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¥ History:

Ð conjectured by Shah and Wischik (2012)

Ð i.i.d. bounded arrivals: Shah, JNT, Zhong (2010), Lyapunov proof

¥ Our low-hanging fruit

Ð probabilistic part of new proof is elementary

Ð general arrivals

Ð longer time scales
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Finitely Piecewise Constant Systems

! Q = ! ! ( I ! R) " " # ! #" ( Q)
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Continuous-Time FPCS

! : piecewise linear, convex, Þnitely many pieces

úx ! F ( x) = " ! ! ( x), a.e. (di " erential inclusion)

x( t ) = x(0) +
! t
0 " ( #) d# "( #) ! F ( x( #))

Perturbed system

úx ! F ( x) + u

÷x( t )
! t
0 " ( #) d# + U( t) " ( #) ! F (÷x( #))

[non-expansive dynamics, existence, uniqueness]

MW ! subgradient ßow
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[non-expansive dynamics, existence, uniqueness]

¥ Ignore boundary e ! ects for the moment

¥ Replace arrivals by their means

Subgradient FPCS Sensitivity Theorem (Continuous Time)
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¥ Ignore boundary e ! ects for the moment

¥ Replace arrivals by their means

Subgradient FPCS Sensitivity Theorem (Continuous Time)

Given system F , there exists constant CF s.t. if ÷x(0) = x(0), then:
!
!
! ÷x( t ) ! x( t )

!
!
! " CF ásup

! " t
U( ! ) , # U( á) , x (0)

¥ Easy proof?

Ð result fails if " has inÞnitely many pieces;
or if " cont. di ! erentiable and strictly convex

¥ Ignore boundary e ! ects for the moment

¥ Replace arrivals by their means

Subgradient Flow Sensitivity Theorem (Continuous Time)

Given system F , there exists constant CF s.t. if ÷x(0) = x(0), then:
!
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!
!
! " CF ásup

! " t
U( ! ) , # U( á) , x (0)

¥ Easy proof?

Ð result fails if " has inÞnitely many pieces;
or if " cont. di ! erentiable and strictly convex

Proof idea

¥ Use induction on dimension

¥ Need separate argument when in the vicinity of ÒcriticalÓ points
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i

h
x
T
µi + bi

i

direction of motion = �maximizing µi 2 �@�(x) x
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Fig. 3. (a) Illustration of the afÞne spaceU and its minimum norm elementw, whenU consists of two elementsµ1 andµ2. (b) Consider the intersection
S = { x | ! µT

1 x + bµ 1 = ! µT
2 x + bµ 2 } of the two regionsRµ 1 andRµ 2 , and note thatS is orthogonal to the span ofµ1 ! µ2. In this case,w is a direction

of motion alongS. (c) The dynamics can be decomposed as the superposition of a movement alongS, in the direction ofw, together with lower-dimensional
hybrid dynamics in directions orthogonal toS.

we have used here the assumptionM (x) ! U. For anyx "
Rn ,

! Y (x) = ! Y (xw + xY )

= max
µ! U

!
#

"
µ # w

#T "
xw + xY

#
+ bµ

$

= max
µ! U

!
#

"
µ # w

#T
xY + bµ

$

! ! Y (xY ),

(26)

where the third equality is due to (21). LetFY : Y $ 2Y be
equal to# ! Y (á). Then,FY is an FPCS system on the(n# 1)-
dimensional subspaceY . It follows from (26) that! Y (x) only
depends onxY . Therefore, its negative subdifferentialF Y (x)
also only depends onxY , and F Y (x) = FY (xY ). Hence,
the deÞnitionF Y (x) = F (x) # w implies thatF (x) = w +
F Y (x) = w + FY (xY ), which establishes the claim.

We now appeal to the induction hypothesis (8), and letCU

be equal to the constantCY of Theorem 1 for the(n # 1)-
dimensional FPCS systemFY . Let ! be the maximum of all
such constantsC !U plus 4, over all low-dimensional subsets
%U ! M :

! ! max
&

C!U

'
' %U ! M and %U is low-dimensional

(
+ 4 .

(27)
Suppose now that we add a constant drift" to F . We observe
that for any given low-dimensionalU, the resulting set-valued

mappingFY only changes through the addition of a constant
drift " Y ; its structure remains otherwise the same. Hence,
according to the induction hypothesis (8),CU is not affected
when we add a constant drift" " Rn to the dynamics. As
a consequence, the value of! associated with a systemF (á)
remains the same when we consider the systemF (á) + " .

We now return to the main part of the proof of the lemma.
We argue by contradiction, and assume that (18) fails to hold.
Then, from the right-continuity ofx(t) and %x(t), there exists
a time %T % T such that

)
) %x

" %T
#

# x
" %T

#)
) & !# ,

)
) %x

"
t
#

# x
"
t
#)
) < !# , ' t < %T .

(28)

It follows from (28) and the assumptionU!"
"
x(t)

#
! U that,

for any t < %T, M
"
x(t)

#
= U0

"
x(t)

#
! U!"

"
x(t)

#
! U.

Furthermore,M
"
%x(t)

#
! U!"

"
x(t)

#
! U.

Consider somet < %T and let %$(t) " F
"
%x(t)

#
be a

perturbed drift associated with the perturbed trajectory%x(á)
(cf. DeÞnition 1). It follows from Claim 1 that%$(t) # w "
F

"
%x(t)

#
# w = FY

"
%x(t)

#
! Y . Thus, the orthogonal

decomposition of%$(t) yields %$Y (t) = %$(t) # w. This allows us
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f(n, �) ⇠ exp(↵n): large deviations principle

I(�): Invariant set of fluid model

Strong state space collapse — di↵usion scaling: Suppose f(n, �) ⇠ n
2

(quite weak) ; start close to I “With high probability, Q(n2t)/n) stays
uniformly close to I(�), for 0  t  1.”

• History:

– conjectured by Shah and Wischik (2012)

– Lyapunov-based proof in Shah, JNT, Zhong (2010), for i.i.d. bounded
arrivals

• Our low-hanging fruit

– probabilistic part of the proof is elementary

– general arrivals

– longer time scales
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