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ABSTRACT. We consider a dynamic Erdés-Rényi random graph (ERRG) on n vertices in
which each edge switches on at rate A and switches off at rate u, independently of other
edges. The focus is on the analysis of the evolution of the associated empirical graphon in
the limit as n — c0. Our main result is a large deviation principle (LDP) for the sample
path of the empirical graphon observed until a fixed time horizon. The rate is (;)7 the
rate function is a specific action integral on the space of graphon trajectories. We apply
the LDP to identify (i) the most likely path that starting from a constant graphon creates
a graphon with an atypically large density of d-regular subgraphs, and (ii) the mostly
likely path between two given graphons. It turns out that bifurcations may occur in the
solutions of associated variational problems.
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1. INTRODUCTION AND MAIN RESULTS

Section [1.1] provides motivation and background, Section [1.2] introduces graphs and
graphons, Section [I.3]recalls the LDP for the inhomogeneous ERRG, Section [I.4] defines a
switching dynamics for the ERRG, Section [1.5]states the sample-path LDP for the latter,
while Section [1.6] offers a brief discussion and announces two applications.

1.1. Motivation and background. Graphons arise as limits of dense graphs, i.e., graphs
in which the number of edges is of the order of the square of the number of vertices. The
theory of graphons — developed in [17], [18], [2], [3] — aims to capture the limiting behaviour
of large dense graphs in terms of their subgraph densities (see [16] for an overview). Both
typical and atypical behaviour of random graphs and their associated graphons have been
analysed, including LDPs for homogeneous and inhomogeneous Erd&s-Rényi random graphs
17, [10].

Most of the theory focusses on static random graphons, although recently some attempts
have been made to include dynamic random graphons [22], [8], [9], [5], [TI]. The goal of the
present paper is to generalise the LDP in [7] to a sample-path LDP for a dynamic random
graph in which the edges switch on and off in a random fashion. The equilibrium of the
dynamics coincides with the setup of [7], so that our sample-path LDP is a true dynamic
version of the static LDP derived in [7]. The corresponding large deviation rate function
turns out to be an action integral. We consider two applications that look at optimal paths
for graphons that realise a prescribed large deviation. We find that bifurcations may occur
in the solutions of the associated variational problems.

1.2. Graphs and graphons. There is a natural way to embed a simple graph on n vertices
in a space of functions called graphons. Let # be the space of functions h: [0,1]? — [0,1]
such that h(x,y) = h(y,x) for all (z,y) € [0,1]?, formed after taking the quotient with
respect to the equivalence relation of almost everywhere equality. A finite simple graph G
on n vertices can be represented as a graphon h¢ € # by setting

(1.1)

HE () 1 if there is an edge between vertex [nz] and vertex [ny],
x,y) =
0 otherwise.

This object is referred to as an empirical graphon and has a block structure (see Figure [1)).
The space of graphons # is endowed with the cut distance

do(h1,he) :==  sup
S, T<[0,1]

j dedy[hy(e,y) — ho(a, )], huhoe#.  (L2)
SxT

The space (#,ds) is not compact.

On # there is a natural equivalence relation, referred to as ‘~’. More precisely, with
A denoting the set of measure-preserving bijections o: [0,1] — [0, 1], we write hj(z,y) ~
ha(z,y) when there exists a o € .4 such that hy(z,y) = ha(o(z),0(y)) for all (z,y) € [0, 1]2.
This equivalence relation induces the quotient space (7/,5,3), where §, is the cut metric
defined by

0o(h1,he) := inf  do(hS',hS2), hi,hae W . (1.3)

0'1,0'26///
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Figure 1. An example of an empirical graphon.

The space (#,8,) is compact [I7, Lemma 8].
Suppose that H is a simple graph on k vertices. The homomorphism density of H in
G 2 H is defined as

t(H,G):t(H,hG)::J doy ... day [ R ay), (1.4)
(0,41 {i.j}eB(H)

where E(H) is the set of edges of H and k = |E(H)|. The homomorphism densities are
continuous with respect to the cut metric [6, Proposition 3.2].

1.3. LDP for the inhomogeneous ERRG. Let r € # be a reference graphon satisfying
In > 0: n<r(z,y)<l-n Yzyel0,1] (1.5)

Fix n € N and consider the random graph G,, with vertex set [n] = {1,...,n} where the pair
of vertices i, j € [n], i # j, is connected by an edge with probability r( %, Z

of other pairs of vertices. Write P, to denote the law of G,. Use the same symbol for the

), independently

law on # induced by the map that associates with the graph G, its graphon h&». Write
P, to denote the law of hCn, the equivalence class associated with hGn.

The following LDP has been proven in [I0] and is an extension of the celebrated LDP for
the homogeneous ERRG derived in [7].

Theorem 1.1. [LDP for inhomogeneous ERRG] Subject to (1.5)), the sequence of
probability measures (Pp,)nen satisfies the LDP on (#,d,) with rate (g), ie.,

lim sup % logP,(C) < —inf J¥(h) YC < ¥ closed,
nowo () heC

(1.6)

1 - . -
liminf —logP,(O) = — inf J(h) VO < # open.

Here the rate function J)¥: W — R is the lower semi-continuous envelope of the function J,
given by
Jy(h) = inf I.(h°), (1.7)
oeM

where h is any representative OfiL and

I.(h) := J dzdy R(h(z,y) | r(z,y)), he¥, (1.8)
[0,1]?
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with
R(a|b) :=alog$ + (1 —a)log =% (1.9)

the relative entropy of two Bernoulli distributions with success probabilities a € [0,1], b e (0,1)
(with the convention 0log0 = 0).

It is clear that J¥ is a good rate function, i.e., J¥ % o0 and J;* has compact level sets. It
was shown in [21] that can be weakened: Theorem holds when 0 < 7 < 1 almost
everywhere under the integrability conditions logr,log(1 —r) € L'([0,1]?). Moreover, it was
shown in [21] that J, is lower semi-continuous on #, and so J* = .J,. In [4] the case where
r is a block graphon is considered, which is allowed to take the value 0 or 1 on some blocks.

1.4. Dynamics for the inhomogeneous ERRG. We now allow the edges to alternate
between being active and inactive, thereby creating a dynamic version of the setup studied
in [7]. Let G,, be the set of simple graphs with n vertices. Fix a time horizon T" € (0, c0).
Consider a continuous-time Markov process {Gn(t)}eo,7] With state space Gy, starting
from a given graph G, (0). The edges in G,,(t) update independently after exponentially
distributed times, according to the following rules:

o an inactive edge becomes active at rate A € (0, 00);
o an active edge becomes inactive at rate u € (0, o).

Throughout the paper, the transition rates A, u € (0,00) are held fixed. Let po1+ (p11+¢)
denote the probability that an initially inactive (active) edge is active at time ¢. Then

A — \e—tA+n) A\ + Me—t()\-&-u)
_ _Atpe T 1.10
Po1t X+ ) P11t X+ ( )
We can represent {Gy(t)}e[o,r] @s a graphon-valued process. Abbreviate
Jnt = hG”(t), I = (fat)e[o,- (1.11)

Let # x [0,T] be the set of # -valued paths on the time interval [0,7]. On the space
(W ,d.), we can define the Skorohod topology on # -valued paths in the usual way, namely,

D = D([0,T],#) = set of cadlag paths in 7/, (1.12)
and equip D with a metric that induces the Skorohod topology. Define
pn(B) 1= Py (fn € B), fin(B) := Pn(anB)a (1.13)

for B in the Borel sigma-algebra induced by the metric.
Note that the initial graphon f, o effectively plays the role of the reference graphon r in
the static setting of an inhomogeneous ERRG treated in [10].

1.5. Main theorem: sample-path LDP. In order to state our main theorem (the sample-
path LDP in Theorem below), we first state a few simpler LDPs.
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1.5.1. LDP for local edge density. Fix t € [0,T], (z,y) € [0,1]*\D*, with D* the diagonal,
and A > 0 small enough so that [z,z + A) X [y,y + A) n D* = . Let

1
Ut = Ug (T, y) = 2[ dz dy fn. (7, y)
A% Jlza+0)x[y.y+2)
) (1.14)

(TLA)2 Z 1{1 and j are connected in Gp(t)}
(i,j)en[x,x+A)Xn[y,y+A)

denote the proportion of active edges in [z, + A) x [y,y + A) at time ¢ (for simplicity we
pretend that nz, ny, nA are integer). Fixing an initial proportion of active edges g, = u
that is independent of n, we see that the moment generating function of w; ,, defined by
My, (s) := E,[e¥%n], s € R, equals

Mg, . (s) = [(1 = p11g) + N prdd V(1 — pore) + N por ]V (1.15)

with N := (nA)?2, the total number of edges in [z,z + A) x [y,y + A). Here, N~! is the
contribution to u;, from a single active edge. Hence

lim N7 og Mg, . (vN) = J;(w),  veR, (1.16)
n— ’

t,n

with

Jtm(’lj) = ﬂlog[(l — p117t> + e”pn,t] + (1 — ﬂ) log[(l — p01’t) + e”poLt]. (1.17)
Then, by the Gértner-Ellis theorem [I4, Chapter V|, the sequence (U )nen satisfies the
LDP on R with rate N and with good rate function

I ¢ (u, w) := suplvw — Jy (w)], w e R, (1.18)
veR

which is the Legendre transform of (1.17)). We use the indices 1,¢ to indicate that (1.18]) is
the rate function for 1 time lapse of length t.

1.5.2. Two-point LDP. If we extend the domain of I ;(u, w) in (1.18) to #? by putting
Banh)i= | dndy otute ) b)) (1.19)
0,1
then we obtain a candidate rate function for a two-point LDP. However, I ; is not necessarily
well defined on #2 because for u; ~ us and hy ~ he it may be that I ¢ (ur, he) # I ¢ (ug, ha).
To define a valid candidate rate function, we put

Lig(i,h) == inf I (u®', k%) = inf I 4(u, ho?) = inf I +(u®', h), (1.20)
/A 0'26///

01,02€. o1eEM
noting that Iy ;(u”, h?) = I +(u, h”QOUfl) = Ilyt(ualo";l,h) and oy o (71_1,01 o 02_1 e M.
Define
[Lnﬂg(B) = Pn(fn,t € B), /ln,t(B) = Pn(fn,t € B) (121)
for B in the Borel sigma-algebra.
Theorem 1.2. [Two-point LDP] Suppose that lim,,_,q 5D(fn70,12) =0 for some u € ¥ .

Then the sequence of probability measures (fin,T)nen satisfies the LDP on W with rate (g)
and with good rate function Ij 7(i, h).
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1.5.3. Multi-point LDP. The multi-point candidate rate function follows from the two-point
candidate rate function by iteration. Let ¢ denote the collection of all ordered finite
subsets of [0,T], i.e., j€ Z if j = (to,t1,...,t,) with 0 =ty <t <--- <ty =T for some
k=|jleN. Forge # = [0,T] and je Z, let

p](g) = (gtoagtp"wgtm) eW~|j|+1~ (122)

Theorem 1.3. [Multi-point LDP] Suppose that limy, o 6o (fn0,%) = 0 for some i€ # .
Then, for every j € 7, the sequence of probability measures (fin op]l)neN satisfies the LDP
on WL with rate (g) and with good rate function

|1

I () = let,tz (hizy, hi) (1.23)

with Bo = u.
1.5.4. Sample-path LDP. Let AC denote the set of functions h € # x [0,T] such that
t — hy(x,y) is absolutely continuous for almost all (z,) € [0,1]%. For h € AC, put
Ohs(z,y)
h; =—27 .
t(xv y) Os ot

To write down a candidate rate function for the sample-path LDP, fix At > 0 such that
T /At € N. We will show that

(1.24)

T/At
I; ((hm),T/oAt) Z Iae(hi—nyae hine) — I(h), At ]0, (1.25)
with
1¢T /
I(h) := 3 %0 d’fS[o,1]2 dz dy L(he(x,y), hi(z,y)), he AC, (1.26)
0, he¢ AC,
where
L(a,b) = sup [vb— (e’ —1)(1 —a) — p(e”” — 1)al, ae|0,1],beR. (1.27)

veR

As before, I in ([1.26)) is not necessarily well defined on W x [0,T7], and therefore is not a
valid candidate function. For this reason we extend the equivalence relation ~ on # to the
equivalence relation ~ on # x [0,T] obtained by defining, for every hy, he € # x [0,T],

hi ~ hy if and only if  (hy)¢ ~ (he): Vte[0,T], (1.28)
and writing h to denote the equivalence class of h € # x [0, T].

