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GLAUBER DYNAMICS ON THE ERDOS-RENYI RANDOM GRAPH

F. DEN HOLLANDER AND O. JOVANOVSKI

ABsTracT. We investigate the effect of disorder on the Curie-Weiss model with Glauber dynamics. In
particular, we study metastability for spin-flip dynamics on the Erdés-Reényi random graph ER, (p) with n
vertices and with edge retention probability p € (0,1). Each vertex carries an Ising spin that can take the
values —1 or +1. Single spins interact with an external magnetic field h € (0,00), while pairs of spins at
vertices connected by an edge interact with each other with ferromagnetic interaction strength 1/n. Spins flip
according to a Metropolis dynamics at inverse temperature 5. The standard Curie-Weiss model corresponds
to the case p = 1, because ER, (1) = K, is the complete graph on n vertices. For 8 > 8. and h € (0, px(8p))
the system exhibits metastable behaviour in the limit as n — oo, where 8. = 1/p is the critical inverse
temperature and x is a certain threshold function satisfying limy_, oo x(A) = 1 and limy 1 x(A) = 0. We
compute the average crossover time from the metastable set (with magnetization corresponding to the
‘minus-phase’) to the stable set (with magnetization corresponding to the ‘plus-phase’). We show that the
average crossover time grows exponentially fast with n, with an exponent that is the same as for the Curie-
Weiss model with external magnetic field h and with ferromagnetic interaction strength p/n. We show that
the correction term to the exponential asymptotics is a multiplicative error term that is at most polynomial
in n. For the complete graph K, the correction term is known to be a multiplicative constant. Thus,
apparently, ER, (p) is so homogeneous for large n that the effect of the fluctuations in the disorder is small,
in the sense that the metastable behaviour is controlled by the average of the disorder. Our model is the
first example of a metastable dynamics on a random graph where the correction term is estimated to high
precision.
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1. INTRODUCTION AND MAIN RESULTS

In Section 1.1 we provide some background on metastability. In Section 1.2 we define our model: spin-flip
dynamics on the Erdds-Rényi random graph ER,,(p). In Section 1.3 we identify the metastable pair for the
dynamics, corresponding to the ‘minus-phase’ and the ‘plus-phase’; respectively. In Section 1.4 we recall the
definition of spin-flip dynamics on the complete graph K,,, which serves as a comparison object, and recall
what is known about the average metastable crossover time for spin-flip dynamics on K, (Theorem 1.3
below). In Section 1.5 we transfer the sharp asymptotics for K, to a somewhat rougher asymptotics for
ER,(p) (Theorem 1.4 below). In Section 1.6 we close by placing our results in the proper context and giving
an outline of the rest of the paper.

1.1. Background. Interacting particle systems, evolving according to a Metropolis dynamics associated
with an energy functional called the Hamiltonian, may end up being trapped for a long time near a state
that is a local minimum but not a global minimum. The deepest local minima are called metastable states,
the global minimum is called the stable state. The transition from a metastable state to the stable state
marks the relaxation of the system to equilibrium. To describe this relaxation, it is of interest to compute
the crossover time and to identify the set of critical configurations the system has to visit in order to achieve
the transition. The critical configurations represent the saddle points in the energy landscape: the set of
mini-max configurations that must be hit by any path that achieves the crossover.

Metastability for interacting particle systems on lattices has been studied intensively in the past three
decades. Various different approaches have been proposed, which are summarised in the monographs by
Olivieri and Vares [13], Bovier and den Hollander [4]. Recently, there has been interest in metastability for
interacting particle systems on random graphs, which is much more challenging because the crossover time
typically depends in a delicate manner on the realisation of the graph.

In the present paper we are interested in metastability for spin-flip dynamics on the Erdds-Rényi random
graph. Our main result is an estimate of the average crossover time from the ‘minus-phase’ to the ‘plus-phase’
when the spins feel an external magnetic field at the vertices in the graph as well as a ferromagnetic interaction
along the edges in the graph. Our paper is part of a larger enterprise in which the goal is to understand
metastability on graphs. Jovanovski [12] analysed the case of the hypercube, Dommers [6] the case of the
random regular graph, Dommers, den Hollander, Jovanovski and Nardi [9] the case of the configuration model,
and den Hollander and Jovanovski [11] the case of the hierarchical lattice. Each case requires carrying out
a detailed combinatorial analysis that is model-specific, even though the metastable behaviour is ultimately
universal. For lattices like the hypercube and the hierarchical lattice a full identification of the relevant
quantities is possible, while for random graphs like the random regular graph and the configuration model
so far only the communication height is well understood, while the set of critical configurations and the
prefactor remain somewhat elusive.

The equilibrium behaviour of the Ising model on random graphs is well understood. See e.g. Dommers,
Giardina and van der Hofstad [7], [8].

1.2. Spin-flip dynamics on ER,(p). Let ER,(p) = (V, E) be a realisation of the Erdés-Rényi random
graph on |V| = n € N vertices with edge retention probability p € (0, 1), i.e., each edge in the complete
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graph K, is present with probability p and absent with probability 1 — p, independently of other edges
(see Fig. 1). We write Pgg,, (p) to denote the law of ER,,(p). For typical properties of ER,(p), see van der
Hofstad [10, Chapters 4-5].

FIGURE 1. A realization of the Erdds-Rényi random graph with n =12 and p = %

Each vertex carries an Ising spin that can take the values —1 or +1. Let S,, = {—1, —|—1}V denote the set of
spin configurations on V', and let H,, be the Hamiltonian on S,, defined by

1
1.1 = —— — .
(1.1) H, (o) - Y owo(w)—h> o), ceS,
(v,w)eE veV
In other words, single spins interact with an external magnetic field h € (0, 00), while pairs of neighbouring
spins interact with each other with a ferromagnetic coupling strength 1/n.
Let B = {—1}" and B = {+1}" denote the configuration where all spins are —1, respectively, +1. Since

(1.2) H,(B)= —% + hn,

we have the geometric representation

(1.3) H,(c)=H, (E)+%|8EU| —2h|o|, o€ Sy,
where

(1.4) Ogo ={(v,w) € E: 0(v) = —o(w) = +1}

is the edge-boundary of o and

(1.5) lo| = {v € ER,(p): o(v) =+1}

is the vertex-volume of o.
In the present paper we consider a spin-flip dynamics on S,, commonly referred to as Glauber dynamics,
defined as the continuous-time Markov process with transition rates

—BHn (o) =Hn()+  if llg — o'l = 2

(1.6) r(o,0)=14° o Wllo=al=2 g

0, if |jo—d'|| > 2,
where || - || is the ¢;-norm on S,,. This dynamics has as reversible stationary distribution the Gibbs measure

1

(1.7) fin (0) = Zfe*ﬁHn@’), o € Sh,
where 8 € (0,00) is the inverse temperature and Z, is the normalizing partition sum. We write
(1.8) {&e}i=0
to denote the path of the random dynamics and P¢ to denote its law given {y = §. For x C S,,, we write
(19) Ty = 1nf{t >0: & ex, & € X}

to denote the first hitting/return time of x.
We define the magnetization of o by

(1.10) m (o) =~ > o),
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and observe the relation
2
(1.11) m(o)zﬂ— , o€ S
n

We will frequently switch between working with volume and working with magnetization. Equation (1.11)
ensures that these are in one-to-one correspondence. Accordingly, we will frequently look at the dynamics
from the perspective of the induced volume process and magnetization process,

(1'12) {‘§t|}t20 ) {m(ft)}tzo )
which are not Markov.
1.3. Metastable pair. For fixed n, the Hamiltonian in (1.1) achieves a global minimum at B and a local

minimum at B. In fact, B is the deepest local minimum not equal to B (at least for h small enough). However,
in the limit as n — oo, these do not form a metastable pair of configurations because entropy comes into

play.
Definition 1.1 (Metastable regime). The parameters (3, h are said to be in the metastable regime when

(1.13) Be(1/p,o0),  he (0,px(Bp))

with (see Fig. 2)
2
A(l—h/l—}\) ] Az 1

(1.14) X(A) =1/1— 5 — 55 log

x(A)

1

— ¢

FIGURE 2. Plot of A — x(\).

We have limy_,oc x(A) = 1 and limy;1 x(A) = 0 (with slope 3). Hence, for 8 — oo any h € (0,p) is
metastable, while for § | 1/p or p | 0 no h € (0,00) is metastable. The latter explains why we do not

consider the non-dense Erdgs-Rényi random graph with p =p, { 0 as n — oco. ]

The threshold 8. = 1/p is the critical temperature: the static model has a phase transition at h = 0 when
B > B. and no phase transition when 5 < . (see e.g. Dommers, Giardina and van der Hofstad [8]).
To define the proper metastable pair of configurations, we need the following definitions. Let

(1.15) L, ={-1,-1+2,...,1- 21}, I,(a) = —% log (H’fm) Jn(a) = 2B(pa + h) — 21} (a).
2
Define
m, =min{a € T),: J,(a) <0},
(1.16) t, =min{a €Ty: a > m,, J,(a) >0},
s, =min{a € Ty,: a > t,, J,(a) <0}.
The numbers in the left-hand side of (1.16) play the role of magnetizations. Further define

(117) Mn = g(mn + 1)a Tn = g(tn + 1)a Sn = g(sn + 1)7
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which are the volumes corresponding to (1.16), and
(1.18) A ={oc € Sy: |o| =k}, ke{0,1,...,n—1,n},

the set of configurations with volume k. Define

(1.19) R, (a) = —%pa2 — ha + %In(a)
and note that

1 1
1.20 R (a) = —pa—h+ =1} (a) = —=—Ju(a).
(1.20) (a) = —p 3 (a) 25 (a)

The motivation behind the definitions in (1.15), (1.16) and (1.19) will become clear in Section 2. Via Stirling’s
formula it follows that

(1.21) Jn(a) = 2B(pa+ h) + log (HHL) +0(n™?), a€eTl,.

We will see that, in the limit as n — oo when (5,h) is in the metastable regime defined by (1.13), the
numbers in (1.16) are well-defined: Ay, is the metastable set, Ag, is the stable set, A, is the top set, i.e.,
the set of saddle points that lie in between Ap, and Ag . Our key object of interest will be the crossover

time from Ay, to Ag, via Ar,.

Note that
(1.22) I, = [-1,1], IL.(a)—=I(a), Jn(a)— Jppn(a), n — 00,
with
(1.23) Jp.p.n(a) =28(pa+ h) + log (1@>

1+a

and
(1.24) I(a)1;alog<1;a>+1;a10g<l—;a).
Accordingly,
(1.25) m, »>m, t,—t s,—s, n — oo,

with m, t, s the three successive zeroes of J (see Fig. 4 and recall (1.16)). Define

1 1
(1.26) Ry, sn(a) = —ipa2 — ha + Ef(a)

Note that R, 5 5(a) plays the role of free energy: f%paQ — ha and %I(a) represent the energy, respectively,

entropy at magnetisation a. Note that I(a) equals the relative entropy of the probability measure (1 +

2
a)di1 + %(1 — a)d_1 with respect to the counting measure 041 + d_;. Also note that

1 1
(1.27) pan(@) =—pa—h+ BI'(G) = _%Jpﬁ,h(a)~
Remark 1.2. As shown in Corollary 3.6 below, if A € (p,c0), then (1.6) leads to non-metastable behaviour
where the dynamics ‘drifts’ through a sequence of configurations with volume growing from M to S within

time O(1). ]

1.4. Metastability on K,. Let K, be the complete graph on n vertices (see Fig. 3). Spin-flip dynamics on
K,,, commonly referred to as Glauber dynamics for the Curie- Weiss model, is defined as in Section 1.2 but
with the Curie- Weiss Hamiltonian

1 N .
(1.28) Ho(0) = - Z o(i)o(j) — h Z o(i), o€8,.

1<4,5<n 1<i<n

This is the special case of (1.1) when p = 1, except for the diagonal term —5- >, ., o(i)o(i) = —3%, which
shifts H,, by a constant and has no effect on the dynamics. The advantage of (1.28) is that we may write

(1.29) H,(0) = n[ — %m(or)2 - hm(cr)],
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F1GURE 3. The complete graph with n = 9.

which shows that the energy is a function of the magnetization only, i.e., the Curie-Weiss model is a mean-field
model. Clearly, this property fails on ER,,(p).

For the Curie-Weiss model it is known that there is a critical inverse temperature S. = 1 such that, for
B > Be, h small enough and in the limit as n — oo, the stationary distribution p, given by (1.7) and (1.28)
has two phases: the ‘minus-phase’, where the majority of the spins are —1, and the ‘plus-phase’, where the
majority of the spins are +1. These two phases are the metastable state, respectively, the stable state for the
dynamics. In the limit as n — oo, the dynamics of the magnetization introduced in (1.12) (which is Markov)
converges to a Brownian motion on [—1,+1] in the double-well potential a — Ry g (a) (see Fig. 4).

Rp,ﬁ,h(a)

FIGURE 4. Plot of R, (a) as a function of the magnetization a. The metastable set
Apn has magnetization m < 0, the stable set Ag has magnetization s > 0, the top set has
magnetization t < 0. Note that R, 5 ,(—1) = —3p+h, Ry 5,(0) = =8 '1og2, Ry 55(+1) =
—2p—hand R, 5 (=1) = —o00, R, 5,(0) = —h, R, 5,(+1) = oo.

The following theorem can be found in Bovier and den Hollander [4, Chapter 13]. For p = 1, the metastable
regime in (1.13) becomes

(1.30) Be(loo),  he(0,x(8)).
Theorem 1.3 (Average crossover time on K,). Subject to (1.30), as n — oo, uniformly in & € Am,,

T 1—t2 1 " _ m
(1.31) Ee [ras,] = 1+ 0n()) 7=\ T - — Pl n(®)=Fa g0 (m)]
BB g ()[R 5 (8)]

1,8,k

Fig. 4 illustrates the setting: the average crossover time from Anp, to Ag, depends on the energy barrier
Ry p,1(t) — Ry ,p,,(m) and on the curvature of Ry g5 at m and t. Note that m,s,t in Fig. 4 are the limits
as n — oo of my,, s,,t, defined in (1.16) for p = 1.

1.5. Metastability on ER,,(p). Unlike for the spin-flip dynamics on K, the induced processes defined in
(1.12) are not Markovian. This is due to the random geometry of ER, (p). However, we will see that they
are almost Markovian, a fact that we will exploit by comparing the dynamics on ER,,(p) with that on K,
but with a ferromagnetic coupling strength p/n rather than 1/n and with an external magnetic field that is
a small perturbation of h.
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As shown in Lemma 2.4 below, in the metastable regime the function a — R,(a) has a double-well
structure just like in Fig. 4, so that the metastable state An; and the stable state Ag are separated by an
energy barrier represented by Ar.

We are finally in a position to state our main theorem. This is stated under a slightly more restrictive
condition than (1.13), namely,

1 log(4x—1)

h
(1.32) 5 < X" (Bp), XA =1~ o o

Theorem 1.4 (Average crossover time on ER, (p)). Subject to (1.32), with Pgg, () -probability tending
to 1 as n — oo, uniformly in £ € Am,,,

(1.33) E¢ [4s, ] = nEn Pl Bp,p,n(t) =Ry 5,5 (m)]
where the random exponent E,, satisfies
(1.34) lim Ppr, () (| Eal < A(t —m) ) =1.

Thus, apart from a polynomial error term, the average crossover time is the same as on the complete graph
with ferromagnetic interaction strength p/n instead of 1/n.

1.6. Discussion and outline. We discuss the significance of our main theorem.

1. Theorem 1.4 provides an estimate on the average crossover time from Ay, to As, on ER,(p) (recall
Fig. 4). The estimate is uniform in the starting configuration. The exponential term in the estimate is the
same as on K,, but with a ferromagnetic interaction strength p/n rather than 1/n. The multiplicative
error term is at most polynomial in n. Such an error term is not present on K, for which the prefactor is
known to be a constant up to a multiplicative factor 1 + o(1) (as shown in Theorem 1.3). The randomness
of ER,,(p) manifests itself through a more complicated prefactor, which we do not know how to identify.
What is interesting is that, apparently, ER,,(p) is so homogeneous for large n that the prefactor is at most
polynomial. We expect the prefactor to be random under the law Pgg, p)-

2. It is known that on K, the crossover time divided by it average has an exponential distribution in the limit
as n — 00, as is typical for metastable behaviour. The same is true on ER,,(p). A proof of this fact can be
obtained in a straightforward manner from the comparison properties underlying the proof of Theorem 1.4.
These comparison properties, which are based on coupling of trajectories, also allow us to identify the typical
set of trajectories followed by the spin-flip dynamics prior to the crossover. We will not spell out the details.

3. The proof of Theorem 1.4 is based on estimates of transition probabilities and transition times between
pairs of configurations with different volume, in combination with a coupling argument. Thus we are following
the path-wise approach to metastabuilty (see [4] for background). Careful estimates are needed because on
ER,,(p) the processes introduced in (1.12) are not Markovian, unlike on K,,.

