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What is redundancy ?

Central idea: create several copies of the same job and use
them to minimize latency !

Exploit variability in the workload in different queues !

In practice deployed in DNS queries, search engines, Youtube,
Mapreduce
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When to cancel the redundant copy 7

The cancel-on-complete variant
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Cancel on completion of service (c.o.c. model)




redundancy-d with c.o.c.

» A special case of the generic multiclass model

» There are (2,’) classes
A

(4)

» Each class has an arrival rate of
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Product form distributions:
» c.o.c. and Order Indepedence
» c.o.s. and Multi-type job&servers
» Token-based generalization

Stability:
» redundancy-d and i.i.d.
» redundancy-d and identical

» PS with general redundancy: comparison with Bernouilli
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State descriptors:
» Job's point of view:
c(n) = (c1y...,¢n)



Order Independent Queues!

Classes i =1,..., N.
S; set of servers that can process class-i
Service is FCFS

State descriptor: c(n) = (c1,...,¢cn).

!A. Krzesinski, Order independent queues, in "Queueing Networks: a
fundamental approach”, Eds: R. Boucherie, N. van Dijk, 2011.
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Order Independent Queues (example)?
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Ol queues

Key Ol properties:
» For k-th job, its service rate u(ci,...,cx) — p(cr, ..., ck—1)
can only depend on what lies ahead.

> H(Cla R Cn) = M(Ca(l)a ce Co‘(n))



Ol queues

Key Ol properties:
» For k-th job, its service rate u(ci,...,cx) — p(cr, ..., ck—1)
can only depend on what lies ahead.
> H(Cla ey Cn) = /’L(Ca(l)ﬂ DRI Ccr(n))

Theorem: Given Ol properties, the queue is quasi-reversible and
the stationary distribution is:



Order Independent Queues (example)

State ¢(6) = (1,2,3,2,4,1)
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Redundancy with c.o.c. is Ol

u(ci, ..., cn) = sum of rates serving these classes

wu(cry ... cn) — p(cty ..., cnm1) = sum of rates of servers available
to n class jobs

Steady-state distribution is product form

Key assumption: service time of copies independent
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Redundancy c.o.s. is not Ol
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Multi-type job and multi-type servers®
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3Visschers, Adan, Weiss, A product form solution to a system with
multi-type jobs and multi-type servers, Queueing Systems, 2012.



Multi-type job and multi-type servers®
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my

» Markovian descriptor of (aggregated) form
S = (n,-,M,-,...7nd7Md,...,/\/ll)
> If i servers are busy, then departure rate is iu

> Assignment rule determines server in case multiple compatible
servers are available

3Visschers, Adan, Weiss, A product form solution to a system with
multi-type jobs and multi-type servers, Queueing Systems, 2012.



Multi-type job and multi-type servers (cont.)

Key results: Existence of assignment rule, stability condition,
characterization of steady-state distribution

nj mnl({Mle--qu})
T(s)=qa; -

7 (0).

Caveat: No efficient way to calculate 7(0)

*Adan, Weiss, A skill based parallel service system under FCFS-ALIS:
steady state, overloads, and abandonments Stochastic Systems,
INFORMS, 2014, 4, 250-299



Multi-type job and multi-type servers (cont.)

Key results: Existence of assignment rule, stability condition,
characterization of steady-state distribution

nj mnl({Mle--qu})
T(s)=qa; -

7 (0).

Caveat: No efficient way to calculate 7(0)

Results of similar nature with ALIS*

*Adan, Weiss, A skill based parallel service system under FCFS-ALIS:
steady state, overloads, and abandonments Stochastic Systems,
INFORMS, 2014, 4, 250-299
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N =4 and d =3.
Uniform assignment satisfies assig]
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redundancy-d with c.o.s. (example)

N =4 and d =3.
Uniform assignment satisfies assig]
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redundancy-d with c.o.s. — results
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redundancy-d with c.o.s. — results
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redundancy-d with c.o.s. — results®

71—(5) = I'n" v rdnd Hj:l GJ(K’ d) Tl(/.(l,)')

With a bit of algebra, and using the form of 7(s), we obtain
» m(0), the normalizing constant
» p(i), probability of i busy servers
» The P.G.F. of the number of waiting jobs in the system
» E(N) the expected number of jobs in the system

°A., Bodas, Verloop, On a unifying product form framework for
redundancy models, Performance Evaluation, 2018
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If d = K, c.o.c. is equivalent to an M/M /1 with rate uK
If d = K, c.o.s. is equivalent to an M/M /K

» What without i.i.d. assumption?

