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Statistical Optimal Transport

OT gives us distances, couplings, maps between distributions
Basic statistical question: can | these objects from data?

E.g., distributionally robust optimization: kunetal. ‘19 anchet etal. 211

inf E // (X, 0) . inf sup E 7Z(X,0)
0e® 0e® vEU (1)

Us(u) = {v: W, (u,v) < 0} is "ambiguity set.”

But all we have is X, ..., X, ~ u! Can we estimate ambiguity set?



Law of large numbers

Classic LLN: %Z?zl (X, 0) — —//(X, 0) at n=? rate.

Implication: Empirical average is a good proxy for risk

"Wasserstein” LLN: Let p, := %Z?zl 5Xi‘ Does Wp(,un, V) — Wp(,u, V)7?
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Law of large numbers

Classic LLN: %22;1 (X, 0) — —//(X, 0) at n=? rate.

Implication: Empirical average is a good proxy for risk

"Wasserstein” LLN: Let p, := %Z?zl 5Xi' Does Wp(,un, V) — Wp(,u, V)7?

e 4.  Analogous question arises whenever we want

¢ o to use Wasserstien distances for statistics or
. ML task
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Law of large numbers

Lecture |: Wasserstein law of large numbers
Goal: Explore Wasserstein LLN with goal ot learning two main

techniques— ana

Lecture II: Refined arguments for measures with special structure
Lecture lll: Benefits and drawbacks of alternative distances

Note: ideally want much more than just LLN (distributional limits,
optimal tail bounas, etc.), but many aspects still



Wasserstein LLN

Question: if u, consists of n i.i.d. samples from u € P(RY), how
does W, (s v) — W (u, v) behave?

Observation |: random, need to understand bias and fluctuations

Observation II: since W), satisties triangle inequality,

Sup ‘ Wp(lun’ I/) o Wp(/’t9 I/) ‘ — Wp(lun’ lu)

1%

Control ot W (4, ) <



A simple lower bound

How large is EW,(u,,, 11)?

Claim: No smaller than n~?? in general.

Proof: Suppose u is uniform measure on {x,y}. Then u, is
supported on same two points, and any coupling between u and p,

must move mass |u({x}) — pu,({x})| a distance of |x —y]|.

Therefore EW,(u,, ) > |x — y|E | p({x}) — p,({x) | 2 n~12P.



A more complicated lower bound

How large is

=W, (1, )7

1/d

Claim: If u is absolutely continuous, no smaller than n™ "¢, pudiey 9

Proof: It y < 4, then there exists ¢, > 0 such that any set with
u(S) > 1/2 satisfies A(S) > C,- A ball of radius € around any point

has A mass at most C %, If C ne? < ¢, then any coupling must

move i mass 1/2 a distance ¢.

Theretore W]f(//tn, u) > ePl2ite = (c/;lCdn)_l/d. (Almost sure bound!)



Basic rates of convergence

TheOI‘em [Boissard & Le Gouic ‘14, Fournier&GuiIIin’15]: H://t haS flﬂlte mOmeﬂtS Of aH
orders, then

n—1d d>2p
=W, (s 1) < (EWD Gy )'P S, 4 4 n~2P(log )P d = 2p
n~12p d < 2p

Moment restrictions can be relaxed, constants improved (ei o

By our earlier arguments, these rates are essentially best possible.
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ldea of proof

“Dyadic partitioning argument”: suppose supp(x) C [0,1]%.

d
Observation: Wi(, 4,) < d” - (1 X7 |1,(Q) = u(@)| +277).

And: it sub-cubes were all balanced, could improve by tactor of 27.

|dea: recurse!



ldea of proof

Let {Q;},5( be dyadic partition ot (0,114, i.e., @Q; contains all 29 sub-
cubes of [0,1]¢ with side length 27/ cornersat2™ -y, v e 74

Theorem weesa sz For any u, v € FP([0,1]9),

J—1
Wh(u,v) <dP?| ) 277 ) |u(Q) — Q)] + 277

]=O QE@]-FI



ldea of proof

Theorem: For any u,v € 2([0,119),

J—1

Wh(u,v) <dP*| ) 277 ) |u(Q) — Q)| +27

]=O Q€@]+1



ldea of proof

We obtain

J—1
WP ) g Q27PN 2% + 27
=0

it d < 2p, first term dominates (“large scale” behavior dominates)
it d > 2p, last term dominates (“small scale” behavior dominates)
It d = 2p, all terms are of the same order (all scales contribute)
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Basic rates of convergence

Theorem [Boissard & Le Gouic ‘14, Fournier&GuiIIin’15]: H: //t haS flﬂlte mOmehtS Of a”

orders, then

=W, (ks ) < (

n—ld d>2p

=W (s o)) S04 n7 VP (log )P d = 2p
p= 12 d < 2p



Any improvements?

