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ABSTRACT. We consider a class of graph-valued stochastic processes in which each vertex
has a type that fluctuates randomly over time. Collectively, the paths of the vertex
types up to a given time determine the probabilities that the edges are active or inactive
at that time. Our focus is on the evolution of the associated empirical graphon in the
limit as the number of vertices tends to infinity, in the setting where fluctuations in the
graph-valued process are more likely to be caused by fluctuations in the vertex types than
in the outcomes of the edges given these types. We derive both sample-path large deviation
principles and convergence of stochastic processes. Our approach is flexible because we can
including a class of stochastic processes with an additional layer of dependence between
the edges.
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1. INTRODUCTION

1.1. Background. Crane [13], [I4], [I5] was the first to develop a mathematically compre-
hensive theory to characterise the evolution of a class of time-varying countably-infinite
graphs and graphons. His starting point was the Aldous-Hoover theory for infinitely exchange-
able arrays, augmented with the assumption of cadlag paths and the Markov properties.
His construction led to processes that are a combination of a stochastic jump process and
a deterministic flow on the space of graphons. It did not lead to diffusion-like processes
with paths of unbounded variation. In fact, such processes cannot be obtained through
exchangeable cadlag Markov processes after projecting them onto the space of graphons,
and therefore require a relaxation of Crane’s conditions. For an overview on this line of
work we refer to [9].

The approach in [I] was to work directly with graphs and their graphon limits, with the
aim to provide a proof of concept that diffusion-like graphon-valued processes can be built
as well. In [I], a natural class of graphon-valued processes was constructed that arose from
population genetics. The construction considered finite populations where individuals carry
one of finitely many genetic types and change type according to Fisher-Wright resampling.
At any time, each pair of individuals is linked by an edge with a probability that is given by
a type-connection matrix, whose entries depend on the current types of the two individuals
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and on the current empirical type distribution of the entire population via a fitness function.
It was shown that, in the large-population-size limit and with an appropriate scaling of
time, the evolution of the associated adjacency matrix converges to a random process in the
space of graphons, driven by the type-connection matrix and the underlying Fisher-Wright
diffusion on the multi-type simplex. In the limit as the number of types tends to infinity, the
limiting process is driven by the type-connection kernel and the underlying Fleming-Viot
diffusion.

1.2. Motivation. The goal of the present paper is to study a class of dense graph-valued
stochastic processes where the edges turn on and off in a dependent manner. In this class,
each vertex is assigned a type that changes randomly over time, and fluctuations in the
types of the vertices determine how the edges interact. Specifically, the edges in the random
graph at time ¢ are independent given the paths of the types of all vertices up to time t.
Collectively, these paths are called the driving process. Our results generalise those of [1] in
a number of directions:

(i) We consider a general driving process and edge-switching dynamics, whereas [1]
restricts attention to a specific driving process (the multi-type Moran model) and to
a specific edge-switching dynamics.

(ii) We establish stochastic process convergence in the space of (#,d,)-valued cadlag
paths, whereas [I] works in the space of (#,4,)-valued Skorokhod paths. (For the
definition of these two spaces, see Section below.)

(iii) We establish sample-path large deviations, whereas [1] restricts attention to diffusion
limits.

Our proofs rely on concentrations estimates, coupling arguments and continuous mapping.
Along the way several examples are presented. See [30] for an example involving a multi-
graphon setting built on top of the configuration model.

In [1I] diffusion limits are established for the multi-type Moran model in order to derive
a diffusion limit for certain graphon-valued stochastic process in D([0,T], (#,4,)). In the
present paper we retain a general framework, while establishing both sample-path large
deviation principles and convergence of stochastic processes. For reasons given in later,
we prove convergence in D([0,T], (#,ds)). As in [1], we restrict attention to processes
that exhibit vertex-level fluctuations. In future work we will look at processes that exhibit
edge-level fluctuations.

