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WORKLOAD CORRELATION FUNCTION

Setup:

◦ Consider a queue in stationarity.

◦ Observe the workload, or number of customers, at time 0 (say
Q0) and at time t (say Qt).

◦ Consider workload correlation r(t) := Corr(Q0,Qt).

◦ Expect: positive,

decreasing, convex in t.

◦ Can we prove this?
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WORKLOAD AS A REFLECTED PROCESS

Consider real-valued process (Xt)t∈R in continuous time, with
X0 = 0.

Then its reflected version is defined as

Qt := sup
s6t

(Xt − Xs) = Xt − inf
s6t

Xs .

This can be interpreted as workload.
Think of (Xt)t∈R as the cumulative net arrival process (i.e., arrival
process minus potential service process).
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WORKLOAD AS A REFLECTED PROCESS

Backing:

◦ It can be seen as limiting version of the solution of the
(Lindley-type) recursion

Qt+∆ = max{Qt + (Xt+∆ − Xt), 0}

as ∆ ↓ 0.

◦ It can be shown to be the unique solution of the associated
Skorokhod problem.

See (e.g.) Asmussen’s APQ.
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LÉVY-DRIVEN QUEUE

In the sequel we let (Qt)t∈R be fed by a Lévy process (Xt)t∈R.

A Lévy process is a stochastic process with independent, stationary
increments.

Concretely:

◦ X0 = 0,

◦ (independence of increments) for any 0 6 t1 < · · · tn <∞, we
have that Xt1 ,Xt2 − Xt1 ,Xt3 − Xt2 , . . . ,Xtn − Xtn−1 are
independent,

◦ (stationarity of increments) for any s < t, we have that
Xt − Xs is equal in distribution to Xt−s .
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LÉVY-DRIVEN QUEUE

In the sequel we let (Qt)t∈R be fed by a Lévy process (Xt)t∈R.
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LÉVY-DRIVEN QUEUE

Examples of reflected Lévy processes:

◦ (Xt)t∈R is a compound Poisson process minus drift: i.i.d. jobs
arrive according to a Poisson process, while work is served at
a constant rate. Reflected process (Qt)t∈R is workload in
M/G/1 queue.

◦ (Xt)t∈R is Brownian motion minus drift. Reflected process
(Qt)t∈R is reflected Brownian motion (RBM).

◦ But there is much more. For example Gamma process minus
drift; Gamma process has infinitely many jumps in finite time
interval.

EX1 < 0: workload process is stable.
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IN DISCRETE TIME: REFLECTED RANDOM WALK

Lévy process is continuous-time analogue of random walk. Idea:
define reflected random walk.

Recursion is, with (ξi )i∈Z a sequence of i.i.d. random variables,

Qn+1 = max{Qn + ξn, 0}.

Assume Eξ1 < 0 to ensure stability.
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THIS TALK

Consider Corr(Q0,Qt): (stationary) workload correlation.

For convenience, we work with

r(t) := Cov(Q0,Qt).

Assume that VarQ0 <∞. Central question: can we prove
structural properties?
Concretely, can we prove r(·) is positive, decreasing, convex?
(... and the same question for the discrete-time counterpart).
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DATA-DRIVEN TECHNIQUES

Relevance in determining timescale at which Q0 and Qt can be
‘assumed independent’; useful in e.g. simulation.

Estimation of input characteristics based on workload estimation:

◦ Gaussian input: M./van de Meent, IEEE/ACM Transactions
on Networking, 2009.

◦ Lévy input: den Boer/M., Bernoulli, 2017,
Ravner/Boxma/M., Bernoulli, 2019.

◦ Queueing networks with Markov-modulated input:
de Gunst/Hautphenne/Knapik/M./Sollie, Computational
Statistics & Data Analysis, 2019 + submitted.
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◦ (Xt)t∈R is a compound Poisson process minus drift (i.e.,
(Qt)t∈R is M/G/1 queue): lengthy proof by Ott (JAP, 1977)
based on completely monotone functions.