"Worst case” examples suggest:

o n~ 1P rate may improve if support is connected
(some results support this, but general story not clear) iedoux19, bivol 21

n~ 14 rate may improves if measure is singular

(stay tuned)

o If 4 has a density, then empirical measure is always “cursed”



Intrinsic dimension

Definition: Let N_(S) be the smallest number of closed e-balls
needed to cover S. The (upper) Minkowski dimension d,,(S) is

. log N.(3)
lim sup

—1
e—0 lOg €

ThGOrem [Weed & Bach, '19]: |f dM(Supp(//t)) < k, then

_Wp(lua lun) S rk,p(n)

~ DJk
only ~ 2% elements of @; are non-empty

Y Elw@-m@l= )  EluQ —uQ|SV2n

0y, el p(Q)>0



Alternate proof methods

Dyadic partitioning argument is a “ ": prove
W, (u,, u) is small by constructing a candidate coupling.

Downside: challenging to prove non-unitorm bounds

Theorem fundreser eta. 2221 If 1, v € P([0,1]1%) and dy,(supp(v)) < k then,

= [ Wi(u,v) — Wiu,v) | S ”k,1(n)

Proot idea: , based on duality



Empirical process method

Iwo prerequisites:

+ Duality: W, (i, v) = supse,, | fldu — dv), where Lip = Lip(R9)

e Chaining: forany set & C L* and 6 > 0,

1
= sup J fldu, —du)| <6+ n—1/2J \/10g N(F)de

fe& )

f F = Lip(S) with d,,(S) < k, then log N(F) S e~



Empirical process method

Wiu,, v) — Wi, v) = sup an(d//tn — dv) — sup Jf(dﬂ — dv)
f.€Lip feLip

< sup (Jf(dun — dv) — Jf(du . dv))

feLip

= sup Jf(dﬂn — du)
feLip

Taking sup over Lip([0,1]9) yields inf5. (5 +n 12 I; e_d/zde) = ry(n)



Empirical process method

Wiu,, v) — Wi, v) = sup Jﬁl(d//tn — dv) — sup Jf(dﬂ — dv)
f.€Lip feLip

< sup (Jf(dun — dv) — Jf(du . dv))

feLip

= sup J fldu, — du) = W,(u,,, 1)
f€Lip

Taking sup over Lip([0,1]9) yields inf5. (5 +n 12 I; e_d/zde) = ry1(n)



Empirical process method

Wip,, v) — Wiu,v) = sup an(d//tn — dv) — sup Jf(dﬂ — dv)

f.€Lip feLip
< sup (Jf(dﬂn — dy) - Jf(dﬂ - dv))
feLip

= sup Jf(dﬂn — du)
feLip



Empirical process method

Wiu,, v) — Wi, v) = sup an(d//tn — dv) — sup Jf(dﬂ — dv)
f.€Lip feLip

< sup (Jf(dun — dv) — Jf(du . dv))

feLip

= sup Jf(dﬂn — dy)
feLip

|dea: it v is low-dimensional, we can guarantee sup lies in & C Lip



Empirical process method

Wi, v) — Wi(u,v) = sup an(d//tn — dv) — sup Jf(dﬂ — dv)

fLEF feF

< sup ( Jf(dﬂn — dv) — Jf(du . dv))

fex#

= sup Jf(d//tn — dy) < Wi, 1)

fe#

What is &F?



Lipschitz extension

Let § = supp(v). Consider specitying f € Lip by first choosing f|..
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feLip g€Lip(S) feLip,f| =g

= sup sup J fdp — Jgdv
geLip(S) feLip.f|=¢
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Lipschitz extension

Let § = supp(v). Consider specitying f € Lip by first choosing f|..

