
Epidemics on networks
Frank Ball

Frank.Ball@nottingham.ac.uk

University of Nottingham

Young European Probabilists (YEP 2019) workshop

“Information diffusion on random graphs”

Eurandom, 25-29 March 2019

Research supported by EPSRC and the Simons Foundation

Epidemics on networks – p.1



Introduction

Classical epidemic models usually assume a
homogeneously mixing population of homogeneous
individuals.

Important to include individual heterogeneities and
social structure so that models better reflect reality.

Considerable recent interest in models for epidemics
among structured populations, which incorporate
realistic departures from homogeneous mixing whilst
maintaining mathematical tractability.

One main class of structured population models is
random network models.
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Overview of tutorial

Introduction to SIR epidemics on configuration model
(and related) networks.

Lecture 1: Epidemics on configuration model networks.

Lecture 2: Models with superimposed household
structure. Analysis of vaccination schemes, including
acquaintance vaccination.
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Configuration model networks

Population N = {1, 2, · · · , n}.

D= degree of typical individual

pk = P(D = k) (k = 0, 1, · · · ) specified µD = E[D].

D1, D2, · · · , Dn iid copies of D.

Attach Di stubs (half-edges) to individual i (i = 1, 2, · · · , n).

Pair up the stubs uniformly at random to form the
Newman–Strogratz–Watts (NSW) network.

In the Molloy–Reed (MR) network, D1, D2, · · · , Dn are replaced by
prescribed degrees dn1 , d

n
2 , · · · , dnn, satisfying

lim
n→∞

n−1
n
∑

i=1

1{dn
i =k} = pk (k = 0, 1, · · · ).
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Epidemic model

SIR (susceptible → infective → recovered).

Infectious periods iid according to a random variable I

having an arbitrary but specified distribution.

Whilst infectious, individuals contact each of their
neighbours independently at rate λ.

Single initial infective chosen uniformly at random from
population.

Denote epidemic by E(n).

(Diekmann et al. (1998), Andersson (1999), Newman (2002))
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Simulated epidemics on NSW networks

0 100 200 300 400
0

1000

2000

3000

4000

5000

6000

7000

8000
D ≡ 5

Total size

µ
D

 = 5, σ
D
2  = 0

0 100 200 300 400 500 600
0

1000

2000

3000

4000

5000

6000

7000
D ∼  Poisson(5) 

Total size

µ
D

 = 5, σ
D
2  = 5

0 100 200 300 400 500 600
0

1000

2000

3000

4000

5000

6000
D ∼  Geom(1/6) 

Total size

µ
D

 = 5, σ
D
2  = 30

0 100 200 300 400 500 600
0

1000

2000

3000

4000

5000

6000
D ∼  Power(1, 13.796) 

Total size

µ
D

 = 5, σ
D
2  = 46.51

Histograms of size of 10,000 epidemics per degree distribution, n = 1000, I ≡ 1,
pI = 1− e−λ = 0.24. [Geom(p): pk = (1− p)kp (k = 0, 1, · · · ).

Power(α, κ): pk ∝ k−αe−k/κ (k = 1, 2, · · · ).]
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SIR epidemics: NSW network,n = 100
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100 simulations of epidemics with 2 initial infectives,
D ∼ Poisson(5), I ∼ Exp(1) and λ = 0.7.
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SIR epidemics: NSW network,n = 1, 000
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100 simulations of epidemics with 2 initial infectives,
D ∼ Poisson(5), I ∼ Exp(1) and λ = 0.7.
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SIR epidemics: NSW network,n = 10, 000
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100 simulations of epidemics with 2 initial infectives,
D ∼ Poisson(5), I ∼ Exp(1) and λ = 0.7.
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SIR epidemics: NSW network,n = 100, 000
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10 simulations of epidemics with 2 initial infectives,
D ∼ Poisson(5), I ∼ Exp(1) and λ = 0.7.
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Phases of SIR epidemic
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Realisation of epidemic on NSW network: 2 initial infectives,
D ∼ Poisson(5), I ∼ Exp(1) and λ = 0.7.
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Some key questions

Can an epidemic started with few initial infectives
become established and hence lead to a major
outbreak?

Basic reproduction number R0

Probability epidemic becomes established

If so, what will the epidemic look like and how large will
it be?

LLN and functional CLT for trajectory of epidemic
LLN and CLT for size of epidemic

as population size n → ∞.

Major outbreak is one that infects ≥ log n individuals.
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Random digraph of potential infections

Underlying CM network Digraph of potential infections

In digraph, i → j if and only if i, if infected, contacts j.

Given infectious periods I1, I2, · · · , In, P(i → j) = 1− e−λIi independently
for distinct (i, j) linked by an edge in the underlying network.
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Final outcome

i

Initial infective is i. Set of individuals infected by epidemic is T = {j ∈ N : i j},
where i j if and only if there exists a chain of directed arcs from i to j.
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Early stages of epidemic

Construct network and epidemic simultaneously,
pairing stubs when infectious contacts are made.

Early stages approximated by a (forward) branching
process BF , which assumes all contacts are with
susceptibles.

Number of offspring of initial individual (infective)
C ∼ Bin(D, 1− e−λI).

Number of offspring of typical subsequent individual
C̃ ∼ Bin(D̃ − 1, 1− e−λI), where D̃ has the size-biased
distribution p̃k = P(D̃ = k) = µ−1

D kpk (k = 1, 2, · · · ).
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Early stages of epidemic

Recall C ∼ Bin(D, 1− e−λI) and C̃ ∼ Bin(D̃− 1, 1− e−λI).

