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Exponential random graph models

ERGM: probability model for adjacency matrices
with pmf:

exp{HT z(x)- (6
X

Parameter vector: takes values in
Graph statistics: z(x R = {0, 1}\/( |

Normalising consta
) can be chosen
) difficult functm@ ln many ways
Z(x)

=log EXeHT

. it is an exponential family distribution (hence ERGM)
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Why an ERGM
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FEMALE
Male

6018 grade 6 children 1966
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6018 grade 6 children 1966 — 300 schools Stockholm
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Density Mutuality out-stars
n_’ J

e -

-1 -2 2 =15
Alt. trans trian Alt. indep 2-paths Homophily girl Main girl

6018 grade 6 children 1966 — 200 schools Stockholm
Koskinen and Stenbergq (in press) JEBS
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Minimum learning outcomes
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Social Networks

» Get a working handle on what we are trying
to model

« Familiarise ourselves with common model
specifications

 Fitting procedure

 Estimation
 Convergence check
1 Goodness of fit

* Orientation about future developments
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Modelling graphs
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* Notational preliminaries
 Why and what is an ERGM
* Dependencies

» Estimation
d Geyer-Thompson
1 Robins-Monro
1 Bayes (The issue, Moller et al, LISA, exchange algorithm)

* Interpretation of effects
» Convergence and GOF
* Further issues
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Numerous recent substantively driven studies

- Gondal, The local and global structure of knowledge
production in an emergent research field, SOCNET 2011

- Lomi and Palotti, Relational collaboration among spatial
multipoint competitors , SOCNET 2011

« Wimmer & Lewis, Beyond and Below Racial Homophily,
AJS 2010

* Lusher, Masculinity, educational achievement and social
status, GENDER & EDUCATION 2011

« Rank et al. (2010). Structural logic of intra-organizational
networks, ORG SCI, 2010.

Book for applied researchers: Lusher, Koskinen, Robins
ERGMs for SN, CUP, 2011
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 An ERGM (p*) model is a statistical model for the ties in a
network

* Independent (pairs of) ties (p1, Holland and Leinhardt,
1981; Fienberg and Wasserman, 1979, 1981)

« Markov graphs (Frank and Strauss, 1986)

» Extensions (Pattison & Wasserman, 1999; Robins, Pattison
& Wasserman, 1999; Wasserman & Pattison, 1996)

* New specifications (Snijders et al., 2006; Hunter &
Handcock, 2006)
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tIQ varlables
stru_cture,w- i’ {‘
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If we believe that the frequency of interaction/density is an
important aspect of the network 0 ............ o

*

* *
* *
* ‘Q

We should include

Counts of the number of ties in our model
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If we believe that the reciprocity is an important aspect of the
directed twork D
(directed) networ ?: 3?

We should include

Counts of @——@) the number of mutual ties in our model
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If we believe that an important aspect of the network is that

0

6/1 two edge indicators {1,7} and {i ’,k} are
S~ conditionally dependent if {i,j} N {i’ k} =&

We should include counts of

S S AN

degree distribution; preferential attachment, friends meet through friends; clustering; etc
etc
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ERGMS - modelling graphs

The University of Manchester

If we believe that the attributes of the actors are
important (selection effects, homophily, etc)
We should include counts of

(114

Heterophily/homophily Distance/similarity
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If we believe that (Snijders, et al., 20006)

o---0

I two edge indicators {i,k} and {/,j} are conditionally

0---0 dependentif iy, () eE

000
. ' clustered regions
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ERGMS - modelling graphs
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Pr @—) given the re5t§

log
Pr @ @ giventhe re3t§

~ O1A#I+(72A# +G3A#A\. +"°+TA#A

adding edge, e.g.: + 172x A= w ! z
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The conditional formulation

Pr @—) given the rest
Pr @ @ given the rest

= 0,0, (x)+ 6,6, (x)+---+6 67 (x)

p ik

log

where 0, (x) = z,(A,x)—z,(x) Is the difference in counts of
structure type &

May be "aggregated” for all dyads so that the model for the
entire adjacency matrix can be written

logPr(X =x)=60z(x)+60,z,(x)+---+ 0,z (x)+y(0)
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ERGMS - modelling graphs

