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graph model:  high degree 
hard.

inference: observe graph.  
edges are like 
observations, more 
observations make the 
problem easier....

work in progress.  
comments please!



Disclaimer: 
This is work 
in progress.



Abstract

• What is the model?  What are we estimating?

• Current literature

• Low-dimensional

• Networks not transitive

• “Highest dimensional model”

• Transitive

• Easier estimation

• Faster, local algorithms.



Inference for clustering

• Presume that graph is observed.

• Sampled from a distribution in a known class.

• What is estimable?

• Certain models lead to clusters.  Can we 
estimate the corresponding parameters?



Exchangeable Random Graphs and 
Latent space models (Hoff et al 2002)

A = {0, 1}n⇥nObserve:                             undirected, unweighted.

Z1, . . . , Zn

Wish to estimate latent variables

P (A|Z) =
Y

u<v

P (A|Zu, Zv)

Edges conditionally independent.



Stochastic Blockmodels (Holland et al 1983)

are a type of exchangeable random graph.

Large diagonal elements in Theta makes communities.
Estimating Z = clustering

Zi 2 {1, . . . ,K}

Stochastic Blockmodels (SBMs) say class memberships

⇥ 2 [0, 1]K⇥Kfor

yield

P (Auv = 1|Zu, Zv) = ⇥Zu,Zv



Several have studied estimators for Z under SBM
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Prompted by the increasing interest in networks in many fields,
we present an attempt at unifying points of view and analyses of
these objects coming from the social sciences, statistics, probability
and physics communities. We apply our approach to the Newman–
Girvan modularity, widely used for “community” detection, among
others. Our analysis is asymptotic but we show by simulation and
application to real examples that the theory is a reasonable guide
to practice.

modularity | profile likelihood | ergodic model | spectral clustering

T he social sciences have investigated the structure of small
networks since the 1970s, and have come up with elaborate

modeling strategies, both deterministic, see Doreian et al. (1) for
a view, and stochastic, see Airoldi et al. (2) for a view and recent
work. During the same period, starting with the work of Erdös
and Rényi (3), a rich literature has developed on the probabilistic
properties of stochastic models for graphs. A major contribution
to this work is Bollobás et al. (4). On the whole, the goals of the
analyses of ref. 4, such as emergence of the giant component, are
not aimed at the statistical goals of the social science literature we
have cited.

Recently, there has been a surge of interest, particularly in the
physics and computer science communities in the properties of
networks of many kinds, including the Internet, mobile networks,
the World Wide Web, citation networks, email networks, food
webs, and social and biochemical networks. Identification of “com-
munity structure” has received particular attention: the vertices in
networks are often found to cluster into small communities, where
vertices within a community share the same densities of connect-
ing with vertices in the their own community as well as different
ones with other communities. The ability to detect such groups can
be of significant practical importance. For instance, groups within
the worldwide Web may correspond to sets of web pages on related
topics; groups within mobile networks may correspond to sets of
friends or colleagues; groups in computer networks may corre-
spond to users that are sharing files with peer-to-peer traffic, or
collections of compromised computers controlled by remote hack-
ers, e.g. botnets (5). A recent algorithm proposed by Newman and
Girvan (6), that maximizes a so-called “Newman–Girvan” mod-
ularity function, has received particular attention because of its
success in many applications in social and biological networks (7).

Our first goal is, by starting with a model somewhat less general
than that of ref. 4, to construct a nonparametric statistical frame-
work, which we will then use in the analysis, both of modularities
and parametric statistical models. Our analysis is asymptotic, let-
ting the number of vertices go to !. We view, as usual, asymptotics
as being appropriate insofar as they are a guide to what happens
for finite n. Our models can, on the one hand, be viewed as special
cases of those proposed by ref. 4, and on the other, as encompass-
ing most of the parametric and semiparametric models discussed
in Airoldi et al. (2) from a statistical point of view and in Chung and
Lu (8) for a probabilistic one. An advantage of our framework is
the possibility of analyzing the properties of the Newman–Girvan
modularity, and the reasons for its success and occasional fail-
ures. Our approach suggests an alternative modularity which is, in

principle, “fail-safe” for rich enough models. Moreover, our point
of view has the virtue of enabling us to think in terms of “strength
of relations” between individuals not necessarily clustering them
into communities beforehand.

