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Abstract

In this paper, we study a single-server polling model with two queues. Customers
arrive at the queues according to two independent Poisson processes. The server
spends random amounts of time in each queue, regardless of the amounts of work
present at the queues. The service speed is not constant; it is assumed that the server
works at speed r;z; at queue ¢ when its current workload equals z;, i = 1,2. We
first focus on the case that all visit times are constant. In the two-queue case we then
compute the LST of the steady-state joint workload distribution. Using a different
method in which we exploit the independence of the workloads at visit endings, we
compute the joint LST of workloads in the case of an arbitrary number of queues with
constant visit times.

Next, we consider a two-queue polling model with constant visit times at the first
queue and general visit times at the second, and we derive the marginal workload dis-
tribution at the first queue. We also investigate the case of a two-queue polling model
with exponentially distributed visit times. We determine the steady-state marginal
workload distributions, and we formulate a two-dimensional Volterra integral equa-
tion for the LST of the steady-state joint workload distribution. We finally show that
this equation can be solved by a fixed-point iteration.

Keywords: polling model; time-limited; workload; workload-dependent service speed.

1 Introduction

In this paper, we study a single-server polling model with two queues, in which cus-
tomers arrive at the queues according to two independent Poisson processes and
bring along certain service requirements. Our model has two special features. The
first one concerns the visit times of the server to the queues. It is usually assumed in
polling models (see [7] for a survey) that the server follows one of the key service dis-
ciplines (namely exhaustive, gated or k-limited); and if, for the latter disciplines, the



visited queue becomes idle, the server immediately moves to another queue. How-
ever, in this paper, we assume that the server spends a certain amount of time (either
deterministic or random) at a queue, and stays there until that time is up, even if the
queue becomes empty beforehand. When the server moves to the next queue, that
switch is assumed to be instantaneous.

The second special feature of the model is, that the service speed at each queue is
not constant but workload dependent; it is assumed that the server works at speed
r;x; at queue ¢ when its current workload equals z;, i = 1, 2. Such a workload process
with exponential decay in between upward jumps is called a shot-noise process.

Our motivation for studying this polling model is twofold. Our first motivation
is an intrinsic interest in the mathematical complexity of polling systems. A service
speed which is proportional to the workload has mathematically pleasing properties.
That raises the question whether polling models with such a workload-dependent
(shot-noise) service speed might be more tractable than classic polling models. For
classic polling models, a sharp division is known to exist between “easy” and “hard”
models. Service disciplines of so-called branching type give rise to “easy” models [16],
for which explicit expressions for (the transform of) the joint queue length distribution
can be obtained. However, if the service discipline in at least one queue is not of
branching type, then the joint queue length distribution is almost never known; see
Section 5 of [7] for a discussion of some exceptions to this rule. When it comes to
joint workloads, a very similar sharp division holds; now multi-type Jirina processes
(continuous-state discrete-time branching processes) give rise to explicit expressions
for (the transform of) the steady-state joint workload distribution [9]. We shall show
that polling systems with workload-proportional service speed are quite tractable,
even if the service discipline at the queues is not of branching type.

Our second motivation is provided by the increasingly important topic of balanc-
ing energy consumption of processors and performance for users. Dynamic scaling
techniques like frequency scaling or voltage scaling enable individual computers to
adjust their processing speed in accordance with their workload [17]. Since energy
consumption is an increasing function of the processor speed, less energy is consumed
when the processor has a smaller workload and, accordingly, a lower speed. Another
societal argument for studying workload-dependent server speeds is that the service
speed of human servers typically is influenced by their workload.

Related literature. In the recent literature, shot-noise processes have been widely
studied in the context of queueing, mathematical finance, and insurance, see for exam-
ple [1,13,4}6/{11}[13]. However, as far as we know, in polling systems, we are applying
the shot-noise process for the first time. In [18] a single server polling model with
two queues and random (exponentially distributed) visit times was analyzed, with
constant arrival and service rates. In the present paper, we analyze the same model
where the service rates are not constant but workload-dependent. Other research that
is relevant to this work is [17], where the authors study a queueing system in which
the service speed is a function of the workload, and in which the server switches
off when the system becomes empty, only to be activated again when the workload
reaches a certain threshold. For this system, the authors obtained the steady-state



workload distribution.

Main contributions. In Theorem[4.1) we obtain an explicit expression for the joint
workload LST, for the two-queue polling model in the case of constant visit times.
Using a different method, we generalize this result in Theorem [5.1| to the case of an
arbitrary number of queues with constant visit times and Lévy subordinator inputs.
This provides a rare example of a polling system in which an exact joint workload
distribution can be obtained even though the so-called branching property is vio-
lated. When one of the visit times is not constant, we are no longer able to obtain
the joint workload LST. However, for the case of one constant and one general visit
time, we derive detailed exact and asymptotic results for the marginal workload LST
at the queue with constant visit times. Moreover, for the case of two queues with ex-
ponentially distributed visit times, we are able to determine the marginal workload
LST and to obtain a two-dimensional Volterra integral equation for the joint work-
load LST. The associated Volterra operator has an unbounded kernel, and is therefore
of non-standard type. It has the joint workload LST as an eigenfunction with eigen-
value 1. While we have not been able to find the joint workload LST analytically, we
show that it can be found numerically by a fixed-point iteration, the Volterra operator
being a weak contraction.

Structure of the paper. In Section 2, we present some results for a single server
queue with workload-proportional server speed — a shot-noise queue. The two-queue
polling model under consideration in this paper is described in Section 3| Section [4]
contains the derivation of the joint workload LST in the two-queue case with constant
visit times. This result is extended to the case of an arbitrary number of queues in
Section 5} Sections|6]and [7]are successively devoted to the case of constant visit times
at queue 1 and general visit times at queue 2, and to the case of exponential visit times
at both queues.

2 Preliminaries and notation

In this section we briefly review the case of an M/G/1 queue with the special feature
that the server works at speed rz when the workload is =, with » > 0. Suppose that
the Poisson arrival process {A(¢), t > 0} has rate A and that the service requirements
(B;)ien are ii.d. with distribution B(-) and LST §(:). Denote the workload of the
system at time ¢ by {X (¢), ¢t > 0}. Due to the linear service speed assumption, it holds
that (see [15, Eqn. (1)])

A(t)
X(t)=X(0)e " + Y Be "7t >0, (1)
i=1

with ¢; the arrival epoch of customeri, i = 1, ..., A(t). Using the well-known property
that, if n events occur in [0,¢] according to a Poisson process, the event times are
independent and uniformly distributed on [0, ], it easily follows (see, e.g., Chapter 2



of [14]) that

E(e‘sx(t)) = exp (—sX(O)e—” — é /s 1—75(11) du) , Res>0. 2)

T Jse—rt u

We shall strongly rely on this expression in the remainder of this paper.
For any r > 0, the process {X(t),t > 0} has a steady-state distribution. Denoting
by X a random variable with that distribution, with LST ¢(s), it follows from (2) that

(see already [12])
o) = (-2 [ =2 au). ©)
0

r u

In the special case that B is exponentially distributed with mean 1/y, we substitute

B(s) = -£= to obtain
1 AT
o) = (u+8) ’

pts
which corresponds to a Gamma distribution with shape parameter \/r and scale pa-
rameter 1/ .

