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Introduction

-

Classical epidemic models usually assume a
homogeneously mixing population of homogeneous
iIndividuals.

Important to include individual heterogeneities and
social structure so that models better reflect reality.

Considerable recent interest in models for epidemics
among structured populations, which incorporate
realistic departures from homogeneous mixing whilst
maintaining mathematical tractability.

One main class of structured population models is
random network models.
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Overview of tutorial

Introduction to SIR epidemics on configuration model
(and related) networks.

Lecture 1: Epidemics on configuration model networks.

Lecture 2: Models with superimposed household
structure. Analysis of vaccination schemes, including
acquaintance vaccination. J
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e

Configuration model networks

Population N' = {1,2,--- ,n}. T

D= degree of typical individual
pp=PD=%k) (k=0,1,---) specified up = E[D].

Dq,D5,---,D, lid copies of D.
Attach D, stubs (half-edges) to individual 7 (i = 1,2,--- ,n).

Pair up the stubs uniformly at random to form the
Newman—Strogratz—Watts (NSW) network.

In the Molloy—Reed (MR) network, D, D,,--- ., D,, are replaced by
prescribed degrees d',d5, - - -, d", satisfying

lim n_lzl{d?:k} = Dk (k=0,1,--+).

n— 00
1=1
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Epidemic model

SIR (susceptible — infective — recovered).

Infectious periods iid according to a random variable /
having an arbitrary but specified distribution.

Whilst infectious, individuals contact each of their
neighbours independently at rate .

Single initial infective chosen uniformly at random from
population.

Denote epidemic by £,

(Diekmann et al. (1998), Andersson (1999), Newman (2002))
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Simulated epidemics on NSW networks
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Histograms of size of 10,000 epidemics per degree distribution, n» = 1000, I = 1,
pr =1—e"> =0.24. [Geom(p): pr, = (1L — p)*p (k=0,1,--+).
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SIR epidemics: NSW network,n = 100
-
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100 simulations of epidemics with 2 initial infectives,
D ~ Poisson(5), I ~ Exp(1) and A = 0.7.
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SIR epidemics: NSW network,n = 1, 000
-
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100 simulations of epidemics with 2 initial infectives,
D ~ Poisson(5), I ~ Exp(1) and A = 0.7.
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SIR epidemics: NSW network,n = 10, 000

S(t)

100 simulations of epidemics with 2 initial infectives,
D ~ Poisson(5), I ~ Exp(1) and A = 0.7.
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SIR epidemics: NSW network,n = 100, 000
- -

()

I(t)

10 simulations of epidemics with 2 initial infectives,
D ~ Poisson(5), I ~ Exp(1) and A = 0.7.
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Phases of SIR epidemic
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Realisation of epidemic on NSW network: 2 initial infectives,
D ~ Poisson(5),I ~ Exp(1) and A = 0.7. J
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Some key guestions

- N

# Can an epidemic started with few Initial infectives
become established and hence lead to a major
outbreak?

s Basic reproduction number R
s Probability epidemic becomes established

# If so, what will the epidemic look like and how large will
it be?

s LLN and functional CLT for trajectory of epidemic
s LLN and CLT for size of epidemic
as population size n — ~o.

L # Major outbreak is one that infects > log n Individuals. J
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Random digraph of potential infections
B -

Underlying CM network Digraph of potential infections

-

In digraph, : — 7 if and only if 7, If infected, contacts ;.

Given infectious periods 11, I5,--- ,I,, P(i — j) = 1 — e~ independently
Lfor distinct (7, j) linked by an edge in the underlying network. J
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Final outcome

O--—

Initial infective is 7. Set of individuals infected by epidemicis 7 = {j e N : 7 ~ j},
where : ~ j if and only if there exists a chain of directed arcs from : to ;.
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Early stages of epidemic

-

Construct network and epidemic simultaneously,
pairing stubs when infectious contacts are made.

Early stages approximated by a (forward) branching
process By, which assumes all contacts are with
susceptibles.

Number of offspring of initial individual (infective)

C' ~ Bin(D,1 — e_M)

Number of offspring of typical subsequent individual
C' ~ Bin(D — 1,1 —e M), where D has the size-biased
distribution j, = P(D = k) = pu ) kpy (k=1,2,--+).

|
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Early stages of epidemic
-

® Recall C ~ Bin(D,1—eM)and C ~ Bin(D —1,1—e M),

#® As n — oo, a major outbreak is possible <— Ry > 1,
where

~

and p; = 1 — E[e~ "] is the probability an infective infects
a given neighbour.

® pn.j=1— fo(o), where o Is the smallest solution of
fols) = sin[0.1] and e.g. fa(s) = E[s“].

o |
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Coupling of epidemic andBx

f.ﬁ Let (2, F, P) be a probability space on which are defined T
() Dy, Do, D:
(i) Uo,Us, -~ U(0,1);

(i) R;; (i, =0,1,---) independent with R;; ~ Bin(i,1 —e ).