The University of Manchester

For a model with edges and triangles

The model for the adjacency matrix X is a weighted sum
logPr(X =x)=0,L(x)+7T (x) +y(0)
where L(x) =# I T'(x) =#A

The parameters o, and T weight the relative importance of
ties and triangles, respectively

- graphs with many triangles but not too dense are more
probable than dense graphs with few triangles
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> BusyNet

1824

The University of Manchester

Padgett's Florentine families (Padgett and Ansell, 1993)

network

BusyNet <- as.matrix(read.table(
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The University of Manchester

BusyNetNet <- network (BusyNet, directed=FALSE)

plot (BusyNetNet)
Requires libraries

'sna’, "network’
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GUADAGNI

Observed
LAMBERTES L(x) - Exij =15

i<j

PERUZZI and

®. o 16
M = ( =120
P BARBADORI 2
Density:
.TTRNABUON o
1
O ro d(X) = L(X) = 15 =—=0.125
SALVIATI PAZZI @ M 120 8

.RIDOLFI
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For a model with only edges I
logPr(X = x) = 0,L(x) +y(0,)

Equivalent with the model:

For each pair flip a p-coin

Tm g 2

Where p is the probability coin comes up heads
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The (Maximul likelihood) estimate of p is the
density

here:

DPipr =d(x)=0.125
=) i.e., an estimated one in 8 pairs establish a tie

= 2 2 22

For an ERGM model with edges logPr(X =x) =0 L(x) +y(0,)

ealL(x)

and hence p= 3 oo
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Solving

601L(x)

p

B ]+ 2™

for o,, we have that the density parameter
o, =-log(l/ p-1)

and for the MLE

N

Dipr =d(x)=0.125 OI,MLE == log(l / ﬁMLE — 1)

=—log(8/1-1)=-1945
Let’s check in stanet
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Estiml <- ergm(BusyNetNet ~ edges)
summary(Estiml)

approx. standard error of MLE of o,
Formula: BusyNetNet ~ edges

Newton-Raphson iterations: 5

Maximum Likelihood Results:
Estimate Std. Error MC
edges -1.946 9.276

.e. p-value
NA <le-04 ***

Signif. codes: RN 9,001 ¥+’ Q.01 ‘* Q.05 ‘.7 0.1 1

For this model, the pgeudolikelihood is the same as the likelihood.

Prnp =d(x)=0.125

OI,MLE
Parameter corresponding to L(x) =#

G, v = —1.945

Success: O, ,,; =-log(l/ p,,; —1)




MANCHESTER
1824

ERGMS - modelling graphs: example
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Do we believe in the model:

Let’s fit a model that takes Markov dependencies into account

log Pr(X =x) =0, L(x) +0,5,(x) + 0,5;,(x) + I’ (x) + ¢ (6)

where L(x)=# [ s, =# [\ s, =4/ T =#/\

statnet
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Lo =] s,00=# s0=#/\ T =#/\

Estim2 <- ergm(BusyNetNet ~ kstar(l:3) + triangles)
summary(Estim2)

Formula: BusyNetNet ~ kstar(1:3) + triangles

Newton-Raphson iterations: 42 approx. standard error of MLE of r,
MCMC sample of size 10000

Monte Carlo MLE Results:
Estimate Std. Error MCMC s.e p-value
kstarl -1.6130 9.6699 0.062 0.0176 *
kstar2 9.7492 0.6407 .455 9.2446
kstar3 -9.5408 9.3574 9.225 0.1330
triangle 1.4837 9.4592 9.138 0.0016 **

Signif. codes: G‘S\iif 9.001 “**’ 9.01 ‘%' 9.05 ‘. 0.1 * "1

TME
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Part 2

Estimation
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Likelihood equations for exponential fam

"Aggregated” to a joint model for entire adjacency matrix X

logPr(X = x)=0.z(x)+ 0222

Sum over all 271”2 graphs

The MLE solves the equation (cf. Lehmann, 1983):