7

d = K,c.o.c. = single server with rate u




Performance comparison between c.o.s. and c.o.c.

25 ; ; ; ; ; :
" -*-E(N) for c.o.s with p = 0.7
“;3 ~o~ E(N) for c.o.c with p = 0.7
2013 -v-E(N) for c.o.s with p =0.35 1
B ~+ FE(N) for c.o.c with p = 0.35
15 : 7
or Pe_ 1
R T TE
5% o, 1
IR GRRE EEEE G CEEES Chts: Clieie il G
o, Lo S, S
---- ., " )
0 \ \ \ | T t t t
1 2 3 4 5 6 7 8 9 10
d
_f snith. cos) > E( Tcoc)

5T. Hellemans, B. van Houdt, On the power-of-d-choices with least loaded
server selection, Sigmetrics 2018
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» Server's point of view:
s=(nj, M, ..., ny, M)
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Token based framework’

» Multiclass jobs and tokens for service
» Product form stationary distribution

» Subsumes Ol and Visschers et al., and more

"A., Bodas, Dorsman, Verloop, A token-based central queue with
order-independent service rates ,OR 2021
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A token based central queue

tk t1,tk [}

Token based
multiclass model

Central
queue

e A single central queue

e Aset T ={t,...,tx} of K tokens
e Only jobs with tokens are served

e There are L job classes

e Poisson arrival rate \; for class i

e A compatibility graph (arbitrary)

e Features of token based queue
— Token assignment
— Releasing a token
— Token service rate

— State space
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Token service rate

Objects of departures T;

[ s=(Ti,m,..., Tj,nj,..., Ti,nj)

Require the departure function [i(-) satisfying the following
LTy T) = p(Ty...Tj1) >0
2. /./2( Tl e 7—1) == ,&( Ta(l) e Oa(j—l))

Order Independent rates = Sufficient condition for product-form

For redundancy-d c.o.s., the T; correspond to server M;
For redundancy-d c.o.c., the T; correspond to first customer
of a class ¢;
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Main Result

Theorem

The steady state distribution for the token based model in state

x={(T1,m,..., Tj,n; ..., T;,n;) is given by
; Ar-({Tl,...,le})> - <Au<{r ,,,,, h\"”
w(x) =7n(0) T[]\ | =—— i | =
() =7(0) I ( Lo ) = S

| [

normalising term corresponding to
constant to token T;

e

term corresponding to

each of the n; waiting jobs

J

e PGF for the number of waiting jobs and the total number of jobs

e PGF for the waiting time and sojourn time for a job



A classification of token-based central queues

Token-Based Central Queue . ...
- OI queue :
Models combining COC and COS : :
o : Redundancy COC :
. [ J .
MSCCC
o :
[
' Visschers et al. ; :
! M/M/k : M/M/k ‘
'Redundancy COS heterogeneous :  homogeneous :
! :
1 [ ® : [ ] H




Generalized Ol queue®

Detailed state descriptor Z,;,,, where m is number of jobs
» It includes jobs in service and in the queue

service = track server
queue = track class

8K. Gardner, R. Righter, Product Forms for FCFS Queueing Models with
Arbitrary Server-Job Compatibilities: An Overview, to appear in QUESTA



Generalized Ol queue®

Detailed state descriptor Z,;,,, where m is number of jobs
» It includes jobs in service and in the queue

service = track server
queue = track class

» 11(Zy) satisfies the Ol Properties

Theorem: The steady-state distribution of the Generalized Ol
queue is product form

— Unifying framework for product-form distributions

8K. Gardner, R. Righter, Product Forms for FCFS Queueing Models with
Arbitrary Server-Job Compatibilities: An Overview, to appear in QUESTA
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Redundancy-d, exponential and identical

i.i.d. copies identical copies
A< Kp
FCFS
[Gardner et al.]
R
PS i
i
ROS a

FCFS, PS and ROS are maximally stable, what about their
performance?



Comparing FCFS, PS and ROS with i.i.d.