3 Model description and notation

In this section, we introduce the single-server two-queue polling model that will be
studied in this paper. Customers arrive at the two queues, say )1 and )2, according
to two independent Poisson processes at rates A;, Ao. There is a single server, that
alternately visits the two queues for random periods. The service times of customers
in @ (respectively in @)7) are independent and identically, generally, distributed pos-
itive random variables; a generic service time at (); is denoted by B;, i« = 1,2. The
service times in (); are also independent of those in )2, and the service times are also
independent of the interarrival times. We denote the LST of B; by S;(s) = E(e~%5),
withRes >0,i=1,2.

Just like in the shot-noise queue described in Section 2| the service speed is a linear
function of the workload of the queue that it visits, i.e., if the workload at Q; is x;
then the service rate at that queue is r;z;, i = 1,2. A special feature of this service
speed and the ensuing exponential decrement of the workload is that neither queue
ever becomes empty.

We make the following assumption about the visit times of the server at the two
queues. The server alternately spends independent random times 171, 121, T2, T2, . . .
at Q1,Q2, Q1,Q2,.... Upon completion of a visit time at @);, the server instanta-
neously switches to the other queue, i.e., there is no switch-over time. Furthermore if,
upon completion of the visit time, the server is providing service to a customer, this
service is interrupted and resumed at the next visit of the server to the queue. More
explicitly, we assume that if a server resumes the service after being interrupted, the
server continues from where the service stopped instead of starting from the begin-
ning, i.e., the service is preemptive—resume.



4 Model 1: Two queues with constant visit times

In this section we consider the single-server two-queue polling model as described in
Section (3, with the following additional assumption: the visit periods to @; and Q>
are both constant, of size Ty and T, respectively. We focus on the steady-state joint
workload of Q1 and Q.

We let V;(t) denote the workload at time ¢ > O at Q;,7 = 1,2, and V; the steady-state
workload at an arbitrary epoch.

Theorem 4.1. The LST of the steady-state joint workload of Q1 and Q)2 is
E(e™*! V1—S2V2)
s1 1— U S2 1— u
€xp (‘%fol Bul( )du_%f(JQ Buz( )du>

= X
T+ 1T,

|f3Xp —/\2T1 Z(l — BQ(SQG_(j+1)T2T2))

=0

T o0
/0 exp ( — A1 = Ba(s2))z — M1z Z(l - 51(316jT1T1T1$))>dx

Jj=0

o0
+exp | —MTo Z(l — 61(816_(j+1)T1T1))
j=0

T 0
/0 exp ( =M1 = Bi(s))r — ATy Y _(1— ﬂQ(SQSjT2T2TQI))>dZ] @
3=0

Proof. The proof of (#) consists of five steps. In Step 1, we express the joint workload
LST at time 7} in that at time 0. In Step 2, we express the joint workload LST at time
T1 + T in that at time 0. In Step 3, we observe that, in steady-state, the latter two
LST’s should coincide. That leads to a recursive relation, which is solved. In Step 4
we determine the joint workload LST at time 7. In Step 5, finally, we obtain the joint
workload LST at an arbitrary epoch.

Step 1. Calculation of E(e=51V1(T)=s2V2(T1)),

Because of the constant visit times and the independent arrival processes, we have

E(e—slvl(Tl)—s:zVQ(Tl))

- /oo0/oo0E(e‘slvl(Tl)‘SQVQ(Tl)|V1(O) — 1, Va(0) = )
ABIA(0) < 21, 15(0) < 02)
[ B N0 = Bl Va(0) = 22)
_d]P’(Vl_(O) < z1,V2(0) < x2). (5)

In the time interval [0, T7), the first queue behaves as a shot-noise queue, hence from
we know that

_ —rit_ A1 fs1
siz1e =)

E(efslvl(t”‘/l(o) _ ml) —e spe~T1t

1-B1 (u)
— = du

, 0<t<T.  (6)



In the time interval [0, 7} ), the second queue behaves as a vacation queue so the work-
load in that system only increases by the sum of the service times of all the customers
that arrived in this interval. The increments occur according to a compound Poisson
process, hence we have

E(e™2V20|15(0) = ap) = e~ 5272202t - g <y <1y, )
So combining (B), (6) and (7), we get

E(efslvl(Tl)*SQVZ(Tl))

) A s 1—51(u) 4,
_e—>\2(1—52(52))Tl—T11 fslle—rlTl - du

X

/ / 6—815131"377.17“1 —82%2 dP(V]_(O) < X, ‘/’2(0) < 1‘2)
z1=0Jx1=0

- —Bs EES YRS 1-B1(u) .
e Az(1-z(s2))Th "1 f5187T1T1 " duE(eisle 1T1V1(O)752V2(0))~ (8)

Step 2. Calculation of E(e=51 V1 (T1+72)=s2V2(Ti+T2))
Because of the symmetry of our polling model, performing a similar step as in Step 1,
it is obvious that

E(efslvl (T1+T2)*S2V2(T1+T2))

_ _ . _ A2 ps2 1—Bo(u) o
e MA=Pr(sNTe= 32 [ 1% oy — duE(e—S1V1(T1)_S2e ”2T2V2(T1)>. )

Substituting E(e =1V (T)=s2¢""2V2(Th)) from (8) in the above equation yields
E(e—sl Vi(Ty+T2)—s2Va(Ty +T2))

— A E] 1-8
OB TN (0= fa(sae™ TN T= 20 [ gy SR

s1e

_ A2 ps2 1—Ba(u) . o
e 2 fsze—r2T2 m duE(e—sle 171V, (0)—sqe T2T2V2(O)). (10)

Step 3. Calculation of E(e ™51 V1(T1+72)=s2V2(Ti+12)) i gteady-state.

In steady-state, (V1 (0), V2(0)) has the same distribution as (Vi (11 + T3), Vo(Th + 12)).
Introducing G;(s1, s2) as the joint workload LST at the end of a visit to Q;, i = 1,2, we
have

Ga(s1,82) = H(s1,82) Ga(sie” ™7, s0e7212), (11)
with

— — — _ —raT2 _M s 1-B1(u) 4.
H(s1,s2) =e A=A (e1))Te =22 (1-Pa (s2e NTi=a [y~ du

¢ e A (12)
Iterating yields after one step
Go(s1,52) = H(s1,52)H(s1e T 50672 12) Gy (516727111 597 27212),
Continuing in this way and observing that G (s1e =917t s5e797272) — G45(0,0) = 1

as j — 0o, we obtain

oo
Ga(s1,82) = H H(sye 7T s9e77m212),

=0



Here we observe that, since 1 — e~ < z for z > 0, one has convergence of the in-

finite sums: 3°7° (1 — Bi(s;e™7"7%)) < s, E(B;) Y;ge /""" < oo fori = 1,2. By

substituting H (s1, s2) from (12) in the above equation, we get

Ga(s1,82)
=exp (—Al/ 1 71—[31(16)(1“_&/ 21_B2(u)du>
7‘1 0 u TQ 0 u

H exXp (—)\1(1 — 51 (sle_jrlTl))Tg — )\2(1 — 52(826_(‘j+1)T2T2))T1)

7=0
=exp <_)\1/ 71_61(,“)(1’[1—&/ 1_62(u)d’u,)
7'1 0 u T'Q 0 u
exp —)\1T2 Z(l — Bl(sle_jﬁT‘)) — )\2T1 Z(l — ﬁg(Sge_(jJ'_l)mTQ)) . (13)
j=0 §=0

Step 4. Calculation of E(e~*1V1(T1)=52V2(T1)) in steady-state.
It follows from (8) that
(1 Ba(s2))Th AL 1 12100 gy,
Grls1,50) = A2(1—PB2(s2))Th— 7 [;16*7‘1T1 124 d GQ(Sl@iTlTl,SQ). (14)
Step 5. Calculation of E(e~%1"17522) in steady-state.