As n → ∞, a major outbreak is possible ⇐⇒ R0 > 1,
where

R0 = E[C̃] = µD̃−1pI = (µD + µ−1
D σ2D − 1)pI ,

and pI = 1− E[e−λI ] is the probability an infective infects
a given neighbour.

pmaj = 1− fC(σ), where σ is the smallest solution of

fC̃(s) = s in [0, 1] and e.g. fC̃(s) = E[sC̃ ].
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Coupling of epidemic andBF

Let (Ω,F ,P) be a probability space on which are defined

(i) D1, D2, · · · iid∼ D;

(ii) U0, U1, · · · iid∼ U(0, 1);

(iii) Rij (i, j = 0, 1, · · · ) independent with Rij ∼ Bin(i, 1− e−λI).

Let ck =
k
∑

l=0

pl and c̃k =
k
∑

l=1

p̃l. For x ∈ (0, 1), let

d(x) = min(k : ck ≤ x) and d̃(x) = min(k : c̃k ≤ x).

Let p(n)k = n−1
n
∑

i=1

1{Di=k} and p̃
(n)
k = (nµ

(n)
D )−1

n
∑

i=1

k1{Di=k}, where

µ
(n)
D = n−1

n
∑

i=1

Di. Define c
(n)
k , c̃(n)k , d(n)(x), d̃(n)(x) in the obvious way.

Suppose that µD < ∞. Then the SLLN yields p
(n)
k

a.s.−→ pk, c
(n)
k

a.s.−→ ck

(k = 0, 1, · · · ), µ(n)
D

a.s.−→ µD and p̃
(n)
k

a.s.−→ p̃k, c̃
(n)
k

a.s.−→ c̃k (k = 1, 2, · · · ).
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Coupling of epidemic andBF

Construct BF on (Ω,F ,P) as follows:

Initial individual has degree d0 = d(U0) and Rd0,0 offspring.

For k = 1, 2, . . . , the kth individual born in BF has degree
dk = d̃(Uk) and Rdk−1,l+1 offspring, where l is the number of
degree-k individuals used previously in BF .

For n = 1, 2, · · · , construct B(n)
F analogously to BF , using d(n) and d̃(n)

instead of d and d̃, but the same Uis and Rijs.

Let Aext denote the extinction set of BF and suppose µD < ∞.

Then, for P-almost all ω ∈ Aext,

B(n)
F (ω) = BF (ω) for all sufficiently large n.
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Coupling of epidemic andBF

Construct early stages of E(n) on (Ω,F ,P) as follows:

Individuals in E(n) have degrees given by D1, D2, · · · , Dn.

Label individuals 1, 2, · · · , n in increasing order of degree. Label
stubs 1, 2, · · · , nµ(n)

D , starting with individual 1, then individual 2 etc.

Initial infective is individual ⌈nU0⌉; note this individual has degree

d
(n)
0 = d(n)(U0). It makes contacts down R

d
(n)
0 ,0

of its d
(n)
0 stubs.

For k = 1, 2, · · · , the kth stub down which a contact is made is

paired with stub
⌈

nµ
(n)
D Uk

⌉

; this stub is attached to an individual

with degree d
(n)
k = d̃(n)(Uk). When a stub is paired an edge is

formed and the individual becomes infected.

Construction needs modifying when a stub is paired with one
attached to an individual used earlier in the construction of E(n).

Up to this time, E(n) and B(n)
F coincide.
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Strong approximation theorem

Theorem 1 (cf. Ball and Sirl (2012)) Let T and T
(n)
E be the total sizes of

BF and E(n), respectively, and suppose that µD < ∞. Then

T
(n)
E

a.s.−→ T as n → ∞.

Proof Suppose T = k < ∞. Let d∗ = max(d0, d1, . . . , dk). In E(n), for

i, j = 1, 2, · · · , k (i 6= j), the stubs
⌈

nµ
(n)
D Ui

⌉

and
⌈

nµ
(n)
D Uj

⌉

are attached

to the same individual only if

|nµ(n)
D Ui − nµ

(n)
D Uj | ≤ d∗ =⇒ |Ui − Uj | ≤

d∗

nµ
(n)
D

.

But d∗

nµ
(n)
D

a.s.−→ 0 as n → ∞, so E(n) and B(n)
F coincide for all sufficiently

large n, almost surely, since P(U1, U2, · · · , Uk are distinct) = 1.
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General branching process

In a general (Crump–Mode–Jagers) branching process individuals have

independent and identically distributed life histories H = (I, ξ), where I

denotes a typical individual’s age at death and ξ is a point process of ages at

which she reproduces. [Note that ξ((I,∞)) = 0.]

Let µ(t) = E[ξ([0, t])]. Then

P(Aext) < 1 ⇐⇒ R0 =

∫ ∞

0

µ(dt) > 1.

For t ≥ 0, let Y (t) be the number of individuals alive at time t. Suppose there
exists a Malthusian parameter r, given by

∫ ∞

0

e−rt
µ(dt) = 1.

Then

e−rt
Y (t)

a.s.−→ W as t → ∞,

where W ≥ 0 is a random variable satisfying W (ω) = 0 ⇐⇒ ω ∈ Aext.
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Early stages of epidemic

Let

Y (n)(t) = number of infective in E(n) as time t,

Y (t) = number of individuals in BF (run in real time) at time t.

Mean offspring measure of BF is

µ(dt) = µD̃−1P(I > t)e−λtλdt.

