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OUTLINE

•Introduction to Two-Sided Queues

•Heavy-Traffic in a Two-sided Queue
• Recap: Heavy-Traffic in a Classical Queue
• Proof Sketch 

•Matching and Pricing in an Online Marketplace
• A Two-Sided Queue
• A Matching Platform
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Two-Sided 
Queues

INTRODUCTION
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Stable if 𝜆𝜆 < 𝜇𝜇

A CLASSICAL QUEUE

𝜆𝜆𝜇𝜇
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A TWO-SIDED QUEUE

𝜆𝜆1 𝜆𝜆2
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TRANSIENT NULL RECURRENT TRANSIENT

A TWO-SIDED QUEUE

𝜆𝜆1 𝜆𝜆2

𝜆𝜆1 < 𝜆𝜆2 𝜆𝜆1 = 𝜆𝜆2 𝜆𝜆1 > 𝜆𝜆2

Unstable in all three cases
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External Control is needed for stability

• Finite waiting Space

• Abandonment of customers or drivers

• Dynamic Arrivals – using pricing

STABILITY IN A TWO-SIDED QUEUE

𝜆𝜆1 𝜆𝜆2𝜆𝜆1 𝑞𝑞 𝜆𝜆2 𝑞𝑞
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CLASSICAL QUEUE AS TWO-SIDED QUEUE
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𝜆𝜆𝜇𝜇

𝜇𝜇 𝜆𝜆



• Transient Analysis or Discounted MDP
• [Plambeck, Ward ‘06], [Gurvich, Ward ‘14], [Lu, Song, Zhang ‘14], [Hu, Zhou ‘18], [Ozkan, Ward ‘20], [Ozkan ‘20] [Chen, Hu ‘20]

• Dynamic Matching Models 
• [Caldentey, Kaplan, Weiss ‘09], [Adan, Weiss ‘12], [Busic, Meyn ‘15], [Adan et. al. ‘18], [Cadas et. al. ‘20]

• A single pair of demand and supply arrive at each time slot – Ensures Stability

• Other models
• Organ matching: [Anderson, Ashlagi, Gamarnik, Kanoria ‘17], [Akbarpour, Li, Gharan ’20]

• Stochastic Programming: [Dogru, Reiman, Wang, ‘10], [Reiman, Wang ‘13]

•Our focus 
• Steady-state analysis 
• Ensuring stability challenging

• [Nguyen, Stolyar ‘17] use dynamic arrivals and abandonment for stability, but focus on fluid model
• Heavy-Traffic 

RELATED WORK
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Heavy Traffic 
Theory

RESULTS
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• Bernoulli arrivals - Geo/Geo/1 queue
• Geometric Stationary distribution

• General Arrivals - No analytical expression 
• Asymptotic study

• Heavy-Traffic Regime 𝜖𝜖: = 𝜇𝜇 − 𝜆𝜆 → 0
• When 𝜖𝜖 = 0, the queue is null-recurrent
• We are pushing the system to the verge of instability (null-recurrence)

• Queue length grows as O 1
𝜖𝜖

.

CLASSICAL SINGLE SERVER QUEUE

𝑠𝑠 𝑘𝑘
𝜇𝜇, 𝜎𝜎𝑠𝑠

2
𝑎𝑎 𝑘𝑘
𝜆𝜆, 𝜎𝜎𝑎𝑎

2

𝑞𝑞 𝑘𝑘 + 1 = 𝑞𝑞 𝑘𝑘 + 𝑎𝑎 𝑘𝑘 − 𝑠𝑠 𝑘𝑘 +

Theorem [Kingman 62], [Eryilmaz, Srikant 13], [Hurtado-Lange, M ‘20]

