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Abstract

Motivated by the trade-off issue between delay performance and energy
consumption in modern computer and communication systems, we consider
a single-server queue with Phase-type service requirements and with the
following two special features. Firstly, the service speed is a, piecewise
constant, function of the workload. Secondly, the server switches off when
the system becomes empty, only to be activated again when the workload
reaches a certain threshold. For this system, we obtain the steady-state
workload distribution and its moments of any order. We use this result to
choose the activation threshold such that a certain cost function, involving
processing costs, activation costs and mean workload, is minimized. In
the case of exponential service requirements, we also derive the Laplace-
Stieltjes transform of the length of the active period of the server.

Keywords: Workload-dependent service; Phase-type demand; Matrix exponential solution;
Autoscaling
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1 Introduction

We consider an M /P H/1 queue with two special features. Firstly, the service speed is a piece-
wise constant function of the workload. Secondly, the server switches off when the system
becomes empty, and it is re-activated when the workload reaches a certain threshold. In the
remainder of this section we discuss the motivation for our study (Subsection 1.1), mention
related literature (Subsection 1.2) and outline the rest of the paper (Subsection 1.3).
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1.1 Motivation

Cloud services have become ubiquitous in our modern information society. Cloud services are
even more and more important in the current era where we are facing the Covid-19 pandemic
for which remote work is strongly recommended to decrease the spread of the virus. Nowa-
days, most Internet users are familiar with some cloud-based storage services such as Dropbox,
Google drive etc. and with video-conferencing services such as Zoom, Microsoft Teams etc.
These systems are supported by large-scale data centers where thousands of servers are avail-
able, consuming a huge amount of energy. Thus, it is crucial to have mechanisms that can
balance energy consumption and performance.

While energy saving is indispensable to reduce the CO2, most data centers are still designed
for peak traffic. As a result, many servers are idle in off-peak periods — but they may still
consume about 60% of their peak energy consumption [15, 21]. Autoscaling techniques are
proposed to solve the trade-off between energy consumption and delay performance. In partic-
ular, an autoscaling algorithm adjusts the processing speed according to its workload. At the
data center level, an autoscaling algorithm controls the number of active servers in the system
in response to the workload [15, 21, 24, 27]. Furthermore, at the individual computer level, a
CPU is also able to adjust the processing speed by either dynamic frequency scaling or dynamic
voltage scaling techniques [35, 36, 37]. The processing speed is scaled up when the workload
is high and scaled down under a low workload. As a result, less energy is consumed under
off-peak periods while acceptable delay can be achieved in a heavy-load situation [13].

Queues with changeable service rate also fit the autoscaling mechanisms in 5G networks. In
5G networks, the key technology is network function virtualization (VNF) in which a physical
resource can be virtualized to network functions. The operator can dynamically add or release
these network functions to optimally construct cost-effective systems in response to their work-
load. As aresult, these systems can be modeled using queueing models with changeable service
speeds [26, 27].

Apart from the interest in power-saving computer and communication systems, queues with
changeable service speed also naturally arise in service systems with human servers. In partic-
ular, in many real-world service systems such as call centers, staffs are scheduled to meet the
demands of customers. Also, a human server may serve at high speed when the workload is
high, and may spend more time on a job when the workload is low [11].

1.2 Related literature and our contribution

The topic of speed scaling in data centers and power-saving CPU and autoscaling of 5G net-
works provides motivation for our study. See [35] for an insightful discussion of speed scaling
and [26, 27] for queueing analysis of an autoscaling algorithm in 5G networks. Recent papers
which consider single server queues with speed scaling where the speed of the server is pro-
portional to the number of jobs in the system are, e.g., [25, 36, 37]. Multiserver queues with
ON-OFF control (turning idle servers off) have been extensively studied [15, 21, 24].
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Our model is related to the literature on queues and dams with a level-dependent outflow
rate. Influential early papers are [16, 17]; we refer to [4] for some more recent results and
further references.

Our model is also related to the rich vacation literature: the server takes a vacation when
the workload is zero, and returns to service when the workload reaches or exceeds a certain
level. Such a D-policy has been extensively studied for the classical M /G/1 queue. See [14]
for references and, in particular, for an optimality proof. For the case of switching costs and
running costs, and with a holding cost per time unit which is a non-negative decreasing right-
continuous function of the current workload, Feinberg and Kella [14] prove that D-policies are
optimal for the average-cost-per-time-unit criterion: there is an optimal policy that either runs
the server all the time or switches the server off when the system becomes empty and switches
it on when the workload reaches or exceeds some threshold D.

Markov modulated queues with workload dependent service rates have been extensively
studied in the literature [10, 12, 18, 22, 33, 38]. All these studies first reduce the models to
fluid models for which matrix analytic methods, spectral methods, and Schur decomposition
methods are applied to derive numerical solutions for the distribution of the workload processes
(See da Silva Soares and Latouche [10], Mandjes et al. [22] and Kankaya and Akar [18] for
the methodologies). In contrast to the above, motivated by power-saving in modern computer
and communication systems, we consider a model with Poisson input, Phase-type distribution,
and vacation. For this model, using the level-crossing method and renewal theory, we obtain a
direct solution for the workload distribution and its moments of any order. Our solution is more
direct in the sense that the workload distribution is expressed in terms of matrix exponentials
whose components are explicitly written in terms of given parameters. These results are then
used for an optimization problem balancing performance and energy-consumption tradeoff.

We finally would like to point out the relation to our recent paper [29]. There we propose
and analyze an M/G/1-type queueing model that also features two power-saving mechanisms.
The speed of the server is scaled according to the workload in the system. Moreover, the server
is turned off when the system is empty and is activated again once the workload reaches a certain
threshold. In the case of arbitrarily distributed service time and general service speed function,
the stationary workload is expressed in terms of a series whose terms are recursively obtained
by an integral formula. While the distribution of the workload can in principle be evaluated for
this general case, the computation is highly complex. Simpler expressions are obtained for the
case of exponential service requirement and the case where the service speed is a linear function
of the workload.

In the present paper our aim is to derive a computable solution for a relatively general model
with Phase-type service requirements and a piecewise constant service rate. Phase-type distri-
butions lie dense in the class of distributions with positive support and thus can approximate any
service requirement distribution with any accuracy. Furthermore, piecewise constant functions
can also be used to approximate an arbitrary function. In addition, from a practical point of
view, it is natural that the service rate is switched at discrete points [13].
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1.3 Structure of the paper

The remainder of the paper is organized as follows. In Section 2 we derive the stationary work-
load distribution for the case of an M/PH/1 queue with vacations and with only two processing
speeds. We first focus on this case, before tackling the case of an arbitrary number of different
processing speeds in Section 3, because the analysis is quite technical; in this way, we improve
the readability of the paper. We also obtain a computable form for the moments of any order
for the stationary workload. In Section 4, we demonstrate the analysis of the active period for
an M/M/1 with two processing speeds. An optimization problem is formulated in Section 5 and
finally numerical examples are presented in Section 6.

2 M/PH/1 queue with two processing speeds and vacations

In this section we consider the special case of a FCFS queue with a single server who, when
active, works at one of two possible speeds: when the workload is below a threshold d; it works
at speed 71, and above it at speed 3. Furthermore, when the system becomes empty, the server is
switched off, only to be activated again when the workload exceeds some threshold level L. We
assume that L. = d; to keep the model for the moment as simple as possible while retaining its
essential elements. In Section 3, we shall consider the more general case of piecewise constant
service speed with K different speed values, and in which L not necessarily coincides with
one of the thresholds at which also the service speed in an active period changes. However,
the analysis of that case is quite involved, and consideration of the simpler case of the present
section will help the reader get acquainted with our approach.