¥ Letck—Zplandck—Zpl Forz € (0,1), let
1=0 =

d(x) = min(k : ¢ < x) and d(z) = min(k : &, < z).
® Let p,g”) =n"" ) 1{p,—k and ﬁ,g (nu%”) "> klgp,—yy, where
i=1

=1
W =n=1 S D, Define ¢!, &, (), d™ (z) in the obvious way.

1=1

® Suppose that 11y < oo. Then the SLLN yields p\" =% p, el 25
L (k=0,1,---), p\" &% pp and 5 25 py, 6™ 2% ¢, (k:1,2,---).J
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Coupling of epidemic andBx

Construct 5 on (2, F, P) as follows: T
» Initial individual has degree dy, = d(Uy) and R, o offspring.

o Fork=1.2, ..., the kth individual born in 5 has degree
di, = d(Uy) and Ry, _1 ;41 offspring, where [ is the number of
degree-k individuals used previously in 5.

Forn =1,2,--, construct 3" analogously to B, using d™) and d(")
instead of ¢ and d, but the same U,s and R;;S.

Let A..; denote the extinction set of 5z and suppose 1p < oo.

Then, for P-almost all w € A+,

B}”) (w) = Bpr(w) for all sufficiently large n.

|
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Coupling of epidemic andBx

f’ Construct early stages of () on (€2, 7, P) as follows: T
» Individuals in E("") have degrees given by D, D5, --- , D,,.

o Labelindividuals 1,2, -, n inincreasing order of degree. Label
stubs 1,2, --- ,n,ug), starting with individual 1, then individual 2 etc.

» |Initial infective is individual [nUj|; note this individual has degree

df{” = d")(Up). It makes contacts down Rdg”>,o of its dé”) stubs.

o Fork=1,2,---,the kth stub down which a contact is made is
paired with stub {nug”Ukl ; this stub is attached to an individual

with degree d;”) — d")(U,). When a stub is paired an edge is
formed and the individual becomes infected.

o Construction needs modifying when a stub is paired with one
attached to an individual used earlier in the construction of £().

L.ﬂ Up to this time, £(™) and B coincide. J
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Strong approximation theorem
B -

Theorem 1 (cf. Ball and Sirl (2012)) Let 7 and Té”) be the total sizes of
Br and E()| respectively, and suppose that 1. < co. Then

T]gn) 2% as n — oo.

Proof Suppose 7' =k < oco. Let d, = max(dy,d;,...,ds). In E™), for
i,j=1,2,--- .,k (i # j), the stubs {nug”UJ and {nug”ij are attached
to the same individual only if

mn mn d*
\n,ug))Ui—n,ug))Uj\ <d, = |U; - U;| < Ok

npy

D

But —% % 0asn — o0, so £ and B coincide for all sufficiently
TR

large n, almost surely, since P(Uy, Us, - - - , Uy, are distinct) = 1.

o |
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General branching process

f’ In a general (Crump—Mode—-Jagers) branching process individuals have T
iIndependent and identically distributed life histories H = (I, ), where [
denotes a typical individual’'s age at death and ¢ is a point process of ages at
which she reproduces. [Note that £((/,00)) = 0.]

® Letu(t) = EL([0,t])]. Then

P(Aue) < 1 <= Ro:/ u(dt) > 1.
0

® Fort > 0,let Y(t) be the number of individuals alive at time ¢. Suppose there
exists a Malthusian parameter r, given by

/ e " u(dt) = 1.
0

Then
e 'Y (t) B W as t — oo,

where W > 0 is a random variable satisfying W (w) =0 <= w € Acxt.
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Early stages of epidemic

-

D |et

v (t) = number of infective in £ as time t,

Y(t) = number of individuals in 5 (run in real time) at time .
® Mean offspring measure of 5 is
p(dt) = pp_P(I > t)e”MAdt.

® Forde (0,1),let 7™ () =inf{t > 0: Y™ (t) >n’). Suppose R, > 1
and ¢ € (0,1/2). Then

lim  sup |[Y™W(@#)—=Y(@)|=0  for P-aimostallw e AS,,.
N0 << (") (9)

|
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.

Early stages of epidemic

For 0 c (0,1), let 70 (0) = inf{t > 0: Y™ (t) > n?}. Suppose R, > IT
and ¢ € (0,1/2). Then

lim  sup |[Y™(@)—Y(@)|=0  forP-almostallw e AS,.
OO << () (0)

Now e "tV (t) “% W as t — oo, SO

0 1
lim (T(”)(G) — —log n) = ——log W for P-almost all w € AS
/’/1

n— 00 r ext:

Note random time-translation of — log 1.