1.3. Outline. In Section [2] we recall basic LDPs for graphons and present three LDPs for
what we call inhomogeneous random graphs with type dependence (IRGwTPs) subject to
a number of assumptions. In Section [3] we look at graph-valued processes and present a
sample-path LDP in graphon space subject to a number of assumptions. We illustrate our
results via a running example, and also derive convergence of the graph-valued process to
a graphon process. In Section [ we describe various applications and possible extensions.
Section [5] contains the proofs of the various LDPs and convergence results. Appendix [A]
identifies the rate function in the LDP of the underlying driving process.



GRAPHON-VALUED PROCESSES 3

2. LARGE DEVIATIONS FOR STATIC RANDOM GRAPHS

In Section we recall a few basic definitions. In Section we introduce inhomogeneous
Erd&s-Rényi random graphs and recall the large deviation principle for their associated
empirical graphons. In Section we describe a generalisation of inhomogeneous Erd&s-
Rényi random graphs, referred to as inhomogeneous random graphs with type dependence
(IRGwTP), which motivate the definition of the class of graph-valued stochastic processes
introduced in Section (3] In Section we state a number of key assumptions that are needed
along the way. In Section [2.5] we establish the large deviation principle for the associated
empirical graphon processes under the assumption that the driving process satisfies the LDP.
The latter assumption is investigated in Appendix [A]

2.1. Graphs and graphons. Let # be the space of functions h: [0,1]?> — [0, 1] such that
h(z,y) = h(y,z) for all (z,y) € [0,1]?, formed after taking the quotient with respect to the
equivalence relation of almost everywhere equality. A finite simple graph G on n vertices
can be represented as a graphon h” € # by setting

(2.1)

1S (2. ) 1 if there is an edge between vertex [nz| and vertex [ny],
€T y =
0 otherwise.

This object is referred to as an empirical graphon and has a block structure. The space of
graphons # is endowed with the cut distance

du(hl, hQ) = Sup

J dedy [hi(z,y) — ha(z,y)]|, hi,hee ¥ . (2.2)
S,7<(0,1] 1JSxT

The space (#,d,) is not compact.

On # there is a natural equivalence relation, referred to as ‘~’. Letting .# denote the
set of measure-preserving bijections o: [0,1] — [0, 1], we write h; ~ ha when there exists a
o € . such that hy(x,y) = ha(o(z),0(y)) for all (z,y) € [0,1]2. This equivalence relation
induces the quotient space (“//N, dn), where J, is the cut metric defined by

5D(iL1, BQ) ;= inf du(h(fl, hgz), iLl, iLg € V/N (2.3)

o1 ,0’26./%

The space (#,8,) is compact |26, Lemma 8].

2.2. Inhomogeneous Erdos—Renyi random graph. Let r € # be a reference graphon.
Fix n € N and consider a random graph Gy, with vertex set [n] := {1,...,n}, where the pair

of vertices i, j € [n], ¢ # j, is connected by an edge with probablhty r( independently

L),
of other pairs of vertices. Write P, to denote the law of G Use the same symbol to denote
the law on # induced by the map that associates the graph G with its graphon hGn. Write
P,, to denote the law of hG" the equivalence class associated with G

The following theorem is an extension of the LDP for homogeneous Erdds-Rényi random
graphs in [12]. It was first stated in [I8] under additional assumptions. These assumptions
were subsequently relaxed in [29], [5], [19]. The following theorem corresponds to [19,

Theorem 4.1].