E. {z(X)}=2z(x

Oy obs )
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Solving E; {z(X)}=2z(x,)

* Using the cumulant generating function
(Corander, Dahmstrom, and Dahmstrom, 1998)

« Stochastic approximation (Snijders, 2002, based
on Robbins-Monro, 1951)

* Importance sampling (Handcock, 2003; Hunter
and Handcock, 2006, based on Geyer-
Thompson 1992)
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Solving EéMLE {Z(X)} = z(x,,,)

Snijders, 2002, algorithm

- Initialisation phase

- Main estimation

- convergence check and cal. of standard errors

MAIN:

6(m+1) _ H(m) . arD(;1 Z(Xobs )}

Draw using MCMC
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Robbins-Monro algorithm

The University of Manchester

Phase 1, Initialisation phase
Find good values of the initial parameter state

H(O)

And the scaling matrix
D,

(use the score-based method, Schweinberger &
Snijders, 2006)
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Robbins-Monro algorithm

The University of Manchester

Phase 2, Main estimation phase
lteratively update 6

(m-+1) (m) -1 (m)
6 =0 — arDO {Z(Xe(m) ) - Z(Xobs )}

by drawing one realisation
(m)
X@(m)
from the model defined by the current 60"

Repeated in sub-phases with fixed a,



edge parameter egm)
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Robbins-Monro algorithm

Phase 2, Main estimation phase
Relies on us being able to draw one realisation

X

from the ERGM defined by the current
We can NOT do this directly

We have to simulate x
More specifically use Markov chain Monte Carlo



Robbins-Monro algorithm

What do we need to know about MCMC?
Method:
Generate a sequence of graphs

0 .1 L.(2) ,.03)

for arbitrary x(9, using an updating rule... so that

eHTz(x(N))
p(x™)) = as N — o

T
E 69 z(y)
Y
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Robbins-Monro algorithm
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What do we need to know about MCMC?

So if we generate an infinite number of graphs in
the “right” way we have the ONE draw we need

to update 6 once?

Typically we can’t wait an infinite amount of time so
we settle for

N — very large

multiplication factor

In Pnet very large is
ensity(x , )[1-density(x , )]n’
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Robbins-Monro algorithm

Phase 3, Convergence check and calculating
standard errors

At the end of phase 2 we always get a value

0
But is it the MLE?

Does it satisfy

E{2(X))=2(x,,) 7?
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Robbins-Monro algorithm

Phase 3, Convergence check and calculating
standard errors

Phase 3 simulates a large number of graphs
And checks if

E;{z2(X)} = E;{z(X)} = 2(x,,)

A minor discrepancy - due to numerical inaccuracy
- IS acceptable

Convergence statistics: E.{z(X)}-z(x,)
2] oos

—.1<
SD,{z(X)}
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Solving E; {z(X)}=z(x,,)

Handcock, 2003, approximate Fisher scoring

MAIN:

A& = g&n ](Q(g—l)) " _Z(xobs)}

Approximated using importance sample from MCMC
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The normalising constant of the posterior not essential for Bayesian
inference, all we need is:

(0] ) = O:07(O) @ )
fé(ﬁ; x)r(6)d 6

.. but

((0:x) = eXp{zk=1 0.z, (x)}

% eXP{E,I;I 0,z (¥)}
\

Sum over all 2712 graphs
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Bayes: MCMC?

Consequently,
in e.g. Metropolis-Hastings, acceptance probability of move to 6

min<

.. which contains

(0 | x) qpmp(@w )

" 7(01%) 4,0 16)

L= min<

(0 DN(6%) 9,0y O16)

E CXp {Eil 0.z, (¥)}

Yexp{y, 62,0}

(O:)7(0) 4,0 16)




MANCHESIER Bayes: Linked Importance Sampler

The University of Manchester Auxiliary Variable MCMC

LISA (Koskinen, 2008; Koskinen, Robins & Pattison, 2010): Based on
Maller et al. (2006), we define an auxiliary variable w

wE[ T, <L, K fx{l,...K}

And produce draws from the joint posterior

28 p{z 0.2, (X5} P (CU)
Eexp{E 0,2 ()} Y exp{ Y 7,2, (1)}

using the proposal distributions

7(0)