>

w
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(1 — p)x Mean number of jobs
— o

o

Curves are indistinguishable = product form distribution ?



Priority policy with i.i.d. copies

Red-2 model. Type {2,3} has lowest priority in servers 2 and 3.

A=29
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/ \ per
t:jpc
i 41,25 ~AABY
. o X108

The system can be unstable when A < uK = 3.



Service [[ i.i.d. copies I identical copies [[ General correlation |
time [ red-d [ gen il red-d [ gen [[ red-d ] gen |
[Gardner et al.]{[Gardner et al,,
Exp. Bonald and
FCES Comté]
[Hellemans and [Hellemans and [Mendelson] [ [Raaijmakers
General|| van Houdt] van Houdt] and Borst]
(Mean field) (Mean field)
Exp.
P2 [Raaijmakers [Raaijmakers
General al.] al]
ROS |Exp.




Redundancy-d model and exponential service times

i.i.d. copies | identical copies

A< Kp A< fu
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[Gardner et al.]
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Redundancy-d model and exponential service times

i.i.d. copies | identical copies
A< K B
FCFS 3 &
[Gardner et al.]
A< K A< Kp/d
- Iz n/
A< K ot
ROS = i

Identical copies: ROS >> FCFS >> PS



FCFS with identical copies
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Define: £ as the mean number of jobs in service in a saturated
system.



FCFS with identical copies

E EEE:

®e o6 — 1 T

Define: £ as the mean number of jobs in service in a saturated
system.

Theorem
Under FCI:'S service policy and identical copies the system is stable
=A<l




FCFS with identical copies

Table: Value of 7/K.

(/K | K=2|K=3|K=4|K=5| K= K=
d=1 1 1 1 1 1 1

d=2 0.5 0.66 0.71 0.74 0.76 0.77
d=3 0.33 05 0.54 0.57 0.58
d=4 0.25 0.4 0.43 0.46
d=5 0.2 0.33 0.36
d=6 0.16 0.28
d=7 0.14




FCFS with identical copies

Table: Value of 7/K.

d= 0.5 0.66 0.71 0.74 0.76 0.77
d=3 0.33 0.5 0.54 0.57 0.58
d= 0.25 0.4 0.43 0.46
d= 0.2 0.33 0.36
d= 0.16 0.28
d=7 0.14




FCFS with identical copies

Table: Value of 7/K.

d= 0.5 0.66 0.71 0.74 0.76 0.77
d=3 0.33 0.5 0.54 0.57 0.58
d= 0.25 0.4 0.43 0.46
d= 0.2 0.33 0.36
d= 0.16 0.28
d=7 0.14




FCFS with identical copies

Table: Value of 7/K.

/K TK=2|K=3[K=4[K=5]K=6|K=7|d-K
d=1

d= 05 | 066 | 071 | 074 | 0.76 | 0.77

d= 033 | 05 054 | 057 | 058

d= 025 | 0.4 043 | 0.46

d=5 02 | 033 | 036

d=6 0.16 | 0.28

d=7 014 | /—1




FCFS with identical copies

Table: Value of //K.

l/K

~
>N
I
N
=
I
w

K=4

o~
o1

1

0.25

0.2

0.16

ajajala|ajala
I
N[O OB W N

| 0.14

(/K is increasing on the number of servers K with

limk oo {/K = c < 1.




PS with identical copies

ROS

exp. service

i.i.d. copies identical copies
Red-d & A< K A<t
FCFS . a
exp. service| [Gardner et al.]
Red-d & A< Ku A< Ku/d
exp. service
ps [P
Gen top. &
gen. service
Red-d & A< Ku A< Ku




PS with identical copies

ROS

exp. service

i.i.d. copies identical copies
Red-d & A< K A<t
FCFS s a

exp. service| [Gardner et al.]
Red-d & A< Ku A< Ku/d

exp. service

ps | P

Gen top. & ADcec(s)ns; Pe < Ws,

gen. service sel;, i<i*
Red-d & A< Ku A< Ku




PS with identical copies

Example: K =4 and each job dispatches d = 2 copies, with
A = 7.5 and server capacities ji = (1,2,4,5).

A
coFIes[z\
P2
serler @
AW Sl
Oo 1 2 - 3

t x10*



PS with identical copies

Example: K =4 and each job dispatches d = 2 copies, with
A = 7.5 and server capacities ji = (1,2,4,5).