The remainder of the section is organized as follows. Subsection 2.1 contains a more de-
tailed model description, as well as a lemma about the computation of the convolution of matrix
exponentials that will play a key role in the remainder of the paper. In Subsection 2.2, we de-
rive the stationary workload density when the server is inactive. In Subsections 2.3 and 2.4,
we successively determine the stationary workload density when the server is active while the
workload is above, respectively below, d;. The mean active period features in many of the
formulas; we compute it explicitly in Subsection 2.5.

2.1 Model description

We consider a single-server FCFS queue, where the server has a single waiting line with infinite
capacity. Customers arrive according to a Poisson process with rate A > 0. The service require-
ments of the customers are independent and identically distributed (i.i.d.), generically indicated
by B, with the following phase-type distribution (see, e.g. [20])

B(z)=1—71exp(Tz)l, x>0, (2.1)

where 7 is a (1 x V) probability row vector, and T is an (N x N) defective transition rate
matrix, where /V is a positive integer, and 1 is a column vector with ones whose size will be



M/PH/1 queue with workload-dependent service and vacations 5

determined in the context. The tail of B(-) is denoted by B(z) := 1 — B(x).

Let Z;, where t € R, := [0, 00), denote the unfinished workload (workload, for short) in
the system at time ¢. According to the value or history of the workload, the server is assumed
to alternate between “inactive” and ‘“active” states, which are referred to as modes 0 and 1,
respectively. Let S; € {0,1} denote the mode of the server at time ¢, which is defined as
follows.

(1) When the workload Z; hits 0 at a time ¢, the server enters mode 0, i.e., S; = 0. After
that, the server remains in mode 0 until the workload exceeds threshold L = d; > 0, i.e.,
Sy, =0aslongas 0 < 7, <d, foru >t

(i1)) When the workload Z; exceeds d; at a time ¢ while the mode was 0 at time ¢—, the server
changes its mode from 0 to 1, i.e., S; = 1. The server remains in that mode until the
workload hits 0 again, i.e., S, = 1 aslongas 0 < Z, < oo for u > t.

The processing speed of the server is assumed to depend on both the server’s mode and
workload in the following way. Let s;(x), where ¢ = 0,1 and x > 0, denote the processing
speed of the server when (Z;, S;) = (z,1); it is defined as follows:

so(r) =0, 0<z<d, (2.2)
, 0<x<d,
s1(7) = {“ r=a (23)
9, di <z < o0,

where r; and 7 are positive numbers. {(Z;, S;);t > 0} is a Markov process. Figure 1 shows a
sample path of this Markov process.

A Workload
Processing speed 1, Bg
B
) S £ 1. N IO W
K n By Bs
B e
0 ! & B, Time
< >t—>

Active period  Inactive period

Figure 1: The workload process for the case of two processing speeds.

We assume that it is positive-recurrent, and denote its replica in steady state by (Z, S). The
stability condition of this Markov process is given as follows.

M (=T) "1 < 7y, (2.4)
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where the lefthand side is the mean amount of work arriving in a unit of time, and the righthand
side is the processing rate of the server when the workload is greater than d; .

We introduce some notations. For i = 1,2, let n; and k; be positive integers such that
k; < m;. For an ny X ny matrix A := (a;;;1 < i < ny,1 < j < ny), we denote the k; x ko
northeast sub-matrix of A by [A]*152) je.,

[A)F152) = (a1 < i < ky,ng — ky < j < my). (2.5)

For a positive integer n, let I,, denote the n x n identity matrix, and O denote a zero matrix
whose size will be determined in the context. Throughout this paper, the next lemma is useful
when we compute the convolution of matrix exponentials.

Lemma 2.1 For positive integers n, and ns, let o, X, b, and'Y be 1 X ny, ny X ny, ng X 1,
and ny X ny matrices, respectively. For x > 0, the convolution of matrix exponentials

/I aexp(Xu)bexp(Y (x — u))du (2.6)
0

is computed as follows. Let My, :=1I,,, ® X, M5 :=1I,,, ®b, and My :=Y, where & is the
Kronecker product, then (2.6) is given by

/ aexp(Xu)bexp(Y (z — u))du = (I, ® a)[exp(Ma)]mnzn2) (2.7)
0
where
My, My
M = . 2.
( (0] M22 ) ( 8)

Proof.  The proof is similar to that of Theorem 1 of [34]. According to the partition in (2.8),
we denote F'(x) := exp(Mz) by

F(z) = ( Flgx) 228 ) . 2.9)

We note that F'(z) := L F(z) = MF(z), ie.

Fi\(z) = My Fyy(z), (2.10)
Fl,(z) = My Fis(z) + Mo Fy(x), (2.11)
Fjy(2) = Moy Fyy(x). (2.12)

From (2.10), (2.12), and F'(0) = I,,,,+n,, We have
Fii(z) = exp(My1x), Fy(x) = exp(My). (2.13)
From (2.11) and the second equation of (2.13), we have

F1/2<33‘) = M11F12<l'> + M12 eXp(Mggx). (214)
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It is readily seen that the solution of the differential equation (2.14) is given by

Fiy(z) = / exp(My;(z — u)) Mo exp(Maou)du (2.15)
0
= / (I, ®exp(X(z —u)))(L,, ®b)exp(Yu)du. (2.16)
0
By pre-multiplying I,,, ® o to (2.16), we obtain (2.7). a

By choosing o := 1, X := 0, and b := 1 in Lemma 2.1, we obtain the next result.

Corollary 2.1 For an ny X ny matrix Y, we have

(n2,n2)
v O 1
Yu)du = "2 . 2.17
/0 exp(Yu)du [exp(( oY )m)] ( )

In the subsequent subsections, we present a computational procedure for the stationary den-
sity of the workload.

2.2 Stationary density in mode 0

In this subsection we determine the steady-state density of the workload during the times in
which the server is in mode 0. Such an inactive period lasts from the instant the system becomes
empty until the next instant in which the workload exceeds a certain threshold level d;. Assume
that Z, = 0, i.e., there is no workload in the system and the server is in mode 0 at time 0. For
i € Ng:={0,1,2,...}, et 0; denote the i-th arrival time after time 0, where 6, := 0. For x > 0,
let

v(z) :=sup{i € No; Zyp, < x}, (2.18)

which is the number of customer arrivals until the workload becomes larger than z. We note that
m(z) := E[v(z)] is the renewal function with the renewal interval distribution B(z) (x > 0) in
(2.1). From Theorem 3.1.2 in [20], we have for 0 < x < d;,

(N,N)

v O Iy
= Du)tdu = t 2.19
m(x) /o Texp(Du)tdu = 7 {exp (( O D ) x)} : (2.19)
m/(z) = T exp(Dx)t, (2.20)
where t :== —T'1 and D := T + tt, and the second equation in (2.19) follows from Corol-

lary 2.1.

Remark 2.1 By Theorem 3.1.4 in [20], the renewal function and its derivative are given in
more explicit formulas as follows: for x > 0,

m(z) = n ‘o + 7(exp(Dz) — I)(D — II)"'t, (2.21)
m'(z) =n~' + 1D exp(Dx)(D — II)"'t, (2.22)
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where II := 17 and 7 is the stationary distribution of D, i.e., 7 is the nonnegative solution of
7D = 0 and w1 = 1. In this paper, we need to compute some convolutions including m/(z).
Therefore, we use (2.19) and (2.20) to obtain our formulas in a simpler form.

We are ready to consider the stationary density of the workload when the server is in mode
0. Let m; (¢ = 0, 1) be the mean length of a mode-: interval. From Subsection 2.1 of [29] we
have

mo = A" (1 +m(dy)). (2.23)

Let v(z|S = 0), where x > 0, denote the conditional stationary density of the workload when
the server is in mode 0, which is given by (cf. Subsection 2.1 of [29])

A )< r<d
w(zlS=0)={ mo = (2.24)
O, T > dl.
From (2.23) and (2.24), we have
_m/(z) O<zx<d
(]S = 0) = { TFm(@)’ = (2.25)
0, T > d.

