
An introduction to exponential 
random graph models (ERGM) 

Johan Koskinen 
http://www.ccsr.ac.uk/staff/jk.htm!

johan.koskinen@manchester.ac.uk 
 

The Social Statistics Discipline Area, School of Social Sciences 

Mitchell Centre for 
Network Analysis 

 Jan 29 2013, Statistical Analysis of Social Networks, YES Workshop on 
Statistics for Complex and High Dimensional Systems,  Eindhoven 



Exponential random graph models 

p(x) = exp{θTz(x)−ψ(θ)}

ERGM: probability model for adjacency matrices 
with pmf: 



Exponential random graph models 

p(x) = exp{θTz(x)−ψ(θ)}

ERGM: probability model for adjacency matrices 
with pmf: 

Parameter vector:  θ 
Graph statistics:  z(x) 
Normalising constant:  ψ(θ) 
 



Exponential random graph models 

p(x) = exp{θTz(x)−ψ(θ)}

ERGM: probability model for adjacency matrices 
with pmf: 

Parameter vector:  θ 
Graph statistics:  z(x) 
Normalising constant:  ψ(θ) 
 

x takes values in  
 ℵ= {0,1}V

(2)



Exponential random graph models 

p(x) = exp{θTz(x)−ψ(θ)}

ERGM: probability model for adjacency matrices 
with pmf: 

Parameter vector:  θ 
Graph statistics:  z(x) 
Normalising constant:  ψ(θ) 
 

x takes values in  
 ℵ= {0,1}V

(2)

z( ) can be chosen 
in many ways 



Exponential random graph models 

p(x) = exp{θTz(x)−ψ(θ)}

ERGM: probability model for adjacency matrices 
with pmf: 

Parameter vector:  θ 
Graph statistics:  z(x) 
Normalising constant:  ψ(θ) 
 

x takes values in  
 ℵ= {0,1}V

(2)

z( ) can be chosen 
in many ways ψ( ) difficult function of θ 

 
  ψ(θ) = log eθ

Tz(x )

x∑



Exponential random graph models 

p(x) = exp{θTz(x)−ψ(θ)}

ERGM: probability model for adjacency matrices 
with pmf: 

… it is an exponential family distribution (hence ERGM) 

Parameter vector:  θ 
Graph statistics:  z(x) 
Normalising constant:  ψ(θ) 
 

x takes values in  
 ℵ= {0,1}V

(2)

z( ) can be chosen 
in many ways ψ( ) difficult function of θ 

 
  ψ(θ) = log eθ

Tz(x )

x∑



Part 1a 

Why an ERGM 



Networks matter – ERGMS matter 

6018 grade 6 children 1966 

FEMALE 
Male 
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Part 1b 

Minimum learning outcomes 



Social Networks 

•  Get a working handle on what we are trying 
to model 

•  Familiarise ourselves with common model 
specifications 

•  Fit our first models in statnet and PNet  
•  Fitting procedure 

q Estimation 
q Convergence check 
q Goodness of fit 

•  Orientation about future developments 



Part 1c 

Modelling graphs 



Social Networks 

•  Notational preliminaries 
•  Why and what is an ERGM 
•  Dependencies 
•  Estimation 

q   Geyer-Thompson 
q   Robins-Monro 
q   Bayes (The issue, Moller et al, LISA, exchange algorithm) 

•  Interpretation of effects 
•  Convergence and GOF 
•  Further issues 



Networks matter – ERGMS matter 

Numerous recent substantively driven studies 
•  Gondal, The local and global structure of knowledge 

production in an emergent research field, SOCNET 2011 
•  Lomi and Palotti, Relational collaboration among spatial 

multipoint competitors , SOCNET 2011 
•  Wimmer &  Lewis, Beyond and Below Racial Homophily, 

AJS 2010 
•  Lusher, Masculinity, educational achievement and social 

status, GENDER & EDUCATION 2011 
•  Rank et al. (2010). Structural logic of intra-organizational 

networks, ORG SCI, 2010. 