Conditioned on a major outbreak, for all sufficiently small ¢ > 0,

1
inf{t >0:Y™ () >en} = —.
logn r

(Lashari et al. (2018)) J
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SIR epidemics: NSW network,n = 10, 000

S(t)

100 simulations of epidemics with 2 initial infectives,
D ~ Poisson(5), I ~ Exp(1) and A = 0.7.



Susceptibility setsS;

O--—
S, ={j e N :j~i}.Individual : is infected by the epidemic

L «~——= §, contains an initial infective. J
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Total size of major outbreak

Expected proportion of population ultimately infected byT
a major outbreak, p say, Is given by the probability that a
typical susceptible, ; say, is ultimately infected.

Approximate i's susceptibility set by a (backward)
branching process 5z having offspring distribution
B ~ Bin(D, pr) In the initial generation and

~ ~

B ~ Bin(D — 1, py) In all subsequent generations.
P(z ultimately infected) = P(B avoids extinction).
=1 — fp(&), where ¢ Is the smallest solution of

—sin [0, 1].

f5(s) = fp_ (1 —pr+prs) = un fr(1 —pr+prs). J
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Simulated epidemics on NSW networks
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Final outcome of major outbreak

f’ Let Ds be the degree of a typical ultimate susceptible. T
_ d _ d
P(DS _ d) _ £d(1 Pr —|—p[§) = pd(l Dr —I—plf) |
> reo Pr(1 — pr +pré) 1—p

® Let Dg be the degree of a typical ultimate susceptible neighbour of an
ultimate susceptible.

P(ES — d) — ﬁd(l _pI +p[§)d_1 _ ﬁd(l —pI _|_pI£)d—1
> he1 (1 —pr +pr&)*! ¢

® let pss be the probability that a typical neighbour of an ultimate
susceptible is susceptible.

pPss = Zzozl pr(1 — pr +p1€)’“_1
S Pk {1 —=pr+pr)F 1+ 1 -1 —pr+pr)11 (1 —pr)}

§
L T 1—pr+pr€ J
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Final stages of major outbreak

® Approximate final stages of epidemic by a (subcritical) general BP

B™ with en ancestors (where = > 0 is small) and mean offspring
measure

pa(dt) = ppy__1pssP(I > t)e M Adt,

having Malthusian parameter r, < 0.

® Let 7" be the extinction time of 8. Then

™ 1

logn |y

-

as n — o0.

® Let 7™ pe the duration of (™). Conditional on a major outbreak,

T™ 5, 1 1
r — +
logn ro|rs

o |

(Lashari et al. (2018))

as n — 0oQ.
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Effective degree formulation

® Construct the network and the epidemic simultaneously, pairing stubs
as the epidemic evolves.

® |[nitially, no stub is paired and the effective degree of an individual is its
actual degree.

® An infective infects down its unpaired stubs independently at rate ).
When an infective infects down a stub,

o that stub is paired with a stub chosen uniformly at random from all
unpaired stubs, to form an edge in the network — the effective
degree of both individuals is reduced by 1;

» if the chosen stub is attached to a susceptible then the individual is
iInfected, otherwise the disease status of the individual is
unchanged.

® Infective individuals recover at rate +, so I ~ Exp(7).
(cf. Ball and Neal (2008), Ball et al. (2019))
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Effective degree mode|

XM = (X0, xM @), -, X5 (1)),

max

Yyw = e,y v @),

max

X" (t) and Y,""(¢) are the numbers of effective-degree-i

susceptibles and infectives at time ¢ and Zg‘) () is the number of
unpaired stubs attached to recovered individuals at time .

® (W)} = (W (t): ¢ >0} is a continuous-time Markov chain
(CTMC) with typical state

X X X Y Y Y Z
n=Mny,ny, N5 Ng,N{, Ny NE).

max

X _ dmax’ X Y dmax' Y
® letny =) "in; andnyg = ) M .

o

|
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Transition intensities of { W ") (¢)}

() Fore,5 = 1,2, -, dmax, a type-: infective infects a type-; susceptible
¢
(n) I I S I N\ Y J1j
n.n—e;,+e_;—¢€;+e._1)=in; :
7 (n T e e ) = M ey

(i) Fori,7 = 1,2, -+ ,dmax, a type-i infective ‘infects’ a type-; infective, so an
edge is formed
.Y
(n) I I I I N\ Y J1
n,n—e;, +e_;—e:. +e_q1)=Ain; :
7 T i it ei-1) ng +ny +n% —1

(i) For: =1.2, - ,dmax, a type-i infective ‘infects’ a recovered individual, so an
edge is formed