A
i
P2
serler S | @
M\ S, 21 |
0 o
0 1 t 2 3X104

Load in server 4 = A\(p{1,4} + P24} + P(3,4)/5 = 0.675 < 1.



PS with identical copies

Example: K =4 and each job dispatches d = 2 copies, with
A = 7.5 and server capacities ji = (1,2,4,5).

4 ><103 7N

frof NS
coFIes[z\ \
' \, 1
2 \
Sf»:(w N :7 1

0 1

2 3

t x10*

Load in server 3 = A(pg1,3y + Py2,33)/4=0.75 < 1.



PS with identical copies

Example: K =4 and each job dispatches d = 2 copies, with
A = 7.5 and server capacities ji = (1,2,4,5).

A
3 A .
4><10 /\\// N
/ \l\/ \\I\\
# NN
of FEANIANN
) » L YA N
(€S| 1 1
AN BEE
Pe’ 2 Ll
>~ >~
serler (M3) o da)
53
O s -
0 1 2 3

t x10*

Load in server 2 = Ap;12,/2=0.94 < 1.



PS with identical copies
We define the stability condition recursively:
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L1 = {Least loaded servers in S}, Sp = S\£4
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PS with identical copies
We define the stability condition recursively:

seS s

L1 = {Least loaded servers in S}, Sp = S\£4

min {)\ECGC(S)HSZ Pc} <1,
5652 ILLS

Ly = {Least loaded servers in S;}, S3 = S\Lo

SESH 1 Hs

Li» = {Least loaded servers in Sj+}, Si=y1 = Si+\Lj=

min {)\ZCGC(S)HS[*_I Pc} <1,



PS with identical copies

Proposition

The redundancy system with PS servers and identical copies is
stable if

A Z Pc < s,
ceC(s)NS;

forallse Liandi=1,...,i".




PS with identical copies

Proposition

The redundancy system with PS servers and identical copies is
stable if

A Z Pc < fs,
ceC(s)NS;

forallse Liandi=1,...,i".

And unstable otherwise.




Identical & Non-exponential with PS
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Outline

Product form distributions:
» c.o.c. and Order Indepedence
» c.o.s. and Multi-type job&servers
» Token-based generalization

Stability:
» redundancy-d and i.i.d.
» redundancy-d and identical

» PS with general redundancy: comparison with Bernouilli



Bernoulli routing system

Redundancy model:

AN



Bernoulli routing system

Redundancy model: Bernoulli routing
With probability 2 = % %
bl
1
3

Server.

('D N—=

a type-c goes to a 1Jea5|

(: 1 — Ol



When does redundancy improve the stability condition

Bernoulli routing system:

. .\ cees) Pe/ lel
Stability condition: A\ := maxscs {Eequz}

Redundancy system:

Hs

ZCEC(S)FWS,- Pec }

Stability condition: A\ := MaXse, i<i* {



When does redundancy improve the stability condition

Bernoulli routing system:

. . cces) Pellel
Stability condition: A\ := maxscs {Eequz}
Redundancy system:

.- e c s . Pc
Stability condition: AR := maxscr, i<+ {ZECLJQS’}

» When is redundancy more stable then Bernoulli routing,
AR> \B?



Example of improvement in the stability condition

AR and AB under a system with capacities i = p*1.

p=1lp=12\p=14\p=2{p=3| p
K=3]| 15 2.16 2.94 6 9 (141
K=4 2 3.45 5.48 12 18 [1.26
K=5| 25 5.18 9.14 20 30 |1.19
K=10| 5 22.39 | 41.16 90 135 |1.08
K=4] 13 2.30 3.65 |10.66| 36 |1.44
Red-3| K=5 | 1.66 | 3.45 6.40 |26.66| 90 |1.31
K=10| 3.33 | 17.19 | 60.23 | 320 | 1080 |1.13

Red-2

K=3] 3 3 3 3 3
Br K= 4 4 4 4 4
K= 5 5 5 5 5
K=10] 10 10 10 10 | 10

=1 — redundancy-d model:
Redundancy-d has larger stability

> SR =
Redundancy: A pK/d region than Bernoulli if pu1d < pg.

» Bernoulli system: A8 = uK.



