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Abstract

Two ensembles are often used to model random graphs subject to constraints: the micro-
canonical ensemble (= hard constraint) and the canonical ensemble (= soft constraint). It is
said that breaking of ensemble equivalence (BEE) occurs when the specific relative entropy of
the two ensembles does not vanish as the size of the graph tends to infinity. The latter means
that it matters for the scaling properties of the graph whether the constraint is met for every
single realisation of the graph or only holds as an ensemble average. Various examples were
analysed in the literature, and the specific relative entropy was computed as a function of the
constraint. It was found that BEE is the rule rather than the exception for two classes: sparse
random graphs when the number of constraints is of the order of the number of vertices and
dense random graphs when there are two or more constraints that are frustrated.

In the present paper we establish BEE for a third class: dense random graphs with a single
constraint, namely, on the density of a given finite simple graph. We show that BEE occurs
only in a certain range of choices for the density and the number of edges of the simple graph,
which we refer to as the BEE-phase. We show that, in part of the BEE-phase, there is a gap
between the scaling limits of the averages of the maximal eigenvalue of the adjacency matrix of
the random graph under the two ensembles, a property that is referred to as spectral signature
of BEE. Proofs are based on an analysis of the variational formula on the space of graphons for
the limiting specific relative entropy derived in [I3], in combination with an identification of the
minimising graphons and replica symmetry arguments. We show that in the replica symmetric
region of the BEE-phase, as the size of the graph tends to infinity, the microcanonical ensemble
behaves like an Erdds-Rényi random graph, while the canonical ensemble behaves like a mixture
of two Erdos-Rényi random graphs. In other words, BEE is due to coexistence of two densities.
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1 Introduction and main results

Section [1.1] provides the background and the motivation behind our paper. Section states the
definition of the microcanonical and the canonical ensemble in the context of constrained random
graphs, recalls the notion of ensemble equivalence, lists the key definitions of graphons and subgraph
counts, and gives the variational characterisation of the specific relative entropy of the two ensembles
for dense random graphs derived in [13], which is the main tool in our paper. Section states
our main theorems. Section identifies the typical graphs under the two ensembles. Section [1.5
offers a brief discussion and an outline of the remainder of the paper.

1.1 Background and motivation

In this paper we analyse random graphs that are subject to constraints. Statistical physics pre-
scribes what probability distribution on the set of graphs we should choose when we want to model
a given type of constraint [11]. Two important choices are:

(1) The microcanonical ensemble, where the constraints are hard (i.e., are satisfied by each indi-
vidual graph).

(2) The canonical ensemble, where the constraints are soft (i.e., hold as ensemble averages, while
individual graphs may violate the constraints).

For random graphs that are large but finite, the two ensembles are obviously different and, in
fact, represent different empirical situations. Each ensemble represents the unique probability
distribution with maximal entropy respecting the constraints. In the limit as the size of the graph
diverges, the two ensembles are traditionally assumed to become equivalent as a result of the
expected vanishing of the fluctuations in the soft constraints, i.e., the soft constraints are expected
to behave asymptotically like hard constraints. This assumption of ensemble equivalence is one of
the cornerstones of statistical physics, but it does not hold in general. We refer to [20] for more
background on this phenomenon.

In a series of papers breaking of ensemble equivalence (BEE) for various choices of the constraints
was investigated, including the degree sequence and the total number of subgraphs of a specific
type. Both the sparse regime (where the number of edges per vertex remains bounded) and the
dense regime (where the number of edges per vertex is of the order of the number of vertices)
were considered. Let S, be the relative entropy of the microcanonical ensemble with respect to
the canonical ensemble when the graph has n vertices. In the sparse regime the relevant quantity
is Soo = limy, 500 115y, because n is the scale of the number of vertices. In the dense regime the
relevant quantity is soo = lim, o 2S5, because n? is the scale of the number of edges.

e In [19, O 10] it was shown that, in the sparse regime, constraining the degrees of all the
vertices leads to BEE, even when the graph consists of multiple communities. The main
result was an explicit formula for sy, in terms of the limit of the empirical degree distribution
of the constraint. In [I8] a formula was put forward that expresses the specific relative entropy
in terms of a covariance matrix under the canonical ensemble. This formula is a powerful
computational tool.

e In [I3] it was shown that, in the dense regime, constraining the densities of a finite number of
subgraphs may lead to BEE. The analysis relied on the large deviation principle for graphons



associated with the Erdds-Rényi random graph [3, 5]. The main result was a variational
formula for s, in the space of graphons. Also this variational formula is a powerful com-
putational tool. In [I4], for the special case where the constraint is on the densities of the
edges and triangles, it was shown that so, > 0 when the constraints are frustrated, i.e., do not
lie on the ER-line where the density of triangles is the third power of the density of edges.
Moreover, the asymptotics of s, near the ER-line was identified, and turns out to depend on
whether the ER-line is approached from above or below. Erdds-Rényi random graphs with
constraints on the number of of edges and triangles have been studied extensively. In [14] this
knowledge was crucial for arriving at a detailed analysis of the variational formula for s..

Naively, we might expect that a single constraint cannot lead to BEE because there is no
frustration. The goal of the present paper is to show that this intuition is wrong: we condition on
the density of a given finite simple graph and prove that BEE occurs in a certain range of choices
for the density and the number of edges of the simple graph, which we refer to the BEE-phase. We
analyse how s, tends to zero near the curve that borders the BEE-phase.

In [8] the gap A, between the averages of the maximal eigenvalue of the adjacency matrix of
a constrained random graph under the two ensembles was considered. A working hypothesis was
put forward, stating that BEE is equivalent to this gap not vanishing in the limit as n — oco. For a
random regular graph with a fixed degree, this equivalence was proved for a range of degrees that
interpolates between the sparse and the dense regime. In the present paper we prove the same for
the single constraint. In particular, we compute 05 = lim, oo n A, show that ds # 0 if and
only if the density and the number of edges of the simple graph fall in the BEE-phase, and analyse
how d4 tends to zero near the curve that borders the BEE-phase.

We will see that the notions of replica symmetry and replica symmetry breaking highlighted in
[16] play an important role. In the regime of replica symmetry we have a complete identification
of 500 and do, in the regime of replica symmetry breaking some pieces of the characterisation are
missing.