Theorem 1.4. [Sample-path LDP]| Suppose that lim,, 5D(fn70, u) =0 for some u € v .
Then the sequence (fin)nen satisfies the LDP on % x [0,T] with rate (%) and with good rate
function

I(h) = hey;il[fp o f0, heV x[0.1) (1.29)
h~h

with iLO = U.
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1.6. Discussion. Theorems [I.3] and [I.4] are LDPs for the dynamic inhomogeneous Erdés-
Rényi random graph with independent edge switches. The fact that the rate is (g), the
total number of edges, is natural because a positive fraction of the states of the edges must
switch in order to produce a change in the graphon. The fact that the rate function in the
sample-path LDP is an action integral is also natural, because what matters is both the
value of the graphon and the gradient of the graphon integrated along the sample path (due
to the exponentiality of the underlying switching mechanism).

Even though the shape of the rate function in can be guessed through standard
large deviations arguments, the proof of the LDP requires various non-standard steps.
Specifically, we are facing the following challenges:

o In Theorem the edge probabilities are determined by a single (typically smooth)
reference graphon, whereas in Theorem the edge probabilities at time T are
determined by a sequence of (inherently rough) empirical graphons. This adds a
layer of complexity to the proof, and requires a series of approximations that are
technically demanding.

o Theorem is an LDP on the quotient space 7/, whereas Theorem is an LDP
on the quotient space of paths # x [0,T]. This leads to various complications in
the proofs, as is also evident from the variational problems that arise when we apply
the LDP. While the LDP for the static inhomogeneous ERRG is covered by [6], 7]
and the sample-path LDP for collections of switching processes is studied in e.g.
[23], the dynamic inhomogeneous ERRG considered in the present paper faces the
hurdles encountered in both these works.

Several extensions may be thought of. In order to achieve a space-inhomogeneous
dynamics, we may replace A, u by graphons A(x,), u(z,y), for (z,y) € [0,1]?, that are
bounded away from 0 and 1, and let the edge between i and j switch on at rate )\(%, %)
and switch off at rate ,u(%, %) In addition, these graphons may vary over time, in order
to capture a time-inhomogeneous dynamics. Both extensions are straightforward and are
therefore not addressed in the present paper. A challenging extension would be to consider
dynamics where the switches of the edges are dependent (cf. the setup analysed in [I]).

The two applications to be described in Section [2| show that the dynamics is a source of
new phenomena. The fact that dynamics brings extra richness is no surprise: the area of

interacting particle systems is a playground with a long history [15].

1.7. Outline. Section [2] describes two applications of Theorems and formulated
in Theorems and below. Section [3] contains the proof of Theorem [I.2] Section
the proof of Theorems [I.3] and [I.4] and Section [5] the proof of Theorems 2.1 and 2.4 The
applications show that the dynamics introduces interesting bifurcation phenomena.

2. APPLICATIONS

Section [2:1] identifies the most likely path the process takes if it starts from a constant
graphon and ends as a graphon with an atypically large density of d-regular graphs. Sec-
tion [2.2) identifies the mostly likely path between two given graphons. In these applications,
the LDPs presented in Section [I] come to life.
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2.1. Application 1. Suppose that the initial graphon u is constant, i.e., u = ¢ for some
€ [0,1]. Condition on the event that at time 7" > 0 the density of d-regular graphs in
G, (T) is at least ¢, where r corresponds to an atypically large edge density compared to u,
ie.,
r>cpiT + (1 — C) Po1,T- (2.1)
A natural question is the following. Is the graph G, (T') conditional on this event close in the
cut distance to a typical outcome of an ERRG with edge probability 7?7 Phrased differently,
are the additional d-regular graphs formed by extra edges (i) sprinkled uniformly, or (ii)
arranged in some special structure?

2.1.1. Phase transition. The next theorem, which can be thought of as the dynamic equivalent
of [19, Thm. 1.1], answers the above questions when the initial graphon is constant.

Theorem 2.1. [Phase transition] Fiz a constant initial graphon u. Let H be a d-reqular
graph for some d € N\{1}, and e(H) the number of edges in the graph H. Suppose that
da(fn0,0) — 0 and that r satisfies (2.1)).

(i) If the point (r?, Iy 7(u,r)) lies on the convex minorant of x — Iy p(u,z"?), then

1
lim —<logP (t(H, for) =) = =11 p(u,7), (2:2)
and for every € > 0 there exists a C' > 0 such that
P <5D(fn7T,7") <e ) t(H, fo,r) = re(H)) >1-e" neN (2.3)
(it) If the point (r%, Iy 7(u, 7)) does not lie on the convex minorant of x — Iy 7 (u, z¥/?),
then !
iy 7oy logP (t(H, fur) = 7~6<H>) > Iy 7 (u, ), (2.4)
n— 2
and there exist £,C' > 0 such that
]P’( i%(l)fl] do(fn,8) >¢ ‘ t(H, for) = re(H)> >1-e" neN. (2.5)
se[0,

In and the do-distance is towards the constant graphons r and s, respectively.
We say that G, (T) is in the
o symmetric phase (S) when the condition of Theorem [2.1](i) holds,
o symmetry breaking phase (SB) when the condition of Theorem [2.1f(ii) hols.
We next explore some consequences of Theorem [2.1] To avoid redundancy we set u = 1
and put
Pt = M1+, (2.6)
so that A = p*/(1 — p*). Note that p* is the stationary probability that an edge is active.
The following two propositions provide a partial phase classification.

Proposition 2.2. [Short-time SB] If u < r, then for T sufficiently small G, (T) is SB.

Proposition 2.3. [Monotonicity]
(i) Ifu=0 and G,(T) is S, then G,(T") is S for all T" > T.
(i) If u=1 and Gn(T) is SB, then G,(T") is SB for all T' > T.
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2.1.2. Numerics. A natural choice of the constant initial graphon is u = p*, i.e., the dynamics
starts at a typical outcome of its stationary state. Figure [2]illustrates the consequences of
varying T for the case where d = 2 (i.e., triangles). For large T and p* = 1, %, Gn(T) is S
for all r € [0,1], while for large T and p* = §, & there exists r such that G, (T) is SB. To
understand why, observe that, for large T', Gy, (T') behaves like an Erdés-Rényi random graph
with edge probability p*. According to [19, Theorem 1.1], if ERRG,,(p*) is an Erdés-Rényi
random graph with edge probability p*, then it is S for all r € [0, 1] if and only if

pF = (e +1)7h (2.7)
; u=p*=1/7 ; u=p* =1/8
0.8 0.8
0.6 1 0.6
0.4 1 0.4
0.2 1 0.2
0 : : : : 0 : : : :
0 1 2 3 4 5 0 1 2 3 4 5
Planning horizon (T") Planning horizon (T)
; u=p*=1/9 ] u=p“=1/10
0.8 1 0.8
0.6 0.6
=~ =~
0.4 0.4
0.2 1 0.2
0 : : : 0 : : : :
0 1 2 3 4 5 0 1 2 3 4 5
Planning horizon (T") Planning horizon (T')

Figure 2. Phase diagrams in (T, r) for d = 2 and u = p* with p* = %, é, é, 1—10. The shaded
region corresponds to SB, the unshaded region to S. Observe that SB prevails for small T’

and r > u.

A visual inspection of Figure [2indicates that, as the planning horizon T increases, G,,(T")
can transition from SB to S. An informal explanation is the following. For small T it is
more costly to add extra edges than for large T. Hence, for small T" we expect to see graphs
where the extra triangles are formed through the addition of a small number of extra edges
arranged in a special structure (corresponding to SB), rather than through the addition of a
large number of extra edges sprinkled uniformly (corresponding to S).

Because of the lack of structural results, we numerically consider additional values of
p*, namely, near the critical value (e? + 1)~!. In Figure [3| we pick u = 0 (left column),
u = p* (center column), and v = 1 (right column), and p* = (e? + 1)~! (top row),
p* = (e + 1)t - 10~* (middle row), and p* = (e? + 1)7! — 2 x 10~ (bottom row). Note
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u=0,p =(e2+1)7! w=p' =(+1)"! u=1p"=(e+1)"!
1 1 1
0.8 1 0.8 0.8
0.6 1 0.6 0.6
0.4 1 0.4 0.4
0.2 1 0.2 0.2
0 0 0
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10
Planning horizon (T') Planning horizon (T') Planning horizon (T')
; u=0,p"=(e2+1)"t—-107* ; u=p*=(e2+1)"t—107* ; u=1p' =(+1)"t—-10"*
0.8 1 0.8 0.8
0.6 1 0.6 0.6
“ =~ =~ [ ——
0.4 1 0.4 0.4
0.2 q 0.2 0.2
0 . . . . 0 . . . . 0 . . . .
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10
Planning horizon (T) Planning horizon (T) Planning horizon (1)
; u=0,p = (e+1)"!-2x10"* . u=p'=(e2+ 1)t —2x10"* ; u=1p =(+1)"'—2x107"*
0.8 1 0.8 0.8
0.6 1 0.6 0.6
. . . —|
0.4 1 0.4 0.4
0.2 1 0.2 0.2
0 0 0
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10
Planning horizon (T') Planning horizon (T") Planning horizon (T")

Figure 3. Phase diagrams in (7,7) for u = 0, p*, 1 with p* close to (e? + 1)~!. The shaded
region corresponds to SB, the unshaded region to S.

that, in line with Proposition for u = 0 or u = 1 we observe at most one phase
transition in the planning horizon T: from SB to S when v = 0 and from S to SB when
u = 1. However, this is not so when u = p*: when u = p* = (e? + 1)~! — 107* and
u = p* = (e2 +1)7! —2 x 1074, there are values of r such that, as T increases, G,,(T)
transitions from SB to S and back from S to SB. In other words, two phase transitions occur
in the planning horizon T, i.e., a re-entrant phase transition is observed.

The re-entrant phase transition in 1" is quite distinct from the re-entrant phase transition
in r (which was first observed in [7] and is evident from Figures [2 and [3)). It is difficult to
find a probabilistic explanation for the re-entrant phase transition in 7. However, once we
observe that, when u = 0, G,,(T") can transition from SB to S and, when v = 1, G,,(T") can
transition from S to SB, then it is plausible that both are possible when we consider the
intermediate value v = p*. Moreover, in the light of Proposition when u = p*, G,,(T)
can only transition from S to SB after it has transitioned from SB to S.

2.2. Application 2. Suppose that the graphon valued process starts near a graphon u at
time 0, and is conditioned to end near another graphon 7 at time 7. A natural question
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is the following. Is the most likely path necessarily unique, or is it possible that there are
multiple most likely paths?

2.2.1. Optimal paths. The next theorem shows that we can answer this question by studying
the set H* € # x [0,T] of paths that minimise I subject to the condition that the path
starts at @ and ends at 7. For n > 0, put

H,:={he# x[0,T]: 6,(hr,7) < n}, (2.8)
and for h, h' € # x [0, T] define

6L (h,h) := sup Oo(he, B}). (2.9)
t[0,T]
Theorem 2.4. [Optimal paths] Let H € # x [0,T] be the set of paths starting at @ and
ending at 7. Let H* € H be the set of minimisers of I in H. Then H* is non-empty and
compact. In addition, if limy, o 65(fn0,a) =0, then

1 _L L
lim lim sup — log P(6°(fn, H*) = €| fn € Hy) < —C, (2.10)
N0 noowo (2)

where C' > 0 is a constant that depends on @, 7, T and €.