4. Bovier, Marello and Pulvirenti [5] use capacity estimates and concentration of measure estimates to
show that the prefactors form a tight family of random variables under the law Pgg,, (,) as n — oo, which
constitutes a considerable sharpening of (1.33). The result is valid for 8 > . and h small enough. The starting
configuration is not arbitrary, but is drawn according to the last-ezit-biased distribution for the transition
from An, to As,, as is common in the potential-theoretic approach to metastability. The exponential limit
law is therefore not immediate.

5. Another interesting model is where the randomness sits in the vertices rather than in the edges, namely,
Glauber spin-flip dynamics with Hamiltonian

1

1.35 H,(oc)=—— o(t)o(j) — hio(1),

(1.35) (o) "13%:@()() g;n (4)
where h;, 1 < ¢ < n, are i.i.d. random variables drawn from a common probability distribution v on R.
The metastable behaviour of this model was analysed in Bovier et al. [3] (discrete v) and Bianchi et al. [1]
(continuous v). In particular, the prefactor was computed up to a multiplicative factor 14 0(1), and turns out
to be rather involved (see [4, Chapters 14-15]). Our model is even harder because the interaction between
the spins runs along the edges of ER,,(p), which has an intricate spatial structure. Consequently, the so-called
lumping technnique (employed in [3] and [1] to monitor the magnetization on the level sets of the magnetic
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field) can no longer be used. For the dynamics under (1.35) the exponential law was proved in Bianchi et
al. [2].

Outline. The remainder of the paper is organized as follows. In Section 2 we define the perturbed spin-flip
dynamics on K, in Definition 2.1 below, and state two comparison lemmas, in Lemmas 2.2-2.3 below,
that are needed to approximate the spin-flip dynamics on ER,(p). We also explain, in Lemma 2.4 below,
why Definition 1.1 identifies the metastable regime. In Section 3 we collect a few basic facts about the
geometry of ER,,(p) and the spin-flip dynamics on ER,,(p). In Section 4 we derive rough capacity estimates
for the spin-flip dynamics on ER, (p). In Section 5 we derive refined capacity estimates and use these to
prove Lemma 2.2. In Section 6 we compare hitting times and prove Lemma 2.3. In Section 7 we show that
two copies of the spin-flip dynamics starting near the metastable state can be coupled in a short time. In
Section 8, finally, we use Lemmas 2.2-2.3 to prove Theorem 1.4.

2. PREPARATIONS

In Section 2.1 we define the perturbed spin-flip dynamics on K, that will be used as comparison object. In
Section 2.2 we state two lemmas that quantify the comparison (Lemmas 2.2-2.3 below). In Section 2.3 we do
a rough metastability analysis of the perturbed model. In Section 2.4 we show that R, 5., has a double-well
structure if and only if (8, h) is in the metastable regime, in the sense of Definition 1.1 (Lemma 2.4 below).

Define

(2.1) Ji(a) =28 (p(a+2)+h) +log (pia_jQ) a€ly,.

We see from (1.21) that J,,(a) = J*(a) + O(n™2) when fp =
‘free energy landscape’.

This will be useful for the analysis of the

1a2

2.1. Perturbed Curie-Weiss. We will compare the dynamics on ER,(p) with that on K, but with a
ferromagnetic coupling strength p/n rather than 1/n, and with an external magnetic field field that is a
small perturbation of h.

Definition 2.1 (Perturbed Curie-Weiss).

(1) Let
(2.2) Hi(o) = ~f 3 oo —h; 3 o), oSy,
(2.3) Hy(0) = =35 Y. o@o()—hy 3, o), o€,

be the Hamiltonians on S, corresponding to the Curie-Weiss model on n vertices with ferromagnetic coupling
strength p/n, and with external magnetic fields A% and h, given by

(2.4) B = 4 UFles@®) oy (e logn! ')

n

t 11 will

where € > 0 is arbitrary. The indices u and [ stand for upper and lower, and the choice of exponen
become clear in Section 4.

(2) The equilibrium measures on S,, corresponding to (2.2) and (2.3) are denoted by u* and p!,, respectively
recall (1.7)).

(
(3) The Glauber dynamics based on (2.2) and (2.3) are denoted by
(2

5) {fg}tzo ’ {gt}tzo ’
respectively.
(4) The analogues of (1.16) and (1.17) are denoted by m¥,t%,s%, MY T% S* and m!,t! sl , M, T! S
respectively. I

In what follows we will suppress the n-dependence from most of the notation. Almost all of the analysis
in Sections 2-8 pertains to the dynamics on ER,,(p).
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2.2. Comparison lemmas. We define the shorthand notations
(2.6) Tm = TA,, Ts = TA,, Te = TA,-

Recall that Pgg,(,) denotes the law of ER, (p). We will see that, for a typical realization of the random
graph ER,,(p), when {& }>0 starts from a configuration slightly to the left of the top, it takes less time to
reach the stable set than {¢!};>¢ and more time than {£};>o.

Our first comparison lemma establishes a degree of uniformity of the average crossover time to the stable
set as a function of the initial configuration inside the basin of the metastable set. Its proof will be given in
Section 5.

Lemma 2.2 (Uniformity of average crossover times). For any € > 0 and any initial configurations &o,
€o with [l [&o] < (1 —€) ¢,
(2.7) Ee, [7s] /]Eéo [1s] =140, (1).

Our second comparison lemma establishes a degree of uniformity of the hitting probabilities of upward
volume level sets as a function of the initial configuration. Its proof will be given in Section 6.

Lemma 2.3 (Uniformity of hitting probabilities of volume level sets). For any 0 < k < m with
m € (m,s) and any configurations £ € Ay, and 0,0’ € A,

(2.8) Pelry <7o]=1+0 (ﬁ) .

2.3. Metastability for perturbed Curie-Weiss. Recall that {¢}};>0 and {¢!};>0 denote the Glauber
dynamics for the Curie-Weiss model driven by (2.2) and (2.3), respectively. An important feature is that
their magnetization processes

{9?}@0 = {m(ﬁig)}tzo
{01},20 = {m(&) 0

are continuous-time Markov processes themselves (see e.g. Bovier and den Hollander [4, Chaper 13]). The

(2.9)

state space of these two processes is I';, = {—1, -1+ %, R %, 1}, and the transition rates are
2(1—a) e~ Blp(-2a—2)=2n"y  4f o/ — g4 2
’ n’
(2.10) ¢ (a,d') = 2 (1+a)e PPRa+DT2MT - if o/ = g — 2,
0, otherwise,
5(1—a) e=Alp(=20=0)=2h'le  f gl =g 4 2
’ n’
(2.11) ¢ (a,a') =2 2 (1+a) e=BlPRatD)T2h ) f gl = — 2
0, otherwise,

respectively. The processes in (2.9) are reversible with respect to the Gibbs measures

(2.12) V(@) — Ziueﬁn<%pa2+hua> (1;0 .
(2.13) Wa) = 1eﬁn<§pa2+hla)< n ) Ler

2 Lap ) n
respectively.

Define
(2.14) U'(a) = —Lpa®—hUa, a€el,,
(2.15) Ula) = —3ipa®—hla, a€T,.
Note that (2.10) and (2.12) can be written as
¢ (a,a+2) = 2(1—a) Bl (0t 2) (@)

(2.16) Vi (a) = eB”‘Pu(“)<n " a)>,
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and similar formulas hold for (2.11) and (2.13). The properties of the function v*: T',, — [0, 1] can be analysed
by looking at the ratio of adjacent values:

v (a+2) 2 u 1-a
(2.17) ey P (2ﬁ (p(a+ 2)+h") +log (172) ,

tat

which suggests that ‘local free energy wells’ in v* can be found by looking at where the sign of
(218) 28 (p(a+2) + ) +log ( sty

changes from negative to positive. To that end note that, in the limit n — oo, the second term is positive
for a < 0, tends to oo as a — —1, is negative for a > 0, tends to —oo as a — 1, and tends to 0 as a — 0.
The first term is linear in a, and for appropriate choices of p, 8 and h* (see Definition 1.1) is negative near
a = —1 and becomes positive at some value a < 0. This implies that, for appropriate choices of p, 8 and A",
the sum of the two terms in (2.18) can change sign + — — — + on the interval [—1, 0], and can change sign
+ — — on [0,1]. Assuming that our choice of p, 8 and h* corresponds to this change-of-signs sequence, we
define m*, t* and s* as in (1.16) with h replaced by h*. This observation makes it clear that the sets in the
right-hand side of (1.16) indeed are non-empty.

The interval [m*, t“] poses a barrier for the process {}'};>o due to a negative drift, which delays the
initiation of the convergence to equilibrium while the process passes through the interval [t*,s*]. The same
is true for the process {£/*};>0. Similar observations hold for {6!};>0 and {¢!};>0. Recall Fig. 4.

2.4. Double-well structure.

Lemma 2.4 (Metastable regime). The potential Ry, g1, defined in (1.26) has a double-well structure if
and only if Bp > 1 and 0 < h < px(Bp), with x defined in (1.14).

Proof. In order for R, 3 to have a double-well structure, the measure v* must have two distinct maxima
on the interval (—1,1). From (1.22), (1.27) and (2.17) it follows that

(2.19) Ip.g.n(a) = 2A (a + %) +log (}1—2) , A = Op,

must have one local minimum and two zeroes in (—1,1). Since

(2.20) T 5 (@) :2(/\f ﬁ) acl-1,1],

it must therefore be that A > 1. The local minimum is attained when

(2.21) A==,

i.e., when a = ay = —,/1 — 1 (a) must be negative because it lies in (m, t); recall Fig. 4). Since

(2.22) 0> Jppn(an) =2 (an+ 2) +1og (152,

it must therefore be that

(2.23) B<x

with x(A) given by (1.14). O

3. BASIC FACTS

In this section we collect a few facts that will be needed in Section 4 to derive capacity estimates for
the dynamics on ER,,(p). In Section 3.1 we derive a large deviation bound for the degree of typical vertices
ER,(p) (Lemma 3.2 below). In Section 3.2 we do the same for the edge-boundary of typical configurations
(Lemma 3.3 below). In Section 3.3 we derive upper and lower bounds for the jump rates of the volume process
(Lemmas 3.4-3.5 and Corollary 3.6 below), and show that the return times to the metastable set conditional
on not hitting the top set are small (Lemma 3.7). In Section 3.4 we use the various bounds to show that the
probability for the volume process to grow by n'/3 is almost uniform in the starting configuration (Lemma 3.8
below).
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Definition 3.1 (Notation). For a vertex v € V, we will write v € ¢ to mean o(v) = +1 and v ¢ o to mean
o(v) = —1. Similarly, we will denote by & the configuration obtained from o by flipping the spin at every
vertex, i.e., o(v) = +1 if and only if 7(v) = —1. For two configurations o, ¢’ we will say that o C ¢’ if and
only if v € 0 = v € ¢’. By 0 Ud’ we denote the configuration satisfying v € o U ¢’ if and only if v € o
or v € ¢’. A similar definition applies to o N o’. We will also write o ~ ¢’ when there is a v € V such that
o=0"U{v}or o’ =oU{v} We will say that o and o’ are neighbours. We write deg(v) for the degree of
veV. |

3.1. Concentration bounds for ER,(p). Recall that Pgg,(,) denotes the law ER,,(p).

Lemma 3.2 (Concentration of degrees and energies). With Pgg, ) -probability tending to 1 as n — oo
the following is true. For any o: N — R satisfying

(3.1) ILm o(n) =00

and any ¢ > w/élog2,

(3.2) pn — o(n)yv/nlogn < deg(v) < pn + g(n)v/nlogn YoeV,
(3.3) & (2pl€l(n — [€]) — en®/?) = 2h]¢| < H,\(€) — Ha(B)

< 5 (2l€](n — [¢]) + en®/?) —2hl¢]  VEE S,
Proof. These bounds are immediate from Hoeffding’s inequality and a union bound. O

3.2. Edge boundaries of ER,,(p). We partition the configuration space as
(3.4) Sn=J 4,
k=0

where Ay, is defined in (1.18). For 0 < k <n and —pk (n — k) <i < (1 —p)k(n — k), define
(3.5) o = |{o € Ay: |0go| = pk(n —k) +i}|,

ie., (bf counts the configurations o with volume k whose edge-boundary size |0gc| deviates by 4 from its
mean, which is equal to pk (n — k). For 0 < k < n, let P}, denote the uniform distribution on Ag.

Lemma 3.3 (Upper bound on edge-boundary sizes). With Pgg,, (,)-probability tending to 1 asn — oo
the following are true. For —pk(n — k) < j < (1 —p)k(n — k) and o: N — R, satisfying (3.1),

k N\ pk(n—k)+ji1 _ . \(1—p)k(n—k)—j k(n — k) 1
(5.5) L R e G | B
and
Py Y05 > o(n) (”)wﬁi—zk) <2
' Jj>i 1= k - Q(n)’
(3.7) B -
Po | Y ¢ 2e(n) (")M(ii—zk) <
' j<—i = k ~o(n)

Proof. Write ~ to denote equality in distribution. Note that if o ~ Py, then |0go| ~ Bin (k (n — k) ,p), and
hence

(3.8) ]P)k [|3EU‘ _ Z] _ pi (1 _ p)k(n—k)—z’ (k (’n — k)) ]

7

In particular,

)4 Cokneiy—j [ k(n—k)
39) E;[¢}]=E Liiomolmorimorrai | = () pPEO—R+i (1 = p)(i=pk(n—k)=j .
(3.9)  Ei[¢5] =Ex ng {1950 |=ph(n k)+j}‘| (k)p (1-p) pk(n — ) 1
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Hence, by Markov’s inequality, the claim in (3.6) follows. Moreover,

2
& n 727;7_
(310) Ex [Z ¢] =Eg l Z ]].{650’2pk(n—k)-&-i}] < <k’>e k(n—k) )

§>i cEA

where we again use Hoeffding’s inequality. Hence, by Markov’s inequality, we get the first line in (3.7). The
proof of the second line is similar. O

3.3. Jump rates for the volume process. The following lemma establishes bounds on the rate at which
configurations in Ay jump forward to A4 and backward to Ax—1. In Appendix A we will sharpen the error
in the prefactors in (3.11)-(3.12) from 2n%/? to O(1) and the error in the exponents in (3.11)—(3.12) from
3n~'/3 to O(n~/2). The formulas in (3.14) and (3.15) show that for small and large magnetization the rate
forward, respectively, backward are maximal.

Lemma 3.4 (Bounds on forward jump rates). With Pgg, (p)-probability tending to 1 as n — oo the
following are true.
(a) For 2n'/3 <k <n —2n'/3,

(n A 2n2/3)672ﬂ[19k+3n’1/3]+

(3.11) < Z r(o,6) < (n—k— 2n2/3)672ﬂ[19k73n—1/s]+ 1 on?/3, o € Ay,
£€AR+1
and
(k- 2n2/3)e—2/3[—19k+3n’”3]+
(3.12) < Z r(o,€) < (k— 2n2/3)e—25[—19k—3n*1/3]+ 123 o€ Ay,
E€EAL 1
where
(3.13) O =p(1-2F) —h.
(b) Forn —%(p+h) <k<n,
(3.14) Y r(@)=n—k €A
E€EAL
(c) For 0 <k < %(p—h),
(3.15) Y r@&=k oA
§€AK—1

Proof. The proof is via probabilistic counting.

(a) Write P for the law under which ¢ € S, is a uniformly random configuration and v € 7 is a uniformly
random vertex. By Hoeffding’s inequality, the probability that v has more than p|o| + n?/? neighbours in o
(i.e., w € V such that (v,w) € E and o (w) = +1) is bounded by

(3.16) P [|E(v, o)| > pla| +n??| < e=2n'?,

where

(3.17) E(w,0)={weo: (v,w) € E}.

Define the event

(3.18) R* (o) = {ag C 7, ¢ € Ay |E(v,0)| > plo|+n¥3 Ve, }

i.e., the configuration & has at least 2n%/3 2/3

Then, for 0 < k < n — 2n?/3,

vertices like v, each with at least p|o| + n®/*® neighbours in o.

2n2/3

(3.19) P[R" (0)] g( 7] )(6—2"”3) < gne—in,

2n2/3
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Hence the probability that some configuration o € S, satisfies condition R (o) is bounded by

U & (@

ocES,

(3.20) P <4nein < e,

Thus, with Pgg, (»)-probability tending to 1 as n — oo there are no configurations o € S,, satisfying condition
R* (o). The same holds for the event

(3.21) R (o) = {ag CT, ¢ € Ayt |E(w,0)| <plo|—n?3Voe g} ,
for which
(3.22) P l U R (o) <e

oc€ES,

Now let o € Ay, and observe that o has n — k neighbours in Agy; and k neighbours in Ag_;. But if
& =oU{v} € Agy1, then by (1.3),

(3.23) H, (€) = Hy (o) E@,7)| - |E@,0)| ) - 2h
deg (v) — 2|E(v,0)|) — 2h

pn +nt/?logn — 2|E(v,0)|) — 2h,

|
Sho 3 3

(
(

where the last inequality uses (3.2) with o(n) = logn. Similarly,

<

(3.24) H, (&) — Hy (o) > 2 (pn —n2logn — 2|E(v, o—)\) —2h.