For θ ∈ (0, 1), let τ (n)(θ) = inf{t ≥ 0 : Y (n)(t) ≥ nθ}. Suppose R0 > 1

and θ ∈ (0, 1/2). Then

lim
n→∞

sup
0≤t≤τ (n)(θ)

|Y (n)(t)− Y (t)| = 0 for P-almost all ω ∈ Ac
ext.
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Early stages of epidemic

For θ ∈ (0, 1), let τ (n)(θ) = inf{t ≥ 0 : Y (n)(t) ≥ nθ}. Suppose R0 > 1

and θ ∈ (0, 1/2). Then

lim
n→∞

sup
0≤t≤τ (n)(θ)

|Y (n)(t)− Y (t)| = 0 for P-almost all ω ∈ Ac
ext.

Now e−rtY (t)
a.s.−→ W as t → ∞, so

lim
n→∞

(

τ (n)(θ)− θ

r
logn

)

= −1

r
logW for P-almost all ω ∈ Ac

ext.

Note random time-translation of − 1
r logW .

Conditioned on a major outbreak, for all sufficiently small ε > 0,

1

logn
inf{t ≥ 0 : Y (n)(t) ≥ εn} p−→ 1

r
.

(Lashari et al. (2018))
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SIR epidemics: NSW network,n = 10, 000
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100 simulations of epidemics with 2 initial infectives,
D ∼ Poisson(5), I ∼ Exp(1) and λ = 0.7.
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Susceptibility setSi

i

Si = {j ∈ N : j  i}. Individual i is infected by the epidemic

⇐⇒ Si contains an initial infective.
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Total size of major outbreak

Expected proportion of population ultimately infected by
a major outbreak, ρ say, is given by the probability that a
typical susceptible, i say, is ultimately infected.

Approximate i′s susceptibility set by a (backward)
branching process BB having offspring distribution
B ∼ Bin(D, pI) in the initial generation and
B̃ ∼ Bin(D̃ − 1, pI) in all subsequent generations.

P(i ultimately infected) = P(BB avoids extinction).

ρ = 1− fB(ξ), where ξ is the smallest solution of
fB̃(s) = s in [0, 1].

fB(s) = fD(1− pI + pIs) and
fB̃(s) = fD̃−1(1− pI + pIs) = µ−1

D f ′D(1− pI + pIs).
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Simulated epidemics on NSW networks
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Histograms of size of 10,000 epidemics per degree distribution, n = 1000, I ≡ 1,
pI = 1− e−λ = 0.24. [Geom(p): pk = (1− p)kp (k = 0, 1, · · · ).

Power(α, κ): pk ∝ k−αe−k/κ (k = 1, 2, · · · ).]
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Final outcome of major outbreak

Let DS be the degree of a typical ultimate susceptible.

P(DS = d) =
pd(1− pI + pIξ)

d

∑∞
k=0 pk(1− pI + pIξ)k

=
pd(1− pI + pIξ)

d

1− ρ
.

Let D̃S be the degree of a typical ultimate susceptible neighbour of an
ultimate susceptible.

P(D̃S = d) =
p̃d(1− pI + pIξ)

d−1

∑∞
k=1 p̃k(1− pI + pIξ)k−1

=
p̃d(1− pI + pIξ)

d−1

ξ
.

Let pSS be the probability that a typical neighbour of an ultimate
susceptible is susceptible.

pSS =

∑∞
k=1 p̃k(1− pI + pIξ)

k−1

∑∞
k=1 p̃k {(1− pI + pIξ)k−1 + [1− (1− pI + pIξ)k−1] (1− pI)}

=
ξ

1− pI + pIξ
.
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Final stages of major outbreak

Approximate final stages of epidemic by a (subcritical) general BP
B(n)
∗ with εn ancestors (where ε > 0 is small) and mean offspring

measure

µ∗(dt) = µD̃S−1pSSP(I > t)e−λtλdt,

having Malthusian parameter r∗ < 0.

Let T (n)
∗ be the extinction time of B(n)

∗ . Then

T
(n)
∗

logn

p−→ 1

|r∗|
as n → ∞.

Let T (n) be the duration of E(n). Conditional on a major outbreak,

T (n)

logn

p−→ 1

r
+

1

|r∗|
as n → ∞.

(Lashari et al. (2018))
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Effective degree formulation
Construct the network and the epidemic simultaneously, pairing stubs
as the epidemic evolves.

Initially, no stub is paired and the effective degree of an individual is its
actual degree.

An infective infects down its unpaired stubs independently at rate λ.
When an infective infects down a stub,

that stub is paired with a stub chosen uniformly at random from all
unpaired stubs, to form an edge in the network – the effective
degree of both individuals is reduced by 1;

if the chosen stub is attached to a susceptible then the individual is
infected, otherwise the disease status of the individual is
unchanged.

Infective individuals recover at rate γ, so I ∼ Exp(γ).
(cf. Ball and Neal (2008), Ball et al. (2019))

Epidemics on networks – p.30



Effective degree model

Let W (n)(t) = (X(n)(t),Y (n)(t), Z
(n)
E (t)), where

X(n)(t) = (X
(n)
0 (t), X

(n)
1 (t), · · · , X(n)

dmax
(t)),

Y (n)(t) = (Y
(n)
0 (t), Y

(n)
1 (t), · · · , Y (n)

dmax
(t)),

X
(n)
i (t) and Y

(n)
i (t) are the numbers of effective-degree-i

susceptibles and infectives at time t and Z
(n)
E (t) is the number of

unpaired stubs attached to recovered individuals at time t.