Z
(n) I I Ry __ \:. Y ng
n,n—e;,+e_;—e)=\in; :
¢ - ! ) ng +nL +nz —1
(iv) Fori:=0,1,--- ,dmax, a type-: infective ‘infects’ recovers

q(n) (n7 n — 8% T ieR) — er}/
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Jumps of {W")(¢)}
f (i) Infection of a susceptible T

lg;) — e +e_; — ejs- + e;_l (4,7 =1,2,--+ , dmax)-

(i) ‘Infection’ of an infective
l(2) —e; + e, e§- + e§_1 (4, =1,2, -+, dmax)-
(i) ‘Infection’ of a recovered individual
l(3) —e;+e_,—et (1=1,2,-+ , dmax)-
(iv) Recovery of an infective
l(4) —e; +ie" (1=0,1,-- , dmax)-
Let

4
Av={1Y, A ={13), As={1{"}, A=Y}, A=[]A.
=1
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Density dependent form

- N

Let S(™) denote the state space of {W ") (¢)}.
¢"(n,n+1)=n [Bl(n_ln) —- O(n_l)} (ne S 1eA),
where 38, : R2%™=F!1 5 R, (I € A) are given by

(Aiyj?% for 1= zgj.) e Aj,
AWy for =13 ¢ A,
Bl(wvyazE) = . e P

Avze for =11 e Ay,

ne
L VY for [ = l§4) c Ay,

with

dmax dmax

NE =T +Yg + 2E, TE = Ziﬂ?z‘, YrE = Zzyz
i=1 i=1

o |
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Density dependent population processes

-

Lm{ﬂﬂm@%t>0}{@WM@LW§%ﬂ,~,Wﬁ%ﬂf:t>dﬂma1

continuous-time Markov chain with state space 5™ C ZP and transition
rates of the form

ﬁﬁfwﬂ@m*a+om*ﬂ (i€ S 1eA),

where A is the (finite) set of possible transitions and 5; (I € A) are
non-negative continuous functions.

Let £ C RP be open and satisfy {w € R? : max;ca fi(w) > 0} C E.
Define the drift function

F(w) =) IB(w) (weE).

(Ethier and Kurtz (1986), Chapter 11; Pollett (1990))
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Law of large numbers

Theorem 2 (Ethier and Kurtz (1986)) Suppose that
(i) lim, oo n "W (0) = wy (almost sure convergence is sufficient);

(i) for each compact K C F,

> 11 sup fi(w) < oo

weK
and there exists a constant M > 0 such that
|F(w) — F(w')| < Mg|lw —w'| foral w,w’ € K.
Then, for any ¢t > 0,

lim sup |n ‘W (s) —w(s)|=0 almost surely,

n—oo OSSSt

where w(t) is the solution of the deterministic model

L Cil—z: = F(w), w(0) = wo. J
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Central limit theorem

- N

Recall
F(w) = Z LBi(w) = [Fi(w), Fa(w), - - 7Fp(w)]T°
Let OF (w) and G(w) be the p x p matrix functions defined by

OF;
8wj

8F(w):[ (w)] and  G(w) =) 1l w).

leA
Further, let (¢, s) (0 < s < t) be the solution of the matrix differential equation

0
a@(t, s) = 0F (w(t))®(t,s), d(s,s) =1.

Suppose that for each compact K C FE,

Z 1]? sup Bi(w) < oo,

lEA weK

and that 5, (I € A) and OF are continuous.
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Central limit theorem

- N

Theorem 3 (Ethier and Kurtz (1986)) Let

V™ (0) = v (n_lw(”)(O) - wo)

and suppose that lim,,_,.. V") (0) = v, a constant.

Then,
{\/ﬁ(n_lW(")(t)—w(t)) :tzo}&{V(t):tZO} as 1 — oo,

where {V'(¢) : t > 0} is a zero-mean Gaussian process with covariance
function given by

min(t,s)
cov(V(t),V(s)) = /o O(t,u)G(w(uw))®(s,u) ' du.

o |
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Central limit theorem

- N

Let (t) = var(V (t)) [= cov(V (£), V(¢))]. Then,

(1) = /O B(t, u) G (w(w))D(t, u)  du, W

where ¢(t,s) (0 < s < t) satisfies

9 a(t,5) = OF(w(D)D(t.5),  Bs,5) = I @

® Differentiating (1) and using (2) yields

P _ Glaw(t) + 0P (w(t)S(0) + SOPF ()T, 2(0) =0
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Central limit theorem

-

® The limiting Gaussian process {V (¢)} admits the It0 integral
representation

V() = (¢, 0)V(0) + /t o(t,s)dU(s)  (t > 0), 3)

where {U (t)} is a time-inhomogeneous Brownian motion.

® If /0 (n—1W<”> (0) — w(O)) P v (0) ~ N(0, %) then (3) still holds
and

cov (V(t1), V(t2))

min(t1 ,t2)

Bty 0)S0 D (12, 0) T + /O Bty u) G (w(w))B(ty, u) T du.
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Hitting distributions
- -

Let © : ¥ — R be continuously differentiable. Let
(W) — inf {t o (n—lw<n> (t)) < o} and 7 —=inf{t: o(w(t)) <0},
Theorem 4 (Ethier and Kurtz (1986)) Suppose 7 < oo and

V(w(r)) - F(w(T)) < 0.