The events Rt () in (3.18) and R~ (o) in (3.21) guarantee that for any configuration o at most 2n2/3 vertices
in the configuration & can have more than n?/3 neighbours in o. In other words, the configuration o has at
most 2n%/3 neighbouring configurations in Ay that differ in energy by more than 6n~'/3 —2h. Since on the
complement of R (c) with o € Ay we have [{w € o: (v,w) € E}| < 2pk + 2n'/3 (because n'/2logn < n?/3
for n large enough), from (3.20) and (3.22) we get that, with Pgg, (,)-probability at least 1 —e™2",

Hg € Apir: E~ o, Hy (&) = Hy (0) > 2 (pn — 2k + 3n2/3) - 2h}’ < on?/3,

(3.25)

{€€ A €~ 0 B (©) = Ha(0) < 2 (pn— 20k — 30%) — 20} | < 2022,

and hence, by (1.6), the rate at which the Markov chain starting at o € Ay jumps to Agy1 satisfies

(3.26) Z r(0,6) > (n—k — 2n2/3>e—2ﬂ[9k+3n*1/3]+’
E€EAK+1

(3.27) Z r(0,6) < (n—k— 2n2/3>e—26[9k—3n*1/3]+ 1 9n?/3,
E€EAK 41

Here the term n — k — 2n?/3 comes from exclusion of the at most 2n2/? neighbours in configurations that

differ from o in energy by more than 6n~/3 — 2h. Similarly, with PR, (p)-probability at least 1 — e~2n,

- ]{g €Ay 1t E~o, Hy (&) — Hy (o) > 2 (—pn + 2pk + 3n2/3> n 2h}( < 2?3,
529 Hg € Apr: €~ o, Hy () = Hu(0) < 2 (—pn+ 20k — 3n%7) + 2h}’ < 2?3,

and hence, by (1.6), the rate at which the Markov chain starting at ¢ € Ay jumps to Ax_; satisfies

(3.29) 3" 1 (0,6) < (k- 202/3) e 203 e 4 92/3,
E€AL 1

(3.30) Z r (o, E) > (k? _ 2n2/3)€—25[—9k+3n*1/3]+.
§€EAL_1

This proves (3.11) and (3.12).
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(b) To get (3.14), note that for £ = o U{v} with v ¢ o,
(3.31) H, (€)= Ho(0) = 2(|B@7)| - |E(v,0)|) - 2h
%(2 |E(v,0)| — deg (v)) Y
2 (Q(n— k) —p+n"'2logn — h)

for n large enough, which is <0 when n — k < Z(p + h), so that r (0,£) =1 by (1.6).
(c) To get (3.15), note that for £ = o \ {v} with v ¢ o,

(3.32) Hy (€)= Ha(0) = 2(1B@,0)| = |E(v,5)|) + 2

IN

_ %(2 |E(v,0)| — deg (v)) +2h
< 2(2k7p+n71/210gn+h)
for n large enough, which is <0 when k < Z(p — h), so that r (0,&) = 1 by (1.6). O

The following lemma is technical and merely serves to show that near Ay transitions involving a flip from
—1 to +1 typically occur at rate 1.

Lemma 3.5 (Attraction towards the metastable state).

Suppose that |€] = [1 4 0,(1)] M. Then 7 (£,£%) =1 for all but O(n?/®) many v € €.
Proof. We want to show that

(3.33) H, (§") < Hn (§)

for all but O(n?/3) many v € £. Note that by (3.21) and (3.22) there are at most 2%/ many v € & such
that |E(v,€)| < p(n — |€]) —n?/3, and at most 2n?/% many v € ¢ such that |E(v,£)| > p|¢| +n?/3. Hence, by
(1.3), for all but at most 4n*/3 many v € ¢ we have that

(3.34) Hy(€) = Hy(§)+ 2 (E @8~ |E(v.E)])+2h
= H,(¢)+ 2?’ (21€] = n) + 2k + 0, (1)
= H,(§)+ ( —n)+2h +o0,(1)
= H,(¢ )—|—2pm+2h+on(1),

where we use (1.17). From the definition of m in (1.16) it follows that 2pm + 2h + 0,(1) < 0, where we
recall from the discussion near the end of Section 2.3 that m < 0 and hence 1og( o) > 0. Hence (3.33)
follows. O

We can now prove the claim made in Remark 1.2, namely, there is no metastable behaviour outside the
regime in (1.13). Recall the definition of S,, in (1.17), which requires the function J in (1.23) to have two
zeroes. If it has only one zero, then denote that zero by a’ and define S,, = §(a’ + 1). Let Ag | o(,2/s) be

the union of all A, with |k — S,,| = O(n?/3).

Corollary 3.6 (Non-metastable regime). Suppose that 8 € (1/p,00) and h € (p,00). Then {& }i>0 has
a drift towards Ag, | o(n2/sy. Consequently, E¢,[1s] = O(1) for any initial configuration & € S,

Proof. It 8 € (1/p,0) and h € (p, o), then the function a — J,, 5 n(a) =2B(pa+h) +log(1’“) has a unique
root in the interval (0, 1). Indeed, J, ,n(a) > 0 for a € [~1,0], J} 5,(0) = 2(Bp—1) > 0, while a — log(1+a)
is concave and tends to —co as a T 1. We claim that the process { }+>o drifts towards that root, i.e., if we
denote the root by a’, then the process drifts towards the set A%(a/+1), which by convention we identify with

As, . Note that if h € (p,00), then ¥; = p(1 — 28) — h < 0 for all 0 < k < n and so, by Lemma 3.4,
(3.35) > r(e& = n—k-2n*?,

E€AR 1

> 109

E€AL_1

(k - 2n2/3)6_2ﬂ[_§’“_3"71/3] + 2n?/3.

IA
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Thus, for £ < 5 — 4n?/3, ZEGAk+1 7(0,8) > > eea, , r(0,§). Similarly, for k > 3 + 4n?/3, the opposite
inequality holds. Therefore there is a drift towards Ag | on2/s)- g

We close this section with a lemma stating that the average return time to Apng, conditional on not hitting
Ar, is of order 1 and has an exponential tail. This will be needed to control the time between successive
attempts to go from Apng, to At , until the dynamics crosses A, and moves to Ag, (recall Fig. 4).

Lemma 3.7 (Conditional return time to the metastable set). There exist a C > 0 such that, with
PgRr,, (p)-probability tending to 1 as n — oo, uniformly in § € A,

(3.36) Pe [Tan, = k| Tan, <Tap, ] <e % Vk

Proof. The proof is given in Appendix A. O

3.4. Uniformity in the starting configuration. The following lemma shows that the probability of the

event {7',4k+o(n1 sy < T4, } is almost uniform as a function of the starting configuration in Ay.

Lemma 3.8 (Uniformity of hitting probability of volume level sets).
With Pgr,, (p)-probability tending to 1 as n — oo, the following is true. For every 0 <k <m < n,

maxsea, Po [T, < Ta,]
minaGAk ]Pa' [TAm < TAk,]

—1/3

(3.37) < [1 4 0,(1)] fm=FIn

with K = K(B,h,p) € (0,00).
Proof. The proof proceeds by estimating the probability of trajectories from Ay to A,,. Observe that

(3.38) et s 20 (16 v,

e~ 20 =307l o 28[94 (1 + 7671*1/3) ., n large enough,

and that similar estimates hold for e=28(=?x+3n" "1+ and ¢=261=9x=37"""l+ ' We will bound the ratio
in the left-hand side of (3.37) by looking at two random processes on {0,...,n}, one of which bounds
maxyea, Py [T4,, < Ta,] from above and the other of which bounds ming,e4, Py [74,, < 74,] from below.
The proof comes in 3 Steps.

1. We begin with the following observation. Suppose that {X; };>0 and {X; };>0 are two continuous-time
Markov chains taking unit steps in {0, ...,n} at rates 7~ (k, k+1) and r*(k, k+1), respectively. Furthermore,
suppose that for every 0 < k <mn —1,

. - < mi < <rt
(3.39) Pk k1) < min 0 (0,€) < max r(0,8) <rt(kk+1),
§€EAR+1 EE€EAK+1

and for every 1 < k <mn,

(3.40) r~ (k,k—1) > max r(0,€) > min r(o,&) >rt (k,k—1).
o€AL o€Ag

Then

maxgea, Py 74, < 7a,] < PX" [ < 7]

3.41 . <k
( ) mingea, Po [74,, <7a,] = PX [ < 78]

Indeed, from (3.39) and (3.40) it follows that we can couple the three Markov chains {X;" }i>0, {X; }i>0
and {& }+>0 in such a way that, for any 0 < k < n and any o € Ay, if X; = X = |oo| = k, then

(3.42) X, <l|oe| <X,  t>o0.
This immediately guarantees that, for any 0 < k < m < n,

(3.43) pif [T < 7] < nelgl P, 14, <7Ta,] < max P, 74, <7Ta,] < Piﬁ [T < 7],
o k g k
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which proves the claim in (3.41). To get (3.39) and (3.40), we pick r~ (i,7) and r* (i, j) such that

(n —i—(2+6p) n2/3) 280+ (2+68)n 2/3]1{0”( 1= L(ptm) ) J =141,
(3.44) 7~ (4,j) = { min {i, (Z +(=24178) n2/3) e~ 28[=9il+ 2n2/3} , j=1i—1,

0, otherwise,

and

min{n —i, (n —i+ (=2 +78)n?3) e~ Wi+ 4 202/3}  j=i+1,
(3.45) rt(i,5) = 4 (i — (2+68) n?/3) e~ 28 Vil+ j=i—-1,
0, otherwise,

and note that, by Lemma 3.4 and (3.38), (3.39)—(3.40) are indeed satisfied.

16

2. We continue from (3.41). Our task is to estimate the right-hand side of (3.41). Let G be the set of all

unit-step paths from & to m that only hit m after their final step:

(346) 6= {{%‘}f\igli Yo =k, ym =m, v; € {0,...,m — 1} and |%’+1*%‘|:1f0r0§i<M}-

MEeN
We will show that

P¥ " [X;r follows trajectory 7]
PX [X; follows trajectory 7]

(3.47) < exp ([24ﬁ + 4625(”"'“’1)} (m—k) n_l/?’) Vveg,

which will settle the claim. (Note that the paths realising {7, < 73} form a subset of G.) To that end, let

~v* € G be the path v* = {k,k+ 1,...,m}. We claim that

(3.48) IP’X+ [X+ follows trajectory 'y] < ]P’é(Jr [X;r follows trajectory 'y*]
. su .
Welg) PX™ [X; follows trajectory 7] ~ PY~ [X; follows trajectory v*|

Indeed, if v = (y1,...,vm) € G, then by the Markov property we have that

(3.49) ]P’kXJr (X, follows trajectory 7] = H IP’,)fi+ [Tyir: < Tyl s

with a similar expression for PY [X, follows trajectory 7]. Therefore, noting that v; — 1 = 2v; — ;41 when

Yi+1 =7 + 1 and v; + 1 = 27; — vi41 when ;41 =; — 1, we have

PX" [X;" follows trajectory 7] 4! IP’X+ [Tyira < i)

1l 5

o T Ty < T’Yi]

_ -1
H ( (i, Yig1) ) ( 7 (i, Yis1) )
a %7%+1) +rt (%7 27 — ’Yi+1) T (%‘7%‘+1) +r- (%‘, 27 — %’+1)

(3.50)

PX~ [X_ follows trajectory ]

Since, whenever v;41 = v; — 1,

351 ™ (Y, Yit1) B ™ (v, i — 1)
(3.51) —— Ty T e ——
= (Vi Y1) + 77 (Vis 295 — Vig1) = (i, vi — 1) +r7 (v, v+ 1)
S (i, v — 1)

(v, vi— 1) +rt (v, + 1)
(i, Yig1)
(v, Y1) +rt (i 27 — i)
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we get
M-1 _ -1
(3.52) H ( (i, Vit1) > ( (i, Yit1) >
o\t (i i) (029 — Yier) )\ (i viwn) 17 (0029 — Yis1)
<7h rt(i,i+1) r~ (i,i+1) !
bl T, i+1)+rt(i,i—1) r=(,i+1)+r=(i,i—1)
IP’X " (X, follows trajectory ~*]
X7 [X; follows trajectory v*]

This proves the claim in (3 48).
3. Next, consider the ratio
“ (i )+ (1) A

(359 @i+ 1)+r+(i,i-1) B
with
A= (n —1-(2+66) n2/3) e P 4 (24 6p) ”2/31{i2n,(1—%(p+h))}
+ (Z +(=2478) n2/3) e 2By 4 2n2/3,
(3.54)

B= (n —i+(—2+75) n2/3) e~ 2Wil+ 4 9p2/3
+ (i = 2+ 68)n??) 20

and the ratio

rt(,i+1) C
(3.55) T
with
C= (n —i+(=24+70) n2/3) e 2BWils 4 on?/3
(3.56)

D=(n—i=(2+68)n%) e 20t £ (24 68)n* Lo 1 m)-
Note from (3.53) that for ¥; > 0 (i.e., i < 2(1 — p~'h), in which case also i < n(1 — % (p+ h))),
r=(ii+ 1)+ (5,0 — 1) ) 133e28(r=h)

3.57 e
(3:57) rt (i +1)+rt(i,i—1) — nt/3 7
and from (3.55) it follows that in this case

+(ii+1 3(3 + 138) 28(p—h)
(3.58) it oy 331130
(4,4 1) n'/3 (p+ h)

Similarly, for ¢; < 0 we have that

— .. — s s 26(17_)'_}1)
(3.59) it @izl oy 27000

T+ 1) +rt (6,5 —1) nl/3
and

+ (40 + 1 2

(3.60) ri+l) < 1 6(2+66)

“(hi+1) T n'/3 (p+h)
Combining (3.57)—(3.60), we get that, for all 1 <i<n—1,
r~ (i + 1)+ 71 (i, —1) y rT (4,0 + 1)

<1+ Kn™'/3
r+(z,z+1)—|—r+(z,z—1) r=(4,i+1) ~ AR

(3.61)

where

(3.62) K = max {ezﬁw—m (9;%?15 + 135) 2e28(+h) | 1113613} ,
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Therefore
x+ + . m—1
(3.63) P; ) [Xt_ follows traJ.ectory 7*] <TL O+ 2 < K3 (k)
PX™ [X, follows trajectory 7*] by n

4. CAPACITY BOUNDS

The goal of this section is to derive various capacity bounds that will be needed to prove Theorem 1.4
in Sections 7-8. In Section 4.1 we derive capacity bounds for the processes {¢!}i>o and {{/};>0 on K,
introduced in (2.9) (Lemma 4.1 below). In Section 4.2 we do the same for the process {&;:}+>0 on ER,(p)
(Lemma 4.2 below). In Section 4.3 we use the bounds to rank-order the mean return times to Ayp, Am
and Apju, respectively (Lemma 4.3 below). This ordering will be needed in the construction of a coupling in
Section 7.

Define the Dirichlet form for {& }:>0 by

(4.1) EUN=3 Y n@r@d)f)-fON,  f:Si—[01],
o,0'€S,
and for {0}};>0 and {0};>¢ by
(4.2) S = 5 Y V(@ (@d)[f (@) - f @),
a,a’€ly,
SN = 5 Y Yadaad)fa) - @), f:Ta—[01].
a,a’ €Ty,
For A, B C S, define the capacity between A and B for {& }+>0 by
(43) cap(4.B) = min & (f.).
where
(4.4) Q(A,B)={f: S, —[0,1], flu=1, fip =0},

and similarly for cap* (A, B) and cap' (4, B).

4.1. Capacity bounds on K,. First we derive capacity bounds for {¢!};>¢ and {£'}+>0 on K,,. A useful
reformulation of (4.3) is given by

(4.5) cap(4,B) =Y > pu(0)r (0,0 )Py (15 < 7a).
oc€AT'ES,
Lemma 4.1 (Capacity bounds for {¢/'};>¢ and {¢!};>0). For a,b € [m*, s%] with a < b,
(1-b+ %2) < cap (a, b) < n(l—D)
2n (b—a) C* (b) 2

(4.6)

with
(4.7) cww=1fmwwam ; )
2

2z 1 + min (b, t*))
For a,b € [ml, sl] with a < b, analogous bounds hold for cap' (a,b).