Firstly, let us denote by {S = 1} (respectively by {S = 2}) the event that the server
resides in the first (respectively second) queue. Then,

E(6*51V1*52V2)

=E(e V172219 = 1)P(S = 1) + E(e” "1~ 52Y1|S = 2)P(S = 2)
T1 T2

T+ Ty Ty +T

=E(e "1 =28 =1) +E(e V175225 = 2) (15)

Using the stochastic mean value theorem on [0, 73] (cf. Chapter 1 of [10]), we deter-
mine the steady-state joint workload LST when the server is serving at ()1 as

E(e~1Vim2V2|5 = 1)

1 n
— 7E </ eslvl(I)SQVQ(CE)d’I>
Ty 0

_ Ti E </T1 e—slVl(O)efrlz_iTl f:llefrlz 1ﬁul(u)d“—52V2(0)—>\2(1—52(52))ﬂﬂdx>
1 0
1 M _x s 1=81 (%) o o (1—

— ?/ e M Lle—rlm m u—A2(1—-PB2(s2))> Gg(sle_“x,@)dx. (16)
1.Jo



Substituting Ga(s1, s2) from in the above equation, we obtain

E(em*V17522 |5 =1)

T N s 181 (u A s1e”T1T 184 (u by sg 1—Bo(u
i 1 6_7“711 fsllg*"'lw ﬁu1( )du—kg(l—ﬁz(sﬂ)z—ﬁ fOl 1 5“1( )du—% f02 1 53( )du
Ty Jo

exp | =MT2 Y (1= Bi(s1e T 10)) — \Ty Y (1= By(spe”UTHT2)) 1dx

j=0 j=0
_1 A 1 =Bi(w) o Ae 71— Bo(u)
=7 exp < p /0 — du - /0 . du
— ATy Z (1 — B2 (526_(j+1)T2T2))>
§=0
T e’}
/ exp ( —A2(1 = Ba(s2))x — M To Z(l — ﬁl(sle_j“Tl_”m)))dx, 17)
0 =

where in the last step we took all the terms not involving x outside the integral. In a
completely similar way, or just using symmetry, we obtain

E(e™*V17522 |6 = 2)

1 S1 _ S2 _
_exp<h/ Loy, S 12,
T r1 Jo U 2 Jo U

AT i (1 — b (516’(j+1)T1T1)) >

Jj=0

T> %)
/ exp ( — A1 = Bi(s1))z — XTh Z(l — ﬂg(Sgefjrszfmx)»dz. (18)

0

=0
Combining (15), (17) and (I8) concludes the proof of (). O
Corollary 4.2. It holds that
A1 E(Bl) T rids 1+ e~
E =" |1 1
(V1) T1 + W+ T, ( i 2 1—emh ’ (19)

2 2
) M <A1 ]E<B>>

2T, riTy 1+ e~
1 1
+ T1 + T2 < + 2 1—emh

MEBYT | ME(B)T(1+e ") L 2 E(B;)T2e 2T
27’1(T1 —+ Tg) 1—e T (1 _ efrlTl)Q
2)\1 ]E(Bl)rng 1+ 26_T1T2 E(B%) 1+ 6—27"1T1
1 To——m——+ . 20
* 3 [T TEBy) T e (20)



Symmetric formulas hold for E(Vz) and E(V). It also holds that

A1 A E(Bl) E(Bg) 15 rily 1+ e~ T
E(WLWWy) = 1 1 .
(ViV) T1T2 +T1 + 13 - 2 1—enh
T T 1 —r2T?
n 1 14 Tl +6_
T, + 715 2 1—e 2
A1 E(Bl) E(BQ) ﬁ i & T2T167T1T1 i B i
T+ Ty r2 2 1—e T \rg n
T1T2€7T2T2 1 1
i 21
+ 1— 6—7'2T2 (7"1 7'2> ‘| ? ( )
)\1)\2 E(Bl) E(BQ) T1T2 T1 )
Cov(Vy, Vo) =
ov(V1, V2) 172 Ty + 15 | Tors * Tiry

677‘1T1 67T2T2
(=) l—enTi 1 —e D
1 ridy 1+ et rody 1+ e~ 2Tz
- 1 _— 1 _— . 22
T+ 15 ( * 2 1—emh * 2 1—e D @2)

Proof. The moment expressions follow from the LST expression of Equation (4) after

tedious but straightforward differentiations. O

Remark 4.3. It seems natural to expect that V; and V5 are negatively correlated. In
the special case r1 = 13, 11 = T, we have been able to verify this. The term between
square brackets in in this case becomes, with = := rT}:

2 1 1+x1+e*I
T 2T 21 —e |

if‘;:: > 2, which is easily shown to hold (with

This expression is non-positive if
equality for z = 0).

Remark 4.4. It is straightforward to extend Theorem [4.1| from compound Poisson in-
puts at the queues to Lévy subordinator inputs (i.e., nondecreasing Lévy processes).
Indeed, consider a shot-noise process as in Section [2, but with input a Lévy subor-
dinator process {L(t),t > 0}, with Laplace exponent 7(-); i.e., E(e™5L(")) = e=1()t,
t > 0. In the compound Poisson case, one has 7(s) = A(1 — (s)). Formula (2) now
generalizes to (cf. Formula (12) of [19]):

1 S
E(e™*X®) = exp (—SX(O)e” — ;/ # du) , Re[s] >0, (23)
the only difference being that A(1 — §(u)) has been replaced by n(u). Theorem
remains valid in the case of Lévy subordinators with Laplace exponents 7;(-) at Q;,
i = 1,2, if one also simply replaces A;(1 — 5;(-)) by n:(-), i = 1, 2; this is easily seen by
carefully checking the five steps of the proof of Theorem



5 N queues with constant visit times

The techniques employed in Section 4] could also be used to analyze the steady-state
joint workload LST in the case of V > 2 queues with constant visit times, independent
Lévy subordinator input processes (cf. Remark[4.4) and a service speed at each queue
which is proportional to its workload. However, the analysis, and the bookkeeping
of the various workload contributions, become quite involved. For this reason, we
implement a slightly more straightforward approach. Inspection of Expression
for Gy(s1, s2), which has a product form, reveals that the workloads in ¢); and @ at
visit completion epochs are independent. Of course that is not surprising, because we
are viewing the queues after fixed visit times. This independence at visit completion
epochs also holds in the case of N > 2 queues with constant visit times. To obtain the
steady-state joint workload LST at arbitrary epochs, we can now use the following
procedure:

Step 1. Calculate the marginal workload LST of some queue @, at the end of its visit
period.

Step 2. Calculate the marginal workload LST of @), at the end of a visit to ;1.

Step 3. Multiply all those LST’s of the independent marginal workloads, thus obtain-
ing the joint workload LST at the end of a visit to Q;_1.

Step 4. Use the latter result to obtain the joint workload LST at an arbitrary epoch
during a visit to Q);.

Step 5. Take a weighted average of all these LST’s, for i = 1,2,..., N, over the visit
intervals of lengths T4, 15, ..., Tn.

It should be noted that the N workloads at an arbitrary epoch are not independent.
They are correlated because, when considering them at an arbitrary epoch in a visit
period to some queue, say, ();, the length of the past part of T; influences how the
workload at @; has developed, and how the other workloads have grown.

Below we first formally describe the N-queue model; subsequently we follow the
five outlined steps to arrive at Theorem [5.1|for the steady-state joint workload LST.

