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High-dimensional (HD) data

@ Linear regression
Y=XB+eccR", BeR’, p>n

@ Graphical models (Gaussian, Ising)

e Vertices: Xi,..., X,
) Edges: COV()(th‘X{j’k}c) 75 0

e Data: xi1,...,xp, in R"

@ GLM, Cox PH regression, quantile, Kendall's tau, ...

Statistical inference: Confidence intervals/regions, p-values
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Linear regression:

Y=XB+e€R", BeR’
Model selection
@ When p > n, B is not identifiable
@ Sparsity: 3 is identifiable from X3 under the assumption

[1Bllo = |supp(B)| < rank(X)/2

@ Capturing the benefit of sparsity

o Stepwise regression, subset selection, AIC (Akaike, 73), C,
(Mallows, 73), BIC (Schwarz, 78), RIC (Foster-George, 94), ...

e Lasso (Tibshirani, 96), Dantzig selector (Candes-Tao, 05)

@ Concave penalized LSE (Fan-Li, 01; Z, 10)

e More
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Statistical inference of § = a’ 3 after model selection
@ An optimistic approach
@ Assume conditions to guarantee the “oracle property” (Fan-Li, 01),
IP{§: 5} ~1, S =supp(B)
o Treat S as the true model and claim with 95% confidence
~(Ise)

0 - alBe”| <1.960(ag(XIXs) ag)"?

@ The required conditions are quite strong, including necessarily the
“beta-min” condition

min |5j| > Cxo+/log(p)/n
JES

@ Leeb-Pdtscher (06)
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Statistical inference of § = a’ 3 after model selection
@ A conservative approach (Berk et al, 13; Laber-Murphy, 11)

o Define model specific regression coefficient vectors
Bu = (XuXu) 'XHEY € RV
o Construct a confidence band for Oy = a},3,,.
{|9M —anB)| < Ka(aM(XMXM) aM)1/2 VM} > 95%
o Claim with 95% confidence
~(Ise)

B 1/2
|05 — alBe| < Ko(as(XIX5) " as)

o K is large

@ Conditional approach (Lockhart et al, 14; Lee et al, 14):
P{0w € Cl|S = M} = 05%

@ Stability selection (Meinshausen-Biihlmann, 10), ....
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Our focus

@ Construction of 8 and ¥ such that
P{[6 - 0] < 1.96V7} ~ 95%
under proper conditions

@ Approximate confidence interval in the traditional sense

@ For simplicity we assume € ~ N(0, 5%/ ,x,) unless otherwise stated
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A semi-LD approach
@ Semiparametric inference:

Parametric component + NP component

@ Low-dimensional statistical inference with high-dimensional data, or
“semi-LD inference” (Z, 11):

LD component + HD component
@ General methodology:

HD estimation = semi-LD inference
is parallel to
NP estimation = semiparametric inference

@ Semiparametric literature: Engle et al (81), Bickel (82), Wahba (84),
Chen (85, 88), Rice (86), Heckman (86), Bickel et al (90), Kosorok (09)
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Translation of the inference problem to its semiparametric version
@ Model: Ely|x,t] = 0x + g(t) = 0x + 3, Bj;(t)
@ The optimistic approach of inference after model selection
o Model selection: M = {j : |Bj| > Aj}
e Estimation: 6§ = LSE of 0 based on y, x,¢;(t),j € M
o Confidence interval: 6 4= 1.96/Voptimistic

@ Semiparametric inference:
o Efficient score: x — h(t), h(t) = E[x|t]
o Estimation after approximate orthogonalization:

(x = h(£)" (y — 0(x = h(£)) — F(£)) =0
o Confidence interval: 0 + 1.96/ Vreguiar
o Asymptotic efficiency: Vieguar = 1/(nFp)
The difference from the semiparametric setting
@ {x;} can be less orthogonal/regular than {;(t)}

@ Large || can be anywhere
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Bias correction

~( Iasso

=8B

~(init)

Linear bias correction from an initial estimator, e.g. 3

)

Bj ﬁ (init) + W (Y XB (init)
@ Error decomposition:

mlt

Bi—B=wle—(X"wj—e)" (ﬂ —5)

@ The LS property: X 'w; = e, ie. wjoc Xj- L X,V k#j
@ A relaxed LS property is sufficient

o Noise factor: 7; = ||wj]|2, hopefully 7; =< n~1/2

e Bias factor: 7; = || X T w; — €jco/||Wj|2

@ Asymptotic theory based on an {o.-f1 split:

wllB"™ = Bl <1 = (B - 8)/@lwll) - N(0, 1)

@ Low-dimensional projection estimator (LDPE, Z-Zhang, 14; arXiv 11)
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Stability of the LDPE

~ (ini1 ~ (lasso
@ Linear bias correction from an initial estimator, e.g. B( 9 _ ,8( )
o Ainit) ~ (init)
B=B" +w/(y —xB")
@ Asymptotic theory:
o Noise factor: 7; = ||wj]|2, hopefully 7; =< n~1/2
o Bias factor: 7; = || X T w; — €j|co/||Wj|2
@ Asymptotic theory based on an {o.-¢1 split:
lnlt -~ —~
wlB™ — Bl <1 = (B - 8)/@lwill) — N(.1)

Alinit)

@ Small change in ,[A'](m e.g. from g;
conclusion

=0 to # 0, does not change the

~(init) , .
- JG] ™ is treated as an estimate of B, not a model selector
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Asymptotic theory

(init)

B — @ =w/e—(X"wi—e) (B -B)

wlB™ ~ Bl <1 = (B~ 8)/@llwill2) » N(0,1)

where 7; = [|X T w; — ejl|oc /|| wj[|2, hopefully n; < v/2Tog p
Sample size requirement

@ Statistical inference of a single preconceived f;
— Sparsity assumption: > min(|B;[/Auniv, 1) < 8%, Auniv = 04/(2/n) log p

- Minimax {1 error bound: ||,8 (init) _ Bll1 =< 5" Auniv

— B = Bllx < s*o(log p)/2/n

— Sample size requirement: n > (s* log p)?