1.2 Definitions and preliminaries

In this section, which is largely lifted from [I3], we present the definitions of the main concepts
to be used in the sequel, together with some key results from prior work. We consider general
vector-valued constraints, even though later we will only focus on scalar-valued constraints.
Section presents the formal definition of the two ensembles we are interested in and gives
our definition of ensemble equivalence in the dense regime. Section [I.2.2] recalls some basic facts
about graphons, while Section [1.2.3| recalls some basic properties of the canonical ensemble. Sec-
tion [[.2.4] looks at convergence of Lagrange multipliers. Section [I.2.5] provides a variational charac-
terisation of ensemble equivalence, proven in [13]. Section looks at the average of the maximal
eigenvalue value of the adjacency matrix in the two ensembles and recalls a working hypothesis put
forward in [8] that links ensemble equivalence to a vanishing gap between the two averages.



1.2.1 Microcanonical ensemble, canonical ensemble, relative entropy

For n € N, let G,, denote the set of all 2(3) simple undirected graphs with n vertices. Any graph
G € G, can be represented by a symmetric n x n matrix A with elements

(1.1)

G . 1 if there is an edge between vertex i and vertex j,

A7 (i, j) = .
0 otherwise.

Let C denote a vector-valued function on G,. We choose a specific vector é*, which we assume to

be graphical, i.e., realisable by at least one graph in G,,. Given C*, the microcanonical ensemble is

the probability distribution P on G, with hard constraint C* defined as

1/Qq., it C(G) = C*,

s 1.2
0, otherwise, Geg (1.2)

Pruic(G) = {

where

Qs = {G € G: C(G) =C}| (1.3)

is the number of graphs that realise C*. The canonical ensemble Peay is the unique probability
distribution on G,, that maximises the entropy

Sn(P) := = > P(G)logP(G) (1.4)
GeGn

subject to the soft constraint (C) = C*, where

(C):= > C(GP@G). (1.5)

Gegn
This gives the formula [15]
1 G
Pean(G) :i= ———10°C@) g eg,, (1.6)
Z(6*)
with
H(G*,C(G):=0"-C(@),  Z():= ) &), (1.7)

Gegn

denoting the Hamiltonian and the partition function, respectively. In f the parameter 5*,
which is a real-valued vector whose dimension is equal to the number of constraints, must be set to
the unique value that realises <C_"> =C*. Asa Lagrange multiplier, g always exists, but uniqueness
is non-trivial. In the sequel we will only consider examples where the gradients of the constraints
in are linearly independent vectors. Consequently, the Hessian matrix of the entropy of the
canonical ensemble in is a positive-definite matrix, which implies uniqueness.

The relative entropy of Punic with respect to Pcay, is defined as

Pmic(G)

7Pcan(G) . (1.8)

Sn(Pmic ‘ Pcan) = Z Pmlc(G) 10g
GeGn



For any G1,G2 € Gy, Pean(G1) = Pcan(G2) whenever é(Gl) = C_"(Gz), i.e., the canonical probability
is the same for all graphs with the same value of the constraint. We may therefore rewrite (|1.8)) as

1:)mic (G*)

Sn Pmic Pcan =1 D )
(Pmic | Pean) = log Boun (G7)

(1.9)
where G* is any graph in G, such that C(G*) = C* (recall that we assumed that C* is realisable
by at least one graph in G,,). The removal of the sum over G, constitutes a major simplification.

All the quantities above depend on n. In order not to burden the notation, we exhibit this
n-dependence only in the symbols G,, and S, (Pmic | Pcan). When we pass to the limit n — oo, we
need to specify how C (G), C* and 6* are chosen to depend on n. We refer the reader to [13], where
this issue was discussed in detail.

Definition 1.1. [Ensemble equivalence] In the dense regime, if

Soo i= lim 17728, (Pmic | Pean) = 0, (1.10)

n—o0

then P and Py, are said to be equivalent.

Remark 1.2. In [19], which was concerned with the sparse regime, the relative entropy was divided
by n (the number of vertices). In the dense regime, however, it is appropriate to divide by n? (the
order of the number of edges).

1.2.2 Graphons

There is a natural way to embed a simple graph on n vertices in a space of functions called graphons.
Let W be the space of functions h: [0, 1]? — [0, 1] such that h(z,y) = h(y,z) for all (z,y) € [0,1]%.
A finite simple graph G on n vertices can be represented as a graphon h“ € W in a natural way as
(see Figure |1)

WC (,y) = 1 if there. is an edge between vertex [nz| and vertex [ny], (1.11)
0 otherwise.
4 Ya

3 I ,-.
5 0

6 7 ! hG(z,y) =1, on
, |

% e : hC(z,y) =0, else
1 —_— 3 o 1
6 7 |
2 il 1
6 L :
1 il |
6 6 L :

5 5 4 5 1%
6 6 6 6 6
Figure 1: An example of a graph G and its graphon representation h¢.
The space of graphons W is endowed with the cut distance
do(inh)i= sw || dedylntey) - ha(ep)l| huhew. (L1
5,1C0,1] /ST




On W there is a natural equivalence relation ~. Let ¥ be the space of measure-preserving bijections
o: [0,1] — [0,1]. Then hi(z,y) ~ ho(x,y) if 0g(h1, ha) = 0, where dg is the cut metric defined by

6(hy, he) == infezdm(hf{l,hgz), hi,ho €W, (1.13)
01,02

with h?(z,y) = h(ox,oy). This equivalence relation yields the quotient space (W, dn). As noted
above, we suppress the n-dependence. Thus, by G we denote any simple graph on n vertices, by
hY its image in the graphon space W, and by G its image in the quotient space W. For a more
detailed description of the structure of the space (W, dn) we refer to [T} 2, [7].