We begin, using results of Aldous and Hoover (9), by introduc-
ing what we view as the analogues of arbitrary infinite population
models on infinite unlabeled graphs which are “ergodic” and from
which a subgraph with n vertices can be viewed as a piece. This
development of Aldous and Hoover can be viewed as a gener-
alization of deFinetti’s famous characterization of exchangeable
sequences as mixtures of i.i.d. ones. Thus, our approach can also be
viewed as a first step in the generalization of the classical construc-
tion of complex statistical models out of i.i.d. ones using covariates,
information about labels and relationships.

It turns out that natural classes of parametric models which
approximate the nonparametric models we introduce are the
“blockmodels” introduced by Holland, Laskey and Leinhardt
ref. 10; see also refs. 2 and 11, which are generalizations of the
Erdös–Rényi model. These can be described as follows.

In a possibly (at least conceptually) infinite population (of ver-
tices) there are K unknown subcommunities. Unlabeled individ-
uals (vertices) relate to each other through edges which for this
paper we assume are undirected. This situation leads to the follow-
ing set of probability models for undirected graphs or equivalently
the corresponding adjacency matrices {Aij : i, j " 1}, where Aij =
1 or 0 according as there is or is not an edge between i and j.

1. Individuals independently belong to community j with
probability !j, 1 # j # K ,

!K
j=1 !j = 1.

2. A symmetric K $K matrix {Pkl : 1 # k, l # K} of probabil-
ities is given such that Pab is the probability that a specific
individual i relates to individual j given that i % a, j % b.
The membership relations between individuals are estab-
lished independently. Thus 1 & !

1#a,b#K !a!bPab is the
probability that there is no edge between i and j.

The Erdös–Rényi model corresponds to K = 1.
We proceed to define Newman–Girvan modularity and an alter-

native statistically motivated modularity. We give necessary and
sufficient conditions for consistency based on the parameters of
the block model, properties of the modularities, and average
degree of the graph. By consistency we mean that the modular-
ities can identify the members of the block model communities
perfectly. We also give examples of inconsistency when the con-
ditions fail. We then study the validity of the asymptotics in a
limited simulation and apply our approach to a classical small
example, the Karate Club and a large set of Private Branch
Exchange (PBX) data. We conclude with a discussion and some
open problems.
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SUMMARY
We present asymptotic and finite-sample results on the use of stochastic blockmodels for the

analysis of network data. We show that the fraction of misclassified network nodes converges
in probability to zero under maximum likelihood fitting when the number of classes is allowed
to grow as the root of the network size and the average network degree grows at least poly-
logarithmically in this size. We also establish finite-sample confidence bounds on maximum-
likelihood blockmodel parameter estimates from data comprising independent Bernoulli random
variates; these results hold uniformly over class assignment. We provide simulations verifying
the conditions sufficient for our results, and conclude by fitting a logit parameterization of a
stochastic blockmodel with covariates to a network data example comprising self-reported school
friendships, resulting in block estimates that reveal residual structure.

Some key words: Likelihood-based inference; Social network analysis; Sparse random graph; Stochastic blockmodel.

1. INTRODUCTION
The global structure of social, biological, and information networks is sometimes envi-

sioned as the aggregate of many local interactions whose effects propagate in ways that are
not yet well understood. There is increasing opportunity to collect data on an appropriate
scale for such systems, but their analysis remains challenging (Goldenberg et al., 2009). Here
we analyse a statistical model for network data known as the single-membership stochas-
tic blockmodel. Its salient feature is that it partitions the N nodes of a network into K dis-
tinct classes whose members all interact similarly with the network. Blockmodels were first
associated with the deterministic concept of structural equivalence in social network analysis
(Lorrain & White, 1971), where two nodes were considered interchangeable if their connec-
tions were equivalent in a formal sense. This concept was adapted to stochastic settings and
gave rise to the stochastic blockmodel in the work by Holland et al. (1983) and Fienberg et al.
(1985). The model and extensions thereof have since been applied in a variety of disciplines
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Abstract
In this paper, we examine a spectral clustering algorithm for similarity graphs drawn from a simple
random graph model, where nodes are allowed to have varying degrees, and we provide theoretical
bounds on its performance. The random graph model we study is the Extended Planted Partition
(EPP) model, a variant of the classical planted partition model.