Fori = 0, 1, let p; := Pr(S = ¢), which is the marginal distribution when the server is in mode
i, and it is readily seen that p; = m;/(mg + mq), i.e.,

1 + m(dl) /\ml

_ R , 2.26
L+ m(dy) + Amy p1 1+ m(dy) + Amy ( )

Po

where m; later will be determined by using a normalizing condition. Let vg(x), 0 < x < dy,
denote the unconditional stationary density of the workload when the server is in mode 0, i.e.,
vo(z) = L Pr(Z < z,5 = 0), then we have

po-v(z|S=0), 0<ax<d,
vo(7) =

(2.27)
0, x> d.

Furthermore, let V' (0) := Pr(Z = 0, .S = 0), which is the marginal probability that there are no
customers in the system, and which is given by V(0) = A™!/(mg + my), i.e.,
1

(2.28)

Combining (2.25), (2.26) and (2.27), the results in this subsection can be summarized as
follows.

Lemma 2.2 The stationary density of the workload when the server is in mode 0 equals
e )< <d
vo(z) = { Trmld)Fame = (2.29)
0, x > dy,

where m(x) is given by (2.19) and m/(z) by (2.20); the probability that there is no customer in
the system is given by (2.28).
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In the next two subsections we determine the stationary density in mode 1, distinguishing
between the cases that the workload is above d; (Subsection 2.3) and below d; (Subsection 2.4).

2.3 Stationary density in mode 1 when the workload is above d;

Let v;(z), where = > 0, denote the stationary density of the workload when the server is in
mode 1, i.e., v (z) = % Pr(Z < x,5 = 1). We use the level crossing technique (see, e.g., [S]),
which states that, in steady state, each workload level is crossed just as often from above and
from below. Hence the stationary density of the workload, denoted by v(z) := vo(z) + vi(x),
where x > 0, satisfies the following relations.

ri(v(z) — vo(x)) = AV(0)B(x) + /\/Ox Bz —y)v(y)dy, 0<x<dj, (2.30)

rov(z) = AV(0)B(x) + )\/x B(x —y)v(y)dy, di << oo, (2.31)
0

where B(z) = T exp(T'z)1 for z > 0. We first solve (2.31), and show that the solution is given
by a matrix exponential form. To this end, for z > d;, we consider a (1 x N') row vector, which
is denoted by v(z), and satisfies the following equation:

rov(z) = AV(0)T exp(Tz) + )\/xv(y)lr exp(T(z —y))dy, dy <z <oo. (2.32)
0

We note that vy (z) = v(x) = v(x)1 for x > d; from (2.31) and (2.32). Similar to [30], by
taking the derivative of (2.32) with respect to =, we have

rov’'(2) = AV (0)7T exp(Tz)T + Mv(z)11 + A /x v(y)lTexp(T(z —y))dy - T
0
=rov(x)(My ' 1T+ T), dy <1 < o0, (2.33)

where the last equality follows by applying (2.32) to the last term of the first line of (2.33). The
solution of (2.33) is given by the following matrix exponential form:

v(z) = aexp((Ary ' 1T + T)(z — dy)), di < < o0, (2.34)

where w is a (1 x N) row vector, which will be determined later (see (2.48)).
The results in this subsection are summarized as follows.

Lemma 2.3 For x > dj, the stationary density of the workload when the server is in mode 1, is
given by vy (x) = v(z)1, where

v(r) = wexp((\ry ' 1T + T)(xv — dy)), x> dy, (2.35)

where u is given by (2.48).
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2.4 Stationary density in mode 1 when the workload is below d;

We next solve (2.30). Since v(z) = vo(x) + vi(z), (2.30) is rewritten into
rio(x) = AV(0)B(z) + A / () +u®)B(r —y)dy, 0<z<d  (236)
0

To solve (2.36), we consider (1 x N) row vectors vo(x) and vy (z) satisfying the following
equation: for 0 < z < dj,

rv(z) = AV(0)Texp(Tz) + A /Ox(vo(y) +v1(y)) 17 exp(T(z — y))dy. (2.37)

We note that vy(z) = vo(x)1 and vy (z) = v1(2)1 for 0 < x < d;. Similar to (2.33), by taking
the derivative of (2.37) with respect to x, and applying (2.37) to the derivative, we have

vi(2) = v (@) My + T) + Ml (2) 7, 0 <2 < d;. (2.38)
Suppose that the solution of (2.38) is given by the following form:
vi1(z) = wz)exp(M 1T + Tz), 0< 2 <d, (2.39)

where w(z) is a (1 X N) row vector and is determined as follows. By taking the derivative of
(2.39) with respect to =, we have

V) (2) = v () T + T) + ' (2) exp((Ary 'l + T)x), 0<x <d;. (2.40)
By comparing (2.38) with (2.40), we have
w'(z) = M Mvg(z)Texp(—(Mr 1T + Tz), 0<a<d. (2.41)
We then have

w(x) = / M7 g (u) T exp(—=(Ary Ml + Thu)du +¢, 0< 2 <dj, (2.42)
0

where cis a (1 x N) row vector and is determined as follows (see (2.45) below). By taking the
limit z | 0 of (2.37), we have

AT

riv1(04) = AV (0)T = , 2.43
11(0+) (0) 1+ m(dy) + Amy (2:43)
where the last equality follows from (2.28). From (2.39) and (2.42), we have
v1(0+) =c. (2.44)
From (2.43) and (2.44), we obtain
)\ —1
h T (2.45)

T I md) +

We are now ready to formulate the following lemma.
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Lemma 2.4 For 0 < x < d,, the stationary density v () when the server is in mode 1 is given
by vi(x) = vy(x)1, where
B Myt

B 1+ m(d1) + )\ml

(N2,N)

v1(x) {(IN ® 7) [exp (Mz)] +exp((Mr 1T + T)x)}, (2.46)

with
— Iy® D In®t
M = . 2.47
( O M+ T ) (247
Furthermore,
Ary ! =7 2
I {(IN @) [exp (M) ]+ exp((Ar 17 + T>d1>}. (248)

1+ m(dy) + dmy

Proof.  From (2.29), (2.39), and (2.42) (see also (2.45)), v1(z) for 0 < x < d; is given by the
sum of the following two terms,

At
1+ m(dy) + Amy

/w 7 exp(Du)texp((\ry 17 + T) (2 — u))du (2.49)
0

and
Aot

A1 T)x). 2.50
1+ m(dy) + Amy exp((Ary 17 + T')z) (2:50)

From Lemma 2.1, the integral in (2.49) is given by
- 2
(Iy @ 7) [exp (M) 2.51)

From (2.49), (2.50), and (2.51), we obtain (2.46). Using (2.34) and (2.46), and observing that
v1(di+) = riry vy (di—) from (2.32) and (2.37), we obtain (2.48). O

2.5 Computation of the mean active period

In this subsection, we compute the mean active period m; from the normalizing condition, i.e.,

dy dy )
V(0) + / vo(z)dx +/ vi(x)dz + / vi(x)dr = 1. (2.52)
0 0

dy
The three integrals are successively obtained in Lemmas 2.5, 2.6 and 2.7. We first use Lemma 2.2
to obtain [ vy(2)dz.

Lemma 2.5

& _ m(ds)
/0 vo(z)dx = T m(dy) + Ny (2.53)

where
(N,N)

iy = fon (2 15 Ya)] " st
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We next consider fodl v1(z)dz. From Corollary 2.1, we have

d ropd (N?,N)
1 o (N2 N) 1 o
/ [exp (Ma:)} Tdx = / exp (Mx) dx}
0 LJo
- (N?+N,N2+N) (V2N)
= | |exp 0 I&N d
O M '
_ (N?,N)
O Iy
= |exp (( o NMJFN ) dl)} , (2.55)
and
dy 1) Iy (N,N)
/0 exp((Mr 117 + T)x)dz = {exp (( O Nillr+T ) d1>} . (2.56)
The next lemma immediately follows from Lemma 2.4, (2.55) and (2.56).
Lemma 2.6 The second integral in the lefthand side of (2.52) is given by
(N?,N)

R G S (s D]

o Iy
oo (6 wrtrer ) o))

where M is given by (2.47).

