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OQutline

¥ The Max-Weight policy
b the context
b the policy

b known facts in a nutshell

¥ A new question and approach

e A broader class of systems

e A general theorem

¥ Specializing to MW
b Fluid limits

b State space collapse

¥ Generalizations



The simplest context Q1

. : A — 1
e Stabilizable if A\{ + s < 1 ><>‘
— serve queue 1 a fraction \; + ¢ of the time Ao —>
e.g., coin Rip Q2
¥ Policy easily becomes unstable if we have the wrong 11, !9

e 'Data-driven” policy: serve the longest queue;
stable aslongas !1+ !>o< 1

e Lyapunov argument serve 1if (Q! 1)%+ Q5<Q%2+( Qp! 1)2

V = Q%+ Q% if Q1 > Qo

¥ General idea; choose action that causes
biggest reduction in Lyapunov function



Broader context: single-hop nets with OinterferenceO

e Can serve any two simltaneously

Q
t not all three) 14 -
—_—
¥ Stabilizablei ! 11+ 1o+ 13< 2
¥ if known !;, could calculate time fractions
fio+ fi3 2 M1
fio+ faz =2 A2
fiz+ faz = A3
fi2 + fiz+ foz < 1, fij =0
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Broader context: single-hop nets with OinterferenceO

Q2
e Can serve any two simltaneously A2 ,
Q1
t not all three) | 4
.
¥ Stabilizablei ! 1+ !>+ I 3< 2
| 5 @3
¥ if known !;, could calculate time fractions —
¥ Three possible OschedulesO !: (1,1,0), (1,0,1), (0,1,1)
V=0Qi+Q3+Q3=0"'Q
¥ Pick ! st vPeXt = Q1 1YT(Q! 1) is smallest
T T T
mGaXQQ o—o0 o max e

N ignore

e Schedule {1,2} if Q14+ Q2> Q1+ Q3
>Q 2+ Q3



General version [Tassiulas, Ephremides, 1992]

Q2
A2
| Q1 —
1
/V
.- . N 2 I Q3
e S: finite set of possible OscheduleO vectors o >0 -3
—

Example: ! =(0 ,1,0,2)

[Technicality: o € S, set some components to zero: again in S]

e Multihop networks: process at j: OfractionO R;j sent to i

Routing matrix R! O

L (t) ! arglgrlngx QT(t)!

H I

(1) " argmax QT(t) I # R !

P

Q(t+1)= Q)+ A()+( R—1)min (1(1),Q(t))



What is known

R = 0: stabilizable “iC”B{f, > 0},¢g
#H #
St f| = 1 , f' I $ "

1S 1S
e If stabilizable, then MW does the job
b Lyapunov argument, V = QTQ [Tassiulas, Ephremides, 1992]
¥ Much research on:
b performance analysis

b scaling (as network size increases; in heavy-tra ¢ limit)

D generalizations to include routing decisions o1

¥ Central results — :

b fluid limits

b state space collapse (in heavy-tra ! c regime)

(rely on stochastic techniques)




Our viewpoint A

@1
><} :
Q> ¥ Deterministic arrivals, I at all times

¥ Stochastic arrivals  Aj(t)

e Stochastic = perturbation of “simple” (fluid) deterministic system

perturbation: fluctuations of A;(t)

e EXxploit properties of the fluid system
b piecewise constant drift
P non-expansive: !g(t)" qi{t)!$! q©) " ¢{0) ! [Subramanian, 2010]



What does non-gxpansiveness buy us?

¥ x(t+1)= f:x(t) f non-expansive: !f(x)" f(y)!#! x" vyl
X(t+1)= f %) +ut)  x0)= x(0)
t—1
lz() —Z@) < > llu(D)] O(t)
7=0
t—1 a4
¥ If f(x)= x+ !, ,then |z(®) —z@®)| =] > u(T)H O( 1t)
7=0
k]
Wish: Ix(t) " %(t)!'$ C amax | u(")i
k<t " g

b non-expansiveness not enough to guarantee this



MW | subgradient [3ow

¥ Ignore boundary e ! ects for the moment

¥ Replace arrivals by their means

1 Q=1!! (I! R)" #! # (Q)

o* € argmax|Ql (I — R)o — Q')
oceS

" (Q) = max !QT(I! R)"! Q!

| . piecewise linear, convex, Pnitely many pieces

OV



Subgradient Flow Sensitivity Theorem (Continuous Time)

() = max [me-I-bi] Xil F(x)= "11(x), ae. |

x(t) = x(0)+ Ot"(#) a# “(#) 1 F(x(#))

[non-expansive dynamics, existence, uniqueness]
Perturbed system X1 F(x)+ u

x(t) = x(0) + .Ot"(#) d# + U(t) "(#) ! F(x(#))

Given system F', there exists constant Cp s.t. if Z(0) = x(0), then:

H:’E(t}! z(D)|| " Cpasup#U (! )#, $ U8, =(0)
1"t
¥ Easy proof?
b result fails if " has inbnitely many pieces;

or if " cont. di ! erentiable and strictly convex



Proof idea

"#  BY&H"%o(")* 1"23$%&#"'%(")*
"+ H#E& -%,. $/%0, +HE R

¥ Use induction on dimension

¥ Need separate argument when in the vicinity of OcriticalO points



Back to MW A

e Fluid solution ¢(t): continuous-time

e Stochastic process Q(t)

— perturbed because cumulative arrivals #= At
— boundary effects: Q(t) must stay non-negative

— discrete time
[0 — 4] < (1 + 1Al + max | éo (am-3[)  oC D

e Low-hanging fruit: Fluid limit

1 T
If —.sup || Y (A(k) — A)H — 0, asn— o Q(0) = nqgp
n r<nT Il .—q
t
then sup Q) — q(t)H —- 0, asn— oo
t<T Il n




Strong State Space Collapse A"() — A(-), rate \" — A

I " #t $ Cyc'; &

' : :
Assume f(n,") 4P = sup= ANy # !N i>" #A 0
N t" n #=0 n's$
f(n,6) ~exp(an): large deviations principle
| (!): Invariant set of Ruid model I f
A4 =1
Strong state space collapse N di I usion scaling:

Suppose f(n,") % n (quite weak), start close to I
OWith high probability, Q(n?t)/n stays uniformly close to 1(1),0" t" 1.0

b conjectured by Shah and Wischik (2012)
P i.i.d. bounded arrivals: Shah, JNT, Zhong (2010), Lyapunov proof

b probabilistic part of new proof is elementary
b general arrivals

b longer time scales



Extensions, generalizations

e \Weighted max-weight

max Q'W(I — R)o W: diagonal, positive weights

e Backpressure policies
— routing no longer fixed

— Jjoint routing and scheduling,
takes into account “weights’ of destination queues

e MW-a? (Open)
maax(Qo‘)TW(I — R)o, a >0



