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1. INTRODUCTION

Queues are often part of larger systems. Aiming to evaluate their performance, a substantial
research effort has focused on the analysis of queueing networks, a prominent complication
being that the individual queues in the network are often dependent. A central role is played
by the class of networks obeying a product-form stationary distribution, where its components
correspond to the numbers of customers in the individual queues (also referred to as stations).
These product-form networks were first studied in the seminal papers by R. Jackson [14] and
J. Jackson [13] in the 1950s, triggering much research in this area. Most notably, a large class
of product-form networks, so-called BCMP networks [2], was identified in the 1970s, covering
queueing networks consisting of single-server, multi-server and infinite-server stations. Since
the discovery of the BCMP class, many further results have been obtained. On one hand, it has
been shown that introducing features such as batch routing [5], loss dynamics [1], discrete-time
dynamics [6, Chapter 6] and negative customers [9] does not break the product-form nature of
the stationary distribution. On the other hand, general properties of product-form networks
have been revealed, such as the arrival theorem [17] and aggregation theorems [4]. For an
overview of the queueing-network literature we refer to [6].

Within the study of queueing networks a distinction has been made between open and closed
networks. In open networks, i.e. networks with external arrivals and departures, if the
stationary distribution factorizes into components corresponding to individual queues, then
the queue lengths are mutually independent. Closed networks, however, have the additional
constraint that the sum of the queue lengths must equal the population size at any point in
time, rendering the individual queue lengths dependent. As a consequence, analytical and
numerical difficulties arise when one aims at evaluating performance measures. Closed-form
expressions are often beyond reach because the population-size constraint complicates the
evaluation of terms summing over all possible queue-length vectors, which appear in for
instance the normalization constant. Additionally, for large networks numerical approaches
face computational challenges, such as the need to evaluate summations over a large set of
states. In addition, there is the risk of running into computer-precision related problems, a
challenge that has been addressed by Lam [16], but only in relation to the evaluation of the
normalization constant.

To remedy the above-mentioned issues arising when analyzing closed product-form queueing
networks, in various papers one has advocated the use of scaling limits. Here the objective is to
obtain closed-form distributional results in specific asymptotic regimes. A prominent approach
relies on the method of integral representations, which has been used to asymptotically
evaluate the normalization constant [3, 19]. In [18] strong approximation theory is applied to
produce limit theorems for a large class of queueing networks. We also refer to the exact-order
asymptotic analysis developed in [11].

Our paper can be seen as part of the research area discussed in the previous paragraph, in that
it addresses the analytical and numerical difficulties of closed queueing networks by proposing
a scaling method. The general idea of such a method is to make some of the model parameters
depend on a number n in a certain way, and let n tend to infinity. When done in a suitable
way, one can obtain insightful asymptotic results, revealing a tractable approximation for the
behavior of the more complex unscaled system. A prime example of the effectiveness of scaling
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is the widely-recognized Halfin-Whitt regime [12]. For an Erlang loss queue, this regime scales
the workload and the number of servers in a quality-and-efficiency driven way: the utilization
of the servers approaches 100%, while the blocking probability remains close to zero. Halfin
and Whitt prove that the number of customers in the scaled system tends to a truncated
normal random variable in the limit.

For our model, i.e. a general closed product-form network consisting of both single-server
stations and infinite-server stations, we define a new scaling regime inspired by the Halfin-Whitt
scaling. Indeed, we extend the Halfin-Whitt scaling in such a way that it is applicable to
queueing networks rather than individual stations in isolation. This we do by letting the traffic
load at all stations become large and choosing the population size in such a way that the
joint queue-length distribution has a non-degenerate limit. We remark that for finite-capacity
open networks, our regime has the same quality-and-efficiency property as the Halfin-Whitt
regime. This study can be considered as an extension of our previous work [21], where a
similar approach has been followed for a specific three-station closed network representing an
extended machine-repair model. We substantially generalize the results from [21], in that we
establish similar asymptotic results for a more general class of closed product-form networks.

The contributions of this paper are the following. Under the Halfin-Whitt inspired scaling, we
obtain the asymptotic stationary joint distribution of all queue lengths in the closed product-
form network. This specifically entails that, appropriately normalized, the queue lengths
of the single-server stations behave as (possibly truncated) exponential random variables,
whereas the queue lengths of the infinite-server stations behave as (possibly truncated) normal
random variables. Whether the truncation needs to be imposed, depends on whether the
queue under consideration is a dominant queue, i.e. the station with largest queue-length
variance. In the typical case that there is a single dominant station, the queue lengths are
asymptotically independent. Importantly, although the pre-limit stationary distribution is
relatively involved, it considerably simplifies under our scaling. Furthermore, we observe
by means of numerical experiments that for a reasonably sized system, the queue-length
distributions are well approximated by their limit distributions.

The paper is organized as follows. In Section 2 we describe our model in detail, analyze the
normalization constant and introduce our scaling regime. The main results are then stated and
discussed in Section 3. The proof of our main theorem is given in Section 4, where we leave
some technical details for Appendix A. Subsequently, the practical relevance of our model is
discussed in greater detail in Section 5, while numerical results in Section 6 show that the
limiting queue-length distributions are able to yield accurate approximations. We conclude
and provide pointers for further research in Section 7.

2. MODEL AND PRELIMINARIES

This section presents the model description and a number of key concepts that play an
important role in this paper. First, Section 2.1 introduces the product-form stationary
distribution and describes which networks satisfy it. We discuss the normalization constant of
this stationary distribution in Section 2.2. Subsequently, Section 2.3 gives the precise definition
of the scaling regime that we study in this paper.
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FIGURE 1. Closed queueing network with infinite-server (IS) stations and single-
server (SS) stations.

2.1. Model description. We consider a closed queueing network with C' customers. Each
station can be of two types: R stations are infinite-server queues, while the remaining K + 1
are single-server queues. At a later stage we omit one single-server station, as its queue length
equals C' minus the sum of the other queue lengths. It is worth noting that the total service
rate provided to all customers in any of the R infinite-server stations is linear in the number
of customers present, since all customers can be served simultaneously in an infinite-server
queue. In any of the single-server stations, however, the service rate provided is constant
whenever the number of customers present is positive, and zero otherwise. See Figure 1 for an
example of such a network. Let By, ..., Bg be the stationary numbers of customers at the
infinite-server stations, and Dy, ..., Dk their counterparts at the single-server stations.

The only further assumption we impose on our model is that it has the following product-form
stationary distribution: for by,...,bg,dy,...,dx.1 such that by +...+bg+dy + ... +dg 1 = C,

b, K+1

R
P(By = by, ... Bg = bg, Dy = di, o0, Dicr = dic1) = o [ | % IT o5 (1)
k=1

r=1 "

Here 7., 0, > 0 are parameters representing traffic loads of individual stations, and pq is the
normalization constant, which ensures that all probabilities sum to 1.

The stationary distribution (1) applies under fairly broad conditions. A precise specification
providing all instances that yield this particular product form is rather challenging (see [6,
Section 5.7] for a detailed discussion). However, an important sufficient network property for
this is quasi-reversibility. This property, concerning individual stations, states that if a station
has a Poisson arrival process, its departure process is also Poisson and the queue length is
independent of past departures (see e.g. [15, Section 6] for more background). If all stations of
the network are quasi-reversible when considered in isolation, then the stationary distribution
is guaranteed to obey the product form (1). To give an example, quasi-reversibility holds for
infinite-server stations under arbitrary service time distributions, and for single-server stations
when service times are exponential under FCFS, or when the server applies processor sharing
or the LCFS pre—emptive resume discipline. Quasi-reversibility is a sufficient condition for a
product-form stationary distribution, but it is not necessary (cf. [7]).

Although the network described above is assumed to be closed, there is also a class of finite-
capacity open networks with Poisson arrivals satisfying (1). Such networks are technically
open, but behave exactly like a closed network. This concept is explained in great detail
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in [20], in the context of computer systems with window flow control. A similar reasoning
applies to an open queueing network with R 4+ K stations, where external arrivals are blocked
when there are already C' customers present in the network. To see why this system can be
interpreted as a closed network, suppose that all departures out of the system join an artificial
single-server station (which we identify with station K + 1), and that all external admitted
arrivals form the departure process of this station. The system is now closed, and with the
total number of customers being equal to ', the behavior at the original stations is the same.
Indeed, the original situation where a customer is blocked is equivalent to the situation where
no customers are present in station K + 1.

We proceed with a few notational issues. Throughout this paper we will denote vectors by
bold symbols. This for instance means that we denote by b and d the vectors (by, ..., bg) and
(dy, ...,dk), respectively. We also introduce specific notation related to the truncation of such
vectors to their first entries: for instance for r < R we mean by b, the vector (by,...,b,), so
that bg = b. For the sum of the entries of vectors we use the well-known norm notation, e.g.,
16]| := S2% | b,. Furthermore, we use the convention that a geometric random variable has
support {0, 1,2, ...}; if the success probability is p, we write 4(p). With & (u) we denote a
Poisson random variable with mean p. For sequences f,, and g,,, we write f,, ~ g, if f.,/g, — 1

b

as n — oo. Additionally, ‘=4’ and ‘—4’, respectively, denote equality in distribution and

convergence in distribution.