@ Bonferroni adjustment for simultaneous interval estimation of all j;

lnlt
— B ~ Bl < Viegp

— Sample size requirement: n > (s*)?log p

@ Possible improvements?
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Finding a “score vector” for LD projection

@ Asymptotic theory:

lnlt

— 1B —ﬁ\ll <1 = (B - p)/(37) — N(0,1)

— 5 = || X" wj — ejlloc /|| wjll2, hopefully 7; < /2Tog p
— 7; = ||wj]|2, a noise factor, hopefully 7; =< n~!
— Both 7; and 7; are known given w;. However,

w; =7

@ When rank(X) = p,
—wj=X; /X[ X = f/uxln2 yields the LSE
—nj=0and 7 = 1/[X;" |
@ When p > n,
- le = 0 when X is in “general position”
— z; = a relaxed version of X;-

0000000000000 0O000O0000000

— wj = z;/z] X to ensure w; X; = 1; Alternatively, w; = z;/|z;|3
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Finding a “score vector” for LD projection

@ Asymptotic theory:

-~ (init) I~ ~
—llB = Blh <1 = (5 —p)/(@7) — N(O,1)
—nj =X wj — ejllco/[lw;ll2, hopefully ; < /2Tog p
— 77 = ||wj]|2, a noise factor, hopefully 7; =< n~1/2

@ When p > n,

— XJ-l = 0 when X is in “general position”

— z; = a relaxed version of X;-

— wj = z;/z] X to ensure w; X; = 1; Alternatively, w; = z;/||z;|3
@ Random designs with EX" X /n =X

— Regression model

Xi=X_jy_;+2}, o =E|z|5/n=1/(Z "),

— Population version of Xf‘: z] = Xu° x XX e, U =1,u;=—v;

— When Zz} is unknown: z; = z7, or zj = Xu with u ~ u°®
— Expected: 77 = (14 o(1))n""/?/0;
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Finding a “score vector” for LD projection

@ Asymptotic theory:

rmt = ~
— B~ Bl <1 = (B - 8)/(3m) = N(O,1)
— 1 = [|X " w; — ejlloc/[lwjl|2, hopefully n; < v/2logp
— 7j = ||wj]|2, a noise factor, hopefully 7; < n~1/2

— wj = z;/z] Xj to ensure w] X; = 1, or w; = z;/| z; |5

@ For random designs with EX" X /n= X
— Regression model

Xj=X_jv_;+72, af =E|z[3/n=1/(Z7");;

— Populatlon version of X = Xu®° x XX~ eJ, uj =1,u%; = -
— When z7 is unknown: z; ~ z7, or z; = Xu with u =~ u°

- Expected: 7 =(1+ o(l))n’1/2/aj
@ Algorithms for both random and deterministic designs

Choice 1: z; = residual vector of PLSE(X_;, X;)
Choice 2: z; = argmin{HzHg 22" X;j=n, |27 X_j/n||ee < )\/}
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Finding a score vector with Lasso/PLSE

@ Asymptotic theory:
~(init) = ~
—llB =Bl <1 = (5 —f)/(@7) — N(O,1)
—nj = || X" wj — ej]lo/||Wjll2, hopefully n; < \/2log p
— 7j = ||wj]|2, a noise factor, hopefully 7; =< n~'/2
—w; = Zj/ZJTXJ‘ to ensure WJTXJ‘ = 1; scale free in z;

@ Choice 1, the Lasso: z; = X; — X_7_;
5 = argmin {|X; = X_v|3/(2n) + NIl |
Y

@ Some properties:

— KKT: XT;(X; = X_j7_;)/n=XT;2;/n € NO|7_j|x

= X[ zj/n=||zjll3/n+ (X7 ) z;/n = ||z|3/n+ X7

= 7 = Il = llzill2/ |z X;| < 1/]1]2 ,

= = XLl wjllo = X725l /12512 = X'/ 122

— = IXTzilloo/l2ill2 4 N 7 < 1/]1Z5]l2 1 A

— X =|zj/n"?|]2y/(2/n)logp = n; < \/2log p (scaled Lasso)
@ Z-Zhang (14; arXiv 11)
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Finding a score vector by quadratic programming
@ Asymptotic theory:

~ B =Bl <1 = (B - 5)/Em) » N©,1)
— 1= X w; — e;lloe /11l hopefully 7 < y2Tog B
— 7j = ||wj]||2, a noise factor, hopefully 7; =< n~1/2
—w; = Zj/ZJTXj to ensure ijXj = 1; scale free in z;
= X2zl 00 /12jll2 as X]w; =1

= 7 = llzjll2/12] Xj| = l|zjll2/n when X[ z; = n

@ Choice 2, quadratic programming: minimize 7; given 1; < +/2log p

z; = argmin{Tj:zTXj:n, n < 2|ogp}
z

argmin {123 : 27X; = n, X7zl < |z]2v/210g p}
z

@ Z-Zhang (14; arXiv 11), Javanmard-Montanari (14)

@ Near estimability:

— If n; < +/2log p is attainable, or Ci/2log p, 5; is “nearly estimable”
— Otherwise, §; is not nearly estimable

— For Gaussian designs, 1; < v/2log p is attainable with large probability
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Some simulation results:
@ n= 200, P = 3000, o = 1, Auniv -

Bi = 3Auniv = 0.849 for j = 1500, 1800, ...