Then, as n — oo,

Vi (WO () —w(r)) 5 V(r) -

yielding a central limit theorem for W (") (+()),



Effective degree mode|
B T

® Suppose 2\ (0) =0, n= V" (0) L5 ¢, and n X" (0) L5 p, —
as n — oo, where S 7" 2, > (),

® For the epidemic on either the MR or NS\W network,
{n—lw<”> (t)} 25 fw(t)) asn — oo,
where

{w(t)} ={w(t) : t = 0} = {(x(t),y(t), z6(t)) : t = 0}
IS the solution of the following deterministic model.

® Functional CLT is also available.

o |
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Limiting deterministic model

Lt

ne(t) xp(t)+ye(t)+ze(t)
Then
dcftl — _AﬂE<t)ZCUz (7/ — 07 ]-7 T 7dmax)7
dy; . . .
d‘z =A@+ Dyiy1 —iys] (1 + pe(t)) + Ape() (@ + 1)z — vy
(Z — 0717"' 7dmax)
dZE
= — \ogp(t
o= VYE pE(l)2E,

with initial condition

L sz(O) = PD; — &4, yZ(O) =& (Z:O,l, ,dmax), ZE(O) = 0.



SIR epidemics: NSW network,n = 1, 000

B
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50 simulated epidemics with 50 initial infectives,
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Sample paths
— Mean
— — —95% prob bounds

D ~ Poisson(5), I ~ Exp(1) and A = 1.

-

|
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SIR epidemics: NSW network,n = 1, 000

B
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----- x Emp sd ClI
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0.15 0.015
0.1 oo e x4 0.01
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0.05 ¢k %3 0.005
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-

Mean and standard deviation of 200 simulated epidemics with 50 initial
infectives, D ~ Poisson(5), ] ~ Exp(1) and A = 1.
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Random time-scale transformation

f (n) 1y — S dmax ;v () (n) _ () gy T
® letY, '(t)=) =Y, 7(t)and 7\ =inf{t > 0:Y, '(t) = 0}, so
X W (7(n) gives the final number of susceptibles of each degree.

® Fortc[0,7(")], let

V" (u)

t
AN (t) = / du
o Xp(u) + Y (u) + 2 (u) - 1

and let 7(") = A (7(n)),

® Fortel[0,7M], let UM (t) =inf{u>0: A" (u) =t} and

W' (1) = W™ (U (1)),

r {W(n) (t)} = {W<n) (t): 0 <t <7} is also a density dependent

population process and W (7)) — W () (7(n)),

L (cf. Janson et al. (2014)) J
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Time-transformed deterministic model

- N

W 0<t <7 S5 L) 0<t<7}  asn— oo,

where {w(t)} = {(x(t),y(t), Zp(t)} satisfies

dxz; N .
da; — —Alﬂfi (Z — 07 17 e admax)a
Wi _ \16i+1)3 “]G+—1 >+A(+D~ Y
— t i+1 — UYi ~ C Li+1 — V=
dat AR pE(t) ()
(1=0,1,--+ , dmax)
dzp .

— t) — A

with initial condition

L 5?1(0) = P; — &4, ?jz(O) =& (Z:O,l, ,dmax), 5E(O) = 0. J

Epidemics on networks — p.47



Time-transformed deterministic model

- N

dz; - .

CZ: —>\’L$7; (220717'” admax)v

i M@+ 1)g '~]<1+ ! )+A('+1)~ yi
— 1 7 — 1Y, — 1 xI; — —

pm Yi+1 Y pE(t) +1 — 7 E(t)

dzg N

— = t) — \zp.

i YNE(t) XE

Recall that gz = > ig; and ijp = ip + Jp + 5.

dy ~ _ _ _
gtE: _()\_F,Y)UE _)\yE+>\e 2\t //6(e )\t),
dng i
DB _ _9)
dt nE7

where fp_(s) = > 05 (pr — €x)s
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Time-transformed deterministic model

® Let7solve yz(7) = 0. Then z = e~ 7 satisfies

A+7)z —v=Aup' fp.(2)

and the deterministic total size iIs

dmax
p=1-3 &7 =1-fp.(2)
1=0
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Real-time deterministic model

8 Let((t) = J pe(u)du. Then w(t) = w(4(t)), s o

d§ _ _ R (30)

(1) = upleX fh (), (0) =0,

=1+

> 2

® Letd(t) =e B, Then

do

o= Ap fp (0) — A+ )8+, 6(0) =1.

vi(t) = Z:i(E(t)) = (pi — e)e—iAE(t) = (i —:)0(t)" (i =10,1,- -, dimax)-

® Link with edge-based compartmental models (Volz (2008), Miller
(2011) and Kiss et al. (2017)) and binding site models (Leung and
L Diekmann (2016)). J

Epidemics on networks — p.50



Some related work

® Decreusefond et al. (2012) — LLN for epidemic process on NSW
graph with fraction initially infected = > 0.