In this paper, we will work with a normalized version of (1). We assume without loss of
generality that 0,1 = maxz—1, g+1{0k}. Due to the closed nature of the network, rescaling
all station parameters through division by 6%, leads to a different normalization constant,
but otherwise this has no effect on the stationary joint distribution. Therefore, (1) can be
rewritten as, with ||b]| + ||d|| < C,

b'r
pa=PBB=bD=d) =p[[ 5] 2)

where py = HIC<+1]30, pr = )0k 41 for all 7 and o = 0, /01 < 1 for all k. The parameters
p1,-.-, pr and o1, ..., 0k can be interpreted as the traffic loads of the corresponding stations.
The joint stationary distribution (2) is the starting point of the scaling analysis presented in
this paper, and we view py, ..., pgr and oy, ..., 0k as system parameters. The results in the rest
of the paper are valid for every queueing network that satisfies (2).

Remark 1. In this paper we consider the system’s behavior in a specific regime in which
the total number of customers C' grows, according to a scaling that we will specify later. By
(2), there is dependence between the stations: the individual stationary queue lengths are
correlated due to the constraint ||B|| + || D|| < C. However, it also implies that when C' grows
large, this dependence becomes weaker, and in the limit as C' — oo, vanishes.

For the infinite-server station indexed by r < R, the probability of b, customers at the station
is proportional to p.r/b.!. For this reason, the queue length at infinite-server station r is
approximately distributed as &(p,) as C' grows large.

Likewise, for a single-server station index by k < K, the probability of d, customers at
the station is proportional to O'Zk. If 0, < 1 this implies that the queue-length distribution
approximately behaves as ¢ (o) as C' grows large. o
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2.2. Normalization constant. We now turn our attention to the calculation of the normal-
ization constant py in (2). Note that since ||B|| + || D|| < C, we have

=Y H”—,r_[a;ik- (3)

bd: |b|+]d|<C r=1 by!

Observe that the normalization constant involves summation over terms that are products of R

Poisson-type factors, and K geometric-type factors. Because of the R+ K indices, the number
CH+R+K
R+K

constant beyond reach. To remedy this, we now focus on a different representation of the

of terms in the summation in (3) is ( ), making a trivial calculation of the normalization

normalization constant. We do so by evaluating the summation over the K geometric-type
indices, and subsequently using a probabilistic argument for the summation over the R
Poisson-type factors.

For this purpose, it is useful to define

Z Hpr/l' Z H( ) (@)

b:|bl|<C =1 ) d:||d||<C—||b]|

so that py ' = Sk(1). To evaluate the inner geometric sum, we wish to express p; ' = Sk (1) in
terms of Sy(z) for certain x. The following recursion is a key element in this derivation.

Lemma 1. For z # o;, S;j(x) satisfies the recursion

1 (o /) _
Sj(x) = . Uj/xS],l(x) R Si_1(0;), ji=1.,K.

Proof. The recursion follows from an evaluation of the geometric series. Taking the sum over
d;, we see that for z # o;,

i1 d (0 /2)CIbl=llds-ll+1

Siw) =Y HW > ) < T

b:|b]|[<C =1 j715||dj71||<C_HbH k=1

:1_0]/ ( > H pr/:c 3 ﬁ(%)d’“

T
b:|lbl|l<C r=1 dj—1:|ldj—1[|<C—[|b]| k=1 (5)
j—1 dy,
(pr/o O
e Y T T/] > 15
0-,
b:|b|<C r=1 dj-1:|dj-[<C—l]| k=1 77

N (03/2)°!
= msj'_1(1]) — Wsj—l(aj)u

thus proving the claim. ([l

The lemma shows that S;(z) can be split into two terms, each involving S;_1(-). We exploit
this recursion to derive an alternative expression for py, which is presented in the following
lemma. As an aside, we remark that here and in the sequel, the cases o, = 1 for some k and
oj = oy for some 7,1 can be resolved using L’Hopital’s rule.
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Lemma 2. The normalization constant equals

w- (T (so-Sa T A% sm)) - o

J=1,j#

where
c i
-y (lpll /)
N T
i=0

Proof. Note that by (3) and Lemma 1,

1 C+1

_ g
p01 — SK(l) = 1= O'KSK_1<1) — 1 fO_KSK_l(O'K).

Applying Lemma 1 another K — 1 times leads to an expression of the form

p —CLSO +Zul30 O'l (7)

where a and uq, ..., ux are coefficients depending on o4, ...,0x. To find a, observe that the
only term with Sy(1) results from the first term of Lemma 1 of all K iterations. Therefore,
a = [[i,(1 —o;)~". Similarly, observe that the only term with Sy (o) follows from the
second term in the first iteration and then the first term in all remaining iterations. Therefore,
ug = -0 1 —og)7! H "(1 = 0;/0k)"". Note that the single-server stations 1, ..., K are

identical in (3) up to their parameters o1,...,0x. By symmetry, we conclude that, for any
I=1,...,K,

C+1 K
lop 1
Uy = — H
1—o0 Py 1—o0;/0
Thus, it holds that
Ko K AR 1
-1
= Sp(1 — S,
Po of >]£[11—0k ; 0(Jl>1—al ,_11_[ 1—0]/01
= - J=L i <
Ko K K o (8)
) (H l—0o ) | (So(l)_ZSO(UlWICH 11 1—(7-/j<7> |
k=1 k =1 =1, 41 e

To prove Lemma 2, it remains to show that Sp(z) = Ziczo (lpll /x)?/i!. This is done by
expressing Sy(z) in terms of cumulative Poisson probabilities. That is, using (4),

Sol) = Z H Pr/x

b:|b|<C r=1
— liell/ (2 (P =b, .. 2 (%) =
Py < (5) =t 2 (T) =)
lell/z z Pr lell/z ol C (||P||/$)i

which concludes the proof. [l
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Although Lemma 2 provides an elegant expression for the normalization constant, the numerical
evaluation of the marginal queue-length distributions may still be hard due to the potentially
large state space. Additionally, the way in which the queue lengths are dependent on each
other cannot be easily seen from the stationary distribution (2). We resolve these issues by
working in a scaling regime, that will be introduced in the next subsection, and in which the
stationary distribution exhibits easy-to-interpret behavior. The asymptotic findings can be
used to devise approximations for the unscaled system, as will be pointed out in Section 6.

2.3. The scaling regime. When distributions do not allow a closed-form analysis, a com-
monly used approach in applied probability is to resort to scaling limits. The main idea is
to parametrize (a subset of) the system parameters by n, with the objective to arrive at an
explicit limiting distribution as n — oo. It is often not a priori clear how this parametrization
should be done; finding a scaling that leads to useful and meaningful results in the limit is an
art on its own. The resulting limiting distribution can be used to produce approximations for
the pre-limit system.

In their celebrated 1981 paper, Halfin and Whitt [12] introduced an important new scaling for
many-server queues. The asymptotic regime considered corresponds to letting the workload
p and the number of servers C' grow to infinity in such a way that (C'— p)//p converges
to a constant B > 0. In the specific context of the Erlang loss model, an appropriately
normalized version of the queue length then asymptotically behaves as a normal random
variable truncated at 3 [12, Theorem 3]. The scaling we impose in our network setting is
inspired by the Halfin-Whitt regime, in that we also scale the parameter p and the total
number of customers C'.

We now give a precise definition of the scaling we impose in this paper. Let vy, ...,vg, aq,...,ax €
R and wq, ..., wg, ¢1, ..., cx > 0 be scaling parameters for individual stations. It proves useful
to assume without loss of generality that 1y > ... > vg and that ay < ... < ax. We scale the
system parameters as follows:

o we replace p, by pﬁn) for each r € {1, ..., R},
o we replace o by U,(cn) for each k € {1, ..., K},
o we replace C' by C,,,
where
(n) _ vr (n) ._ n
fro O T T e
which can be interpreted as scaled traffic loads, and where for 8 > 0 and 7 := max{1 — a4, %Vl},
we let the total number of customers be defined as

Cui= o] + 807). o)

Observe that in this scaling regime, the traffic loads of the infinite-server stations become
arbitrarily large as n — oo (provided vy, ...,vg > 0), and the traffic loads of the single-server
stations tend to 1 as n — oo (provided a, ..., ax < 1). To account for the large queue lengths
that are inherent for these traffic loads, also the population size C,, grows (at a suitable pace)
as n — 0o.

Our precise choice (9) for C,, can be motivated as follows. It turns out that, to get non-
degenerate limits, the total number of customers should be picked such that it equals the mean
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of || B]| increased by a constant § times the largest of the standard deviations of all queue
lengths. As argued in Remark 1, when the total number of customers is large, B, behaves as
P(pr) =P (p&n)), which has standard deviation \/ﬁin) = Jw, nz". In addition, when o, < 1,
Dy, behaves as 9 (1 — oy) = 9(1 — a,(j‘)), which has standard deviation

VG SR

~ —nli

1— J,(cn) Ck

Since v; > ... > vg and oy < ... < ag, the largest standard deviation is attained by either B;

or D;. Note that the first case applies if 1 — a; < %Vl, and the second if 1 — oy > %1/1. These

observations, and the fact that the population size must be an integer, intuitively explain our
choice (9) for C,.