otherwise; §; # 0 for all j

@/n)logp
,3000, and /BJ = 3)\univ/_ja

Data Swap
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= 0.283,

@ (s,sx* (logp)/+/n) =(8.93,5.05) and (29.24,16.55) respectively for
a =1 and 2, while the theory requires s(log p)/+/n — 0, where

s = 2 min(|5;]/ Auniv, 1)-

° Generate (X X, €) in each replication, where X has iid N(0, X) rows with
T =(pV |)pxp and X is the column normalized version of X
@ Four settings, labeled (A), (B), (C), and (D), respectively, with

(a,p) = (2,1/5), (1,1/5), (2,4/5), and (1,4/5)

@ Case (D) is most difficult

(A) (B) (€) (D)
all 3; LDPE  0.9597 0.9845 0.9556 0.9855
R-LDPE 0.9595 0.9848 0.9557 0.9885
maximal i LDPE  0.9571 0.9814 0.9029 0.9443
RLDPE 0.9614 0.9786 0.9414 0.9786

Table: Mean coverage probability of LDPE and R-LDPE.
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Bias correction (summary)

@ Linear bias correction from an initial estimator, e.g. B('m B(Iasso
~ ini (init)
B=B" +wi (Y -xB"")
@ Error decomposition: BJ —Bi=wje—(X"w;— ej)T(E(init) - B)
@ Asymptotic normality (3; — ;)/(5|lw;|2) — N(0,1) when
—wj= Zj/TZJTXj
=1 = X252l /12i]l2 < V2log p
— 5, min( 1G]/ Aunr 1) < 5°
— s*logp < n*/?
@ Algorithms:
Choice 1: z; = residual vector of PLSE(X_;, X})

Choice 2:  z; = argmin, {||z|5: 2" X; = n, || XT;z|| < ||z|2v/2Togp}
@ Approximate confidence interval for §; is available if either Choice 2 is
feasible or Choice 1 yields a feasible solution for Choice 2

@ Statistical inference for f3; is “difficult” conditionally on X if the
algorithms are infeasible, i.e. failing to be nearly estimable
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Asymptotic efficiency

@ Fisher information for § = 7(/3) in small submodels (Stein, 56)

@ Suppose X has iid rows. Let ¥ = E(X” X /n) and
a=(9/9B8)r(B)
@ The minimum Fisher information in submodels of the form 3 = uf:
Fo = urpaigluTZu/J2 =(a'x'a)/o?
@ The least favorable submodel subject to u"a = 1:
u’ = }:7lzl(aT271a)717 z°=Xu°, w®=n"'XX 'a

@ One-step correction: With u ~ u® and u’a=1,
6 = (B + arg max log-lik(8™ + ug)
¢
@ Le Cam (69), Bickel (82), Schick (86), Klaassen (87), Bickel et al (90);

Z(11, Oberwolfach), Z-Zhang (14), van de Geer et al (2014); Sun-Z (12),
Ren et al (15)
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Asymptotic efficiency of the LDPE/de-biasing method
l
o’ ~o’|lef T X /n|5 ~ (az/n)():fl)jyj =1/(nF)

-~ (init)
® When 7|8 = Bls < 1and 7; = |lwj]2 = [[w}

@ Suppose X has iid sub-Gaussian rows. Let ¥ = EX T X/n, D = diag(X),
P
st = Z min(1, D;3; /(0°(2/n) log p))
j=1

Suppose Amin (D’l/z}:D’l/z) > ¢, and s* log p < n*/2. Then, the

minimum Fisher information is F; = 1/{c*(X "), ;}, and

(nF)2(B; — B;) — N(0,1), Fj/F — 1.
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The sample size condition is rate optimal

@ Suppose X has iid N(0,X) rows under P. Let
P = {IP’: G < eigen(Dfl/zszl/z) < c*,slogp < cin}
@ For certain ¢ > 0 depending on {c., c*, c.} only,
inAfsupIP’{nlp\é\f 0| > c;’s(logp)/nl/z} >0
0 2
@ Le Cam (73), Ren et al (15)
@ When n*/? < s logp < n, n~/? rate is impossible without some
additional assumption
@ Javanmard-Montanari (14): £ = I (known) with n > slog p
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Estimation of the noise level

@ The Lasso theory suggests A = o \g with Ao = /2(log p)/n,

B(\) = argming {|| Y — XB|3/(2n) + AI|B|: }

A “naive estimate” of o (Sun-Z, 2010): 5% = ||Y — XB(5X)||3/n

Convex minimization formulation for the same & (Antoniadis, 2010):

{B,5} = argmingg .y {|Y = XBI3/(20n) + 0/2+ Xo||B1 }

Theory for this scaled Lasso (Sun-Z, 2012, 2013):

|6/0" — 1| < s*A§ where o* = ||e|l2/v/n
s*logp < n'/? = /n(G/o —1) — N(0,1/2)

An equivalent “square-root Lasso” formulation of,@ (Belloni et al, 2011)

An earlier scale-free Lasso proposal (Stidler et al, 2010) yields
[6/0% = 1] S 5" A5+ XollB/a s

@ Bootstrap (Chernozukov et al, 14; Zhang-Cheng, 16; Dezeure et al, 16)
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What has happened?