® Janson et al. (2014) — LLN for epidemic process on MR graph with
e > 0 and € = 0 (conditional on a major outbreak).

® KhudaBukhsh et al. (2017) — functional CLT for epidemic without
removal (P(/ = co) = 1) on MR graph with £ > 0.

The above all allow for unbounded degrees.

® Barbour and Reinert (2013) — LLN for epidemic process on MR
graph with £ = 0 and arbitrary but specified distribution for /.

|
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CLT for total size
f.ﬁ Total size T

#® In principle can apply Theorem 4 to w'™ (7(")) to obtain a CLT for

7).
® Three issues:

» Need to extend {W'"} beyond time 7" and allow V" (¢) and
7" (1) to take negative values.

» Non-exponentially distributed /?

L ® c=07? J
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Density dependent form

- N

Transition rates of {W(n) (t)} take the asymptotic density dependent form

~

i (n,n+1)=n [6l(n_1n) +0(n™ 1) (neS™ leA),
where 3, : R 5 R, (I € A) are given by

KA% for 1= zgj.) e Aj,
- AW for =13 ¢ A,
Bl(wvyazE) — < . v P

Az for 1=10) € A,

Kvy@-Z—g for [ = l§4) € Ay,

with
dmax

NE =Yg +YE + 2E and YE = Zzyz

o |
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Final outcome

O--—

Initial infective is 7. Set of individuals infected by epidemicis 7 = {j e N : 7 ~ j},
where : ~ j if and only if there exists a chain of directed arcs from : to ;.
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Equivalent epidemic model

-

Construct network and epidemic simultaneously, pairing stubs as the
epidemic evolves.

When a susceptible, i say, is infected, determine which, if any, of its stubs it
will transmit infection along. These stubs become infective stubs, with
Infection being transmitted at times (relative to the infection time of :) that are
lid Exp(1). The remaining stubs attached to : become recovered stubs.

When infection is transmitted down a stub, that stub is paired with a stub
chosen uniformly at random from all unpaired stubs, to form an edge in the
network; if the chosen stub is attached to a susceptible then the individual is
iInfected, otherwise the disease status of the individual is unchanged.

The process ends when there is no infective stub remaining. The number of
remaining susceptibles has the same distribution as that of the original SIR

epidemic.
Ball (2018)
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Equivalent epidemic model

f.p Let W (t) = (X" (1), Y\ (1), 20 (1)), where T
XM@) = (X", X0, X (1),
Xi(”) (t) = number of degree-: susceptibles at time ¢,
YE<”) (t) = number of infective stubs at time ¢,
Zg”) (t) = number of recovered stubs at time ¢.

® (W) = {w(t): ¢ >0} is a continuous-time Markov chain with
typical state

n=ny,ny., - ,ng . ng,ng).
® let
pir = P(infected degree-i susceptible infects along k& stubs)

- = P (Bin(i — 1,1 —e M) = k). o
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Transition intensities of { W ") (¢)}

®» (JFori=1,2,--- ;dpxand k=0,1,---,7— 1, an infective stub is
paired with a degree-: susceptible yielding % infective stubs and
1 — 1 — k recovered stubs

Y

X
Mn,n—=ed+(k—1e'+(i—k—1)el) = RE™h Pik ;
R e e ot

® (i) an infective stub is paired with an infective stub

Y (Y
—1
q(”)(n,n B 261) _ X”E(QE Z) ;

® (iii) an infective stub is paired with a recovered stub

(n) I R n%”%
" (n,n—e —e :
( ) n§+n§+n§—1

o |
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Random time-scale transformation

Make same random time-scale transformation as before leading to
process {W<n) (¢)} having transition intensities

() Fori=1,2,--- ,dpaxand k=0,1,---,7—1,
™M (n,n—ef +(k—1)e' + (i —k —1)e") = in pis;
(i) ¢ (n,n —2e') =nk —1;
(i) ¢ (n,n —e' —el) =nZ.