Under our scaling the queue lengths B at the infinite-server stations and the queue lengths D
at the single-server stations depend on n. In the sequel we let B™ and D™, respectively,
denote the corresponding random vectors. Our objective is to analyze their behavior as n — oco.
Since their means may become arbitrarily large with n, we consider normalized versions: for

re{l,...,R}and k€ {1,..., K},

D Zﬁn)_' Q@ ~(n n n
=20 2P and DM = (1 - o™)D™, (10)

3. RESULTS

In this section, we derive the asymptotic joint distribution of (B™, D). The remaining
queue length, Dg?jrl, can then be obtained from the identity

[B@+ [ D] + Dighy = Ca (11)

Our main result, which holds for v4,...,vg > 0 and oy, ..., g < 1, is presented in Section 3.1.
Section 3.2 presents an adaptation of our main result for networks with only single-server
stations. The remaining cases, where vg < 0 or ax > 1, are investigated in Section 3.3.

3.1. Main result. We first consider the case where the traffic loads are large at all stations.
That is, we assume that vy, ...,vg > 0 (the traffic loads at infinite-server stations tend to
infinity) and aj, ..., ax < 1 (the traffic loads at single-server stations tend to 1). We study
the normalized queue lengths (B™, D™) by means of their joint Laplace-Stieltjes transform
(LST). We define this LST using (10):

R K
P.(s.t) = E (H s B He‘wi"))

r=1 k=1

it

b,d:[|b]+]|dl|<Crn  \r=1

. br*f’g«n)

K
Vi) <H et’““gg))dk) P(B" =b, D" = d).
k=1

— Sy

(12)

It is noted that strictly speaking P,(s,t) is not an LST, as the random variables B™ may

attain negative values. This feature does not affect the upcoming analysis, including the
application of Lévy’s convergence theorem, and hence we will stick to the term LST.
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Our main theorem, to be proved in Section 4, gives an explicit expression for the limit of P, (s, t)
as n — 0o, from which we can directly derive the asymptotic distribution of (B (), 1_)(”)).

A bit of notation is necessary for the statement of the main theorem. First, for a standard-
normally distributed random variable, we write
1 1.2

qb(!E) = \/ﬁe—gﬂc

for its density function and ¥(x) := ®(x)/¢(x) for its Mills ratio, i.e. its distribution function
divided by its density function. Secondly, let R~ < R be the largest integer such that

vy =19 =..=vgp- and let K~ < K be the largest integer such that a; = as = ... = ax-. Let

R- B+ }i Spr/Wy
W .= Zwr and A(s) := #

r=1

In addition, define

K“jl(t) . Cj(l +t]) )’ C(t) —1_ Z ( H /{jl(t)) e—Bcl(l-i-tl)’

n(s,t) =T (\(s)) = Y ( 11 /ijl(t)> Y (/\(s) — a1+ t,)\/W) :

1=1 \j=1,j#l

§(s) =@ (A(s)) and x(s):=o(A(s)).
With this notation, we can state the main theorem as follows.

Theorem 1. Consider a queueing network with stationary distribution (2). Assume that
vr > 0 and that ax < 1. Then the joint LST P,(s,t) of (B™, D™) satisfies

R K
o e = (117 (I ) vt @

k=1

where

Zfl — Qo > %1/1,

U(s,t):=

: _ 1
if 1 —ay = 50,

£(s)

— if1—0é1<%l/1.

(£(0)

In all three cases we recognize known distributions from the joint LST. Let A1, ..., 4R, &1, ..., 8k

be independent random variables, the first R having standard-normal distributions and the last
K having unit-rate exponential distributions. In the corollary below we claim that the right-
hand side of (13) is the LST of the (R + K)-tuple (A", &) conditioned on Z (A p-,Ek-) < B,

where

R~ K~
1
Z(N k) = Lty D VO + gty D C—kéak. (14)
r=1 k=1
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To provide some intuition why this condition makes sense, consider the population size
constraint HB(”) H + HD(") H < C,. Subtracting Hp(”) H and dividing by n” on both sides, we
have

™| — || p (n) PR
BN =™, 1P™]] G = [le™]]
n” n” nv
Recalling the scaled queue lengths (10), if B™ —>q ;. for each r and D,(C") —q &}, for each k,
the inequality (15) would converge, as n — 0o, to Z (AN r-,E k-) < .

(15)

To summarize, Theorem 1 leads to the following corollary.
Corollary 1. As n — oo,

(B™, D™) 5, <,/V,é° | Z(N 5 Ex) < 5). (16)

Consequently, the random variables BYL), ey Bg), DY”, - Dﬁ;‘) are asymptotically independent
if either 1 —aq < %Vl and R~ =1, orif 1 —ay > %1/1 and K~ =1.

Proof. With standard integration techniques one can check that the joint Laplace-Stieltjes
transform of the tuple (A, & | Z (AN r-,Ek-) < () is precisely as given in Theorem 1 (see
Appendix C), so that the stated follows by Lévy’s convergence theorem. The independence
statement follows from the fact that in the mentioned cases, Z depends on just one random
variable. U

As mentioned, the condition Z (A r-,& -) < [ relates to the condition that there are at
most C,, customers at the R 4+ K stations. Note that if R~ = 1 (equivalently: v; is the
unique maximum entry of v), K~ =1 (equivalently: «; is the unique minimum entry of )
and 1 — oy # %1/1, the condition applies to only one random variable, which amounts to a
truncation of that variable.

Remark 2. Corollary 1 implicitly provides the asymptotic distribution of DE?)H. Dividing
the population size constraint (11) by n”, we have that

Ditty _ Ca—[le™] 1B~ [ [D™]
ny ny ny o
By (9), (10) and Corollary 1, it thus holds that
Di¢l,

pea B—(Z(ANr,Ek-)|Z(Nr.EK-)<P)
as n — oo. o
3.2. Scaling result for R = 0. So far we have omitted networks consisting of single-server
stations only, because Theorem 1 relies on the value of v1. In the case that R = 0, however,

this parameter does not exist. With a slight modification, we can establish the counterpart of
Corollary 1 for single-server networks.

Corollary 2. Suppose R =0 and ag < 1. Asn — 00,
D™ s, (é’ 1Z(0,6-) < 5). (17)
The variables DYL), ey Dg?) are thus asymptotically independent if K= = 1.

Proof. The result follows from Corollary 1 by setting vy = —oo. U
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3.3. Scaling results for vz < 0 and/or ax > 1. Since Theorem 1 only covers the case
where vg > 0 and ax < 1, it remains to analyze its complement in which vg < 0 and/or
ag > 1. Recall that in Section 2.3, we introduced normalized versions of B™ and D™ in
order to preserve finite mean. Note however that for infinite-server stations r with v, < 0
and for single-server stations k& with oy > 1, the unnormalized queue length converges to a
finite-mean random variable. Because of this, it is no longer necessary to normalize in these
cases. For all r € {1, ..., R} for which v, < 0, we will therefore consider the distribution of the
random variable B™ instead of B{". Likewise, for all k € {1, ..., K} for which o} > 1, we
will consider the distribution of the random variable D,g”) instead of D,i").

In this regime, a statement similar to Corollary 1 holds, which is given in the following
corollary.

Corollary 3. Assume that vy > 0 or ay < 1. Let I be the smallest integer such that vy <0,
and let J be the smallest integer such that oy > 1. As n — oo,

(B, B D, DY) —ba (Moo M, 618y 1 | 2 (N e Er-) < ).

Proof. See Appendix B. O

Remark 3. The remaining random variables, i.e. B}n), . BgL) and DS”), ...,DXL), all have
finite mean because vy, ...,vg < 0 and ay, ...,ax > 1. In the proof of Corollary 3 we will see

that they behave as Poisson random variables with means p§"), o pgl) and geometric random

variables with parameters 1 — J(Jn), vy 1 — aﬁ?), respectively. This implies in particular that,

for each r such that v, < 0 and for each k such that «a; > 1, the random variables Bﬁ") and

D,g") become degenerate with value 0 as n — oo. o

Remark 4. Corollary 3 assumes that v; > 0 or a; < 1 because our scaling would not make
sense otherwise. If vy < 0 and a; > 1, the stations’ traffic loads no longer increase with n. ©

4. PROOF OF THEOREM 1

In this section we present a proof of our main theorem, Theorem 1, which consists of two parts.
First, in Section 4.1, we derive a structured expression for P,(s,t) (Lemma 3) relying on
techniques similar to those used in the proof of Lemma 2 (the derivation of the normalization
constant). Then, we discuss this expression piece by piece, already recognizing some known
LSTs and providing intuition.

In the second part of the proof (Section 4.2), we asymptotically analyze in Lemmas 5-8 all
parts of the expression obtained from Lemma 3. In most cases, we can build on a version of
the central limit theorem (Lemma 4) to find the asymptotics. One particular case, however,
requires more subtle asymptotic bounds, and this case is treated in Lemma 8. We finish the
proof by substituting the asymptotically analyzed parts back into the expression for P,(s,t).