} 1, (2.57)

We finally compute [ dolo v1(z)dx as follows.

Lemma 2.7 From Lemma 2.3 and the stability condition (2.4), we have

/Oo vi(z)de = a (—(Ary "1 + T))f1 1, (2.58)

d1
where u is given by (2.48).

Proof. We first show that A\, '17 + T is invertible, i.e., (Ar; 17 + T)~! exists. To this end,
we consider the following equation

x(\ry 1T+ T) = 0, (2.59)

where x is a (1 x V) row vector. By post-multiplying the lefthand side of (2.59) by ro(—T')~'1,
we have

1{\T(—=T) "1 — 1} =0, (2.60)
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and from the stability condition (2.4), we have
xl = 0. (2.61)

By applying (2.61) to (2.59) and noting the existence of (—T")~!, we obtain & = 0, which
implies that (A\ry 17 + T')~! exists.
We next show (2.58). From Lemma 2.3 and the existence of (Ar; '17 + T')~! we have

/OO vi(z)dz = u { lim /y exp((A\ry 1T + T)x)dx} 1 (2.62)
d1 0
=a(—(\ry' 1T+ T))_1 {IN — lim exp((Ary '17 + T)y)} 1.
Y—>00

It remains to show that

lim exp((Ary '17 + T)y) = O. (2.63)
Y—r00
Noting that 7 is the stationary distribution of T' + ¢, i.e., 71 = 1 and w1 = —mtT, we have

Ayl +T) = Oyt — wt)T

1
_ (Ar;l _ T(_T>11) - (2.64)

where the last equation follows from 7T = —=wtr,i.e., 1 = wl = wt7(—T) 1. Since T is a
nonnegative and nonzero vector, (2.64) and the stability condition (2.4) imply that 7w(Ar; 17 +
T) < 0 and w(My'1T + T) # 0. From Theorem 1.6 (b) in [31], the Perron-Frobenius
eigenvalue of \r; 17 + T is negative, which implies (2.63). a

From Lemmas 2.5-2.7, the mean active period is given as follows.

Theorem 2.1 The mean active period for the case of two processing speeds is given by

o I (N°.) o I (NoA)
N24+N N
exp<<0 M )d>] " exp<<0 An‘llr+T>d1>] }1

+rytr {(IN ® 7) [exp (Mdy)] (NEN) exp((Ary t1r + T)d1>} (—(ryt1r + T))il 1.

mi 7’117'{([]\[@7')

(2.65)

3 Extension to the case of multiple processing speeds

In this section, we consider an extension of the model of the previous section to the case of an
arbitrary number of different (constant) processing speeds. Subsection 3.1 provides a detailed
model description. In Subsection 3.2 we consider the stationarity workload density when the
server is inactive (briefly, as this is very similar to the result in Subsection 2.2). Subsections 3.3
and 3.4 are successively devoted to the stationary workload density when the server is active
and the workload is above, respectively below, the threshold level d .
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3.1 Model description

In this section we extend the assumptions (i), (i), and the service processing speed s;(x) (i =
0,1 and x > 0) in Section 2 as follows. Let {dx; k = 0,1,2, ..., Ky} be an increasing sequence
such that d; := 0.

(i)> When the workload Z; hits dy(= 0) at time ¢, the server enters mode 0, i.e., S; = 0. After
that, the server remains in mode 0 until the workload exceeds a threshold dx > 0, where
K < K is a positive integer, i.e., S, = 0 as long as 7, < dg for u > t.

(i1)> When the workload Z, exceeds dy at time ¢, the server changes its mode from 0 to 1, i.e.,
S: = 1. The server remains in that mode until the workload hits 0 again, i.e., S, = 1 as
long as Z,, > 0 for u > ¢.

The processing speed of the server depends on both the server’s mode and workload in the
following way. Let s;(z), where ¢ = 0,1 and = > 0, denote the processing speed of the server
when (Z;, S;) = (x,14); it is defined as follows:

so(z) =0, 0<z<dg, (3.1
si(x) =1y, € Jy = (dp_1,dy], k=1,2,3,..., Ky, (3.2)
where {ry; k = 1,2,..., Ky} is a positive valued sequence and d, = co. Note that {so(x); x >

dr} and s1(0) need not be specified in view of the definition of modes 0 and 1. Also note that
dx coincides with one of the switching levels d;. of mode 1. However, this is no restriction, as
one could take rx = rx. 1. A sample path of the workload is presented in Figure 2.

4 Workload

S 1 WS
B

Processing speed 7 1

B3

Bl{ B, Time
0 >

>4¢—>
Active period Inactive period

A

A

Figure 2: The workload process for the case of two processing speeds.

We assume that the Markov process (Z;, S;) is positive-recurrent, and denote its replica in
steady state by (Z,S). Similar to (2.4), the stability condition of this Markov process is given
by

AT (=T)™'1

Ky

< 1. (3.3)

In the subsequent subsections, we present a computational procedure for the stationary den-
sity of the workload.
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3.2 Stationary density in mode 0

Similar to Lemma 2.2, the stationary density in mode 0, and the marginal probability that there
is no customer in the system, are given as follows.

Lemma 3.1 The stationary density of the workload when the server is in mode 0 is given by

Mm@ g<z<d
() = {”m(dmw o (3.4)
0, x> dg,

where m(x) is given by (2.19) and m/(x) by (2.20), and m, is the mean active period which
will be determined later (see (3.48)). The marginal probability that there is no customer in the
system is given by

1

V=17 m(dg) + Amy

(3.5)

In the next two subsections we determine the stationary density in mode 1, distinguishing
between the cases that the workload is above dj (Subsection 3.3) and below dj (Subsection
3.4).

3.3 Stationary density in mode 1 when the workload is above d

Similar to (2.30) and (2.31), the stationary density of the workload satisfies the following rela-
tions.

re(v(x) — vo(z)) = AV(0)B(z) + )\/Oxg(x —yw(y)dy, xzeJ, 1<k<K, (3.6)

reoe) = WVO)B(@) + A [ Blo— ooy, € J K+12k< Ko
0
(3.7)
To find a solution of (3.7), we consider the following equation:
rrv(x) = AV (0)T exp(Tx) + )\/ v(y)lTexp(T(x —y))dy, =z € Ji, K+ 1<k <K,.
0
(3.8)

We note that v (z) = v(z) = v(x)1 for x > dg by (3.7) and (3.8). Similar to (2.34), by taking
the derivative of (3.8) with respect to z, and applying (3.8) to the derivative, we have

V' (z) =v(@) A" 1T+ T), z€Jp, K+1<k<K,. (3.9
The solution of (3.9) is given by the following matrix exponential form:
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where {@;; K +1 < k < Ky} is aset of (1 x N) row vectors, which will be determined later
(see (3.16)), and

Ui(z) :== exp((\r; ' 17 + T) (2 — di_1)), z € Jp, 1 <k < K. (3.11)
We note that
Pdm Ui(z) = Iy, 1<k<K,. (3.12)
Tyag—1

The sequence {uy; K + 1 < k < Ky} is recursively determined as follows. By taking the
two limits x 1 d; and x | d;, of (3.8), we have

rkv(dk—) = Tk+1’l)(dk+), K+1 S k S Ko — 1. (313)
From (3.10) and (3.12), we have, for K + 1 < k < Ky — 1,
v(dy—) = wUi(dy), v(dpt+) = gy (3.14)

From (3.13) and (3.14), we have

Uy = — @ U(dy), K+1<k<Ky—1, (3.15)
Tk+1
which yields
= e {5 Uid)}, K+1<k< K, (3.16)
k

where w1 will be determined later (see (3.39)).
In what follows, we summarize the results in this subsection. To this end, we introduce the
following notation:

Uy, =1 Ui(dy), 1<k1<K,, (3.17)
where the empty product is an identity matrix, i.e., Ukyl = Iy fork > L.

