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What is redundancy ?

Central idea: create several copies of the same job and use
them to minimize latency !
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Exploit variability in the workload in different queues !
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When to cancel the redundant copy ?

A supermarket example
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Cancel on start of service (c.o.s. model)
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The cancel-on-complete variant
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When to cancel the redundant copy ?

The cancel-on-complete variant
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redundancy-d with c .o.c .

µ µ µ . . . µ
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d )

d copies

I A special case of the generic multiclass model
I There are

(N
d
)

classes
I Each class has an arrival rate of λ

(N
d )
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Outline

Product form distributions:
I c.o.c. and Order Indepedence
I c.o.s. and Multi-type job&servers
I Token-based generalization

Stability:
I redundancy-d and i.i.d.
I redundancy-d and identical
I PS with general redundancy: comparison with Bernouilli
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Central Queue

State descriptors:
I Job’s point of view:

c(n) = (c1, . . . , cn)
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Order Independent Queues1

Classes i = 1, . . . ,N.
Si set of servers that can process class-i
Service is FCFS

State descriptor: c(n) = (c1, . . . , cn).

µ(c(n)) =
∑

s∈
⋃n

k=1 Sck

µs

µ(c1, . . . , ck)− µ(c1, . . . , ck−1) =
∑

s∈Sck \
⋃k−1

l=1 Scl

µs

1A. Krzesinski, Order independent queues, in ”Queueing Networks: a
fundamental approach”, Eds: R. Boucherie, N. van Dijk, 2011.
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Order Independent Queues (example)2

State c(6) = (1, 2, 3, 2, 4, 1)

µ(c(6)) = µ1 +µ2 +µ3 +µ4

µ(1, 2)− µ(1) = µ3

2From Gardner and Righter’s APS tutorial:
https://kgardner.people.amherst.edu/
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OI queues

Key OI properties:
I For k-th job, its service rate µ(c1, . . . , ck)− µ(c1, . . . , ck−1)

can only depend on what lies ahead.
I µ(c1, . . . , cn) = µ(cσ(1), . . . , cσ(n))

Theorem: Given OI properties, the queue is quasi-reversible and
the stationary distribution is:

π(c) = π(∅)
n∏

k=1

λck

µ(c1, . . . , ck)

9 / 60



OI queues

Key OI properties:
I For k-th job, its service rate µ(c1, . . . , ck)− µ(c1, . . . , ck−1)

can only depend on what lies ahead.
I µ(c1, . . . , cn) = µ(cσ(1), . . . , cσ(n))

Theorem: Given OI properties, the queue is quasi-reversible and
the stationary distribution is:

π(c) = π(∅)
n∏

k=1

λck

µ(c1, . . . , ck)

9 / 60



Order Independent Queues (example)

State c(6) = (1, 2, 3, 2, 4, 1)

π(c(6)) = π(∅)
(
λ1
µ1,2

)(
λ2
µ1,2,3

)
(

λ3
µ1,2,3

)(
λ2
µ1,2,3

)(
λ4
µ

)(
λ1
µ

)
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c .o.c . and central queue
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Redundancy with c .o.c . is OI

µ1
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µ(c1, . . . , cn) = sum of rates serving these classes

µ(c1, . . . , cn)− µ(c1, . . . , cn−1) = sum of rates of servers available
to n class jobs

Steady-state distribution is product form

Key assumption: service time of copies independent
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Outline

Product form distributions:
I c.o.c. and Order Indepedence
I c.o.s. and Multi-type job&servers
I Token-based generalization
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c .o.s. and central queue
N = 4 and d = 3
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Redundancy c .o.s. is not OI
N = 4 and d = 3
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Multi-type job and multi-type servers3

I Markovian descriptor of (aggregated) form
s = (ni ,Mi , . . . , nd ,Md , . . . ,M1)

I If i servers are busy, then departure rate is iµ
I Assignment rule determines server in case multiple compatible

servers are available

3Visschers, Adan, Weiss, A product form solution to a system with
multi-type jobs and multi-type servers, Queueing Systems, 2012.
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Multi-type job and multi-type servers (cont.)