In the proofs, some mathematical expressions will repeatedly appear in our calculations. To
keep these calculations readable, we use the following notation.
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o The adapted traffic load for infinite-server station r:

R

(M (sr) = pMexp | ——= |, ¢M(s) = ¢(s,).
r=1

pi)

o The adapted traffic load for single-server station I:
6l(n)(tl) = Jl(n)e_tl(l_(’;n)).
o A frequently occurring quantity related to the single-server stations j and I:
1— 5)@) (t5)
L= 0, (t5)/5" (t1)
o A Poisson probability related to Sp(1):
1 (s) =P (2 (("(5)) < C).
o A Poisson probability related to So(6\™(¢,)):
6" (s,t) =P (2 (¢"(s)/0" (1) < ).
o A quantity appearing in P, (s, t):

N . 1 " Cn41
B (s,1) = exp (d (s) ( For 1)) (o) "

l

y](?) (tj, 1) ==

4.1. Structured form of LST. The following lemma gives an exact expression for the LST
P,(s,t) in terms of the new notation that was introduced above, and forms the backbone of
the proof of Theorem 1.

Lemma 3. The LST of (B™, D™) satisfies

R K (n)
Po(s.t) = H e_p£n>+sT /o 4 (5) " H 1—o,
1—6"(t)
r=1 k=1 E \'k
L (n) (n)
f(n)(s) - H;é Y (tj,t) ) g, (s, 1) by (s, 1) (18)
1=1 \j=1,j#

f<"><0>—§< [ y 0, 0)) g (0,0) h{™(0,0)

J=1,j#

Proof. Denote by pgg and p[()") , respectively, the stationary distribution and normalization
constant of the scaled system. Then, we can rewrite the joint LST of (B™ D™) in (12) as

R —sp b'r*P»E«n> K
Pi(st)= ) [Ie v+ - (H e—tk(l—"f(f))dk) Phd

bd:[|bl+d<Cr \r=1 i
R R (¢ (s) br K
n S (n) < " Sr ) n d
(M) sy ()
r=1 be[bl<C, \ r=1 " d:[|d|<Co—[[b]]  \k=1

R
n S g") n
=pé’<He vr )Séym,
r=1
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where S](")(x) is obtained from S;(z) when (p,, 0k, C) is replaced by (¢{™(s,), 6 (t), Cy).
Therefore we have by (8) that

=1 7=1,j#l
K
_ () RVACAN 1 ¢ (s) (n)
D (He g ) (H 1— (5(n)<t )) ( P ('@ (C (8)) < Cn)
r=1 k=1 k k
Cn+1 K (") (s)
=1 =1, j#l 5; tl)
R K
_ . (n) seV M ¢ (™ (s, 1
=p! (He Vo i )) . <H1 5(")(75_)'
r=1 k=1 "+ Yk k)

<f<"><s>—2( 11 y§7><tj,tl>)g§"><s,tz>hl‘")(s,tl)). (19)

I=1 N j=1,j#

Using P,(0,0) = 1 we find that p(()n) equals

(ﬁ() ' (ﬁ (1—0;&"’)) - (f<"><o>—2( I y§?><o,o>)g§"><o,o>h§"’<o,o>>_1,

k=1

and after substituting this back in (19), the proof is completed. UJ

The expression for P,(s,t) in Lemma 3 is a product of three factors (separated by the x-

symbols). These factors, say u&"), ué"), and uén), each play an intuitively appealing role in

relation to Corollary 1. More specifically, our analysis below reveals that as n — oo the

first two factors uﬁ") and ué") correspond to the transforms of the normal and exponential

distribution, respectively. In addition, we show that as n — oo the factor u:())n) (which is the
second line of (18)) immediately relates to the condition Z (A r-,Ek-) < B. As will become
clear in the proofs, the factor ué") is significantly more subtle to analyze than the factors ugn)

and ul.

Let us start with u§”>. By applying a standard Taylor expansion to exp(—s,/y/pr™) around
zero, we obtain

exp (—pﬁ”) + 504/ + Cﬁ”)(sr))

(n) (), (n) Sr S 1
=exp | —=p," + s\ pr 0 [ 1 - ()+W+0 O] : (20)
n Pr Pr
Pr

As n — oo, Expression (20) converges to exp(5s2), which can be recognized as the transform
E (exp(—s,.4")) of a standard-normal random variable .4". From this we can conclude that,
as n — 00, uln) converges to a product of R standard-normal LSTs.
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For u§”>, we can apply the same strategy: for each k and oy < 1, as n — oo, we have a,(cn) — 1

so that we can apply a Taylor expansion to exp(—tx(1 — 0,(6"))) around zero. Therefore,

1 - of? 1= o

1=6"(t) 1= —t(1—0™)+o(1—ol™))

1-— cr,(gn)

— . : . (21)
1= o)1 +o"t) +0(1 — ol™)

As n — oo, Expression (21) converges to (1 + ¢;)~!, which is the LST of an exponentially
distributed random variable with rate 1. This implies that, as n — oo, ugn) converges to a
product of K unit-rate exponential LSTs.

With the asymptotic behavior of uﬁ”) and ué") at hand, to prove Theorem 1 it remains to
analyze ué"). To this end, we inspect the behavior of the functions f(s), gl(”)(s, t;) and
hl(")(s, t;) in the limiting regime for n — oo, distinguishing different values of «; and «a;. This
analysis is covered by the next subsection.

In addition to f™(s), g™ (s,t,) and h{™ (s, ), the sequence u{™ also contains the coefficients

Hle’ izl y](?) (t;,t;) for each single-server station [ =1, ..., K. Multiplying the numerator and
denominator of

1 -6 (t5)
1 -8 (t;)/5" (1)

Y (. 0) =
by n/ (5](-") (t;), it follows that

(1. (1) (11—
n(etﬂ(l o, )_1) +Cjnajet](1 o, )

v (1) = . (22)

n (077" — et-0") 1 ¢ipeseti0=oi") _ ¢ poretii=of”)
As o, 04 < 1, we have
0 it a; <a
n ci(l+t; ci(l 4+t .
yji (b, 1) ~ A1t = ) it aj=on,  (23)
¢j(1+1t;) —an=i (1 + 1) ci(1+t) —a(l+t)
1 it o <aj,

as n — 0o. In particular, it holds that

K

71113()10 H y§7)(tj,tl) =0 < a; > a.

=LA

This fact has an intuitive backing: we expect the condition in Corollary 1 to apply only to
the stations with largest variability in queue lengths. For single-server stations, these are the
stations [ for which «; is minimal.
42. Asymptotic analysis of f™(-), " (-,-) and h{"™(-,-). In Lemmas 5-8 we explicitly
analyze the asymptotic behavior of the functions f (s), gl(n)(s, t;) and hl(n)(s, t;) for all values
of the parameters a and v. To evaluate the cumulative Poisson probabilities appearing in
f™(s) and gl(n)(s, t;), we require an additional central-limit type result given in Lemma 4. All
lemmas in this subsection are proved in Appendix A.
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Lemma 4. Suppose z, — oo as n — oo. If (C), — z,)//Tn — Q with Q € [—00,00], then
P(P(z,) < Cp) = D(Q) as n — oo.

We proceed by determining the asymptotic behavior of the functions £ (s), gl(n)(s, t;) and
hl(n)(s, t;) as n — oo. This behavior is highly dependent on the values of vy, oy and ay, so that
it is necessary to distinguish various cases. In most cases standard asymptotic methods suffice
(Lemmas 5-7), but one particular case requires a more refined approach (Lemma 8).

Lemma 5. Asn — oo,

() 1 if 1—ay> g,
d (/\(8)) Zf 1-— (071 < lyl.

2

Lemma 6. Asn — oo,

(n) 1 if l—ar=1-—aq >1in,
] (Satl> — ) .
PN(s) —a(l+t)VW) if l-o=1-a=1in.

Lemma 7. Asn — oo,

(

0 if 1l—ay>1—qand 1l —a; > vy,
0 iof V1>1—a1>1—al>%yl,
(n)
(s 1) = exp (=B (1+1t)) if 1—o=1—a>1in,
¢(A(s)) : |
Zf 1-@1:1—0412—V1.
[6(A(s) — a1+ t)VIT) :

The above lemmas treat all cases where either 1 —a; > vy or 1 —og > %1/1. Although gl(")(s, t)

is not evaluated in all these cases, observe that in (18) this function only occurs as the product
g™ (s,t) h{™ (s, 1;). Since g™ (s,t,) € [0,1], it follows that its specific value is irrelevant as
long as hl(")(s, t;) — 0. We conclude that only the case where both 1 —a; < 14 and 1 — oy < %1/1
remains.

This last case requires a more subtle reasoning. Since gl(n)(s, t;) — 0 and hl(n)(s, t;) — oo as

n — 00, we must analyze the product of the two functions before taking the limit. The proof
of Lemma 8 relies on a change-of-measure argument.

Lemma 8. If1—a; <vy and 1 — oy < vy, then gl(")(s,tl) hl(n)(s,tl) — 0 as n — oo.
We have now collected all the ingredients to establish the asymptotic expression for P,(s,t)
as presented in Theorem 1.