Model description. A single server cyclically visits N queues, having constant visit
times 11,75, ...,Tn at these queues. Work arrives at the queues according to NV in-
dependent Lévy subordinators, with Laplace exponents 71 (-), 72(+), ..., nn(:). When
the server visits @);, it serves that queue at speed r;y; when the workload is y;, i =
1,2,...,N.

Step 1: The LST of the marginal workload V., of Q. at the end of its visit.

Take the visit periods at Qm+1, - .., Qn, Q1, - . ., @m—1 together as one new visit period
in a two-queue model consisting of @,,, and the aggregated other queues. It follows
from for Go(s1, s2) with s; = 0 — while using the fact that, cf. Remark we can
replace \;(1 — 3;(+)) by the Laplace exponent #;(-) — that, form = 1,2,..., N,

E(e—sme) — o Jom T du = 3 T 552t (e G T T (24)

Step 2: The marginal workload LST of @,,, at the end of a visit to Q;_1.

10



The workload of @,,, does not decrease after the end of the last visit to Q,,, until the
end of the next visit to ;_1; it equals the workload present at the end of the visit to
Qm plus all the work that arrives during the visit periods of Q@ +1, ..., Qi—1. Hence,
we let { runs from 1 to IV, in view of Step 4 below, but ¢ — 1 = 0 should be replaced
by i — 1 = N. Hence, denoting the workload of @), at the end of a visit to ;1 by
Vin,i—1, wehave V,,, ,,, = V,, and

E(e_swnvm,,i—l) — E(G_va’")e_ E;‘c;%m«l»l Tknnz(s'm)7 m # 'L _ 1 (25)
Here Zz;lm—&-l Tkm (Sm) = ZkN:mH T (Sm) + 22;11 T (8m) if i — 1 < m.

Step 3. Using the independence of the workloads of the IV queues at the end of a visit
to Q;_1 we can write:

fima(s1, 52,y s) i= B(e s VhimimsaVaim—mswVivion) (26)

N Sm N e
S GOV RIS 9B 3D WREEEE)

m=1k#m 7=0
1—1
exp ( - Z Z Tknm(sm)).
m#i—1 k=m+1

Step 4: The joint workload LST at an arbitrary epoch during a visit to Q;.
Denoting the joint workload LST at some time x € (0,T;) by g; »(s1,52,...,5n), we
can write (cf. (2)):

giﬂ;(S],SQ, . .,SN)

_ 1 fﬁz m(u)du
= fic1(s1,...,8i-1,80€ T 851, s)e e

e~ 2 Mi(si)e 07y
Herei=1,2,...,Nbut fy = fn.

Step 5. To obtain the LST of the steady-state joint workload distribution, take a

weighted average of all these LST’s, for i = 1,2,..., N, over the visit intervals of
lengths T4, T5,...,Tn, using a stochastic mean value theorem to average over a 7;
interval:
N T,
T; g dz
E(e=s1VimseVam—sn V) — ! / i 2(81,82,...,88)—. (28
( ) Zﬂ+n+m+maﬂ%“12 N7 @9

i=1
We thus arrive at the following theorem.

Theorem 5.1. The LST of the steady-state joint workload distribution in the N —queue polling
model with constant visit times, independent Lévy subordinator inputs and workload-proportional

11



service speeds is given by

E(e*51V1752V27~--7sNVN)
L / ni(u)
exp
ZN T; ;Tz
T; 00 ‘
S [ ew(-E Y zm,L(smewmm))
i=1/2=0 m#ik#m  j=0
o (= S B3 ) 0 (T 5 o)
k#i J=0 m#i k=m+1
i—1
exp (= 32 Temtsie™) exp (= nisy)e) de. (29)
k=i+1 j#i

Remark 5.2. Theorem [5.1]is readily seen to reduce to Theorem 4.Tjwhen N = 2 and
the arrival processes are compound Poisson processes.

6 Model 2: Constant visit times for (), general visit times
for ()

In this section, we consider the same single-server two-queue polling model as in
Section[d} with one difference: the visit periods of Q2 now have a general distribution
with LST 7,(-) (whereas the visit periods of @; are still constant). In this section, we
focus on the steady-state workload of ();; for this model we have not been able to
determine the joint workload LST.

Let V1 (t) denote the workload at time ¢, ¢ > 0, and V; the steady-state workload at
an arbitrary epoch.

Theorem 6.1. The LST of the steady-state workload of Q); is

A s 1=6() g,

exp ( 1 JO w ) T, ©©
E(e ") = [/0 H Y2 (M (1 = Br(se " HT)))da
=0

Ty + E(T3)
1—y(A\i(1—51(5) 1 i
A (1= Bi(s)) jl;[l’Yz()\l(l Ba( )))]. (30)

Proof. The proof contains the following steps:

Step 1. Calculation of E(e~*V1(T1+T2) |V (T) = y).

During (71, T1 + T3) the server is on vacation, so the workload in the system only in-
creases by the sum of the service times of all the customers that arrived in this interval.
The increments occur according to a compound Poisson process. So,

E(e™ V" MAT |V (T)) = y) = ey (A (1 — Bi(s))). (31)

12



Step 2. Calculation of E[e=*"1(T1)|V;(0) = z].
From (2), we know that

_qx€*f1T1_Qf o 281 gy

E(e= " T [V1(0) = o) = semrir T (32)

Step 3. Calculation of E[e=*V1(T1+12)|V;(0) = z]. Let fv,(r,)("|V1(0) = z) denote the
density of V4 (T1) conditional on {V;(0) = =}, then

E(e=*V1(T+T2)|1(0) = )

_ / (e T+ |V (T)) = y) fua v (4]VA (0) = 2)dy
y=0

= (1 Bi(s))) / Y fu iy (Vi (0) = 2)dy
y=0
— 1 ((1 = By (5)E(e=Y1 T [13.(0) = )
=y2(A1(1 — /3’1(5)’)))@7”64”1 M JE gy, Bul(u)d“’ (33)

where the last equality comes from Equation (32).
Step 4. Calculation of E(e~*"1(T1+72)) in steady-state.
Observe that

E(efsvl(T1+T2))
_ / E(675V1(T1+T2)|‘/1(0) — x)fvl(o) (x)dx
=0

o0

= (1 = Bi(s)) /

=0

—r1Ty _ M1 I 1=81(w) 4,

T dsemm T T fvl(o)(lf)dm, (34)

with fy, () (z) the probability density function of V3 (0). Now observe that in steady-
state V1 (T + T») has the same distribution as V3 (0). So we can rewrite (34) as follows:

E(e_svl(T1+T2)) =y (A1(1 = B1(s)))e” 71 T A du E(e—svl(T1+T2)€7r1T1 ).

Using the above equation, we compute E(e~sV1(Ti+72)e™ "™ T )

rh.s. of the above equation yields

. Substituting this in the

E(e—svl (T1+T2))

=72(AL(1 = B1(s)72(Ar(1 = Bu(se™ 1)) x

A se~T1T1 1-— Bl(u) 1—B1(u)
_ﬁ<f —2r1 Ty du +f e—T1Ty m d“) ]E(e—sV1(T1+T2)672"'1T1)

1—pB1(uw) du

=72(A1 (1= B1(8)12(M (1 = Bi(se 1 TH)))e™ 7 Jemanm
E(efsvl (T1+T2)€_2T1T1 )

1-81(uw)
—e ] k1 —a—du

k-1
H Y2 (A (1 — 51(se—jr1T1)))E(e—svl(T1+T2)e—krlTl )
j=0

13



Observing that E(e=sV1(T1+T2)e /1 ) _y 1 a9 j — oo, the r.h.s. of the above equation
g q
becomes

A1 s 1-B1(u) u —jirm Ty
(e ) = 3 [y (1 - A ), 69
j=0
assuming
H (A (1 = Bi(se”1T1))) < o (36)

In Step 6 we shall prove that indeed holds.