Book for applied researchers: Lusher, Koskinen, Robins 
ERGMs for SN, CUP, 2011  



Networks matter – ERGMS matter 



The exponential random graph model (p*) 
framework 

•  An ERGM (p*) model is a statistical model for the ties in a 
network 

•  Independent (pairs of) ties (p1, Holland and Leinhardt, 
1981; Fienberg and Wasserman, 1979, 1981) 

•  Markov graphs (Frank and Strauss, 1986) 
•  Extensions (Pattison & Wasserman, 1999; Robins, Pattison 

& Wasserman, 1999; Wasserman & Pattison, 1996) 
•  New specifications (Snijders et al., 2006; Hunter & 

Handcock, 2006) 



ERGMS – modelling graphs 



ERGMS – modelling graphs 

•  We want to model tie variables 
•  But structure – overall pattern – is 

evident 

•  What kind of structural elements can 
we incorporate in the model for the tie 
variables? 



ERGMS – modelling graphs 

If we believe that the frequency of interaction/density is an 
important aspect of the network l i 

j k 

Counts of the number of ties in our model 

We should include 



ERGMS – modelling graphs 

If we believe that the reciprocity is an important aspect of the 
(directed) network l i 

j k 

Counts of the number of mutual ties in our model 

We should include 



ERGMS – modelling graphs 

If we believe that an important aspect of the network is that 

i 

j 

k 

two edge indicators {i,j} and {i’,k} are 

conditionally dependent if {i,j} ∩ {i’,k} ≠∅ 

We should include counts of 

degree distribution; preferential attachment, 
etc 

friends meet through friends; clustering; etc 



ERGMS – modelling graphs 

If we believe that the attributes of the actors are 
important (selection effects, homophily, etc) 

Heterophily/homophily 

We should include counts of 

Distance/similarity 



ERGMS – modelling graphs 

If we believe that (Snijders, et al., 2006) 

i

j 

k 

two edge indicators {i,k} and {l,j} are conditionally 

dependent if {i,l} , {l,j} ∈E 
l 

clustered regions 



ERGMS – modelling graphs 

l i 

j k 

m n 

log 

σ1 Δ # +σ2 Δ # 

i k Pr 

i k Pr 

given the rest 

given the rest 

≈ +τ Δ # +σ3 Δ # + 

li

j k

m n

li

j k

m n

l i 

k 

i 

j k 

+ τ 2×  = adding edge, e.g.: 



ERGMS – modelling graphs 

log i k Pr 
i k Pr 

given the rest 
given the rest 

)()()()()Pr(log 2211 θψθθθ ++++== xzxzxzxX pp

The conditional formulation 

)()()( 2
2

1
1 xxx p

ikpikik δθδθδθ +++= 

May be ”aggregated” for all dyads so that the model for the 
entire adjacency matrix can be written 

)()()( xzxzx rijr
r
ik −Δ=δwhere  Is the difference in counts of 

structure type k 



ERGMS – modelling graphs 

For a model with edges and triangles 

The model for the adjacency matrix X is a weighted sum 

The parameters σ1  and τ weight the relative importance of 
ties and triangles, respectively 

- graphs with many triangles but not too dense are more 
probable than dense graphs with few triangles 

)()()()Pr(log 1 θψτσ ++== xTxLxX
where  #)( =xL #)( =xT



ERGMS – modelling graphs: example 

Padgett’s Florentine families (Padgett and Ansell, 1993)  
network 
BusyNet <- as.matrix(read.table(	

	 	 	”PADGB.txt”,header=FALSE)) 



ERGMS – modelling graphs: example 

BusyNetNet <- network(BusyNet, directed=FALSE)!
plot(BusyNetNet) 

Requires libraries 
'sna’,'network’ 



ERGMS – modelling graphs: example 
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ERGMS – modelling graphs: example 

For a model with only edges 

)()()Pr(log 11 σψσ +== xLxX
Equivalent with the model: 

heads 

tails 

For each pair flip a p-coin 

Where p is the probability coin comes up heads 



ERGMS – modelling graphs: example 

i.e., an estimated one in 8 pairs establish a tie 

The (Maximul likelihood) estimate of p is the 
density 

here: 

heads

tails

125.0)(ˆ == xdpMLE

For an ERGM model with edges )()()Pr(log 11 σψσ +== xLxX

and hence )(

)(

1

1

1 xL

xL

e
ep σ

σ

+
=



ERGMS – modelling graphs: example 

for σ1, we have that the density parameter 

Solving 

heads

tails

)(

)(

1

1

1 xL

xL

e
ep σ

σ

+
=

)1/1log(1 −−= pσ

and for the MLE 

)1ˆ/1log(ˆ ,1 −−= MLEMLE pσ

9451)11/8log( .−=−−=

125.0)(ˆ == xdpMLE

Let’s check in stanet!