2.2.2. Variational problems. To better understand the set H*, we next solve two related
variational problems, each with its own probabilistic interpretation.

Lemma 2.5. [Identification of minimiser| Pick u € [0,r]. Let

[, (t) :=argmin[I1 4(u, s) + [1 7—¢(s,7)], te[0,T]. (2.11)
s€[0,1]

Then fr_,. is the unique minimiser of

T
1(f) = f At L (1), (1)), (2.12)

0
subject to the condition f(0) =u and f(T) = r, where L is defined in (1.27). In addition,
I(f’;kﬂT‘) = Il,T(“) T)'

Remark 2.6. Let {X;(t)}:=0, ¢ € N, be independent processes switching between active
and inactive, with A the rate of becoming active and p the rate of becoming inactive, as
before. Define
1 n
Ln(t) = = Y Xi(t), lim L,(0) = u. (2.13)
)

n—o0

Then, informally, we can interpret f

—7r

as the most likely path that (L, (t))se[o,r] takes
from u to r when n is large. Such paths f;¥_,. can be efficiently computed (see Lemma
below). An illustration is given in Figure 4; in the right-hand-side the time horizon T is
relatively large, so that the least costly way to reach r is by first falling back towards the
equilibrium value % and afterwards moving towards r in a relatively short time interval
before T', whereas in the left-hand-side the the time horizon T is relatively small, so that

the least costly way to reach r is by immediately moving towards it.
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X . 0 1 2 3 4 5
Time (t) Time (t)

Figure 4. Solid curves: the paths t — f¥  (t) for A = 1, p = %, w=1%andr =

u—T 5

0,55, 45,1 when T =1 (left) and T = 5 (right). Dashed curve: most likely path without
the terminal condition.

We need to define what we mean when we say that two paths h,g € # x [0,T] are equal.
Define the equivalence relation ‘=’ by writing A = g if and only if

Leb {(z,y) € [0,1]%: there exists a t € [0, T] such that h(z,y) # gi(z,y)} =0. (2.14)
Below when we write # x [0,T] we assume that this is the quotient space formed by the

equivalence relation ‘=’.

Lemma 2.7. [Identification of minimiser| Set u,r € #'. Let

h;—)’!'(x7 y? t) = f;k(x,y)—)r(w,y) (t)? t € [07 T]7 (1"’ y) € [O? 1]2 (215)

Then h},_ ., is the unique minimiser of

T
I(h) =J dtf dz dy L(h(z, ), hy(z,y)), (2.16)
0 [0,1]2

subject to the condition that hg = u and hp = r, where L is defined in (1.27). In addition,
I(hyy) = D (u, 7).

We next turn our attention to the original variational problem on W x [0,T]. If he H*,
then, armed with Lemma and the specific form of I, we may expect that there exists a
representative h of h such that

I(h) = II,T(U7TU)’ hr = TJ, (217)
for some o € .#. By Lemma the only such paths are of the form A} Theorem

u—Tr"
2.8 below, which applies when u and r are block graphons, shows that we may restrict our
attention to the equivalence classes of these paths, i.e., the set {h}_, - },c.#, and implies
that we can replace the variational problem on % x [0,T] by a significantly simpler one, in

terms of permutations of the target graphon 7.



SAMPLE-PATH LARGE DEVIATIONS FOR GRAPHONS 13

For I € N, let #'(!) denote the space of block graphons with I? blocks, so that for any
gE #' () there exist block endpoints 0 = g < x1 < --- < xy = 1 such that

9(@,y) =95  Va,ye[zi,xi) X [zj-1,75). (2.18)

For u € # and r € #) with block endpoints 0 = ay < a1 < --- < a; = 1 and
0=by<by <---<by =1, respectively, let a: .# > [0,1]'*” be defined by

a(o)ij :=Leb{z € [0,1]: x € [a;—1,a;), o(z) € [bi—1,bi)}, oce M. (2.19)

Note that o can map to any value in the compact set

V= {’UE [0,1]I><JI ZUU = a; — Q;—1 ViEI, Zv,-j = bj _bj—l VjE J} . (220)
jed el

It is important to point out that, for any o1, 09 € 4 with a(o1) = a(o2),

Wypor = Pion, Ly (u, r™) = Iy (u, r%?). (2.21)

For v € [0,1]7*/, let 0 be any element of .# such that a(o) = v.

Theorem 2.8. [Optimal paths| Suppose that u e #' D and r € #') for some I,.J € N.
Then

H* € F* := {h} o Yoew = {00 boer- (2.22)
Moreover, if V* is the set of v € V that minimise I p(u,r°?), then V* is non-empty and

H* = (R o0 foevs. (2.23)

The requirement that u and r be block graphons is harmless, as block graphons can be used
to approximate any graphon arbitrarily closely in L? [6, Proposition 2.6]. The following
corollary is immediate because the constant graphon is invariant under permutation.

Corollary 2.9. [Uniqueness| If either u or r is a constant graphon, then H* = F* =
{hk_,.}, i.e., both sets contain a single element.

2.2.3. Multiplicity. We next explore whether H* can contain multiple paths. Theorem [2.8
provides a concrete criterion. In particular, H* contains multiple paths if and only if there
exist v1,v9 € V such that

INLT(’[L,’F) = ILT(U,’I"U'”) = ILT(U,’I"U”), fL* ov; F iL* (2.24)

u—T u—rov2 "

We thus need to determine whether these two conditions can be satisfied simultaneously.

We begin by focussing on the latter condition: Can F* (defined in Theorem contain
multiple paths? The answer is yes: even though for any k, § € F* we have @ = hg = §o and
7 = hp = gr, this does not necessarily imply that hy = gt for t € (0,7). To see why, we
consider the following simple example. Let u,r € # be such that

1 ifz < %, y < %,
u(z,y) =r(z,y) =10 ife>1y>3, (2.25)
% otherwise,
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and o € .# be such that
- 1,
gug::{z__ 2 (2.26)

Recalling the definition of f* , from Lemma we have

NI—= D=

fra)  ir<iy<h
hZ—»T(:‘Uaya t) = f6k—>0(t) if x> %, Yy = %, (227)
f’%“_% (t) otherwise,
and
o) ifr<gy<y,
Wi e,y t) =S fia()  ifr=gy2>3, (2.28)
T otherwise.
2 2
The three (z,y)-coordinate paths of hZ_,. (solid) and h’_, . (dashed) are illustrated in
Figure 5| for A\ = = 1 and T = 3. It is easiest to see that h* . # h*_ . by looking at
their values when t = 2: h%_ -(-,-,3) is a constant graphon while 2%_,, (-, -, 3) is not.

09Ff
08
0.7F
06+ s '
~ < = — = Cd
05 ==
- ~ ~
04} = ~
03f
02t
0.1F
0 . . . . .
0 0.5 1 15 2 25 3
Time (t)

Figure 5. The (z,y)-coordinate paths of h¥_, . (solid) and A}, (dashed) for A = p =1,

u—r u—r?

T = 3, with w, 7 and o defined in (2.25) and (2.26]).

While the above example demonstrates that F* can contain multiple elements, it does
not imply that H* can contain multiple elements. Indeed, the next proposition implies that

in the above example H* contains a single element: H* = {h*_, }.

Proposition 2.10. [Uniqueness]| If there exist 01,09 € A such that, for any a < b and
z € [0,1],

u?(a,z) < u®?(b,x), r7 (a,z) < r7'(b, x), (2.29)

then H* = {h*oy o}
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U r r?
1 2 2 1 2 2 1 2 2
5 5 5 5 5 5 5 5 5
Lluin|  p a Lilr| ¢ d Lilrn| d c
21 a u23 2lec c 23 2ld d 23
2 la| wugs b 21 d| T3 d 2lc| 7123 c
Figure 6. An example of u, r and o for which h¥_ | +# h*_ . and I(h_ )= 1(h%_ ).

Is there always a single optimising path, i.e., does H* always contain a single element?
To answer this question we consider the graphons u, 7 and r? illustrated in Figure[6] Let
Ay = [0, %), Ay = [é, %) and As = [%, 1]. For constants a, b, ¢, d, u11, ugs, m11, 723 € [0, 1], let
uir if (z,y) € A7,

a if (z,y) € A2 U A] x Az U Az x Aj,

u(z,y) = < , (@y) €Az v A x Az o ds x Ay (2.30)
b if (z,y) € A2 U A x Ay U Ay x Ay,

U93 otherwise,

and
rinif (z,y) € A7,

Cc if(ﬁC,y)EA%UAlegUA;gXAl,

i R A2U Ay x As U Ag x Ay, (2:31)
(723 otherwise,
and let o € .4 be such that
T if r e Ay,
olx)=<z+2 ifzedy, (2.32)
x—2 if x € As.

5

Note that I(h}_,,) = Lir(u,r) = Lir(u,r”) = I(h}_,o), regardless of the values of
a,b,c,d,uii, uss, m11, r23. However, to ensure that both conditions in (2.24]) are satisfied, we

need to select these parameters carefully. The next proposition tells us how we can do this.

Proposition 2.11. [Non-uniqueness| Suppose that u, v, o are given by (2.30), (2.31),
(2.32)), and set

a:c:O, b:d:e’f, U11:UQ3:7“11:7’23:1. (2.33)
Then, for e, T > 0 sufficiently small, H* = {h*_,  h*_ .} and h*_, # h*_ ..

Through this example we are led to conclude that if the process begins near % at time 0 and
is conditioned to end at 7 at time 7', then it may take one of two equally likely paths. Note
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that, in view of the counting and inverse counting lemmas [16, Lemmas 10.23 and 10.32],
by specifying graphons @ and 7 at times t = 0 and ¢ = T we are in effect specifying the
subgraph density ¢(H, fnt) at times t = 0 and ¢t = T for every simple graph H. By these
same lemmas, Proposition shows that, for some subgraphs H, the subgraph density
t— t(H, fnt) may take one of two equally likely paths from ¢(H,a) to t(H, 7).

3. PROOF OF THE TWO-POINT LDP

In this section we prove Theorem [[.2] We settle the lower semi-continuity of the rate
function I 4(@,-) in Section the upper bound of the LDP in Section and the lower
bound of the LDP in Section

Abbreviate }P’ZJ(-) = P(fnt €| fno=1) and Py ,(-) := P(fns € - | fno = u). As before,
let # () = # denote the space of block graphons with 12 € N blocks. Also define the e-balls

Bo(h,e) :={ge #: 6.(h,§) <e},
Bo(h,e) :={ge #: 6.(h,§) <e}, (3.1)
Bo(h,e) :={ge W ds(h,g) <e}.

Write #, to denote the set of empirical graphons with n vertices.
We first state two properties of I ¢, uniformity and convexity, that are needed along the
way and are straightforward to verify.

Lemma 3.1. For every t > 0 and u, h € [0,1],
I¢(u, h) < max {—logpor+, —log(1 — p11,¢)} < . (3.2)
Moreover, for n,e > 0, let

Ar(n,e) = Ii(u, h) — I (!, 1)) 3.3
1(n.€) u,he[O,l],u’e[u—%}i}i—(n],h’e[h—s,h+e]‘ Lt 1) = Dua(w, 1) (3:3)

Then lim, .0 Ar(n,e) = 0.

Lemma 3.2. For everyt > 0 and u,h € [0,1], u— I +(u, h) is convex and h — I ¢(u, h)
is strictly convex. Moreover, for every u,h € # and A, B < [0,1],
1

Leb(A x B) fode dy I (u(z,y), h(z,y)) = 14 (u(A x B),h(A x B)), (3.4)

where .

and h(A x B) is defined similarly.
3.1. Lower semi-continuity. We first establish that I;.(a,-) is a good rate function,
ie., I14(q,-) # 0 and & — I;4(4, %) has compact level sets. Because # is compact, it

suffices to show that z — INLt(&,a?) is lower semi-continuous. We will in fact show that
(@,Z) — I (1, T) is lower semi-continuous, because this stronger property is needed below.