Proof. We will prove the upper and lower bounds only for cap (a, b), the proof for cap’ (a,b) being identical.
Note from the definition in (4.3) that

(4.8) cap" (a,b)
$(b—a)-1 - 2
— i u 2\ u 2 2(i+1 2 2(i+1
=jdmin, 3 V(e B) e (o o ER) £ (e ) - s (ar 252

=0
where it is easy to see that the set @ (a,b) in (4.4) may be reduced to

(4.9) Q(a,b):{fzfn%[O,l],f(x)zlforxga,f(x)zOforxzb}.
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Note that for every f € Q(a,b) there is some 0 < i < % (b — a) — 1 such that

(4.10) Fla+2)—f(a+ ZED) > (30-a) "
Also note that, by (2.16),

(4.11) v (a4 2) q" (a + 2 a+ Li:l))
. u 7 u 2(i+1
:iﬁ(l_a_z)e—ﬁ"m'«m{@ (a+2)w (a+(n))}< " >
Z% 2 n F(1+a)+i
and that, for any § € R,
(4.12) U (a+6) — ¥ (a) = —6 (pa + h* + B6),
so that
(4.13) max {9 (a+ 2), 0" (0 + 20 < 2 (pat b+ 2) + 0% (a+ Z).
Combining, (4.9)—(4.13) with § = 2, we get
(4.14) cap" (a,b)
b4 2) e 2B(p+hY) o2
Z min 2 (1 b + n) € 5 e—ﬂn\lf (a-‘r%) ( n )
0<i<Z(b—a)—1 nzt (b —a) 5(1+a)+i
— U P
_2 (1—b+ 2) e 2th"+5) e_ﬁnw(min(b,m)( n )
nzt (b — a)? 2 (1 + min(b, t*))

where we use (4.12) that, by the definition of m*, t*, s*, for a,b € [m",s"] with a < b, the function
, 2i
. —Bn¥* (a+=
e ( ”)(g(lra)ﬂ
bound in (4.6).
Arguments similar to the ones above give
cap” (a,b) < v* (min(b,t") — 2) ¢* (min(b, t*) — 2, min(b, t*))

_E7

_ 2B(p+h"
(4.15) < I (1—b) 2P+ o BnY" (min(b,t")) n
- 22 2 (14 min(b, tv)) )°

) is decreasing on [m"“,t"] and increasing on [t“,s*]. This settles the lower

where for the first equality we use the test function f =1 on [—1, min(b,t*) — 2] and f = 0 on [min(b, t*), 1]
in (4.9). O

4.2. Capacity bounds on ER,,(p). Next we derive capacity bounds for {{;}:>o on ER,,(p). The proof is
analogous to what was done in Lemma 4.1 for {#%},>¢ and {6!};>0 on K,.
Define the set of direct paths between A C S,, and B C S,, by

(4.16) Lap= {7 = (Y0, >Vt A= B |viga| = |yl + 1 for all o € 'y} ,
which may be empty. Abbreviate 6, = p(1 — %) — h.

Lemma 4.2 (Capacity bounds for {{;}:>0). With Pgg, (,)-probability tending to 1 as n — oo the following
is true. For every 0 < k <k’ <n and every o: N — R satisfying lim,_, 0(n) = oo,

1
(4.17) cap (Ag, Apr) < 7 e P O (p(n)n'1/6) (kn ) e P2emOkm
1 *(ﬁ+i)\/10gn n
cap (Ag, Agpr) > EefﬁHn(El) Qlnle V3 <k: >6B2km6km’

where

(4.18) Ky, = argming ;. (?) e P20
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Proof. Recall from (4.1) and (4.3) that

(4.19) cap (Ay, Ap) = g}éigéa (f, f)= min %U; p(o)r(a,&)[f (o) — f (O,
where
(4.20) Q(Ar, Ap) = {f: Sn = [0,1]: fla, =1, fla, =0}.

The proof comes in 3 Steps.

1. We first prove the upper bound in (4.17). Let B = U?z;l Aj, and note that, by (1.7),

cap(AnAv) <€ 1S w@r@Ols@-1@F = S 3 ul)r(e9)

0,£€Sn 0€AL,,—1 €A,

_ % 3 T e Al Ha(0)

0€ Ak, —1 §E AL, §~0

:% 3 S e 3 Y O

€A, —1 EE€EAL,, E~O €A, —1 §E€EAL,, E~O
H, (c)>H,(£) Hy (0)<Hn(§)
1
(4.21) < - max {km,n —kpn} Z e PHn() 4 Z e PHn()
O'EAkm_l EEAkm

Recall from (3.5) that ¢F denotes the cardinality of the set of all o € Ay, with |0go| = pk (n — k) + 4. Note
from (1.3) that for any £ € Ay, such that |Og&| = pkm (n — k) + 4,

m

—BHn () _ ,—BH.(B) —B (2kn O, + 22
(4.22) e . . 2

There are (k” ) terms in the sum, and therefore we get

(lfp)an(nfkm)

T O = @) 3 g B0t )

€Ak, i=—pkm (n—km)
27 21
(4.23) _ - BH.(B) Z ¢?mefﬂ(2km0km+;)+ Z B (2t +3)
i<—Y i>—Y
27 2i
< @) ((k” )emkmekmn) + Y ¢§me—ﬁ(2km9km+n)>
m i<-Y

with Y = /log(0(n)2n5/6)k,,(n — k,,). The choice of Y will become clear shortly. The summand in the
right-hand side can be bounded as follows. By (3.3) in Lemma 3.2, the sum over ¢ < —Y can be restricted to
3/2 < j < —Y, since with high probability no configuration has a boundary size that deviates by more
than ¢n®/? from the mean. But, using Lemma 3.3, we can also bound from above the number of configurations
that deviate by at most Y from the mean, i.e., we can bound qﬁf’” for —en®/? < i < —Y. Taking a union
bound over 0 < k < n and —en®/2 <i < —Y, we get

—Cn

n -Y 2
i 1
(4.24) P U U {qbf’" >o(n) n®/? (kn )e_kﬁlk)} <

k=0 j=—cn3/2 m 0 (TL)
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1

Thus, with Pgr,, (p)-probability at least > 1 — o)

i (i B
(4.25) Z ¢fme_[3(2km ka'*'%) < Z o(n) n5/2< n )e_%(km(nkm) _n> o= B 2k Oy

k
i<=Y i>Y m

< o(n)n°? (k" )e—ﬁ 2k Ok, o—210g(0(n)n/®)

m

- n5/6 ( n )e_@%m Ok
= o(n) \km

where we use that, for ¢ > Y and n sufficiently large,

i lo; n)2ns/6 lo; n)n®/6
(4.26) o o 2\ R 2 e

The above inequality also clarifies our choice of Y. Substituting this into (4.24), we see that

28Y
(4.27) S PO < 4o, (1) P BT ¢ (;)
€€, m

o) 5/6\ o=BHn(B) =B 2km b, [ ')

(g(n)n ) e e .

A similar bound holds for ZﬁeAk . e~ FHn(€) A union bound over 1 < k,,, < n increases the exponent % to
L. Together with (4.21), this proves the upper bound in (4.17).

2. We next derive a combinatorial bound that will be used later for the proof of the lower bound in (4.17).
Note that if f € Q(Ax, Ar') and v € L4, 4,, (recall (4.16)), then there must be some 1 < i < k&' — k such
that

(4.28) If () = F(up)| = (K = k)"

A simple counting argument shows that
_(n\ (n—k)!
S \k) (n =K

since for each o € Ay, there are (n — k) x (n —k — 1) x---x (n — k" + 1) paths in L4, 4,, from o to Ay . Let

(4.29) |La, 4,

(4.30) b= |{(0:6) € Appic x Appis If (@) = FOIZ W =) o~e)|, 1i<H —k
We claim that
k n
4.31 1 <ig <k' —k: big > — )
( 3) Ste s ‘k’—k‘(k-‘ri.)

Indeed, the number of paths in L4, 4,, that pass through o € Ay, 1 followed by a move to { € Apyq,
equals

(ktie— 1) (n—k—iy)!
(4.32) Ziy = p o
where the first term in the product counts the number of paths from o € Ay, 11 to Ay, while the second
term counts the number of paths from § € Ay, to Ap. Thus, if (4.31) fails, then

K —k k k—k' 1 TL' n'
4. bz i 5 - < : = AR
(4.33) ; S v ; Pl ey vy R Y v TN

which in turn implies that (4.28) does not hold for some v € Ly, a,, (use that bjz; counts the paths that
satisfy condition (4.28)), which is a contradiction. Hence the claim in (4.31) holds.
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3. In this part we prove the lower bound in (4.17). By Lemma 3.3 we have that, with Pgg , (,)-probability at
least 1 — ﬁ, for any Y > 0,

k+ie n —2Y
(434) > om0 )
32\ Y (ktie)(n—k—is)

Picking Y = log(p (n) k~'2n%/?), we get that

; 1 k%o(n) n 1 k n
4. E ktie < = <z *
e >\/Y (k+ig)(n—k—i )d)] ~ do(n)n? <k+i'> T 2n(K - k) <k+io>’
3>Y (k+ig)(n—k—iy)

and so at least half of the configurations contributing to b;, have an edge-boundary of size at most

(4.36) pk+ig)(n—k—ig)+ Y (k+ig)(n—Fk—iy).

If £ € Ajyi, is such a configuration, then by Lemma 3.2 the same is true for any o ~ ¢ (i.e., configurations
differing at only one vertex), since

(4.37) |0pc| < |0rE| + max, deg (v) < 0| +pn+o (p(n)\/nlogn) :

This implies

ELF) = 5> ul@)r@[f (o)
0,6€Sn
1
—Bmax{Hy,(c),Hn(§)}
= Zn2/3 Z Z €
EGAkH’ O'GAk,+i‘—1
_ k n ) VY (ktig)(n—k—i
(4.38) >e ﬁH"(E)W (k N i,) exp (—ﬁ (Q(k +i¢)0ktiy +2 ( ‘7)1( U)) .
Therefore
k n )
. > —BH,(B) ,—B8VY : —B(2(k+1)0k+:)
(4.39) (1) = e € 1§?§nkl}—k 2Zn?2 \k+1 €
—BHL(B), VY _ K[\ skt )
e e 573 (km>e )

Since (4.39) is true for any f € Q(Ag, Ar), the lower bound in (4.17) follows, with k,, defined in (4.18). O

4.3. Hitting probabilities on ER,, (p). Let pa,, be the equilibrium distribution p conditioned to the set
Anp. Write P! and P* denote the laws of the processes {¢!};>0 and {£}'};>0, respectively.

Lemma 4.3 (Rank ordering of hitting probabilities). With Pgg, (,)-probability tending to 1 as n — oo,

! .
(4.40) 516113134{1 ]P)g [Tsz < TMI} < PHAM [Ts < TM] < aénAll\I}[u Py [Tsu < TMu} .

Proof. The proof comes in 3 Steps.

1. Recall from (1.10) that the magnetization of o € Ay, is m (o) = 2% —1. We first observe that the maximum
and the minimum in (4.40) are redundant, because by symmetry

1) : l
gréi)’ipf [TAk/ < TAk] = 5116111411 P€ [TAk/ < TA,J ,
(4.41) - B B

min P [1a,, <7a,] = maxP¢ [ra, <7a,].

Recall that {¢!},>0 is the Markov process on S, governed by the Hamiltonian H in (2.3), and that the
associated magnetization process {0l};>0 = {m(&})}i>0 is a Markov process on the set T, in (1.15) with
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transition rates given by ¢! in (2.11). Denoting by P! the law of {0!};>0, we get from (4.5) that for any
nggk’<n,andwitha———1andb——— ,

(4.42) cap' (a,b) = Z v(a) ¢ (a,u) P [y < 74
uel'y,

() [ql (a,a+ 2) + q (a,a— 2)] P! [ < 7al

and therefore

(4.43) ?Gli}zpé [TAk’ < TAk] = I@Z [Tp < Ta] = [yl (a) (ql (a,a+ %) + ql (a,a — %))]71 Capl (a,b).
By (2.16), using the abbreviations
(4.44) ¥y =max {¥' (a), ¥ (a+2)}, Uy = max {¥' (a), ¥ (a— 2)},
we have, with the help of (4.12),
La) (¢ 2) gl (ga_2)) = L7 ™ _a) e ¥ B
(4.45) V' (a) (¢' (a,a+ 2) 4+ ¢ (a,a— 2)) = 212<’2’(1+a)><(1 a)e L+ (1+a)e 2)
> 1lne2ﬁ(pla+hl+ﬁ)e_gn\1ﬂ(a)< n )
z 5 (1+a)

From Lemma 4.1 we have that

4.46 Ha,b) < Mi=a) —pnw'@) (T
(440 A T

Putting (4.43), (4.45) and (4.46) together, we get
(4.47) max ]P’E (74, <Ta.] <

1, P -1
(1—a) ezﬁ(p\a|+h +E)e,ﬁn[\pz(b)7\pl(a)] ( n ) < n )
€Ay 2 2(1+0))\2(1+a))

Similarly, denoting by P* the law of {6} }1>0, we have

(4.48) mip P [ra, <7a] = Piln <7

= [v*(a)(¢" (a,a+ 2) +¢" (a,a — %))]_1 cap" (a,b),

where
-1
_ i, P u n
4.49 u U (g, +2) 4 qu a— 2 1 > [n 25<P|a|+h +n) —BnY (a)( >:| ,
@49 @) (0" @+ D)+ (aa-2)] > [ : i
and, Lemma 4.1,
1 u n
4. b —An¥t ) :
(4:50) cap” (a.0) 2 g ue 2 (1+0)
Putting (4.48)—(4.50) together, we get
1 l l n n -
451 Py <7a] > —e PV OV ) :
(450 B P [ran <7ad 2 2e 2(1+0))\2(1+a)
2. Recall from (4.5) that
(4.52) cap (Ag, Ap/) = Z Z Po [T, <Ta,.].
cEAy EES,
Split
(4.53) oD ulor@) = > woreH+ D> >
O'GAk EES, oEAL fEAk+1 oc€A fEAk 1

il Z Z e Pmax{Hn (o), Hn(€)} | — Z Z e~ Bmax{Hy. (o), Hn(£)}

UEAk §€AL EEAkf Ap_1
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By Lemma 3.3 and a reasoning similar to that leading to (4.38),

(1-p)k(n—Ek) .
(4.54) Z o—BHn(E) — o BH.(B) Z ¢§676(2k9k+2%)
§EAL i=—pk(n—~k)
(D)
> %(Z) e~ BHn(B) o —B1/log(/2e(n)) ,— B 2k0)

with ¥ = log(/20(n)). Indeed, by (3.7) fewer than 1 (}) configurations in A, have an edge-boundary of size
> pk(n—k) 4+ +/k(n—k)Y. Moreover, if £ ~ &', then, by Lemma 3.2,

BlHn (&) ~Hn ()] « B(p+h)
(4.55) e <[1+o(1)]e ,
and since we may absorb this constant inside the error term o (n), we get that
(4.56) Y e fmalin @ Ha©) > P E)L () <Z>e§ lo /22(1) 32k 01
0EAL E€EAK
(4.57) Z Z e~ Pmax{Hn (o), Hn(6)} > eﬁHn(E)%k(;D e*% log \/20(n) ,—B 2k O
c€AL E€EAL_1
and hence
_ 1 /n\ _8 |og/20(n) —
(4.58) Y. > wlo)r(o.8) = e PO <k>e 2 Vies V20(n) =52k 0

oc€AL EES,

3. Similar bounds can be derived for P, [TAk, < TAk]. Indeed, note that, by Lemma (3.5), r (¢,&) = 1 for
all o € Ay, and all but O(n?/?) many configurations ¢ € S,,. Therefore

(4.59) cap(Ak, Ax) = n[l+o(1)] Z 1w(0)Ps [Ta,, < 7a,]
oEAL

n 1+ o) w(Ar) Py, [74, < 7a,]

and hence
cap(Ak, Ak/)
(460) PﬂAk [TAk’ < TAk:I = [1 + 0(1)] W
Note that
1
— _BHn(O'
(4.61) pA) = o 3 e,

ocEA

and we have already produced bounds for a sum like (4.61) in Lemma 4.2. Referring to (4.28), we see that

cap(Ak, Ak/)
. <
(4.62) Purs [aw <7a] < [+ o] 7 o B I VIR (1) 2k,
zZ k
cap(Ay, Aw
4. P > |1 1 .
( 63) A [TA,C/ < TAk] = [ +0( )] %n17/667(6+%)m(2)6*B2k9k
Finally, we note that if we let A, = h — h*, then
—Bn[P*(s*)—T* (m"
(4.64) e nly" s tml — eB"LCﬂJL,pAh’

e—Bn[¥(s)—T(m)]
where Cg 1, p is a constant that depends on the parameters 3, p and h. A similar expression follows for the
ratio

(4.65) <72L(1 i su)) (g(l —tm“)) h [<3(1n+ S)) (Z(lrjr m) 1] _ .