‘77:(0) g | xobs

F %k
P (@)

0 160" ~N@B".2) and w' |0 ~ :
EeXp{zﬁka(J’)}
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LISA (Koskinen, 2008; Koskinen, Robins & Pattison, 2010): Based on
Mgaller et al. (2006), we define an auxiliary variable w

@Hil%Kx{l,...,K}x{l,...,K}

Many linked chains:
- Computation time
- storage (memory and time issues)

Improvement: use exchange algorithm (Murray et al. 20006)

0 |6" ~N@6",2) and x |6 ~ERGM(6")

Accept 6* with log-probability: ‘min {0,(0 - 6%)" (2(x*) — z(x ))}‘

Caimo & Friel, 2011



MANCHESTER Bayes: Implications of using alternative

T Uity Mot auxiliary variable

« Storing only parameters

* No pre tuning — no need for good initial values
« Standard MCMC properties of sampler

* Less sensitive to near degeneracy in estimation

» Easier than anything else to implement
QUICK and ROBUST

Improvement: use exchange algorithm (Murray et al. 20006)

0 |6" ~N@6",2) and x |6 ~ERGM(6")

Accept 6* with log-probability: ‘min {0,(0 - 6%)" (2(x*) — z(x ))}‘

Caimo & Friel, 2011



MANCHESTER Bayes: Implications of using alternative

T Uity Mot auxiliary variable

exchange algorithm (Murray et al. 2006)
auxiliary variables: h(6~ | 6)

and p(x™|6%) ~ERGM(67)
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T Uity Mot auxiliary variable

exchange algorithm (Murray et al. 2006)
auxiliary variables: h(6~ | 6)

and p(x™|6%) ~ERGM(67)

To draw from joint posterior o« p(x*|6*)h(0* | 0)p(x | 0)7(0)p(x | O)



MANCHESTER Bayes: Implications of using alternative

T Uity Mot auxiliary variable

exchange algorithm (Murray et al. 2006)
auxiliary variables: h(6~ | 6)

and p(x™|6%) ~ERGM(67)

To draw from joint posterior o« p(x*|6*)h(0* | 0)p(x | 0)7(0)p(x | O)

Gibbs-draw: (x* | %) ~ p(x* | 6*)h(6* | 6)



MANCHESIER Bayes: Implications of using alternative

The Universey of Horheser auxiliary variable

exchange algorithm (Murray et al. 2006)
auxiliary variables: h(6~ | 6)

and p(x™|6%) ~ERGM(67)

To draw from joint posterior o« p(x*|6*)h(0* | 0)p(x | 0)7(0)p(x | O)
Gibbs-draw: (x*|6%)~ p(x*|6*)h(6™ | 6)

then swap 6* and 6 with probability min{1,H}

_ P(Xye 16%) (6%) h(B]6%)p(x*]6)
P(Xops 10) 7(0) h(6™ |0)p(x™|67)




Part 3

Interpretation of effects
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Markov dependence assumption:

0

7
G/I two edge indicators {1,7} and {i "k} are
.o 0 conditionally dependent if {i,j} N {i |k} =&

We have shown that the only effects are:

S S AN

degree distribution; preferential attachment, friends meet through friends; clustering; etc
etc
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Problem with Markov models
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Often for Markov model

S AN

degree distribution; preferential attachment, friends meet through friends; clustering; etc
etc

Matching £, {z(X)}=z(x,,)

HML

4T -
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Matching  E; {z(X)}=2z(x,,)

HML

or

# triangles

Some statistic &
z,(x,,,)=0 or z,(x,,,) =2z,

i

max
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Problem with Markov models
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Matching £, {z(X)}=z(x,,)

QML

The number of triangles for a
Markov model with edges
(-3), 2-stars (.5), 3-stars (-.2)
and triangles (1.1524)

z2(x,,.)