We need to extend {W(n) (t)} so that it is defined beyond time 7(") and
allow ?EW (¢) to take negative values. Thus we add new transition
Intensities:

(i') for nk <0, "™ (n,n + 2e') = —(nk +1).

o |
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-

Density dependent form

Transition rates of {W (")

dependent form

i (n,n+1) =

~

6l(w7yEazE) —

n [By(n~

<

)—I— O(n~

¢ .
Ll Ps k

YEL{ys>0)
—Yel{ys<o0}

\ ZEl{ZE>O}

1)}

where 5, : R 5 R, (I € A) are given by

for
for

for
for

l
l
l
l

(ne S, 1eA),

Sy @ oy Sy &y

/\I /\_I_/\N/-\
w () DT

N— N N N

e Aq,

(1)} take the asymptotic density

Epidemics on net
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Limiting deterministic model

- N

Let «(™) be the number of initial infectives and suppose that n~ /24" — 0
as n — oo. Then

= W (Y &5 L)) asn — oo,

where {w(t)} = {w(t) : t >0} = {(x(t),yr(t), Zp(t)) : t > 0} satisfies

dx; - :

dtZ: Ly (7’:0717"' ,dmax)a
dg dmax dmax

E vy ~ ~ ~ = ~ ) 7
dat Y i(i — Vpri; — &g — 2jp — Zp,  [Fp= ) ii]
i=2 =1

- d

dZE max o N N

LWith initial condition w(0) = (po, p1,- - ,Pd,...,0,0). J
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Solution of deterministic model

(1 =0,1, -, dmax), T

dmax

-

.’E‘Z’ (t): pie_
Jr(t)=ppe > —qrupe™" —pr Y piie”",
=1
dmax
Zp(t)=qrppe™" —qr Yy piie ",
=1
where q; = 1 — p; = Ele=M].

® Let7 solve yz(7) = 0. Then z = e~ 7 satisfies

2 —qr = pp prfp(2)

and the deterministic total size Is

dmax

L pzl—;ii(%)zl—fp(z). J
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Plot of yz(t) and x(t)

0.03
1
0.025
0.02f 0.9
0.015
0.8F
0.01F
= —~
~ 0.005 o7
'8
0
-0.005f 0.6 o
(7, (7))
e N F N e
0.5
-0.015}
_002 1 1 1 1 1 1 1 O 4 1 | 1 1 1 1 1 1
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 "0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16
t t

Plot of 7z (¢) and xz(t) when D =5, I = 1 and p; = 0.3.

|

Epidemics on networks — p.62



Initial conditions

-

v (n—lvV(”)(m —@(0)) 5 N(0,%)  asn—ox,

where
5, — {O If Molloy-Reed graph,
»YSW if Newman-Strogratz-Watts graph.
(YSxx 0 O]
V=10 0 o0,
0 0 0]
where

(Xxx)ij = ! L
pi(l—p;) ifi=j.

L.’ A CLT for the total size 7™ follows using Theorem 4.
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Functional central limit theorem

® By an extension of Ethier and Kurtz (1986) to allow for asymptotically
random initial conditions,

~

{\/ﬁ(n—lvi/(")(t) —zb(t)) > 0} , {V(t) > 0} as n — oo,

where {V'(¢) : t > 0} is a zero-mean Gaussian process with
covariance function given by

~

cov <V(t1), V(tg))

N N min(t1,t2) N
= Bty 0)S0B (12, 0) T + / B(ty, u) G (i) (ty, u) T du.
0

® A central limit theorem for X" (7(")), and hence for the total size

T(n) = S max (X',f”)(()) —x" (%<”>)), follows using Theorem 4.

|
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lllustration of functional CLT

-0.01¢

-0.02 ‘ ‘
0 0.05 0.1 0.15

t

0.05 0.1

0.15

lllustration of functional CLT for epidemic on network of size n = 5, 000
with D =5, =1 and p; = 0.3.

|
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CLT for total size
-

® Suppose that Ry > 1 and the epidemic is initiated by few infectives. Let z be
the unique solution in [0, 1) of

z—qr = pp prfp(z)
and p =1 — fp(2).

® Suppose also that if p; = 1 then p; > 0. Then, in the event of a major
outbreak,

Vn (n_lT(”> — p) D, N(0,0°) asn — oo,

where ¢° = o3y for the epidemic on the Molloy—Reed random network and
o® = oxngyw for the epidemic on the Newman-Strogatz-\Watts random network

(Ball (2018)).

® Setting p; = 1 leads to a central limit theorem for the size of the giant
component in configuration model random graphs; cf Ball and Neal (2017),
Barbour and Rallin (2019) and Janson (2018).
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Asymptotic variance of total size

fFor the epidemic on the Molloy—Reed network, T

omr =h(2)° {[(prar +2(z — q1)*] o — p7 [fp(2%) + 2% fp_(2%)] }
+h(2) [2pr2fp_ (%) = (z —ar)up| + 1= p — fp(2?)