Example of improvement in the stability condition
AR and AB under a system with capacities i = <1,

p=1p=12\p=14\p=2{p=3| p
K=3]| 15 2.16 2.94 6 9 (141
Red-2 K=4 2 3.45 5.48 12 18 [1.26
K=5| 25 5.18 9.14 20 30 |1.19
K =10 5 22.39 | 41.16 90 135 |1.08
K=4] 13 2.30 3.65 |10.66| 36 |1.44
Red-3| K=5| 1.66 | 3.45 6.40 |[26.66| 90 |1.31
K=10| 3.33 | 17.19 | 60.23 | 320 | 1080 |1.13

K=3 3 3 3 3 3
BR K=4 4 4 4 4 4
K=5 5 5 5 5 5
K=10| 10 10 10 10 10

=1 — redundancy-d model:

Redundancy-d has larger stability
> S AR =

Redundancy: A pK/d region than Bernoulli if u1d < ug.
» Bernoulli system: \8 = uK.



Example of improvement in the stability condition

AR and AB under a system with capacities i = p< 1.
p=1p=12|\p=14|p=2{p=3| u*
K=3 1.5 2.16 2.94 6 9 1.41
K= 2 3.45 5.48 12 18 |1.26
Red-2
K=5| 25 5.18 9.14 20 30 |1.19
K =10 5 22.39 | 41.16 90 135 |1.08
K=4| 133 2.30 3.65 | 10.66| 36 |1.44
Red-3| K=5| 1.66 | 3.45 6.40 [26.66| 90 |1.31
K=10| 333 17.19 | 60.23 | 320 | 1080 |1.13
K=3 3 3 3 3 3
BR K= 4 4 4 4 4
K=5 5 5 5 5 5
K=10| 10 10 10 10 10

=1 — redundancy-d model:

Redundancy-d has larger stability

> SR =
Redundancy: A pK/d region than Bernoulli if pu1d < pg.

» Bernoulli system: A8 = uK.
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Conclusions and Perspectives

» Establish relation between multi-server systems with central
queue and redundancy

» Token based and Gen-Ol provide unifying framework to cover
Ol and “multi-job multi-server” models

» Product form distribution does not directly imply
computability
— computation of 7(0).

» Not final word on product form distributions yet...

— Pass & Swap queues (Comte& Dorsman 2020) have
product form, yet not included in Token or Gen-Ol
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» i.i.d. copies & exponential service times: no loss of stability

» identical copies & exponential service times: stability strongly
depends on the scheduling policy.

» Heterogeneous server capacities: the stability can improve
compared to Bernoulli routing.



Conclusions and Perspectives

» i.i.d. copies & exponential service times: no loss of stability
» identical copies & exponential service times: stability strongly
depends on the scheduling policy.
» Heterogeneous server capacities: the stability can improve
compared to Bernoulli routing.
» An alternative to ROS with good performance

» Develop new redundancy-aware scheduling disciplines



Conjectures on the stability condition

The maximum stability condition with a general topology and
exponential service times:

)\ch< Z s

ceC seS(C)

Ap1y + P12y +pgay) < g+ p2 + g

@



Conjectures/Observations

Service [ i.i.d. copies identical copies [ General correlation |
time [ red-d [ gen red-d ] gen [ red-d ] gen |
[Gardner et al.]| [Gardner et al. || [OR'21]
Exp. Bonald and [Hellemans
FCES Comté] ||and v Houdt] _
[Mendelson] [[Raaijmakers
General and Borst]
Exp. [OR'21] Conjecture [OR'21]
Ps [Raaijmakers [Raaijmakers
General al] [SIG'21] al]
ROS [Exp. [OR™21] Conjecture [OR™21] Conjecture || Conjecture | Conjecture
Maximum stable: Performance:

» i.i.d., gen topology, and
non-preferential scheduling

» with ROS "always”

» i.i.d. and non-preferential
scheduling (product form?)

» PS, identical, and general
service times (insensitive?)
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Visschers and order-independent (Ol) models

(g}

ofo¥cyelele)

mg my, Mg my :|
Multi class job Central Multi class job with central
and multi-server model queue order-independent service queue
e Tokens replaced by servers e Each job of class i gets a token ¢;
e Constant service rate e Order-independent (Ol) service rate

e Assignment rule e No assignment rule