ERGMS – modelling graphs: example 

Estim1 <- ergm(BusyNetNet ~ edges)	
summary(Estim1) 

125.0)(ˆ == xdpMLE

945.1ˆ ,1 −=MLEσ

MLE,1σ̂
Parameter corresponding to  #)( =xL

approx. standard error of MLE of σ1, 

Success: )1ˆ/1log(ˆ ,1 −−= MLEMLE pσ



ERGMS – modelling graphs: example 

Do we believe in the model: 

heads 

tails 

For each pair flip a p-coin 

Let’s fit a model that takes Markov dependencies into account 

)()()()()()Pr(log 33221 θψτσσσ ++++== xTxSxSxLxX

where  #)( =xL #)( =xT#)(2 =xS #)(3 =xS
statnet!



ERGMS – modelling graphs: example 

#)( =xL #)( =xT#)(2 =xS #)(3 =xS

MLEτ̂

approx. standard error of MLE of τ, 

Estim2 <- ergm(BusyNetNet ~ kstar(1:3) + triangles)	
summary(Estim2) 



Part 2 

Estimation 



Likelihood equations for exponential fam 

logPr(X = x) =θ1z1(x)+θ2z2(x)++θpzp(x)+ψ(θ)

”Aggregated” to a joint model for entire adjacency matrix X 

E
θ̂MLE
{z(X )} = z(xobs )

Sum over all 2n(n-1)/2 graphs 

The MLE solves the equation (cf. Lehmann, 1983): 



Likelihood equations for exponential fam 

Solving  Eθ̂MLE
{z(X )} = z(xobs )

•  Using the cumulant generating function 
(Corander, Dahmström, and Dahmström, 1998) 

•  Stochastic approximation (Snijders, 2002, based 
on Robbins-Monro, 1951) 

•  Importance sampling (Handcock, 2003; Hunter 
and Handcock, 2006, based on Geyer-
Thompson 1992) 



θ (m+1) =θ (m) −arD0
−1{z(x

θ (m )
(m) )− z(xobs)}

Robbins-Monro algorithm 

Solving  Eθ̂MLE
{z(X )} = z(xobs )

Snijders, 2002, algorithm 
- Initialisation phase 
- Main estimation 
- convergence check and cal. of standard errors 

MAIN:  

Draw using MCMC 



D0

Robbins-Monro algorithm 

Phase 1, Initialisation phase 
Find good values of the initial parameter state 
 
 
And the scaling matrix 
 
 
(use the score-based method, Schweinberger & 

Snijders, 2006) 
 

θ (0)



Robbins-Monro algorithm 

Phase 2, Main estimation phase 
Iteratively update θ 

θ (m+1) =θ (m) −arD0
−1{z(x

θ (m )
(m) )− z(xobs)}

by drawing one realisation   

x
θ (m )
(m)

from the model defined by the current θ(m) 

Repeated in sub-phases with fixed  ar
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Robbins-Monro algorithm 

Phase 2, Main estimation phase 
Relies on us being able to draw one realisation  

We can NOT do this directly 

x

from the ERGM defined by the current θ 

We have to simulate x 
More specifically use Markov chain Monte Carlo 



Robbins-Monro algorithm 

What do we need to know about MCMC? 
Method: 
Generate a sequence of graphs 

for arbitrary x(0), using an updating rule… so that 

x(0), x(1), x(2), x(3),…

N→∞p(x(N ) ) = eθ
T z(x(N ) )

eθ
T z(y)

y∑
as 



Robbins-Monro algorithm 

What do we need to know about MCMC? 
So if we generate an infinite number of graphs in 

the “right” way we have the ONE draw we need 
to update θ once? 

Typically we can’t wait an infinite amount of time so 
we settle for  

N→ very large

In Pnet very large is 

γ density(xobs )[1−density(xobs )]n
2

multiplication factor 



Robbins-Monro algorithm 

Phase 3, Convergence check and calculating 
standard errors 

At the end of phase 2 we always get a value 

θ̂
But is it the MLE? 

Does it satisfy 

E
θ̂
{z(X)} = z(xobs )              ? 