𝜖𝜖𝜖𝜖 →
𝑑𝑑

𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸
𝜎𝜎𝑎𝑎

2 + 𝜎𝜎𝑠𝑠
2

2

𝑞𝑞 𝑘𝑘
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• 𝑧𝑧 = 𝑞𝑞2 − 𝑞𝑞1 is called imbalance: Complete state descriptor
• 𝑧𝑧 𝑘𝑘 + 1 = 𝑧𝑧 𝑘𝑘 + 𝑎𝑎2 𝑧𝑧 𝑘𝑘 − 𝑎𝑎1 𝑧𝑧 𝑘𝑘

•If arrivals are Bernoulli, exact stationary distribution
• Birth-death process

•No analytical expression in general 

TWO-SIDED QUEUE

𝑎𝑎1 𝑧𝑧
𝜆𝜆 + 𝜙𝜙1 𝑧𝑧
𝜎𝜎1

2 + 𝜓𝜓1 𝑧𝑧

𝑎𝑎2 𝑧𝑧
𝜆𝜆 + 𝜙𝜙2 𝑧𝑧
𝜎𝜎2

2 + 𝜓𝜓2 𝑧𝑧𝑞𝑞1 𝑞𝑞2

𝑞𝑞1, 𝑞𝑞2 = � 0, 𝑧𝑧 𝑖𝑖𝑖𝑖 𝑧𝑧 > 0
−𝑧𝑧, 0 𝑖𝑖𝑖𝑖 𝑧𝑧 < 0

𝑎𝑎1 - iid
𝜆𝜆, 𝜎𝜎1

2
𝑎𝑎2 - iid

𝜆𝜆, 𝜎𝜎2
2

What is Heavy-Traffic here? 14



•Let the additional control go to zero – push towards null-recurrence

•Example: Simplest control – Threshold base control (two-price policy)

•Two ways of doing it

•𝜖𝜖 → 0 or 𝜏𝜏 → ∞ or both

TWO-SIDED QUEUE: HEAVY-TRAFFIC

𝑞𝑞1 𝑞𝑞2

𝑎𝑎1 - iid
𝜆𝜆 𝜎𝜎1

2
𝑎𝑎2 - iid
𝜆𝜆 , 𝜎𝜎2

2
𝑎𝑎1 𝑧𝑧

𝜆𝜆 + 𝜖𝜖𝜙𝜙1
𝑧𝑧
𝜏𝜏

𝜎𝜎1
2 + 𝜓𝜓1 𝑧𝑧, 𝜖𝜖, 𝜏𝜏

15

𝑎𝑎2 𝑧𝑧
𝜆𝜆 + 𝜖𝜖𝜙𝜙2

𝑧𝑧
𝜏𝜏

𝜎𝜎2
2 + 𝜓𝜓2 𝑧𝑧, 𝜖𝜖, 𝜏𝜏

𝑎𝑎1 𝑧𝑧
𝜆𝜆 + 𝜙𝜙1 𝑧𝑧
𝜎𝜎1

2 + 𝜓𝜓1 𝑧𝑧

𝑎𝑎2 𝑧𝑧
𝜆𝜆 + 𝜙𝜙2 𝑧𝑧
𝜎𝜎2

2 + 𝜓𝜓2 𝑧𝑧

Imbalance 
𝑧𝑧

0

𝜏𝜏

−𝜖𝜖

−𝜏𝜏

−𝜖𝜖
𝜙𝜙2 𝑧𝑧 = −𝜖𝜖1 𝑧𝑧>𝜏𝜏

𝜙𝜙1 𝑧𝑧 = −𝜖𝜖𝜖 𝑧𝑧<−𝜏𝜏



HEAVY-TRAFFIC: BERNOULLI CASE
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•Bernoulli Arrivals and Threshold control
• Closed form expression for stationary distribution