The standard approach to spectral clustering of graphs is to compute the bottom k singular vec-
tors or eigenvectors of a suitable graph Laplacian, project the nodes of the graph onto these vectors,
and then use an iterative clustering algorithm on the projected nodes. However a challenge with
applying this approach to graphs generated from the EPP model is that unnormalized Laplacians
do not work, and normalized Laplacians do not concentrate well when the graph has a number of
low degree nodes.

We resolve this issue by introducing the notion of a degree-corrected graph Laplacian. For
graphs with many low degree nodes, degree correction has a regularizing effect on the Laplacian.
Our spectral clustering algorithm projects the nodes in the graph onto the bottom k right singular
vectors of the degree-corrected random-walk Laplacian, and clusters the nodes in this subspace.
We show guarantees on the performance of this algorithm, demonstrating that it outputs the correct
partition under a wide range of parameter values. Unlike some previous work, our algorithm does
not require access to any generative parameters of the model.
Keywords: Spectral clustering, unsupervised learning, normalized Laplacian

1. Introduction

Spectral clustering of similarity graphs is a fundamental tool in exploratory data analysis, which
has enjoyed much empirical success (Shi and Malik, 2000; Ng et al., 2002; von Luxburg, 2007) in
machine-learning. In this paper, we examine a spectral clustering algorithm for similarity graphs
drawn from a simple random graph model, where nodes are allowed to have varying degrees, and
we provide theoretical bounds on its performance. Such clustering problems arise in the context
of partitioning social network graphs to reveal hidden communities, or partitioning communication
networks to reveal groups of nodes that frequently communicate.

The random graph model we study is the Extended Planted Partition (EPP) model, a variant of
the classical planted partition model. A graph G = (V,E) generated from this model has a hidden
partition V1, . . . , V

k

, as well as a number d
u

associated with each node u. If two nodes u and v

c� 2012 K. Chaudhuri, F. Chung & A. Tsiatas.
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Abstract: The stochastic block model (SBM) is a probabilistic model de-
signed to describe heterogeneous directed and undirected graphs. In this
paper, we address the asymptotic inference in SBM by use of maximum-
likelihood and variational approaches. The identifiability of SBM is proved
while asymptotic properties of maximum-likelihood and variational estima-
tors are derived. In particular, the consistency of these estimators is settled
for the probability of an edge between two vertices (and for the group pro-
portions at the price of an additional assumption), which is to the best
of our knowledge the first result of this type for variational estimators in
random graphs.
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A consistent adjacency spectral embedding for

stochastic blockmodel graphs
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Abstract

We present a method to estimate block membership of nodes in a ran-
dom graph generated by a stochastic blockmodel. We use an embedding
procedure motivated by the random dot product graph model, a partic-
ular example of the latent position model. The embedding associates
each node with a vector; these vectors are clustered via minimization
of a square error criterion. We prove that this method is consistent for
assigning nodes to blocks, as only a negligible number of nodes will be
mis-assigned. We prove consistency of the method for directed and undi-
rected graphs. The consistent block assignment makes possible consistent
parameter estimation for a stochastic blockmodel. We extend the result
in the setting where the number of blocks grows slowly with the num-
ber of nodes. Our method is also computationally feasible even for very
large graphs. We compare our method to Laplacian spectral clustering
through analysis of simulated data and a graph derived from Wikipedia
documents.

1 Background and Overview

Network analysis is rapidly becoming a key tool in the analysis of modern
datasets in fields ranging from neuroscience to sociology to biochemistry. In
each of these fields, there are objects, such as neurons, people, or genes, and
there are relationships between objects, such as synapses, friendships, or pro-
tein interactions. The formation of these relationships can depend on attributes
of the individual objects as well as higher order properties of the network as
a whole. Objects with similar attributes can form communities with similar
connective structure, while unique properties of individuals can fine tune the
shape of these relationships. Graphs encode the relationships between objects
as edges between nodes in the graph.