{cutdist}
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Theorem 2.1. The sequence of probability measures (Pp)pen satisfies the LDP on (¥, 6,)
with rate (g) and with rate function I, ie.,

lim sup —~ log 2,,(C) < — inf I,.(h) VC W closed,

n—o0 (2) hEC o ] (2.4)
lim inf — log P,,(O) > — inf I,.(h) VOC<W open,
n—ao (2) heO
where
I.(h) = inf I.(h%), (2.5)
oeM
h is any representative of h, and
L) = | drdy RGe,y) (o), (2.6
with
R(a|b) = alog % + (1 a) log ——° (2.7)
o= gb S ‘

2.3. Inhomogeneous random graphs with type dependence. Consider the following
generalisation of the inhomogeneous Erdés-Rényi random graph defined in Section [2.2]
Suppose that each vertex i € [n] is assigned a (possibly random) type Xi(n) € [0,1]. Denote
the empirical type measure by

1 n
n= > N (2.8)
i=1
and the empirical type distribution by

1§j‘ﬂ" (2.9)

3

where [ is the indicator function. Let M([0,1]) denote the space of measures on [0,1]
endowed with the topology of weak convergence. Suppose that each edge 7j is active with
probability H(X;, X;, F,,) independently of all other edges given F;,, where H: [0, 112
M([0,1]) — [0, 1] is symmetric in its first two inputs. We label the resulting sequence of
random graphs as {G, }nen, and refer to them as inhomogeneous random graphs with type
dependence (IRGwTP).

Observe that if

7

x" = ~ VneNjieln],  H(zy F)=r(z,y) Yayel01], (2.10)

then the IRGwWTP is equivalent to the inhomogeneous Erdés-Rényi random graph defined in
Section[2.2] There is a further connection between IRGWTP and inhomogeneous Erdds-Rényi
random graphs. Let F denote the right-continuous generalised inverse of a distribution
function F' with support [0, 1], which is defined in the usual way as

F,(u) := inf{x € [0,1]: F,(z) > u}, u e [0,1). (2.11)
For F' e M([0,1]), define the induced reference graphon gl¥) e # by
g Na,y) = H(F(2), F(y), F). (2.12)
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Given the type distribution F,, AGn has the same distribution as an inhomogeneous Erdds-
Rényi random graph with reference graphon ¢g»l. In other words, we have

RO | By & RO with ¢ = gl (2.13)

This observation is central to the large deviation principle for IRGwTPs stated in Theorem

B8 below.

2.4. Key assumptions. Before stating this theorem we make a number of assumptions.

Assumption 2.2. The sequence of type distributions (F},),en satisfies the LDP on M([0, 1])
with rate ¢(n) and with rate function K. O

Assumption holds, for instance, when (an))neN,iE[n] are 1.i.d. random variables with
distribution f, in which case ¢(n) = n and K(g) = H(g | f), the relative entropy of g
With respect to f. Assumption may also hold with £(n) # n. For example, if p > 0,

{ }neN ie[n],je[nr] are i.i.d. random variables and
w_ 15w
X; — Dy, (2.14)
j=1

then ¢(n) = n'*? and K(g) = [Insert.]. See [19, Example 2.5] for an example where
{(n) = n? and Xl-(n), 1 € N, are dependent. When XZ-("), i € N, are fixed and p, — p in
M([0,1]), as in (2.10)), then this can be viewed as satisfying Assumption [2.2| with ¢(n) = oo.

Assumption 2.3. The function F — gl¥l defined in (2.12)) is a continuous mapping from
M([Ov 1]) to (W7 H”Ll) <>

Assumption ([2.3) holds, for example, when H(z,y,F) = H*(x,y) (i.e., there is no de-
pendence on the type distribution) and H*: [0,1]> — [0,1] is a continuous function.
Assumption (2.3) also holds when, in addition, f: M([0,1]) — [0,1] and h: [0,1]*> — [0,1]

are continuous functions, and
H(z,y; F) = h(H*(z,y), f(F)) V¥ [z,y] € [0,1]% F e M([0,1]). (2.15)
In certain settings we require two further assumptions that are of a more technical nature.

Assumption 2.4. For all F € M([0,1]) the induced graphon gl¥! is away from the boundary,
i.e., there exists 7 > 0 such that

n<gNz,y)<1-n ¥ (z,y)el0,1]% (2.16)
&

Assumption 2.5. The rate function K has a unique zero, labelled F™*. &
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2.5. LDP for IRGwTPs. We are now ready to state our large deviation principle for
IRGwTPs.