GLAUBER DYNAMICS ON THE ERDOS-RENYI RANDOM GRAPH 25
From this the statement of the lemma follows. O

5. INVARIANCE UNDER INITIAL STATES AND REFINED CAPACITY ESTIMATES

In this section we use Lemma 4.3 to control the time it takes {m(&;)}+>0 to cross the interval [t*, s*|N[t!,s],
which will be a good indicator of the time it takes {£; };>0 to reach the basin of the stable state s. In particular,
our aim is to control this time by comparing it with the time it takes {6%};>o and {6.};>¢ defined in (2.9)
to do the same for s* and s. In Section 5.1 we derive bounds on the probability of certain rare events for
the dynamics on ER,,(p) (Lemmas 5.1-5.6 below). In Section 5.2 we use these bounds to prove Lemma 2.2.

5.1. Estimates for rare events. The aim of this section is to show that, for {£;},>¢ starting in Ay, the
exact starting configuration is irrelevant for the metastable crossover time because it is very large. We will
do this by showing that “local mixing” takes place long before the crossover occurs. More precisely, we will
show that if & ,50 is any two initial configurations in A, then there is a coupling such that the trajectory
t — & intersects the trajectory ¢ — & well before either strays too far from Ar. The idea of the proof is
to show that there is a small but sufficiently large overlap between the distributions of &; and th once every
spin at every vertex has had a chance to update (the meaning of this will become clear in the sequel). By
treating this probability as the chance of success for a geometric random variable, it follows that, after a
large number of trials, with high probability the trajectories intersect.

We begin by deriving upper and lower bounds on the number of jumps N (t) taken by the process {&; }1>0
up to time ¢. By Lemma 3.4, the jump rate from any o € S,, is bounded by

(5.1) ne 280 +h) < Z r(o,0') <n.
o'eS,

Hence N¢ (t) can be stochastically bounded from above by a Poisson random variable with parameter tn,

and from below by a Poisson random variable with parameter tne(~2#(?+h) Tt therefore follows that, for any
M >0,
52) P[Ne (t) > M] < xum(nt),

P[Ne(t) < M) <1-— XM(ntefw(le)),

where we abbreviate xas(u) = e, u¥/kl, u € R, M € N.

5.1.1. Localisation. The purpose of the next lemma is to show that the probability of {{:}:>o straying too

far from Apg within its first n2 log n jumps is very small. The seemingly arbitrary choice of n?logn is in fact
related to the Coupon Collector’s problem (see (5.29) below).

Lemma 5.1 (Localisation). Let &y € An, T = inf {t >0: Ne (t) > n? logn}, and let C7 € R be a suffi-
ciently large constant, possibly dependent on p and h (but not on n). Then

(5.3) Pe, [& € Anicynsse for some 0 <t <T| < e ",

Proof. The idea of the proof is to show that {{;}:>o returns many times to Ay before reaching Ang, ¢, ps/6-
The proof come sin 3 Steps.

1. We begin by showing that 7' < n?logn with probability > 1 — e, Indeed, by the second line of (5.2),
(5.4) P [T > n*logn]

=P [Ng (n2 log n) < n?log n]

<1 —Xn2logn ((n3 logn) e—2B(p+h))
n?logn
3
< Z exp (f(n‘3 logn) e 28(+h) 4 klog (w))
k=0

< (n*logn) exp (—(n3 logn) e~ 2Ap+h) 4 n5/2)

<e

)
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where for the second inequality we use that k! > (%)k, k € N, and for the third inequality that, for n
sufficiently large,

(5.5) klog (m) < (n*logn) log (e n®log n) < nb/2.
Next, observe that
(5.6) Pe, [&¢ € Anpycynsse for some 0 < ¢ < T

=P¢, [& € Anyoynsse for some 0 <t < T, T < n*logn)|
+P¢, [€ € Aniyoynsse for some 0 <t < T, T > n*logn]

2 3
< (n®logn) anel%}f,[ P, [TAM+Cln5/6 < TAM} e,

Here, the inequality follows from (5.4) and the observation that the event § € Ay, o, ,5/6 for some 0 <t < T
with 7' < n?logn is contained in the event that Ayg, ¢ ,5/6 is visited before the (n?logn)-th return to An.
From Lemma 4.3 and (4.47) it follows that

-1
< ra] < gl ) csowon (1 V(L n )
2

5.7 P,
(5.7) Jean 5(1+0) l1+a

oc€EAM {TAerclns/G
with a = m/n and b = (m + Cln5/6) /n.
2. Our assumption on the parameters 3, p and h is that 28(p(a + ) +h) + log( ag) is negative in two

disjoint regions. Recall that the first region lies between a; = 22 — 1 and ay = Qﬂ — 1, where
m:;rel%ri{25(p(a )+h)+log(1++2) }

(58) X2—m1n {2,8( ( )—|—h)—|—log(1Jr +2) }

This, in particular, implies that the derivative of 28(p(a + 2) + h) + log( 2) at a =aj is

(5.9) 28p — i — i = 61 <0
for some 81 > 0. Recall that ¥(a) = —£a® — ha, so that ¥(b) — ¥(a) = (a — b)(5(a + b) + h), which gives

1
1 e~ Anl®(b)—¥(a)]
(5.10) 1 +b) 1 +a)
)

a)(1Fa) (1_g)(1-a)
—exp (86— a) (pa+h +/3n< a)* & + 4 log () mii=ty ) + O(log m))

M\ﬁ

where we use Stirling’s approximation in the last line. Since b = a + C1n~'/%, we have
(5.11) r.hs. (5.10) = exp (ﬁ01n5/6 (pa+ h) + 2BCIn*? + 2 log F)
with
(5.12) F=0=Un@)™** 1+ V()™ (Wo(a) """,
where

~1/6 n—1/6
(513) Un(a) = M%’W’ Vn(a) = m.

From the Taylor series expansion of log (1 + z) for 0 < |z| < 1, we obtain

51+ a)log(1 - Un(@) < & (1+a) (~Un(a) — § Ua(@))?),

(5.14) )

3 (1—a)log (1+ Va(a) < 5 (1-a) (Vala) = § (Va(@)® + O(n7"72)),
and

5 Un(a) 5 —a l—a— 1n_1/6 a
(515) %Cln /6 log <‘/;L(CL)) == %Cln /6 IOg (L_ia L 16;(1 1+a+1C-'_1n*1/5)

IN

L™ (log (152) = 92 — Un(a) - O(n=2/%).
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By the definition of m, we have
(5.16) Cyn®/® (6 (pa + h) + log (11—2)) <0.
Hence we get

BCIn®/ (pa + h) + EAn?/3CF + 2 log F

(517) 10 5/6 1 5/6
5C1(14a)n 5C1(1—a)n

< g6n2/3012 B 12+a+Cln_1/6 12—a—Cln—1/6 - %012”2/367'

with
1 1 1—a 1 > (lta 1 2

(5'18) G= =+ 1+a+Cin—1/6 + (T) (lfafClnfl/G) + ( 2 ) (1+a+Cln*1/G) :
Hence
(5.19) rhs. (5.17) < BAn?/3C2 4 102n2/3 (1_a_}m_1/6 + 1+a+51n—1/6) — et

< n2/3%012 (pﬁ o %17(176}171*1/6 - %1+a+6%1n*1/6 + O(nil/ﬁ))

= n?PLCE (pB - bk — ik + OTY) < — 4Gk
3. Combine (5.7), (5.10) and (5.17), and pick C; large enough, to get the claim in (5.3). O

5.1.2. Update times. The following two lemmas give useful bounds for the coupling scheme. The symbol ~
stands for equality in distribution.

Lemma 5.2 (Total variation between exponential distributions).
Let X ~Exp () and Y ~ Exp (A + ). Then the total variation distance between the distributions of X and
Y is bounded by

20
5.20 dry (X,Y) < ——.
(5.20) v (XY) S 5775
Proof. Elementary. O
Lemma 5.3 (Update times). Let Tfpdate be the first time {&}1>0 has experienced an update at every site:
(5.21) TS dare =f{t >0: Vo eVIO<s<t: & (v) =~ (v)}.

Then, for any y > 0,

exp (—Ay + logn) —B(2p+h
5.22 P[TE > } < . A= e,
( ) update — — 1— exp (_)\y) ¢

Proof. Recall that for o € S,, and v € V, o denotes the configuration satisfying ¥ (w) = o (w) for w # v,
and ¢¥ (v) = —o (v). From (1.3) and (1.6) it follows that

(5.23) r(o,0%) > )\

and so T¢

update 18 dominated by the maximum of n i.i.d. Exp (M) random variables. Therefore

(5.24) P {Tfpdate < y} (1- e*/\y)n = exp (nlog(l — e~ ™))

v

—Ay e~ Y

> exp(—lniﬁ) >1- =,

which proves the claim. O



GLAUBER DYNAMICS ON THE ERDOS-RENYI RANDOM GRAPH 28

5.1.3. Returns. The next lemma establishes a lower bound on the number of returns to Ay before reaching
As. Let g¢, (Am, As) denote the number of jumps that {gt}tzo makes into the set Ap; before reaching Ag.
More precisely, let {s;} denote the jump times of the process {ft}tzov ie., sp =0 and

i€Ng
(5.25) si=1inf{s >si1: & # &, L},
and define for the process £ commencing at &
(5.26) 9eo (Am, Ag) = {1 € No: &, € Am, & ¢ As Vs < 53}

Lemma 5.4 (Bound on number of returns). For any {, € Apm and any 6 > 0,

(5.27) Pe, [950 (Am, Ag) < e([Rp(t)—Rp(m)]—é)n] < e—6n+Cn2/3

for some constant C that does not depend on n.

Proof. Let Y be a geometric random variable with probability of success given by e~ (Fr()=Rp(m)n+Cn?/*
Then, by Lemma 4.3, every time the process {{;}:>o starts over from Aj, it has a probability less than

P¢[rsu < mare] of making it to Ags. Using the bounds from that lemma, it follows that Y is stochastically
dominated by g¢, (Am, Ar). Hence

(5.28) P [y < e([Rp(t)—Rp(m)]—tS)n} < e([Rp(t)=Rp(m)]=8)n ,—[Ry(t) =Ry (m)In+Cn®/? . —sn+COn?/?

O
Lemma 5.5 (Coupon collector). The time S it takes a coupon collector to collect all of n coupons satisfies
(5.29) P [S > n?log n} < pemlosn,
Proof. Define

(5.30) Sy = Max {vertex v is updated},

and let

(5.31) Pin =P [m 10?3 <&, <m+ 10n2/3} .
Then

(5.32) EZ:;] >y (1- #) > =,

]

Recall from (5.25) that s; is the i*" configuration visited by {&; }+>0. Let & = x and & =vy.Forz,y € A,
let

(5.33) R =min{t > 0: in & every vertex has been refreshed by time ¢},

and similarly for R. Then, for any o € Sy,

(5.34) Plés = ol o -cure

Pls = o]

5.1.4. Coupling estimate. We close with the following observation.

]
I

Lemma 5.6 (Coupling estimate). With Pgg, ,-probability tending to 1 as n — oo there is a coupling
such that, for some 0 < s,t < Ty and any &,& and § > 0,

(5.35) Ple, # &] < e TTntom,
Proof. Immediate from Lemmas 5.1, 5.4 and 5.5. |
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5.2. Uniform hitting time. In this section we prove Lemma 2.2.

Proof. Consider two copies of the process, {{}+>0 and {g}}tzo. Let Ty = e =97 and for A C S and s > 0
define

(5.36) o, =inf{t > s: & € A}

and similarly for T£ 4- We know from Lemma 5.6 that

(5.37) max E, [Tay,] < Tp.
ocEAM

Let {¢&, ét}tzo be the coupling of the two processes described above, and note that
_ T _ 3 _ T 3 3 _
(5.38) Ee, [Taz] = E (g, ) [70,40] = E(g 60 {To arlier, —sTO}} E(¢.) {To,AT]l{sTO ;é&o}] )
where E denotes expectation with respect to the law of the joint process. Note that
£ <€ o 3 L
(539) T0,Ar ]]'{STO :ng} = T0,Ar IL{ETU =£1y, TgyAT ZTO} + To,Ar 1{§T0 =£1,, Té,AT <To} ’
and that
3 .
70, Ar 1 {§T0 =¢ry, Tg,AT <To}
_ & ) i ¢ o i
(5.40) = To,Ar l{sTO:ETO,TéyAT <Tv, |ér, |<T} + T‘LATI{ETO:&O,T&AT <To, |ér, [>T}

<7t f aE 3
< TO,AT1{§T0:§T0>T§,AT<TO’ |§T0|<T} + 1.

Also note from the definition of the coupling that, for any o € S and any A C S, IAE(U)U) [Tj] = E,[ra] because
the two trajectories merge when they start from the same site. Hence

0 ~ 3 _
(5.41) E(&),Eo) |:7'O,AT ]]'{STOZETWTS,AT <To, |éTO|<T}:|
- Y B {Tf P ]
£0,& 0,Ar =, =o, s <Ti
UGUi<X1 A; ( ’ 0) {gTO £ 0, AT 0}
. ¢ S _
< Z E(Uxff) I:TTO7AT}P(§O7EO) [I{ETOZETUZU’ 7o, Ap <TO}}
UeUi<tA'
= (]Emo) [T HTO) (60.60) [fTo ér, = 0,74, < TO}
GEUi<X1 A;
< (To + max E,[7%,.] ) Pg, [Tar < Tol,
U€U71<x1 i
where we use the Markov property. Similarly, observe that
3 _ _ 3 3
(5-42) M ensn} = Toar e sen o5, <n} T 0Ar en sin e, om0
&ty
s To+ TO’AT]I{STO #E10 76 Ay >To}7
and
o ~ 3
(5.43) Eleoto) {TTMTl{aTo;ééTo,Té,ATm}]

= Z Z 50 Eo |:TT07AT {gTO—U Ery =0, -réA >To}:|

o: |o|<AT o'#0o

= Y D BT+ 75a.) B g [ﬂ{gTo_o,gTO_C,,’Tg,ARTO}]

o: |o|<to’#o

max (TO +E, [7‘0 AT]) ]@’(60750) [fTO # 5;0]

oclU; ¢ Ai

IN
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Thus, (5.38) becomes

(5.44)  Eg, [rag) < 2T0 + Eg, [rag] + (Péo [ar < Tol + B¢, ) [én # ETO]) (TO + max E, [TAT]).

o€Ui<t

To bound Pg, [TE;T < Tp], we limit the number of steps that {£;}+>o can take until time Tp. From (5.2) and
Stirling’s approximation we have that

nTO 3nTo+k
5.45 IP’[N~ Ty) > 3 T} < nToth (170
( ) 5(0)_ nilo = I;)G 3Ty + k
00 1
< enTo % 3"‘T0 Zek % <11 0 91)3n62

k=0

It therefore follows that with high probability {£;};>0 does not make more than 3nTj steps until time Tp.
Hence

1
i ) 1.
(5.46) P[5, <To] <P [TgT < Ty, N¢ (Ty) < 3nT0} +11(0.91)*"2

Finally, note that the event {TE;T < T, N¢ (To) < 3nTy} implies that {g}}tzo makes fewer than 3nT} returns
to the set AM before reaching Ar. The probability of this event is bounded from above by SnTOeF*"+C"2/3 =

Lps
3peal nten? , and hence

- 1y
(5.47) P, [, < To] < dne2tm+en™”,

Finally, from (5.35) and (5.47) we obtain
(5.48) Ee, [75.] =E[r5.] 1 +0(1)],
which settles the claim. O

6. HITTING TIME COMPARISONS

In Section 6.1 we estimate ratios of hitting probabilities via ratios of capacities (Lemma 6.1 below).
In Section 6.2 we show that the dynamics has a downward drift before it reaches the energetic barrier
(Lemma 6.2 below). In Section 6.3 we prove Lemma 2.3 via a further uniformity lemma (Lemma 6.3 below).

6.1. Comparison of hitting probabilities. For z € Ay, 1 <k < n and m > k, define
(6.1) B, () ={y € An: z Cy}.

Lemma 6.1 (Ratios of hitting probabilities).
With Pgr, (p)-probability tending to 1 as n — oo the following is true. For any 01,02 € Ax, 1 <k < n
(possibly o1 = 02) and any a € By, (01), b € By, (02), m >k,

]Pcfl [Ta < 7—01] cap (01; a) —Jn
2 - -1 n
(6 ) PUz [Tb < TUQ] cap (0'2, b) O (e ) ’
Py [15, < 7d] cap (a,01) e
. — -1 n\
(6.3) P <] ooy~ 1O (e )

Proof. We will only prove (6.2), the proof of (6.3) being similar.
The first equality in (6.2) is immediate from (4.5). To prove the second equality, recall from (4.1) and
(4.3) that

(6.4) cap(o,0) = min E(f.f),  E(fH =5 Y plo)r(e0)[f (@)= @),

(e1,0) o,0'ESy

where

(6.5) Qor.a) ={f: Sn = [0,1], f(01) =1, f(a) = 0}.
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A similar definition holds for cap (o2, ) and Q,, 1. Let 1 be any bijection on the vertex set V that satisfies

(6.6) Y() = v  Yeve{bna}U{oino}U{bnanainaz},
Y ({o1nbNaz}) = {oxNanar},
1,@({01 nb}) = {o2na},
¢ ({anzind}) = {bnwmna}.