The de-biasing/LD projection approach has been taken in a spate of papers on
linear regression, graphical models, FDR control, GLM, Cox PH regression,
group inference, bootstrap and more: Zhang-Z (14), Sun-Z (12), Belloni et al
(14,15), van de Geer-Biihimann-Ritov (14), Javanmard-Montanari (14a, 14b,
15), Chernozukov et al (14), Ren et al (15), Ning-Liu (14), Fang et al (14),

Cai-Guo (15), Mitra-Z (15), Bloniarz et al (15), Zhang-Cheng (16), Dezeure et
al (16), ...
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A basic analysis of the LDPE/de-biasing method:

2 ini ~(init)
B =B" +wf (Y -xB"")

B\j -5 = Wj € — (X wj — ej)T(B(in/t) )

(init)

wlB™ — Bl <1 = (B - 8)/@lwil) — N(0.1)

where 7; = || X" w; — ejl|oo/||w;]|2, hopefully n; < \/2Tog p
Sample size requirement
@ — Muniv =0+/(2/n)logp
— Sparsity assumption: . min([3;[/Auniv, ) <s*

- Minimax 41 error bound: ||8 (Wt — Bl < s Auniv

mlt *
= nllB™ = Bl S s*o(log p)y/2/n
— Sample size requirement: n > (s* log p)?
@ Possible improvements?
— Analysis: error decomposition and the ¢1-£ split
— Choice of ,3 (i)
— Better approximation of z7 or wy
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A modification of the asymptotic theory
@ The oracle LSE: S = supp(8), ,@; =(XIxs)'xly

Bf =B+ /jesejT(XsTXs)_lstsE

@ An expansion around the oracle LSE

-~ (init)

B =B" +w/ (Y —xB"™")

B — 51 —w/Pie—(X"wi—¢) (B —8)

8™ - B <1 = (B - B)/E7) — N(0,1)
where 7; = || X" w; — ejlloo/[|w;]|2, hopefully n; < \/2Tog p

@ Asymptotic variance: For wj = w;} = eJ-TZ_1X/n,

(init)

- var(,ese (XIXs) 'XsPse + wJTpés) ~ (0*/n)(Z7Y),,

@ The complexity of the estimation of Bo should depend on
{‘/BJ| :0 S |/BJ| S CO)\un[v}
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Concave Penalized LSE

PLSE: Global or suitable local minimizers of
£x(B) =Y = XB|3/(2n) + [lpx(B) |1

where [|px(8)lln = 3271 pA(6))
Basic properties of penalty functions
@ Zero baseline penalty: px(0) =0
Symmetry: px(—t) = pa(t)
Monotonicity: pa(x) < pa(y) forall 0 < x <y < oo
Sparsity: px(0+) + pA(0+) >0
Subadditivity: px(x +y) < pa(x) + pa(y) forall 0 < x <y < o0
@ One-sided differentiability: pj(t) are defined for all real t

Convention: p)(t) = x means

min {p5(t+), PA(t—)} < x < max {pA(t+), PA(t—)}
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Important quantities
@ Maximum concavity: k(px) = sup, o{PA(t —€) — pi(t)}/e
@ Bias threshold: ay = inf {t > 0: pa(x) = pa(t) V |x| > t}
— For p =1, PLSE = LSE when \B(’se)| > ay

@ Global threshold level: A« = A.(px) = infeso {t/2+ pa(t)/t}
— Forp=1, E: 0 attains global minimum iff \E(’se)\ < A

Standardization of penalty functions (scaling key quantities in )
@ Local threshold level: p}(0+) = X if max|p}(0)| < oo

Global threshold level: A.(px) = X if max|p4(0)] = oo

Bias threshold: a = ax /A

Local threshold level: a* = p}(0+)/\

Global threshold level: a, = A,/

@ Maximum penalty: v* = ||pa(t) ]| oo /A

e 6 6 o

The above quantities are indeed constants when py(t) = A2pi(t/)\), as in the
following examples. See Fan-Li (2001, JASA), Z (2010, AOS), and Z-Zhang
(2012, StatSci) for general discussion of penalty functions
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Maximum  Thresh Max
Penalty pi(t) Bias Concavity  Levels Penalty
a K(px) a’/a. 7"
£ 27H{t # 0} 0 o0 00/1 1/2
Bridge/{o Calt|® 00 00 oo/1 00
Lasso/¢; ] 00 0 1/1 00
scap [ (1 - %) d« a>2 1/(a—1) 1/1  a/2+1/2
+
MCP s (1 - x/a) d«  a>1 1/a 1/1 a/2
+
Capped-/{; min(|t], a) a>1/2 0o 1/1 a

Table: Specific penalty functions: C, = {2(1 — )} ™ /(2 - a)* *,0<a <1



The Lasso, SCAD and MCP: p(t) and pi(t) for t >0

3 3
t
2 scad 2
et t=1
1 - . mep 1 S
mep~ << scad
0 1 2 3 0 1 2 T3

DA



The Lasso, SCAD and MC+ estimators for p =1
(vertical line indicates the bias threshold a)

hard

soft

DA
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Concave PLSE: Global or suitable local minimizers of
Lx(B) =Y = XB|3/(2n) + [lpx(8) |1
where [|px(B)[lr = 227, PA(5))

@ Critical point:
lim infeso, infocyul<1 £ { £2(B + tu) — £3(B)} > 0
@ Local minimizer:AThere exists ty >A0 such that
Lx(b) = LX(B), VO<|b-Bl2<t
@ Strict local minirp\izer: There exist§ to > 0 such that
La(b) > Lx(B), VO<|b—pBl2<t
@ Global minimizer:
B = argmingpp, L2 (b)

For quadratic spline penalties such as the SCAD and MCP, the type of local
solution is determined by the second local directional derivative of the
penalized loss at 3.
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Theorem. KKT-type conditions for local solutions: Suppose that px(t) is
twice left- and right-differentiable for all real t.
(i) A vector B is a critical point iff

X[(Y = XB)/n=p\(B), Vi=1,....p.
In particular, | X7 (Y — XB3)/n| < pA(0+) for all j with 3; = 0.