Robbins-Monro algorithm 

Phase 3, Convergence check and calculating 
standard errors 

Phase 3 simulates a large number of graphs 
And checks if 

E
θ̂
{z(X)} ≈ E

θ̂
{z(X)} ≈ z(xobs )

A minor discrepancy - due to numerical inaccuracy 
- is acceptable 

Convergence statistics: 
−.1<

E
θ̂
{z(X)}− z(xobs )
SD

θ̂
{z(X)}

< .1



{ })()()( obs1
)()(1)1()1()( xzxzwI M

m
mmggg −−= ∑ =

−−− θθθ

Geyer-Thompson 

Solving  )()}({ˆ obsxzXzE
MLE

=
θ

Handcock, 2003, approximate Fisher scoring 

MAIN:  

Approximated using importance sample from MCMC 



Bayes: dealing with likelihood 

The normalising constant of the posterior not essential for Bayesian 
inference, all we need is: 

∑ ∑
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Sum over all 2n(n-1)/2 graphs 



Bayes: MCMC? 

Consequently,  
in e.g. Metropolis-Hastings, acceptance probability of move to θ 

∑ ∑

∑ ∑

=

=

y

p

k kk

y

p

k kk

yz

yz

1
*

1

)}(exp{

)}(exp{

θ

θ

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

=
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

)|(
)|(

)();(
*)();(min

)|(
)|(

)|(
)|(,1min *

**

*

**

θθ

θθ

θπθ
θπθ

θθ

θθ

θπ
θπ

prop

prop

prop

prop

q
q

x
x

q
q

x
x




… which contains 



Bayes: Linked Importance Sampler 
Auxiliary Variable MCMC 

LISA (Koskinen, 2008; Koskinen, Robins & Pattison, 2010): Based on 
Møller et al. (2006), we define an auxiliary variable ω 

And produce draws from the joint posterior 

{ } { }∏ =
××∈

m

j
K KK

1
,,1,,1 ……Xω

)(
})(exp{

)(
})(exp{
})(exp{

)|,( , θπ
τ

ω

θ

θ
θωπ θτ

∑ ∑∑ ∑
∑∝

yz
P

yz
xz

x
kk

B

kk

obskk
obs

using the proposal distributions 

),(~| )()(* Σtt N θθθ and 
∑ ∑ )}(exp{
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yz
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kk

F
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θω τθ



Bayes: alternative auxiliary variable 

LISA (Koskinen, 2008; Koskinen, Robins & Pattison, 2010): Based on 
Møller et al. (2006), we define an auxiliary variable ω 

Improvement: use exchange algorithm (Murray et al. 2006) 

{ } { }∏ =
××∈

m

j
K KK

1
,,1,,1 ……Xω

Many linked chains: 
-  Computation time 
-  storage (memory and time issues) 

),(~| )()(* Σtt N θθθ and )ERGM(~| *** θθx

Accept  θ*  with log-probability: ))}(*)((*)(,0min{ obs
T xzxz −−θθ

Caimo & Friel, 2011 



Bayes: Implications of using alternative 
auxiliary variable 

Improvement: use exchange algorithm (Murray et al. 2006) 

),(~| )()(* Σtt N θθθ and )ERGM(~| *** θθx

Accept  θ*  with log-probability: ))}(*)((*)(,0min{ obs
T xzxz −−θθ

Caimo & Friel, 2011 

•  Storing only parameters 
•  No pre tuning – no need for good initial values 
•  Standard MCMC properties of sampler 
•  Less sensitive to near degeneracy in estimation 
•  Easier than anything else to implement 
QUICK and ROBUST 



Bayes: Implications of using alternative 
auxiliary variable 

exchange algorithm (Murray et al. 2006) 

auxiliary variables: 

and 

h(θ* |θ)

p(x* |θ*) ~ ERGM(θ*)



Bayes: Implications of using alternative 
auxiliary variable 

exchange algorithm (Murray et al. 2006) 

auxiliary variables: 

and 

To draw from joint posterior 

h(θ* |θ)

p(x* |θ*) ~ ERGM(θ*)

∝ p(x* |θ*)h(θ* |θ)p(x |θ)π (θ)p(x |θ)



Bayes: Implications of using alternative 
auxiliary variable 

exchange algorithm (Murray et al. 2006) 

auxiliary variables: 

and 

To draw from joint posterior 

Gibbs-draw: 

h(θ* |θ)

p(x* |θ*) ~ ERGM(θ*)

(x* |θ*) ~ p(x* |θ*)h(θ* |θ)