Key results: Existence of assignment rule, stability condition,
characterization of steady-state distribution

Caveat: No efficient way to calculate π(0)

Results of similar nature with ALIS4

4Adan, Weiss, A skill based parallel service system under FCFS-ALIS:
steady state, overloads, and abandonments Stochastic Systems,
INFORMS, 2014, 4, 250-299
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redundancy-d with c .o.s. (example)
N = 4 and d = 3.
Uniform assignment satisfies assignment rule!
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redundancy-d with c .o.s. – results
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π(s) = ri
ni . . . rd

nd
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j=1 Gj(K , d)π(0)
i!µi → product form
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For any state s = (ni ,Mi , . . . ,Md+1, nd ,Md , . . . ,M1), we have

π(s) = ri
ni . . . rd

nd
∏i

j=1 Gj(K , d)π(0)
i!µi → product form
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redundancy-d with c .o.s. – results5

π(s) = ri
ni . . . rd

nd
∏i

j=1 Gj(K , d)π(0)
i!µi

With a bit of algebra, and using the form of π(s), we obtain
I π(0), the normalizing constant
I p(i), probability of i busy servers
I The P.G.F. of the number of waiting jobs in the system
I E (N) the expected number of jobs in the system

5A., Bodas, Verloop, On a unifying product form framework for
redundancy models, Performance Evaluation, 2018
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Comparing c .o.s. and c .o.c .

If d = K, c.o.c. is equivalent to an M/M/1 with rate µK
If d = K, c.o.s. is equivalent to an M/M/K

I What without i.i.d. assumption?

d = K , c.o.c. =⇒ single server with rate µ
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Performance comparison between c .o.s. and c .o.c .

1 2 3 4 5 6 7 8 9 10
0

5

10

15

20

25

In the mean-field limit6: E(T cos) ≥ E(T coc)
6T. Hellemans, B. van Houdt, On the power-of-d-choices with least loaded

server selection, Sigmetrics 2018
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Central Queue

State descriptors:
I Job’s point of view:

c(n) = (c1, . . . , cn)
I Server’s point of view:

s = (ni ,Mi , . . . , n1,M1)
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Outline

Product form distributions:
I c.o.c. and Order Indepedence
I c.o.s. and Multi-type job&servers
I Token-based generalization

Stability:
I redundancy-d and i.i.d.
I redundancy-d and identical
I PS with general redundancy: comparison with Bernouilli
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Token based framework7

I Multiclass jobs and tokens for service
I Product form stationary distribution
I Subsumes OI and Visschers et al., and more

7A., Bodas, Dorsman, Verloop, A token-based central queue with
order-independent service rates ,OR 2021
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A token based central queue

Token based
multiclass model

Central
queue

• A single central queue

• A set T = {t1, . . . , tK} of K tokens

t1 t2 . . . tK

• Only jobs with tokens are served

• There are L job classes

λ1 λ2 . . . λL

• Poisson arrival rate λi for class i

• A compatibility graph (arbitrary)

tK t1, tK t2
• Features of token based queue
− Token assignment

− Releasing a token

− Token service rate
− State space
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Token assignment Releasing a token Token service rate State space

Token based
multiclass model

Central
queue

• A single central queue

• A set T = {t1, . . . , tK} of K tokens

t1 t2 . . . tK • Only jobs with tokens are served

• A set C of multiclass jobs

λ1 λ2 . . . λL

• Poisson arrival rate λc for c ∈ C

• A compatibility graph (arbitrary)
tK t1, tK t2

• An arriving job must pick a
compatible token if available

t2

t2

• Job with no feasible token will
wait in the queue

• A job can claim only one
compatible token

• An assignment rule specifies the
tie-breaking rule

tK tKt1

t1
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Token service rate

Objects of departures Tj

s = (T1, n1, . . . ,Tj , nj , . . . ,Ti , ni )

Require the departure function µ̂(·) satisfying the following
1. µ̂(T1 . . .Tj)− µ̂(T1 . . .Tj−1) ≥ 0
2. µ̂(T1 . . .Tj) = µ̂(Tσ(1) . . .Oσ(j−1))

Order Independent rates =⇒ Sufficient condition for product-form

For redundancy-d c.o.s., the Tj correspond to server Mj
For redundancy-d c.o.c., the Tj correspond to first customer
of a class cj
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Main Result

Theorem
The steady state distribution for the token based model in state
x = (T1, n1, . . . ,Tj , nj , . . . ,Ti , ni ) is given by

π(x) = π(0)
∏i

j=1

(
λTj ({T1,...,Tj−1})∑j

l=1 µTl (x)

) ∏i
j=1

(
λU({T1,...,Tj})∑j

l=1 µTl (x)

)nj

normalising
constant

term corresponding to
to token Tj

term corresponding to
each of the nj waiting jobs

• PGF for the number of waiting jobs and the total number of jobs

• PGF for the waiting time and sojourn time for a job
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A classification of token-based central queues

Token-Based Central Queue

Visschers et al.