0 50 100 150 200 250 300 350 400

# triangles
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Matching £, {z(X)}=2z(x,,)

gMLE
140 . 400 -
130 350 ..
120 300 |-
. 110 m
Exp. # triangles and 2 8 2501
(®)]
edges for a Markov g 100 5
model with edges, 2- 5 £ 200 -
stars, 3-stars and g 9 3
triangles 2 5 150
E,{z(X)}
60 - 50
50 r r r (0] - 5 r r
0 0.5 1 1.5 0 0.5 1 1.5

triangle parameter triangle parameter
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Matching  E; {z(X)}=2z(x,,)

gML

If for some statistic £ z,(x,,)=0

E{z(X)}= Y z(0p(y10) = 7,(x,,)

1 1fzk(y) = Zk(xobs) =0

otherwise

Similarly for max
(or conditional min/max)

e.g. Agraph on 7 vertices with 5 49 _stars
edges # edges

Implies: p(y|0)={



MANCHESIER

Problem with Markov models

Matching  E; {z(X)}=2z(x,,)

HML

Generally, let C be the convex hull of {z(x):x €K}

Let rint(C) denote the relative interior of let C

The MLE exists if and only if z(x_,) € rint(C)

With constant prior, the posterior exists
only if z(x,,) € rint(C)

See Handcock (2003)
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e Uty e Problem with Markov models

First solutions I A f f

(Snijders et al., 20006) SE8.800 e
Markov:

O adding k-star adds (k-1) stars

4 alternating sign compensates but eventually z,(x)=0

Alternating stars:
» Restriction on star parameters - Alternating sign
» prevents explosion, and

» models degree distribution
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e Uty e Problem with Markov models

First solutions I A }f f

(Snijders et al., 2006) L8880 e
Markov:

O adding k-star adds (k-1) stars

4 alternating sign compensates but eventually z,(x)=0

Estimate Std. Error MCMC s.e. p-value
kstarl -1.6130 9.6699 0.462 0.0176 *
kstar?2 9.7492 0.6407 0.455 0.2446
kstar3 -0.5408 9.3574 0.225 0.1330
triangle 1.4837 9.4592 9.138 0.0016 **

L(x) =#I S,(x) =#[\ S, (x) =#./I\. T'(x) =#A
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824 Problem with Markov models

The University of Manchester

oo et 2005 sdne I

dg e distribution; preferential attachment, eet through friends: clustering; etc

Include all stars but restrict parameter:

o, =-0,/A o,=-0,/A o, =-0,/A

0,5,(X)+0;5;(x) + -+ 0,5, (x) = 0 ;s AKS (x; 1)

Alternating stars:
» Restriction on star parameters - Alternating sign
» prevents explosion, and

» models degree distribution
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824 Problem with Markov models

The University of Manchester

First solutions IA T i
(Snijders et al., 20006)

dg e distributio /Jf ential attachment, eet thro g/f ends: cluster ring; etc

Include all stars but restrict parameters:

o, =-0,/A o,=-0,/A o, =-0,/A

0,5,(X)+0;5;(x) + -+ 0,5, (x) = 0 ;s AKS (x; 1)

Expressed in terms 1
of degree distribution ~

d(x)=#{i:x, =]} A=e"/(e” -1)




MAI\CHI:S [ER

Problem with Markov models

The University fH chester

First solutions I A /‘,i A
(Snijders et al., 2006) s esmrmi s o i

Include all stars but restrict parameters:

o, =-0,/A o,=-0,/A o, =-0,/A
0,5,(X)+0;5;(x) + -+ 0,5, (x) = 0 ;s AKS (x; 1)

Interpretation:

Positive parameter (AL > 1) — graphs with some high degree
nodes and larger degree variance more likely than graphs
with more homogenous degree distribution

Negative parameter (A = 1) — the converse...
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e Uty e Problem with Markov models
First solutions I A }f f
(Snijders et al., 2006) o00000 e
Markov:

¢ triangles evenly spread out

“* but one edge can add many triangles...