(ii) A critical point 3 is a strict local minimizer if

IXull3/n+ " p(Bi+)uf + > pN(B—)u} >0
u;>0 u;j<0
for all u with {j : 4 >0} C Sy and {j: uj <0} C S, where
Se = {j: X] (Y = XB)/n = ph(B)}. A
(iii) Suppose pa(t) is a quadratic spline in [0,00). Then, a critical point 3 is a
strict local minimizer iff the condition in (ii) holds, and it is a local minimizer iff

IXull3/n+ " p(Bi+)u; + > pi(Bi—)uf >0

u;>0 u;j<0

for the same set of u.



Inference in LM PLSE Data Swap
00000000000000000000000 000000000®000000000000 000000000000000000000000

Oracle local solutions: sgn(3) = sgn(3)
Let S = supp(3) and

Buciecs(pr, B) = inf {0 Lo Bell=e <1 = TS 5Pl (vs) e < OA},

-~ =1 / v vg— %)
e (pr.8) = sup { [ s T (242 |+ il <1

Theorem. Let BO be the oracle LSE. Suppose p(t) is continuous in t > 0,
rank(Xs,s) = |S|, minjes |Bi] > Osetect(pr, B)A + X', and

1B° = Blloo <X, IXT(Y = XB°)/nlloc <AL~ Kactect(Pr. B))+-
Then, there exists a local solution ,@ such that

sgn(B) = sgn(B), 1B — Blloo < bsclect (pr, B)A + X'

Moreover, if in addition Osciect(px, 3) = 0, then Kselect(Pr, 3) = 0 and

-0 . - . .
B is a local minimizer.
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Remarks:
@ The selection consistency theory for the Lasso is included as special case

@ Folded concave penalties provide oracle local squtlons under much
weaker condition on X than the Lasso, e.g. when /6 is an oracle solution
under the signal strength condition Gscicct (P, 3) = 0

@ Due to the multiplicity of solutions, the challenges of concave PLSE are
— to find such oracle solutions if exists
— to cause little harm or even some gain in performance in prediction and
coefficient estimation, e.g. in view of the rate minimaxity of the Lasso,
when such oracle solution does not exist
— to compute such solutions with reasonable cost

Qutline of the proof: Apply Brouwer's fixed-point theorem to
X"(Y = XB)/n = pA(B), supp(B) = S,

on S to find Bs and then check the condition on S€ using Kselect(Px, 3)-
See Z-Zhang (2012).
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Proof: Y
— Recall that |8 — Blec < X
— Let B={hs: ||hSHoo < Bsetect (P, B)A}
— For hs € B, vs = ,35 + hgs satisfies ||[vs — Bs|loo < Oserect(pr, B)A + X',
— It follows that ||ZS’SpA(v$)||oo < Oselect (P, B) A
— Thus, hs = —f;lsp; (ﬁ; + hs) has a solution (Brouwer).
— Let ﬁs = ﬁg + hs and Bsc = 0. We have

XE(Y = XB)/n = XE(XB° — XB)/n = —Xsshs = pA(Bs).
— Moreover, by the definition of Kselect (P2, 3),

1X3(Y = XsBs) /.,

IX5e(Y = XB)/n+ Ese.s %5584 (Bs) ||
HX;«:(Y — Xﬁ )/nHoo + /‘Cselect(pAnB))‘

A

INIA
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Local solutions connected to the origin:

© P(No,k0) = {PA() : PA(O+) = A= Do, IPAC)Ile < A, K(p) < ko)
where £(px) = sup,, .., {PA(t1) — PA(t2)}/(t2 — t1)
@ AB(Mo, ko) = the set of all local solutions for some px € (Ao, ko)

@ Ho(Xo, ko) = the set of all solutions connected to 0 in B(Xo, ko)

® RE = infuzo {||Xull2/(n"/?[lull2) : luse]ls < [lus][x +nllull}

General picture: When RE? > k¢ and \o > n_lm/2(log p)/n,
PBo(Xo, ko) is a set of “good” local solutions

for prediction, the estimation of B and variable selection
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Local solutions connected to the origin:

— PBo( Ao, ko) = the set of local solutions connected to 0 as before

— S=supp(B), S« ={j: 0 <[Bj| <y}, v > a

— " be a target vector satisfying || X (Y — X8%)/n|lcc < nAo with 7 < 1
— B° = (XEXs) 'XLY be the oracle LSE

Theorem Let ,@ be a local minimizer in %y(Xo, ko) with a penalty
pr € P(No, ko). Suppose RE? > kg. Then, for all seminorms || -

’

1B =871 < Asup { (1 +n)ull/IZullow : (1= n)|uses < wius |,

where w = {XL(Y — X8")/n — p\(B5)}/A, and

B=4"
when ¢min(Zs,5) > Ko and B* is an oracle solution for py. Moreover,
1B=B15 _ x5 x5 XS] N|wsll3
W= = 2 - _ < AN AR |
it < IXB - XBTI3/n < G min {2l SR

with P{||lws|3 < (1+n)?|S.|} — 1 when v > a+ maxjes(Ts.s);./-

Remark: The cone is smaller compared with the standard Lasso theory
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Remarks:
@ Ho(Xo, ko) is the set of all local solutions computable by path following

algorithms stating from the origin, with the constraints A > Ao and
k(px) < Ko on the penalty and concavity levels

The RE condition, which is of the ¢ type, is arguably nearly the weakest
proven one on X for the rate optimal prediction and coefficient
estimation error bounds for the Lasso,

Under the RE condition, any path following solution achieves the same or
sharper prediction and coefficient estimation error rates as the Lasso

. ~o
When a large majority of the components of |3¢| are large, ws can be

P i )
small for 3 . In this case, concave penalty outperforms the Lasso in
prediction and coefficient estimation