Wi(p,v) = sup Jf(dp —dv)= sup  sup Jf(dp — dv)
feLip g€Lip(S) feLip,f| =g

= sup sup J fdp — J gdv
g€Lip(S) f€Lip.f| =g
Given g € Lip($), let g € Lip be largest Lipschitz function with

g ‘S — §-
= sup [gdp — J'gdv
geLip(S)



Lipschitz extension

Wiy, v) = Wilp,v) = sup [gdﬂn — Jgdv —  sup [éd//t — Jgdv
geLip(S) geLip(S)

< sup (J'gd,un — Jgdv — Jgfd,u + Jgdu))
geLip(S)

= sup Jg(dﬂn_dﬂ)
geLip(S)

Fact: & = {f:f=g,g € Lip(S)} is much smaller than Lip. If
d,(S) < k < d,
log N(F) S e * < e = log N(Lip)



Empirical process method

Benefits: easy to exploit u # v, partial extension to W, torp > 1

via “c-concavity”, easiest path to tail bounds on W weed & secn 19,
doorway tO d|Str|bUt|Ona‘ ‘ImItS [Hundrieser et al. '22b]

Challenges: primal interpretation less clear, fails to capture correct

rate very near null, difficult to extend to unbounded setting manok «
Niles-Weed '21]

sommerfeld etal. 9] transportation method is an
empirical process method with tree-metric approximation of || - ||?.



Optimality?
s rate r, (1) optimal?

Yes, In two senses:

1. Examples where EW (1, u) 2 n=12r 3nd =W (s 1) 2 = 1/d

2 . [Singh & Pdczos "18]

inf sup E,W,(4(X,,....X,), n) 2 max{n~", n=12p}

VaN

Houe([0,11%)



Optimality?

Minimax estimator implies that empirical measure pu, is essentially

the best possible estimate of y in W,

But: improvements possible when we assume u has smooth
density



Smooth densities

|dea: it u is smooth, should use a smoother estimator /i

Example: ing17,sngn etal. 181 If the density of u lies in Sobolev space H”,
then an orthogonal series estimator fi achieves

1+

J1 d+2s d Z 3
=W, 1) S g n=*\/logn d =2
n17 d=1

Proof: Refined duality methoad



Orthogonal series estimators

Fix an orthogonal basis of L?. E.qg., for densities on [0,1]¢ (actually,
torus), Fourier basis:

¢z(x) — eZﬂi(Z,x) = 70{

Write u(x) = Z p.p.(x). Thenu € H® < 2 \Z\zs\ﬁz\z < 0.

7% 74

,BAZ = %Z?zl ¢.(X;) is unbiased estimator of £..



Orthogonal series estimators

Fix a threshold M. The orthogonal series estimator is

p= ) P

72€7%,|z|<M

Then
ux) — A = ) (B, B+ ), P

1z| <M 1z|>M

O(M?) terms of size O(n="?) L? norm at most M~



W, bounds

1/2
f£ € Lip([0,11%), then f(v) = 3 a.(N.oy with ( X1zl (HIP ) S 1

Wi(u, 1) = sup Jf () (p(x) — fi(x))dx
feLip

= sup [( D az<f>¢z<x>) [ D B.=Bb o+ ) ﬁquz(x)] dx

JELIp 1z| <M 1z|>M

sup ) a(NB, =B+ ), alf)p.

JELIP |71<m z|>M

1/2 1/2
,s[ D \z\z\ﬁz—ﬁz\z] +[ D \Z\2\ﬁz\2]

z| <M z|>M



W, bounds

1/2 1/2
Wlw,ms[ D \Z\z\ﬁz—ﬁz\z] +[ D \z\zwﬁﬁ]

z| <M 1z|>M

Second term bounded by M~6+D
- 1/2 2\ 1/2 > a-1)"
First term of order n (Z\Z\SM |z | ) XN (lerng 7 )

1 d=1
<n 121 \/logM d=2




W, bounds

Message:
» chose truncation to balance estimation & approximation error

e again, small scales dominate in high dimension, large scales in
low

o W,(u, ) is small because ||y — fi]| is small

» similar bound achievable via transportation method (worse log)

Surprisingly, this method does not work to get optimal rate for W )|



Wp bounds

Consider u € 2([0,1]%) with densities in Holder class C?
Subset of densities - C'(Lim)y=C°(Lyn{f:f > m}

Theorem: miesweed s erhet 221 FOr any p > 1, s > 0, there exists estimator f

satistying ENEY 7> 3
sup EW, (£ S 3 n"Plogn d=2
feC(Lim) i g

Matches p = 1 result up to logarithm.
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Wp bounds

Consider u € 2([0,1]%) with densities in Holder class C?
Subset of densities - C'(Lim)y=C°(Lyn{f:f > m}

Theorem: miesweed s erhet 221 FOr any p > 1, s > 0, there exists estimator f

satistying ENEY 7> 3
sup EW,(f.f) S n"2logn d=2

feC’(L;m)
2 =1

Matches p = 1 result up to logarithm.