+ (4 — @) b= 75 — 75.(2)]

and for a Newman-Strogatz—\Watts network,

onsw= p(1 —p) — h(z)(z — qr)pp

+h(2)* {lprar — 22(2 — qr)l pp + (2 — @1)° (op + 1D) }
+ (0 = a}) )2 15 (1) = f5(2),




lllustration of CLT

NSW, D ~ Geom(1/6) - NSW, D ~ Power(1,13.796) \

0.02

0.015+
=
2 001+
(]
(=)

0.005

0
350 400 450 500 350 400 450 500
Total size Total size

MR, D ~ Power(1,13.796)

MR, D ~ G‘eom(116|) 00

400 450 500 400 450 500
Total size Total size

Histograms of size of 10,000 major outbreaks per degree distribution with CLT approx,
n=1000,I =1,p; =1—e > =0.24. [Geom(p): pr, = (1 —p)Fp (k=0,1,---). \
Power(a, k): pp, o< k=% F/5 (k. =1,2,---).]
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lllustration of CLT
-

NSW, D ~ Pqisson(5) | , ><10.3NSW, D~ Poisson(5)

0 100 200 300 400 500 100 200 300 400 500
Total size Total size

Histogram of size of 10,000 epidemics with CLT approx superimposed,
n=1000,I=1,p;=1—e">=0.24.

|
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Convergence of variances

D=5 D ~ Po(5)
; ; 12 ; ;

10 ¥
* 10+ ¥ |=0o0r
8 %
3 8
______________________ ¥ __ %
~ 6 il ~ *
S - 6
4+
4 *
________________ koo
o (@) o) N N ~
2f - ~ ~ e e 2f =1
(@) N N A ~ A
A4 A\ >4 A\ 4 A\ 4 \J
O 1 1 O 1 1
102 10° 10* 102 10° 10*
population size n population size n

D ~ Power(1,13.796)

D ~ Geom(1/6)

10 10
* *
8 8
6 6
Nb Nb
4t 1 4t *
¥*
27 7 2 K e - - - - - e ]
------------ E _
fe—0—0-0-0 00 pe—0—0-"0 000
102 10° 10* 102 10° 10*
population size n population size n
Plots of 02 = n~!var(7'(")) and asymptotic limit for epidemics on NSW networks with
pr = 0.3 and fraction 0.05 initially infective, based on 100, 000 simulations.

]
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Asymptotic means and variances

Mean Variance
1 ; 5 T ; i
: —— Constant
1 —— Poisson NSW
0.8 | ar Poisson MR
: — Geometric NSW
| 1 - = =Geometric MR
0.6 N 3 : Power NSW
< S | - - -Power MR
4 2 I
0 ——Constant !
. 1
——Poisson \
0.2 r Power J 16
—— Geometric
0 L L L O
0 0.2 0.4 0.6 0.8 1 0
P,
(02 - o2 )/ o2 (02 - o2 )/ o?
0 NSW MR MR 3 NSW MR MR
—— Geometric —— Geometric
——Poisson 25 | ——Poisson
15 | Power Power
2 .
10 15
1 .
5 L
0.5 | /
0 e ‘ O // |
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
P, P,

Plots of asymptotic mean and variance parameters of total size of major outbreak when
I =1 for networks with p.p = 5.

|
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Configuration model network

- N
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Bond percolation

L Each edge is deleted independently with probability 1 — . J

Epidemics on networks — p.73



Bond percolation

o——=0

o

T
NS
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Bond percolation

Oo———O

N
A
N,
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Bond percolation

Oo———O

N
o
N,
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Random digraph of potential infections

Underlying CM network Digraph of potential infections
7 Q_\_\ _____ /_/_q T = - -
e g \\ \Q/ -7 \ ;Q
N\ \ 7
q \\ // \\ \ ) s |
AR O e T e N
‘l C; - I~ N AN '
| // \\ I > “ \\ \\ | V
d \ : P 7 | \ _ -
\ \ P | \ -
\\ _ /\C:j - | Q B ’C‘)/ ”
_ o |
all el
O ----- G- O---b

® If infectious period I = 1 then P(i — j) = 7 = 1 — e~ " independently
for distinct (¢, 7) linked by an edge in the underlying network.

® Can replace directed graph by undirected graph in which edges in
\_ underlying network are retained independently with probability . J
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Epidemic associated with bond percolation

B HTA o
TRE
S B

L I=l,r=1—¢" J
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Site percolation

Each vertex (together with incident edges) is deleted
iIndependently with probability 1 — . J

Epidemics on networks — p.79



Site percolation

In right-hand plot, vertices labelled 0 (together with incident
edges) are deleted.
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Site percolation

O
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Site percolation

O
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Epidemic associated with site percolation




Epidemic associated with site percolation

- N

Oo———O




Percolation on CM networks

- N

® BOND: delete edges independently with probability 1 — .

® SITE: delete vertices (together with incident edges) independently
with probability 1 — 7.

(Janson (2009), van der Hofstad (2017))
® Let C) be the size of the largest connected component.
® Recall Ry, pmaj and p for epidemic.

® If Ry > 1, n-tom 2y pc as n — oo, where
® BOND: pc = p = pmaj.
® SITE: pc = pmaj = mp.

® CLT available for C(™) for bond and site percolation.

o |
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