Step 5. Calculation of E(e~*"1) in steady-state.

Firstly, let us again denote by {S = 1} (respectively by {S = 2}) the event of the server
residing in the first (respectively second) queue. Then,

E(GiSVI) — E(eisvl |S = 1)P<S = 1) + ]E(eisV1|S = Q)P(S = 2)
E(T»)

=E(e*"1|S=1 —_—
(e | ) T1+E(T2)

+E(e™*"1|5 =2) 37)

T +E( 2)

Using a stochastic mean value theorem (see [10, Theorem 4.1]) we determine the LST
of the steady-state workload when the server is serving at ); as

1 ni Lo
E(e-i[§ = 1) TlE( / e—sV1(z)dx> - = / E(e*Vt)dz.  (38)
0 0

Using (2), we obtain

—sV; 1 n —sVy(0)e™"1® =N = 4y
E(e sV |S — 1) — ? Ele 1 e 71 Jse 1™ dx. (39)
1Jo

Since V1 (0) and Vi (T1 + T3) have the same distribution in steady-state, substituting
E(e=*V1(Ti+72)) as given in (35) in the above equation yields

E(e Y18 = 1)
A (S 1=Bi(w)
exp (f ~ Jo du) T o
- : T ) /O Hvz (1= Bi(se@HT))de. (40)
Again, using the stochastic mean value theorem for the given E(e~*"1(T1)), we deter-

mine the LST of the steady-state workload when the server is serving at @2,

E( _SV1|S 2) . E </T1+T2 —sVi(z)q ) (41)
e = — e X |.
E(T3) T

The workload Vi (z) is the sum of two independent workloads, i.e., V1(17) and the
workload (say A(x)) that has arrived during the time period [T1,T; + ); this yields

1 T
E(e Y18 =2) = D) E (/ E(e—SWl(TlHA(f))dx). (42)
0
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During [17,T1 + T2) the server serves only customers in the second queue, so the
workload in the first queue only increases by the sum of the service times of all the
customers that arrived in this interval. The increments occur according to a com-
pound Poisson process. So,

) E(e—svl(Tl)) ( Ts N
E 6—5V1 S =92) = E / e—)\l(l—/@l(b))%dx>
( | ) E(T>) 0

- E(e—svl(Tl)) 1 — e~ M(1=B1(s)T2
- E(D) ( Ar(1=Bi(s)) )
E(e—SV1(T1)) 1—y2(A\(1—B1(s)))

T E(Dy) M1 =pBi(s) &
From (31)), we obtain
B E(efsvl(T1+T2))
E(e=*V1(T)) = : 44
) = N = A 49
Combining (35) and ([@4), we get
A1 el .
E(e~*V1 (1)) = exp (_7"11/0 1= A il(u) du) 1_[172()\1(1 — Bi(se™ImTry)), (45)
=
Substituting (5) in (43) yields
—sVija oy L= = Bi(s))) <_)\1 1= Pi(u) )
E(e |S=2)= (= 51 (s) E(Ty) exp o /0 ” du | x
[T 2001 = Bi(se=mT0))). (46)

Jj=1

Combining (37), and proves (30).

Step 6. Proof that [T;%; y2(A1(1 — Bi(se™7"171))) < oo.

It is well-known that, for 0 < a; < 1, the infinite product [[;Za; converges iff
> i=o(l = aj) < co. Since y2(s) is the LST corresponding to the random variable
1>, we get

3 (1= 5ahu(1 = fu(se 7))

- /oo B,I(Al(lfﬁl(se_jTlTl)))dP(TQ < 1‘))
0

/ (1 _ e,x(h(kﬁl(se—mﬂ)))) dP(Ty < x)) . (47)
0

15



Since 1 —e™® < z, for z > 0, we get

oo

Z (/oo (1 _ efx(/\l(lfﬁl(se*jnTl)))) d}P(TQ < 1;))
j=0 70

< </OOO z(A (1 = B1(se 1)) dP(T, < x))
j=0

=ME(T) ) (1 - Bi(se 7" ™)). (48)

=0

Now we need to show that 377 (1 — B1(se™7"171)) < oco. Since f1(s) is the LST of the
random variable By, applying a similar analysis as in and (48), one easily gets

o0 o0

S il M) =3 ([T e ar < )
j=0 j=0 0
< 3 Oosye’j”TldIP’(B < y))
> (/ 1
= sE(By) j;e—jﬂl = % < 0. (49)

O

Remark 6.2. In the case of constant 75, the marginal workload LST of @); can also be
obtained by substituting s, = 0 in the joint workload LST obtained in Theorem [4.1]

Remark 6.3. The expression in Theorem [6.1| for the marginal workload LST allows
us to study the tail behavior of the workload in case the service times at ()1 and/or
the visit times at () are regularly varying at infinity. First recall the definition of a
regularly varying random variable/distribution:

Definition 6.4. The distribution function of a random variable B; on [0, c0) is called
regularly varying of index —v, with v € R, if

P(B; > z) ~ L(z)z™", x 1 oo, (50)

. . . e pe s . . L(ax)
with L(x) a slowly varying function at infinity, i.e., zlgrolo )

=1,forall o« > 0.

Using the Tauberian Theorem 8.1.6 of [5], which relates the behavior of a regularly
varying function at infinity and the behavior of its LST near 0, one can prove the
following. If B, is regularly varying of index —v and 75 is regularly varying of index
—7, then the workload V) is regularly varying of index —min(v, 7 —1). We refrain from
giving the details because the approach is fairly straightforward; cf. the survey [8].

7 Model 3: Exponential visit times

In this section, we consider the two-queue polling model of Section [3| but we now
assume that the visit periods to @); are i.i.d. exp(c;) distributed, ¢ = 1,2. In Sub-
section we obtain the marginal workload LST for one of the queues. In Subsec-
tion we show that this LST can be decomposed in three terms which are LST’s
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of independent, non-negative random variables. That decomposition is exploited in
Subsection[7.3]to obtain the asymptotic behavior of the workload at a queue in case its
service time distribution is regularly varying. We derive a two-dimensional Volterra
integral equation for the steady-state joint workload LST in Subsection and we
show, in Subsection that this equation can be solved by implementing the so-
called fixed-point iteration.

7.1 Marginal workload analysis

In this subsection, we derive the LST of the marginal workload in steady-state at an
arbitrary epoch. The individual queues behave as vacation systems: from the per-
spective of one queue, the server is on vacation when it resides at the other queue.
We let V;(t) denote the workload at time ¢, ¢ > 0, of Q;, ¢ = 1,2, and let V; denote
the steady-state workload of Q; at an arbitrary epoch, i = 1,2. In this subsection, we
prove the following theorem.

Theorem 7.1.
E(e*"1)
Co 1 C2 A1 /s 1- ﬂl(u)
= + ex - — ——du

(01 + 2 c1+c2 02+)\1(1—51(8))) p< 1 Jo u
¢ 51— )\572

- (_ 71/ c2+A1(1-061(u)) du) ) (51)
T'l 0 u

E(e~*"2) is given by the symmetric expression, with all indices 1 and 2 swapped.

Proof. We determine the marginal workload LST in the following five steps.

Step 1. Calculation of E(e™*V1(T1+72) |V (T}) = y).