It is easy to check that such a bijection exists, which requires verifying that the image sets on the right-hand
side have the same cardinality as the argument on the left-hand side. Note that in the special case o1 = o9
the bijection maps a vertex v with a (v) = +1 = —b(v) to some vertex w with a (v) = —1 = —b(v), and
leaves the vertices on which a and b agree fixed.

Let 1: S, — Sy be the bijection that maps ¢ € S, to the configuration v (€) defined by (¢ (€)) (v) = ¥ (v).
Observe that ¢ (01) = 02 and v (a) = b. Thus, for any f € Q(,,,q), the function f=fotisin Q(o3.b)-
Furthermore, it is clear that || = |¢ (€)], and that ¢ is a graph isomorphism on S, i.e., £ ~ ¢ if and only
if 19 (€) ~ ¢ (¢/). Hence

(6.7) p(OrE&E)V[FEO-FE)] =n@rE) [f@©) - f@(E)]
M(f)r gafl) / . ’ 2
< (o D ) h (@) r (@ €D [ 6 (©) - F(E)]

(G
Minge A, e PHn ()
- maXEGA‘g‘ e*ﬁHn(f)

—un 2
< (14+0(e™™)u W (©)r (¥ (&) v (€)) [f W (©) = F W (EN]
where the last inequality uses Lemma 3.2. It follows that
(6.8) Ef N <L+o(eVM]Eh,
and likewise
(6.9) E(f.0) < [1+0(e V)] ()
Since this is true for any f € Q(,, q), the second inequality in (6.2) follows via (6.4). |
6.2. Downward drift. Define (recall (3.13))
(6.10) t = min{1§i§n: 2/3(—9§+%)+log(;ﬂ) go},
(6.11) vo = min{t<i<n:28(-00+2) +10g (25) >0},
and
(6.12) X=73t+x2).
Note that £ < X2 < 1. For any z,a,b € S,, (see [4, Lemma 8.4]),
Polra <) = Z Py [ < T{a7b}])ipx [Ta < T{b,2})
1€Ng
Px a < x ]:P‘T a < x
(6.13) _ o <mpo03]  _ PBo[7a < o]
1-P, [Tm < T{a,b}] P, [T{a,b} < Tx]
Py [Ta < 7]
6.14 Polra <7a
( ) P, [1p < 7o)

We will make use of inequality (6.14), as well as the following more precise bound on (6.13):

Py [Ta < Tz]
P, [Ta < Tx] +P, [Tb < Tx} - P, [Ta < Ty, Tp < Tx].

P, [Ta < T{b,z}]

6.15
( ) P, [T{a,b} < Tx]

<
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Lemma 6.2 (Downward drift). With Pgg, ) -probability tending to 1 as n — oo the following is true.
For any a,b € Ay (with possibly a =b) and x € At,

(6.16) Pulrs<m]=1+0 (ﬁ) .

Proof. The proof comes in 3 Steps.

1. Intuitively, (6.16) holds because the magnetization has a downward drift for all o € |J}2, A;. In particular,
this implies that if {&; };>0 starts at §, = a, then X; = || has a negative drift whenever &; € U2  A;. To see
why, note that if £ € A; for Y —n'/? <i < ¥ +n'/2, then by Lemma 3.4 we have, for any e > 0,

(6.17) Pg [TAF1 < TA1‘+1]

_ Derea; r(¢€')
- Eg’eA%_l 7"(575/)4‘25@/413_*_1 r(£,€)

= (i—2n2/3) 6_23[—19i+3n*1/3]++(n_i_2n2/3) e—zﬁ[ﬁi—3n*1/3]++2n2/3

1
(6.18) > THE 1) e 2P te’

where 9; = p(1 — 22 — h. Since, by (6.10) and (6.11), log (% — 1) — 289; < 0, we have that P¢[ra,_, <
TA..,] = P for some p > %. Let ¢; denote the time of the 5 jump of {&};>0. Then for j < \/n (and hence
| X, — Xo| < +/n) it follows from Hoeffding’s inequality that if {, € Ag (and hence X, = X), then for any
e >0,

(6.19) P, {X% >m—n(2p—1- e)} < eV,

Thus, with high probability, after \/n steps & is in Dy = U;>¢_ /m(25—1-¢)Ai- We check that, in the first /n
steps, with high probability & does not visit (or return to) b. Indeed, note that for any neighbour ¢ ~ b,
from [?77] we have that

1
(6.20) H?XPf/ (&, =1b] < - e2B(p+ht1)

and so by a union bound we get

(j L 2thtn)

(6.21) P, &, =b| < —=2Plrthtl),

=1 vn

Hence we conclude that, with probability at least 1 — O( ﬁ), {& }+>0 reaches the set Dy before hitting (or
returning to) b.

2. We next show that, after reaching Dy, with high probability the process {&; }+>0 reaches A* before returning
to Ay, and hence also before reaching b. We will split the journey from Ay to A* into two parts: (1) from
Ag to AYTe" for some small € > 0; (2) from A" to Ay. Indeed, as in (6.18), there is some p > % such that,
forall t + én <i <y and all £ € 4;,

(6.22) Pe [Ta,_, <7a

It follows from the Gambler’s ruin problem that for the first part, for any 0 < a < 2p — 1 — € and any
5/ 6 A’m—a n’

i+1} > ﬁ

1 —rovn S 1—p
(623) Pfl I:TAkJrgn < TAm] Z m Z 1—r f, r= ﬁ .

For the second part, from A*+¢" to At , we have

(6.24) Pe [Ta,_, <Ta
and here we can use the following argument. A simple random walk, starting at t 4+ én and restricted to
[t,t + 2¢n], reaches t within < n® steps with probability > 1 — < for some C; > 0. But {X;}:>0 = {|&/}>0
is stochastically dominated by simple random walk, and so the same bounds on the number of steps it takes
to reach t apply to it as well, conditional on {X;};>o not reaching t + 2én. But the latter event occurs with
high probability because, with probability at leat 1 — O(e~“2") for some Cy > 0, {X;};>0 does not reach

i+1] 2 %’
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2én before it has made at least e“*™ steps, for some C3 > 0. This proves that with high probability {& }i>0,
starting at some a € Ay, visits A® before reaching the state b.

3. Having established the above, we next show that, for any = € A%, with high probability the process
starting in A* visits = before it visits b € Ay. Let y € A® and note that, by (6.14),

P, [, < 7] _ cap (y,0)

Py [ <7y cap(y,x)

From the definition of the capacity, using the test function f € Q, ) given by f (b)) =0 and f (o) =1 for
all 0 € S, 0 # b, we get

(6.25) Py [ < 7] <

1 o(1_X .

(6.26) cap (y,b) < e P Z w(d)r((b () < Ee_w((px(l_ﬁ_cnl/z)_hx)7
CESR

where the second inequality in (6.26) follows from (3.3). Now let v: y — z be a path of shortest distance

between y and z, such that v; € A* U A*~! for all 1 < i < |y|, where we observe also that |y| = |[yAx| <

n. For any f € Q) we have f(y1) = f(y) = 1 and f(yyas) = f(x) = 0, and so it must be that

|f(Vig) — f(Vig+1)| = 2 for some 1 < iy < |[yAz|— 1. This implies that

V

1
cap (y,2) = —z (vig) 7 (Viar Vie+1)
t
(6.27) > %le*ﬁHME),6—25((“(1—;)“"”2)—“),
n*ZzZ
where again the second inequality follows from (3.3). From (6.25) and the observation that the map i —
ipi (1 — £) — hi is increasing on [t, x2], we conclude that

P, [1 < 7] < n*exp (—Qﬂ (pf( (1 — %) —pt(1-%)— 2en*’? — h(x — t))) = O(e_cn)
for some C > 0. |

6.3. Uniform hitting probability. In this section we prove Lemma 2.3, which is implied by the following
lemma.

Lemma 6.3 (Uniformity estimate). With Pgg,, (,)-probability tending to 1 as n — oo the following is
true. For any v € A* and a,b € Ag,

(6.28) Pylra<ml=1+0 (ﬁ) .

Proof. The proof comes in 3 Steps.
1. We first prove the result for the special case a,b € By (x). Recall from (6.13) and (6.15) that

< Py [Ta < Tz]
- P, [Ta < T;c] +P, [Tb < Tx] - P, [Ta < Tz, Ty < Tx]7

(6.29) P, [1a < 7]

while from Lemma 6.1 we have that

P, [r, < 7] cap(z,a) _vm
(6:30) P, [rp <7.] cap(z,b) G

Thus, (6.29) becomes
Pm [Tb < Tm]
24+ 0(e Vo) Py [1p < 7] = Py [10 < Ty 7y < 7]

Hence it suffices to show that P, [7, < 7,7y < 7] is much smaller than P, [1, < 7]. To that end we observe
that

(6.31) P, [1a <) <

Polra < ToyTo < Tx| = Polta <7p < Ta] +Psmp < 7o < 7z

v [Ta < 72| Po [16 < 7] + Po [0 < T2 P [T < T2]
1 1
v [Ta < 72] O (ﬁ) + P, 1 < 7] O (ﬁ)

v [Ta < 72] O (ﬁ),

IN

P
P
P
P

(6.32)
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where the second equality follows from Lemma 6.2 and the third equality from (6.30). Hence (6.31) becomes

Py [Ta < 72
(2+ O(ﬁ))ﬁ% [Tp < T2

(6.33) Py [1a < 7] < =1+o0(1).

Since the same inequality holds also for P, [r, < 7,] = 1 — P, [, < 73], the claim follows for the case a,b €

2. We next proceed with the general case: a,b € A;. Let y € A* be any configuration such that |y Na| =
|y N b|. For instance, if |a N b| > t, then we can take y to be any subset of aNb that is of size t (note that this
is equivalent to a,b € By (y)). If [a Ub| > t, then set y to be some subset of a Ub of size t. Otherwise we can
take y to be any selection of t vertices from the sets aNb, a U b and pairs of vertices (v1,vs) € {a\b} x {b\a}.
We claim that

P, [ < 7] _
6.34 SYLb R Y L Qe VR
( ) Py [Ta < Tz + (e )’
and similarly,

Py [Ty < Tb] _
6.35 S0y >0 4 Oem V).
( ) P, [y < T4l + (e )

In other words, the result of Lemma 6.1 extends to the general case, with x replaced by y. The proof is
analogous to that of Lemma 6.1. We will first construct a bijection of V', then a bijection of S,,, and then
use this bijection as was done before.

3. Let 7]; be any bijection on the vertex set V' that satisfies

(6.36) d{y}) = {u},
v({yna}) = {ynb},

v({yna}) = {yno},

and let ¢: S,, — S, be the bijection that maps ¢ € S,, to the configuration 1 (¢) defined by v (¢) (v) = ¥ (v).
Clearly, ¢ is an isomorphism on S, preserving the relation ~, ¢ (y) =y, ¥ (a) = b, and |9 ()] = |¢] for all
¢ € Sy Therefore (6.34) and (6.35) follow by an argument identical to (6.7), (6.8) and (6.9) in the proof of
Lemma 6.1. Note that by an argument identical to (6.28),

(6.37) Py [1y < T{apy] =1—0(e™ ™),
and by an argument identical to (6.32),
(6.38) Py [1a < Ty, 1 < Ty] <Py 1o < 7] O (ﬁ) .

Hence, from (6.13), (6.15), (6.34), (6.37), (6.38) and the Markov property, we have that

(6.39) Pylra <m] = Pu[7a <7|7y <T(apy] +0(e")
= Py,[r, <7+ O(te ")
= Py [ < 7y] + Py [iyiTin—Tz]JP]’y [Ta < Tw, Tp < T + O(@—C")
= $+0 (ﬁ) :

By symmetry, we also have

(6.40) Pylr<m] <140 (%) .
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7. A COUPLING SCHEME

In this section we define a coupling of (& )¢>0 and {ét}tzo with arbitrary starting configurations in Apg.
The coupling is divided into a short-term scheme, defined in Section 7.1 and analysed in Lemma 7.1 below,
followed by a long-term scheme, defined in Section 7.2 and analysed Corollary 7.3 below. The goal of the
coupling is to keep the process {m(&;)}¢>o bounded by {6}};>0 from above and bounded by {.};>¢ from
below (the precise meaning will become clear in the sequel).

7.1. Short-term scheme.

Lemma 7.1 (Short-term coupling). With Pgg, (p)-probability tending to 1 as n — oo, there is a coupling
{6, & }e>0 of {&t}i>0 and {&;}i>0 such that

(7'1) ]P[on 7& an] < en7

2/3

for any initial states & € An and & € Ap.

Proof. The main idea behind the proof is as follows. Define

(7.2) Wi ={veV: &) =—&(v)} = LA,
i.e., the symmetric difference between the two configurations & and th, and
(7.3) Wy ={veV: &) =&} =V \W.

The coupling we are about to define will result in the set W{ shrinking at a higher rate than the set Wi,
which will imply that W} contracts to the empty set. The proof comes in 8 Steps.

1. We begin with bounds on the relevant transition rates that will be required in the proof. Recall from
Lemma 3.4 (in particular, (3.20) and (3.22)) that with Pgg, (,)-probability at least 1 — 2" there are at
most 2n%/3 vertices v € & (i.e., & (v) = —1) such that |E(v,&)| = [{w € &: (v,w) € E}| > p|&| + n?/3,
and similarly at most 2n%/3 vertices v € & such that |E(v, &)| < p|&| —n?/3. Analogous bounds are true for
&, t > 0. Denote the set of bad vertices for & by

(7.4) By ={ve&: [|E(v,&)| - plél] = n*/?},

and the set of bad vertices for ft by Bt. Let Bt =B U Bt. Recall that & denotes the configuration obtained
from & by flipping the sign at vertex v € V. If v ¢ By, then from (1.3) and Lemma 3.2 it follows that, for

v &,

(7.5) Ho (&)~ Ho (&) = 2(088)] — |0pE]) — 21
= 2(deg(v) —2|E(v,&)]) — 2h
< 2 (pn+n'/2logn —2pl&| +20%%) - 2,

and similarly, for v € &,

(7.6) Hy (&) — Hp (&) < 2 (pn +n'2logn — 2p(n — |&]) + 2n2/3> + 2h.

Again, by (1.3) and Lemma 3.2, we have similar lower bounds, namely, if v ¢ By, then, for v ¢ &,
(77) Ho(€) = Hal&) 2 2 (pn =/ logn — 2p|&] - 20%0°) — 20,

and, for v € &,

(7.8) Ho(€)) = Ha(&) > 2 (pn — 0¥/ logn — 2p (n — [&]) — 2%/ ) + 2h.
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Identical bounds hold for H, (fg’) — Hn(gt) Therefore, if v ¢ By, and if either v € & N & or v ¢ & U &, then

r(ﬁtv&;}) - r(gtvéz)) =

— e_ﬁ[Hn(&f)_Hn(ft)]+ 1

‘e—ﬂ[HH(st“)—Hn@tm _ e BlHA(E) ~Ha(E0)l+

B (I (€)= Ha (€] 4 = [Ho (€)= Ha (1)) +)

< 1 + 0n(1)] e B (E) —Hn(€)]+ (esﬁn—1/3+?(|st|é) _ 1>
< 1+ oy ) (e )
< [+ 0, (1) (88072 + 22 (|| — |&) )

2. Having established the above bounds on the transition rates, we give an explicit construction of the
coupling {&, &t }e>o-

Definition 7.2.

@

We first define the coupling for time ¢ = 0. For ¢ > 0 this coupling will be renewed after each renewal
of {&, ét}t>0, i.e., whenever either of the two processes jumps to a new state. To that end, for every
v e WP (ie fg( ) = &(v)), couple the exponential random variables ef ~ Exp(r(&,£3)) and
ey ~ Exp(r (50, 50)) associated with the transitions & — &} and &0 — §0 according to the following
scheme:

(1) Choose a point

(z,9) € {(,y) : 0< a2’ <o0,0<y <r(k,&y) e E0to)a")

uniformly and set ej = x. Note that, indeed, this gives e ~ Exp( (€0, &Y)).
(2) If the value y from step 1 satisfies y < (o, £3) exp(—r(&o, £8)x), then set &) = ej = x. Else,
choose

(o g4) € {(@',9) 1 0 <0’ < 00, 7 (60,69) T <y < (G, Gy @

uniformly and independently from the sampling in step 1, and set é§ = x*. Note that this too

gives ef ~ Exp(r(&o, &Y))- o
For every v € W, sample the random variables ef ~ Exp(r(£o,&Y)) and & ~ Exp(r (&, £3)) associ-
ated with the transitions §, — £§ and 50 — §0 independently. At time ¢ = 0, we use the above rules
to define the jump times associated with any vertex v € V. Recall that VV20 is the set of vertices
where the two configurations agree in sign. The aim of the coupling defined above is to preserve
that agreement. Following every renewal, we re-sample all transition times anew (i.e., we choose new
copies of the exponential variables as was done above). We proceed in this way until the first of the
following two events happens: either & = ét, or nlogn transitions have been made by either one of
the two processes.