◦ (Xt)t∈R has only positive jumps (i.e., (Qt)t∈R is workload of
queue with spectrally-positive Lévy input): way shorter proof
based on completely monotone functions (Es-Saghouani &
M., JAP, 2008 – covers also asymptotics of r(·)).

◦ (Xt)t∈R has only negative jumps (i.e., (Qt)t∈R is workload of
queue with spectrally-negative Lévy input): rather short proof
based on completely monotone functions (Glynn & M., JAP,
2010 – covers also efficient simulation).

◦ (Xt)t∈R is general Lévy process, direct proof (Berkelmans,
Cichocka, & M., SPA, 2019).
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CORRELATION STRUCTURE QUEUEING PROCESSES

PhD thesis Abdel Es-Saghouani (2010).
Key question: to what extent does queueing process inherit
correlation in input process?



OBJECTIVES OF THIS TALK

◦ Explanation of proofs that rely on completely monotone
functions. I take the example of (Xt)t∈R having only positive
jumps.

◦ New direct proof for (Xt)t∈R being a general Lévy process.

◦ Short discussion on extensions: discrete time, finite-buffer,
modulation, correlation of f (Q0) and f (Qt).
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PART I:
PROOF WITH COMPLETELY MONOTONE FUNCTIONS



LÉVY PROCESSES WITH POSITIVE JUMPS

◦ Lévy process characterized by Laplace exponent:

ϕ(α) = logE exp(−αX1).

Under stability condition ϕ′(0) > 0, ϕ(·) is positive, increasing
and convex.

◦ Example: compound Poisson with drift. Jumps occur
according to Poisson process with rate λ, jumps have Laplace
transform β(·), and there is a unit negative drift. Then

ϕ(α) = λ(β(α)− 1) + α.

◦ Example: Brownian motion with unit negative drift. Then

ϕ(α) = 1
2α

2 + α.
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STATIONARY AND TRANSIENT WORKLOAD

Two key results. Here ψ(·) denotes inverse of ϕ(·).

◦ Stationary workload (Pollaczek-Khinchine). For α > 0,

Ee−αQ0 =
αϕ′(0)

ϕ(α)
.

◦ Transient workload. Let T be exponentially distributed with
mean ϑ−1, independently of (Xt)t∈R. For α > 0, x > 0,

Exe
−αQT =

∫ ∞
0

ϑe−ϑtExe
αQtdt

=
ϑ

ϑ− ϕ(α)

(
e−αx − α

ψ(ϑ)
e−ψ(ϑ)x

)
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TRANSFORM OF CORRELATION FUNCTION

Recall: we wish to analyze structural properties, with
µ := EQ0 = EQt ,

r(t) := Cov(Q0,Qt) = E(Q0Qt)− µ2

(use that if queue is in stationarity at time 0, it also is at t). To
use concept of complete monotonicity, we need its transform.

Straightforward calculus:

γ0(ϑ) :=

∫ ∞
0

r(t)e−ϑtdt =

∫ ∞
0

(E(Q0Qt)− µ2)e−ϑtdt

=

∫ ∞
0

∫ ∞
0

x E(Qt | Q0 = x) · e−ϑtP(Q0 ∈ dx)dt − µ2

ϑ
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TRANSFORM OF CORRELATION FUNCTION

Using transient workload result, with v := VarQ0 = VarQt :∫ ∞
0

x

ϑ

(
−ϕ
′(0)

ϑ
+ x +

e−ψ(ϑ)x

ψ(ϑ)

)
dP(Q0 ∈ dx)− µ2

ϑ

= −µϕ
′(0)

ϑ2
+

v

ϑ
+

1

ϑψ(ϑ)
E(Q0e

−ψ(ϑ)Q0).

Using stationary workload result:

E(Q0e
−αQ0) = ϕ′(0)

(
− 1

ϕ(α)
+ α

ϕ′(α)

(ϕ(α))2

)
.