{W (n)(t)} = {W (n)(t) : t ≥ 0} is a continuous-time Markov chain
(CTMC) with typical state

n = (nX
0 , nX

1 , · · · , nX
dmax

, nY
0 , n

Y
1 , · · · , nY

dmax
, nZ

E).

Let nX
E =

∑dmax

i=1 inX
i and nY

E =
∑dmax

i=1 inY
i .
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Transition intensities of {W (n)(t)}
(i) For i, j = 1, 2, · · · , dmax, a type-i infective infects a type-j susceptible

q
(n)(n,n− e

I
i + e

I
i−1 − e

S
j + e

I
j−1) = λin

Y
i

jnX
j

nX
E + nY

E + nZ
E − 1

.

(ii) For i, j = 1, 2, · · · , dmax, a type-i infective ‘infects’ a type-j infective, so an
edge is formed

q
(n)(n,n− e

I
i + e

I
i−1 − e

I
j + e

I
j−1) = λin

Y
i

jnY
j

nX
E + nY

E + nZ
E − 1

.

(iii) For i = 1, 2, · · · , dmax, a type-i infective ‘infects’ a recovered individual, so an
edge is formed

q
(n)(n,n− e

I
i + e

I
i−1 − e

R) = λin
Y
i

nZ
E

nX
E + nY

E + nZ
E − 1

.

(iv) For i = 0, 1, · · · , dmax, a type-i infective ‘infects’ recovers

q
(n)(n,n− e

I
i + ie

R) = γn
Y
i .
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Jumps of{W (n)(t)}
(i) Infection of a susceptible

l
(1)
ij = −e

I
i + e

I
i−1 − e

S
j + e

I
j−1 (i, j = 1, 2, · · · , dmax).

(ii) ‘Infection’ of an infective

l
(2)
ij = −e

I
i + e

I
i−1 − e

I
j + e

I
j−1 (i, j = 1, 2, · · · , dmax).

(iii) ‘Infection’ of a recovered individual

l
(3)
i = −e

I
i + e

I
i−1 − e

R (i = 1, 2, · · · , dmax).

(iv) Recovery of an infective

l
(4)
i = −e

I
i + ie

R (i = 0, 1, · · · , dmax).

Let

∆1 = {l(1)ij }, ∆2 = {l(2)ij }, ∆3 = {l(3)i }, ∆4 = {l(4)i }, ∆ =

4
⋃

i=1

∆i.
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Density dependent form

Let S(n) denote the state space of {W (n)(t)}.

q(n)(n,n+ l) = n
[

βl(n
−1n) +O(n−1)

]

(n ∈ S(n), l ∈ ∆),

where βl : R
2dmax+1
+ → R+ (l ∈ ∆) are given by

βl(x,y, zE) =



























λ
iyijxj

ηE
for l = l

(1)
ij ∈ ∆1,

λ
iyijyj

ηE
for l = l

(2)
ij ∈ ∆2,

λ iyizE
ηE

for l = l
(3)
i ∈ ∆3,

γyi for l = l
(4)
i ∈ ∆4,

with

ηE = xE + yE + zE , xE =

dmax
∑

i=1

ixi, yE =

dmax
∑

i=1

iyi.

Epidemics on networks – p.34



Density dependent population processes

Let
{

W (n)(t) : t ≥ 0
}

=
{

(W
(n)
1 (t),W

(n)
2 (t), · · · ,W (n)

p (t))⊤ : t ≥ 0
}

be a

continuous-time Markov chain with state space S(n) ⊆ Z
p and transition

rates of the form

q
(n)
i,i+l

= n
[

βl

(

n−1i
)

+O(n−1)
]

(i ∈ S(n), l ∈ ∆),

where ∆ is the (finite) set of possible transitions and βl (l ∈ ∆) are
non-negative continuous functions.

Let E ⊆ R
p be open and satisfy {w ∈ R

p : maxl∈∆ βl(w) > 0} ⊆ E.
Define the drift function

F (w) =
∑

l∈∆

lβl(w) (w ∈ E).

(Ethier and Kurtz (1986), Chapter 11; Pollett (1990))
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Law of large numbers
Theorem 2 (Ethier and Kurtz (1986)) Suppose that

(i) limn→∞ n−1
W

(n)(0) = w0 (almost sure convergence is sufficient);

(ii) for each compact K ⊆ E,
∑

l∈∆

|l| sup
w∈K

βl(w) < ∞

and there exists a constant MK > 0 such that

|F (w)− F (w′)| ≤ MK |w −w
′| for all w,w

′ ∈ K.

Then, for any t > 0,

lim
n→∞

sup
0≤s≤t

|n−1
W

(n)(s)−w(s)| = 0 almost surely,

where w(t) is the solution of the deterministic model

dw

dt
= F (w), w(0) = w0.

Epidemics on networks – p.36



Central limit theorem

Recall

F (w) =
∑

l∈∆

lβl(w) = [F1(w), F2(w), · · · , Fp(w)]⊤.

Let ∂F (w) and G(w) be the p× p matrix functions defined by

∂F (w) =

[

∂Fi

∂wj
(w)

]

and G(w) =
∑

l∈∆

l
⊤
l βl(w).

Further, let Φ(t, s) (0 ≤ s ≤ t) be the solution of the matrix differential equation

∂

∂t
Φ(t, s) = ∂F (w(t))Φ(t, s), Φ(s, s) = I.