𝑞𝑞1 𝑞𝑞2

𝑎𝑎1 - iid
𝜆𝜆 𝜎𝜎1

2
𝑎𝑎2 - iid
𝜆𝜆 , 𝜎𝜎2

2
𝑎𝑎1 𝑧𝑧

𝜆𝜆 + 𝜖𝜖𝜙𝜙1
𝑧𝑧
𝜏𝜏

𝜎𝜎1
2 + 𝜓𝜓1 𝑧𝑧, 𝜖𝜖, 𝜏𝜏

𝑎𝑎2 𝑧𝑧
𝜆𝜆 + 𝜖𝜖𝜙𝜙2

𝑧𝑧
𝜏𝜏

𝜎𝜎2
2 + 𝜓𝜓2 𝑧𝑧, 𝜖𝜖, 𝜏𝜏

Theorem [Varma, M 21]: 𝜖𝜖→0 or 𝜏𝜏→∞ (or both)
𝜖𝜖𝜖𝜖 → 0 𝜖𝜖𝜖𝜖 → 𝑙𝑙 with 0 < 𝑙𝑙 < ∞ 𝜖𝜖𝜖𝜖 → ∞

𝜖𝜖𝑧𝑧 →
𝑑𝑑

𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿
𝜎𝜎1

2 + 𝜎𝜎2
2

2
𝜖𝜖𝜖𝜖 →

𝑑𝑑
𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻

𝜎𝜎1
2 + 𝜎𝜎2

2

2
, 𝑙𝑙

𝑧𝑧
𝜏𝜏

→
𝑑𝑑

𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻
𝜎𝜎1

2 + 𝜎𝜎2
2

2𝑙𝑙
, 1

𝑧𝑧
𝜏𝜏

→
𝑑𝑑

𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈 −1, 1

𝜏𝜏
−𝜖𝜖

−𝜏𝜏
−𝜖𝜖

𝜆𝜆∗
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𝜖𝜖𝜖𝜖 → 0 𝜖𝜖𝜖𝜖 → 𝑙𝑙 with 0 < 𝑙𝑙 < ∞ 𝜖𝜖𝜖𝜖 → ∞

𝜖𝜖𝑧𝑧 →
𝑑𝑑

𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿
𝜎𝜎1

2 + 𝜎𝜎2
2

2
𝜖𝜖𝜖𝜖 →

𝑑𝑑
𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻

𝜎𝜎1
2 + 𝜎𝜎2

2

2
, 𝑙𝑙

𝑧𝑧
𝜏𝜏

→
𝑑𝑑

𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻
𝜎𝜎1

2 + 𝜎𝜎2
2

2𝑙𝑙
, 1

𝑧𝑧
𝜏𝜏

→
𝑑𝑑

𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈 −1, 1

HEAVY-TRAFFIC: BERNOULLI CASE



•General Arrivals and General control – Stationary distribution unknown
• Control ensures stability

HEAVY-TRAFFIC: GENERAL CASE
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𝑞𝑞1 𝑞𝑞2