3. Note that the purpose of limiting the number of jumps to nlogn is to permit us to employ Lemma 5.1,
which in turn we use to maintain control on the two processes being similar in volume. Further down we
will also show that, with high probability, in time 2n no more than nlogn transitions occur. By (7.9) and
Lemma 5.2, if v ¢ By, then

(7.10)

28601 + (|| — IEtI))

e} # ei] < e—2B(pth)

On the other hand, if v € B, and we let z = _2B4h) _then

(7.11)

T_e—2B(p+h) >
z
Pl £el] = dry (el,e}) < e 2w+ / dr exp (e 200+
0

—2B(p+h)
= 1—exp(—2'8(p+h)e )

1 — e—2B(p+h)
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Observe that, for v € W{, with Pgg_ (p)-high probability
(7.12) > [r6 &) + 1 &) = [+ on (0] W]
veWt

Indeed, by the concentration inequalities of Lemma 3.2 and the bound in Lemma 5.1, it follows that |¢;| and
|&:| are of similar magnitude:

(7.13) Plll&] — |G| > n®°] < e
Therefore, with Pgg, (,)-high probability, for all but O(n?/3) such v,
(7.14) H(&) — H(E) = L+ o, (V)] [H(E) - H(E)],

from which (7.12) follows. The rate at which the set W3 shrinks is equal to the rate at which it loses v € W
such that also v ¢ By, plus the rate at which it loses v € W3 such that v € B;. From (7.9) it follows that the
former is bounded from above by [Wi|(88n~/2 + 22(|¢,| — |&])), while by (3.20) the latter is bounded by
4n?/3. Therefore, defining the stopping time

(7.15) v =inf {t: |W{| =i},

we have that

§ Wil |

T WSR3 + T ([&] — |&D] + 4n?/3 + [WH|

(716) ]P)(Etaét) [U|W1t|_1 < U|W{"+1:|
From Lemma 5.1 we know that (with probability > 1—e~"""") neither |¢| nor || will stray beyond M-+Cn5/6
and M — Cn®/® within n?logn steps. Thus,

(7.17) 16l - 14| < cn®re.

Hence, for [W}| > n%7 we have that (7.16) is equal to 1 — 0, (1).

4. Next suppose that |W}#| < n®7. To bound the rate at which the set W4 shrinks, we argue as follows. The
rate at which a matching vertex v becomes non-matching equals

(718) |r(£t7§;}) _T(gtvgg)‘
Let
Bl - 72h + % (deg (’U) - 2‘E(v,§t)|) )

(7.19) By = ~2h + £ (deg (v) — 2| E(v, &) ),
By = —h+ L (deg (v) - 21B(v,& 0 &))])
For v ¢ & U &, we can estimate
N [

o= TIBE@ENE)| _ =R IEw,E\E0)

< e~ 28(Bs]+

(7.20)
< ¢~ 2B[Bsl+ 48
- n

[B(0,6\&)| — 1B (v, €\
<1+ 0,(1)] 6_25[_’”“_“*% ’E (v, WY)

b

where we note that W} = &\& U&\& and use that, by Lemma 3.2 and the bound |&,\&| < |[W}| < n=6/7,
1 ¢ — 2&iN&|

= (deg(v) = 21B(v, & N&)1) = [1+0n(1)]p (1 - 2E0EL)
:u+%mm@—%ﬂ:u+%mm(—#y:ﬂ+%mmm

Since |E(v, W])| < [1 4 0,(1)]p|W{| and |V| = n, we have that

(7.22) > (€ &) =1 &) < [1+ on(1)] e 2Plrm=tle agp ).
vEEUE,

(7.21)
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Forve&n ét, on the other hand, Lemma 3.5 gives that
(7.23) r(&, &) =&, &) =1

for all but O(n?/3) many such v. If v is such that r(&, ) # r(&,€Y), then a computation identical to the
one leading to (7.22) gives that

(7.24) Do I &) (6, &)l = 0O Wil.
ve&NE:
Combining (7.22) and (7.24), we obtain
(7.25) D (& &)) =€ &N < 1+ op ()] e rmte app Wy,
vEW?

which bounds the rate at which W3 shrinks.

5. To bound the rate at which the set W/ shrinks, we argue as follows. The rate at which a non-matching
vertex v becomes a matching equals

(7.26) r(&, &) + (€ &)
Note that, for every v € W,
(7.27) H (&) — H (&) =—[1+o0n(D)] [H(E) — H(E)],

since, up to an arithmetic correction of magnitude [W}| = O(n®7), v has the same number of neighbours in
& as in &. Hence it follows that

(7.28) S (6 &) + 76 &) = (14 0n (1) (e72mrmte =2y,
veWt
which bounds the rate at which W7 shrinks.
6. Combining (7.25) and (7.28), and noting that pm + h < 0, we see that |[W{| is contracting when
(7.29) [1+ on(1)] (e25<i”m+h> + 1) (WE > [1+ 0,(1)] (eQﬂ@mW 45p) Wil
For this in turn it suffices that

(7.30) e2Blemth) 4 5 26(pmhiy g,

7. Note from the definition of m in (1.16) that, up to a correction factor of 1+ 0,(1), m solves the equation
J(m) = 0 with

(7.31) Tpon(@)=2) (a+8) +log (12), A=,
ie.,
14+m _  2A\(m+2
(7.32) Lim _ 2A(m+3),
Hence (7.30) amounts to m + % < —%. The latter in turn amounts to J(—% — %) < 0 (recall
Lemma 2.4), i.e.,
log(4X—1) h
==\ -~/ + LA
2\ p
(7.33) N1
T T2 T p

Abbreviate w =1 — % — %. Then (7.33) holds when w > ;. Hence we require that

h . sy 4 L log(4r —1)

This is the constraint in (1.32).

8. To conclude, we summarise the implication of the contraction of the process [W{|. The probability in
(7.16) is equal to 1 — O, (ns~7) for |W}{| > nb/7, and is strictly larger than 1 for |W}| < nS/7. Furthermore,
from (7.12) we know that the rate at which WY shrinks is > 1. This allows us to ensure that sufficiently



GLAUBER DYNAMICS ON THE ERDOS-RENYI RANDOM GRAPH 39

many steps are made by time 2n to allow W} to contract to the empty set. In particular, the number steps
taken by W{ up to time 2n is bounded from below by a Poisson point process N (¢) with unit rate, for which
we have

3n
(2n)(7) e 2
3
(%!
In other words, with probability exponentially close to 1, we have that at least 3n/2 jumps are made in
time 2n. To bound the probability that W{ has not converged to the empty set, note that this probability
decreases in the number of transitions made by W{. Therefore, without loss of generality, we may assume
that 3% transitions were made, and that we start with [W{| = n. We claim that, with high probability, in
100n

time 2n, W7 takes at most fogn increasing steps (i.e., i — i + 1) in the interval [n°/6,n]. Indeed, note that

the probability of the latter occurring is less than

<on (1) (F) 5 < 107(-5)

(7.35) P [N (2n) < 32] <2n =

100n
(7.36) QMO(nfl/u) esn = Ofe™").

It follows that at least 2[1 + 0, (1)] steps are taken in the interval [0,7°/]. But then, using (7.16), we have
that the probability of an increasing step is at most % — ¢ for some € > 0, and therefore the probability of
that event is at most

(7.37) 9% (140, (1)] (% + 6)%[1+on(1)] (% _ 6)%[1-&-071,(1)] — g%[1+on(1)] (i _ 62)%[1+0n(1)] _ (1 _ 462)%[1+0n(1)].

Finally, observing that in the entire proof so far, the largest probability for any of the bounds not to hold is
O(e"iz/g) (see (7.13) and the paragraph following (7.16)), we get

(7.38) P Wil >0] <O(e™")

and so the claim of the lemma follows. O

7.2. Long-term scheme.

Corollary 7.3 (Long-term coupling). With Pgg, ()-probability tending to 1 as n — oo, there is a coupling
of {&}i>0 and {E;}1>0, and there are times t and t with max(t,#) < e"" =" such that

(739) P[gt # g{] < e_n5+0(n2/3)-

Proof. Define {8;};>0 in an analogous manner for {ét}tzo- Then we can define a coupling of {{;};>¢ and
{ét}tzo as follows. For ¢ > 0 and 0 < s < 2n, couple &, 4+ and £§i+s as described in Lemma 7.1. For times
t € (si+2n,si41) and T € (8;+2n,8i11), let {&}1>0 and {&;} ¢ run independently of each other. Terminate
this coupling at the first time ¢ such that ¢t = s; + s for some s < 2n and & = f,g with ¢ = §; + s, from which
point onward we simply let & = E}. It is easy to see that the coupling above is an attempt at repeating the
coupling scheme of Lemma 7.1 until the paths of the two processes have crossed. To avoid having to wait
until both processes are in Ay at the same time, the coupling defines a joint distribution of & and éf-

Note that, by Lemma 5.4, with probability of at least 1 — 6_5”+O("2/3), {&}i>0 will visit Ay at least
el"7=0" times before reaching As, for any § > 0. The same statement is true for {£;}7-,. Assuming that the
aforementioned event holds for both & and ég, the probability that the coupling does not succeed (i.e., the
two trajectories do not intersect as described earlier) is at most

ays (T =8)n
(7.40) o(e™)]
Therefore, the probability that the coupling does not succeed before either of {&;};>0 or {gf}t*zo reaches Ag
is at most e~dn+OM* ), O

8. PROOF OF THE MAIN METASTABILITY THEOREM

In the section we prove Theorem 1.4.
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Proof. The key is to show that for any &% € A, & € Am and &) € Ay,

(8.1)

Eey [rsu] < Eg, [1s] < Eg [7s1]

Note that, by Lemma 2.2, E¢, [7s] is the same for all {; € Ay up to a multiplicative factor of 1 + 0,(1).
Therefore it is suffices to find some convenient £ € Ay for which we can prove the aforementioned theorem.

1. Our proof follows four steps:

(1)

(8.3)

Starting from the initial distribution pa,, on the set An, the trajectory segment taken by &; from

&o to &, with 7 = min (7, 7s), can be coupled to the analogous trajectory segments taken by & and

&', starting in Ayp and Ane, respectively, and this coupling can be done in such a way that the

following two conditions hold:

(a) If & reaches Ag before returning to An (i.e., 7s < 7m), then &' reaches Agu before returning
to AMu.

(b) If & returns to App before reaching Ag (i.e., 7ar < 7s), then & returns to Ayp before reaching
Asl .

We show that if & has initial distribution pa,, and 7 < 7g, then upon returning to Apnp the

distribution of & is once again given by pia,,. This implies that the argument in Step (1) can be

applied repeatedly, and that the number of returns & makes to Ang before reaching Ag is bounded

from below by the number of returns & makes to An« before reaching Agw, and is bounded from

above by the number of returns ¢! makes to Ayp before reaching Ag:.

Using Lemma 3.7, we bound the time between unsuccessful excursions, i.e., the expected time it

takes for &, when starting from p4,,, to return to An, given that mv < 7g. This bound is used

together with the outcome of Step (2) to obtain the bound

EZAMH [Tg] < EMAM [TS} < E,luAMl [Té]

Here, the fact that the conditional average return time is bounded by some large constant rather
than 1 does not affect the sandwich in (8.2), because the errors coming from the perturbation of the
magnetic field in the Curie-Weiss model are polynomial in n (see below).

We complete the proof by using Lemma 2.2 and showing that, for any distribution ug restricted to
AMa

Epo [rs] = 1+ 0n(D] Epiy, [78]-

2. Before we turn to the proof of these steps, we explain how the bound on the exponent in the prefactor
of Theorem 1.4 comes about. Return to (2.4). The magnetic field & is perturbed to k£ (1 + ¢) log(n'/%) /n.
We need to show how this affects the formulas for the average crossover time in the Curie-Weiss model. For
this we use the computations carried out in [4, Chapter 13]. According to [4, Eq. (13.2.4)] we have, for any
£ € Aym, and any € > 0,

(8.4)
with
(8.5)

2 1
B¢ [rag, ] = [1+00(1)] [ P00 — 5,

S, = Z eBn[Rn(a)—Rn(t)]—Bn[Rn(a')—Rn(m)]7

a,a’ €Ty
la—t|<e, |a’—m|<e

where R, is the free energy defined by R], = —J,,/28 (recall (1.20)). (Here we suppress the dependence on
B, h and note that (8.4) carries an extra factor % because [4, Chapter 13] considers a discrete-time dynamics
where at every unit of time a single spin is drawn uniformly at random and is flipped with a probability that
is given by the right-hand side of (1.6).) According to [4, Eq. (13.2.5)—(13.2.6)] we have

(8.6)
so that

(8.7)

I(a) — I(a) = [1 + on(l)]% log (an(1—a?),  ae[-1,1],

eBrlRn(a)=R(a)] — [1+ 0,(1)] %Wn(l —a?), a€[-1,1].
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where R is the limiting free energy defined by R’ = —J/23 (recall (1.27)). Inserting (8.7) into (8.4), we get

(8.8) Ee [Tas, ] = [1 4 0,(1)] 2 \/ﬁeﬁn[R(ﬂ—R(m)l 1 S*
¢ L dsn nIT VT —me? n on

with
(8.9) Sk = Z eﬂﬂ[R(a)—R(t)]—Bn[R(a/)—R(m)],

a,a’ €Ty,
la—t|<e, |a’—m|<e

Finally, according to [4, Eq. (13.2.9)—(13.2.11)] we have, with the help of a Gaussian approximation,
T

(8.10) lim L8 = :
ri—r00 1 28/[R"(m)[-R" (t)]

Putting together (8.8) and (8.10), we see how Theorem 1.3 arises as the correct formula for the Curie-Weiss
model.

3. The above computations are for 3, h fixed and p = 1. We need to investigate what changes when p € (0,1),
B is fixed, but h depends on n:

log(nu/ﬁ)
7n .

(8.11) hy =h+(1+¢)

We write R}’ to denote R, when h is replaced by h,. In the argument in [4] leading up to (8.4), the
approximation only enters through the prefactor. But since h,, — h as n — oo, the perturbation affects the
prefactor only by a factor 1 + 0,(1). Since h plays no role in (8.6) and R!(a) — R"(a) = %[In(a) — I(a)]
(recall (1.19) and (1.26)), we get (8.8) with exponent Sn[R"(t)— R™(m)] and (8.9) with exponent Sn[R™(a)—
R™(t)] — Bn[R"™(a’) — R™(m)]. The latter affects the Gaussian approximation behind (8.10) only by a factor
14 0,(1). However, the former leads to an error term in the exponent, compared to the Curie Weiss model,

that equals

Bn[R"(t) — R"(m)] — Bn[R(t) — R(m)] = ﬂn/ da[(R")'(a) — R'(a)]
(8.12) m

= Bn/ da[—(hy, —h)] = Bt —m)n(h —h,) = FB(t —m) (1+¢) log(n”/G).

The exponential of this equals nFAt—m) (1+)(11/6) " which proves Theorem 1.4 with the bound in (1.34)
because ¢ is arbitrary.

Proof of Step (1): This step is a direct application of Lemma 4.3.

Proof of Step (2): Let & 4 Ay, and recall that my is the first return time of & to Am once the initial

state & has been left. We want to show that &, 4 [t O, in other words, that Py, [{ry = 0] = p1ay, (o)

for any o € Apg. To facilitate the argument, we begin by defining the set of all finite permissible trajectories
T, 1ie.,

N .
(8.13) 7= {v=1uto € 85 il =yl =1 V0 <i <N -1},
NeN
Let v € .7 be any finite trajectory beginning at 7o € Awm, ending at 7,/—1 = 0 € Am, and satisfying
vi ¢ Am for 0 < i < |y| — 1. Then the probability that & follows the trajectory - is given by
P (¢ follows 7] = pay (70) P (70,71) X =+ X P (Y}5-2,0)

- mﬂmp(%”“) X+ % P (Yq)-2,0)
- m“(U)P (:Y191-2) X - P (31,%)

= HAMm (U)P (07’7\7\—2) X X P(’Ylv’YO)v

(8.14)
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where the third line follows from reversibility. Thus, if we let .7 (o) be the set of all trajectories in .7 that
begin in A, end at o, and do not visit Apg in between, then we get

PHAM [fTM = U} = Z HAnm (U)P (0-7'7|7|72) XX P(’Yla'YO)
vE€T (o)
= pany (0) Po [rm < o0

= HAnm (0) )

(8.15)

where we use recurrence and the law of total probability, since the trajectories in .7 (o), when reversed, give
all possible trajectories that start at o € Ap; and return to Apg in a finite number of steps. This shows that
if &, has initial distribution p4,,, then it also has this distribution upon every return to Ang.