Suppose that for each compact K ⊆ E,
∑

l∈∆

|l|2 sup
w∈K

βl(w) < ∞,

and that βl (l ∈ ∆) and ∂F are continuous.
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Central limit theorem

Theorem 3 (Ethier and Kurtz (1986)) Let

V (n)(0) =
√
n
(

n−1W (n)(0)−w0

)

and suppose that limn→∞ V (n)(0) = v0, a constant.

Then,
{√

n
(

n−1W (n)(t)−w(t)
)

: t ≥ 0
}

w−→ {V (t) : t ≥ 0} as n → ∞,

where {V (t) : t ≥ 0} is a zero-mean Gaussian process with covariance
function given by

cov(V (t),V (s)) =

∫ min(t,s)

0

Φ(t, u)G(w(u))Φ(s, u)⊤du.
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Central limit theorem

Let Σ(t) = var(V (t)) [= cov(V (t),V (t))]. Then,

Σ(t) =

∫ t

0

Φ(t, u)G(w(u))Φ(t, u)⊤du, (1)

where Φ(t, s) (0 ≤ s ≤ t) satisfies

∂

∂t
Φ(t, s) = ∂F (w(t))Φ(t, s), Φ(s, s) = I. (2)

Differentiating (1) and using (2) yields

dΣ(t)

dt
= G(w(t)) + ∂F (w(t))Σ(t) + Σ(t)[∂F (w(t))]⊤, Σ(0) = 0.

φij(t, s) =
∂wi(t− s)

∂wj(0)
(i, j = 1, 2, · · · , p).
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Central limit theorem

The limiting Gaussian process {V (t)} admits the Itô integral
representation

V (t) = Φ(t, 0)V (0) +

∫ t

0

Φ(t, s) dU(s) (t ≥ 0), (3)

where {U(t)} is a time-inhomogeneous Brownian motion.

If
√
n
(

n−1W (n)(0)−w(0)
)

D−→ V (0) ∼ N(0,Σ0) then (3) still holds

and

cov (V (t1),V (t2))

= Φ(t1, 0)Σ0Φ(t2, 0)
⊤ +

∫ min(t1,t2)

0

Φ(t1, u)G(w(u))Φ(t2, u)
⊤ du.
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Hitting distributions

Let ϕ : E → R be continuously differentiable. Let

τ (n) = inf
{

t : ϕ
(

n−1W (n)(t)
)

≤ 0
}

and τ = inf{t : ϕ(w(t)) ≤ 0}.

Theorem 4 (Ethier and Kurtz (1986)) Suppose τ < ∞ and

∇(w(τ)) · F (w(τ)) < 0.

Then, as n → ∞,

√
n
(

n−1W (n)(τ (n))−w(τ)
)

D−→ V (τ)− ∇ϕ(w(τ)) · V (τ)

∇(ϕw(τ)) · F (w(τ))
F (w(τ)),

yielding a central limit theorem for W (n)(τ (n)).
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Effective degree model

Suppose Z
(n)
E (0) = 0, n−1Y

(n)
i (0)

a.s.−→ εi and n−1X
(n)
i (0)

a.s.−→ pi − εi

as n → ∞, where
∑dmax

i=1 εi > 0.

For the epidemic on either the MR or NSW network,
{

n−1W (n)(t)
}

a.s.−→ {w(t)} as n → ∞,

where

{w(t)} = {w(t) : t ≥ 0} = {(x(t),y(t), zE(t)) : t ≥ 0}

is the solution of the following deterministic model.

Functional CLT is also available.
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Limiting deterministic model

Let

ρE(t) =
yE(t)

ηE(t)
=

yE(t)

xE(t) + yE(t) + zE(t)
.

Then

dxi

dt
= −λρE(t)ixi (i = 0, 1, · · · , dmax),

dyi
dt

= λ [(i+ 1)yi+1 − iyi] (1 + ρE(t)) + λρE(t)(i+ 1)xi+1 − γyi

(i = 0, 1, · · · , dmax)

dzE
dt

= γyE − λρE(t)zE ,

with initial condition

xi(0) = pi − εi, yi(0) = εi (i = 0, 1, · · · , dmax), zE(0) = 0.
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SIR epidemics: NSW network,n = 1, 000
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50 simulated epidemics with 50 initial infectives,
D ∼ Poisson(5), I ∼ Exp(1) and λ = 1.

Epidemics on networks – p.44



SIR epidemics: NSW network,n = 1, 000
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Mean and standard deviation of 200 simulated epidemics with 50 initial
infectives, D ∼ Poisson(5), I ∼ Exp(1) and λ = 1.
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Random time-scale transformation

Let Y (n)
E (t) =

∑dmax

i=1 iY
(n)
i (t) and τ (n) = inf{t ≥ 0 : Y

(n)
E (t) = 0}, so

X(n)(τ (n)) gives the final number of susceptibles of each degree.

For t ∈ [0, τ (n)], let

A(n)(t) =

∫ t

0

Y
(n)
E (u)

X
(n)
E (u) + Y

(n)
E (u) + Z

(n)
E (u)− 1

du

and let τ̃ (n) = A(n)(τ (n)).

For t ∈ [0, τ̃ (n)], let U (n)(t) = inf{u ≥ 0 : A(n)(u) = t} and

W̃
(n)

(t) = W (n)
(

U (n)(t)
)

.

{W̃ (n)
(t)} = {W̃ (n)

(t) : 0 ≤ t ≤ τ̃ (n)} is also a density dependent

population process and W̃
(n)

(τ̃ (n)) = W (n)(τ (n)).