During (71,71 + T2) the server serves only customers in the second queue, so the
workload in the first queue only increases by the sum of the service times of all the
customers that arrived in this interval. The increments occur according to a com-

pound Poisson process. So,
C2

E<e—SV1(T1+T2)‘V1(T1) — y) = e %Y p— )\1(1 — ﬂl(s)) (52)

Step 2. Calculation of E[e=*Y1(T1)|V;(0) = z].

E(e=*"*T|14(0) = z) = / cre” " E(e V1OV (0) = z)dt. (53)
t=0

From (2) we know that

1—pB7 (u) du

Zrit AL ps
E(efsvl(t)ﬂ/vl(o) _ .’B) — s 1 _Tll y—

Combining (53) and (54), we get

(54)

jee} —rat A s 1-81(w)
E(e~*V1 TV, (0) = z) :/ cre=ert emsme e e TR AU g (55)
¢



Simplifying the above equation by substituting e~"! = z yields

1 c A s 1—81(u)
E(e=*V1 TV (0) = ) = =+ / pr e [l e du g (56)
1 Jz=0

Step 3. Calculation of E[e~*V1(T1+72) |1 (0) = z].

E(e=*V1(T+T2)|v(0) = )

o0
_ / (e T+ VL (T) = y) fua v (4]VA (0) = 2)dy
y=0

Co o0 sy
- € V1(0) = z)d
Cg-f—)\l(]_—ﬁl(s)) /?;—O fVl(Tl)(y| 1( ) ) Yy
— C2 —SVA(TY) _
= E(e Vi (0) = x
2+ M (1= Bi(s)) ( V1(0) = =)
1
€2 “a L —sxz— 2L JE 1-61(w) q,,
= - A" e r1 Jsz w dZ, 57
2+ (1= Pi(s)) m /_0 (57)

where the second equation comes from Equation and the fourth from Equation

(56).
Step 4. Calculation of E(e~*"1(T1+72)) in steady-state.
Observe that

E(e—svl (T1+T2))

oo
:/ E(e™ 12|V (0) = @) fu o) (w)da
=0

/OO
=0

with fy, () (z) the probability density function of V1 (0). Now observe that in steady-
state V1 (T + T») has the same distribution as V3 (0). So we can rewrite (58) as follows:

1
s e e Cspa— L N 1-61(w) q,,
“1 1z e Ty Jsz u dZ x d.%‘,
o+ M1 —B1(s)) m /:0 Frol®

(58)

E(e—svl (T1+T2))

_M

1
_ Co ﬂ/ 2%71 e I %l(“)du E(e_svl(T1+T2)z) dz.
ca+ A1 = Bi(s)) 1 J.=o

Defining G(s) := E(e*V1(T1+72)) and then substituting sz = v in the integrand of the
rhs. yields

9 =7 0 A <v>21 T G ar (9
Coscot+AM(1—=B1(s) 1 Ju—o \ s

Multiplying by s in the above equation and subsequently differentiating w.r.t. s, by
using the Leibniz integral rule, yields

d B )\151(3) . co ca
sgs0) + Gl = AL Bi(s) s + M1 — Bi(s)) 1
+ (1 - Cl) Gis) = 10 g

T1 1 S

G(s) + G(s)
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Arranging the terms of the above equation we get

Ao A8 (s) Ca_ MA-AE) A=A,
3 7) <CQ+A1(1—51(5)) r 5(ca + 21— Bi(9)) - )G( )

which implies

—exn | — o A1 By (u) a Al =Bi(uw)
Gls) =exp ( /0 ( e+ A1(1 = Bi(u)) ) u(cg + A(1 = Bi(u)))

_ > oo [ = [ (2 A= Bi(w)
C o+ A1(1 = Ba(s)) P ( /0 <7“1 u(ca + M (1= Bi(u)))
N Al(lﬁl(“)))du) (60)

ury

Step 5. Calculation of E(e~*"1) in steady-state.
Firstly, let us again denote by {S = 1} (respectively by {S = 2}) the event of the server
residing in the first (respectively second) queue. Then,

E(e™*"1) = E(e*"1[S = 1)P(S = 1) + E(e *"}|S = 2)P(S = 2)
=E(e—*V1|S = 1)—2 a

+E(e™*V1|S = 2) (61)
C2

c1 + c1 + Co

Because of the memoryless property of the exponential distribution it is obvious that
E(e V1| = 1) = E(e *"*"™)), E(e *"1|S = 2) = E(e *V(T"TT2),

The latter term is given by (60), while the former term is calculated using the same
argument as in the derivation of Equation (56):

C2

E(e=sV1(NH12)) = E(e=sV1(Th) : 62
( ) = E( s M= 5] (62)
Substituting (62), for E(e="1(T1)), and (60) in Equation (61) yields (56). O

Remark 7.2. Equation for o — 0o (zero visit time at ()2) reduces to Equation
which gives the LST of the steady-state amount of work in the shot-noise queue.

7.2 Workload decomposition

In this subsection, we show that the steady-state workload V; can be written as the
sum of three independent terms, one corresponding to the steady-state workload
when the server is only serving @), all the time, and the second plus third correspond-
ing to the amount of work when the server is on “vacation”. We focus on @), but a
symmetric result holds for ()2 when the indices 1 and 2 are swapped.
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Corollary 7.3. The steady-state amount of work of the first queue, V1, is distributed as a sum
of three independent random variables X1, Xs and X3, i.e.,

Vi LX)+ Xy + X3, (63)

where X is the steady-state amount of work in Q)1 considered in isolation (see Section , X
is the steady-state amount of work in a shot-noise queue with arrival rate c,, service speed 11
and upw'ard jumps ]mving LS T m, and X3 is a weighted sum of 0 and the amount
of work increment in Q1 during a visit period of Q2.

Proof. The decomposition immediately follows from the product form of the LST of
V; in the righthand side of (5I). The LST of X; was already given in (3). The LST’s of
X2 and X3 are given as

s ] — ——C2
]E(ef.SXg) = exp ( . ﬁ/ co+A1(1—PB1(u)) du), (64)
7"1 0 u
E(e—ng) _ C2 + C1 C2 (65)

citer oo+ A(1—pi(s))’

The LST of X, has exactly the same shape as that of X, but the arrival rate is ¢;
instead of A; (it corresponds to occurrences of ends of visits to ();) and the service
requirement is the total amount of service requirement arriving in a visit period of
@)z, instead of B;. The LST of X3 is a weighted sum of 1 (the LST of 0) and of the LST
of the work increment in (); during an exponential visit period of )2, with weights
the fractions of time spent in (), and on vacation (i.e., in @)2). O

We now use the decomposition result to determine the mean and the variance
of V1. A straightforward computation yields:
Corollary 7.4. The expectation of the steady-state workload of the first queue, E(V7), is

A E(By) [1+ €L 1 mn }

E(Vi) = 2

(66)

and the corresponding variance, Var(V1), is

A\ E(B?) LaLa 2rq La M E(By) 2 1+r1(c1—|—2622)
r1 Ca C2C1+cC2 (c1+¢2)

Var(Vy) =
(67)

7.3 Heavy-tail asymptotics

In this subsection, we discuss the tail behavior of the workload in the case of heavy-
tailed service time distributions (cf. Definition [6.4).