Under the same RE condition, the path following solution achieves
variable selection consistency, 8 = (3° under the beta-min condition
minjes | 37| > aA
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Implication on the sample size requirement for the inference of § = a’ 3

@ Let ,@(mm) be a suitable concave penalized LSE
@ Under proper conditions on the design matrix, the sample size
requirement for de-biasing ,@(m’t) becomes

n> (slogp)(1+ s« logp) with s =S| and s. =|S.],

a partial reduction from S = supp(3) to S, = {j : 0 < |Bj| < Yo}

@ Under the beta-min and restricted eigenvalue conditions, we need
n> (s+1)logp

@ If w; are computed with the constraint
}E,Einit” >N = (XTWJ' — ej)k =0

in a “data swap” scheme, then the sample size requirement for de-biasing
BT
ﬂ(ml ) becomes

n > max {(S +1)logp, (s. log p)Q}
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A modification of the asymptotic theory
@ The oracle LSE: S = supp(8), ,@; =(XIxs)'xly

Bf =B+ /jesejT(XsTXs)_lstsE

@ An expansion around the oracle LSE

-~ (init)

B =B" +w/ (Y —xB"™")

B — 51 —w/Pie—(X"wi—¢) (B —8)

8™ - B <1 = (B - B)/E7) — N(0,1)
where 7; = || X" w; — ejlloo/[|w;]|2, hopefully n; < \/2Tog p

@ Asymptotic variance: For wj = w;} = eJ-TZ_1X/n,

(init)

- var(,ese (XIXs) 'XsPse + wJTpés) ~ (0*/n)(Z7Y),,

@ The complexity of the estimation of Bo should depend on
{‘/BJ| :0 S |/BJ| S CO)\un[v}



A path following algorithm:
@ pa(t) = N?pu(Jt|/N) with a quadratic spline pi(t) in [0, c0)

B(X): minimizing [|Y — XB]3/(2n) + X*||p1(8/A) 1
Rescale: 7 =1/, b= b(7) = ﬁ()\)//\ Z=X"y/n
b: minimizing b"Xb/2 — 7Z7b + ||p1(b)|1
“KKT": Xb(7) — 7Z + pi(b(7)) = 0, linear spline path
Direction of path: Tb'(7) — Z + p{'(b(7)) o b'(7) = 0
Initialization: 7@ =0, S© =0, b(r) =0, k=1

® 6 6 6 66 o o

Iteration: — Find 7(¥) as the beginning point for new 5™ or new pi(b)
— Find the new S®) & pi(b)

— Compute 9bY) = (X + diag(p{ (b))) s sZ5 with new S® & p{(b)

— b(7) = b(r®) + (7 — 79N3LY) from 7 = 7 to 7 = 7+
—k=k+1

@ References

— Osborne et al (2000), Efron et al (2004), LARS for the Lasso
— Z (2010), PLUS for the Lasso, SCAD, MCP and ...



-0.5

-1.0

0.0
I

(0)

main branch = mc+




Inference in LM PLSE Data Swap
00000000000000000000000 0000000000000000000e00 000000000000000000000000

Majorize-Minimization (MM) algorithms:

= £:(8) = Lo(8) + Ry(9), A )
—1(9) 2 £3(9). (B = £
- B (rew) _ argmlnﬁ f(B)
~(new) (new (old)

— @™y < By < 1By = £0(B")

@ Majorizing the penalty
— Local quadratic approximation (LQA; Fan-Li, 2001):

ol ol ol (old
(1) < (15D + PG DST = 1517 P)/ 2151
— Local linear approximation (LLA; Zou-Li, 2008):

px(18i) < pA(B1) + PA (BN B = 1B]) = pA(IBDIBI] + G

@ Majorizing the loss
— (Fast) iterative shrinkage-thresholding algorithm (FISTA; Nesterov, 83;
Daubechies et al, 2004; Beck-Teboulle, 2009)

).B-B

(old) ~(old)

£o(8) < £o(B") + (VLo(B Y418 - B 13/(29)

with Supﬁ ||v®2£0(,3)||spectrum S 1/5
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LQA and LLA LQA and LLA

See Zou-Li 08; Thanks to J. Fan
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Properties of LLA: Let B = [Ai(dd) and ,@ be an estimator satisfying
[XT(XB = Y)/n+ ph(B)aIBil| < M

Basic inequality: Suppose |pi(t1) — pA(t2)| < k(pa)|t1 — 22| VO < t1 < to.
Similar to the basic inequality for the path following algorithm, we have

h"Eh + (1= n)A|lhsells < Awghs + [[hll2(s(px)[[Bll2 + Allv])2)
with h=B— 8% h=p—p", and ws = {X(Y — XB")/n— pA(B5)}/\
Theorem: (i) Suppose p) satisfies the Lipschitz condition. Then,

Il < Asup {ullv(u) s u"Eu =1}

with ) (u) = wlus — (1= n)|luse |l + [lull2{x(px)llAll2/X + [[v/]2}.
(ii) Let po = sup{||ul2 : ¥(u) > 0,u” Xu = 1}. Then,

Ill2 < por(pa )bl + A sup { llulla(whus — (1~ n)ljuse s + ull2]]2)

uTxu=1

— Multistage LLA /approximate solution (Zhang, 2010, 2013; Z-Zhang, 2012)
— RSC (Negahban et al, 2012)
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Statistical inference of j; in linear regression:

o LDPE/de-biasing: 3 = A + w] (v — x3"")

@ Analysis based on an {o.-¢1 split of the inner product in the r.h.s. of
~ Amt
Bi——wie=—(X"w;—e) (B B)

requires n > (s log p)*> when >-;min((|8j/o)/n/logp, 1) < s*
@ Ideal choice of w; = Zj/XjTZj for random design:
Xi=X_jy_;j+2, wj= zf/Xszj-’,
with X[ 27 ~ ||20|)3 ~ E||2?[j5 = n/(X7");j and T =EX" X /n
@ Possibility of improvement in sample size requirement:
T 5 (init)
(xLz)" (8

T 50
ijj

- B)-j

-~ (init)
(X"w;—e)" (B

-8)= = op(n"1/?)