(cf. Janson et al. (2014))
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Time-transformed deterministic model

{W̃ (n)
(t) : 0 ≤ t ≤ τ̃} a.s.−→ {w̃(t) : 0 ≤ t ≤ τ̃} as n → ∞,

where {w̃(t)} = {(x̃(t), ỹ(t), z̃E(t)} satisfies

dx̃i

dt
= −λix̃i (i = 0, 1, · · · , dmax),

dỹi
dt

= λ [(i+ 1)ỹi+1 − iỹi]

(

1 +
1

ρ̃E(t)

)

+ λ(i+ 1)x̃i+1 − γ
ỹi

ρ̃E(t)

(i = 0, 1, · · · , dmax)

dz̃E
dt

= γη̃E(t)− λzE ,

with initial condition

x̃i(0) = pi − εi, ỹi(0) = εi (i = 0, 1, · · · , dmax), z̃E(0) = 0.
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Time-transformed deterministic model

dx̃i

dt
= −λix̃i (i = 0, 1, · · · , dmax),

dỹi
dt

= λ [(i+ 1)ỹi+1 − iỹi]

(

1 +
1

ρ̃E(t)

)

+ λ(i+ 1)x̃i+1 − γ
ỹi

ρ̃E(t)

dz̃E
dt

= γη̃E(t)− λzE .

Recall that ỹE =
∑dmax

i=1 iỹi and η̃E = x̃E + ỹE + z̃E .

dỹE
dt

= −(λ+ γ)η̃E − λỹE + λe−2λtf ′′
Dε

(e−λt),

dη̃E
dt

= −2λη̃E ,

where fDε
(s) =

∑dmax

k=0 (pk − εk)s
k.
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Time-transformed deterministic model

x̃i(t)= (pi − εi)e
−iλt (i = 0, 1, · · · , dmax),

η̃E(t)= µDe−2λt,

ỹE(t)= e−λt

[

λ+ γ

λ
µDe−λt − γ

λ
µD − f ′

Dε
(e−λt)

]

.

Let τ̃ solve ỹE(τ̃) = 0. Then z = e−τ̃ satisfies

(λ+ γ)z − γ = λµ−1
D f ′

Dε
(z)

and the deterministic total size is

ρ = 1−
dmax
∑

i=0

x̃i(τ̃) = 1− fDε
(z).
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Real-time deterministic model
Let ξ(t) =

∫ t

0
ρE(u) du. Then w(t) = w̃(ξ(t)), so

dξ

dt
= ρE(t) = ρ̃E(ξ(t)) =

ỹE(ξ(t))

η̃E(ξ(t))

= 1 +
γ

λ

(

1− eλξ
)

− µ−1
D eλξf ′

Dε

(

e−λξ
)

, ξ(0) = 0.

Let θ(t) = e−λξ(t). Then

dθ

dt
= λµ−1

D f ′
Dε

(θ)− (λ+ γ)θ + γ, θ(0) = 1.

and

xi(t) = x̃i(ξ(t)) = (pi − εi)e−iλξ(t) = (pi − εi)θ(t)
i (i = 0, 1, · · · , dmax).

Link with edge-based compartmental models (Volz (2008), Miller
(2011) and Kiss et al. (2017)) and binding site models (Leung and
Diekmann (2016)).
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Some related work

Decreusefond et al. (2012) — LLN for epidemic process on NSW
graph with fraction initially infected ε > 0.

Janson et al. (2014) — LLN for epidemic process on MR graph with
ε > 0 and ε = 0 (conditional on a major outbreak).

KhudaBukhsh et al. (2017) — functional CLT for epidemic without
removal (P(I = ∞) = 1) on MR graph with ε > 0.

The above all allow for unbounded degrees.

Barbour and Reinert (2013) — LLN for epidemic process on MR
graph with ε = 0 and arbitrary but specified distribution for I .
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CLT for total size

Total size

T (n)=

dmax
∑

i=0

(

X
(n)
i (0)−X

(n)
i (τ (n))

)

=

dmax
∑

i=0

(

X̃
(n)
i (0)− X̃

(n)
i (τ̃ (n))

)

.

In principle can apply Theorem 4 to W̃
(n)

(τ̃ (n)) to obtain a CLT for
T (n).

Three issues:

Need to extend {W̃ (n)} beyond time τ̃ (n) and allow Ỹ
(n)

(t) and

Z̃
(n)
E (t) to take negative values.

Non-exponentially distributed I?

ε = 0?
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Density dependent form

Transition rates of {W̃ (n)
(t)} take the asymptotic density dependent form

q̃(n)(n,n+ l) = n
[

β̃l(n
−1n) +O(n−1)

]

(n ∈ S(n), l ∈ ∆),

where β̃l : R
2dmax+1
+ → R+ (l ∈ ∆) are given by

β̃l(x,y, zE) =



























λ
iyijxj

yE
for l = l

(1)
ij ∈ ∆1,

λ
iyijyj

yE
for l = l

(2)
ij ∈ ∆2,

λ iyizE
yE

for l = l
(3)
i ∈ ∆3,

γyi
ηE

yE
for l = l

(4)
i ∈ ∆4,

with

ηE = xE + yE + zE and yE =

dmax
∑

i=1

iyi.
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Final outcome

i

Initial infective is i. Set of individuals infected by epidemic is T = {j ∈ N : i j},
where i j if and only if there exists a chain of directed arcs from i to j.
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Equivalent epidemic model

Construct network and epidemic simultaneously, pairing stubs as the

epidemic evolves.