Lemma 3.2 For x > dg, the stationary density of the workload when the server is in mode 1,
is given by vy (z) = v(x)1, where

T - A
v(r) = I;ZIUK+1UK+1J€—1U1€($), (3.18)
Ui (x) = exp((Mry ' 17 + T)(z — dy_1)), (3.19)

forx € Jyand K +1 < k < Ky, and wg  is given by (3.39).
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3.4 Stationary density in mode 1 when the workload is below d

To solve (3.6), we consider (1 x N) row vectors vo(x) and vy (z) satisfying the following
equation: forz € Ji, 1 <k < K,

o) = XV O)rexp(Ta) + ) [ (o) + oal)17 exp(Tlo =)y (320

We note that vy (z) = vy(z)1 for 0 < z < dg. Similar to (2.38), by taking the derivative of
(3.20) with respect to =, we have

vi(z) = v (@) O 1T + T) + M tvg(z)T, 2 € Jp, 1< k<K, (3.21)
Suppose that the solution of (3.21) is given by the following form:
v1(z) = wi(z)Uk(x), z€ Jp, 1 <k<K, (3.22)

where Uy (z) is given by (3.11), and {wy(z);1 < k < K} isasetof (1 x N) row vectors. By
taking the derivative in (3.22) and comparing with (3.21), we have

wi(z) = M tvg(z)Texp(—(Mr ' + T)(x — di—1)), 7€ Jp, 1<k< K. (323)

From (3.23), we have forxz € J,, 1 <k < K,

wi(r) = gi(w) + ¢k, (3.24)
with gi(z) = /I My g (u) T exp(— (A 1 + T) (u — di_y))du, (3.25)
dk—1

where {c;;1 < k < K}isasetof (1 x N) row vectors, which will be determined below (see
(3.30) and (3.31)). We note that

gr(dk—1) =0, 1<k<K. (3.26)

In what follows, we summarize the results in this subsection. For simplicity of the exposi-
tion, let

Wi(a) = (Iy @ 1) [exp (Mi(z — dp)) ], zedu1<k<Kk, (327

where

(3.28)

— 1 I
T = Texp(Ddy_1), My ::( v®D N &t )

(0] )\7‘,;117' +T

Lemma 3.3 For 0 < z < d, the stationary density v, () when the server is in mode 1 is given
by vi(x) = v1(x)1, where for x € Ji, 1 <k < K,

)\r,;l‘r

" 1+ m(dg) + A Wi(z) + exlUs(x), (3.29)

U1 (.T)
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where {cy; 1 < k < K} is given by

Mtr min{k—1,K} ) )
= T T ; Wi(di)Uis1 -1+ Urga ¢ - (3.30)
In particular, ¢, is given by
—1
ATy m?gbi Amy G-3D)
Proof. From (3.22) and (3.24), we have
v1(z) = gr(x)Uk(z) + ¢ Uk(z), =€ Jp, 1 <k <K. (3.32)

From (3.4), (3.11), and (3.25), the first term in the righthand side of (3.32) is calculated as
follows:

)\7’,;17'
1+ m(dg) + Amy

r—dp—1
gr(2)Ug(z) = /0 T exp(Ddy_1) exp(Du)t

x exp((M ' 17 + T)(z — dyp_y — u))du

)\?",;17'
— 3.33
1+ m(dg) + dmy W), (3:33)

where the last equation follows from Lemma 2.1, and then (3.29) is obtained.
It remains to show that {c; 1 < k < K} is given by (3.30). By taking the limit | 0 of
(3.20) and applying (3.5) to it, we have
At

0(04) = T AT (3.34)

From (3.11) and (3.27), we have U;(0+) = Iy and W;(0+) = O, respectively, which imply
v1(0+) = ¢; from (3.34). Then we have (3.31).

Similar to (3.13), by taking the two limits z 1 d and = | dj of (3.20) for 1 < k < K — 1,
we have

Tk’Ul(dk—> = Tk+1’01(dk+), 1 S k S K —1. (335)
For 1 < k < K — 1, by taking limits = 1 dy and = | dj of (3.29), we then have

vi(dp—) = (gr(di) + cr)Up(di), (3.36)
v1(di+) = (gk+1(di) + k1) Up (di)
= Cit1, (3.37)

where the last equality follows from (3.12) and (3.26). From (3.35), (3.36), and (3.37), we have

Ckt1 = 7“1;11 {rigi(di)Ug(dy) + reeiU(dg) }
)‘TI;JilT

= d ! U, 3.38
1—|—m(dK)—|—)\m1Wk( k)+7“k+17“kck k.ks ( )




M/PH/1 queue with workload-dependent service and vacations

19

for 1 < k < K — 1, where the second equality sign follows from (3.33) and (3.17). By

recursively applying (3.38) to itself, we obtain (3.30).

O

We now show that w1 in (3.18) is equal to cx 1 (here we extend the definition of ¢ in

(3.30) to the case k = K + 1).

Lemma 3.4 We have iy 1 = cx 41, ie.,

)\TKHT
U E W, ( p U
UR+1 = 1+ m(de) + Ny - +1K+ LK

Proof. Similar to (3.13), from (3.8) and (3.20), we have
rrv1(dg—) = re v (dr+).
From (3.29) and (3.18) (see also (3.12)), we have

)\7";(17'
1+ m(dg) + Amy

Ul(dK+) == ﬂK+1.

(5] (dK—) =

Wi (dk) + exUk (dk),

The preceding three equations and (3.30) imply that g1 = Cx 1.

3.5 Computation of the mean active period

We compute the mean active period m; by the normalizing condition, i.e.,

V(0) +/O K(vo(x) + vy (2)1)dx + /doo'u(a:)lda: =1

From Lemma 3.1, we have

1+ m(dK)
L+ m(dg)+Imy

dr
V(0) +/0 vo(z)de =

Note that from Lemma 3.2 and (3.39), forz € J, and K + 1 < k < K|, we have

T At T .
v(r) = =1 K {Z Wi(d)) Uik + U, K} Uki1x-1Uk(x)

TL 14+m d}( +)\m1

)\rk
_1+de +)\m1{;w z+1k 1+U1k 1}Uk($)

= CkUk<SL’),

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)
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where the second and third equations follow from (3.17) and (3.30), respectively. From Lem-
mas 3.2 and 3.3, and (3.45), we have

di 00
/ vy (z)1dx + / v(x)ldx
0 di

AT K i o i
= ! W, (z)d c Uy(x)dz p 1, (3.46
1+ m(dg) + Amy ;rk dr_1 e)de + ;Tk : di_1 e L€ :
where
min{k—1,K}
C, = Z Wi(di)Uis1 -1 + Ur -1, 1<k <K,. (3.47)
i=1

Therefore, the mean active period is given as follows.