_ _ (init) _ o
if w° is used and ﬂ(w) is ¢>-consistent and based on historical data

Data swap and semi-supervised learning
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Data swap

Extension: Statistical inference of a smooth function

0(8)

of a high-dimensional parameter 3 with high-dimensional data.
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Some examples

@ Linear regression: y = X3+ €R", BeRP, p> n.

Estimation of (a°, 3), (|34, etc.

@ GLM, graphical models, Cox regression

@ Two samples with a common set of covariates.
Estimation of (3,~) or Corr(3,~)
@ Nonlinear regression:
y=hH(XB)+e

with known fy. For example, in phase retrieval, fo(t) = 2.
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@ For estimation of regression coefficients, de-biasing leads to
B = Bj + N(0,1/(nF)) + Os(n"o"slog p)

@ Relatively straightforward extension to the inference of linear functionals

(a®.B)
@ For the estimation of ||3]|3,
~(Lasso) (Lasso) -~
182 = 1813 + 28,8 — 8) + 118 - BI13
With 3 = /@ Lasso), can we improve the naive estimator by

<5”a(Lasso) 713> detis;mg N( (o /n)ﬂZ )
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A general solution
@ Suppose we observe independent data points with negative log-likelihood
Li(B) = 4i(B; data;), i < n, with a general HD 8 € RP
@ Suppose that we are interested in estimating a smooth function of 3:
0 =06(8)

@ Fisher information: F = (9/98)%*{E Y_7_¢:(B8)/n}
@ Let a° = (90/983). The direction of the least favorable submodel is

u® = argmin, {(Fu,u) : (a°,u) =1} = F 'a°/(F 'a°, a°)
@ The (minimum) Fisher information for the estimation of 6:
Fo = (Fu®,u’y = 1/(F 'a° a°)

@ Stein (1956), Bickel et al (90), Schick (86), ... , Z (11)
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@ Local semi-LD decomposition: For by ~ 3
B3 — by = LD component + HD component = u°¢ + v
@ When (a°,v) =0,

0(B) — 0(bo) ~ (a°,u’¢ +v) ~ ¢

LD projection estimator (LDPE): Using estimated by and u° if necessary,

0 = 0(bo)+argmingcp .7 ;¢i(bo + u9)
— argmingen 7,4 (bo + 60— 6(b0)))

The HD problem is projected to a LD problem

Claim: Under proper conditions,

V/nFs(8 — 6) — N(0,1)
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Linear approximation of nonlinear problems:
0(B) = 0(8) + (a°, B — B) + Rem

where a° = (8/93)0(B). For the estimation of ||3]|3,

~(Lasso

= 1812 +2(8,8

Lasso) H2
2

[ ' 8)+ 1B - Bl

Lasso)

Assume that HB( — B)3 is small. We may de-bias a linear functional

~(Lasso

<a7:3 )_ﬁ>

. . . . —~(Lasso
in an estimated direction a = ﬁ( ).
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Data swap

@ Schick (86), Klaassen (87), and more
@ Partition [n] into h and k of about the same size
@ Data swapped estimation of 6:
~ : =M (m Sm)
0 =argminge, S0 S, LB +u™{0—0(B")}),
where B(m) ~ 3 and possibly u'™ = u° are estimates based on data in /5
@ Recall that without data swap,

A(init)

0 = arg mingp Zie[n]g" (B

-~ (init)

lnlt {9 0

)}

where {B(init (i) and {¢;} are based on the same data

@ Idea: Decouple the estimated nuisance parameters and still use likelihood
for all data points

@ When /;(3) is convex, the local minimizer is unique.
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An />-based theorem: Let a° = (9/983)0(3). Suppose
B{IF2(B" = B2 < 810, [F2@™ — u?)2 < [l6° 262} — 1,

and for {h, u} satisfying ||F/h||2 < 361,, and ||F**(u — u°)|2 < ||u°||202,n,

|6(8 + h) — 6(8) — (a°, h)| < Cuallhll;™™,
Var ((£(h + B) — €:(8), u)) < 62 ,||F/2ul3,
|E(6i(h+ B), u) — (Fh,u)| < Gonl| F?h|3| F/?ull2,

where {Cj n,0j,n, a1} are nonnegative constants satisfying d; , = o(1) and
01,n02,n + F;/2C1,n5}:al + C2,n5i,, < n Y2
Then, there exists a local minimizer of the data-swapped LDPE such that
(nFo)"/(0 — 0) = 0p(1) + (nFo) />0, ((B), u®) = N(0,1)

In the regression setting: Ci,, = G,,, =0 and d1,, < o+/s(logp)/n
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Remarks

@ The theorem assumes the existence of estimators satisfying
~(m) ~(m
PUIF2(B™ = B)ll2 < dun, IF2@™ — u)2 < |02z} — 1

@ For the estimation of linear functionals in linear regression,
Ci,n = G,n = 0 and the condition becomes

51,n52,n < n71/2

with 01,, < o+/s(log p)/n
@ Good news: n>> (slogp)? can be weakened when u° is easier to

estimate than 8

@ Recall that u° is the direction of the least favorable submodel for the
estimation of 6