𝑎𝑎1 - iid
𝜆𝜆 𝜎𝜎1

2
𝑎𝑎2 - iid
𝜆𝜆 , 𝜎𝜎2

2
𝑎𝑎1 𝑧𝑧

𝜆𝜆 + 𝜖𝜖𝜙𝜙1
𝑧𝑧
𝜏𝜏

𝜎𝜎1
2 + 𝜓𝜓1 𝑧𝑧, 𝜖𝜖, 𝜏𝜏

𝑎𝑎2 𝑧𝑧
𝜆𝜆 + 𝜖𝜖𝜙𝜙2

𝑧𝑧
𝜏𝜏

𝜎𝜎2
2 + 𝜓𝜓2 𝑧𝑧, 𝜖𝜖, 𝜏𝜏

Theorem [Varma, M 21]: Under mild assumptions on controls 𝜙𝜙1 ⋅ and 𝜙𝜙2 ⋅

𝜖𝜖𝜖𝜖 → 0 𝜖𝜖𝜖𝜖 → 𝑙𝑙 with 0 < 𝑙𝑙 < ∞ 𝜖𝜖𝜖𝜖 → ∞

𝜖𝜖𝑧𝑧 →
𝑑𝑑

𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿
𝜎𝜎1

2 + 𝜎𝜎2
2

2
𝜖𝜖𝜖𝜖 →

𝑑𝑑
𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 𝑔𝑔 ∝ 𝑒𝑒− ∫0

𝑥𝑥 𝑔𝑔 𝑦𝑦 𝑑𝑑𝑑𝑑

𝑔𝑔 𝑥𝑥 =
𝜙𝜙2

𝑥𝑥
𝑙𝑙 − 𝜙𝜙1

𝑥𝑥
𝑙𝑙

𝜎𝜎1
2 + 𝜎𝜎2

2 /2

𝑧𝑧
𝜏𝜏

→
𝑑𝑑

𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 �𝑔𝑔 ∝ 𝑒𝑒−𝑙𝑙 ∫0
𝑥𝑥 �𝑔𝑔 𝑦𝑦 𝑑𝑑𝑑𝑑

�𝑔𝑔 𝑥𝑥 =
𝜙𝜙2 𝑥𝑥 − 𝜙𝜙1 𝑥𝑥

𝜎𝜎1
2 + 𝜎𝜎2

2 /2

𝑧𝑧
𝜏𝜏

→
𝑑𝑑

𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈 ⋅

Uniform is over the set 
that minimizes ∫0

𝑥𝑥 �𝑔𝑔 𝑦𝑦 𝑑𝑑𝑑𝑑

Conjecture



•Classical single server queue is usually studied under static arrivals. Now 
consider dynamic arrivals

19

CLASSICAL QUEUE WITH DYNAMIC ARRIVALS

𝑠𝑠 𝑘𝑘
𝜇𝜇, 𝜎𝜎𝑠𝑠

2

𝑎𝑎 𝑞𝑞
𝜇𝜇 − 𝜖𝜖𝜖𝜖 𝑞𝑞/𝜏𝜏
𝜎𝜎𝑎𝑎

2 + 𝜓𝜓 𝑞𝑞, 𝜖𝜖, 𝜏𝜏𝑞𝑞 𝑘𝑘

𝑎𝑎 𝑘𝑘 - iid
𝜇𝜇, 𝜎𝜎𝑎𝑎

2

Theorem [Varma, M 21]: Under mild assumptions on controls 𝜙𝜙 ⋅

𝜖𝜖𝜖𝜖 → 0 𝜖𝜖𝜖𝜖 → 𝑙𝑙 with 0 < 𝑙𝑙 < ∞ 𝜖𝜖𝜖𝜖 → ∞

𝜖𝜖𝑞𝑞 →
𝑑𝑑

𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸
𝜎𝜎1

2 + 𝜎𝜎2
2

2
𝜖𝜖𝑞𝑞 →

𝑑𝑑
𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻

𝜎𝜎1
2 + 𝜎𝜎2

2

2
, 𝑙𝑙

𝑞𝑞
𝜏𝜏

→
𝑑𝑑

𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻
𝜎𝜎1

2 + 𝜎𝜎2
2

2𝑙𝑙
, 1

𝑞𝑞
𝜏𝜏

→
𝑑𝑑

𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈 0, 1

Bernoulli 
Arrivals and 
Threshold 

control

We also have a 
result for 

general arrivals 
and control



Heavy Traffic 
Theory

PROOF OUTLINE
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• In steady-state: 𝐸𝐸 𝑒𝑒𝜃𝜃𝜃𝜃𝜃𝜃(𝑘𝑘+1) = 𝐸𝐸 𝑒𝑒𝜃𝜃𝜃𝜃𝜃𝜃 𝑘𝑘