Lemma 3.3. Suppose that lim,,_,o 05 (Un, @) = 0 and lim,_q 5D(i~zn, l~1) =0. Then
lim inf I 4 (i, b)) = T4 (0, B). (3.6)
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Proof. Let Ay be the set of all k-set partitions of [0,1]. In particular, A includes any
{A;}F_, such that 4; < [0,1], A; n Aj = & for 4,5 € [k] with i + j, and U¥ | A; = [0,1].
Let (0p)neny be any sequence of elements in .#. Recalling f and applying
Lemmas |3.1H3.2], we obtain, for any k£ € N,

hv?igf I ¢ (un, h™)

k
> liminf  sup Z Leb(A; x Aj) 11 ¢ (un(Ai x Aj), hom (A x Aj))
n—00 k iy
{Ai}izle-Ak ’L,‘]=1
k
> hTILIEOIOlf sup Z Leb(A; x Aj) (3.7)
{Ai}izleAk 3,7=1

X [Il,t (ﬂ(Az X Aj), W(Al X AJ)) — A] (dg(un,u),dg(hn, h))]

k
> inf  sup E Leb(A; x Aj) 4 (u(A; x Aj),ho(A; x Aj)).
OEM § Ak iy
{Az}izleAk 1,7=1

The proof is complete once we show that

k
lim inf Leb(A; x AN (u(A; x A;), ho (A; x A;)) = inf I 4(u, h%). (3.8
kggoo}g%mifgpmm;l eb(Aix Aj) T, (w(As x Aj), b7 (Aix Aj)) = inf Ti(u, h%). (3.8)

i=1

1. First we establish when w and h are block graphons, i.e., ue # ) and h e # (). Let
O=ay<ar<---<ar=1land 0=0by < b; <--- <bj =1 denote their block endpoints,
A; = [ai_l, ai) and B; = [bi—17 bz) their block intervals, and {uij}lgm'g[ and {h[m}lgz’mgj
their block values. (For example, if x € A; and y € A, then u(x,y) = u;;.) For i € [I] and
je[J], let

Cri-1y+j = {z€[0,1]: z € Aj, o !(z) € B;}, (3.9)
Suppose that &k = I.J. Then defines a sequence of sets C1q,...,Cr. We have

k
D Leb(C; x Cy) I11(w(C; x C;),h7(Ci x Cy))
ij=1

= D Leb(Cuityre X Cootyam) Tue(uig, him) (3.10)
igelI], &;mel.J]

- LO 172 dx dy Il,t (u(x, y), ha(x, y)) = Il,t(u, ha)’

where the first and second equality are obtained by observing that u and h? are constant on
C; x Cj. Since this holds for any o € .# and k > I.J (for k > I.J simply take C; = J for
all i > 1.J), we have established (3.8).

To explain the above in a bit more detail, suppose that each point = € [0, 1] is a vertex.
Because v and h are block graphons with I and J blocks, respectively, we can think of
vertices as being of type 1,...,I at time 0 and of type 1,...,J at time t. We would like
Cj(i—1)+; to contain all vertices of type i at time 0 and of type j at time ¢. It is clear that
this means that x € A;. However, because we have applied an arbitrary permutation o to h
to get h7, the types of all the vertices at time ¢ have been mixed up. Nonetheless, we know
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that vertex x is of type j at time ¢t if it maps to block j in A when the permutation j is
undone (i.c., 07 (z) € B;j). Now, C(;_1);; contains all vertices that are of type i at time 0
and of type j at time ¢t. Hence, to arrive at , simply note that the density of edges
between the vertices in Cj(;_1)4; and Cjyr_1)4j at time 0 is w;, and that the density of
edges between the vertices in Cj;_1)4; and Cy_1)4 5 at time ¢ is hjj.

2. Next we establish (3.8) when u and h are not block graphons by relying on a limiting
argument. For £ € N and g € #, let §) € #(© be the block graphon such that if i, j € [/]
and (z,y) € [%, %) X [%, %) =: Bg), then
99 (z,y) = JB@ da’ dy' g(a',y/). (3.11)
g

Applying Lemma [3.1], we have, for any o € .Z,
[T, h%) = I (@9, (9]

< f dzdy Ar(u(z,y) — 89 (z, 1), bz, y) — (hO) (z,9))
[0.1]2 (3.12)

< Ag(e,m) + 2max {—log po1 ¢, — log(1 — p11,¢)}
X Leb{(‘rvy) € [07 1]2: |U($,y) - a(Z)(ﬁay” =€ or |h($,y) - ’B(Z)(:E?y” = 77}

Because @) — u and h(® — h in L? as £ — o ([6, Proposition 2.6]), for any e, > 0 the
second term in the right-hand side of (3.12) tends to 0 as ¢ — oo. Letting €, | 0 and
applying Lemma |3.1] once more, we obtain
lim inf Ip (@, (A9)7) = inf Iy ,(u, h°). 3.13
lim inf 1@, (H0)%) = inf 1 (u,h°) (313)
Noting that convergence in L? implies convergence in the cut distance, and using the fact
that we have already established (3.8]) for block graphons, we find

k

lim inf  sup Leb(A; x Aj) I ¢ (u(A; x Aj), ho(A; x A;)
k—o0 oce M {Ai},lf:leAk ’L,jz—zl J ( J 7 )

k
= i m i . . 2O (A. NBOYo( A. .
ehig) klg{nlo Ulél/f// sup Z Leb(A; x Aj) 114 (u (A; x Aj)(h9)7(A; x AJ)>
{Al}izleAli:l
= lim i 70 (ROyo — o
Jim inf 1,4 (@, (P1)7) = inf T14(u, h°),
(3.14)
which completes the proof of (3.8]). O

3.2. Upper bound. We start by observing that

]P)(]gn,t € | fn,O = an) = IED(]?n,t € | fn,O = un) (3'15)

Indeed, due to the fact that the dynamics is homogeneous, the outcome of fn,t is independent
of the specific representative of @,. We first establish the upper bound when v € #'() for
some I € N, i.e., the limiting initial graphon has a block structure. Afterwards we can use a
limiting argument to obtain the upper bound for w € %', which we will not spell out.
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Lemma 3.4. Suppose that ue #'D for some I € N, and u], € B, (u,m) for alln >0 and n
large enough. Then

lia lim sup -y (2)

10gP(frt € C | frr =ul) < — inf I (1, %) (3.16)
zeC
for any closed set C < Va

Proof. By [6, Lemma 4.1], it suffices to prove that, for all he¥,

lim lim lim sup —— log P(f,.+ € Ba(h,€) | fuo = @) < —I1.4(, h), (3.17)
cl0 nl0 pooo (2)
which is equivalent to
1 - -
lim lim lim sup — log P(fn.s € Bo(h, &) | fno = ull) < =11 4(@i, h), (3.18)

cl0 nl0 noom (B)

by which we have transferred the problem from # to # . Note that to get we have
applied to replace fn,O = Uy, by fn,0 = Uy in the condition. Since holds for any
uy in the equivalence class i, we may assume that there exists a u in the equivalence class
@ such that d,(us,u) < n for all n large enough. The proof consists of 6 steps.

1. In contrast to B.(h,¢), whose elements cling tightly to &, the elements of B, (h,e) are
scattered throughout %#. We therefore need a systematic method of collecting these elements.
To this end we recall a version of Szemerédi’s regularity lemma [6l Theorem 3.1], which states
that for any e > 0 there exist a constant C'(¢) < co and a set # (¢) € # with |[# (¢)| < C(e)
such that for any f € # there exist ¢ € .# and g € # (¢) satisfying do(f?, g) < ¢, and that
for any g € # () there exists a J € N such that g € #(/). Thus, if we let

BDW(a),a):{feW i da(g.f) < } (3.19)

then
{fus € Bolho)} € {fe e Bolhob 0 (| 1475 € Bo(# (), 2)})

OnEMn

: (3.20)
= U U {fn,tEBD(h7€)}n{fg,nt GBD(976>}’

gEW (€) onEMn,

where ., is the set of permutations of the n intervals of length 1/n in [0, 1]. Because # (¢)
is finite, it is enough to show that

tim limsup dog B (| {fus € Ba(ho2)) {174 € Bul0.9)))
70 nooo (3) et (3.21)

—I14(u, h) + E(e) Vge ¥ (e),

where E(¢) must vanish as ¢ | 0. Note that the event in (3.21)) is empty when d,(g, h) > 2¢.
We thus only need to establish (3.21)) when (g, h) < 2e. Observe that the left-hand side of



20 PETER BRAUNSTEINS, FRANK DEN HOLLANDER, AND MICHEL MANDJES

(13.21]) is at most
1
lig)l lim sup @ log P ( U {fom e Ba(g, 8)})
n n—00 ’
? onEMn (3.22)

1 7
< limlimsup — max logP“" (f7" € B.(g, e
nl0 naoop (g) onEMn & (fn’t (g ))

because log(n!) = o((5)). To bound the right-hand side of (3.22)), we show that we can
replace .#,, by a finite set 7 = T (I, J,n) (whose cardinality does not depend on n) without
incurring a significant error.

2. We construct the set 7 = T(I,J,n) as in the proof of |10, Lemma 3.3]. Recall that u €
w () andgeW(J),andwrit60:a0<a1 <-w-<ar=landO0=by<b <---<by=1
to denote their block endpoints. Define the intervals A; = [a;—1,a;) and B; = [bj_1,b;). Let

V.= (Ui,j)ie[l],je[J]: Vij € (0, 1), Z Vij = Leb(Ai), Z Vij = Leb(Bj) s (3.23)
JjelJ] ie[I]

and for v € V define

j—1 7 i—1 %
a; + Z Vj k> Qj + Z Ui,k) , Bji = [bj + Z de',bj + Z ’Ukﬂ‘) . (3.24)
k=1 k=1 k=1 k=1

Pick 7, € .# satistying (see Figure [7))

Ai]’ =

Tv(Aij) = Bija Vie [I],] € [J] (325)

Concretely, this means that we choose 7, such that if z € A;;, then

Jj—1 i—1
Tv(x) = (l‘ — a; + Z Uik) + (bj + Z Uk;j> . (3.26)
k=1 k=1

The map 7, can be understood as follows. For a vertex v € [n] and a set A < [0, 1], write
-1

vn ’%

A;; contains roughly nv;; type-i vertices, which are the only type-i vertices that get mapped

v v A when | ) € A. Refer to v such that v v~ A; as a type-i vertex. The interval
onto the interval B;. Thus, under the map 7,, B; contains roughly nv;; type-i vertices.
Note also that, after 7, has been applied, the labels of type-i vertices inside each block are
sorted in increasing order.

3. We have now introduced all the objects that are needed to construct the set 7. We
have the set V and a mapping 7 that relates elements of V to permutations. As 7 must
be finite while V' is uncountably infinite, we cannot let 7 be simply the image of V' under
7. Instead, we construct a finite subset V of V such that any element of V is close to an
element of V' (exploiting the compactness of V), after which we let 7 be the image of V
under 7. Concretely, we let V < V be a finite set such that for any w € V there exists a
v e V with

lu — v < —. (3.27)
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u
ao aj as bo
by
al b2
a2
as b3

Figure 7. Illustration of the map 7 in (3.25)).

After that we put 7 := {r,: v € V}. It should be noted that if o € .# and Cj;(c) := {v e
[n]: v v~ A;,0,(v) v Bj}, then for any o, € 4, there exists 7 € T such that

=3 (Cijlon) = Cy)] <, (3.25)
1,J

provided n is sufficiently large. In other words, for any o,, € .#;, there exists a permutation
7 € T that maps approximately the same proportion of type-i vertices to the interval B; (see
Figure El for an illustration). ‘Note that we require n to be large to account for boundary
effects, i.e., for v € [n] such that [%=1,2) is not contained in a single A; or such that

7([=1,2)) is not contained in a single B;.