Proof of Theorem 1. The result is a consequence of Lemma 3 when substituting Equations
(20), (21), and (23), in combination with the functions that we asymptotically evaluated in
Lemmas 5-8 (both for general s,t and for s =t = 0, that is). O

5. APPLICATIONS

Corollary 1 describes the asymptotic joint queue-length distribution under our scaling. This
result may serve as the basis for approximations of the pre-limit distribution, which can be
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arriving products repaired machines

v

Processing Repair
facility gueue

« i)

departing products broken machines

FIGURE 2. Extended machine-repair model.

v~ |

Single server Infinite server Single server

i f

F1cURE 3. Equivalent closed network.

used e.g. when designing the network. Closed queueing networks can be broadly applied, as
they can be used to represent for instance hospital units, computer systems, communication
networks and manufacturing systems. In this section we discuss two illustrative examples.

Example 1 (Extended machine-repair model). In the extended machine-repair model, prod-
ucts that require processing arrive at a facility with C' machines. If all machines are occupied,
products are blocked and immediately leave the system upon arrival. An occupied machine
may break down, and resumes processing only after it has been repaired by a single repairer.
It is hereby assumed that a product remains assigned to the same machine for the duration
of its service, even if the machine breaks down intermediately. An in-depth analysis of this
system can be found in [21].

The queueing dynamics of this facility are visualized in Figure 2. The network is open, but by
the discussion in Section 2.1 it is equivalent to a closed network with two single-server stations
(the external station and the repair station) and an infinite-server station (processing station).
This closed network is depicted in Figure 3, and under the conditions described in Section 2 it
obeys a product-form distribution (2).

Corollary 1 then states that the normalized numbers of occupied and broken machines tend to
a normal and exponential distribution respectively, with a condition depending on the values
of the chosen scaling parameters. If 1 — a; > %yl, the limiting distribution of the number of
broken machines is truncated at ¢;8. If 1 — oy < %1/1, the limiting distribution of the number
of occupied machines is truncated at 5/,/w. Finally, if 1 — a; = %1/1, the condition amounts
to \Jwi M + éé"l < [, which in particular implies dependence between the queue lengths. ¢

Example 2 (Vehicle sharing system). In modern society the demand for flexible transportation
has led to the development of vehicle sharing systems. In such systems, a number of vehicles
is scattered among a fixed number of locations. Users may pick up a vehicle at any location
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O

Pick-up

location \69

IS
. — .
Pick-up ( : ) Pick-up
location \®/ location

FI1GURE 4. Vehicle sharing system illustrated as a closed queueing network with

single-server stations (pick-up locations) and infinite-server stations (IS).

(if available) and drop it off at any, possibly different, location. To accurately describe the
behavior of such a system, a well-fitting model is important.

Closed queueing networks are often used in modeling vehicle sharing systems, see e.g. George
and Xia [10]. In this model, the population size C' is the total number of vehicles across
the network. The pick-up (and drop-off) locations are modeled by single-server queues, and
between each ordered pair of pick-up locations, an infinite-server queue is used to describe the
time spent by a user between these locations. See Figure 4 for an example with three pick-up
locations.

Notice that the number of stations used to model the network grows quadratically in the number
of pick-up locations. For this reason, vehicle-sharing systems quickly become analytically
and numerically intractable when the number of pick-up locations increases. The result of
Corollary 1, however, does not become more complex as the number of stations grows. Under
typical circumstances R~ and K~ are low and the asymptotic queue-length distributions are
therefore (asymptotically) tractable. o

6. NUMERICAL ILLUSTRATIONS

In Section 4 we have established a convergence-in-distribution result for the random vector
(B™, D™). In this section we will discuss the performance of approximations based on this
scaling limit. In Section 6.1, we assess the pre-limit distributions by means of numerical
experiments, and compare them to the limiting distributions of Corollary 1. Importantly, the
number of scaling parameters (relating to the vectors w, v, ¢ and a and the scalar 3) exceeds
the number of parameters of our pre-limit model (i.e., the vectors p and o and the scalar C).
This leaves us with some freedom to choose the scaling parameters; using an example network,
we show in Section 6.2 how this can be done. For the numerical results in this section, we
depend on simulation to evaluate the queue-length distributions, since their exact computation
is challenging due to the state-space explosion (recall the discussion at the end of Section 2.2).

6.1. Accuracy of approximation. We start by considering networks consisting of a large
number of stations — for instance, one can think of a vehicle-sharing system from Section 5
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Condition on the joint

Values of 11, a1, a2 distribution of (B!, D{™ D{)

Case 1 1—a1>1—a2,1—a1>%y1 éD§n)<5
Case 2 1—04121—042>%y1 éDin)—l-éDé”)éﬁ
Case3 |1—ay=1—ay=31, \/w_lé(”>+§D§")+éD§"><ﬁ
Cased |[l—a1=31n>1—-m \/w—lg(n)_i_é[)gn)gﬁ
Cased |1—ay < %Vl \/w—lg(n) <8

TABLE 1. Five cases for the values of v, aq, as and the corresponding condition
on the joint distribution of (B, D™, D{™).

vy o Qg |wp | C2 B n
Case 1 1 -1 |0 1 1 1 1 15
Case 2 1 0.1 101 |1 1 2 1 100
Case 3 |1 0.5 105 |1 1 2 1 100
Cased |1 0.5 108 |1 1 1 1 100
Case b |1 09 |09 |1 1 1 1 100

TABLE 2. Scaling parameter values for the plots in Figure 5.

with ten pick-up locations, which has more than a hundred stations. We consider a setting with
R~ =1 and K~ = 2. This entails by Corollary 1 that the variables Bén), e Bg) converge to
independent standard-normal random variables, and that Dén), o Dg) converge to independent
unit-rate exponential random variables. The asymptotic distributions of B£n), DY” and Dg’"‘)
are less trivial because they may be affected by the condition Z (A -, Ek-) < [. Figure
5 therefore focuses on these random variables: it shows their density functions, estimated
by simulation. Strictly, the variables B\, D{™ and D{" have probability masses instead of
densities for finite n since they are discrete. However, we consider the scaled mass functions
of these variables and refer to them as densities in the sequel, so as to facilitate comparison
with their limits as n — oo.

How the condition Z (A g-,Ek-) < [ impacts the distributions of B?), DY‘) and Dg’"‘)
depends mainly on the values of 11, oy and as, see Table 1. The five different cases are visible
in the rows of Figure 5. In cases 1 and 5, the condition applies to only one random variable,
which causes the associated density function to be truncated at .

In all of the cases the density of B%") resembles the normal density, whereas the densities
of DE") and Dg") resemble the exponential density. At a more detailed level, Figure 5 also
shows the impact of the different conditions (i.e. the five cases that were displayed in Table
2). In cases where B (or DI, D) is not part of the condition, its density function is
simply a slightly perturbed version of that of a standard normal (or unit-rate exponential).
On the other hand, in cases where B\™ (or DI, D{™) is part of the condition, we see that
the corresponding random variable is less likely to assume larger values. We conclude that the
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FIGURE 5. Density functions of B, DI and D{" . estimated by simulation,
depending on the values of the scaling parameters v, aq, as. The exact parameter
values for the five cases (top to bottom) can be found in Table 2.

structure of the limit distributions, as identified in Corollary 1, carries over to the pre-limit
setting.

6.2. Fitting scaling parameters. In the remainder of this section we show how to use our
scaling regime in a concrete queueing network model. The extended machine-repair model
described in Section 5 will serve as an example. The goal is to compare the actual queue-length
distributions (obtained by simulation) to the limiting distributions in the scaling regime (as
stated in Corollary 1).

To compare the behavior of the queue lengths under these parameter sets with our limit
results, we have to choose appropriate scaling parameters. Since we have 2R 4+ 2K + 1 scaling
parameters (the entries of the vectors w, v, ¢, and a and the scalar 3) compared to only
R+ K + 1 model parameters (the entries of the vectors p and o and the scalar C'), this can be
done in many different ways. Choosing appropriate scaling parameters is important, because
not all choices lead to accurate approximations. The following intuitive procedure may serve
as a guideline.

(1) First select which stations are dominant, i.e. the stations whose queue lengths will be
incorporated in the condition Z (A -, k-) < . These should correspond to the
queue lengths with largest variance, as these are affected most by the population size

constraint. These variances are, respectively, p1, ..., pr,01/(1 — 1), ..., 0k /(1 — 0 )?
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(if we drop the population size constraint). There is some freedom in choosing the
number of dominant stations. Working with more dominant stations yields a limit
result that is more accurate but whose evaluation is more complex.

(2) Choose values for v and o such that the dominant stations are indeed affected by the
condition, and the remaining stations are not.

(3) Fix n, and choose values for w, ¢, 8 such that the scaled network coincides with the
network under consideration.

With these underlying ideas, one may choose scaling parameters as follows.

(1) Let A denote the set of dominant stations, which we construct as follows. Order the
variances pi, ..., pr,01/(1 —01)%,...,0x /(1 — 0k)?* from high to low. Include in A the
smallest number of stations with highest variance, such that

Zpr+z(1_a—];k)2>T' (;Pr—l—;(l_a—];ky)

reA keA

for some threshold fraction 7" < 1. That is, choose the largest variances such that the
sum of these variances makes up for at least a fraction 7" of the total variance. The best
value of T" may depend on the model at hand and the trade-off between accuracy and
complexity discussed above. We empirically observed that picking 7" = 0.8 provides
rather accurate approximations in most cases.