•Using this, the queue update equation and simple 
calculations, one can show

•

•Implies convergence in distribution
21

CLASSICAL QUEUE: TRANSFORM METHOD

𝜖𝜖: = 𝜇𝜇 − 𝜆𝜆
𝑞𝑞 𝑘𝑘 + 1 = 𝑞𝑞 𝑘𝑘 + 𝑎𝑎 𝑘𝑘 − 𝑠𝑠 𝑘𝑘 +

𝑠𝑠 𝑘𝑘
𝜇𝜇, 𝜎𝜎𝑠𝑠

2
𝑎𝑎 𝑘𝑘
𝜆𝜆, 𝜎𝜎𝑎𝑎

2
𝑞𝑞 𝑘𝑘

Theorem [Hurtado-Lange, M ‘20]   𝜖𝜖𝜖𝜖 →
𝑑𝑑

𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 𝜎𝜎𝑎𝑎
2+𝜎𝜎𝑠𝑠

2

2

𝐸𝐸 𝑒𝑒𝜃𝜃𝜃𝜃𝜃𝜃 𝜖𝜖→0 1

1 − 𝜃𝜃 𝜎𝜎𝑎𝑎
2 + 𝜎𝜎𝑠𝑠

2

2

Transform of 
expo. r.v. with 
mean 𝜎𝜎𝑎𝑎

2+𝜎𝜎𝑠𝑠
2

2

𝜃𝜃 ∈ ℝ 𝜃𝜃 ≤ 0 𝜃𝜃 = j𝜔𝜔
Two-Sided Laplace  Transform

MGF
One-sided Laplace transform Fourier Transform

Characteristic Function



• Using 𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗 ⋅ as test function and setting 𝐸𝐸 𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗𝑧𝑧(𝑘𝑘+1) = 𝐸𝐸 𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗 𝑘𝑘 , if 𝜖𝜖𝜖𝜖
𝜖𝜖→0

̅𝑧𝑧,  

• An Implicit Equation for limiting transform, as opposed to explicit expression.

•To complete the proof, we should
• Solve the equation
• Show that it has a unique solution
• Establish tightness of the sequence

•When 𝑔𝑔 ̅𝑧𝑧 = ̅𝑧𝑧, this equation is same the Stein equation, 𝐸𝐸 ̅𝑧𝑧𝑓𝑓 ̅𝑧𝑧 = 𝐸𝐸 𝑓𝑓′ ̅𝑧𝑧 with 
𝑓𝑓 ̅𝑧𝑧 = 𝑒𝑒𝑗𝑗𝑗𝑗𝑧̅𝑧

22

TWO-SIDED QUEUE

Theorem [Varma, M ‘20]  If 𝜖𝜖𝜖𝜖 → 𝑙𝑙, then 𝜖𝜖𝑧𝑧 →
𝑑𝑑

𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 𝑔𝑔 where 𝑔𝑔 𝑥𝑥 =
𝜙𝜙2

𝑥𝑥
𝑙𝑙 −𝜙𝜙1

𝑥𝑥
𝑙𝑙

𝜎𝜎1
2+𝜎𝜎2

2 /2

𝑞𝑞1 𝑞𝑞2

𝑎𝑎1 - iid
𝜆𝜆 𝜎𝜎1

2
𝑎𝑎2 - iid
𝜆𝜆 , 𝜎𝜎2

2
𝑎𝑎1 𝑧𝑧

𝜆𝜆 + 𝜖𝜖𝜙𝜙1
𝑧𝑧
𝜏𝜏

𝑎𝑎2 𝑧𝑧
𝜆𝜆 + 𝜖𝜖𝜙𝜙2

𝑧𝑧
𝜏𝜏

𝐸𝐸 𝑒𝑒𝑗𝑗𝑗𝑗𝑧̅𝑧𝑔𝑔 ̅𝑧𝑧 = 𝑗𝑗𝑗𝑗𝑗𝑗 𝑒𝑒𝑗𝑗𝑗𝑗𝑧̅𝑧



• Suppose the pdf of ̅𝑧𝑧 is 𝑓𝑓 ⋅ .