1.2.3 Subgraph counts

Fix m € N. Let (F;)™; be any collection of finite simple graphs. Let C;(G) denote the number of
subgraphs F; in G. In the dense regime, C;(G) grows like n"% as n — oo, where V; is the number
of vertices in F;. Consider the following scaled vector-valued function on Gy:

(@) = <p(F)C(G))m = n? <M>m : (1.14)

V,—2 v
nw i=1 n- i=1

The term p(F;) counts the edge-preserving permutations of the vertices of F;. The term C;(G)/n"i
represents the density of F; in G. The additional n? guarantees that the full vector scales like n?,
in line with the scaling of the large deviation principle for graphons in the Erdds-Rényi random
graph derived in [5]. Let hom(F;, G) be the number of homomorphisms from F; to G, and define
the homomorphism density as

hom(F;, G) _ p(Fi) Ci(G)

nVi nVi

tHF;,G) = , (1.15)

which does not distinguish between permutations of the vertices. In terms of this quantity, the
Hamiltonian associated with the constraint of the homomorphism densities of (F;); becomes

H(0,T(G)) = n? Zeit(m, G)=n*0-T(G)), GeG, (1.16)
i=1
where - denotes the inner product for vectors, and

T(G) = (t(F;, )}, - (1.17)
The canonical ensemble with parameter g takes the form
Pean(G | §) i= o [FT@-0@] g, (1.18)
where 1, replaces the partition function Z (5)
7. L n2(0-T(G) _ 1 7
U (0) := anog@% e (0-T(G) — ﬁlogZ( ). (1.19)

In the sequel we take ] equal to a specific value 0* so as to meet the soft constraint, i.e.,

(T) = 3 T(G) Pean(G) = T" (1.20)
GeGn

for some choice of T* € [0,1]™. With this choice, the canonical probability becomes

Pcan<G) = PcaH(G ‘ 0;) (1'21)



1.2.4 Convergence of Lagrange multipliers

Both the constraint 7* and the Lagrange multiplier 0* in general depend on n, i.e., T = T_;f and
0* = 0;. We consider constraints that converge when we pass to the limit n — oo, i.e.,

nh_}n;o T, =T5. (1.22)
Consequently, we expect that
lim 6, =: 0. (1.23)
n—oo

Throughout the paper we assume that holds. If convergence fails, then we may still con-
sider subsequential convergence. The subtleties concerning were discussed in detail in [13]
Appendix A].

In what follows we need the following lemma, which relates 7% and 6%, without requiring
knowledge of T)" and 5;

Lemma 1.3. Let T: W — R™ be a bounded continuous function. Then, under the assumptions
in (1.22)) and (1.23)),

0¥ = arg max [0 - T — oo ()], (1.24)
fcR™

where . 3

boo(0) := lim P (0) = sup |6 T(h) — I(h)] . (1.25)
n—oo BEW
Proof. For every n € N,
)% = arg max (026 - T — %y, (0)] = arg max [0 T — 1, ()] (1.26)
GERm geRm

Fal05,T) = sup fu(0,T5) = (0% - Tt — n(05)] = 0% - To — Yoo (6%)]

oerm L ) L (1.27)
=05 T — sup [ §O~T(h)—I(h)] = foo(0%,,T%), n — 0.
hew

(Note that [I3, Theorem 3.2 and Lemma A.1] were stated for homomorphism densities, but the
proofs generalise to bounded continuous functions T:-W — R™.) Furthermore, for every 0 e
R™, fo(6,T%) < fo(6,T%), and hence foo(0,T%) = limp oo frn(0,T%) < limy oo fn (67, TF) =
foo(B%,,T%), so that 67, is a maximiser of foo (-, T%).

O

1.2.5 Variational characterisation of ensemble equivalence

For h € W and F a finite simple graph with edge set E(F), define

t(F,h) = / I[I r@iz)de ... dog. (1.28)
OU* i jye(r)



Then the homomorphism density of F' in G equals
t(F,G) = t(F,n%), (1.29)

where h¢ is the empirical graphon defined in (T.11]). Therefore the Hamiltonian in (I.16)) can be
rewritten as

m
H(0,T(G)) =n>>_ 0;t(F,, h°). (1.30)
i=1
In order to characterise the asymptotic behaviour of the two ensembles, the entropy function
of a Bernoulli random variable is essential. For u € [0, 1], let

I(u) == tulogu + (1 — u) log(1 — u). (1.31)

Extend the domain of this function to the graphon space W by defining
1(h) ::/ dz dy I(h(z,)) (1.32)
[0,1]2

(with the convention that 0log0 := 0). On the quotient space (W, dn), define I(h) = I(h), where
h is any element of the equivalence class k. Note that I(h) takes values in [—310g2,0]. Apart from
a shift by %log 2, h — I(h) plays the role of the rate function in the large deviation principle for
the empirical graphon associated with the Erdés-Rényi random graph, derived in [5].

The key result in [I3] is the following variational formula for s, where

W*:i={heW: T(h)=TL} (1.33)
is the subspace of all graphons that meet the constraint f;o

Theorem 1.4. [Variational characterisation of ensemble equivalence| Subject to (|1.20)),
[29) and (L23),

1i_>m n_QSn(PmiC | Pean) =: Sco (1.34)
with B . 3 3 .
So0 = SUP [93;0 T(h) — I(h)] ~ sup [ TR — J(h)} . (1.35)
hew hew*

Theorem and the compactness of W* give us a variational characterisation of ensemble equiv-
alence: s, = 0 if and only if at least one of the maximisers of 6% - T'(h) — I(h) in W also lies in
W* C W, i.e., satisfies the hard constraint.

1.2.6 Maximal eigenvalue of the adjacency matrix

In [8] a working hypothesis was put forward, stating that breaking of ensemble equivalence is
manifested by a gap between the scaling limits of the averages of the maximal eigenvalue of the
adjacency matrix of the random graph under the two ensembles. More precisely, let \,, denote the
maximal eigenvalue of the adjacency matrix of G € G,. Then the working hypothesis is that

limy_ye0 Ap #0 => BEE,

BEE = limy, o A, # 0 apart from exceptional constraints, (1.36)



with
Ay = Ecan[An] — Emic[An]- (1.37)

In [8] this equivalence was proven for the specific example where the constraint is on all the degrees
being equal to d(n), with (logn)? < d(n) < n — (logn)? for some B € (6,00). It turns out that
BEE occurs and that lim,, oo A, = 1 — p when lim,, oo n"!d(n) = p € [0,1], i.e., the exceptional
constraints correspond to the ultra-dense regime where p = 1.