OI queue
Models combining COC and COS

Redundancy COS

M/M/k M/M/k
heterogeneous homogeneous

Redundancy COC

MSCCC

31 / 60



Generalized OI queue8

Detailed state descriptor ~zm, where m is number of jobs
I It includes jobs in service and in the queue

service =⇒ track server
queue =⇒ track class

I µ(~zm) satisfies the OI Properties

Theorem: The steady-state distribution of the Generalized OI
queue is product form

=⇒ Unifying framework for product-form distributions

8K. Gardner, R. Righter, Product Forms for FCFS Queueing Models with
Arbitrary Server-Job Compatibilities: An Overview, to appear in QUESTA
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Outline

Product form distributions:
I c.o.c. and Order Indepedence
I c.o.s. and Multi-type job&servers
I Token-based generalization

Stability:
I redundancy-d and i.i.d.
I redundancy-d and identical
I PS with general redundancy: comparison with Bernouilli
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Redundancy-d , exponential and identical

FCFS, PS and ROS are maximally stable, what about their
performance?
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Comparing FCFS, PS and ROS with i.i.d.

Curves are indistinguishable =⇒ product form distribution ?
36 / 60



Priority policy with i.i.d. copies

Red-2 model. Type {2, 3} has lowest priority in servers 2 and 3.

The system can be unstable when λ < µK = 3.
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Redundancy-d model and exponential service times

Identical copies: ROS >> FCFS >> PS
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Redundancy-d model and exponential service times

Identical copies: ROS >> FCFS >> PS
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FCFS with identical copies

µ µ µ µ

µ µ µ µ

d = 2

µ
µ µ−→

Define: ¯̀ as the mean number of jobs in service in a saturated
system.

Theorem
Under FCFS service policy and identical copies the system is stable
⇐⇒ λ < ¯̀µ .
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FCFS with identical copies

Table: Value of ¯̀/K .

¯̀/K K = 2 K = 3 K = 4 K = 5 K = 6 K = 7
d = 1 1 1 1 1 1 1
d = 2 0.5 0.66 0.71 0.74 0.76 0.77
d = 3 0.33 0.5 0.54 0.57 0.58
d = 4 0.25 0.4 0.43 0.46
d = 5 0.2 0.33 0.36
d = 6 0.16 0.28
d = 7 0.14
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FCFS with identical copies

Table: Value of ¯̀/K .

¯̀/K K = 2 K = 3 K = 4 K = 5 K = 6 K = 7
d = 1 1 1 1 1 1 1
d = 2 0.5 0.66 0.71 0.74 0.76 0.77
d = 3 0.33 0.5 0.54 0.57 0.58
d = 4 0.25 0.4 0.43 0.46
d = 5 0.2 0.33 0.36
d = 6 0.16 0.28
d = 7 0.14

¯̀/K is increasing on the number of servers K with
limK→∞ ¯̀/K = c < 1.
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PS with identical copies

i.i.d. copies identical copies

FCFS
Red-d & λ < Kµ λ < ¯̀µ

exp. service [Gardner et al.]

PS

Red-d & λ < Kµ λ < Kµ/d

exp. service

Gen top. &

gen. service

ROS
Red-d & λ < Kµ λ < Kµ

exp. service
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PS

Red-d & λ < Kµ λ < Kµ/d

exp. service

Gen top. & λ
∑

c∈C(s)∩Si pc < µs ,
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PS with identical copies
Example: K = 4 and each job dispatches d = 2 copies, with
λ = 7.5 and server capacities ~µ = (1, 2, 4, 5).

µ1 µ2 µ3 µ4

λ

S1
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PS with identical copies
Example: K = 4 and each job dispatches d = 2 copies, with
λ = 7.5 and server capacities ~µ = (1, 2, 4, 5).

λ

S1
L1

µ1 µ2 µ3 µ4

Load in server 4 = λ(p{1,4} + p{2,4} + p{3,4})/5 = 0.675 < 1.
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PS with identical copies
Example: K = 4 and each job dispatches d = 2 copies, with
λ = 7.5 and server capacities ~µ = (1, 2, 4, 5).

µ4

λ

µ4

S2
L2

µ1 µ2 µ3

Load in server 3 = λ(p{1,3} + p{2,3})/4 = 0.75 < 1.
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PS with identical copies
Example: K = 4 and each job dispatches d = 2 copies, with
λ = 7.5 and server capacities ~µ = (1, 2, 4, 5).