• Taking inverse Fourier transform (Fourier differentiation theorem), we get

•Solving this differential equation, we get

•Normalizing it, we get Gibbs distribution
•This argument works even if we do not know if ̅𝑧𝑧 has a pdf - using Fourier transform 
theory based on Schwartz functions and tempered distributions. 
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UNIQUENESS: INVERSE FOURIER TRANSFORM
𝐸𝐸 𝑒𝑒𝑗𝑗𝑗𝑗𝑧̅𝑧𝑔𝑔 ̅𝑧𝑧 = 𝑗𝑗𝑗𝑗𝑗𝑗 𝑒𝑒𝑗𝑗𝑗𝑗𝑧̅𝑧

𝑓𝑓 𝑥𝑥 𝑔𝑔 𝑥𝑥 = −𝑓𝑓′ 𝑥𝑥

𝑓𝑓 𝑥𝑥 = 𝑐𝑐𝑒𝑒− ∫0
𝑥𝑥 𝑔𝑔 𝑦𝑦 𝑑𝑑𝑑𝑑

�
−∞

∞
𝑒𝑒𝑗𝑗𝑗𝑗𝑥𝑥 𝑔𝑔 𝑥𝑥 𝑓𝑓 𝑥𝑥 𝑑𝑑𝑑𝑑 = 𝑗𝑗𝑗𝑗 �

−∞

∞
𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 𝑓𝑓 𝑥𝑥 𝑑𝑑𝑑𝑑



Step 1: Establish Tightness using drift arguments

Step 2: Set drift of the exponential test function 𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗 ⋅ and get 
the implicit equation,

Step 3: Solve it using inverse Fourier transforms

24

PROOF OUTLINE

𝐸𝐸 𝑒𝑒𝑗𝑗𝑗𝑗𝑧̅𝑧𝑔𝑔 ̅𝑧𝑧 = 𝑗𝑗𝑗𝑗𝑗𝑗 𝑒𝑒𝑗𝑗𝑗𝑗𝑧̅𝑧



Online 
Marketplaces

REVENUE MAXIMIZATION

25



• Prices lead to dynamic arrivals which we used to ensure stability

• System Operator’s goal: Maximize Revenue
• Also, to control queue lengths

• Revenue (Instantaneous) = 𝜆𝜆2 𝑧𝑧 𝐹𝐹2 𝜆𝜆2 𝑧𝑧 − 𝜆𝜆1 𝑧𝑧 𝐹𝐹1 𝜆𝜆1 𝑧𝑧
• Standard assumption:𝜆𝜆𝐹𝐹2 𝜆𝜆 is concave and 𝜆𝜆𝐹𝐹1 𝜆𝜆 is convex
• Goal: Maximize Revenue (Expected) = 𝐸𝐸 𝜆𝜆2𝐹𝐹2 𝜆𝜆2 𝑧𝑧 − 𝜆𝜆1𝐹𝐹1 𝜆𝜆1 𝑧𝑧

• Ensure stability

• MDP
• Uncountable action space, Curse of dimensionality
• Propose ways to overcome numerically – Not the focus of today’s talk
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REVENUE

𝑞𝑞1 𝑞𝑞2

𝑎𝑎1 - iid 𝑎𝑎2 - iid𝑎𝑎1 𝑧𝑧
𝜆𝜆1 𝑧𝑧

𝑎𝑎2 𝑧𝑧
𝜆𝜆2 𝑧𝑧

Inverse Supply Curve 
𝐹𝐹1 𝜆𝜆1 𝑧𝑧

Inverse Supply Curve 
𝐹𝐹2 𝜆𝜆2 𝑧𝑧

𝜆𝜆𝐹𝐹1 𝜆𝜆

𝜆𝜆𝐹𝐹2 𝜆𝜆



• Suppose the arrivals are fluid flowing in
• No queue lengths
• Balance rates on both sides – No null-recurrence issues

•Find the rate to maximize 𝜆𝜆𝐹𝐹2 𝜆𝜆 − 𝜆𝜆𝐹𝐹1 𝜆𝜆
• Static prices and Static arrival rate - 𝜆𝜆∗