Theorem 3.1 From (3.43), (3.44), and (3.46), the mean active period is given by

K
_ -1
my =T E n
k=1

where the integrals are calculated in the same way as (2.55) and (2.56), i.e.,

dg d

Ko
Wi(x)dz + ) rp'Cr Uk(:zc)dx} 1, (3.48)
k=1

dk,1 dk*l

(N2.N)

dk 9
Wi(2)de = (Iy ® 73,) [exp (( 8 INMZN ) (dy — dk_l)ﬂ , 1<k<K,
dr—1
(3.49)
dk 0 IN (N’N)
pr— —_— < < .
. Uy (x)dx [exp (( O Nillr+T > (dg dkl))l , 1 <k<K,
(3.50)

For k = K, the last integral is given by (—(\rgl 17 + T)) -

3.6 Moments of the workload

In what follows, we show a computational procedure for the n-th moment of the workload,
where n is a positive integer. To this end, we introduce some new notations. Let .# be the set
of all square matrices. For X € .#, let o(X) denote the order of X . For a positive integer n,
let O,, and I, denote the n x n zero and identity matrices, respectively. Let ¥ : .# — .# be a
mapping defined as follows:

O, x) I,x)
U(X):= X e /. 3.51

From Corollary 2.1, we have for 0 < z <y,

/y exp(Xu)du = [exp(¥(X)y) — exp(¥(X)z)] X)X, (3.52)
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Lemma 3.5 For a positive integer n, X € .# and d > 0, we have

d
/o u" exp(Xu)du = Z(—l)i(ni!z')ldn_i[eXp(‘I’iH(X)d)](o(x)’a(x))a (3.53)
i=0 ’

where U™ is the (i + 1)-th iterate of V.

Proof. Noting that u™ = [" ny"~'dy, we have

d d d
/ u" exp(Xu)du = / {/ exp(Xu)du} ny" dy (3.54)
0 0 Y

d
= [ gy  exp(w(X)) X0
0

d (o(X),0(X))
ol [t esuny) 7
0
where the last equality follows from (3.52). We then obtain the following recurrence formula:

d d (0(X),0(X))
/ u" exp(Xu)du = d"[exp(¥(X)d)] X)X _p [/ u" ! exp(\IJ(X)u)dul )
0 0

(3.55)
which implies (3.53). O

From Lemmas 3.1-3.3, we have

T ~ \ritr ~ ~
L+ m(dg) + dmy Gk 1+ m(dg) + dmy 1§§K0
(3.56)
where
~ dK
Dk (n) ::/ " exp(Dz)dz, (3.57)
0
Wi(n) == / " Wy(z)dz, 1<k<K, (3.58)
zeJy,
U(n) == / t"Up(z)dz, 1<k < K. (3.59)
zeJy,

By applying Lemma 3.5 to (3.56), a computable formula for the n-th moment of the workload
is given as follows.
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Theorem 3.2 For a positive integer n, the n-th moment of the workload is given by (3.56),
where

Dyc(n) = > (-1 <n71! ) (di)" ™ exp(WH(D)dg )] VN, (3.60)

n) (dg—1)"" Z(—l)i J! — (dy — djp—1 )™

Wi(n) = (In ® %) Y (

= \J P (j —a)!
x [exp(U (M) (di — dp)) VN, 1<k <K, (3.61)
5 n O T -
i = 3 () e S0 L i
j=0 i=0 ’
X [exp(UH O\ ' 1r + T)(dy — dj 1)) MY, 1<kE<Ky—1,  (3.62)
= _ - n! n—if _\p—l1.- _ gn—1—i
Us,(n) = e (drgr)" (=Ml —T) 7 (3.63)

Proof.  Equation (3.60) is obtained by applying Lemma 3.5 to (3.57). Since (—)\rl}é 17 —
T)~! exists, Equation (3.63) is obtained by partially integrating Equation (3.59) with k := K.
Because the computation for Equation (3.62) is similar to that of Equation (3.61), we only show
the derivation of the latter one. From Equations (3.58) and (3.27), we have

~ dk*dk,1 L ,
Wi(n) = (In @ 7%) / (@ + dy_1)"Jexp(Mz)] MMz
0

(N2,N)

n di—dk_1
= (Iy ® T1) Z C‘) (dp_1)" 7 { / 2! exp(M x)dx , (3.64)
0

J=0

where the last equality follows from the binomial theorem. We then obtain Equation (3.61) by
applying Lemma 3.5 to Equation (3.64). O

4 Example: The active period of an M /)M /1 queue with two
processing speeds and vacations

In previous sections, we have obtained a computable form for the mean active period. In this
section, we further study the Laplace-Stieltjes transform (LST) of the active period for the
special case with exponential service demand and multiple thresholds. From the LST, we derive
the mean active period for an M /M /1 queue with two processing speeds and vacations. We also
simplify the mean active period obtained in Theorem 2.1 and confirm that it is identical to the
one obtained via the LST.
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4.1 LST of the active period for M/M/1 with multiple service speeds and
vacations

In this subsection, we study the LST of the active period, denoted by A, of the queueing model
in Section 3, where the service requirements are assumed to be exponentially distributed with
mean p L. For s > 0, let ¢(s) := E[e~**] denote the LST of the active period, and ¢(s, r) :=
E[e~*4|initial workload is =] (x > 0) denote the LST of the active period when it starts with a
workload at level x.

For x € J, where 1 < k < K, and for A | 0, distinguishing the two possibilities of
having no arrival or one arrival in the next A gives

(s, +1A) = (1 — AA)e 2 (s, z) + /\Ae_SA/ pe Mo(s, x + y)dy + o(A),
y=0
which readily leads to the integro-differential equation
A A *
Ou(s,2) = — i Sgp(s,x) + —6‘”/ pe Mrp(s,2)dz, e Jy, 1 <k< Ky, (4.1)
Tk Tk 2=

The solution of this differential equation is given by the following lemma.

Lemma 4.1 Forx € J,and 1 < k < Ky, the LST of the active period starting at level x is
given by

o(s,x) = Ak(s)eak(s)x + Bk(s)eﬁ’“(s)x, 4.2)
where
1 A A 2

ag(s) = = —( +S—u)+\/< +S—u) +428 > 0, 4.3)

2 Tk Tk Tk

1 A+ s A+ s 2 s
T N T T

Tk Tk Tk

and {Ax(s), Br(s);1 < k < Ky} are constants which are determined by the following 2K,
equations:

Ak, (s) =0, Ai(s)+ By(s) =1, (4.5)
andfor1 < k < Ky — 1,
Ap(s)ec Gk o By (5)ePe&de = Ay L (5)e® 10 L By (5)ePrr1 () (4.6)
and

ri { A(s)an(s)e % 4 By (s)By(s)e k] =
Prgt { A1 (5) s (8)e™ % 4 By (5) B (s)ePke1 ] (4.7)
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Proof. By differentiating the terms of equation (4.1) w.r.t. x and eliminating the integral, we
obtain the following second-order differential equation:

A+ s
Tk

O (8, ) + < - u) 0r(s,x) — ?(p(s,x) =0, z€J, 1<k<K,. (4.8)
k

The general solution of (4.8) is given by (4.2). We next find 2K equations to determine
{Ak(s), Br(s); 1 < k < Ky}. From the definition of the LST, we have

mh_g)lo o(s,z) =0, }jlir(l) o(s,z) =1, 4.9)
and

Equations (4.2) and (4.9) imply (4.5), and equations (4.2) and (4.10) imply (4.6). For 1 < k <
Ky — 1, by taking x 1 dj, and = | dj, of (4.1), respectively, and noting (4.10), we have

Teps(s, di—) = rep1pa(s, di+), 1<k < Kp—1 4.11)

By differentiating (4.2) w.r.t. z, and substituting the result into (4.11), we have (4.7). O

We next calculate {Ax(s), Bx(s);1 < k < Ky} by (4.5), (4.6), and (4.7). For ease of
notation, for 1 < k < Ky —landi =0, 1, let

Uiy = eak+i(5)dk7 bk-s—i,k — eﬁk-',-i(s)dk’ (4.12)
i gy 7= Qi (8)e 1D b= By () e (4.13)

For 1 < k < K, — 1, by eliminating By,(s) from equations (4.6) and (4.7), we have

A(s) = P A1 (s) + P Biia(s), (4.14)
where
®) W1 g kTt — @t kbl T ) Orkblin g1 — Ok kbl kT
COO = 7 b — b/ 5 COl .= 7 b — b/ (4.15)
(@ kb — arkby )Tk (@ kb — arby 1 )TE
Similarly, we have for 1 < k < Ky — 1,
By(s) = ¥ 441 ( ™ p 4.16
k 10 “k+1 3) + ¢y k+1(3)a (4.16)
where
ap k) Tei] — @ a), . r b, ap 1k The1 — b al, ,.r
cﬁ’f)) — k kg1 kT k+1 k+1,kQ i k7 cg};) — k+1,k%k, kT E+1 k+1,k%E K k. (4.17)

(ar kbl — g b k)T (ar kbl — af, b i)Tr

From (4.14) and (4.16), we have for 1 < k < Ky — 1,

(50) e (5 e (m)) o a ) e
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where
) c(’;) o k) 5(?
Cy = (()18) ((]k) ) Ci = _?18) _?k) = Cka-i-l T CK0—17 (4.19)
Clo ‘11 Clo Gt

and the last equation in (4.18) follows from (4.5). From (4.5) and (4.18), {Ax(s), Bx(s);1 <
k < K} are given as follows.