Combining everything:

γ0(ϑ) = −ϕ
′′(0)

2ϑ2
+

v

ϑ
+
ϕ′(0)

ϑ2

(
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− 1
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COMPLETELY MONOTONE FUNCTIONS

A function f (α) on [0,∞) is said to be completely monotone if for
all n ∈ N and α > 0,

(−1)n
dn

dαn
f (α) > 0.

We write f ∈ C .

Think (up to a multiplicative constant) of Laplace transform of
density of positive-valued random variable (formalized in
Bernstein’s theorem).

Hence it suffices to prove that transforms of r(·), −r ′(·), and r ′′(·)
are completely monotone.
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COMPLETELY MONOTONE FUNCTIONS

The following properties apply:

(1) C is closed under addition: if f (α) ∈ C and g(α) ∈ C , then
f (α) + g(α) ∈ C . This extends to: if fx(α) ∈ C for x ∈ Ξ,
then

∫
x∈Ξ fx(α)µ(dx) ∈ C for any measure µ(·).

(2) C is closed under multiplication: if f (α) ∈ C and g(α) ∈ C ,
then f (α)g(α) ∈ C .

(3) Properties of composite C functions: if f (α) ∈ C and
g(α) ≥ 0 with g ′(α) ∈ C , then f (g(α)) ∈ C .
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COMPLETELY MONOTONE FUNCTIONS

(4) Let U(α) non-decreasing on [0,∞), and U(0) = 0,
u := limα→∞ U(α) <∞, and

f (α) :=

∫
[0,∞)

e−αxdU(x);

clearly f (α) ∈ C and u = f (0). Then also

g(α) :=
f (0)− f (α)

α
∈ C .

(5) C closed under differentiation: if f (α) ∈ C , then −f ′(α) ∈ C .
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COMPLETELY MONOTONE FUNCTIONS

Define ξ(ϑ) by

ξ(ϑ) :=
1

µ

(
1

ϑψ′(ϑ)
− 1

ψ(ϑ)

)
.

Then, for ϑ > 0,

γ1(ϑ) :=

∫ ∞
0

r ′(t) e−ϑtdt = −ϕ
′′(0)

2ϑ

(
1− ξ(ϑ)

)
;

γ2(ϑ) :=

∫ ∞
0

r ′′(t) e−ϑtdt =
ϕ′′(0)

2
ξ(ϑ).

First: prove that ξ(ϑ) ∈ C .



THREE AUXILIARY RESULTS...

(A) ψ′(ϑ) ∈ C . Proof. Tx := inf{t ≥ 0 : Xt = −x} is Lévy
process with Laplace exponent −ψ(ϑ). More specifically, Tx is
a subordinator, and hence does not have Brownian term.
Stated follows directly.

(B) If f (α) ∈ C , then so does α−2
(
f (0)− f (α) + αf ′(α)

)
.

Proof. Apply Properties (4) and (5).

(C) For σ2 > 0 and measure Πϕ(·) such that

αϕ′(α)− ϕ(α)

α2
= 1

2σ
2+

∫
(0,∞)

1− e−αx − αxe−αx

α2
Πϕ(dx) ∈ C .

Proof. Laplace exponent ϕ(α) can be written as

ϕ(α) = −αµ+ 1
2α

2σ2 +

∫
(0,∞)

(e−αx − 1 + αx1(0,1))Πϕ(dx),

yielding the equality. Expression is in C , as any positive
constant is in C , (B) above, and Property (1).
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process with Laplace exponent −ψ(ϑ). More specifically, Tx is
a subordinator, and hence does not have Brownian term.
Stated follows directly.

(B) If f (α) ∈ C , then so does α−2
(
f (0)− f (α) + αf ′(α)

)
.

Proof. Apply Properties (4) and (5).

(C) For σ2 > 0 and measure Πϕ(·) such that

αϕ′(α)− ϕ(α)

α2
= 1

2σ
2+

∫
(0,∞)

1− e−αx − αxe−αx

α2
Πϕ(dx) ∈ C .