For our single constraint in the dense regime, we will be interested in the quantity

0o = lim n A, (1.38)

n—oo

1.3 Main results

In what follows, F' is any finite simple graph with & edges, and the constraint is on the density of
F being equal to T%,. Henceforth we write T* = T and 6* = 6%_. In the four theorems below we
allow for k € [1,00), although k£ € N is needed to interpret the constraint in terms of a subgraph
density.

1.3.1 Parameter regime

Our first two theorems identify the parameter regime for BEE.

Theorem 1.5. [Computational criterion for ensemble equivalence| For 6 € [0,00) and
k€ [1,00), let u*(0,k) be a maximiser of

sup [Guk — I(u)]. (1.39)
u€(0,1]

(a) For every T* € [(3)*,1) there is ensemble equivalence if and only if there exists a 6y =
Oo(T*, k) € [0,00) such that (u*(0g,k))* = T*. In that case the Lagrange multiplier 0* = 0*(T*, k)
equals .

(b) There exists a unique 6 = O(k) € [0,00) such that 0*(T*,k) = 0 for all T* for which there is
breaking of ensemble equivalence.

Theorem 1.6. [Phase diagram)]

(a) There exists a function kq: (0,1) — [1,00) such that for every T* € (0,1) there is ensemble
equivalence when logy(1/T*) < k < k.(T*) and breaking of ensemble equivalence when k > k.(T*).
(b) T* — ko(T™) achieves a unique minimum at the point (Ty, ko), with ko the unique solution of
the equation k%gl log(ko — 1) =1 and Ty = (k%—;l)ko.

(c) T* — k(T™) is analytic on (0,1) \ {Tv}.

(d) ($)5T) ~ T as T* | 0 and ko(T*)(3)5T") ~ 1 —T* as T* 1 1.

1.3.2 Replica symmetry

Our last two theorems quantify the specific relative entropy and the spectral gap in the replica
symmetry regime. This regime was first defined in [5] and further studied in [16]. Using the theory
developed in [16], it is possible to quantify the specific relative entropy s, and the difference of the
largest eigenvalue A for certain 7 in the BEE-phase.



k(T"*)

0.2 0.4 0.6 0.8

T

Figure 2: A numerical picture of the phase diagram. The blue and orange lines together form the critical
curve (T, k.(T*)). In the figure, T* is denoted by T~ and k.(T*) is denoted by k(T~*). The minimum is
achieved at kg = 4.591... and Ty = 0.3237.. ..

Definition 1.7. [Replica symmetry] Consider the Erdés-Rényi random graph G on n vertices
with retention probability p € [0, 1] conditioned on ¢(F,G) > T™* for some finite simple graph F. If
G converges in the cut metric to a constant graphon, then we say that T is in the replica symmetric
TEGLON.

From the theory of large deviations for random graphs developed in [5], we know that T* is in
the replica symmetric region if and only if

inf I 1.4
L »(f) (1.40)

is minimised by a constant graphon, with I, the rate function given by

_ T ” o f(xvy) . T o 1_f($7y)
b= [ sty (1o T2 - s oS0 )

Note that I(f) = I.(f) — 3 log2. Hence, if T* is in the replica symmetric region, then there is an
2

explicit solution for the second supremum in . In [16], it was shown that 7 is in the replica
symmetric region when (7%, I,(T*'/9)) lies on the convex minorant of the function z ~ I,(z'/%),
with d the maximum degree of the subgraph F'. If F' is regular, then the converse statement holds
as well.

Fix a subgraph F' with k£ edges and maximum degree d. Let

THR) € (35 T),  TE(k) € (T, 1), (1.42)

be the two solutions of the equation k.(T*(k)) = k, so that
(Ty (k), Ty (k)) = BEE-phase. (1.43)
In Lemma we prove that the replica symmetric region is contained in [(%)k, Ty (d) U [T5(d), 1].

Thus, if d < k, then in part of the BEE-phase there is replica symmetry. This allows us to formulate
the following two theorems (which are vacuous for d = k).

10



Theorem 1.8. [Specific relative entropy| For every T™ in the replica symmetric part of the
phase of breaking of ensemble equivalence,

- { O(k) [Ty (k) — T*] + [I(T*VF) — [Ty (R)Y%)] > 0, T* € (T{(k), T;(d), )
Tk [T (k) — T+ [T R — (T3 (R)VR)] > 0, T € [T3(d), T5 (k). '
Consequently,
o { C(T{ (k) k) [T* = T; (W) + O(T — T3 (W)]F), T* L T7(k), s
T O k), R [T - TR + O(T — T3(R)P), T* 1 T3 (k), '
with
x (1-2k)/k x1/k *1/k
C(T*, k) = TT {; (1 + 1TT*1/k) + (i - 1) log <1TT*1/’f> } . (1.46)

Theorem 1.9. [Spectral signature| For every T™* in the replica symmetric part of the phase of
breaking of ensemble equivalence,

Iy - T + *”’“[ —TE(R)] e
O 730 — 73 (8) tos (1.47)
T" € (T7 (k), TT ()] U [T5(d), T5 (k).
Consequently,
5 _{ C(Ty (k), k) [T* — T{ (k)] + O([T* = Ty (k))?), T* | T} (k) (1.48)
- C(T5 (k). k) [T* — Ty (k)] + O([T* — T3 (k)]?), T* 1 T5 (k)
with T*l/k(k) . T*l/k(k) 1
C(T* k) = =2 1 — —r(=k)/k, (1.49)

Ts(k)—T7 () &

1.4 Typical graph under the microcanonical and canonical ensemble

The BEE-phase can also be characterised through convergence of the random graph drawn from
the two ensembles. In Lemmas and below we show that the random graph drawn from
the canonical ensemble converges to the maximiser(s) of the first supremum of , while the
random graph drawn from the microcanonical ensemble converges to the maximiser(s) of the second
supremum of .

