j = 2,

(1− n−γ)(λk(j)− λk(nβ + 1)), j = 3, . . . , bnβc,
0, j = bnβc+ 1, . . . , n,

and let P
[
J+
n↓k ≥ j

]
= λ+

n↓k(j)/λk .
This distribution includes 2 parameters, γ > 0 and β ∈ ]0, 1[.
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The other bound is a bit more complicated because it has to take
into account the possibility of big jumps.

We define

λ−n↓k(j) =



λn, j = 2,

(1 + n−γ)(λn(j)− λn(nβ + 1))

+2λnmβ, j = 3, . . . , bnβc,
2λnmβ, j = bnβc+ 1, . . . , bnθc,
2λnmθ, j = bnθc+ 1, . . . , n,

Here mη = max
`∈{k,...,n}

λ`(n
η+1)
λ`

. Let P
[
J−n↓k ≥ j

]
= λ−n↓k(j)/λn.

Again, parameters 1 > θ > β > 0 and γ > 0 have to be calibrated.
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Random variables J+
n↓k and J−n↓k can be defined for all reasonable

values of parameters. However they do not provide bounds unless
the parameters are tuned up in a special way.

Claim. In order for inequalities to hold

J+
n↓k ≤d Jb ≤d J−n↓k

for all b in range n ≥ b ≥ k ≥ nυ, υ < 1, it is sufficient that

1 > υ > θ > β > γ/(2−α) > 0 and γ <
(υ − β)(2− α)ς ′

2− α− ς ′

where ς ′ = min{ς, 1} .
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On the other hand we want distributions of J±n↓k to be close to the

limit distribution of Jb. Let S±h be the sum of h independent
copies of J±n↓k − 1.

Claim. If parameters satisfy

γ >
1− α
2− α

, 1 > υ > θ > β >
5− 5α + α2

(2− α)3
,

β(2− α)− 1− α
2− α

> θ >
3− 2α

(2− α)2

and the main assumption holds with ς > 1− α
then as if n, k, h→∞, h ≤ cn and n ≥ k ≥ nυ

S±h −
µ2−α,1

(1−α)ξd
h

wh1/(2−α)
→d −S2−α
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In 1940’s W. Feller has shown that if a recurrence time of certain
recurrent event lies in the attraction domain of a stable law then
the number of events in a long period of time properly rescaled
converges in distribution to the same law.

In particular he noticed that if (Sh − vh)/(wh1/(2−α)) converges in
distribution to −S2−α as h→∞ then M(t) = inf{h : Sh > t}
satisfies

M(t)− t/v

wt1/(2−α)/v (3−α)/(2−α)
→d S2−α

The proof is very simple: if

P
[
Sh − vh < xwh1/(2−α)

]
→ 1− F (−x)

then taking h = t/v + xwt1/(2−α)/v (3−α)/(2−α) yields

P
[
M(t) < t/v + xwt

1
2−α v−

3−α
2−α
]

= P
[
St/v+xwt1/(2−α)/v (3−α)/(2−α) > t

]
= P

[
Sh > vh − (x + o(1))wh1/(2−α)

]
→ F (x) .
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In the same spirit this theorem is proved, it is possible to prove the
limit theorem for the number of steps in the Λ× Ξ◦-coalescent.
To this end denote X +

n↓k and X−n↓k the number of jumps distributed

as −(J+
n↓k − 1) and −(J−n↓k − 1) needed to go from n to k .

We have already seen two sets of inequalities which guarantee that

I J+
n↓k − 1 and J−n↓k − 1 provide stochastic bounds for real jumps

Jb − 1;

I sums of O(n) such variables have the same limit in the proper
scaling.

It turns out that if we know the sufficiently precise asymptotics of
measure Λ at zero these two sets of inequalities are consistent.
This leads to the assumption

ς > max

{
(2− α)2

5− 5α + α2
, 1− α

}
.
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If this inequality holds then we take k = nυ, υ < 1, and construct
J±n↓k such that both items above hold. We couple the Markov chain
with two random walks such that the first random walk moves
slower and the second one moves faster than the Markov chain, so

X +
n↓k ≥d Xn↓k ≥d X−n↓k .

The renewal arguments imply that

X±n↓k − (n − k)/v

wn1/(2−α)
→d S2−α .

Hence Xn↓k has the same limit in the same scaling.
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To finish the proof we need to extend the result from the path
from n to k ∼ nυ to the whole path from n to 1. The number of
steps from n to k and from k to 1 would be independent if the
chain visit k for sure. However it can happen that the last jump of
Mn before it jumps over k is quite big, and the chain actually
jumps to a state b � k.

This can in principle affect the distribution of Xn. Say, if the
Markov chain always jumped over k to 1 then the distribution of
Xn would be the same as that of X±n↓k , not as that of X±n↓1. Since
k ∼ nυ and it can happen that υ should be chosen very close to 1
the distribution can vary essentially if k changes.
However it can be shown that with high probability the situation
described above can not happen. Repeating the same argument
with bnυc instead of n we extend the path from n to nυ

2
, and, in

finite number of steps, we reach the state k = o(n1/(2−α)) and the
remaining steps are killed by the normalization.
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Counting the number of collisions Cn which happen in the
Λ× Ξ◦-coalescent started from n blocks is based on the formula
for the number of collisions Kn on the first jump of the coalescent
from n blocks found by Freund and Möhle (2008).
It turns out that in the Λ× Ξ◦-coalescent the mean value of
collisions in our settings is finite:

E[Kn] =

∫
∇◦

∑
i

∫ 1

0
(1− (1− xpi )

n − nxpi (1− xpi )
n−1)

Λ(dx)

x2

Ξ(dp)∑
p2
j

→ µ2−α,1
ξd

, n→∞.

The similar argumentation allows to find the asymptotics for the
mean number of collisions along the whole trajectory.
However Kn and Jn are dependent which makes it difficult to prove
the limit theorem for Cn.
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