Clustering objects based on a graph enables identification of communities
and objects of interest as well as illumination of overall network structure. Find-
ing optimal clusters is di�cult and will depend on the particular setting and
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Block Model based on the empirical degrees
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Abstract
The Stochastic Block Model (Holland et al., 1983) is a mixture model

for heterogeneous network data. Unlike the usual statistical framework,
new nodes give additional information about the previous ones in this
model. Thereby the distribution of the degrees concentrates in points
conditionally on the node class. We show under a mild assumption that
classification, estimation and model selection can actually be achieved
with no more than the empirical degree data. We provide an algorithm
able to process very large networks and consistent estimators based on it.
In particular, we prove a bound of the probability of misclassification of
at least one node, including when the number of classes grows.

1 Introduction

Strong attention has recently been paid to network models in many domains such
as social sciences, biology or computer science. Networks are used to represent
pairwise interactions between entities. For example, sociologists are interested
in observing friendships, calls and collaboration between people, companies or
countries. Genomicists wonder which gene regulates which other. But the
most famous examples are undoubtedly the Internet, where data traffic involves
millions of routers or computers, and the World Wide Web, containing millions
of pages connected by hyperlinks. A lot of other examples of real-world networks
are empirically treated in Albert and Barabási (2002), and book Faust and
Wasserman (1994) gives a general introduction to mathematical modelling of
networks, and especially to graph theory.

One of the main features expected from graph models is inhomogeneity.
Some articles, e.g. Bollobás et al. (2007) or Van Der Hofstad (2009), address
this question. In the Erdős-Rényi model introduced by Erdős and Rényi (1959)
and Gilbert (1959), all nodes play the same role, while most real-world networks
are definitely not homogeneous.
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Abstract

• What is the model?  What are we estimating?

• Previous parameterizations: 

• Low-dimensional

• Networks not transitive

• “Highest dimensional model”

• Transitive

• Easier estimation

• Faster, local algorithms.



In previous work, the asymptotic 
settings have captured two 

features of empirical networks.

1) Sparse edges...  
     expected degree grows like polylog(n).
     would like to have constant expected degree

2) Fixed number of blocks or growing slowly.
     best result:  K = o(sqrt(n)).



Easier to consider the planted partition 
(aka four parameter SBM)

Theta has large diagonal elements.
         and small off-diagonal elements.

Recall that the Stochastic Blockmodel make clusters when

Four parameter model, 
   constant diagonal
   constant off-diagonal
   equally sized blocks.



• K = number of blocks

• s = population of each block.  Condition on Z.  
All blocks have equal population.

• r = probability of an out-of-block connection 

• p = probability of an in-block connection

n = KsSo,

Easier to consider the planted partition 
(aka four parameter SBM)



Expected degree = (s-1) p  +  (n-s) r

number of nodesblock population

in-block prob out-of-block prob

Easy expression for expected degree.



Expected degree = (s-1) p  +  (n-s) r

number of nodesblock population

in-block prob out-of-block prob

Easy expression for expected degree.

If the expected degree is polylog(n), then

p = O

✓
log

↵ n

s

◆
= O

✓
K log

↵ n

n

◆



In previous work, p --> 0.

Shrinking p has a dramatic effect 
on the clusters in the network

p = O

✓
log

↵ n

s

◆
= O

✓
K log

↵ n

n

◆



A similar assumption is made 
with more general models.

⇢n =

E(number of edges)�n
2

�

“edge density” converges to zero

does not change with n

P (Auv = 1|Zu, Zv) = ⇢nw(Zu, Zv)



In previous research, 
p_max goes to zero.

p
max

= max

Zu,Zv

P (Auv = 1|Zu, Zv)

.

This ensures sparsity.
It also removes transitivity.



Transitivity

Friends of friends
are friends

v

u

i

v

u
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Transitivity and the transitivity coefficient

• “proportion of closed triangles”

• In social networks, this quantity is typically 
between .3 and .6 (Snijders slides).