Theorem 2.6. Subjects to Assumptions and[2.3 the following hold:
(i) Ift(n) =0 ((})), then {hCn} satisfies the LDP with rate {(n) and with rate function

I*(h) = J(h).

(ii) If limp—oo £(n)/(5) = ¢ and Assumption holds as well, then {ibé”} satisfies the
LDP with rate (3) and with rate function I*(h) = inf _7[c](g) + I,(h)], where g is
any representative and g. R

(iii) If (3) = o(¢(n)) and Assumptions and hold as well, then {hCn} satisfies the
LDP with rate (3) and with rate function I*(h) = I %) (h).

To understand where Theorem comes from, think of simulating outcomes of hGn in
two steps:

e In Step 1 simulate types of the vertices, i.e., simulate the type distribution F,.
e In Step 2 simulate the edges given F),, i.e., simulate A% given the induced reference
graphon gl
Due to Assumption large fluctuations in Step 1 are governed by the LDP with rate ¢(n)
and with rate function K (-), whereas due to large fluctuations in Step 2 are governed
by the LDP with rate (%) and with rate function I,ir). Consequently, when ¢(n) = o ((3)

large fluctuations in hGn are most likely to be caused by a rare event in Step 1, whereas
n
2

in Step 2. When /(n) = (g) large fluctuations in hG" are most likely to be caused by a

when (5) = o(¢(n)) large fluctuations in hGn are most likely to be caused by a rare event
combination of rare events in Steps 1 and 2.

When ¢(n) = o ((g)) we say that the IRGWTP exhibits vertez-level fluctuations, whereas
when (3) = o({(n)) we say that it exhibits edge-level fluctuations.

The type-dependent inhomogeneous random graphs introduced in this section are of
interest in their own right. However, our primary motivation for introducing IRGwTP
is that it has a natural stochastic process generalisation. The rough idea behind this
generalisation is that at each time the distribution of the process corresponds to a IRGwTP.
We will focus primarily on processes that exhibit vertex-level fluctuations.

3. GRAPHON-VALUED PROCESSES

Section [3.]] introduces the graph-valued process of interest. Section [3.2] describes an
illustrative example. Section [3.3| presents the sample-path LDP for the graph-valued process
under the assumption that the driving process satisfies the LDP. The latter assumption is
investigated in Appendix [A]

3.1. The model. Let (Gy(t))se[o,r) denote our graph-valued process. We suppose that each

vertex i € [n] has a type X Z.(”) (t) that may fluctuate randomly over time. Let (un(t))e[0,1]
denote the empirical type measure process, which is characterised by

1 n
pin(t) = n Z 5X2."(t)v (3.1)
i=1
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and let (Fy,(t; ‘))tE[O,T] denote the empirical type distribution process, which is characterised
by

n

1
Fo(tiz) = — ;I[Xi(t) <z], VYzel0,1]. (3.2)
The process (in (t))sefo,r] is @ random variable on D([0, T], M([0, 1])), the space of M([0, 1])-

valued Cadlag paths.bWe suppose that at any time ¢ edge ij is active with probability

H(t Xi(6), X, (), (Bu(t: )icforry): (3.3)
independently of all other edges given ¢, X;(t), X;(t), and (Fy(t;"))se[o,r), Where

H: [0,T] x [0,1]* x D([0,T], M([0,1])) — [0, 1]. (3.4)

The function H gives rise to the induced reference graphon process glf), which, for

F e D([0,T], M([0,1])), is characterised by
gt 2,y) = H(t P(ti2), F(t:y), (F(t: eefor)- (35)

Observe that, for any t € [0,T], given the outcome of the empirical type distribution process
F,, the distribution of h¢*®) corresponds to that of an inhomogeneous Erdés-Rényi random
graph with reference graphon gl¥=1(t;-,-). In other words, for any t € [0, 77,

where @n is the inhomogeneous Erd&s-Rényi random graph defined in Section We make
the following assumption on the function F' +— g[F I, which due to (3.5)) is an assumption on
H.