• 𝑅𝑅𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓- Optimal fluid revenue
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FLUID REVENUE

𝑞𝑞1 𝑞𝑞2

𝑎𝑎1 - iid 𝑎𝑎2 - iid𝑎𝑎1 𝑧𝑧
𝜆𝜆1 𝑧𝑧

𝑎𝑎2 𝑧𝑧
𝜆𝜆2 𝑧𝑧𝐹𝐹1 𝜆𝜆1 𝑧𝑧 𝐹𝐹2 𝜆𝜆2 𝑧𝑧

Proposition [Varma, Pornpawee, M, Wang ‘20]

For the stochastic system, under any policy, 
Revenue ≤ 𝑅𝑅𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓

𝜆𝜆𝐹𝐹1 𝜆𝜆

𝜆𝜆𝐹𝐹2 𝜆𝜆



• Can’t use static arrivals 𝜆𝜆∗ - null-recurrence
• Perturb them in a dynamic (state-dependent) 

manner for stability
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CAN WE ACHIEVE FLUID REVENUE?

Theorem [Varma, Castro, M ‘21]

1. For any policy (from a large class) with 𝐸𝐸 𝑞𝑞1 + 𝑞𝑞2 ≤ 𝐶𝐶,

2. A threshold-policy that perturbs fluid optimal rates 𝜆𝜆∗ outside thresholds 
achieves this optimal trade-off

𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 ≤ 𝑅𝑅𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 − Ω
1

𝐶𝐶2

Small Perturbations:
Small Loss in Revenue 
Large Queue Length (Heavy-Traffic result) 

What is the trade-off?

𝜏𝜏
−𝜖𝜖

−𝜏𝜏
−𝜖𝜖

𝜆𝜆∗

𝜖𝜖~ 1
𝐶𝐶

and 𝜏𝜏~1



• Suppose we perturb the fluid policy by 𝜖𝜖 and 𝜏𝜏
• 𝜆𝜆1 𝑧𝑧 = 𝜆𝜆∗ + 𝜖𝜖𝜙𝜙1

𝑧𝑧
𝜏𝜏

and 𝜆𝜆2 𝑧𝑧 = 𝜆𝜆∗ + 𝜖𝜖𝜙𝜙2
𝑧𝑧
𝜏𝜏

• For simplicity, let 𝜏𝜏 be a constant 

• From heavy-traffic results, queue lengths are Ω 1
𝜖𝜖

. So, set 𝐶𝐶 = 1
𝜖𝜖

• Change in Revenue 
• Taylor Expansion 

• Loss in Revenue is 𝑂𝑂 𝜖𝜖2 , which is 𝑂𝑂 1
𝐶𝐶2
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WHY 𝐶𝐶 VS 1
𝐶𝐶2 TRADE-OFF?

𝑅𝑅 𝜆𝜆∗ + 𝜖𝜖𝜙𝜙1
𝑧𝑧
𝜏𝜏

= 𝑅𝑅 𝜆𝜆∗ + 𝑂𝑂 𝜖𝜖 𝑅𝑅′ 𝜆𝜆∗ + 𝑂𝑂 𝜖𝜖2 𝑅𝑅′′ 𝜆𝜆∗ + ⋯

0 Fluid optimality𝑅𝑅𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓



• 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 = 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 − 𝑐𝑐 𝐸𝐸 𝑞𝑞1 + 𝑞𝑞2
• Includes both Revenue and queue length

• A sequence of systems where the 
exogeneous arrival is scaled by 𝜂𝜂 → ∞
• Duration of a time-slot is scaled down by 𝜂𝜂
• Clearly, 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝜂𝜂 ≤ 𝜂𝜂𝑅𝑅𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓
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ASYMPTOTIC VIEWPOINT

Theorem [Varma, Pornpawee, Wang, M ‘21]

1. For any policy (from a large class) 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝜂𝜂 ≤ 𝜂𝜂𝑅𝑅𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 − Ω 3 𝜂𝜂

2. A threshold-policy that perturb 𝜆𝜆∗ achieves this optimal profit

Questions
How close can we get to this upper bound?