• Extremely large networks also have 
non-negligible coefficients (Leskovec SNAP).

transitivity coe�cient =

3 ⇥ number of triangles

number of 2 stars



Theorem

Conclusion:  To preserve transitivity, it is 
necessary for p_max > epsilon > 0.

Under the exchangeable random graph model, if

then,

n⇢n !1, ⇢n = o(1), and p
max

= O(⇢n)

Transitivity Coe�cient(A)

P! 0

⇢n =

E(number of edges)�n
2

�recall:



What parameters ensure a 
Stochastic Blockmodel with 

sparsity and transitivity?



Abstract

• What is the model?  What are we estimating?

• Previous parameterizations: 

• Low-dimensional

• Networks not transitive

• “Highest dimensional model”

• Transitive

• Better theoretical results

• Faster, local algorithms.



Expected degree < s p  +  n r

block population

in-block prob, 
must stay fixed.

out-of-block prob

number of nodes

Want expected degree to be constant.



Want expected degree to be constant.

Expected degree < s p  +  n r

block population

in-block prob, 
must stay fixed.

out-of-block prob

number of nodes

nr = C implies r = O(1/n)



Want expected degree to be constant.

Expected degree < s p  +  n r

block population

in-block prob, 
must stay fixed.

out-of-block prob

number of nodes

sp = C  and p = pmax not going to zero
together imply that s (block population) 
does not grow.



Want expected degree to be constant.

Expected degree < s p  +  n r

block population

in-block prob, 
must stay fixed.

out-of-block prob

number of nodes

sp = C  and p = pmax not going to zero
together imply that s (block population) 
does not grow.

n = Ks implies K must grow proportionally to n!



• K grows proportional to n. 

• “Highest dimensional” because number of blocks 
cannot grow faster than number of nodes.  Each 
block needs a member!

• Best results in the current literature require that 
K = o(sqrt(n))  (Choi et al 2012)

Highest dimensional model yields 
transitivity & sparsity



Highest dimensional model 
is asymptotically transitive. 
Proposition:  
Under four-parameter SBM, with fixed s, fixed p>0 , 
and r = c/n,

TransitivityCoe�cient(A)

P! E(number of triangles in A|Z)

E(number of two stars in A|Z)

> 0



Empirical networks have 
small communities.

• Leskovec, Lang, Dasgupta, Mahoney 2008.  In 
large empirical networks, “best clusters” are 
no larger than 100 nodes.

Community structure in large networks 33
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Figure 13: [Best viewed in color.] Network community profile plots with (in red) and without (in green) 1-
whiskers, for each of the six networks shown Figure 6. Whiskers were removed as described in the text. In the
former case, we plot results for the full network, and in the latter case, we plot results for the largest bi-connected
component.



Biological evidence for 
small communities.

38 primates



Biological evidence for 
small communities.

Graphic from: “The Dunbar 
Number, From the Guru of Social 
Networks” Businessweek Jan 2013

38 primates



Abstract

• What is the model?  What are we estimating?

• Previous parameterizations: 

• Low-dimensional

• Networks not transitive

• “Highest dimensional model”

• Transitive

• Easier estimation

• Faster, local algorithms.



Recall . . .

Zi 2 {1, . . . ,K}

The Stochastic Blockmodel sets

⇥ 2 [0, 1]K⇥Kfor and

P (Auv = 1|Zu, Zv) = ⇥Zu,Zv



A regularized estimator

L(A; z, ✓) =

X

i<j

{Aij log ✓zizj + (1�Aij) log(1� ✓zizj )}.

ẑ = arg max

z
max

✓2[0,1]K⇥K
L(A; z, ✓)standard MLE:

Log-likelihood:



A regularized estimator

L(A; z, ✓) =

X

i<j

{Aij log ✓zizj + (1�Aij) log(1� ✓zizj )}.

ẑ = arg max

z
max

✓2[0,1]K⇥K
L(A; z, ✓)standard MLE:

ẑR
= arg max

z
max

✓2RK

L(A; z, ✓)restricted MLE:

Log-likelihood:



A regularized estimator

L(A; z, ✓) =

X

i<j

{Aij log ✓zizj + (1�Aij) log(1� ✓zizj )}.