Outside the BEE-phase, both suprema are attained by the constant graphon k = T* /% meaning
that for large n both ensembles behave approximately like the Erdés-Renyi random graph with
retention probability p = T*Y/*. Inside the BEE-phase, the first supremum is maximised by the
two constant graphons 77 (k)% and Ty (k)'/*, neither of which lies in W*. Consequently, the
random graph drawn from the canonical ensemble converges to the random graphon

T3 (k) — T* T* — Ty (k)

Tr(k) — Tx(k) 1T TR _ Ry CTS 1.
T3 (k) — 17 (k) 5T1 (kyV/k T T3 (k) — T7 (k) 5T2 (k)t/%> (1.50)

11



0.9)

[ Canonical ensemble
0.8
0.7F

Microcanonical ensemble
0.6+

T+

050 0.2 0.4 0.6 0.8

Figure 3: A numerical picture of the average largest eigenvalue A = lim,, %E[)\n] of the adjacency matrix
under the microcanonical ensemble (top curve) and the canonical ensemble (bottom curve), as a function of
T* for a subgraph F' with k = 7 edges and maximum degree d = 5. The top curve is shown only for 7% in
the replica symmetric region. In the region replica symmetry breaking we have no explicit expression for A
under the microcanonical ensemble.

meaning that for large n the canonical ensemble behaves approximately like a mizture of two Erdos-
Rényi random graphs. If 7% is in the replica symmetric part of the BEE-phase, then the second
supremum is still minimised by the constant graphon h = T*Y*. Hence, the random graph is
asymptotically deterministic under the microcanonical ensemble and random under the canonical
ensemble. Thus, BEE occurs due to coexistence of two densities. This is similar in spirit to the
coexistence of water and ice at the melting point, at which a first-order phase transition between
water and ice occurs.

In the region of replica symmetry breaking, the maximisers of the second supremum are un-
known, and it is not even known whether or not there is a unique maximiser. In case of non-
uniqueness, also under the microcanonical ensemble the random graph is asymptotically random.

1.5 Discussion and outline

1. Theorem reduces the variational formula on W to a variational formula on [0, 1], and is an
application of a reduction principle explained in [4] (see also [3]). The proof relies on the variational
characterisation in Theorem [1.4] The main difficulty lies in computing the tuning parameter 0*
as a function of the density T, which is resolved through Lemma The proof follows from an
analysis of the two variational expressions, for which we rely in part on the results in [I7]. From
Theorem for each k£ we can identify the BEE-phase as follows. The expression in has
at most two local maximisers uj(6) < u4(#), which are both increasing in 6. For § < 0, uj(0) is
the global maximiser, for § > 0, u}(f) is the global maximiser, and for 0 = 0, u*(#) and u3(6) are
both global maximisers. Hence, the values u € (u}(6),u3(0)) can never be a global maximiser, and
so the BEE-phase contains (u}(0)*, u3(0)*). Since u}(0) = 3 and limg_ o u5(d) = 1, the interval
(ut(0)%,u3(0)) is the entire BEE-phase.

2. Theorem [1.6] identifies the BEE-phase and captures the main properties of the critical curve
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bordering this phase. The proof relies on Lemma below, which allows us to use results from [16]
and establish a connection between ensemble equivalence and replica symmetry, in the sense that
T* lies in the BEE-phase for a subgraph with k& edges if and only if T™ lies in the region of replica
symmetry breaking for p = % and a k-regular subgraph (recall f). This connection is
purely analytic: it establishes equivalence of variational formulas and implies that the graph in
Figure |2|is a cross-section of the curves in [16, Figure 2] at p = % It is not clear, however, how
to probabilistically interpret the relationship between replica symmetry for regular subgraphs and
breaking of ensemble equivalence for general graphs. Note that we do not require any regularity
of the subgraph F', and also the degrees of F' do not play any role. It might be easier to use the
variational formula in (with I, instead of I) to analyse replica symmetry, rather than the
convex minorant of 2 — I,(z'/*).

3. Theorem gives an explicit formula for the specific relative entropy s~ in part of the BEE-
phase. The proof exploits the connection with replica symmetry. If a subgraph has more edges
than its maximal degree (i.e., is not a k-star), then the BEE-phase near T} (k) and T5 (k) is replica
symmetric. This implies that the second supremum in (|1.35)) also has a constant maximiser, which
allows us to explicitly compute so.. It turns out that the relative entropy undergoes a second-order
phase transition as T™ approaches the critical curve.

4. Theorem[I.9)shows that the working hypothesis put forward in [8] is met in the replica symmetric
part of the BEE-phase. A random graph drawn from the canonical ensemble converges to a constant
graphon who height is a random mixture of the two maximisers w1, uo of . The average largest
. . . 1/k 1/k

eigenvalue converges to a value on the line segment connecting (u;’",u1) and (uy' ", ug). In the
region of replica symmetry, a random graph drawn from the microcanonical ensemble converges
to the constant graphon whose height is (T*)l/ k as illustrated in Figure |3l Note that the average
largest eigenvalue is larger in the microcanonical ensemble than in the canonical ensemble, contrary
to what was found in [§], where the constraint was on the degree sequence. It turns out that the
relative entropy undergoes a first-order phase transition as T approaches the critical curve.

5. The numerical picture of the phase diagram in Figure [2| was made using Mathematica. The
computations involve finding an approximate value of é(k) for each k (up to an accuracy of 5 digits),
and computing uf(0(k), k) and u3(A(k), k). The dotted lines are formed by the points (u}(k)*, k)
and (u3(k)¥, k). This is done for k starting at 4.592 and increasing with increments of 0.002.

6. In [20], BEE for interacting particle systems was studied at three different levels: thermody-
namic, macrostate and measure. It was shown that these levels are in fact equivalent. A general
formalism was put forward, based on an abstract large deviation principle, linking the occurrence
of BEE to non-convexity of the rate function associated with the microcanonical ensemble as a
function of the parameters controlling the constraint. In our context, the large deviation principle
for graphons in [5] provides the conceptual basis for identifying the BEE-phase via the variational
formula derived in [I3], and the link with the convex minorant mentioned in item 2 fits in with the
picture provided in [20].