Theorem 7.5. If the service time distribution of the random variable By is reqularly varying
of index —v, with v € (1,2), then the workload of the first queue is regularly varying at
infinity of index —v. More precisely,

M (—v) c, ¢ vr

P(Vi>z)~ x VL (x), x 1 o0. (68)

r1 c2  caC1tcC2



Proof. To prove that V) is regularly varying at infinity, one can again use the decom-
position property of the workload V;. Corollary [7.3]implies that

P(Vi > 2) = P(X1 + Xo + X3 > 2). (69)

Now we have to consider the behavior of P(X; + X5 + X35 > z) for 2 1 co. Our main
tool is the Tauberian Theorem 8.1.6 of [5], which relates the behavior of a regularly
varying function at infinity and the behavior of its LST near 0. This theorem states

that (50) holds iff

S

Bi(s) =14 sE(By) ~ T (1 —v)s"L (1) s10. (70)

We successively consider the LST’s of X, X5 and X3, each time using . One has

E(e™*%1) = exp </\1 /OS L= Fulw) du)

u

~ exp (-jll /O (E(Bl) LT (1 =)L <i>> du)

. Al E(Bl) s All—‘(l — l/)

1
| s"L () +0(s?), sL0. (71
71 v s
Hence
(- 1
E(e—le) -1+ E(Xl)S ~ —wsyl/ (S) ,as s *lf 0. (72)
1

Similarly using (70) in (64) and , we get

E(e—X2) 14 E(Xy)s ~ - MW Ay (1> Las 10, 73)
T C2 S
B -1+ BOs ~ -2 (D) oo oy
c1t+c2 s

From Equation (72), and (74), we see that X;, X, and Xj; are all regularly
varying random variables of index —v. Using the workload decomposition property
and a well-known result regarding the tail behavior of the sum of independent
regularly varying random variables of the same index, see [20], yields

P(Vi>2)~(Cr+Cy+C3)a™"L(x), x T 0o, (75)

with Cy, Cy and Cj the coefficients of the tail 27" for X7, X, and X3 in (72), and
(74), respectively. Substituting the coefficients from (72), and concludes the
proof of the theorem. O

7.4 Joint workload in the symmetric case

So far we have focused on the marginal workload distribution at the first queue. A
much harder problem is to determine the steady-state joint workload distribution. In
this subsection and the next one, we begin the exploration of this problem, outlining
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a possible approach as well as the mathematical complications arising. Let us now
restrict ourselves to the fully symmetric case ¢1 = c2 = ¢, A1 = A2 = A, fi(s) =
Ba2(s) =pP(s)and ri =ry =1.

Step 1: Calculation of E(e=51V1(T1)=s2V2(T1) |17 (0) = 21, V5(0) = x2).

In the first step we calculate the LST of the two-dimensional workload for ¢t = T3.
Using the same arguments as in Subsection [7.1]we can easily see that

E(e— V1T ==2V2 (T (0) = 21, V5(0) = 22)

= ¢ 52%2 /OO e AIZBER (=i 1 (0) = 1) ce ™ dt.
t=0

Using (2) we get
E(e~ Vi) =o2V2(T |1 (0) = 21, V5(0) = 22)

t_ A [S1 1—pB(u)
Tt—2a ——du

9 _
:efszxz/ 67)\(175(32))156_51‘“6 g et ce°tdt.
t=0

Step 2: Calculation of E(e~51V1(T1)=52V2(T1)) in steady-state. Using the fact that, in
steady-state, (V1 (T} + T2), Va(T1 + T3)) has the same distribution as (V1(0), V2(0)), we
have

E(e—slvl (T1)—82V2(T1))

o0 _A 1 1-8(w) -
_ / 67)\(176(52))156 r fslc—rt m ducefct E(efsle fV1(T1+T2)752V2(T1+T2)) dt.
t=0

Defining G(s1, s2) := E(e™*1V1(T1)=5212(T1)) and simplifying the above equation by

substituting e~"* = z yields

1

c cHA(1=B(s2)) 1 —A fs1 1=B(w) g

G(s1,82) = ;/ z v LemvJo = du G(s2,512) dz.
z=0

Substituting s;z = v in the integrand of the r.h.s. yields

ctA(1—B(s2)) 1

G(s1,52) = i/ <v ' e St R du G(s2,v) dv. (76)

s1r —0 \ S1
Replacing s, by s1 and s; by s2 in the above equation gives
s cHA1-B(1)) g
C (Y T so 1—B(u)
G(s2,51) = 7/ < om0 T du G(s1,v) do. (77)
v

SoT —0 \ 52

Combining the above two equations yields a two-dimensional Volterra Integral equa-
cHA1=B(s2)) 4

tion, as
2 S1ors2 My T w
G(S1, 82) = 3 — —
51527 Jy=0 Jw=0 \ 51 52

3 (g =8 g 2 12800 00)

ctAdA=Bw))
R |

e G(v,w) dwdv.  (78)

In the next subsection, we shall prove that can be solved by a fixed-point
iteration.
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7.5 Solution of (78) by fixed-point iteration

Our goal in this section is to show that can be solved by a fixed-point iteration.
We do this in three steps, after introducing some definitions. Let .S > 0 be fixed, and
consider the set Fs of all continuous functions H : [0, 5]> — [0, 1] with H(0,0) = 1.
For H € Fs and (s1, s2) € (0, 5]%, we put

c+/\(1*ﬁ(52))71 etA@=B®) 4

CQ S1 S2 v - r w T
RH = —
(51,52) 818272 /U:o/w:o (51) (52)

Z(s1,v; 82, w) H(v,w) dwdv, (79)

where for 0 < v < 51,0 < w < 359,

Z(81,v; $2, W) = exp (i(/;l 1_76<u)du+ /:2 1_5(u)du)) . (80)

u

Step 1. Let H € Fg. Our aim in this step is to show that we can define RH for all
(s1,82) € [0, 5]?, and that this extended RH is a member of F.
To this end, we start by noting that for all (s1, s2) € [0, S2and 0 < v < 51,0 < w < s9,

0 < Z(s1,v;82,w) < 1= Z(s1,51;52,52), (81)

with equality in the second inequality iff v = s; and w = s,. This follows from (u) <
B(0) = 1,u > 0. Furthermore, by the boundedness of %(“) =E(e "B )E(B),u >
0, with B"** denoting the residual of a service requirement B, we have that

Z(s1,v;82,w) T 1, (s1,52) = (0,0), (82)

uniformly in v,w with 0 < v < 51,0 < w < s9.
A basic calculation shows that for (s1, s2) € (0,5]?,

2 51 sa M_l M_l
c v w
5 / / () () dwdwv
8152T% Jy=0 Jw=0 \ 51 52
cHAA—B(s2)) 4
[ ( v v dv (83)
517 Ju—o \ 51 c+A(1—B(v))

The quantity on the r.h.s. of is positive and less than 1, and tends to 1 as (s1, s2) —
(0,0), since B(u) < 1,u > 0 and B(u) T £(0) = 1,u | 0. As a consequence of 0 <
H(v,w) <1= H(0,0) and the continuity of H, we have

0< RH(81782> <1, (81, 82) € (07512, (84)
and also

li RH =1. 85
(817321)§(O,0) (817 82> ( )
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Similarly, by continuity of H and Z, we have for s; > 0,

etAd—B(s2)) _ 4 cHAA=B) 4

2 S1 S2 Iz ™
lim RH sy, s2) = lim < 5 / / <U> (w)
5210 5210 S1S9T v=0 Jw=0 \ 51 S9
Z(s1,v; 82, w)H (v, w) dwdv

C2 S1 v 71
=" = Z(s1,v;0,0)H
vl N (51) (s1,v;0,0)H(v,0)
s c+A(1T[i('u))71
([, (5) () Jo
s210 w=0 \ 52 S92
_C Mz %ﬂz(s 00,00 H(v,0)— 3 (8)
- s1r Jy_o \ s1 1,Y,Y, 9 c+ /\(1 — ﬂ(v))’

and this limit is attained uniformly in s; € [¢, S] for any € > 0. In the same way, we
have for sy > 0,

2 S2 r1
lim RH (s, 5,) = sCTr /w:O <S“;> Z(0,0; s0,w)H (0, w)c+A(1(h—Uﬁ(32))’ (87)
and this limit is attained uniformly in s, € [€, S] for any € > 0. Observe that the r.h.s.
of and depend continuously on s; > 0 and s > 0 and that their limitas s; | 0
and s3 | 0 equals 1. Thus, when we define RH(0,0) = 1 and RH(s1,0), RH (0, s2) for
s1 > 0, s2 > 0 by the rh.s. of (86), (87), we get that RH (s1, s2) is defined everywhere
on [0, S]? as a continuous function. From and we then see that RH € F.