Assumption 3.1. The map F — glfl from D([0,T], M([0,1])) to D([0,T], (#,|-I,)) is
continuous. &

3.2. An illustrative example. Suppose that (G (t))se[o,7] i characterised by the following
dynamics:
e (G,(0) is the empty graph.
e Each vertex is assigned an independent rate-y Poisson clock, and each time the clock
attached to vertex v rings all the edges that are adjacent to v become inactive.
e If edge 7 is inactive, then it becomes active at rate .

We first describe the driving process. Let {75 (v)}ren denote the sequence of times at which
the Poisson clock attached to vertex v rings, and let

Y,(t) :=1t— ml?x{rk(v): (1) < t} (3.7)

denote the time since the clock last rung. The value of Y, (¢) can be thought of as the age of
vertex v at time t: each time the clock associated with v rings, it ‘dies’ and all its adjacent
edges are lost. Recalling that we assumed that types take values in [0, 1], we let

X,(t) := FEP(Yj(t)) = 1 — e i) (3.8)

denote the type of vertex v at time t, where F**P can be identified as the distribution function
of an exponential random variable with rate ~.

{eq:Gtdef}

{0b:spIRG}
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The function H (¢, v,u, F') can also be identified. The probability that there is an active
edge between vertices of ages u and v is 1 — exp{—(u A v)}. Letting v = F“P(u) and
v = F*P(7), we obtain

Ht,u,v, F) =1—(1—uav)M. (3.9)
Because H(t,u,v, F') is a continuous function of v and v, and is independent of ¢ and F, it
is simple to verify that Assumption 3.1 holds. A more involved example is given in Section

A1l

3.3. Sample-path large deviations. Similarly as in Section [2.5] we assume that the
driving process satisfies the LDP (which for the illustrative example is established in Lemma

A1),

Assumption 3.2. {F,} ey satisfies the LDP on D([0, T], M([0,1])) with rate £(n) = o((5))
and with rate function K. &

To establish the sample-path LDP for the graphon-valued process, we need to: (I) establish
the LDP in the pointwise topology; (II) strengthen the topology by establishing exponential
tightness. Step (I) is settled by the following result.

Proposition 3.3. If Assumptions and hold, then {(ﬁé”(t))tzo}neN satisfies the LDP

in the pointwise topology with rate £(n) and with rate function J(h).

Note that Proposition [3.3] does not refer to any edge-switching dynamics. Specifically, if
two process {GnJnen and {G}, }nen have a common sequence of types {(X;(t))i=0}ie[n) and a
common edge connection function H, then the marginal distributions are equivalent, i.e.,

RO L RGO for any t e [0,T]. (3.10)

However, this does not necessarily mean that the the joint distributions are equivalent, i.e.,
we may have

(BGn(t))te[O,T] i (ﬁGz(t))t>[0,T]a (3.11)
as these joint distributions depend on the specific edge-switching dynamics. Nonetheless,
Proposition implies that both {@n}neN and {CA}Z}%N satisfy equivalent LDPs in the
pointwise topology, i.e., the rate function depends only on the marginal distributions of the
process and not on the specific edge-switching dynamics. In Sections and we provide
examples of processes with equivalent marginals and different edge-switching dynamics.

The specific edge-switching dynamics do need to be taken into consideration when we
want to strengthen the topology of the LDP in Proposition [3.3] by establishing exponential
tightness. We next provide a condition that can be used to verify that {BG” tnso are
exponentially tight. Let

i(m ) = 1, if edge ij is active at time t, (3.12)
/ 0, otherwise,
and define
oy = Y sw o B - ES )] (3.13)

1<z<]<n t<U<U<t+5
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In other words, C,,(t,6) is the number of edges that change (i.e., go from active to inactive
or from inactive to active) at some time between ¢ and ¢ + 4.