(2) For rk € A and some x > 0, choose values for v,, o) such that %VT =1—-q4 =
= max{%ul, 1 —aq}. It turns out that the value v may be chosen arbitrarily, since
each value leads to the same limit result (see the discussion below). For r, k ¢ A,
choose values for v,, oy, such that %ur <~ and 1 — o < 7y (the exact values are again
irrelevant).

(3) Pick any value for n. Then choose values for w, ..., wg such that p™ = p, values for
c1, ..., cx such that o = o and f such that C, = C.

Despite the freedom in choosing scaling parameters, we underline that the decision for the
set of dominant stations A completely determines the limit result. This can be verified with
the following argument. For non-dominant stations, observe that the queue lengths converge
to standard-normal and unit-rate exponential variables regardless of the scaling parameters.
The queue-length distributions of the dominant stations on the other hand, depend on the
condition Y 4 \/Wr A + D 1o éé"k < . It therefore seems like the distributions of the
dominant queue lengths depend on the values of w, ¢ and 8. However, the identities p(™ = p,
o™ = o and C, = C imply that w, = p,n=2 for r € A, ¢, = (0,1 = 1)n” for k € A and
= (C —|pl)n=". With these scaling parameter values, the factor n=? cancels out of the
condition, which makes the values of n and ~ irrelevant for the limit result.

We now move to the extended machine-repair model (described in Section 5) for a concrete
numerical example of the steps above. Recall that in this model, the queue lengths of interest
are the number of occupied machines and the number of broken machines. We denote these
random variables by B; and D; respectively. The model has three parameters: the total
number of machines C| the traffic load of the processing station p;, and the traffic load of the
repair station o;. Consider the three sets of parameter values shown in Table 3.
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C P1 01

Parameter set 1 | 100 40 0.99
Parameter set 2 | 100 90 0.90
Parameter set 3 | 100 90 0.66

TABLE 3. Three parameter sets of the extended machine-repair model.

v | og wy | ¢ 15} n
Scaling parameter set 1 |1 | —0.24567 |1 |1 0.61 |40
Scaling parameter set 2 |1 | 0.5 1 11.064 | 1.1 90
Scaling parameter set 3 |1 | 0.8526 1 |1 1.1 90

TABLE 4. Scaling parameter sets generating the same system as the parameter
sets in Table 3.

7 D
o4 of \ . 3
o\ = °
7 A 1
I o] 2] o

FIGURE 6. Density functions of B{™ (left) and D{" (right) for parameter set 1,
both for n = 40 (dots) and for n — oo (line).

Following the steps above, we find the scaling parameters given in Table 4. Note that by
definition of our scaling regime, taking scaling parameter set 1 induces precisely the machine-
repair model with parameter set 1. Hence, for this parameter set, comparing the actual
queue-length distributions and our limit results amounts to comparing n = 40 and n — oo.
The same holds for n = 90 and parameter sets 2 and 3.

In Figures 6-8 we show plots of the density functions of BY” and Dg”) for each parameter set,
obtained by simulation. For comparison, the densities are plotted against the limit results of
Corollary 1.

Parameter set 1. Observe that 1 — ay > %Vl. Corollary 1 states in this case that
B —a M, DI =4 (&|&<B)

as n — o0o. Therefore, we have plotted in Figure 6 the densities of 3540) and wa) (obtained
through simulation) against respectively a standard-normal density and a unit-rate exponential
density truncated at .

Parameter set 2. Observe that 1 — oy = %Vl. Corollary 1 states for 1 — a; = %1/1 that

(B%),Dgn)) —q (M, E| M+ E < P)
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FIGURE 7. Density functions of B{™ (left) and D\™ (right) for parameter set 2,
both for n = 90 (dots) and for n — oo (line).

FIGURE 8. Density functions of B™ (left) and D\ (right) for parameter set 3,
both for n = 90 (dots) and for n — oo (line).

as n — 0o. Therefore, Figure 7 plots the densities of Bf’o) and D%QO) against respectively the
densities of (A | M + & < 5) and (& | M + & < B).

Parameter set 3. Observe that 1 — oy < %1/1. Corollary 1 states in this case that
B" g (M| M <B), DIV =&

as n — 0o. Therefore, Figure 8 plots the densities of B§90) and D§90) against respectively a
standard-normal density truncated at § and a unit-rate exponential density.

Figures 6-8 show that for a network with C' = 100, Corollary 1 provides rather accurate
approximations of the queue-length densities. In relatively small networks there is the obvious
alternative of direct evaluation of the product-form density. For larger networks this will
lead to computational issues, whereas the complexity of our asymptotic results is just mildly
affected by the network size.

7. DISCUSSION & FURTHER RESEARCH

For a broad class of queueing networks, such as those of BCMP type, the joint queue-length
distribution has a product-form structure. It may seem to lend itself well to numerical
evaluation, but in case of closed networks the population size constraint makes this a non-
trivial task. To overcome such computational issues, we have proposed a scaling regime,
inspired by the Halfin-Whitt scaling. The corresponding limiting joint stationary queue-length
distribution is transparent, numerically tractable and provides insight into the dependencies
between the individual queue lengths. We point out how to map our scaling parameters on
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those of the queueing network under consideration. A series of numerical experiments shows
that the resulting approximations are close to the true (pre-limit, that is) values.

Scaling methods in queueing networks form a rich research area in which there is still ample
room to extend our current results. One option is to include multi-server stations in the
network. As the queue lengths become very large in our scaling regime, we expect that such a
station would effectively behave as a single-server station, with the service rate multiplied by
the number of servers. A formal proof may be challenging.

Another model extension preserving product form relates to multiclass networks. In these
models customers may be of different classes, where each class may have its specific routing
and service requirements. The product form of the stationary distribution is preserved under
class-dependent routing probabilities and, for certain station types, under class-dependent
service requirements. Many queueing network results apply to multiclass networks, but scaling
analysis becomes more involved, primarily because each customer class now has its own
population size.

Further research efforts could focus on exploiting our scaling results for design and optimization
purposes. In addition, as we have indicated, our scaling method provides freedom in relation
to the choice of the scaling parameters, which raises the question how to choose the entries of
w, Vv, c,a and [ so as to maximally accurately represent the underlying queueuing network.
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APPENDIX A. PROOFS OF SECTION 4

Lemma 4. Suppose x, — 0o as n — oo. If (C, — x,)//Trn = Q with Q € [—00,00], then
P(P(x,) < C,) = P(Q) as n — oo.

Proof. Observe that a Poisson random variable with mean m € N can be written as a sum
of m Poisson random variables with mean 1. Therefore, with (X;);en, (Y;)ien i.1.d. copies of
2 (1),

i=1

i=1

Substracting x,, and dividing by /z,, yields

[2n ] [zn]
1 e P(x,) — X 1 o — oy
LYoy ol P S LN oy e

Appropriately rewritten as

1 |zn | 0(1) ,@(xn) . 1 [zn] O(l)
/anJ‘+O(1);(Xi—1)—\/$—n<st NG <t m_O(l);(K—l)—k\/x_n’

we may apply the central limit theorem to conclude that (£ (x,) — x,)/\/Z, converges to a

standard-normal random variable as z,, — oo. Using this observation the result immediately
follows from the fact that

P(,@(xn)<0n)zp( NS S /T

) 0@
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as T, — 00. L]

In the following proofs we write p,, ¢, oy and & for pi™, T(")(ST), al(") and 55") (t;) to simplify

the notation.

Lemma 5. Asn — oo,

f(n)<3) _ {1 Zf 1—a1 > %I/l,

P ()\(S)) ’Lf 1-— (6%} < %l/l.

Proof. We start with the case 1 — aq > %Vl. Note that in this case

R
- \‘Z pr+ Bnl_alJ .
r=1

To prove f((s) — 1, we apply Lemma 4 with

R

:ZQ:Z<P7~_ST\/E+O(\/E))

r=1
(so that @ = 00).

For the limit of f(™(s) in case 1 —a; < %

sV1, an application of Lemma 4 with

:ZCr:Z<pr_3r\/ﬁ+O(\/ﬁ))

and
R
Z pr+ 5”2V1J
r=1
leads to
g PP o) B+, 5
Q= lim ——— = lim = = A(s)
n—o0 /Ly n—o00 ZR7 w
Z (pr +o0(pr)) r=1e
Recall that R~ is defined as the largest integer such that vy = ... = vz-. Hence, if 1 —ay < %7/1,

then f(M(s) — @ (A(s)).
Lemma 6. As n — oo,

if 1—0&121—al>%l/1,

1
{CD()\(S) — a1 +tl)\/W) if 1l—ap=1—q = %Vl.

g (s, 1) —

Proof. The proof for gl(n)(s, t;) is similar to the proof for f(™(s). Suppose first that 1 — a; =
1 —a; > $11. Note that with

R R a
=360/ =3 " (s /) 0,
r=1 r=1 n
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we have

R R
B 1—a1 vrtop—1Y\ _ L1y,
Comvn & pr+on 7; <Pr + O(nvrta=1) — O(n2 ))

N R
\/E (pr +0(p;))

1

When1—a; =1—q; > %I/l we take () = oo in Lemma 4, concluding that gl(”)(s, t) — 1.