ẑ = arg max

z
max

✓2[0,1]K⇥K
L(A; z, ✓)standard MLE:

RK =

n

✓ 2 [0, 1]

K⇥K
: ✓ab = c, 8 a 6= b and for c 2 [0, 1]

o

.

ẑR
= arg max

z
max

✓2RK

L(A; z, ✓)restricted MLE:

The restricted set,

Log-likelihood:



Highest dimensional SBM

The smallest block size b satisfies

1) Small Blocks

2) Large in block prob, 
    small out block prob

except for a small 
“exceptional set” Q 
with large probabilities.

1/n2 < ⇥ij < C log

3
(n)/n

� < ⇥ij < 1��
if i = j or (i, j) 2 Q

otherwise

.Delta and C are constants.

log

4
n

b

= o(1)



1) Not too many “exceptional” connections,  
   

2) Sufficient separation between blocks,

Theorem

For a 6= b, there exists c such that

D

✓
✓ack

✓ac + ✓bc

2

◆
+ D

✓
✓bck

✓ac + ✓bc

2

◆
� C

MK

n2

���
�
(i, j) : (Zi, Zj) 2 Q

 ��� = o(ns)

where D( || ) is the KL divergence and M is the 
expected number of edges in the graph, 

Under the Highest Dimensional SBM with

Under these conditions, the proportion of nodes misclustered by 
RMLE converges to zero:

Ne(ẑR)
N

= op(1)
Proof extended from Choi et al 2012



Definition of misclustered

Ne(ẑR)
The number of nodes whose true 
class is not the majority within its 
estimated class.

A node is correctly clustered if its true class is in the 
majority within the estimated class.



RK =

n

✓ 2 [0, 1]

K⇥K
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The restricted set,
Off diagonal terms are all equal.



RK =

n

✓ 2 [0, 1]

K⇥K
: ✓ab = c, 8 a 6= b and for c 2 [0, 1]

o

.

The restricted set,

• All out-of-block probabilities estimated equal.

• Does not “fit to” between-block-edges.

• doesn’t move a node from block 9 to 10 
based on it’s connections to blocks 1, 2, 3, 4.  

• Considers “in-block” connections, i.e. local 
connections, connections that reflect a high 
level of transitivity. 

Off diagonal terms are all equal.

Note:  Newman-Girvan modularity 
only measures local connections.



Simulation

• Computing MLE or RMLE is difficult.  Discrete optimization.

• Key idea of RMLE:  ignore the out of block edges.
    Act “locally” on the “high transitivity” edges.



Simulation

• This simulation compares

• “Local” algorithm:  agglomerative hierarchical clustering, 

• Dissimilarity measure inversely proportional to number 
of common neighbors, normalized by degree.

• “Global” algorithm:  spectral clustering

• k-means on leading eigenvectors of the symmetric graph 
Laplacian.



Simulation settings

• Each block has 15 members.

• The expected in-block degree is 8  (good edges).

• The expected out-of-block degree is 8  (bad edges).

• K, number of blocks, grows from 20 to 195.  



d(i, j) =
1

[LL]ij + .1

local = agglomerative 
hierarchical clustering with 
dissimilarity

symmetric graph Laplacian

global = spectral clustering 
with symmetric graph 
Laplacian.
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LL contains “number of common neighbors,” normalized by degree.



Recap
• For sparsity, current exchangeable models send 

p_max to zero, removing transitivity. 

• Empirical networks are transitive.  Asymptotics 
should provide this.

• Transitivity leads to a blessing of dimensionality.

• Weak consistency with parametric 
regularization.  Difficult to fit.

• Regularization through local methods, 
leveraging transitivity.



Define

p� = P (Auv = 1|Aiu = Aiv = 1)
.

So, p
�

 p
max

When,

p
�

 p
max

= O(⇢n)
Sparse graph sends transitivity coefficient to zero.

hn(u, v) = P (Auv = 1|Zu, Zv) = ⇢nw(u, v)

p
max

= max

Zu,Zv

P (Auv = 1|Zu, Zv)

.