Wp bounds

Theorem [Niles-Weed & Berthet '22] FOF aﬂyp Z 1, A E [(),1),

1 +s/p

n- d+s d—s>2p

sup EW,(f,) S 4 n=Y"logn d—s=2p
JfeC (L)

n=1ep d—s<2p

e strictly worse than rate form > O forallp > 1,5 > 0

 elbow depending on p reappears
* both rates minimax optimal



Why different rates?

Intuition:

when density is bounded below, W is “norm-like”

when density is not bounded below, W} is “norm-like”















WII)’: [llx—yllpdn(x,y) ~e-1P=¢





















W, = [le —y|[Pdm(x,y) = e - 1 = €P



W, < |If - gl W, < |lf =gl



Proof technique

Main tool: refined continuous transportation method, exploiting
dynamic characterization of W, + decomposition.

Theorem [Benamou & Brenier, ‘O0]

1
W0, 0) = infj J v IPdpds
Poli )y Jo

such that pp = u,p; =vanddp,+ V - (v,p,) = 0 (continuity eq).

Transport comes from dynamics X, ~ u, X, = v(X).
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Review from Lectures | & I

Estimation of the Wasserstein distance is generally slow in high
dimensions, unless very strong assumptions are made.

Questions:
e Are other distances better?

e Does it matter?



Other distances?

We will survey some proposals for moditications of Wasserstein

distance, and show why they can be estimated more easily than W,

compared to W,

Main theme: inherent tension between ease of estimation and
discriminative power



Discriminative power

A blessing and curse of Wasserstein distances is that they are

strong: it W,(u,v) small, then p and v are very similar

Formalization: weaver 18;8ing etal, 221 Wy IS (most discriminative)

jointly convex metric on (I

) satisfying W,(0,,0,) = |lx = yl.

Modifications of the Wasserstein distance with better statistical

properties are necessarily less sensitive. (Possibly this is good!)



Entropic regularization

Blockbuster idea with many computational benefits. o, 13; Peyré & cuturi 19

Gives rise to entropic OT cost:

0Ty = int |llv=ylPdntey) + eDlalu ® 1
rell(p,v)

aﬂd SlﬂkhOrﬂ dlvergeﬂCe [Genevay et al., ‘18; Feydy et al. '19].

]
S.(u,v) = OT (u,v) — E(OTg(ﬂ,ﬂ) + OT (v, 1))

S, v) =0 < pu=v)



Entropic regularization

Empirical estimation is substantially easier with entropic
regularization!

Th eorem. [Genevay et al., "19; Mena & Niles-Weed, '19; Rigollet & Stromme, '22; del Barrio et al., '22] |f //t a ﬂd L h ave
compact support, then

- ‘ OTe(l/tna I/) o OTE(//ta I/) | 5 n_1/2

|EOT (4., v) — OT (u,v)| S ™"

=S (g, 1) S

Constant depends very poorly on €. Proot: empirical process method.



Entropic regularization

Empirical estimation is substantially easier with entropic
regularization!

From theory perspective, statistical benefits only visible
when € is large—in which case optimal coupling is very blurry.

(Heuristic: minimizing entropic OT cost corresponds to deconvolution
problem with Gaussian of variance €l. rigoliet & weed, "18))



Gaussian-smoothed Wasserstein

Given t > 0, define ngt)(,u, v) =W, (u*p,v*p,)

Gaussian measure with
covariance r - |

Common trick in analysis: compared with u, the convolved measure
has bounded, smooth density, nice characteristic function, ...

Investigated by [Weed '18; Goldfeld et al., '20; Goldfeld & Greenewald '20; Zhang et al., '21]. ngt)

IS @ metric, recovers Wp int — 0 limit.