Proof. Laplace exponent ϕ(α) can be written as

ϕ(α) = −αµ+ 1
2α

2σ2 +

∫
(0,∞)

(e−αx − 1 + αx1(0,1))Πϕ(dx),

yielding the equality. Expression is in C , as any positive
constant is in C , (B) above, and Property (1).



THREE AUXILIARY RESULTS...

(A) ψ′(ϑ) ∈ C . Proof. Tx := inf{t ≥ 0 : Xt = −x} is Lévy
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PROOF THAT ξ(ϑ) ∈ C

Decompose
1

ϑψ′(ϑ)
− 1

ψ(ϑ)
= η1(ϑ)η2(ϑ),

with

η1(ϑ) :=
ψ(ϑ)

ϑ
, η2(ϑ) :=

1

ψ(ϑ)ψ′(ϑ)
− ϑ

(ψ(ϑ))2
.

◦ ‘Pollaczek-Khinchine’: α/ϕ(α) ∈ C . Then apply Property (3)
and (A) to obtain that η1(ϑ) ∈ C .

◦ Recall from (C) that (αϕ′(α)− ϕ(α))/α2 ∈ C . Again
applying Property (3), together with (A), it follows that
η2(ϑ) ∈ C .

◦ As both η1(ϑ), η2(ϑ) ∈ C , Property (2) yields that ξ(ϑ) ∈ C .
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PROOF OF STRUCTURAL RESULT

◦ ξ(ϑ) ∈ C =⇒ γ2(ϑ) ∈ C

=⇒ r ′′(t) > 0 =⇒ r(t) is convex.

◦ γ2(ϑ) ∈ C & Property (4) =⇒ −γ1(ϑ) ∈ C =⇒ r ′(t) 6 0
=⇒ r(t) is decreasing.

◦ −γ1(ϑ) ∈ C & Property (4) =⇒ γ0(ϑ) ∈ C =⇒ r(t) > 0 =⇒
r(t) is non-negative.
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PART II:
DIRECT PROOF



STATE OF AFFAIRS AROUND 2010

◦ Case with positive jumps was solved (2008).

Later also case
with negative jumps (2010).

◦ Jumps in both directions? No expression for transform of
stationary workload (in terms of model primitives). No
expression for transient workload after exponential time.
‘Complete-monotone approach’ doesn’t work.

◦ Approximate (arbitrarily closely) jumps in one direction with
phase-type distribution. Big mess...
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THE THEOREM

As before, for t > 0,

r(t) := Cov (Q0,Qt).

Assume that VarQ0 <∞. Then r(·) is non-negative,
non-increasing, and convex.



A BIT OF NOTATION

For t > 0,

Qt = sup
s6t

(Xt − Xs) = Xt + max

{
Q0,− inf

06s6t
Qs

}
.

By stationarity, for any t, Qt is distributed as Q0.

For s 6 t,

Xs,t := Xt − Xs , Ls,t := − inf
s6u6t

Xs,t .

Let Gs be σ{(Xs,t)t>s}, i.e., the sigma-algebra generated by
increments of (Xt)t∈R after time s (relative to Xs , that is).

Q̄ has the stationary workload distribution (and is therefore
distributed as Q0), but is independent of the process (Xt)t∈R (and
hence also of the process (Qt)t∈R).
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A BIT OF NOTATION

For s 6 t,

Qt = Xs,t + max{Qs , Ls,t} = Xs,t + Qs + max{0, Ls,t − Qs}. (1)

Observe: (i) Qt is non-decreasing in Qs , and (ii) Ls,t is
independent of Qs .