When a susceptible, i say, is infected, determine which, if any, of its stubs it

will transmit infection along. These stubs become infective stubs, with
infection being transmitted at times (relative to the infection time of i) that are

iid Exp(1). The remaining stubs attached to i become recovered stubs.

When infection is transmitted down a stub, that stub is paired with a stub
chosen uniformly at random from all unpaired stubs, to form an edge in the

network; if the chosen stub is attached to a susceptible then the individual is
infected, otherwise the disease status of the individual is unchanged.

The process ends when there is no infective stub remaining. The number of

remaining susceptibles has the same distribution as that of the original SIR
epidemic.

Ball (2018)

Epidemics on networks – p.55



Equivalent epidemic model

Let W (n)(t) = (X(n)(t), Y
(n)
E (t), Z

(n)
E (t)), where

X(n)(t) = (X
(n)
0 (t), X

(n)
1 (t), · · · , X(n)

dmax
(t)),

X
(n)
i (t) = number of degree-i susceptibles at time t,

Y
(n)
E (t) = number of infective stubs at time t,

Z
(n)
E (t) = number of recovered stubs at time t.

{W (n)(t)} = {W (n)(t) : t ≥ 0} is a continuous-time Markov chain with
typical state

n = (nX
0 , nX

1 , · · · , nX
dmax

, nY
E , n

Z
E).

Let

pi,k = P(infected degree-i susceptible infects along k stubs)

= P
(

Bin(i− 1, 1− e−λI) = k
)

.
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Transition intensities of {W (n)(t)}
(i) For i = 1, 2, · · · , dmax and k = 0, 1, · · · , i− 1, an infective stub is
paired with a degree-i susceptible yielding k infective stubs and
i− 1− k recovered stubs

q(n)(n,n− eSi + (k − 1)eI + (i− k − 1)eR) =
nY
E in

X
i pi,k

nX
E + nY

E + nZ
E − 1

;

(ii) an infective stub is paired with an infective stub

q(n)(n,n− 2eI) =
nY
E(n

Y
E − 1)

nX
E + nY

E + nZ
E − 1

;

(iii) an infective stub is paired with a recovered stub

q(n)(n,n− eI − eR) =
nY
En

Z
E

nX
E + nY

E + nZ
E − 1

.
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Random time-scale transformation

Make same random time-scale transformation as before leading to

process {W̃ (n)
(t)} having transition intensities

(i) For i = 1, 2, · · · , dmax and k = 0, 1, · · · , i− 1,

q̃(n)(n,n− eSi + (k − 1)eI + (i− k − 1)eR) = inX
i pi,k;

(ii) q̃(n)(n,n− 2eI) = nY
E − 1;

(iii) q̃(n)(n,n− eI − eR) = nZ
E .

We need to extend {W̃ (n)
(t)} so that it is defined beyond time τ̃ (n) and

allow Ỹ
(n)
E (t) to take negative values. Thus we add new transition

intensities:

(ii′) for nY
E < 0, q̃(n)(n,n+ 2eI) = −(nY

E + 1).
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Density dependent form

Transition rates of {W (n)(t)} take the asymptotic density
dependent form

q̃(n)(n,n+ l) = n
[

β̃l(n
−1n) +O(n−1)

]

(n ∈ S(n), l ∈ ∆),

where β̃l : R
dmax+3
+ → R+ (l ∈ ∆) are given by

β̃l(x, yE , zE) =



















ixipi,k for l = l
(1)
ik ∈ ∆1,

yE1{yE>0} for l = l
(2)
+ ,

−yE1{yE<0} for l = l
(2)
− ,

zE1{zE>0} for l = l(3).
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Limiting deterministic model

Let a(n) be the number of initial infectives and suppose that n−1/2a(n) → 0

as n → ∞. Then

{n−1W̃
(n)

(t)} a.s.−→ {w̃(t)} as n → ∞,

where {w̃(t)} = {w̃(t) : t ≥ 0} = {(x̃(t), ỹE(t), z̃E(t)) : t ≥ 0} satisfies

dx̃i

dt
= −ix̃i (i = 0, 1, · · · , dmax),

dỹE
dt

=

dmax
∑

i=2

i(i− 1)pI x̃i − x̃E − 2ỹE − z̃E , [x̃E =

dmax
∑

i=1

ix̃i]

dz̃E
dt

=

dmax
∑

i=2

i(i− 1)qI x̃i − z̃E ,

with initial condition w̃(0) = (p0, p1, · · · , pdmax , 0, 0).
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Solution of deterministic model

x̃i(t)= pie
−it (i = 0, 1, · · · , dmax),

ỹE(t)= µDe−2t − qIµDe−t − pI

dmax
∑

i=1

piie
−it,

z̃E(t)= qIµDe−t − qI

dmax
∑

i=1

piie
−it,

where qI = 1− pI = E[e−λI ].

Let τ̃ solve ỹE(τ̃) = 0. Then z = e−τ̃ satisfies

z − qI = µ−1
D pIf

′
D(z)

and the deterministic total size is

ρ = 1−
dmax
∑

i=0

x̃i(τ̃) = 1− fD(z).
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Plot of ỹE(t) and x(t)
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Plot of ỹE(t) and x(t) when D ≡ 5, I ≡ 1 and pI = 0.3.

Epidemics on networks – p.62



Initial conditions
√
n
(

n−1W̃
(n)

(0)− w̃(0)
)

D−→ N(0,Σ0) as n → ∞,

where

Σ0 =







0 if Molloy-Reed graph,

ΣNSW
0 if Newman-Strogratz-Watts graph.