Outline. The remainder of the paper is organised as follows. Theorems [1.5 are proved in
Sections respectively.
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2 Proof of Theorem 1.5

Throughout the proof, we fix £ € N, and suppress k from the notation. We analyse the expression

sup [0T'(h) — I(fz)] (2.1)
hew
with 0 € [0,00), and determine for which values of 7% a maximiser of this supremum is in the set
W*. Note that it suffices to consider # € [0, c0), since T™* > (3)k. This was shown in [13, Lemma
5.1] in the case that F' is a triangle, but the proof generalizes to general finite simple graphs.
By [4, Theorem 4.1], the supremum equals the supremum in , and each maximiser of
is a constant function, where the constant is a maximiser of . Furthermore, by Lemma
f* is a maximiser of the supremum

Seli% (6T — 0T (u*(9)) + I (u*(9))] = 21;18 0T — f(u* (0)F + I(u*(9))], (2.2)

where u*(0) is a maximiser of (.39). By [I7, Proposition 3.2], lg(u) := u* — I(u) has at most
2 maxima and there exists a 6 such that, for 6 < é, the first local maximum is the unique global
maximum and, for 6 > é, the second local maximum is the unique global maximum. Hence, for all
0 # é, u*(0) is well-defined. For 6 = é, both maxima are a global maximum. In that case, we let
u*(0) denote either of the two maximisers.

Let m(0) = 0T — lg(u*(0)) = 6T — 0(u ( NF + I(u*(9)). In Figure 4l plots of Iy are shown for
several values of 0. Write u := u*(6*) and u’ := 9%(6*). Then

ly(u) = 0kuF~! — Llogu + Llog(1l —u) =0 (2.3)

and
m/(0) = T* — uF — 0ku" "/ + 1u/log(u) — $u/log(1 — u)
=T —uF — u'(3logu — L log(l —u) — Okuf~1) (2.4)
=T* —uF.

Hence, if there exists a 6y > 0 such that (u*(6p))* = T*, then m/(fy) = 0, and so 0* = . In that
case (u*(6%))F = T*, so there is ensemble equivalence. If such a y does not exist, then there is
breaking of ensemble equivalence.

Let uj(0) and u3(0) be the first and second local maximum of [y, respectively. Then 6 — uj(6)
and 0 — u}(6) are increasing. Furthermore, for all 6 < 0, ui(0) is the unique global maximum,
while for all § > 6, u3(0) is the unique global maximum. Hence, if there is breaking of ensemble
equivalence, then m/(6) > 0 for § < 6 and m/(0) < 0 for 6 > 6. We conclude that 6* = .

3 Proof of Theorem [1.6

We first fix some notation. For given k and 6, let ul( k) and u5(0,k) be the first and second
local maximum respectively of lg (u) = Ou¥ — I(u). Let O(k) be the unique value of # such that
) =

wi(0(k), k) = u}(0(k), k). Define Jy,(z) = I(z/*) and T1< wi(0(k), k¥, To(k) = us(0(k), k)*.
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Figure 4: Three plots of lg(u) for k =7 and § = 0.3, § = A(7) and 0 = 0.4, respectively. For § = 0.3, u*(6)
is the global maximiser, for 6 = 6(7), u(0) and u3(f) are both global maximisers, and for 6 = 0.4, u3(0) is
the global maximiser. In the figures, the function ly(u) is denoted by 1(u). The local maximisers uj(6) and
u3(#) are denoted by ul and u2 respectively. The BEE-phase is (u}(0)*, u%(0)F).

Existence of k.. Lemmas below establish the existence of the critical curve. Lemma [3.1
shows the connection between replica symmetry and ensemble equivalence as discussed in Section
since T is in the region of replica symmetry for p = 3 if and only if (T, 1 (T1/%)) lies on the
convex minorant of J

Lemma 3.1. [Connection with replica symmetry] Let k > 1 and T € [(3)*,1). There is

ensemble equivalence for T* = T if and only if (T,I(T*)) lies on the convex minorant of the
function Jy.

Proof. Note that I(x) = I (x) — +log 2 (recall (T41)), so (T, I(T"/*)) lies on the convex minorant
of Jy if and only if (T, I1/2(T1/k)) lies on the convex minorant of the function = — Il/g(ml/k).

In [16, Appendix A], it is shown that there exist g1, g2 € (0, 1) such that (¢¥, I(¢)) is not on the
convex minorant of J if and only if ¢* € (¥, ¢5§). The values q1, g2 are defined as the unique values
in [0,1] such that the tangent lines of J at ¢f and ¢4 are the same, i.e., J'(¢¥) = J'(¢5) =: D and
J(q¥) + D(g5 — a¥) = J(gh), or equivalently, Dgf — J(qF) = Dk — J ().

Recall from Section that there is breaking of ensemble equivalence for T* = T' € [(3)¥,1)

if and only if T € (uf,uk), where u1 = u}(0(k),k) and us = u3(0(k), k). Since ui,us are the
maximisers of 2 — 0% — I(x) and = — z¥ is monotone, we have that T} := uf and Ty := u§ are
the maximisers of 2 — 0z — I(z'/¥) = 0z — J(x). Hence, J'(T}) = J'(I3) = 0. Furthermore,  was
defined such that Gu¥ — I'(uy) = Qub — I(ug), so 0Ty — J(Ty) = 0Ty — J(T3).

From the above, we conclude that u; = ¢; and us = go. This completes the proof. O

There is ensemble equivalence for T* < Ty (k) and T* > Ty(k), and ensemble inequivalence for
T* e (Ty(k), T>(k)). By [16, Lemma A.5], k — u*(6, k) is decreasing and k — (6, k) is increasing.
Although k — (u?(6, k))* is clearly decreasing, it is not a priori obvious whether k — (u3(0))" is
increasing. If the latter is the case, then for all k > k.(T™) there is breaking of ensemble equivalence,
and for all k < k.(T™) there is ensemble equivalence, where k.(7™) is chosen such that T* = Ty (k.)

or T* = Ty(k.). This proves the first part of Theorem m The following lemma fills in the gap.
Lemma 3.2. [Monotonicity] The function k — Ti(k) is decreasing and k — T (k) is increasing.