Next, for gl(n)(s, tyasl—a;=1—a; = %1/1, an application of Lemma 4 with

R R
n + ¢n™ Y
Tpn = E CT/(SZ = E prT eXp<_Sr/\/ pr) etl(l 2
r=1 r=1

and

R

Cn = Zpr + ﬁnéle

r=1

leads to
R . R )
Q=1 Cn— xp 1j Elpr + fn2" — 7; (pr + (1 + t)n " pr = s0\/pr) + 0o(\/Pr)
= lim = lim

> (pr+0(pr))

r=1

n—oo [T,  n—oo \/ R

We conclude that if 1 — a; = 1 — oy = 31, then gl(")(s,tl) = D(A(s) — (1 +t,)VW). O

Lemma 7. Asn — oo,

(

0 if 1l—ay>1—qandl— o > v,
) 0 Zf V1>1—a1>1—al>%1/1,
(s, t) — exp (—Bq(l+ 1)) if 1l—ar=1—a;> %1/1,
P(A(s)) : 1
if 1—ar=1—q;=3u.
LA (s) — a(l+t)VIW) ?

Proof. We explicitly consider the two components of hl(n)(s, t;) separately. In the following
calculations, terms irrelevant as n — oo will be dealt with using the ‘~’ symbol. From the
first component of hl(")(s, t;) we extract the leading terms by applying Taylor expansions. As
n — oo, this component can be rewritten as

R eti(1—o1)
exp ( 32 e (1)
r=1
& 1 tl(l—O'l) %t%(1—01)2
~ €XP Zpr(l_sr/\/ﬁ) ;l_1+ +
r=1
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1
~ exp (Z w,n (1 — s, //w.n"r) (Clnazl T St 242,y 200~ 2))

r=1

R
1
~ exp (Z (wrcl(l +t)n® Y — w1+ tl)s,nno‘”l%’” + SWrCi citin 2*’”)) . (24)

We continue by considering the second component of hl(")(s,tl). Defining 7(t;) == 1 —

ore”tt1=) = (1 — e7t(1=9)) 4 (1 — g7)e1=9) and using that 1 — o ~ =1 — 2n?*=2 we
have for this component that

(Ule_tl(l_“l))cn+1 = (Jle_tl(l_‘”)) exp (Cp,In (1 —7(ty)))

= (1+o0(1)) exp (—Cn (n(tl) + %n(t,)Q + O(Tl(tl)Q))) ,

Observing that 7(¢;) ~ (1 +4)(1 — 0y) — (3t7 + ¢,)(1 — 0;)?, this component thus equals

exp <—Cn <(1 +14)(1— o) + %(1 — )%+ o(1 — 01)2))
~ exp (-cn ((1 ) (en® ™ — ) 4 e 2))

= exp <—Cn ((1 +t)em® ! (; +t))cin 2)) : (25)

When multiplying the two components (24) and (25), we conclude that b\ (s, ;) ~ exp(H\" (s, 1))
as n — 0o, with

R
Hl(n)('s’tl) = (1+t)gn™™! <Z (wrn”r - \/w_Tsm%”’“> — Cn)
r=1

R
1 1
+ c?nQal_2 (Z §wrtl2n’” + Cy(t + 5))

r=1

—(1+t;)en™ (Z \/w_rsrmw + (C’ Zwr ))
+ ¢fn2—? (%(1 + )2 Zwm”r + ( +t;) (C’ ZwT >>

—(1+t;)emn™ (Z VW, Sy navr 4 5n7>

o (1 L]
+ cin?o? (5(1 +1)? ;wrn "+ (5 + tl)&ﬂ) : (26)
We consider (26) as a reference point from now on, and distinguish four cases:

=

leading term —c;(1 + ¢;)Bn® 17 which tends to —oo as n — co. Hence, in this case
h"(s,t) — 0 as n — oc.

(1) Suppose that 1 —a3 > 1 - and 1 —a; > ;. Then v =1 — a3 > vy, so (26) has
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(2) vy >1—oq >1—0oy > Ly, then o143 — O(1), hence
h" (s, t1) = exp (—(1+1) (O(1) + B!~ n™~")) x
exp (0(1) +5n1_‘”‘1(; + t)cin2o 2)
= exp (—(1 +)Bemn™ ™ + 0(1)) — 0.
(3) 11— ay =1 =i > i, then =4 = o(1), 50 with (26) we have
hl(n)(37tl) = exp (-(1 + 1) (O(no‘l_1+§V1) + ﬁnl_alclnal—l)> y
exp ((O<n2alf2+l/1> i O(nzaﬁ%(alfl))))

=exp (—(1 4+ )Ba + o(1)) = exp (=Ba(l + 1))
(4) Finally, if 1 — oy =1 — oy = 11 , then with (26),

hl(n)(S,tz) = exp (— a(l+1t) (Z Wy s~ 1+1u, +5>

1
+ 5c?(l +1)? ; W, O(nhl—“%”l))

— exp (—cl(l +t) (ﬁ + Z ST\/U)_,«> + %c? (1+1t)° Zw,)
:exp< a(1+t)VIVA(s )-1— cl (14+1) W)

= exp (% <)\(3) —a(l+ tl)\/w)2 - %)‘(8)2)

_ o)
¢<)\(S) — Cl(l + tl)\/W>

This completes the proof of Lemma 7. 0

Lemma 8. If1—a; <vy and 1 — o < %Vl, then gl(")(s,tl) hl(")(s,tl) — 0 asn — oo.

Proof. Let
R (n)

xl(”) = (™)(s Z

(n)
(—s,./\/ ) etd=en™);

in the sequel we write just z,, for brev1ty In thls proof, our first objective is to identify the
asymptotics of gl(n)(s,tl) =P(P(x,) < C,). To this end, let P, =q &(x,), and let Q be an
alternative measure under which this Poisson random variable has mean C),, such that

9" (s,11) = Ep (1{P, < Cu}) = Bq (L L{P. < Cu}).

with L denoting the likelihood ratio or Radon-Nikodym derivative

P e O LW s (N W T S
TdQ (T>/(T)_e (O_) |

We thus arrive at

6" (s,t) = €= Eq ((wa/Co)™ L{P. < Cu}).
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Define P, := (P, — C,)/+/C, and recall that, by the central limit theorem, the distribution of
P, converges to a standard-normal distribution. In terms of this new random variable, we
have

Cn
n —Tn x?’l
(ot = (Z) o (27)

where

—0o0

i i= 8o ((twa/C) )" 1pu < 0}) = [ ((g—:)m)depn<y>, 9

with Fp (y) being the distribution function of B,. The idea is to show that Fs (y) behaves as
a standard-normal distribution for sufficiently large C,,, and hence that

& ~/L ((g—)ﬁ) H(y) dy,

where ¢(y) is the standard-normal density function in y. To formally achieve this, we bound
Fp (y) using the Berry-Esseen theorem. This states that for all C,, large enough,

sup 5, (1) = 0 ~ (1= )00 - 90| = 0 ().

Y

where mg3 is the third moment of a Poisson(1) random variable and [(-) is a function that is
bounded by a constant times 1/1/C,,.

We proceed by analyzing ¢, using the Berry-Esseen theorem. Observe that (28) contains
the density of P,, whereas ‘Berry-Esseen’ concerns a bound in terms of the corresponding
distribution function. Therefore, we apply integration by parts, yielding

w= [ OO ((C—)W) i) = [ OO e (P, () = Fr,(0) dy

—— [ e (Fr, ) - P, (0)) (29)

—00

where a,, := +/C,, In(z,,/C,,). Now applying the Berry-Esseen bound in (29),

0

0
" /_ e (B(y) = 9(0)) dy + /_ i} aneany(ayé_n

0

b [ e o)~ 6010 dy+ [ a0 () aw

Recall that {(y) = O (1/4/C5,), so the last three integrals contain a term of that order. For
the first integral, we integrate by parts once more to obtain

(1 =y*)oly) — ¢(0)) dy

0 1 0
qn = /_ N e o(y) dy + Ve /_ N ane®¥r(y) dy,
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where 7(y) is bounded by a quadratic function. Observe that the second integral converges, so
the second term is O(1/4/C,,). Therefore, completing the square in the exponent,

qn—/_ \/1_exp (any—y—2) dy + 0O <\/1C'_n)
_exp (?n) / \/_eXp <_1 (y — an)2> dy + O (\/10_”) (30)
en(§)cmrvo (k)

—wp(;>ﬂ ¢<>»+o(¢%ﬂ

using the symmetry of the normal distribution. A known property of the tail of the normal

distribution is
1

27
as x — oo (cf. [8, p. 175]). To apply this property to the first term on the right-hand side of

e (1 — ®(x)) ~ (31)

(30), it is necessary to verify that a, goes to oo as n — co. This can be seen by relying on a
Taylor expansion, and recalling that 1 — a; <v; and 1 — oy < %VIZ

R
ST wn (1 + gn®1t)e” Vo gh(1=o{")

R
=+/C, lng—: = ;wrn”r +o(n)-In | =2

R
> wpnr 4 o(n*1)

r=1

= Q) I (1+Q (n 1)) = Qn2~1-) — o0

as n — oo, where Q(u,) denotes a sequence v,, such that for some constant ¢ > 0 it holds that
lim,, 00 U /up, = ¢. Using property (31) in (30), and substituting the result in (27), we thus
obtain that, as n — oo,