ΣNSW
0 =









ΣXX 0 0

0 0 0

0 0 0









,

where

(ΣXX)ij =







−pipj if i 6= j,

pi(1− pi) if i = j.

A CLT for the total size T (n) follows using Theorem 4.
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Functional central limit theorem

By an extension of Ethier and Kurtz (1986) to allow for asymptotically
random initial conditions,
{√

n
(

n−1W̃
(n)

(t)− w̃(t)
)

: t ≥ 0
}

w−→
{

Ṽ (t) : t ≥ 0
}

as n → ∞,

where {V (t) : t ≥ 0} is a zero-mean Gaussian process with
covariance function given by

cov
(

Ṽ (t1), Ṽ (t2)
)

= Φ̃(t1, 0)Σ0Φ̃(t2, 0)
⊤ +

∫ min(t1,t2)

0

Φ̃(t1, u)G(w̃(u))Φ̃(t2, u)
⊤ du.

A central limit theorem for X̃
(n)

(τ̃ (n)), and hence for the total size

T (n) =
∑dmax

i=0

(

X̃
(n)
i (0)− X̃

(n)
i (τ̃ (n))

)

, follows using Theorem 4.
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Illustration of functional CLT
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Illustration of functional CLT for epidemic on network of size n = 5, 000

with D ≡ 5, I ≡ 1 and pI = 0.3.
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CLT for total size

Suppose that R0 > 1 and the epidemic is initiated by few infectives. Let z be

the unique solution in [0, 1) of

z − qI = µ
−1
D pIf

′
D(z)

and ρ = 1− fD(z).

Suppose also that if pI = 1 then p1 > 0. Then, in the event of a major

outbreak,
√
n
(

n
−1

T
(n) − ρ

)

D−→ N(0, σ2) as n → ∞,

where σ2 = σ2
MR for the epidemic on the Molloy–Reed random network and

σ2 = σ2
NSW for the epidemic on the Newman-Strogatz-Watts random network

(Ball (2018)).

Setting pI = 1 leads to a central limit theorem for the size of the giant

component in configuration model random graphs; cf Ball and Neal (2017),
Barbour and Röllin (2019) and Janson (2018).
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Asymptotic variance of total size

For the epidemic on the Molloy–Reed network,

σ2
MR =h(z)2

{[

(pIqI + 2(z − qI)
2
]

µD − p2I
[

f ′
D(z2) + z2f ′′

Dε
(z2)

]}

+h(z)
[

2pIzf
′
Dε

(z2)− (z − qI)µD

]

+ 1− ρ− fD(z2)

+
(

q
(2)
I − q2I

)

h(z)2
[

f ′′
D(1)− f ′′

Dε
(z)

]

,

and for a Newman–Strogatz–Watts network,

σ2
NSW= ρ(1− ρ)− h(z)(z − qI)µD

+h(z)2
{

[pIqI − 2z(z − qI)]µD + (z − qI)
2
(

σ2
D + µ2

D

)}

+
(

q
(2)
I − q2I

)

h(z)2 [f ′′
D(1)− f ′′

D(z)],

where

h(z) =
p−1
I (qI − z)

1− pIµ
−1
D f ′′

D(z)
and q

(2)
I = E[e−2λI ].
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Illustration of CLT

Histograms of size of 10,000 major outbreaks per degree distribution with CLT approx,
n = 1000, I ≡ 1, pI = 1− e−λ = 0.24. [Geom(p): pk = (1− p)kp (k = 0, 1, · · · ).

Power(α, κ): pk ∝ k−αe−k/κ (k = 1, 2, · · · ).]
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Illustration of CLT

Histogram of size of 10,000 epidemics with CLT approx superimposed,

n = 1000, I ≡ 1, pI = 1− e−λ = 0.24.
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Convergence of variances
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Plots of σ2
n = n−1var(T (n)) and asymptotic limit for epidemics on NSW networks with

pI = 0.3 and fraction 0.05 initially infective, based on 100, 000 simulations.
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Asymptotic means and variances
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Configuration model network
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Bond percolation
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Each edge is deleted independently with probability 1− π.
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Bond percolation
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In right-hand plot, edges labelled 0 are deleted.
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Bond percolation
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Bond percolation
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Random digraph of potential infections
Underlying CM network Digraph of potential infections

If infectious period I ≡ 1 then P(i → j) = π = 1− e−λ independently
for distinct (i, j) linked by an edge in the underlying network.

Can replace directed graph by undirected graph in which edges in
underlying network are retained independently with probability π.
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Epidemic associated with bond percolation

I ≡ 1, π = 1− e−λ
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Site percolation
0

01
0

0

11

1

1

1

1

1

1

0

1

1

1

1

0

1

01

1

1

1

1 1

0

0
1

0

0

1

0

0

11

0

Each vertex (together with incident edges) is deleted
independently with probability 1− π.

Epidemics on networks – p.79



Site percolation
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Site percolation
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Site percolation
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Epidemic associated with site percolation
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Epidemic associated with site percolation
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Percolation on CM networks

BOND: delete edges independently with probability 1− π.

SITE: delete vertices (together with incident edges) independently
with probability 1− π.

(Janson (2009), van der Hofstad (2017))

Let C(n) be the size of the largest connected component.

Recall R0, pmaj and ρ for epidemic.

If R0 > 1, n−1C(n) p−→ ρC as n → ∞, where

BOND: ρC = ρ = pmaj,

SITE: ρC = pmaj = πρ.

CLT available for C(n) for bond and site percolation.
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