Finding the least favorable direction? No. u° =

DA
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Remarks
@ Let a° = (9/9B)6(8) and

u’ = argjnin {(u, Fu):{(u,a’) = } F'a°/(a° F'a°)

@ A regularized estimate of u°, (e.g. Lasso, e-net, etc) is

u= argmln{( Fu) + pen(u) : (u,3) —1}

u

@ Good news: Fast convergence to u® under sparsity and regularity
conditions

@ Bad news: u° does not have to be sparse or easy to estimate
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One-step gradient approximation

-~ (init)

0 = arg mingep D e i B+ ™) {6— O(I@(init))})
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One-step gradient approximation (Bickel et al, 90)

Imt

— 08"y = n7ton (4 (B, v,

VM) are estimates of

Whele v
o o _] )
=u /Fg = a

If data swap is deployed, then

~ - ~(m) 5 (AN ~(m

O =n""50 0 Y, 0B T) — (Gi(BT). v}
If we consider the estimation of all linear functionals of 3, the one-step LDPE
can be (symbolically) written as

=~ (init)

B=p3"" — ()5 6:(3")
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Theorem: Suppose {u°, u, ﬁ(m)} can be replaced by {v°, v,?(’")} in the
regularity conditions and

61,n52,n + Fgl/2C1,n5ij;al + C2,n5in < n71/2-

Then, the one-step estimator is asymptotically efficient,

VnF (6 — 0) = op(1) + (nFo) >3, (:(8), u®) 25 N(0,1)



Inference in LM PLSE Data Swap
00000000000000000000000 0000000000000000000000 000000000000000800000000

Remarks

@ The estimation of v° = F~'a° is a some what different problem from the
estimation of u® = v°Fy

@ For example, instead of the Lasso (Choice 1), one may consider quadratic
programming (Choice 2)

V= argmin{(v,?—'v) IFv =3 < )\}

as in Z-Zhang (14) and Javanmard-Montanari (14)

@ This requires an ¢1 bound for B(m) and do not take advantage of the
sparsity of u°
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Examples

=y

—
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Regular regime for the estimation of 6(3,0) in LM

Theorem (i) Suppose that the Hessian of 6 has bounded spectrum norm.
Suppose data-swapped one-step LDPE is used, a'™ = (0/0b)0(b,c ]b

and a quadratic programming is used to find V\™. Suppose
~(m) ~ o«
187 =Bz +[6/0" — 1] < sA3
Xi,« is sub-Gaussian with regular X

Aa < [[al|220
n > (slog p)?

Then, /n(6 — 6) = Op(1).
(ii) If in addition Aa||u°|ly = op(1), then the LDPE is efficient

\/nFo(8—6) — N(0,1), Fo/Fp~1,

with plug-in estimate Fo.

Remark: The key condition, n > (slog p)?, is hard to avoid here due to
nonlinearity
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@ Estimation of |32, 1 < g < 2: Suppose ||B|lo = s and X is sub-Gaussian
with regular X. Let a° = q(sgn(5;)|5;|7""). Then,

0 0'2 q/2
V@ =1818) = N(0.0 " E1a7)) + 0o(1) U SEERI)

Related problems: Lepski et al (99), Cai-Low (11)

@ Estimation of (3,~), two samples of equal size:
V(= (B.7) = N(0,017E My + 38TE; )

with error term log p\/s15:/n

@ Phase retrieval (Shechtman et al 15; Candes et al, 15, Cai et al, 15):
Nonlinear regression with y; = (X;.8)? + €; and X;. ~ N(0, 1),

V(0 —[1BI3) — N(0,0%/3)

with error term of the order (02/n*/?)(slog p)/||B|/3.
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Estimation of precision matrix @ = X~ based on X with iid N(0,X) rows

@ Yuan-Lin (07), Friedman et al (08), Rothman et al (08), Lam-Fan (09),
Ravikumar et al (11), Sun-Z (12) and Ren et al (15)

@ Ren et al (15): n>> (s* log p)? is optimal where s* = max; ||@. ;o
@ The problem is linear: (;(@) = (X[ Xixn—0©71)/2

@ Given the initial estimator (:)("”t), the one-step LDPE is

~(m

0=n'2,%,. {8"+®") - (©")(x].x:.)8"}

’

@ Automatic symmetrization

@ Sample size requirement for 6, « = N(0, 07 + 050k k):
n>> s;si(log p)*

@ Graphical model with a few modest hubs
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Estimation of linear functions in linear regression
@ Datay = X3 + & with € ~ N(0,0?), iid X;. and L =EX"X/n

@ Problem: Given a°, we want to find sufficient conditions for

V(0 — (a° B)) =5 N(0,0%(a°, =7 1a%)

Known X:

o E(X;.b)* < G{E(X;.b)?}* forall b
@ 0<c <eigen(E) < c* < oo
e n>slogp

@ Sub-Gaussian design with unknown X: With s’ =capped-£1(u®)
e n>> min(s’s, s*)(log p)?
@ Gaussian design with unknown X:

o [Z7'a°|l: < Viogp
@ n>slogp
o n> (s'As)logp



Sample size requirement: A summary

&“&“&“&"&
P O
o b b
\\__/
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Sample size requirement
for efficient inference of linear functionals in linear model

Supervised Semisupervised
Side condition Data Data
Sub-Gaussian n> slogp n> slogp
n > min(s's, s*)(log p)? N > min(s’s, s*)(log p)?
Gaussian design n> slogp n> slogp
[u°lly S Viog p n>> (s' A's)*(log p)* N> (s' A s)(log p)?
Known X n> slogp n> slogp

s=>F  min (1,18j/a]\/n/log p)
s' =37 min (1, (|u7|/l|lull2)y/n/ log p)



Thanks!

o 5 = = E DA