Proof. Consider the function Jj(z) := %Jk(x). This is a concave function in z for every k.
Because the line segment connecting (71(k), Ji(T1(k))) with (T2(k), Jx(T2(k))) lies below the curve
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(z, Jk(x)), we have that, for all a € [0,1] and k' | &,
Ji (T (k) + (1 — a)Ta(k))
= Ji(aTy(k) + (1 — a)Ta(k)) + (K — k) Jy (aTi (k) + (1 — a)To(k)) + o(K — k)
> adiy(Ty(k)) + (1 — @) Jx(Ta(k)) + (K — k) (ap(Ta(k)) + (1 — ) Jp(Ta(k))) + oK' — k)
= aJp(Ti(k)) + (1 — ) Jp (Ta(k)) + oK — k).
Hence, for ¥ > k small enough, the line segment connecting the points (77(k), Ji(T1(k))) and

(To(k), Jpr (To(K))) lies below the curve (x, Ji(x)), and is not tangent to the curve at any of the
end points. Thus, by [16, Lemma A.3], Ty (k') < Th (k) < Ta(k) < Ta(K'). O

(3.1)

Minimum of k.. By [I7, Proposition 3.2|, for all k& < ko, lp ) has a unique maximiser for all
0 > 0. For all k > kg, there exist a 6 > 0 such that [y has two maximisers. Hence, the minimum

R ko—1
value of k.(T*) is ko. In the proof of [I7, Proposition 3.2] it is shown that 6(kg) = ngow, and so
ko—1y _ _(ko)*o~! ko—1\P7l g _ _k 1 _

Borie (SES) = S0 ( 9= ) — Slog(ko — 1) = 5fpy — Llog(ho — 1) =0.  (3.2)

Hence, u*(0(ko), ko) = k(}ﬁgl, and so for T = (’“}C—;l)ko we have k.(T*) = kg. We conclude that k.

has a unique minimum at the point ((kf;c—gl)ko, ko).

Analyticity of k.. Analyticity of k. follows from a straightforward application of the implicit
function theorem. Let f: (0,00) x (0,1)? — R? be given by

fk,2,y) = (Ji(@) = Sk (), Ji(@)z = Jr(y)y + I (y) — J (2)). (3-3)

Recall from the proof of Lemma that, for each k, T1(k) and T»(k) are defined such that
f(k,Ty(k),Ta(k)) = 0. Note that f is analytic, and its Jacobian

ofi Oofr I 1
Dr By Jy (T1(k)) —Ji (Tx(k)) )
ox 0 _ E\LL k
T1(k), To(k)) = ) 34
<%f;2 %;,) k. 1090 = (B i) (3.4
is invertible if T (k) # Ta(k). Hence, for all k > ko, T1 and T» are analytic functions of k, so k. is
an analytic function of 7™ outside its minimum.

Next, consider the behaviour of k. near Tjy, so as 175 — 171 | 0. By implicit differentiation, as
k | ko, the derivative of T} (k) is given by

10 = ey |~ TR G + ) () - S )
1 oJ! %(Tl) - %(Tz
- ( Wy ¢ 2 ) (35)
1
= WO(TQ —1T1).

It is not difficult to show that, for k£ = kg, the function J,’C’O has a zero that is also a minimum at
T = Tp. Hence, as k | ko, J}(Ti(k)) = O((T> — T1)?), which implies that the derivative of T} (k)
diverges as k | ko. In a similar fashion, we can show that the derivative of T5(k) diverges as k | ko.
Hence, at Tjy, k. is at least differentiable and has derivative zero.
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Scaling of k. near the boundary. In order to identify the asymptotics of k. for T near the
edges of the interval (0,1), we first compute the limit of 6 as kK — 0o. In the following, we suppress
the dependence of 6 on k. By Taylor expansion,

o) <o (3) + (0~ 1)1 (3 .
<01 +1log2+0k (1) =01 (1+k) + Llog2, '
and lg(1) = 0 < lp(ub). This implies that
A log 2
0 < . (3.7)
2[1 — (3)*(1 + k)]
Also, u3(0,k) € (521, 1) by [I7, Proposition 3.2]. Hence
loa(u5(0,1)) < 0 — K5 og(551) — 11— 1) log(1 — £1) .
=0 — 3log(1 — ) — o log(z1y),
and lp (%) = 0(3)F + Llog2 < lg(uj(6, k)). This implies that
. log2+log(l —41 1lo -
0> 2 g( k)l g(kfl). (3.9)
201 = (3)"]
Combining the bounds above, we obtain that 6 — %logQ as k — oo.
e Scaling for 7* | 0. Lety € (3,1). Then
~ -~ k
(5 +y") = 0k(5 + ") = Jlog (iigk)
) k\k— 4y*
= 0k(3 + """ — 3log (1 + 1_%yk) (3.10)

log 2
T 20 - (A + k)

k (%)kil — 2% +o(k (%)k) +o(y¥) <0

1) and k large enough. Hence ( + gk ke

as k — oo. Thus, u}(6, k) < i —I—ykforallye( >
or all k. Since this holds for all y € (3,1) and

for T* small enough. We also have T* > (3)*
(2 + vk ~ (3)F, we have T* ~ (3)*-.

v—nl\"\'—‘

e Scaling for 7* 1 1. Let z € (0,1). Then
(1 —a") = k(1 — 21 4 Llogx) — Llog(1 — 2%). (3.11)
As k — oo, (1 —2")*=1 — 1 and log(1 — 2*) — 0. Hence, if —%logz > 0, then lék(l —2F) <0

for k large enough, which implies that uz(é,k) <1—ak If —%log:c < 0, then lék(l —zF) >0,

which implies that uz(é k) > 1 — x*. Recall that 6 — %log 2. Thus, choosing = = %, we get
(1= (3)ke)ke ~ T*, and so ke(§)Pe ~1— T~
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4 Proof of Theorem 1.8

If d = k, then the statement of the theorem is vacuous, so we may assume that d < k. Let T
denote either T} (k) or T5 (k). Since there is ensemble equivalence for T*, (T*, I((T*)'/*)) lies on
the convex minorant of z — I(x'/*), and so T* & (q1(k)*, q2(k)*), where q1(k), g2(k) are defined
as in the proof of Lemma By [16, Lemma A.5], ¢1(k) < q1(d) < ¢2(d) < q2(k), because d < k,
with d the largest degree of H. Hence, for all T € (T3 (k), q1(d)] and T € [ga(d), T3 (k)), (T, I(T"%))
lies on the convex minorant of z — I(x'/?), but T is not in the region of ensemble equivalence.
Thus, by [16, Lemma 3.3], T is in the region of replica symmetry for ¢(H,-). This implies that
h = T'¥ is the unique minimiser of

inf{I(h): h e W, t(H,h) > T} = inf{I(h): he W, t(H,h) =T} = hg;f} I(h). (4.1)

Furthermore, since T is in the BEE-phase, we have 6* = f. We conclude that
500 = sup |0°T(h) — 1(}3)] ~ sup [Q*T(ﬁ) - I(i})]
hew heWr
= [0T* — [(T*Y/%)] — [T — 1(TY/*)]
= (T = T) + [[(T"/*) — 1(T*'/7)]
= [JL(T*) = O)(T = T*) + J{(T* )T = T*)* + O(T - T*)?)