Alternating triangles:

» Restrictions on different order triangles — alternating sign
* Prevents explosion, and

* Models multiply clustered regions

« Social circuit dependence assumption



Problem with Markov models

oo et 2005 sdvdbe AN

dg e distribution; preferential attachment, eet through friends; clustering; etc

Markov:
¢ triangles evenly spread out

“* but one edge can add many triangles...

AR

lI-triangles: 2-triangles:  3-triangles:

k-triangles:
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The University cnfﬁaiihestw P ro b I e m W i t h M a rkOV m 0 d e I S
First solutions I K E T
Weigh the k-triangles: g onds: ustrg ot

LX)+ T, L (%) +-+ 7T, 1, ,(X) =T 3 AKT (x; 4)

Where: 7, =-1,,/A A A

Alternating triangles:

» Restrictions on different order triangles — alternating sign

* Prevents explosion, and

* Models multiply clustered regions
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e Uty e Problem with Markov models

First solutions I A /I\. A

C/Q e distribution; preferential attachment, eet through friends: clustering; etc

Underlying assumption:

O--0O
Social circuit dependence |
assumption

two edge indicators {i,k} and {/,j} are

conditionally dependent if {i,/} , {/,j} €EE
Alternating triangles:

» Restrictions on different order triangles — alternating sign

* Prevents explosion, and

* Models multiply clustered regions
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The University of Manchester

Problem with Markov models

Alternative interpretation

T, X# A —T, [ Ax# —T, [ Ax#

We may (geometrically) weight together :

OC

Zr (X )L) =

|

A=e"/(e"

~1)

N

Ex _Ex aSZl](x) (

| i<j i<j

S, =#lk:i—=k,j—k}
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Problem with Markov models

The University of Manchester

Alternative intrepretation

T, X# A —T, [ Ax# —T, [ Ax#

We may also define the
Edgewise Shared Partner Statistic:

ESP #{(l ]) l .]9 2] k}

... and we can weigh together the ESP statistics
using Geometrically decreasing weights: GWESP



Part 3b

Curved exponential family distributions for graphs
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In an ERGM, alternating statistics

n-1
alternating 7 (x:a) = Ed (x)e~ + 2L(x) n
stars 1-e™) = J 1 e’ (1-e™)
alternating z (X:at) = e” J EX 2 1 >
triangles AT e _1 = j o i aSZ,-,-(x)

. are “dampened” by a constant a

why not estimate a?
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The University of Manchester

Curved ERGM

If we treat a as free parameters to be estimated

p(x) = exp{0’ z(x;a) - Y(0,a)}
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The University of Manchester

Curved ERGM

If we treat a as free parameters to be estimated

p(x) = exp{0’ z(x;a) - Y(0,a)}

We have more statistics than parameters
... itis no longer an exponential family distribution
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1824

The University of Manchester

Curved ERGM

If we treat a as free parameters to be estimated

p(x) = exp{0’ z(x;a) - Y(0,a)}

We have more statistics than parameters
... itis no longer an exponential family distribution

For example, we no longer have the identity

E. {z(X)}=2z(x 2(60)

O e obs )
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The University of Manchester

Curved ERGM

If we treat a as free parameters to be estimated

p(x) = exp{0’ z(x;a) - Y(0,a)}

We have more statistics than parameters
... itis no longer an exponential family distribution

However, does not matter for Bayesian analysis

7(0,a | x) < exp{0’ z(x;a) - w(0,a)}w(6,c)
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1824

The University of Manchester

Curved ERGM

If we treat a as free parameters to be estimated

p(x) = exp{0’ z(x;a) - Y(0,a)}

We have more statistics than parameters
... itis no longer an exponential family distribution

Formally it is a Curved exponential family distribution

... and a Fisher scoring algoithm (using MCMC) can be
applied (Hunter and Handcock, 2006)



Part 4a

Example Lazega’s law firm partners
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1824 Lazega’s (2001) Lawyers

The University of Manchester

Collaboration network among 36 lawyers in a
New England law firm (Lazega, 2001)

Boston office:
Hartford office: |}
Providence off.

least senior; ®

most senior: .