Lemmad4.2 forl <k < Kgy—1,

i i
Ap(s) = RO By(s) = ) (4.20)
Co1” T Ciy Co1” T+ Ciy
and
1
AK()(S) = 0, BKO(S) = m (421)
Co1” T Ciy

4.2 Mean active period in case of two service speeds, Approach 1: LST

In this section, we apply Lemma 4.1 to the case of two service speeds, i.e., K := 2, and derive
the mean active period for the M /M /1 queue with two processing speeds and vacations. To
this end, we introduce some new notations. For z € R, let (z)~! = min(0,z) and (z)™' =
max(0,x). We denote the traffic intensities when the workload is in [0,d;) and [d;, 00) by
p1 = A/(rip) and py := N/(rep), respectively. The stability condition (see also (2.4)) is
rewritten by

ps < 1. (4.22)

By conditioning on the initial fluid level when the active period starts, and from the memo-
ryless property of the exponential distribution, the LST of the active period is given as follows:
for s > 0, we have

p(s) = / o(s,di + x)pe " da
0

_ / By(s)eH @i +2) sy
0
B2(s)d1
e
= ——DBs(s), (4.23)

TETAER
where the second equation follows from Lemma 4.1, and the coefficients 35(s) and Bs(s) are
given as follows (see also (4.4) and (4.21)):

1 A A 2
Bals) = 5 —( ;S—M)—\/< 23—u> a2 (4.24)

1

T 1)
C((n) + 051)

(4.25)
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Note that from Equations (4.23) and (4.24), we have

B2(0) =0, »(0) = By(0) = 1.
From (4.23) and (4.26), the mean active period m; is calculated as follows.

1 d
+“1ﬁ2<>

my = —(0) = —B}(0) -
where
BL(0) = _—1
2 (=)

It remains to show the computation of B5(0). From (4.25) and (4.26), we have

where

6(3) = Tl(al(S) — 51(3))6(a1(3)+ﬁ1(3))d1

C(5) 1= raleM 0 — e CIM) Gy )P0 — 1y (3 ()0 — g (s)e ()220

By differentiating (4.29) w.r.t. s and then taking s — 0, we obtain
B5(0)£(0) = £'(0) — ¢'(0),
where

£(0) = prye =PRI — py]

1
§'(0) = <—,U/d1’1 — pi| + i ) el=plndy
11— pl

From (4.26) and (4.28), and noting that

14+ p1 — |1 = pi
0) = u(l —py)* "(0) =
Oél( ) :U’< 101> ) al( ) 27’1‘1—p1| )
- 1+p+[1=pi|
0) = u(l — '(0) = —
Bl( ) IU’< 101> ) Bl( ) 2r1|1_p1| )

then we obtain the derivative '(0) in (4.32) as follows:

Z o(1=p1) udl{ 1 k (ry — (1 —P1>k/”"1d1>

= 1 — p2)
L+ p1— KL= pi .
1 1-— dy) ¢-

From Equations (4.32) — (4.34) and (4.37), we have for p; # 1,

1 d 1 — e~ (I=p1)ud 1 d 1 — e~ (1=p1)pds
B0 = {2 bept{a Lo L
)

L—m r (1 — p1)pr L= po (1= p1)pr
From (4.27), (4.28), and (4.38), the mean active period is given as follows.

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

. (4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)
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Corollary 4.1 For p; # 1, we have

p1 (1= p)pdy — (1 — e mrudnyy 1 — pre=(mpndi

mp = — ) (4.39)
A (1—p1)? AMl=p1)  1—po
On the other hand, for p; = 1, we have
pdi(2+pdi) | 1+pdi po
= . 4.40
m ) S W R (4.40)
Proof. By substituting (4.28) and (4.38) into (4.27), we have for p; # 1,
1 {dl 1 — e~ (I=p1)pd1 } 1 { d 1 — e~ (1=p1)nds }
my = — = + —— +
el (L= pr)pr L—pp | 2 (1= p1)pn
pra 1 — po
S {,01(1 — p)pdi — pi(1 — e Umpomd)
A1 —py) L —p
N (1— ple—(l—p1)ud1)p2 _; (1-— 6—(1—p1)ud1)p1(1 — p2) }7 4.41)
— P2

which implies (4.40). Since the mean active period is a monotonic function of p;, we obtain
(4.40) by letting p; — 1 1in (4.39). O

4.3 Mean active period in case of two service speeds, Approach 2: Appli-
cation of Theorem 2.1

We apply Theorem 2.1 to the M /M /1 queue with two processing speeds and vacations. Since
the service time is assumed to be exponentially distributed with mean ;. !, we put

N:=1 7:=1 T :=—u, t:=pu, D:=0, (4.42)
and apply
In@T:=1, Iyeoy:=D, M{'17+T:=—(1—p)p, M := 0 a
N . ) N2+N - 2y 1 . 1 ) . O _(1 . pl),u
(4.43)

to Theorem 2.1. We then obtain the same formulas given in Corollary 4.1 for the mean active
period.

Corollary 4.2 For p; # 1 and p; = 1, the mean active period is given by (4.39) and (4.40),
respectively.
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Proof. 1t is sufficient to consider the first case, i.e., we consider the case of p; # 1. Under
(4.42) and (4.43), we have

O I I o M4}
N24+N 2 k=1 T
exp (( o T ) dl) ( 0 iy, M dk ) , (4.44)

which implies that

(N2,N) oo wrk—1 57 (LD
o IN2+N> >] [ M
exp<( A =Dy — (4.45)
[ 0O M —~ K
e (== py)p)R Ry
B k! ’
k=2

where the last equation follows from

oo k-1 0o —(1—py ) p)k—2 Ilc
M dllc B d ol 2#( (1 pk')u) d
M s ) (446
=1 : 0 di+3 2 2 !

Since p; # 1, we have

(N2,N)

{exp (( g INQMHV )dl)] T (a- pl)ud;(z Elp—l)f;‘(l‘pl)“dlf 4.47)
Similar to (4.47), we have
oo (=(1—p))w)*~tdy
(0 yonnoq)d)- ( ; Ez o ) @)
which implies that since p; # 1,
{GXP <( o " ) ! ﬂ RS A (4.49)
O xi'ir+1T )™ u(l—p1) ’
Furthermore, we have
L 1 oo p(=(1—p)pw)htadk
exp(Md;) = ( - :ik 1 1k' 21') o ) : (4.50)

which implies that since p; # 1,

_ ) 1 — e~ (1=p1)ud
lexp(Md,)] ™M) = e (4.51)
- M1

Under the stability condition (4.22), we have
1
—rMr+T)) P ——.
( ( 2 )) (1 . /02>N
By substituting (4.47), (4.49), (4.51), and (4.52) into (2.65) of Theorem 2.1, we obtain (4.39).
O

(4.52)
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S Optimization problem

In this section we formulate a cost minimization problem. That problem is numerically studied
in the next section.
We consider the following three types of costs per unit of time:

o ¢, (1 <k < Kjp): A costrelated to the power consumption when the server is in mode
1 and processes the workload with rate 7.