T*l/k—Z 1 T*l/k 1 T*l/k o 3
(4.2)

as T'— T*. The last equality follows from the fact that J,(T™) = 6 (see the proof of Lemma [3.1)).

5 Proof of Theorem 1.9

We first show that a graph sampled from the canonical ensemble converges to a probability distri-
bution on a finite set of constant graphons. In [4, Theorem 3.2] this is shown for the exponential
random graph model with a fixed parameter 6*. We adapt the proof to the case where we have a
sequence of parameters (6} ),en converging to some 6*.

Lemma 5.1. Let G, be a random graph drawn from the canonical ensemble with parameter 0.

Let U be the set of mazimisers of (1.39) with 0 = 6%,. Then (recall (1.11)))

min S(hC ) — 0. (5.1)
Proof. Let n > 0 and define
A@*) :={heW |da(h,U) > n}. (5.2)

By compactness of W and U , and upper semi-continuity of 8% — I, it follows that

2y = sup [H;OT(ﬁ) - I(;})} sup [ego:r(iz) —I(h)] >o. (5.3)
heWw he A(0%.)
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Let € = . Since the 0T are all bounded functions and the sequence (6} ),en is bounded, there
exists a finite set R such that the intervals {(a,a+¢) | a € R} cover the range of 6% T and 67 for all
n large enough. For each a € R, let Fo(67) = (6* T)"([a,a + ¢]). Now define A%(6) analogously
to A(6%) and A%(67) = A(6*) N G,. Choose § = te. Since 6}, — 0%, and T is continuous, we have
that (0:7) ' (la,a+e€]) € (05,7) H([a—d,a+ ¢ +6]) = G for all n large enough. Now define B%
and B analogously to A% and A‘I

We have

Pean (G € A) < e 0n) 37 en(ate) g (g1

acER
—n? * n?(a Ha
<emUnlth) Z e )| B (5.4)
acER
e " 29 (a+5+6)’§g’.
B acER
As in the proof of [4, Theorem 3.1], we obtain
logPean(Gr € A X
lim sup 2+ (2 €4 < sup [a+5+5— inf I(h)] — sup [05.T(h) — I(h)], (5.5)
n—00 n ac€R heBa hew
where for the second supremum, we use that
Tim i, (05) = oo (0) = sup [05.T(h) — I(h)]. (5.6)

hew

This was shown in [I3, Lemma A.1]. The remainder of the proof now follows exactly as in [4], with
¢ replaced by € + 6 = %5. O

Corollary 5.2. Assume that T* is in the BEE-phase. Let G, be a random graph drawn from the
canonical ensemble. Then hCn converges in probability to

—T* T — uk
k k 51‘1 + k — 5“27 (5'7)
Uy — Uy Uy — Ul

with uy < ug the two maximisers of (1.39) for 6 = 0.

Proof. From the lemma above, it is clear that GG, converges in probability to the random graphon
POy, + (1 —p)dy, for some p € (0,1). It remains to determine p. Since the homomorphism density is
continuous, t(H, G),) converges in probability to pd,, Bt (1 —p)d,x. The homomorphism density is
bounded, so the convergence also holds in mean. Hence by the deémtlon of the canonical ensemble,

= lim E[t(H,Gyn)] = puf + (1 - p)us. (5.8)
n—oo
Solving this equation for p we conclude the proof. O

We can also show convergence of the microcanonical ensemble.

Lemma 5.3. Let Gy, be a_random graph drawn from the microcanonical ensemble. Then hGn
converges in probability to F* with F* the set of minimisers in W* of 1.
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Proof. The proof is similar to the proof of [5, Theorem 3.1]. Fix € > 0 and let
F*:={he W* | 6a(h, F*) > ¢} (5.9)

and

Fe:={heF.|og(h,F*) > e, h=G for some G € Gy} (5.10)
Then, by [13, (3.22) and Corollary 2.9],

.1 ~ .1 ~ «
lim — log PmiC(FE) = nll—>nc}o ﬁ 10g(’F§|Pmic(Gn = Gn))

: - o1 ~c
:Elerg/* I(h) —i—nh%noloﬁlog\Fn] (5.11)
= inf I(h)— inf I(h),

heWw* heFs

where Gy, is any graph in G, such that é: € W*. Since W* is a compact set and F© does not
contain any minimisers of infj, I(h), we conclude that the expression above is negative, which
implies that

eWw*

lim P (F€) = 0. (5.12)

n—o0

O]

We next turn our attention to the largest eigenvalue. For a graph G, on n vertices, n= '\, (Gp,)
equals the operator norm ||h%" |4, of the empirical graphon of G,,. The operator norm is continuous,
50 ||hGn||op converges to ||pdu, +(1—p)dusllop = POuy +(1—p)dy, in probability, with p as in Corollary
Since the operator norm is bounded, we also have

) _ T*(ug — u1) + uug(ub—t — b1 N
lim 1~ Eean[An] = pus + (1 — plug = (u2 — u1) - ! 2,E 2 ) =: f(T). (5.13)
n—oo u2 —_ ul

If T* is in the region of ensemble equivalence for the subgraph H, then h = (T*)'/*

minimiser of I in W*. So, in this case,

is the unique

lim 7 Enic[A] = (TH)YFE > (1), (5.14)

n—oo

since the function z +— z1/*

F(uf) = us = (uf)'/*.
The second part of the theorem follows from a simple Taylor expansion.

is concave, f is affine in T*, and we have f(uf) = u; = (u¥)"/* and
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