Gaussian-smoothed Wasserstein

Theorem [Goldfeld et al., 201 It p is compactly supported and p < 2,
then

=W (s ) S

Proot idea: use that u * p, enjoys log-Sobolev inequality, which
implies

Wik * o * p) S Dy * pll* py)



Gaussian-smoothed Wasserstein

Theorem [Goldfeld et al., 201 It p is compactly supported and p < 2,
then

=W (s ) S

No free lunch (implicit constant is exponential in d), not
computationally feasible in high dimensions, no coupling



Integral probability metrics

Original “Wasserstein GAN" (ajousiy etal, 177€cONSISts of two neural nets: a
generator f; and discriminator f;, trained with the objective,

min max J fr(x)du(x) — J fo(fc(2))dp(z)

JGEY fpED

where p is a “base” measure, e.q., /(0,]). Entorce & =~ Lip by
“weight clipping”, so that GAN minimizes W (i, (f5)u0).

[Arora et al., "17]

1. Need a lot of data in high dimensions (“fail to generalize”)
2. But for real neural nets, & is much smaller than Lip!



Integral probability metrics

Slow convergence of W, because log N (Lip) < e~

But it & consists of neural networks with p parameters, then under

sufficient regularity assumptions log N.(2) < ploge™'.

Benetits in high dimensions: it dg(u, v) = sup; g, JfD(d,u — dv),

—1/d

Cdgy(u, ) < \/p/n < EW (u,p,) < n

( StyleGANS (araseral, 211 has 20m parameters.)



Integral probability metrics

More generally, an integral probability metric e, 97is any
(pseudo)metric of the form

A, ) = Supjeg: | fldu — dv)
Smaller &: less discriminative, but fewer samples to estimate

E.g., in maximum mean discrepancy (MMD) (retion etal., 061, F is unit pall
in RKHS H, for which log N.(F) < Cylog e !,

not usually computationally efficient, no coupling



Sliced Wasserstein distances

"Low-dimensional” variant of W, proposed for computational
reasons [Rabin et al., "11]

SWi(u,v) = le (g, Vy)do(0)

o uniform distribution
projection to span(6)
onS,_;

—1/2

Inherits n rate from the d = 1 case. nadjahietal, 20

Other variants based on different ways ot aggregating W, (uy, v,).

& Niles-Weed, '22]



Sliced Wasserstein distances

Extremely weak in high dimensions uber ‘ss
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Sliced Wasserstein distances

Extremely weak in high dimensions uber ‘ss
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Does it matter?

Cuturi: “"distances matter less than couplings and gradients”

Poor estimates of W ,(u, v) can still contain usetul information! ierotn et
'22]

synthetic d = 2'2 dimensional benchmark data set
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Trained 10 standard neural network-based W, discriminators



Does it matter?

Trained 10 standard neural network-based W, discriminators

N\Solver | [WC] | [GP] | [LP] | [SN] | [LST | [MM:B] | [MM:Bv2] | [MM] | [MM:R| | [DOT] | True
1 >100 212.07 211.62 178.77 o b >100 66.03 58.24
16 >100 64.38 66.01 78.77 310 2.60 51.05 >100 53.54 29.78

W versus W,




Does it matter?

Trained 10 standard neural network-based W, discriminators

N\Solver | [WC] [GP] [LP] [SN] [LS] [MM:B] [MM:Bv2] (MM [MM:R] [DOT] True
1 >100 | 212.07 | 211.62 | 178.77 15.17 100 66.03 58.24
16 ~>100 64.38 66.01 78.77 3.15 2.60 51.05 100 53.54 29.78
N
W versus W,
N\Solver | |[WC] |GP] [LP] [SN] [LS] [MM:B] [MM:Bv2] (MM | [MM:R] [DOT| | True
1 0.86 0.95 0.01 0.97 1.00
16 0.92 0.92 0.11 0.14 0.01 0.92 1.00

Correlation between V W\l and VW,




Does it matter?

More broadly, what works best for actual applications? iortinetal, 21

discrepancy, we further test the solvers in a setting of image generation. Our study
reveals crucial limitations of existing solvers and shows that increased OT accuracy

does not necessarily correlate to better results downstream.




Moral?

Existing statistical results are precise and mostly tight, but
important phenomena visible in practice.

Positive spin: much more to do!
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