® ¢, : A costrelated to the power consumption when the server is in mode 0.
e ¢, : A cost when the server switches from mode O to 1.

For 1 < k < K, let m; j denote the mean active period when the workload is in .J,. The mean
power consumption cost (energy consumption cost per time unit) is given by

m m 1
> e+ po——— + ¢ (5.1)

S I
1 mo + my mo + my mo -+ my

where mg = A™1(1 + m(dg)) (see Lemma 3.1) and m, is given by (3.48). From Theorem 3.1,
miy (1 <k < Kj) is given as follows.

di

di_1 di—1

dg,
mig =T { (7";;1 Wk(w)d33> I(k<K)+r,'Cy Uk(x)dx} 1. (5.2)

We note that each of mg, m, and m; , (1 < k < K)) is given by a matrix exponential form (see
Lemma 3.1 and Theorem 3.1), therefore it is easy to implement (5.1) in a numerical calculation.
In the cost function above, the cost ¢, will be set to ¢, = c¢,r7. There is evidence that
power consumption is a convex function of the processing speed and it is reasonable to set it as
a quadratic function of the speed [23].
Also taking into account the performance, we consider the following cost function for our

system.
all m m 1
Cost = ¢ E|Z] + ¢ p2 k) 0 + ¢ . 5.3
h [ ] P (i;é; anO +'an px)ﬂlo +'Tn1 mo +—7n1 ( )

In equation (5.3), the first term is related to the performance, i.e., the smaller the mean
workload, the smaller the response time for jobs is. The second term (the summation) is related
to the power consumption of the server in the active period. The smaller the processing speed
71, the smaller the power consumption is; but it leads to a bigger E[Z]. The third term is the
holding cost (power consumption when the server is inactive). It should be noted that it is
reasonable to set ¢,y = 0.6¢, as the server in inactive mode can consume about 60% power,
compared to when it is busy processing a job. The last term is related to the switching cost.
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It should be noted that a CPU instantaneously consumes a large amount of energy once it is
switched on.

We will consider the optimization problem for minimizing the cost function. In particu-
lar, we will find the threshold dj which minimizes the cost function. Furthermore, we also
investigate the service curve r(z) which minimizes the cost function.

6 Numerical results

In this section, we consider the effect of the service rate function and the threshold on the cost
function. To this end, we fix the arrival rate and the job size distribution. In particular, A = 1
and the job sizes follow a two-stage Erlang distribution with mean 2. The coefficients in the cost
function are set as follows: ¢, = 0.1,¢, = 30,¢, = 1,¢,0 = 0.6 X ¢,. We consider the service
rate function in the form r(x) = rx® + ro, where we restrict the parameters as follows: 7o = 1
and r; = 0.1,1,10,100. The service rate function is approximated by the step function with
step size 0.1 and dg,—1 = 20 and for z > 20 the service rate is approximated by r(20). We first
consider the cost function against dx for some special service rate functions: r(z) = rz + 7o,
r(z) = ri\/r+719and r(x) = ryz® + ry, where we fix ry = 1 and consider r; = 0.1, 1, 10, 100.

Figure 3 shows the cost function against the threshold dy for r(z) = r1y/z + r9. In the
case r; = 0.1, the stability condition is violated. We observe that the curves for r; = 1 and 10
are convex, implying the existence of a threshold that minimizes the cost function. In the third
curve with r; = 100, the cost function monotonically increases implying that dx = 0 is the
optimal threshold. These results suggest that when the service rate is large enough, it is optimal
to switch the server on as soon as a job is available.

1el6 Cost function, where r; = 0.1 Cost function, where r; = 1.0

= Cost is infinite 124 = Cost is minimized at dx=7.0

1.004 114

104

0.951

00 25 50 75 100 125 150 175 20.0 00 25 50 7.5 100 125 150 175 20.0

dy dk
Cost function, where r; = 10.0 Cost function, where r; = 100.0
= Cost is minimized at dx = 3.‘0 600+ = Cost is minimized at dx = (ﬂ)
60
400
50
00 25 50 75 100 125 150 175 20.0 00 25 50 7.5 100 125 150 175 20.0
dy dk

Figure 3: Cost function against threshold (r(x) = r1y/z + o).

Figure 4 shows the cost function against the threshold dx for r(x) = rz + 1. This figure
shows that the cost function is minimized at positive values of dy for r; = 0.1, 1 and 10 while
it is minimized at dyx = 0 for r; = 100.

Figure 5 shows the cost function against the threshold dx for 7(x) = 12 + ry. We observe
that the cost function is minimized at a positive value of dx for r; = 0.1 and 1 while it is
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Cost function, wherer; = 0.1 Cost function, where r, = 1.0
= Cost is minimized at d,(=4.‘0 = Cost is minimized at dx = 42)
5.7 1
20
5.6
15
00 25 50 75 100 125 150 175 20.0 00 25 50 7.5 100 125 150 175 20.0
dk dk
Cost function, where r, = 10.0 Cost function, where r; = 100.0
200 = Cost is minimized at dx = 1.‘0 2000+ = Cost is minimized at dx = 0:)
1504 1500
100 1000
5001
50
00 25 50 75 100 125 150 17.5 20.0 0.0 25 50 75 100 125 150 17.5 20.0
dyx dk

Figure 4: Cost function against threshold (r(x) = riz + 7).

minimized at dg = 0 for r; = 10 and 100.

Cost function, where r; = 0.1 Cost function, where r; = 1.0
20 = Cost is minimized at dgx = 3.b 200 = Cost is minimized at dx = 1.‘0
15 A
100
10
00 25 50 75 100 125 150 175 20.0 00 25 50 75 100 125 150 175 20.0
dx dk
Cost function, where r; = 10.0 Cost function, where r; = 100.0
= 30000 =
= Cost is minimized at dx = 0.0 = Cost is minimized at dx= 0.0
2000 20000
1000 A 10000
oA

00 25 50 75 100 125 150 175 20.0 00 25 50 75 100 125 150 175 20.0
dx dk

Figure 5: Cost function against threshold (r(z) = ryz? + ro).

Observing all the graphs above, there exists a threshold dx which minimizes the cost func-
tion. Some time, the cost function is minimized at dx = 0 and in some other cases, it is
minimized at a non-trivial dx > 0. The common trend is that for a fast service rate (larger r,
and/or «), the cost function is likely minimized at dx = 0 whereas if the service rate is rela-
tively small, the cost function is likely minimized at some positive value of the threshold d.
For the case r; = 100, all the curves show that the cost function is minimized at dx = 0.

This motivates us to have a closer look at the minimal cost for each fixed « € [0.1, 3], where
the service curve is given by r(x) = riz® + ry. Figures 6-8 show the optimal threshold dx (on
the right y-axis) and the corresponding cost (on the left y-axis) against a. We also find that the
optimized cost function is minimized at some positive « for r; = 0.1 while it monotonically
increases with « for ; = 1, 10. This implies that for relatively large r,, the value of o should
be small so that the service rate is not too large to balance the power consumption.

From Figures 6-8, we observe a general rule that in most of the cases (o > 0.2), the optimal
threshold dx decreases with increasing «. This suggests that for a fast service rate, it is better
to set a low threshold.
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Cost with optimized threshold Cost with optimized threshold Cost with optimized threshold
4

175 Cost 60 Cost 0 Cost
Optimized dx Optimized dx 300 Optimized dx |12
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12,5 40 2001
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Figure 6: Case of r; = 0.1. Figure 7: Case of r; = 1.0.  Figure 8: Case of r; = 10.0.
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