4. Let 0% € .4, be a permutation that permutes the blocks Bj only, and sorts the different
vertices within Bj in ascending order of their original label. Formally this means that ol

satisfies the following properties:

o If o,,(u) v~ Bj, then o°

oop(u) o By

o If o (u),00(v) v By and u v Ay, v o Ay, with iy < dg, then (02 0 0y,)(u) <
(02 00,)(v).

o If o (u), 0 (v) o Bj and u,v v~ A; with u < v, then (09 0 0,,)(u) < (62 0 7,)(v).

Observe that, because g = g"g,

O‘nOO’O o'noa%
P (15 € Bolg,2) = P (17377 € Bulg,2)) = PN 7 (f € Bu(g,e)),  (329)
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where the last equality follows from the fact that applying o, o o¢ at time 0 is equivalent to
applying it at time ¢. Now, by (3.27)), for any o, € .#,, there exists a 7 € T such that

d. ((uz)an oo , u‘r) <d, ((UZ)U" 0027 u’n° 02) +d, (uan ool , uT) < 277. (3_30)
Consequently, we have derived the upper bound

1 n
limlim sup —~ max logP*" ({77 € Bo(g,¢)})

1 )
< limlimsup -~ max  sup pin (fnt €Bs(g,¢))
0 nooo (5) €T ) €Ba (uT,2n)

for every e > 0 and g e #'.
5. To further bound the right-hand side of (3.31)), let {ui;}; jer] and {gem}e,me[s) be the
block values of u and g, respectively (for example, if x € A; and y € A;, then u(x,y) = ;).

We assume without loss of generality that v;; > 0 for all 4,j (recall (3.23); the 7,7 with
v;; = 0 can be ignored). Abbreviate

2n €

i0im 1= i0jim = ————. 3.32
Nitjm UM'Ujm’ Eiltjm VitVim ( )
Observe that, for each i,j € [I] and k, £ € [J], if ds(un,u™) < 27, then
J da dy tn(x,y) € [uij — Nitjm, Wij + Niejm) , (3.33)
Aik XA]'g
while if f,,; € Bs(g,€), then
J da dy fr(x,vy) € [gre — Eitjm> Ghe + Eitjm)] - (3.34)
Az‘k XAJ[

Because the rectangle A;p x Aj,, represents n2vigvjm independently evolving edges, we have

. 1
limsup ———log P J dz dy fu (7, y) € [9em — Eitjm> Gem + Eitjm]
n—oo N Uifvjm Ai[ XAjm

J dz dy fao(@,y) € [uig = Titjms wij + Niejm] ) o
Aig XA]-m

< — B inf ILt(l_L, l’),
ue[uz'j —Nitjm Wij +77i£jm]7 Ie[gem—fiejmgem-i-ﬁwjm]

while this upper bound must be multiplied by % when (i,£) = (j,m) (to avoid double
counting). This leads to

1 ~
lim sup —— log Pin (fat € Ba(g,¢))
n—00 (2)
< — VitVjm inf I (u, )
zgr]n ' ae[“ij—méjmuij‘*‘ﬁmm]vxe[gk@_aikﬂvgké"‘sikﬂ 7 (3.36)

< —Ie(u’,g) + Z VieVjm A1 (Nigjm A 1, €igjm A 1),

jm
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where Ajr(n,¢) is defined in (3.3]). Regarding the last inequality, note that because we are
dealing with block graphons the integral in the definition of 11 ; can be expressed as a sum
with weights given by v;;. Set v > 0. If v;yvj, > v, then

VgVjm A1 (Mijm A 1, €ijm A1) < Ap (27"7 %) ; (3.37)
whereas if v;pvjm < then, by Lemma
ViUjm A (mejm %) < Cv (3.38)

with C' := max{—log po1 ¢, —log(1 — p11+}. Consequently, for any v € V and v > 0, we have
Z VieVim A1 (Migjm A 1, €i0jm A 1) < < I2J? <07 + Ag < = 7)) =: E(y,n,¢). (3.39)
iljm

Combining the above formulas, we arrive at

1 ,
limlimsup — max  sup ]P’“Z(fm € Ba(g,¢))
mo n—o (5) 7T aem, (ur om)

- s > 3.40
%15%1%1[17:( ",9) + E(v.m,¢)] (3.40)

< —(z)len;/h,t(u‘j’,g) + E(v,0,¢) = —I14(3, §) + E(v,0,¢).

Picking v = el/2 we can apply Lemma , to obtain
E(e) := E('2,0,¢) | 0, el0. (3.41)

6. We can now finally prove (3.21)). Recall that we only need to consider g € #'(¢) such
that d,(g, h) < 2e. In view of (3.31)), (3.40) and (3.41)), it is enough to show that
- fl,t(ﬁv g) < _I~17t(l~l’7 B) + E(2€) (342)

for all § € # such that 4, (g,ﬁ) < 2e. Without loss of generality we may assume that
d.(g,h) < 2e. Following a similar line of reasoning as above, we get

— Il’t(u”, g) < —Il,t(uo, h) + E(2€) Yoe ., (343)
which implies (3.42)). O

3.3. Lower bound. To establish the lower bound, it suffices to prove that

lim lim lim inf — logIP(fnt eBu(h,e) | fuo = al) = —I4(a, h) Vhe#. (3.44)
L0 nl0 n=00 (2)

For any 8 > 0 there exists a ¢(3) € .# such that

Lig(i, h) = I (u, h?) — B. (3.45)
Because B, (h?,¢) BD(E,E) for any ¢ € .4, picking h = h®®) and letting 3 | 0, we see
that (3.44]) follows once we show that

hmhmhmmf log P(fn,t € Ba(h,€) | fro=upl) = —I14(u, h) Vu,hew. (3.46)
el0 nl]0 n— (2)

The proof comes in 5 steps and is constructed around a series of technical lemmas (Lem-

mas below).
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1. To prove (3.46)), we first introduce some notation. As before, we work with block graphons.
For k € N and ,5 € [k], let Bgﬁ) =[5, 4) x [%,%) For g€ #, we let gp € # ) be
defined at the bottom-left corner points of Bi(f;.) by

.’g\k(%’%> = k2 JB“) dz dyg(xvy)7 (347)
i,J

and for (z,y) € Bg? as

Gy = 3 (5 ). (3.48)
We settle (3.46]) by using a Cramér-transform-type argument, i.e., we rely on a particular
change of measure. Concretely, for z,x € [0, 1], let

7(2, ) 1= argmax [vz — Ji(2)], (3.49)
veR

where J; ,(2) is the function defined in ([1.17]). The idea is to use 73 to describe the probability
that particular edges are active at time ¢ when f,; is conditioned to be close to h. To that
end, abbreviate 6y +(z,y) := exp(r(uk(z,y), hi(z,y))), let

P11, Ot (2, y)

1 —pirge +pi1e Oz, y)’
Po1.t Ot (z,y)

1 —po1s + po1,t Or (2, y)’

QL t (:Uv y) =
(3.50)

Bk‘,t(ma y) =
and for n > 0 put

qzyn(:x,y) = u) (z,y)ope(x,y) + [1 —u)(x,y)]Bre(x,y). (3.51)

For 4,7 € [k], let
1
N(i i) . 7
q(i,j,n) 1= J dzdy g, ;. (2, ) (3.52)
Leb(B(Y) Joly "
We can informally interpret ¢/'(i, j,n) as an estimate of the probability that edge (¢, j) is
active at time ¢ given that f,. is close to h. Note that ¢/(i,j,n) depends not only on
whether edge (7, ) is initially active (dependence on n), but also on the proportion of other
‘nearby’ edges that are initially active (dependence on k).

2. In the following lemma we show that qZ n, € W converges to h in an appropropriate limit.

Lemma 3.5. For everyt > 0,

lim lim lim ds(h,q,) = 0. (3.53)

k—0o0 n]0 n—00
Proof. First note that
da(qy o h) < dalqy , hi) + da(hs hy). (3.54)

We next analyse d, (q/;7 s ?Lk) From ([3.49)), we find the first-order condition

~

hk(xvy) = ’ZL\k($, y) O‘k,t(‘ra y) + [1 - ak('x’y)] Bk,t(xvy) V$, Y€ [0? 1] (355)
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Using (3.55)), we obtain (rewrite the supremum over subsets S,7 < [0,1] in (1.2) as a

supremum over functions a,b: [0,1] — [0,1])

dﬂ (q]:;]mv ’];’k)

= supf dz dy a(z)b(y) {ak,t(ﬂc, Y)[up (2, y) — U (2, y)] + Bri(z, y)[Ur(z, y) — u;) (=, y)]]
a,b J[0,1]2

< SupJ dz dy a(z)b(y) {ak,t(% y)[ug (z,y) — u(x,y)] + Br(z, y)[u(z,y) — u)(z, y)]}
ab J[0,1]2

+ J de dy [u(z,y) — Gz, y)|
[0,1]2

<2Wdo(uaf) + | dedylute.y) - o)
[0,1]?

(3.56)
where we note that ay (2, ), Bi+(x,y) € [0,1], and use the triangle inequality in combination
with the fact that the pair (7, hy) can take at most k? different values (corresponding to
their values on the interior of BZ(];)) The claim now follows from (3.54)) and ([3.56)), because

do(u,ul) | 0, hyy — h in L2 and @y, — u in L? (see [6, Proposition 2.6]). O

3. The next step is to construct a random variable H, on simple graphs with n vertices by
declaring that, for every i, j € [n] with ¢ < j, vertices ¢ and j are connected by an edge with
probability ¢ , (i, ) defined in (3.52). Let P!, , denote the law of H,. Note that if f € #;,,
then

Pz,k,h({f}) = H qZ(z’,j, n)fij [1 - QZ(iﬂj, n)]l_fij’

1<i<j<n
W) fis, (1=l (09))fis
Pl = [T el e (3.57)
1<i<j<n

% (1 = prug) " ENO=Fi) (1 — po ) I GNO—Fi),
(n)

where f;; denotes the value of f(x,y) on the interior of B, i

Lemma 3.6. For fixred k € N,

g J oo Tk \ g _ g @B 59
im lim —— _ ‘ .
70 n—00 (TQL) 9. 08 dIPZﬂf n,k,h 1,t\Uk, Uk
Proof. Let ny = ¢k with ¢ € N, and note that, for all 4, j € [ng],
(ne) (k)
Bij " S Biijigi/m (3.59)

Rewriting (3.51)) as a product, and applying (3.52) and (3.57), we obtain that, for any
feWn,

P sn(f) . ") LG
£ - H Fri (1, 1)un(:9)fis Frai;(1, 0)[1—un (@)1 iy
Pn,t(f) 1<i<j<n (360)

X ka (0, 1>u2(i,j)(1—fij)pk’i’j(0, 0)[1—u:’1(z’7j)](1_fij),
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where, for £,m € {0, 1},

Fk,x,y(gam) _ ( k,t(xvy)) ’ Fk,i,j(&m) _ ( k’t(%])), —
L —pmie + Pmie Ok (2, y) 1 — DPm1t + Pmie Ok i (7, 7)
(3.61)
with
(i) = 0o (255 (3.62)
From (3.60)), elementary computations yield
lim 1i 1 1 dPZ,k,h ap"
i J, 7 |, (108 G0 | 4P
= 1,}1%7}5%0* 2 f [ i,3) fijlog Fii j(1,1) + [1 — ull(i, 5)] fij log Fi.; ;(1,0)

1<z<]<n

+u(i,§)(1 = fij)log Fi,i (0,1) + [1 = wl (4, 5)](1 — fi;) log Fi,i,; (0, 0)]dpz,k,h(f)

o1 NN . —
=lim lim —— Z {Tt(uk(z,]), hui(i, 7)) f fij d]P’Z&h(f) + u,! (4, 5) log F4.5(0,1)
77“) n—0o0 (2) 1$i<j$n w

1= 26, )] log Fuay (0, o>]