Is it possible to find a sequence of 
policies such that 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝜂𝜂

𝜂𝜂
→ 𝑅𝑅𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓?

What is the best possible rate of 
convergence?

• Thus, one can find a sequence of policies where 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝜂𝜂
𝜂𝜂

converges to 𝑅𝑅𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 at a rate of 
1

𝜂𝜂
2
3

𝜏𝜏
−𝜖𝜖

−𝜏𝜏
−𝜖𝜖

𝜆𝜆∗

𝜖𝜖~𝜂𝜂−1
3 and 𝜏𝜏~1



• Pick 𝜖𝜖 as a function of 𝜂𝜂 and and again let 𝜏𝜏 be a constant for simplicity

• Optimal error is obtained by equating the two terms
• 𝜖𝜖 = 𝜂𝜂−1

3

• 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝜂𝜂 − 𝜂𝜂𝑅𝑅𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 of 3 𝜂𝜂

31

WHY 3 𝜂𝜂?

𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝜂𝜂 = 𝜂𝜂𝑅𝑅𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 − 𝜂𝜂𝑅𝑅𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 − 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 + 𝑐𝑐𝑐𝑐 𝑞𝑞1 + 𝑞𝑞2

𝜂𝜂𝜖𝜖2

𝜏𝜏
−𝜖𝜖

−𝜏𝜏
−𝜖𝜖

𝜆𝜆∗

1
𝜖𝜖

3 𝜂𝜂 scaling is fundamental when there is trade-
off between queue-length and revenue



MaxWeight Matching
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MATCHING PLATFORM
We want Joint Pricing and Matching Policy

max
𝑦𝑦

𝑦𝑦𝑖𝑖𝑖𝑖 𝑞𝑞1
𝑖𝑖 + 𝑞𝑞2

𝑗𝑗

s.t. 𝑦𝑦 is a feasible assignment
𝑞𝑞1

2

𝑞𝑞2
3

𝑦𝑦23
Theorem [Varma, Pornpawee, Wang, M ‘21]

1. For any policy (from a large class)

𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝜂𝜂 ≤ 𝜂𝜂𝑅𝑅𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 − Ω 3 𝜂𝜂

2. MaxWeight Matching + a threshold policy 
that perturbs 𝜆𝜆∗ achieves this optimal profit



• Diffusion Limits
• [Gurvich, Ward ‘14],[Plambeck, Ward ‘06], [Lu, Song, Zhang, ‘14]

• Diffusion limits lead to natural 𝜂𝜂 scaling - 3 𝜂𝜂 behavior is not apparent

•3 𝜂𝜂 scaling: [Kim, Randhawa ‘17]

• Classical single server queue (No matching or two-sided queues)
• Uses explicit form of stationary distribution
• Analogous to our simpler result on Bernoulli arrivals

•Ride-Hailing
• Static Setting with price sensitive customers and strategic servers: [Besbes, Castro, 

Lobel’21], [Bimpikis, Candogan, Saban’19], [Castillo, Knoepfle, Weyl’17], [Guda, Subramanian’19]

• Closed Queueing Network: [Banerjee, Freund, Lykouris’17], [Banerjee, Kanoria, Qian’18], [Kanoria, 
Qian’19], [Braverman et.al’19], [Hosseini, Milner, Romero’21]
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RELATED WORK



• Two-Sided Queues 

• Heavy-Traffic Theory 
• Phase Transition due to dynamic arrivals

• Revenue Optimization
• 3 𝜂𝜂 scaling captures fundamental trade-off between revenue and queue length

• Matching: MaxWeight is good

34

CONCLUSIONS



Thank You
QUESTIONS?
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