∝ p(x* |θ*)h(θ* |θ)p(x |θ)π (θ)p(x |θ)



Bayes: Implications of using alternative 
auxiliary variable 

exchange algorithm (Murray et al. 2006) 

auxiliary variables: 

and 

To draw from joint posterior 

Gibbs-draw: 

h(θ* |θ)

p(x* |θ*) ~ ERGM(θ*)

then swap  θ*  and θ with probability min{1,H} 

H =
p(xobs |θ*)
p(xobs |θ)

π (θ*)
π (θ)

h(θ |θ*)p(x* |θ)
h(θ* |θ)p(x* |θ*)

(x* |θ*) ~ p(x* |θ*)h(θ* |θ)

∝ p(x* |θ*)h(θ* |θ)p(x |θ)π (θ)p(x |θ)



Part 3  

Interpretation of effects 



Problem with Markov models 

Markov dependence assumption: 

i 

j 

k 

two edge indicators {i,j} and {i’,k} are 

conditionally dependent if {i,j} ∩ {i’,k} ≠∅ 

We have shown that the only effects are: 

degree distribution; preferential attachment, 
etc 

friends meet through friends; clustering; etc 



Problem with Markov models 

Often for Markov model  

degree distribution; preferential attachment, 
etc 

friends meet through friends; clustering; etc 

)()}({ˆ obsxzXzE
MLE

=
θMatching  

hard 
Impossible! or  



Problem with Markov models 

)()}({ˆ obsxzXzE
MLE

=
θMatching  

hard 
Impossible! or  

# triangles 	



# edges 	


z(xobs )

 

zk (xobs ) = 0 or  zk (xobs ) = zkmax
Some statistic k  



0 50 100 150 200 250 300 350 400
number of triangles

Problem with Markov models 

)()}({ˆ obsxzXzE
MLE

=
θMatching  

hard 

# triangles 	


z(xobs )

Eθ{z(X)}

The number of triangles for a 
Markov model with edges 

(-3), 2-stars (.5), 3-stars (-.2) 
and triangles (1.1524)  
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Problem with Markov models 

)()}({ˆ obsxzXzE
MLE

=
θMatching  

hard 

Exp. # triangles and 
edges for a Markov 
model with edges, 2-

stars, 3-stars and 
triangles 

Eθ{z(X)}



Problem with Markov models 

)()}({ˆ obsxzXzE
MLE

=
θMatching  Impossible! 

# 2-stars 	

# edges 	



 

zk (xobs ) = 0If for some statistic k  

Similarly for max  
(or conditional min/max) 
e.g. A graph on 7 vertices with 5 
edges  

Implies:  

Eθ{z(X)} = zk (y)p(y |θ )
y
∑ = zk (xobs )

p(y |θ ) = 1 if zk (y) = zk (xobs ) = 0
0 otherwise
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Problem with Markov models 

)()}({ˆ obsxzXzE
MLE

=
θMatching  Impossible! 

{z(x) : x ∈ℵ}Generally, let C be the convex hull of 

The MLE exists if and only if z(xobs) ∈ rint(C)  

Let rint(C) denote the relative interior of let C 

With constant prior, the posterior exists  
only if z(xobs) ∈ rint(C)  

See Handcock (2003) 



Problem with Markov models 

First solutions  
(Snijders et al., 2006)  

Markov: 

q  adding k-star adds (k-1) stars 

q  alternating sign compensates but eventually zk(x)=0 

Alternating stars: 

Ø  Restriction on star parameters - Alternating sign 

Ø  prevents explosion, and 

Ø  models degree distribution 
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First solutions  
(Snijders et al., 2006)  

Markov: 

q  adding k-star adds (k-1) stars 

q  alternating sign compensates but eventually zk(x)=0 
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Problem with Markov models 

First solutions  
(Snijders et al., 2006)  

Alternating stars: 

Ø  Restriction on star parameters - Alternating sign 

Ø  prevents explosion, and 

Ø  models degree distribution 

Include all stars but restrict parameter: 

λσσ /23 −= λσσ /34 −= λσσ /45 −= 

);()()()( 113322 λσσσσ xAKSxSxSxS AKSnn =+++ −−new 



Problem with Markov models 

First solutions  
(Snijders et al., 2006)  

Include all stars but restrict parameters: 