µ3 µ4

λ

µ3 µ4

S3
L3

µ1 µ2

Load in server 2 = λp{1,2}/2 = 0.94 < 1.
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PS with identical copies
We define the stability condition recursively:

min
s∈S

{
λ

∑
c∈C(s) pc

µs

}
< 1,

L1 = {Least loaded servers in S}, S2 = S\L1

min
s∈S2

{
λ

∑
c∈C(s)∩S2 pc

µs

}
< 1,

L2 = {Least loaded servers in S2}, S3 = S2\L2

. . .

min
s∈Si∗−1

{
λ

∑
c∈C(s)∩Si∗−1

pc

µs

}
< 1,

Li∗ = {Least loaded servers in Si∗}, Si∗+1 = Si∗\Li∗
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PS with identical copies

Proposition

The redundancy system with PS servers and identical copies is
stable if

λ
∑

c∈C(s)∩Si

pc < µs ,

for all s ∈ Li and i = 1, . . . , i∗.

And unstable otherwise.
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Identical & Non-exponential with PS
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Outline

Product form distributions:
I c.o.c. and Order Indepedence
I c.o.s. and Multi-type job&servers
I Token-based generalization

Stability:
I redundancy-d and i.i.d.
I redundancy-d and identical
I PS with general redundancy: comparison with Bernouilli
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Bernoulli routing system

Redundancy model:

Bernoulli routing:

µ µµ

1
3

1
3

1
3

With probability pc
|c| = 1

3
1
2 = 1

6
a type-c goes to a feasible server.

µ µµ

1
6

1
6

1
6

1
6

1
6

1
6
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When does redundancy improve the stability condition

Bernoulli routing system:
Stability condition: λB := maxs∈S

{∑
c∈C(s) pc/|c|

µs

}
.

Redundancy system:
Stability condition: λR := maxs∈Li ,i≤i∗

{∑
c∈C(s)∩Si

pc

µs

}
.

I When is redundancy more stable then Bernoulli routing,
λR > λB ?
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Example of improvement in the stability condition
λR and λB under a system with capacities µk = µk−1.

µ = 1 µ = 1.2 µ = 1.4 µ = 2 µ = 3 µ∗

Red-2

K = 3 1.5 2.16 2.94 6 9 1.41
K = 4 2 3.45 5.48 12 18 1.26
K = 5 2.5 5.18 9.14 20 30 1.19
K = 10 5 22.39 41.16 90 135 1.08

Red-3
K = 4 1.3 2.30 3.65 10.66 36 1.44
K = 5 1.66 3.45 6.40 26.66 90 1.31
K = 10 3.33 17.19 60.23 320 1080 1.13

BR

K = 3 3 3 3 3 3
K = 4 4 4 4 4 4
K = 5 5 5 5 5 5
K = 10 10 10 10 10 10

µ = 1 −→ redundancy-d model:
I Redundancy: λR = µK/d .
I Bernoulli system: λB = µK .

Redundancy-d has larger stability
region than Bernoulli if µ1d < µd .
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Conclusions and Perspectives

I Establish relation between multi-server systems with central
queue and redundancy

I Token based and Gen-OI provide unifying framework to cover
OI and “multi-job multi-server” models

I Product form distribution does not directly imply
computability
=⇒ computation of π(0).

I Not final word on product form distributions yet...
=⇒ Pass & Swap queues (Comte& Dorsman 2020) have
product form, yet not included in Token or Gen-OI
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Conclusions and Perspectives

I i.i.d. copies & exponential service times: no loss of stability
I identical copies & exponential service times: stability strongly

depends on the scheduling policy.
I Heterogeneous server capacities: the stability can improve

compared to Bernoulli routing.

I An alternative to ROS with good performance
I Develop new redundancy-aware scheduling disciplines
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Conjectures on the stability condition

The maximum stability condition with a general topology and
exponential service times:

λ
∑
c∈C

pc <
∑

s∈S(C)
µs

µ1 µ2 µ3 µ4

λ(p{1} + p{1,2} + p{4}) < µ1 + µ2 + µ4
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Conjectures/Observations

Maximum stable:
I i.i.d., gen topology, and

non-preferential scheduling
I with ROS “always”

Performance:
I i.i.d. and non-preferential

scheduling (product form?)
I PS, identical, and general

service times (insensitive?)
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Visschers and order-independent (OI) models

• Tokens replaced by servers
• Constant service rate
• Assignment rule

• Each job of class i gets a token ci

• Order-independent (OI) service rate
• No assignment rule
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