We can now define a segment-wise coupling of the trajectory taken by & with the trajectories taken by
& and &L, First, we define the subsets of trajectories that start and end in particular regions of the state
space: (i) Z. 1k is the set of trajectories that start at a particular configuration ¢ and end in Ax without
ever visiting A or Ay, in between, for some K < L; (ii) 1,1, is the set of trajectories that start at some o
and end in Ay, without ever visiting Ax or Ap in between; (iii) 7 1, is the union of the two aforementioned
sets. In explicit form,

Tork ={7E€ T 7% =0,Yy-1 € Ax, K <|yj| <L V0 <j<|y]-1},
(8.16) o LI = {7 €T % =0,Yy-1 € ALK <|vj| <LV0O<j <]yl - 1},
Tor = To1. kU Tor.L.
By Step (1), for any &) € Ayp and € € Ao,
(8.17) Po [Ter st.s1] < Pey [Teo8.8] < Pea [T sm80] -

It is clear that the two probabilities at either end of (8.17) are independent of the starting points &} and £¥.

By the argument given above, if for the probability in the middle &g 4 lbAy s then each subsequent return to
A also has this distribution. For this reason, we may define a coupling of the trajectories as follows.

Sample a trajectory segment 7' from Jj g for the process &. If 7' happens to be in J & g, then by
(8.17) we may sample a trajectory segment v from J, s s for the process {;, and a trajectory segment
v" from Jgu gu ge for the process £. Otherwise, 7' € Tt stmi> and we independently take v € g, 5.5
with probability P, [, s,s] —IE”Z% [Ze st.s1]; and v € T, s m otherwise. If v € Jg, 5.5, then sample 4 from
Teu su,su. Otherwise v € J¢, s M, and so take independently 7" € J¢u su g« with probability ]P’gg [Tew su.5u]—
Pe, [T, .5,s], and v* € Fgu su mw With the remaining probability. We glue together the sampling of segments
leaving and returning to Anp /An/Ame with the next sampling of such segments. This results in trajectories
for ¥, ¢, and €' that reach Agu/Ag/Ag:, in that particular order.

Proof of Step (3) and Step (4): These two steps are immediate from Lemma 2.2 and Lemma 3.7.
|

APPENDIX A. CONDITIONAL AVERAGE RETURN TIME FOR INHOMOGENEOUS RANDOM WALK

In this appendix we prove Lemma 3.7. In Appendices A.1-A.2 we compute the harmonic function and
the conditional average return time for an arbitrary nearest-neighbour random walk on a finite interval. In
Appendix A.3 we use these computations to prove the lemma.

A.1. Harmonic function. Consider a nearest-neighbour random walk on the set {0,..., N} with strictly
positive transition probabilities p(x,x +1) and p(z,z—1), 0 < x < N, and with 0 and N acting as absorbing
boundaries. Let 79 and 7 denote the first hitting times of 0 and N. The harmonic function is defined as

(A1) hn(z) =Py(tny <70), 0<z <N,
where P, is the law of the random walk starting from x. This is the unique solution of the recursion relation

(A.2) hy(z) =p(z,z+ Dhny(z+ 1)+ p(z,z — 1)hn(z —1), 0<x <N,
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with boundary conditions

(A.3) hn(0) =0, hn(N) = 1.
Since p(z,xz + 1) + p(z,z — 1) = 1, the recursion can be written as
(A4) plz,z+ 1)[hn(x+ 1) — hy(2)] = p(z,2 — D[hn(z) — hn(z — 1)].
Define Ahn(z) = hn(z + 1) — hn(z), 0 <z < N. Iteration gives
(A.5) Ahyn(z) =w[l,z] Ahny(0), 0<z <N,
where we define
z,2—1)
(A.6) szz—|—1 IC{l,...,N -1},

with the convention that the empty product equals 1. Since hy(0) = 0, we have

(A7) hy(z) = SAhN(z) = (302:1 7r[1,z]> Ahn(0), 0<z<N.
z=0 z=0
Put C = Ahy(0), and abbreviate
(A.8) R(a:):mi:lﬂ'[l,z], 0<z<N.
2=0
Since hy(N) =1, we have C' = 1/R(N). Therefore we arrive at
(A.9) hN(x):g((;)), 0<z<N.

Remark A.1. For simple random walk we have p(z,x + 1) = 1, hence n[1,2] = 1 and R(z) = z, and so

(A.10) hy(z) ==, 0<z <N,

=2|=

which is the standard gambler’s ruin formula.

A.2. Conditional average hitting time. We are interested in the quantity

(A.11) en(x) =Ex(tn | v < T0), 0<z<N.
The conditioning amounts to taking the Doob transformed random walk, which has transition probabilities
(A.12) g(x,x 1) =plx,z£1) %
We have the recursion relation
(A.13) ev(@)=1+q(z,z+ Den(z+1)+ g,z — ley(xz—1), 0<z <N,
with boundary conditions
(A.14) en(N)=0, en(l)=1+en(2).
Putting fy(x) = hy(x)en(z), we get the recursion
(A.15) In@)=hy(@)+pz,z+ D fy@+1)+p(z,z—1)fy(z—-1), 0<z <N,
which can be rewritten as
(A.16) P+ Difa(e+1) - fu(@)] = pl@,e — Dfn (@) — fyle - 1)] — hy(@).
Define Afn(z) = fy(z+1) — fn(x), 0 < x < N. Iteration gives
(A.17) Afn(z) =nm(l,z] Afn(1) — x(1,2], 0<ax <N,
with
(A.18) x(1, z :iﬂ(y,m]M, 0<z <N,
ply,y+1)
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Since fnx(N) =0, we have

N-1 N-1 N-—1
(Alg) fN(JU):_ZAfN(Z): ZX(LZ]_ (ZT((LZ]> AfN(l)v O<:C<N7
or Z=T Z=T Z=T
N-1 1 N-1
(A.20) en(z) = ZX @ (Z m( ]) Afn(1), 0<z<N
Put C = Afn(1), and abbreviate
1 N-1
(A.21) A(z) = (1, 2], Z x(1,z], 0<z<N.
Then i
(A.22) en(x) = th(x) [B(z) — CA(x)].

Since ey (1) =14 en(2), we have

(A.23) o

hn(2)A(L) — hy(1)A(2)
Abbreviate
(A.24) R(z) = 3 7(1,2], S(z)= ix(l,z], 0<z<N.
z2=0 z=0
Then
(A.25) A(z) = R(N) — R(x), B(z)=S(N)-S8(z), 0<z<N.
Note that hy(x) = R(x)/R(N) = R(x)/R(N), because 7[1, 2] = m(1)7(1, 2] and a common factor 7 (1) drops
out. Note further that R(1) = 1, R(2) = 2, while S(1) = S(2) = 0. Therefore
~ S(N) 2
Therefore we arrive at
G R(N) 2 2
(A.27) en(xz)=S(N)— R@) S(x)+R(x) RN 0<z<N
Abbreviating
S e L L V25 oy - L) —2
(A28 @) = S@R0V) = 33 oW Ko, 00o) = =
we can write
(A.29) en(z) =U(N)-U(x), 0<x<N.
Remark A.2. For simple random walk we have p(z, z£1) = 3, 7(y, 2] = 1, R(z) = z, S(z) = 5% (#*—72+6)
and U(z) = 1(z? — 7), and so
(A.30) eN(x):%(szxz), 0<z<N.

This is to be compared with the unconditional average hitting time E,(7) = 2(N —z), 0 < x < N, where
T = 70 A 7n is the first hitting time of {0, N'}.

A.3. Application to spin-flip dynamics. We will use the formulas in (A.6), (A.24) and (A.28)-(A.29)
to obtain an upper bound on the conditional return time to the metastable state. This bound will be sharp
enough to prove Lemma 3.7. We first do the computation for the complete graph (Curie-Weiss model).
Afterwards we turn to the Erdgs-Rényi Random Graph (our spin-flip dynamics).
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A.3.1. Complete graph. We monitor the magnetization of the continuous-time Curie-Weiss model by looking
at the magnetization at the times of the spin-flips. This gives a discrete-time random walk on the set T,
defined in (1.15). This set consists of n + 1 sites. We first consider the excursions to the left of m,, (recall
(1.16)). After that we consider the excursions to the right.

1. For the Curie-Weiss model we have (use the formulas in Lemma 3.4 without the error terms)
(A.31) o€ Ag: Z r(0,€) = (n — k) e~ 200l + Z r(0,€) = ke 2P0kl
E€EAL 1 E€EAL 1

where 6, = p(1 — %) — h. Hence, the quotient of the rate to move downwards, respectively, upwards in
magnetization equals

(A.32) Q(k) = deAk L T(o, ) _ k 2B0k]+—[=0k]+)
ZEGAk+1 r(o,) n—k
It is convenient to change variables by writing k = % (ar + 1), so that 6 = —pay — h. The metastable state

corresponds to k = M,, = 5(m,, + 1), i.e., ar = m,. We know from (1.16)-(1.15) that m,, is the smallest
solution of the equation J,(m,) = 0 (rounded off by 1/n to fall in T',). Hence m,, = m + O(1/n) with m
the smallest solution of the equation J, g »(m) = 0, satisfying L‘_—z = e~ 28(pm+h) (pecall (1.23)). Hence we
can write (for ease of notation we henceforth ignore the error O(1/n))

F(m,) 1—a ,

A. = n = = ¢%hra,

(A.39 Q)= P - e

Here, we use that [0x]; — [~0k]+ = 6k, which holds because 0 = R 5, (m) = —pm — h + ~'I'(m) with

I'(m) < 0 because m < 0 (recall (1.27)), so that —pm,, — h > 0 for n large enough, which implies that also
—pa — h > 0 for all a < m,, for n large enough. We next note that (recall (1.27) and (2.20))

(A.34) d%z log {F}g?;;)} =2 <5p _

where the inequality comes from the fact that a — R, g (a) has a positive curvature that is bounded away
from zero on [—1,m] (recall Figure 4).

T a2) = —J, snla) =2BR) 5,(a) >3 for some & > 0,

2. We view the excursions to the left of m,, as starting from site N in the set {0,..., N} with N =M, =
5 (my,, 4 1). From (A.28)-(A.29), we get

N—-1 =z ﬂ'(

m(y,2]  R(y) 2
(A.35) < Z:; Z:; p(y,y+1) R(N) * R(x)
N—-1 =z
<23 Y w2 42
z=1 y=2

Here, we use that p(y,y +1) > 3 and 1 = R(0) < R(y) < R(N) for all 0 < y < N (recall (A.24) and note
that x — R(z) is non-decreasing). The bound is independent of z. Using the estimate

plx,x—1)

(A.36) Qz) = Pz 1) <eW-o/N <z < N, forsome e=¢(5) >0,
which comes from (A.34), we can estimate
(A.37) m(y, z] < H e W=o)/N — exp le Z (N — :c)/N] , 0<y<z<N,
r=y+1 z=y+1
from which it follows that
N-1 =z
(A.38) Z m(y,z] = O(N/e), N — .

z=1 y=2
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Thus we arrive at
(A.39) en(z) = O(N), N — o0, uniformly in 0 <z < N.

To turn (A.39) into a tail estimate, we use the Chebyshev inequality: (A.39) implies that every N time units
there is a probability at least ¢ to hit N, for some ¢ > 0 and uniformly in 0 < x < N. Hence

(A.40) P.(tn > kN | 7n < 79) < (1 —¢)F VEk € Np.

3. For excursions to the right of m,, the argument is similar. Now N = T,, — M,, = % (t, — m,,) (recall
(1.17)), and the role of 0 and N is interchanged. Both near 0 and near N the drift towards M,, vanishes
linearly (because of the non-zero curvature). If we condition the random walk not to hit N, then the average
hitting time of 0 starting from z is again O(N), uniformly in z.

4. Returning from the discrete-time random walk to the continuous-time Curie-Weiss model, we note that
order n spin-flips occur per unit of time. Since N =< n as n — 00, (A.40) and its analogue for excursions to
the right give that, uniformly in £ € Am, ,

(A.41) Pe [Tan, > k| Tay, <7ap, | <e 9% VkeN,.
for some C > 0, which is the bound in (3.36).

A.3.2. Erdds-Rényi Random Graph. We next argue that the above argument can be extended to our spin-flip
dynamics after taking into account that the rates to move downwards and upwards in magnetization are
perturbed by small errors. In what follows we will write p“W (z,z & 1) for the transition probabilities in the
Curie-Weiss model and p®®(z,x 4 1) for the transition probabilities that serve as uniform upper and lower
bounds for the transition probabilities in our spin-flip model. Recall that the latter actually depend on the
configuration and not just on the magnetization, but Lemma 3.4 provides us with uniform bounds that allow
us to sandwich the magnetization between the magnetizations of two perturbed Curie-Weiss models.

1. Suppose that

ER CW
p (l’,iC—].) p (.’E,!E—l) —-1/2
A.42 = 14+ O0O(N .
(442 PR(o,o 4D~ P zarpl T
Then there exists a C > 0 large enough such that
(A.43) R (y, 2] < OV (y, 2], 0<y<z<N.

Indeed, as long as z —y < C1N'/? we have the bound in (A.43) (with C' depending on C1). On the other
hand, if z —y > C,N/? with C; large enough, then the drift of the Curie- Weiss model sets in and overrules
the error: recall from (A.36) that the drift at distance N'/2 from N is of order N'/2/N = N=1/2, Tt follows
from (A.43) that (A.38)—(A.40) carry over, with suitably adapted constants, and hence so does (A.41).

2. To prove (A.42), we must show that (A.32) holds up to a multiplicative error 1+O(n~'/2). In the argument
that follows we assume that k is such that 6, > ¢ for some fixed § > 0. We comment later on how to extend
the argument to other k values. Recall that 0, = —pay — h and that 6, > § > 0 for all a € [-1,m] for n
large enough.

3. Let 0 € A and 0¥ € Ay_1, where ¢V is obtained from o by flipping the sign at vertex v € ¢ from +1 to
—1. Write the transition rate from o to o as

r(o,0") = exp (—B [2p(2E — 1) + 2k + 2 (e(o,v) — E(E,v))]+>
= exp (—QB (=01 + L (e(o,v) — e(E,v))]+) .

Here, 2p(2£ —1) = Zp[k— (n—k)] equals 2 times the average under Pgg () of E(o,v) — E(7,v), with E(o,v)
the number of edges between the support of o and v and E(7,v) the number of edges between the support
of @ and v (recall the notation in Definition 3.1), and e(o,v) — €(@,v) is an error term that arises from
deviations of this average. Since —6; < —J, the error terms are not seen except when they represent a large
deviation of size at least dn. A union bound over all the vertices and all the configurations, in combination
with Hoeffding’s inequality, guarantees that, with Pgg,(,)-probability tending to 1 as n — oo, for any o

(A.44)
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there are at most (log?2)/26% = O(1) many vertices that can lead to a large deviation of size at least dn.
Since r(o,0") < 1, we obtain

(A.45) > r(0,0%) = 0(1) + [n— k — O(1)] e 2101+

veEoT

This is a refinement of (3.11).

4. Similarly, let 0 € A and ¢ € Agy1, where o is obtained from o by flipping the sign at vertex v ¢ o
from —1 to +1. Write the transition rate from o to ¢¥ as

r(o,0") = exp (—B [2p(1 — 2£) —2h + 2(e(7,v) — e(a,v))]+>

= exp (—ZB [0k + L (e(7,v) — (o, v))]+> .

We cannot remove [-]+ when the error terms represent a large deviation of order dn. By the same argument
as above, this happens for all but (log2)/2§% = O(1) many vertices v. For all other vertices, we can remove
[[]+ and write

(A.47) r(o,0") = e 2% exp (£ (e(7,v) — €(o,0))) .

1
n

(A.46)

Next, we sum over v and use the inequality, valid for § small enough,
1 M M 1 M
(A.48) e Harlizial < LN o < O3 12zl w0 <oy <6, 1< < M.
i=1

This gives

1 1
(A.49) v%r(o, ") = O(1) + [k — O(1)] e 2% OUSD g, — F—o)]n %ﬁ (e(,v) — e(o,v)).
We know from Lemma 3.2 that, with Pgg, ,)-probability tending to 1 as n — oo,

cn3/2 /

Since we may take k > % (p — h) (recall (3.15)), we obtain

(A.51) Y r(0,0%) = O(1) + [k — O(1)] e 200 002,
véo
This is a refinement of (3.12).

5. The same argument works when we assume that k is such that 6, < —¢ for some fixed § > 0: simply
reverse the arguments in Steps 3 and 4. It therefore remains to explain what happens when 6, ~ 0, i.e.,
ay =~ —%. We then see from (1.27) that R ;5 (ar) = 7'I'(ax) < 0, so that aj lies in the interval [t,0],

which is beyond the top state (recall Fig. 4).
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