L 1 o PN - _
= lim lim oy Z |:UZ(Z7J) {Tt(uk(z7])7hk(l7j))pll,tFk,i,j(la1) +lOng,z,](071)}

nlo = (1) I<i<j<n

+[1 —ul(i, )] {Tt (i, 5), R (4, 7)) po1,tFr.i (1,0) + log Fy ; ; (0, 0)} }

(3.63)
Using that @ (x,y) is constant on the interior of B; (k ) for all 1 < < k, in combination
with the fact that limy, o limy, e ds(urh, u) = 0, we obtam that ( - equals
J dz dy [@k(fva Y) {Tt (2, y), hi(2,9)) P11t Fhzy(1,1) + log Fi s 4 (0, 1)}
(017 (3.64)
+ [1 - ak(x7 y)] {Tt (ak(l', y)a }\Lk(ﬂf, y)) pOl,tFk,x,y(lv 0) + IOg Fk,x,y(07 O)} j| .
Applying (3.55)), we see that (3.64) equals
[ dody | @) Fate (o) + Bl 9)log Fay 0.1
(0,17 (3.65)

1 — (s )] log Fk,x,y<o,o>] — Ly ),

which settles the claim in along subsequences ny of the form £k with ¢ € N. Straight-
forward reasoning gives the same along full sequences: the resulting discrepancies correspond
to sets of vanishing Lebesgue measure (see the proof of |6, Proposition 2.6] for a similar
argument). O

4. Two further lemmas are needed.
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Lemma 3.7. For everyt > 0,

Jim Iy (T, hye) = Tig(u, h). (3.66)
—00

. ~ L? > L?
Proof. The claim follows from (3.3) and the fact that uy — w and hy = h as k —> 0. O

Lemma 3.8. For fixed k€ N and € > 0,
lim P7  , (Bs(q,) ,0€)) = 1. (3.67)

n—0o0

Proof. The claim follows from the same argument as in the proof of [0, Lemmas 5.6 and 5.8
5.11]. O

5. We are now ready to prove (3.46). For fixed k € N and £ > 0,
Pz,t(BD (qz,lw €))

— j dP!, = f exp [ —log dpnnk h e, .
Bo(q! ) JBolg! ) dry, " (3.68)

=P . (Bs(q’,,¢)) ! J exp | —log AP dp?
n,k,h n,k? IP’Z k h<BD(qz,k’ 6)) BD(QZ,M) dp7 n,k,h

Therefore, by Jensen’s inequality,
log P, (B (g, 4,)) = log Py, (Ba(gn,k,€))

1 dp; 3.69
TP 7 J log —=¢ | dP? . (3.69)
]P)'n”k,h(BD (qn7k7 E)) Bs (qz,k’e) d]P)n t sy

By Lemma IF’mk’h(BD(qn’k, g)) — 1, which implies that

1 dp” s
lim lim inf — log P! , (B, ,€)) = —lim lim f lo ok dp”? . . 3.70
o nmeo (2) 8 Prne(Be(011:) nlo n>o (3) ( ° Py o (370)

According to Lemma the right-hand side equals fllyt(ﬁk,ﬁk). Since
limy,, o0 limy, o limy, o0 do (qn w»h) =0 (by Lemma [3.5)),

3.71
limy o0 11,4 (U, hk) =1 t(u h) (by Lemma [3.7), (371
if we let k — oo, then we obtain from that
lim lim inf — log P} h, —I1¢(u, h 3.72
i limint i 082, (B0 1) > o). (372)
where we use that Ba(q! ,,€) 2 Ba(h,n) for 0 <7 < ¢ and n large enough. O

Collecting the results in Sections 3.3, we see that we have completed the proof of
Theorem [L.2l

4. PROOFS OF THE MULTI-POINT AND SAMPLE-PATH LDPSs

4.1. Proof of the multi-point LDP. The objective of this section to prove Theorem
with the help of Theorem [I.2] The structure aligns with Section 3} lower semi-continuity,
lower bound, upper bound.
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4.1.1. Lower semi-continuity. For E,g e# O let

68(h, §) := max d.(hs, ;). (4.1)
€[]
By Lemma for any sequence (A )nen in #131+1 such that limy, e 5|Dj|+1(l~1n, h) =0,
|41 l4]
liminf I;(hy,) = hmmeIlt iy (Pt Bnd) ZIM by (hic1, b)) = Ti(R),  (4.2)

n—0o0
i=1

which settles the lower semi-continuity of I -

4.1.2. Lower bound. Let h = (iLZ)‘f:‘O e #lil+1 with hg = @, and let n = (m)ﬂo e (0,1)U1+1,
Define ‘

By (hm) = {g e 7V 6ahig) <mi Vi [lil)}. (4.3)
For n large enough such that u, € I@D(ﬁo, no), the Markov property yields

v log(7in 0 5 (BY (h,m)
(3)

151 (4.4)
> 2 logIP’<fnt EIEB 1,771 ‘fntz | 1I;>
i=1 EB (hz 1,Mi— )ﬁWn
Applying Theorem [1.9] u we obtain
1 _ - _
lim lim liminf— inf ) log]P’(fmti € Bo(hismi) | fat,, = 12))
7:40m;—110 n—0 (2) wEBD(hifl,V]ifl)ﬁWn (4 5)
= — hm lnf Il,ti—ti_l (Ni—la f) = _Il,ti—ti_l (ili—la ];“Z)

Combining (4.4)) and ( ., we get

|7]+1

lim ---lim liminf — log( i, © Bm I i1, _— iNz, 4.6
N0 mol0 n—w (2) g/ bj )( Z ! i) (4.6)

from which the desired lower bound follows.

4.1.3. Upper bound. Following similar arguments as above, we obtain

lim ---lim limsup — ) log(fin o p; )(B.Lj‘(h,n)) < —I;(h). (4.7)

nmlo 70l0 n—ow (2
To achieve this, we need a ‘local-to-global transference’ result. But because |j| is finite and

# is compact, we can use the ideas in [6, Lemma 4.1]. O

4.2. Proof of the sample-path LDP. We are now ready to prove the sample-path LDP
in Theorem [L.4]

Proof. Consider a path heW x [0,7]. Applying Theorem and the Dawson-Géartner
projective limit LDP [I1, Theorem 4.6.1], we obtain a sample-path LDP in the pointwise
topology (for which we use the label X') with rate (") and with rate function

Iy(h) := sup let b (e, he), (4.8)

O=to<t1<-- <tk<T,L 1
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where h e # x [0,7]. There are two major challenges we need to overcome to establish
Theorem [T.4}

(I) Prove exponential tightness to strengthen the topology (Lemma below).
(I1) Show that Iy (h) = I(h) (Lemma [4.2] below).

(I) Recall the definition of D in (|1.12). We say that the sequence of probability measures
(tn)nen on D is exponentially tight when for every a < oo there exists a compact set
K, € D such that

1
lim sup < log pn (K§) < —a. (4.9)
n—w (2)

Lemma 4.1. (fin)nen s exponentially tight.

Proof. By [12, Theorem 4.1] (with 8 = 1 in the notation used in [I2] and n replaced by (})),
the compactness of # and the Markov property, it suffices to show that for each n,& > 0
there exist random variables v, (7, §), satisfying

E [e(’;)éan(fn,nua) | fon = un] < B[ 9], 0<n <1, un €W, (4.10)
such that, for each £ > 0,

1
lim lim sup —— log E[e7 ()] = 0. (4.11)
N0 n—oo (2)
To construct v,(n,&), let E denote the total number of edges that change (i.e., go from
active to inactive or from inactive to active) somewhere in the time interval [0,n]. Then,
given f, 0 = uy,, we have

~1
dadylfuple) = e < B (5) (4.12)

0o (Fay, ) < f

[0,1]?
where the last inequality holds for all 0 < n’ < 7. Next observe that, because all edges evolve
independently, for any w,, € #;, the random variable E' given f,o = u, is stochastically
dominated by Y = Bin((}),1 — e~ @) Thus, if we let ,,(n,&) = &Y, then (&10)
holds and

L log E[¢7(19)] = log (e” max{Auin 4 of(1 — e~ max{)"“}”)) 10, n 0, (4.13)

(5)

which finishes the proof. (I
(IT) The following identity holds.
Lemma 4.2. I(h) = Ix(h) for allhe # x [0,T).

Proof. Recall the definition of I(h) in (1.26)), and that AC is the set of functions h on
W x [0,T] such that t — hy(x,y) is absolutely continuous for almost all (x,y) € [0,1]%.

1. We first establish that

k
Ix(h) = inf sup DLty (he_y, hey) < I(h). (4.14)

h~h O0=to<t;<---<tp <T i=1
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It is enough to show that Ix(h) < I(h) for all h ~ h. If h ¢ AC, then I(h) = oo by definition,
whereas if h € AC, then due the convexity of I ; we obtain Iy < I(h) by applying Jensen’s
inequality.

2. We now establish the reverse inequality. Similarly as above, it is enough to show that
Ix(h) = I(h) for all h ~ h.

a. Suppose that h € AC. Then hj(z,y) := h (z, y)! exists for almost all z,y € [0, 1]°.
Letting t; — t;_1 = At for all i, we have

/At
Ix(h) 2 Iy ae(hgi—1)aes hint)

fdxfdy

su]g [U (h-nae(z, y) + h/(i—l)At(xv y)At)
ve

T/At

— hi—nyae(, y) log [uAt + e (1 — pAt)|
—[1- hii—1yac(z, y)]log(l — X + e"AAt) + O(At):|

T/At
f dxf dy SUP {’Uh )At(ﬂfa y) — h(iq)At(% y)p(e™ —1)

—[1 = h—yadz,y)]A(e” = 1) + 0(1)}At

R f dtf dxf dy sup [vht .9) — ho(z (e — 1) — [1 — hy(z, A" — 1)}

veR
)s At ] 0.
(4.15)
This implies that if h € AC, then Ix(h) = I(h).

b. It is now enough to show that if h ~ h and h ¢ AC, then there exists a h ~ h such that
I(h) = Iy(h) (4.16)

(in many cases we can take h = /f;) The following argument is sketchy, but follows standard
reasonings.
Suppose that h ¢ AC. By definition this means that the set of (x,%) € [0,1]? for which

there exist 0, , > 0 and {sf , <t}

k k :
lay S S Stpay < tﬁkﬂ?,y} with

Ly

k k
kh—{%o lzl(tzz y Si,a:,y) =0, hm Z |htk J: y h ﬁz’y (CC, y)| = 5967?/7 (417)

has positive Lebesgue measure. We distinguish between a number of cases.
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e Suppose that there exist {s} <t¥ <--- < sll?k

set of (z,y) € [0,1]? for which
Cy Ly
k k :
lim Y (tf —s7) =0, ICILH;OE |ht§ - hs§i| > 0 for some § > 0, (4.18)

kHoOl 1

< t’gk} independent of (z,y) such that the

has positive Lebesgue measure. Then, following arguments similar to those in the proof of
[11, Lemma 5.1.6], we get Ix(h) = I(h) = 0.

e Suppose that no sequence satisfying (4.18]) exists. Roughly speaking, the paths ¢ — hy(x,y)
that are not absolutely continuous fall into two categories: those that contain ‘steps’ and
those that contain ‘holes’.

(i) We say that a path ¢t — h¢(x,y) contains a step when there exists a t € [0, 7] such that if
tr 1t and t) | t, then hy, (z,y) — c and hu, (z,y) — d with ¢ # d.

(ii) We say that a path ¢ — h¢(x,y) contains a hole when there exists a ¢ € [0, 7] such that
if t, — t (with ¢ # t for all k), then hy, — ¢ # hy.

(If the above limits do not exists, then the arguments below can be easily adapted.)

» Suppose that the set of (z,y) such that ¢ — h¢(z,y) contains a step of size v > 0 has
positive Lebesgue measure § > 0. Then

T/At
Y
Ix(h le I ae(hg—1)aes hint) = Bylog | — o maxpomial % At 0. (4.19)

where the last inequality follows from a similar reasoning as in the proof of Lemma This
implies Iy (h) = I(h) = .