(1) implies that, for s 6 t 6 u,

Qu − Qt = Xt,u + max{0, Lt,u − Qt}
= Xt,u + max{0, Lt,u − Xs,t −max{Qs , Ls,t}}. (2)

Observe: (i) Qu − Qt is non-increasing in Qs , and (ii) Ls,t , Xs,t ,
Lt,u, and Xt,u are independent of Qs .
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A LEMMA

Let A and B be identically distributed non-negative random
variables. Let f (·) be non-decreasing, and g(·) be non-increasing.
Then,

E(A f (A)) > E(B f (A)), E(Ag(A)) 6 E(B g(A)).
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Now apply Lemma with
A := Q0, B := Q̄, and

f (a) := X0,t + max{a, L0,t}.

To verify that conditions of Lemma are met, note (i) f (·) is
non-decreasing. (ii) Q0 is independent of G0 (i.e., the Lévy process
after time 0), and thus has same distribution as Q̄. Lemma yields,
as desired,
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)
> 0.
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after time 0), and thus has same distribution as Q̄.

Lemma yields,
as desired,

Cov(Q0,Qt) = E
(
E((Q0 − Q̄)(X0,t + max{Q0, L0,t})) |G0

)
> 0.



PROOF: r(·) IS NON-NEGATIVE

Observe that

Cov(Q0,Qt) = E((Q0 − Q̄)Qt) = E
(
E((Q0 − Q̄)Qt) |G0

)
= E

(
E((Q0 − Q̄)(X0,t + max{Q0, L0,t})) |G0

)
,

where the last equality is due to (1). Now apply Lemma with
A := Q0, B := Q̄, and

f (a) := X0,t + max{a, L0,t}.

To verify that conditions of Lemma are met, note (i) f (·) is
non-decreasing. (ii) Q0 is independent of G0 (i.e., the Lévy process
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PROOF: r(·) IS NON-INCREASING

Sufficient: prove that E(Q0Qt) is non-increasing. Again use
Lemma, but now with A := Qs , B := Q0 (with 0 6 s 6 t), and

f (a) := Xs,t + max{a, Ls,t}.

Evidently, f (·) is non-decreasing and, conditional on Gs , Q0 and Qs

have the same (conditional) distributions. By Lemma,

E
(
E(Q0(Xs,t+max{Qs , Ls,t}))|Gs

)
6E
(
E(Qs(Xs,t+max{Qs , Ls,t}))|Gs

)
.

We obtain

E(Q0Qt) = E(Q0(Xs,t + max{Qs , Ls,t}))

= E
(
E(Q0(Xs,t + max{Qs , Ls,t}))|Gs

)
6 E

(
E(Qs(Xs,t + max{Qs , Ls,t}))|Gs

)
= E(QsQt) = E(Q0Qt−s),

with the last equality being valid due to stationarity.



PROOF: r(·) IS NON-INCREASING

Sufficient: prove that E(Q0Qt) is non-increasing. Again use
Lemma, but now with A := Qs , B := Q0 (with 0 6 s 6 t), and

f (a) := Xs,t + max{a, Ls,t}.

Evidently, f (·) is non-decreasing and, conditional on Gs , Q0 and Qs

have the same (conditional) distributions. By Lemma,

E
(
E(Q0(Xs,t+max{Qs , Ls,t}))|Gs

)
6E
(
E(Qs(Xs,t+max{Qs , Ls,t}))|Gs

)
.

We obtain

E(Q0Qt) = E(Q0(Xs,t + max{Qs , Ls,t}))

= E
(
E(Q0(Xs,t + max{Qs , Ls,t}))|Gs

)
6 E

(
E(Qs(Xs,t + max{Qs , Ls,t}))|Gs

)
= E(QsQt) = E(Q0Qt−s),

with the last equality being valid due to stationarity.



PROOF: r(·) IS CONVEX

We show convexity by proving the sufficient property

E(Q0(Qu − Qt) > E(Qs(Qu − Qt)) = E(Q0(Qu−s − Qt−s)),

for s 6 t 6 u, where last equality is due to the stationarity.

Define

f (a) := Xt,u + max{0, Lt,u − Xs,t −max{a, Ls,t}}.