C C,
(n) _ Cp—an [ Tn " 1 L _ Cn—an [ Tn ' .
9" (s t) =e (o) <anm+0<m)> ¢ (0) o)

Multiplying with hl(")(s, t;), and using 55") (t))x, = (™ (s), it holds that

(n) (n) Cp—2z Tn e zn—C() (s) (n) Cntl
o (st B (s,10) = e (2] o(1) e (6" w)

QIR Cn
_ (1) o) (& ‘
o(l)-e A

The stated result now follows from writing all terms as exponentials and applying the Taylor
expansion to the logarithm:

oot 1,10 = o exp (€= €+ G (14 (S5 =) ) )

C(”)(s) -C,

—omyexp (€, - (o) + €,

+ O(l)) — 0,

as n — oo. O
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APPENDIX B. PROOF OF COROLLARY 3

Proof of Corollary 3. This proof mimics the proof of Theorem 1. For convenience we write
= S T m T 5 T (n)
T.(s,t) =E He’STBT H ¢ smBm H etk Dx He’tlDl ,
r=1 m=I k=1 I=J

which differs from P,(s,t) in the fact that B}n) e ng) and DS"), ey Dg”) are unscaled. We
now follow the line of the proof of Lemma 3, with a few adjustments for the unscaled random

variables:
o the factors e’V o) are removed, form=1,..., R,
o the variables Q(:f )(sm) are defined as pgn)e *m rather than ,0 e=sm/V o , for m =
I.....R,

o t;(1 — oy) is replaced by t;, for l = J,... K.

Hence, T, (s, t) equals the right-hand side of (18) subject to the adjustments above. The first
term of T),(s,t) then equals

I-1 R
He P sV p ¢ (s0) H P (e=om—1)
r=1 m=1I

In this expression, the first I — 1 factors are as in (20) and converge to standard-normal LSTs

as n — 0o. We recognize the latter R — I + 1 factors as LSTs of Poisson random variables

with mean pﬁf ),

The second term of T),(s, t) equals

J—1 (n) K (n)

1—
H 1 — 5(71 H —tl

k=1 lJ

With (21), the first J — 1 factors of this expression converge to LSTs of unit-rate exponential
random variables as n — 0o, and the second K — J + 1 are easily identified as geometric LSTs

with parameter 1 — Ul(").

Following the proofs of Lemmas 5-8, it can be seen that the adjustments do not change the
asymptotic behavior of the last term of 7),(s,t). Therefore, the result follows from Theorem 1
and recognizing known LSTs in the first two terms of T,,(s, t) as described above. 0

ApPPENDIX C. PROOF OF COROLLARY 1

Proof of Corollary 1. This proof amounts to verifying that the LST corresponding to
(N, E | Z (N r-,EK-) <) equals the right-hand side of (13). This can be done with
standard integration techniques. In this section we illustrate the proof for the case that
1l—ap = %1/1. We leave out the other two cases, as these can be verified using the precise same
steps.

Rather than the LST of (A, | Z (N r-,Ek-) < ), we consider in this section the LST
of (N pr-,Ex-|Z (N g-,Ek-) < ), which we call Q(s,t). The former LST can simply be
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obtained through multiplying @(s,t) by R — R~ standard-normal LSTs and K — K~ unit-rate
exponential LSTs. For 1 — oy = 1y, observe that the right-hand side of (13) equals

. ¥ (A(s) = 3 < ﬁ mﬂ@)) v ()\(s) e +tl)\/W)
He H 1 ) Qb(A(S)) ) =1 \Jj=1,j#l
S+t ) (A0)) K- [ K- '
U (A0) = 3 ( 11 Kjl(0)> v <)\(O) - cl\/W>

I=1 \j=1,j#
(32)

Our objective is to show that Q(s,t) equals (32).

To simplify the notation, we write

R K- R j
1 ~ ~
p:=P ( g Vw, N+ E Egk < B) , b= g by/w,, and d;:= g di/ck.
k=1 r=1 k=1

r=1

By definition of the LST, and with d(bg-, di) denoting an abbreviation for db;...dbg- dd;...dd,
it follows that

R~ K~ R~ K~
Q(s,t) =E ((H eM) (H efk@”k> ‘ > VoY Cl—k(fk < ﬁ)
_ / (H e—sTbr(b(bT)) . (H e—tkdke—dk> % d(bgr-,dg-)

o~ r=1 k=1
bp—dy—btd<B

_ % (HG%Q) / <H¢(br + Sr)> . (H 6_(tk+1)dk) d(bg-,dg-).

r=1 ~ o~ k=1
bp—dy—btd<B

This expression may be compared to Expression (3), where we encountered a large summation
containing products of Poisson-type and geometric-type factors. Here, we have its continuous
version: an integral containing products of normal and exponential densities. This effectively
means that the proof steps are similar to those of Lemmas 1 and 2: we give a recursive
argument to evaluate the integrals over exponential densities, and a probabilistic approach is
used for the integrals over normal densities.

For intermediate steps where 7 < K~ integrals over exponential densities are left, define

R
V}(l') — 6—/\(8)\/WCE+%W$2 / (H qﬁ (b'r‘ + 8, — wrx))
r=1

bR_:bS,B

o s (33)
/ () / *‘”J“) A(bs-.d,).

and notice that Q(s,t) = p~* (Hfil 257 > Vi-(0).

Lemma 9. V;(z) satisfies the recursion

#x (Vii(z) = Vica (g (1 + 1)) -

Vile) = ci(1+1;) —
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Proof. Integrating (33) over d; yields

b b<B
er(5-5) &1 (850,

y (- / (50t d(bp-,d;_1)
d1=0 dj_1=0
STy = (L))

Observe that the last exponential contains the indices by, ...,bg- and dy, ...,d;—;. Carefully
distributing these indices over the corresponding integrals gives

Cs

Vi(z) = ﬁ (le(a:)

- Cj(l +t]

10

by
Cj—1 (B*’E*&\]'—Q

61(5*3) )
ci(1+t5) G ' ‘
/ e(%,(lﬂl))dl o / 6( e *(1+t]*1))dj—1 d(bR,dj_l))
d1=0
C

.
e MOV (1) (e (11,)VIV) / (H ¢ (b + s — /wee; (1 + tj))>
r=1

dj_1:0
- (Viy(x) = V(e (1 4+t
cj(1+tj)—m( j-1(2) i-1(ci(1+15)))
yielding the stated. O

We are finally ready to show that Q(s,t) is given by (32), which proves Corollary 1. We
proceed as follows: first, we use Lemma 9 to write Q(s,t) in terms of Vy(x), for certain x.
A probabilistic argument subsequently gives an expression for the integrals in Vy(x). Some
rearrangements then lead to the equality of Q(s,t) and (32).

Since Q(s,t) = p~! [T, 25" Vi—(0), we are interested in the value of Vi (0). For this
variable, Lemma 9 implies

1

Vi 0 = 15

(VK—,l(O) — VK—,l(CK—<1 —+ tK—))) .

Iterating K~ times gives an expression of the form

K-

Vie-(0) = aVp(0) + > w Vo (a1 + 1)),

where a and uq,...,ux- are coefficients depending on ¢y, ...,cx- and ty,...,tg-. To find a,
observe that the only term with V4(0) results from repeatedly taking the left term of all
K~ iterations. Therefore, a = HkK:_l(l +t;)~!. Similarly, observe that the only term with
Vo (k- (1 +tg-)) results from taking the right term in the first iteration and then repeatedly
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taking the left term of the remaining iterations. Therefore,

R — Cj
J
Ug- = — .
K 1+tK7 ]1_‘[ Cj(1+tj>—CK7(1+tK7)
By symmetry, we conclude that, for any [ =1, ..., K,
P
1 C;
U = — .
T4 11_[¢ 1+t —a(l+1t)

Thus, it holds that

7 1 — 1 i ¢;
Vie- (0) = <H1+tk) QURD s ( 11 (1+t)—c,(1+t,>>%<cl(1”l)>

=1 j:l,g;él
~(I137) - (50 - ( IT o) vasn)

With expression (34) at hand, Vy(x) still needs to be analyzed. Using (33) and observing that
its integral can be written as a probability involving R~ normal random variables, we have

.
Vo(z) = o MV Wat g Wa? / <H¢(br+s7"_ wﬂ:)) dbg-
r=1

bR_:b<,8

R-
_ HOOVT) e (memx—sr,nw)
r=1

(34)

= o(A(s)) W, L — /W, S
_qS(A(s)—\/WI)]P(J/( b= /WS, W) < B)
- (A((Z()Ajsf/)wx) o ( A(s) — \/W;p) — H(M\(s))T (A(s) -~ \/Wa;) . (35)

Substituting (35) into (34), we conclude that

( ) -3 (He ) (lKT 1jtk) 6(7(s))

X (qf (A(s)) — Z ( H /ijl(t)> 1 </\(s) — a1 +tl)\/W>> .

=1 \j=1,j#l
We now find the value of p by using that (0,0) = 1. We then indeed have that Q(s,t) equals
(32), which completes the proof. O

Q(s,t) =

iR
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