» Suppose that the set of (x,y) such that ¢t — hy(z,y) contains a hole has positive Lebesgue
measure.

(i) We say that ¢t — hi(z,y) has a hole at time ¢ if hy, (x,y) — ¢ # h(z,y) for any t, — t
(with ¢ # ¢ for all k).

(ii) We say that t — ?Lt(ac,y) has this hole filled in if /f\Lt(ac,y) = ¢ and /f\Lt(x,y) = hi(z,y)
otherwise.

Construct h e # x [0, T] from h by filling in all the holes. Since there exists no sequence
{$1$y < tl zy S0 S s]g’k,x’y < t’;k,z,y} satisfying , a positive Lebesgue measure of
holes cannot occur simultaneously. Thus, ?Lt(l' y) = h(z,y) almost everywhere, which
implies that Ix(h) = I X(h) In addition, because %" was constructed by taking the quotient
with respect to almost sure equivalence, we also have h ~ h. The fact that I (h) =1 X(h)

now follows from the arguments above. Il

Lemmas in combination with Theorem complete the proof of Theorem Il

5. PROOFS: APPLICATIONS

5.1. Application 1. The following lemma is the time-varying equivalent of [7, Theorem
4.1 and Proposition 4.2] (see also [19, Theorem 2.7]). Let

or(H,r) := inf {fl,T(u, h):he W t(H h) > r} , (5.1)
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let F* be the set of minimisers, and let F'+ be the image of F* in #.

Lemma 5.1. Fiz a constant graphon u. Let H be a d-reqular graph for some d € N\{1}.
Suppose that lim,, o 0 (tp, @) = 0 and upn,r + (1 —u)por,r <7 < 1. Then

. 1 ~ ~ ~
7111—I>%o n\ IOgP(t(Ha fn,T) =r | fn,O = un) = ¢T(Ha T‘). (5'2)

(5)

Moreover, F* is non-empty and compact and, for each e > 0, there exists a positive constant
C(H,r, A\, u, T,u,e) such that

IP’(&D( far FH) > ¢ ( HH, F) =7, fao = an) <e " peN (5.3)

Proof. Observe that  — Iy p(u,z) is uniformly continuous (by Lemma [3.1)), b — Iy 7 (u, h)
is constant under measure-preserving bijections when w is a constant graphon, and h —
I r(u,h) = I, 7(i, h) is lower semi-continuous (by Lemma [3.3). Therefore the claim follows
via the same line of argument used to prove [0, Theorems 6.1-6.2], where we apply Theorem

in place of [6], Theorem 5.2]. O
The proof of Theorem [2.1| borrows various elements from that of [19, Theorem 1.1].
Proof of Theorem We distinguish between the two cases.

(i) Suppose that (r¢, I; 7(u,r)) lies on the convex minorant of x — Iy r(u, z*/?). Applying
the generalised version of Holder’s inequality derived in [I3], we obtain that, for any f € #/,

. = |

e(H)/d
dxdyfd<x,y)> — A1,
[0,1]3

(5.4)
Abbreviate 1 (x) := I 7(u, 2'/%), and let 9 be the convex minorant of ). Then by Jensen’s
inequality we have

I v(u, f) :J

[0,1]?

dzdy dz f(z, ) f(4y.2)f (2. 2) < ( f[

0,1]2

dz dy ¢ (f(z,y)?) = J | dedy D(f ()

[0,1]
> (J dz dy f(x,y)d) = (1 f119)- (5.5)
(0,12

Consequently, by (5.4), if t(H, f) > re) then | f||¢ = r?, while, by (G5, if || £)|d = r,
then I 7(u, f) = @(rd) = Iy 7(u,r), where the last equality follows from the condition that
(r?, I 7(u, 7)) lies on the convex minorant of 1. Because 1 is strictly increasing on the
interval (upi1, 7+ (1 —u) po1 7, 1] and 12 is not linear in any neighbourhood of rd, equality
can occur if and only if f = r. Thus, F* = {r}. The claim now follows from Lemma

(ii) Suppose that (r?, I; 7(u, 7)) does not lie on the convex minorant of x — I 7(u, z'/%).
Then there necessarily exist 0 < 1 < r < rg < 1 such that the point (2, Iy 7(u,7))
lies strictly above the line segment joining (r%, I +(u, 1)) and (r¢, I 7(u,r2)). Following
the method set out in [I9, Lemma 3.4|, we can use this fact to construct a graphon r.
with I 7(u,re) < Iir(u,r). (We refer the reader to [19] for the specific details of this
construction.) Thus, again using the fact that v is strictly increasing on the interval
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[wpi1,r + (1 —w) por,7, 1], we conclude that F* contains no constant graphons. Let C € #
be the set of constant graphons. Since F'* and C are disjoint and compact, we have
6o(F,C) > 0. The result now follows by applying Lemma [5.1| with ¢ = 36,(F*,C). O
Proof of Proposition We derive an explicit expression for I; 7. Recall from (1.17)-
(L18) that

I r(u,r) = sulg[vr — Jry(u)] (5.6)
Ve
with
Jro(u) = ulog(l — piir + €'prir) + (1 —w)log(l — po1,r + €"por,7). (5.7)

Due to the convexity of v — vr — Jy,(u), we obtain the maximiser in the right-hand side of
(5.6) by setting the partial derivative with respect to v equal to 0. This yields

e’ e’
0=1—u bt —(1-u) Po1,T

1 —puyr+epur 1 — poir + €“por,r’

(5.8)

which implies that
0 = e* (1 —r)pi1,rporr
+ e”[(u —r)pu,r(l —porr) + (L —u—7r)porr(l — pn’T)] (5.9)
—r(1=pu7)(1 —porr)
We obtain 1 7(u,r) by substituting into
o b VB —dac
2a ’

where a, b, ¢ can be read from the three lines in (5.9). It is easily verified that if » > « and
T10,thena=(1—7)AT+O(T?),b=u—71+O(T), and ¢ = —ruT + O(T?), so that

(5.10)

u—r

Setting /% = r, we therefore have
Lir(u, 2t = (29 — u)log(1/T) + O(1). (5.12)

1/d

Because z — x'/% is concave, for T sufficiently small the point r¢ — I 7(u,r) cannot lie

on the convex minorant of 2 — Iy 7(u,2'/4). The fact that, for such T, G,,(T) is SB now

follows from Theorem 211 O
Proof of Proposition If u =0, then
1/2 1 — /2
I7(0,2Y%) = 212 1og Ty (1—2'2)log o (5.13)
Po1,T 1 — po1,r

Calling F(x) all terms that do not depend on T', we compute
Lir(0,21%) = =2 log por, — (1 — 2'/?) log(1 — por,r) + F(2),

o6 (0, z1/?)
ox

62117T(0, 1'1/2)
ox?

= —32 " logporr + $27 P log(1 — porr) + F'(w), (5.14)

= %95—3/2 log po1, 7 — %x_g/z log(1 — po1.1) + F"(z).
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The last line is an increasing function of pgi 7, which itself is an increasing function
of T (recall (I.10)). Thus, r¢ — I; 7(0,7) lies on the convex minorant of z — I1 7(0, z1/%),
then the same is true for all 77 > T'. Theorem now yields the desired result, i.e., when
Gn(T) is SB also G,,(T") is SB. The same argument applies when v = 1, but in this case
p11,7 is a decreasing function of 7T'. O

5.2. Application 2.
Proof of Theorem Recall that H is the set of all paths in # x [0, T] that start at @

and end at 7. Since H is not compact, we first demonstrate that we can restrict our search
for elements of H* to a compact set. To do this, we note that, by Lemma , for any u,r

in the equivalence classes u, 7,

I(hZ—Vr) = II,T(U7 T) < maX{Il,T(Oa 1)7 Il,T(la 0)}

1 1 5.15
= max {log ,log } =: K < 0. ( )
Po1,T I —pur
Thus, no paths with rate strictly greater than K can be an element of H*. Let
A = {B e W x[0,T]: I(h) < K, ho = @, 6.(R(T),7) < 77}- (5.16)
(K)

The fact that ﬁn is compact follows from a similar line of reasoning as the one used in the
proof of Lemma u Since H* ﬁéK), fIéK) is compact, and T is lower semi-continuous, I
must attain its minimum on fI((]K). Thus, H* is non-empty. By the lower semi-continuity of
I, H* is also closed (and hence compact).

Fix € > 0 and let

HZ, = {he H: §2(h, H*) > ¢}. (5.17)
Then, for the same reasons as above, ﬁia is compact for all n,e = 0. Define
I := inf I(h),  Iy:= inf I(h), (5.18)
heH heHF .

By Theorem [1.4] we have

1 L - .

lim lim sup— log P“» (5?(}"”, H*)>e¢ ‘ fat € HéK))

70 noow (2>

(5.19)
<lim| inf I(h)— inf I(h =11 — I
70 Leg;m ) heliz. ( )]

The proof is complete once we are able show that I; < Is. Now, clearly, I} < Is. If I} = I,
then the compactness of His implies that there exists a h € Hia satisfying I(h) = Io.
However, this means that 4 € H* and hence ﬁ(f .0 H* # @, which is a contradiction. [J
Proof of Lemma We first demonstrate that f* . € [0,1] x [0,T] is in the set of
minimisers of I. By the contraction principle, it is enough to show that I(f_,.) = I 7(u, ).

Applying Theorem [I.3] and the contraction principle, we have

Lir(u,r) = 1(3[1(1]1}] [T1,6(w, 8) — Iir—e(s,7)] = Tug(u, fu (8) + Iur—e(fu (), 7). (5.20)

)
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Consequently,

k

I r(u,r) = sup sup Doty (Faor(tic1), far(6) = I(fis). (5:21)
keN O=to<ty--<tp=T ;3

We next prove that f;, is the unique minimiser of I(f) conditional on f(0) = w and
f(T) = r. Because I(f;_,,.) = Iir(u,r), it suffices to establish that, for any u,r € [0, 1],

u—r

t<T and s # fr,.(t),

Ii¢(u,s) + Iyp—i(s,r) > I p(u, 7). (5.22)
To establish (5.22]), note that from the definition of f;*, (¢) and the fact that both x —
I ¢(u,z) and « — I 7—¢(x,r) are continuously differentiable we get
oI ol r—
1,6(u, ) __aar t(z,7) _ (5.23)
0T ompirt N ()

Combine this with the fact that, for any = € [0, 1], u — I1 7(u, x) is convex and r — Iy 7(x, )
is strictly convex (see Lemma , to get

o6 +(u,x
1a(0,8) 4 T rmal,1) > Do, Fia(8) + (s — i (1)) “22)
T le=fi @)
ol r—(x,r
Do f(0),7) + (s — fi (1)) TR
= Il,t(uv fzar(t)) + Il,Tft(f:ar(t% T) = II,T(ua T)v
(5.24)
from which we conclude that indeed f;¥_,, is the unique minimiser of I(f). O
The next lemma, whose proof is standard and is omitted, can be used to compute f; .
(see |20] for a related method). Let 7(u,r) = v be the unique solution of
v v
O=r—u Pi1t© —(1—w) © PoLt , (5.25)
1 —piie +eprige 1 —po1,t + €“pore
which amounts to solving a quadratic equation (recall ([5.10))).
Lemma 5.2. f*_ (t) = s is the unique solution of
et () (1 —por,r—t + eTT’t(s’T)poLTft) =1 —purit+epur . (5.26)
Proof of Lemma Let
oh t
(h:_ ) (z,y,t) = Wa(txy) (5.27)
We have
T
J dtf dz dy E(hzﬂr(a:,y,t), (ht_ ) (z,y, t))
2
0 o] (5.28)