Again we wish to apply Lemma with A := Qs and B := Q0. Now
f (·) is non-increasing. In addition, conditional on Gs , again Q0 and
Qs are identically distributed. Hence, using (2),
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PART III:
EXTENSIONS, RAMIFICATIONS



DISCRETE-TIME

All proofs carry over.

Same for waiting times in GI/G/1 queue. Lindley recursion: with
Wn waiting time of n-th customer, An time between arrivals of
n-th and (n + 1)-st customers, Sn the service time of n-th
customer, and Un := Sn − An,

Wn+1 = max{Wn + Un, 0}.

By iterating, under the stability condition E(Sn) < E(An),

Wn+1 = max

 max
i=−∞,...,n

n∑
j=i

Uj , 0

 ,

which is discrete-time counterpart of relation used in Lévy case.
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FINITE BUFFER

Proof carries over to double reflection.

Intuition: sample-path relation that were valid for reflection at 0
from above, also hold reflection at K from below. Then realize
that double reflection corresponds to alternatingly impose these
two functionals in (Xt)t>0.

Formal proof: use solution of Skorokhod problem for double
reflection by Kruk et al.; see also Andersen/M. This allows us to
prove that Qu − Qt is non-increasing in Q0, where 0 6 t 6 u.



FINITE BUFFER

Proof carries over to double reflection.

Intuition: sample-path relation that were valid for reflection at 0
from above, also hold reflection at K from below. Then realize
that double reflection corresponds to alternatingly impose these
two functionals in (Xt)t>0.

Formal proof: use solution of Skorokhod problem for double
reflection by Kruk et al.; see also Andersen/M. This allows us to
prove that Qu − Qt is non-increasing in Q0, where 0 6 t 6 u.



FINITE BUFFER

Proof carries over to double reflection.

Intuition: sample-path relation that were valid for reflection at 0
from above, also hold reflection at K from below. Then realize
that double reflection corresponds to alternatingly impose these
two functionals in (Xt)t>0.

Formal proof: use solution of Skorokhod problem for double
reflection by Kruk et al.; see also Andersen/M. This allows us to
prove that Qu − Qt is non-increasing in Q0, where 0 6 t 6 u.



MARKOV MODULATION

When external (finite-state) Markov process is in state i , driving
process is Lévy process

(X
(i)
t )t>0.

Agata Cichocka/M.: structural result (positive/decreasing/convex)
does not necessarily carry over.

Related issue: the tail of r(·) does not necessarily resemble the tail
of the busy period distribution (unlike in the Lévy case).
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MARKOV MODULATION

Write r(t) := E(Q0(Qt − Q?
t )), with (Q?

t )t>0 being constructed as
follows: sample Q?

0 independently from Q0, but use the same
driving Levy process (Xt)t>0 as for (Qt)t>0.

Then r(t) is non-zero if at least one of the two busy periods has
not ended at time t; more precisely, we should have that
X t > −Q0 or X t > −Q?

0 . Hence: in Lévy case tail behavior of r(·)
looks like busy-period tail distribution.

Under modulation, however, background states corresponding to
Q0 and Q?

0 do not necessarily coincide at time 0. Hence, in
coupling one has to wait until background processes meet. This
may take long. Informally: if dimension of background process is
large, tail of r(·) differs from tail of busy-period distribution.
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CORRELATION OF FUNCTION OF WORKLOAD

Current work with Offer Kella: take supermodular function of
workload.

For any x1, x2, y1, y2 > 0 such that x1 6 x2 and y1 6 y2,

h(x1, y2) + h(x2, y1) 6 h(x1, y1) + h(x2, y2).

Some results carry over to considerably more general level — work
in progress. Open issue: do some results apply in
multi-dimensional context?
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CONCLUDING REMARKS

◦ Structural properties of workload correlation function for
Lévy-driven queue plus a number of extensions.

◦ One proof relies on complete monotonicity. Requires
availability of transforms, hence doesn’t work in general-Lévy
setting.

◦ General case solved using elementary sample-path
argumentation, in combination with basic properties of Lévy
processes.

◦ Still quite a few open issues!
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