Remark 7.6. Notice that is in agreement with the integral equation for the
one-dimensional G(s); both expressions concern the workload LST in a queue just
before its visit begins. That one-dimensional equation can be solved explicitly, cf.

Step 2. In this step, we show that R is a weak contraction of Fs in the sense that for
H 1 H 2 S F S

d(RHl,RHQ) S d(Hl,Hg) = max |H1(81,82) —H2(81,32)|, (88)
(s1,82)€[0,5]?

with equality iff H; = H».
Indeed, we have for Hy, Hy € Fs and (s1, s2) € (0, S]? by the fact that the quantity in
cHA(1-B(s2)) g

is positive and less than 1,
RH RH. Ny Y A ' v
_ < el il
| 11, 52) 2(s1, )] < 818972 /y:o /w:O <31> <32>
Z(81,v; $2,w) |Hy (v, w) — He(v, w)| dwdw
< d(Hy, Ha), (89)

cHA(I—B() 4

with strict inequality when d(H, Hz) > 0, since |H (v, w) — Ha(v, w)| is continuous at
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(v,w) = (0,0) and vanishes there. Similarly, using (86), we have for s; > 0,

s1 -1
|RH1(31,0)—RH2<31,0)|SL/ (”) Z(51,0:0,0)

$17 Jy=0 \ S1
d
X |H1(U,0) - H2(Ua0)| quﬂ(v))
Sd(HlaHQ)v (90)

with strict inequality when d(H7, Hz) > 0, since |H; (v, 0) — Ha(v,0)| is continuous at
v = 0 and vanishes there. In the same way, we have from for s > 0,

|RH1(0,52) — RH2(0, s2)| < d(Hy, H2), (91)

with strict inequality when d(H;, Hz) > 0. Hence, the continuous function |RH; —
RH,| is less than d(H;, Hs) everywhere on the compact set [0, S]? when d(H1, H2) > 0,
and so holds with strict inequality when d(H;, H2) > 0.

Step 3. In this step, we turn to the fixed-point iteration itself. It is easy to prove that
there is at most one H € Fg such that RH = H; that such an H does exist in the
present case is clear since the G that occurs in (78) satisfies RG = G and is a member
of F. S-

We intend to approximate G by iteration. Thus, we set

Ho(s1,82) =1, (s1,82) €[0,8)%; Hyy1 = RHy,, k=0,1,--. (92)

The operator R has a positive kernel. Then from RG = G, and the continuity of
all Hy, we get by induction

1= Ho(s1,82) > Hi(s1,82) > -+ > G(s1,82) >0, (s1,82) € [0, 5]°. (93)
Thus we have

Hoo(s1,82) = kli_)l’I;on(Sl,SQ) € [G(s1,82),1], (s1,52) € [0, 5] (94)

Our goal in the remainder of Step 3 is to show that Hy(s1,52) = G(s1,s2), for all
(s1,82) € [0,S]%. We first do this for (0, 5]?. While it is conceivable that H,, is not
continuous everywhere on [0, S]?, so that definition of RH., at the boundary of [0, S]?
might be an issue, we do have that RH(s1, s2) is well-defined per integral formula
for (s1, s2) € (0, 5)?, and that, by dominated convergence,

RHoo(s1,82) = Hoo(81,82), (81,82) € (075]2. (95)
Also, by since G € Fg,

lim H(s1,82) = 1. 96
(51,32)—>(0,0) ( ! 2) ( )

We shall show now that and imply that G(s1, s2) = Hoo (51, s2) for (s1,s2) €
(0, S)%. To this end, let

§ = sup (Heo (51, 82) — G(81,82)), 97)
(s1,82)€(0,5]2
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and suppose that § > 0. We can find e > 0 such that
0 < Hy(v,w) — Gv,w) < %5, 0<v,w<e. (98)

Let L be a continuous function on [0, S]? such that

=19, v +w? < €2,
L(v,w) { € [36,6], €* <v? +w? <262, (99)
=4, v +w? > 262, (v,w) € [0,5]?.

Then L > H., — G everywhere on (0, 5]?, and RL is well-defined and continuous on
[0, S]?, using the same limits as in (85)-(87). Furthermore,
1
RL(s1,50) < 50, 5] +s5 <€, (100)
RL(s1,82) <0, s3+s5>¢€ (s1,82) €[0,95]?, (101)

with the strict inequality in (101) following from the continuity of L and L(0,0) =
%5 < §, compare (84). Therefore,

C:= max  RL(s1,s2) <9, (102)
(51’52)6[075]2

by the continuity of RL and compactness of [0, S]?. Then, for (s1, s2) € (0, 5],
0 S Hoo(Sl,SQ) - G(Sl,SQ) = R(Hoo - G)(Sl,SQ) § RL(Sl,SQ) § C< 5, (103)

since Ho, — G < L everywhere on (0, S]2. This contradicts the definition of § in @,
and so § = 0.

We next show that Hy(s1,0) = G(s1,0), s1 € (0,S5]. Let Fs; be the set of all
continuous functions I : [0, S] — [0, 1] with I(0) = 1, and define

2 S1 71
Rll(sl) = 86177’/0 <Svl> Z(Sl,’U;O,O)I(U)m, S1 € (Oa S]7 (104)

Then, repeating the earlier steps for the weak contraction R of Fy,
- Ry maps Fs; into Fg; and is a weak contraction of Fis 1,

- RyHy(s1) = (RH)1(s1) when H € Fg and H; = H(-,0),

- G1 = G(,0) is the unique fixed point of R; in Fyg 1,

the iterands Hy, = Hy(-, 0) decrease pointwise to Hyo1 = Hoo(+,0),

- Hool(31> = G1(81>, i.e., Hoo(slu 0) = G(ShO) for S1 € (0, S]
Similarly, we can show that H (0, s2) = G(0, s2) for so € (0, S], and since Hy,(0,0) =
1 = G(0,0), we have shown now that H}, | G pointwise on all of [0, S]2. Since [0, S]? is
compact, and G and all Hj, are continuous, it follows from Dini’s theorem [2, Theorem
8.2.6] that H), | G uniformly on [0, S]2.
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8 Conclusions and possible extensions

In this paper, we studied a two-queue single-server polling model with workload-
dependent service speed. For the case of constant visit times of the server, we derived
the LST of the steady-state joint workload distribution. We have also extended the
results to the case of an arbitrary number of queues with constant visit times. In the
case of constant visit times at the first queue and general visit times at the second,
we derived the marginal workload distribution at the first queue. For the two-queue
case of exponentially distributed visit times, we determined the steady-state marginal
workload distributions, and the LST of the steady-state joint workload distribution
was analyzed solving a two-dimensional Volterra integral equation by fixed-point it-
eration. An interesting open problem is to provide an analytic solution to that two-
dimensional Volterra integral equation.
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