T
- J[O 1]2 dx dyJ;) dtﬁ(h:i_)r(:[;’ y7 t)? (h/::—w’),(x, y, t)) = ILT(U, ’[")’

where we apply Lemma to obtain the last equality. By the contraction principle, A} _,,. is
in the set of minimisers of I(h) subject to the conditions hg = v and hp = r. To show that
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h¥_,, is the unique minimiser, note that if hg = u, hy = r and h # h}_,,., then, by (2.14))

and Lemma there exist €, 8 > 0 such that
Leb {(z,y) € [0,1]%: I(h(z,9)) = Li7(u(z,y), r(z,9)) + €} > B. (5.29)
Consequently, I(h) > I(h¥

u—r

Proof of Theorem Suppose that w € # ) and r € #)) for some I,J € N. Let
0=ay<a < - <ar=1and 0 =by < by < --- < by = 1 be their block end
points, and A; := (a;—1,a;] and B; := (b;j_1, b;] their block intervals. Recall the function
a: M — 0,117 defined in and the (compact) set V defined in (2.20). For any
o,¢ € M with a(o) = a(¢) we have I 7(u,7?) = I 7(u, %), which implies

) + €3, which implies that indeed h¥_, . is unique. O

u—r

inf T 7) =min [ T .
Ulél//[ 1,6(u, %) I’gél‘l/l 1,7(u, 77), (5.30)

where 0, is any element of .# with a(oy) = v € V. Because v — I 7(u,77?) is continuous
and V' is compact, the set of minimisers V* < V of (5.30) is also compact. Suppose that
h € H*. Then, by Lemma and the compactness of V*, there exist v* € V* and a
sequence (hl");ey of representatives of h such that
lim I(AF) = 1 p(u, o), lim a(oll) = v, (5.31)
1—00 1—00
where ol is any element of .# with hgl;] =r?
Suppose that h ¢ F*. Due to the compactness of V', also F* is compact. Thus, there
exist € > 0 and ¢ € (0,7) such that

5, (Et, R o -,t)) > e (5.32)

(4]

By E3),

Lim 530(’12([;]_,,155] gy ) =0, (5.33)
which implies that, for any 0 < &’ < ¢, there exist * such that if 7 > 7* then
(Sg <ilzt, B*[Z] [4] ('7 *y t)> 2 6/. (534)
hy —hyp

Now, using the fact that the cut distance is bounded above by the L' distance, for i > i*
we obtain

W (@, y) - f (t)‘ > 5'} > e (5.35)

Leb {(a:, y) € [0,1]?: (03l )

Let u;; and 74y, denote the values of the block constants (i.e., if (z,y) € A; x A, then
u(z,y) = wij, and likewise for r¢,,). Let
B = et e, 1815 [I Lt (Wigs [ sy (8) + B) + Tur—t (3 oor,,, (8) + By 7em)
- Il,T(uijﬂ”zm)] >0,

(5.36)
where the last inequality follows from Lemma [2.5] By the contraction principle, we know
that ‘ o

TRy = 1y g (u, 7Y + 1y (B B1DY. (5.37)
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Now suppose i > i* and evaluate the integral

J[O L (1, W) + T (B ), B8 ) | (5.38)

by distinguishing two sets: the (x,y) identified in ((5.35)) and the rest. By (5.35)), the first
set has Lebesgue measure at least €/, and by ([5.36]) the integrand has value at least

Ir (u(,y), by (2, 9)) + k), (5.39)
while for the second set, the integrand has value at least
Ir (u(e,y). by (). (5.40)

Combining the above observations, we find that the integral in ([5.38)) satisfies the lower
bound

I (u, Y + Lo (BRI > 1 g (u, 7o) + €k (1), (5.41)
This is in contradiction with . Thus, we have established . A similar argument
yields . O

Proof of Proposition First, note that if a < b and ¢ < d, then
ILT<CL, C) + Il,T(ba d) < ILT<CL, d) + Il,T(b7 C). (5.42)

Combining (2.29) and (5.42) with the observation that Iy 7(u®,r?) = ILT(u7T¢O"_1), we
see that r%°° " is the unique representative of 7 that minimises I; 7(u, -). Equivalently, if
we #' D and re #) for some I,.J € N, then v* = a(¢ o o~ 1) is the unique element of V'
that minimises v — I 7(u,77?), and the claim follows directly from Theorem . If not,
then the same follows after we consider a sequence of block approximations. O
Proof of Proposition Suppose that u, r, o are given by (2.30)), (2.31f) and (2.32)). Let
v1 = a(id) and vy = a(0), where id € ./ is the identity, i.e., 7 = ri¢. By Theorem [2.8] the
claim has been proven once we we have shown that: (i) v; and vs are the unique minimisers
of v — Iy 7(u,77?) (recall that oy is any o € .# with a(o) = v); (i) b} ov, 7 7 e, e
(i) Let a =c=0,b=d =¢ and uj; = ugz = r1; = ro3 = 1. Suppose € > 0 is small but
fixed and T' << ¢. Following the same arguments as in the proof of Proposition we find
that, for T | 0,

Lip(d,b) = |a" —V|log(1/T) + O(1), a' v el0,1]. (5.43)
For o/, b € [0,1], we then have

Lir(d,ad) ~ LV, b), I 7(0,e) ~ I 7(£,0),

’ (5.44)
Lir(e,1) ~ I r(1,¢), I 7(0,1) ~ I (1, 0),
and
Lir(d,ad) << L1 7(0,e) << i 7(e,1) < L1 7(0,1). (5.45)
Observe that
Lir(u,ro1) = Iy p(u,7°%2) = 511 7(0,€) + 5 11,.7(e,0) + o(1), (5.46)

where here we apply limp_,¢ I1,7(a’, a’) = 0 which reflects the fact that edges are increasingly
unlikely to change (i.e., go from active to inactive or vice-versa) between times 0 and 7" as
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T — 0. Note that above expression for I r(u,r?*1) and I r(u,r°%2) contains none of the
much larger terms I r(e,1), I v(1,¢), I;7(0,1), I; 7(1,0) listed in (5.45)). Further note
that v; and vy are the only elements of V' whose corresponding rate function does not incur
any of these much larger terms. Below we use this fact to establish (7). In particular, we
first show that if v is a minimiser of v — I r(u, %), then it must be close to either vy or
vy. Afterwards we show that if v is close to v; (v2), then by moving still closer to v; (v2)
we strictly decrease the rate.

Recall that V* denotes the set of v € V' that minimise v — I; 7(u,77?). Suppose that

1

veV* Let z; = % —wv11. Observing that vig +v13 = 21, vo2 + v32 = ¢ and veg + v33 > %,

we obtain

ILT(U,, T'U”) > J dxdyILT(u(m,y),r"”(w,y)) = 2%]1771(178)’ (547)
AQXA3UA3><A2
which, by (5.43), (5.46) and the fact that v € V* implies that if ¢ < 1/5 then for T

sufficiently small,

4e
71 < ——— <e&. 5.48
Now suppose that v11 < € and v9y > v3s. Let 29 = % — v93. Observing that vsg > % — €, we
have

L (u, %) > J dedy I (u(z,y), 77 (2,9)) = 222(% — 2e)L1,r(1,€), (5.49)
A2><A3UA3 XA2
which, by the same reasoning as above, implies that if € < 1/40 then for T sufficiently small

< ie < (5.50)
ZSE1-se)(1-9) - ° '

Similarly, if v11 < € and v9g > v30 and z3 = % — v33, then when ¢ < 1/40 for T sufficiently
small z3 < e. Thus, we have shown that if v € V*, vay > v3s and £ < 1/40, then

v —vileo <€ (5.51)

for T sufficiently small. The same arguments can be used to show that if v € V*, v9g < v39,
and € < 1/40, then ||v — va||on < € for T sufficiently small. It can also be easily shown that
if v92 = v32, then v cannot be a minimiser of v — I; 7 (u,7??). Thus, we have shown that v
must be close to either v1 or wvs.

Next suppose that ||[v — vi|lc < . We show that by moving still closer to v; we
1
g.
either v > 0 or v13 > 0. In addition, because

strictly decrease the value of the associated rate. To that end, first suppose that vy <
1
5
v11 + Vo1 + v31 = %, either vo; > 0 or v3; > 0. Suppose, for instance, that v13 > 0 and

Then, because v11 + vi2 + v13 =

v31 > 0, and let 7 < min{v;9,v31}. Define v’ as
/ _ ! _ / _ / _ 5 52
vy = V11 7, U3zg = V32 t 1], Vg = V12 — 1, V31 = V31 — 1, (5.52)
and vgj = v;j otherwise. Let

D(v,v' x,y) := ILT(u(:U,y),TU” (x,y)) — Il’T(u(x,y),T”v’ (:U,y)) (5.53)
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From elementary considerations, we obtain

| ey Dw.v' 2, = 2D 4 Oy + eog(1/7),
1

f dzdy D(v, v, z,y) = BT | 0@ 1 pelog(1/T)),
A1><A2UA2><A1
f dedy D(v, v, z,y) = O(n + nelog(1/T)),
A1><A3UA3><A1 (5 54)
 dody D(v,v',z,y) = —*ELE 4+ O(n + ne log(1/T)),
A2
| dedy D(w, v/, z,y) = O( + e log(1/T)),
A2><A3UA3><A2

f dzdy D(v,v',z,y) = 0.
A3

Consequently, it is possible to choose € and 7" sufficiently small to ensure that Iy 7(u,r7") <
I 7(u,r??). Moreover, it is possible to select € and T' such that this inequality holds for
any v € V such that ||[v — v1]|e < &, v11 < 1/5, v12 > 0, and v3; > 0. Following the same
arguments, we see that the same is true when vy < 1/5, v12 > 0, vo1 > 0, n < min{via, v21 }
and v’ is defined as

vy, = v + 1, Vhy = Voo + 1, vy = V12 — 7, vhy = v91 — 7 (5.55)
or when v1; < 1/5, v13 > 0, v31 > 0, n < min{vy3,v31} and v’ is defined as

vy = V11 + 1, U3z = V33 + 1, vi3 = v13 — 1, vy = V31 — 1) (5.56)
or when v11 < 1/5, v13 > 0, va; > 0, n < min{v13, vo1}, and v’ is defined as

vl = v+ 1, vhy = vog + 1, Vi3 = vig — 1, v = v31 — 1. (5.57)

Note that for each of these cases, after replacing v by v’ we decrease z; = % — w11 and
strictly decrease the associated rate. We can hence conclude that if € and T" are sufficiently
small, [[v — vi]|ox < € and v € V*, then vy = £. Using similar arguments, we can verify
that if ||[v — vi]|ee < &, v11 = % and vgy < %, then Iy 7(u,r?%2) < I 7(u, %) for ¢ and T'
sufficiently small. Thus, if v € V* and ||v — v1]|n < €, then v = v; when ¢ and T are

sufficiently small. Repeating these arguments when ||v — va||n < €, we have established (i).

(ii) The proof focusses on the diagonal blocks A%, A3, A%. We have

[ Fr.0), (2,y) € A3,
BE e (2,,8) = 4 fi0(0), (w,y) € A3, (5.58)
2, (2,y) € A3,
and
Frat), (a,y) € A3,
BE e (2,9,8) = 3 (1), (w,y) € A3, (5.59)
*o(t), (2,y) € A3.
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Observe that, for almost all values of ¢t € (0,T'), fi_o(t) is different from f}* ;(¢), fi..(¢),

F
e—0

C* = min {|f0(8) = Fa (O] 1fg0®) = e, 1) = fo(t)]} > 0. (5.60)

and (t). Fix one such value of ¢, and let

Forgpe # andi =1,2,3, let Lf’ = {¢(z) € Ay: z € A;}. Sinceu,” € #® and Leb(Ay) = 2

=2
for any ¢ € .# there exists an 7 such that Leb(LZb) > % Consequently,
(o (20, (0 yoa (50)°)
, (5.61)
= J dx dy [h:—)r"vl (.CU, yat) - (h:—>r"v2 )¢($7yvt>] = c* (%5) :
L?xL?
Since this bound is uniform in ¢, we have (5D(i~z:_>rgv1 (+, 1), il:_”ﬁvz (,-,t)) > 0. O
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