λσσ /23 −= λσσ /34 −= λσσ /45 −= 

);()()()( 113322 λσσσσ xAKSxSxSxS AKSnn =+++ −−new 

λ = eα / (eα −1)
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(1− e−α )2
Expressed in terms 
of degree distribution 

dj (x) = #{i : xi+ = j}



Problem with Markov models 

First solutions  
(Snijders et al., 2006)  

Include all stars but restrict parameters: 

λσσ /23 −= λσσ /34 −= λσσ /45 −= 

);()()()( 113322 λσσσσ xAKSxSxSxS AKSnn =+++ −−

Interpretation: 
Positive parameter (λ ≥ 1) – graphs with some high degree 
nodes and larger degree variance more likely than graphs 
with more homogenous degree distribution  
Negative parameter (λ ≥ 1) – the converse… 



Problem with Markov models 

Markov: 

v  triangles evenly spread out 

v but one edge can add many triangles… 

Alternating triangles: 

•  Restrictions on different order triangles – alternating sign 

•  Prevents explosion, and 

•  Models multiply clustered regions 

•  Social circuit dependence assumption 

First solutions  
(Snijders et al., 2006)  



Problem with Markov models 

Markov: 

v  triangles evenly spread out 

v but one edge can add many triangles… 

First solutions  
(Snijders et al., 2006)  

k-triangles: 

1-triangles: 2-triangles: 3-triangles: 



Problem with Markov models 

Alternating triangles: 

•  Restrictions on different order triangles – alternating sign 

•  Prevents explosion, and 

•  Models multiply clustered regions 

First solutions  

λττ /1−−= kk

);()()()( 223322 λττττ xAKTxTxTxT AKTnn =+++ −−

Weigh the k-triangles: 

Where: 



Problem with Markov models 

Alternating triangles: 

•  Restrictions on different order triangles – alternating sign 

•  Prevents explosion, and 

•  Models multiply clustered regions 

First solutions  

Underlying assumption: 

i 

j 

k 

two edge indicators {i,k} and {l,j} are 

conditionally dependent if {i,l} , {l,j} ∈E 

l 

Social circuit dependence 
assumption 
 



Problem with Markov models 

Alternative interpretation 

We may (geometrically) weight together : 

−τ1 / λ × #τ1 × # −τ 2 / λ × # 
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λ = eα / (eα −1) S2ij = #{k : i→ k, j→ k}
i j 





Problem with Markov models 

Alternative intrepretation 

We may also define the 
Edgewise Shared Partner Statistic: 
 

−τ1 / λ × #τ1 × # −τ 2 / λ × # 

i j 



ESPk = #{(i, j) : i ~ j,S2ij = k}

… and we can weigh together the ESP statistics 
using Geometrically decreasing weights: GWESP 
 



Part 3b  

Curved exponential family distributions for graphs 



Curved ERGM 
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In an ERGM, alternating statistics 

alternating 
triangles 

alternating 
stars 

… are “dampened”  by a constant α 

why not estimate α? 



Curved ERGM 

If we treat α as free parameters to be estimated 

p(x) = exp{θTz(x;α)−ψ(θ,α)}
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Curved ERGM 

If we treat α as free parameters to be estimated 

p(x) = exp{θTz(x;α)−ψ(θ,α)}

We have more statistics than parameters 
… it is no longer an exponential family distribution 

For example, we no longer have the identity 

E
θ̂MLE
{z(X )} = z(xobs )

z(x;α) 



Curved ERGM 

If we treat α as free parameters to be estimated 

p(x) = exp{θTz(x;α)−ψ(θ,α)}

We have more statistics than parameters 
… it is no longer an exponential family distribution 

However, does not matter for Bayesian analysis  

π (θ,α | x)∝exp{θTz(x;α)−ψ(θ,α)}π (θ,α)



Curved ERGM 

If we treat α as free parameters to be estimated 

p(x) = exp{θTz(x;α)−ψ(θ,α)}

We have more statistics than parameters 
… it is no longer an exponential family distribution 

Formally it is a Curved exponential family distribution 
… and a Fisher scoring algoithm (using MCMC) can be  
applied (Hunter and Handcock, 2006) 



Part 4a  

Example Lazega’s law firm partners 



Bayesian Data Augmentation Lazega’s (2001) Lawyers 

Collaboration network among 36 lawyers in a  
New England law firm (Lazega, 2001) 

Boston office: 
Hartford office: 
Providence off.: 

least senior: 

most senior: 