Proposition 3.4. If, for allt € [0,T] and € > 0,

- 1 n
16%1 llnmjgp o) log P <C’n(t, 9) > 5<2>> = —00, (3.14)

then {h"} =0 is exponentially tight.
Combining the above results, we obtain the following.

Theorem 3.5. If the conditions of Propositions and hold, then the sequence of
processes {hCm }pen satisfies the LDP on D([0,T], #') with rate £(n) and with rate function
J.

In view of Lemma the conditions of Theorem can be readily verified for the
illustrative example. In Theorem [3.10] we establish a sample-path LDP for a class of
processes that includes the illustrative example.

3.4. Stochastic process convergence. Let = denote convergence in distribution, and

.d.d.
f:> denote convergence of the finite-dimensional distributions. We assume that the empirical
type distribution satisfies a stochastic process limit.

Assumption 3.6. Suppose that F,, = F on D(M([0,1]),[0,T]). &

We establish the stochastic process limit of (hG”(t))te[O,T] on D((#,ds),[0,T]), i.e., we no
longer take the quotient with respect to the equivalence relation ~. To establish a stochastic
process limit in this finer topology, we need to ensure that the labels of the vertices update
dynamically.

Assumption 3.7. At any time t € [0,1] the labels of the vertices are such that
Xl(t) < Xg(t) < - - < Xn(t) (3.15)
¢

Given the dynamic labelling above and the illustrative example, the motivation behind es-
tablishing our stochastic process limits on D((#, d.), [0, T]) rather than on D((#,6,), [0, T7])
is clear: Are the older vertices more connected than the younger vertices? If we establish a
limit on D((#,ds),[0,T]), then we have a definitive answer, whereas if we establish a limit
in D((#,6.), [0,77), then we do not gain any insight.

Proposition 3.8. If Assumptions and hold, then hCn T r[F].

Strengthening the topology to obtain convergence in distribution on D((#,d,),[0,T]) is
more difficult than in Section This is because, unlike (7/, 0s), the space (#,d,) is not
Polish, and hence we cannot directly apply established sufficient conditions for tightness, such
as those stated in [20] Sections 3.6-3.9]. Nonetheless, we are able to establish convergence
directly by using [20, Corollary 3.3].

{eq:Tcon}
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Assumption 3.9. For any e > 0,

T
limlimsup sup —P <C’n(t,6) > 5<n>) =0. (3.16)
60 nooo te[0,T] 2

Theorem 3.10. Subject to Assumptz’ons hCn = gl in D((#, dy), [0,T]).

In view of Lemma the conditions of Theorem [3.10] can again be readily verified for
the illustrative example. We establish a more general result in Proposition [.2]

4. APPLICATIONS AND EXTENSIONS

In this section we consider a class of processes that generalise the illustrative example. We
use this class of processes to make three points that we believe apply more generally:

(I) An additional layer of dependence between the edges can be introduced that cannot
be captured by the types of the vertices (so that no longer holds) but still
allows to establish limiting results in the spirit of Section [3] Roughly speaking,
this is the case when the additional layer of dependence between the edges is of
mean-field type (see Section [4.1)).

(IT) The specific edge-switching dynamics rarely affects the limiting path of the process
(see Section [4.2)).

(ITIT) The dependence between edges in inhomogeneous random graphs with type depen-
dence leads to new behaviour in the corresponding variational problems, even in
relatively simple settings (see Section .

4.1. Beyond conditional independence of edges.

4.1.1. Model and LDP. Suppose that (G (t))e[o,r] is characterised by the following dynam-
ics:

e (G,(0) is the empty graph.

e Each vertex is assigned an independent rate-A Poisson clock, and each time the clock
associated with vertex v rings all the edges that are adjacent to v become inactive.

o If edge 7] is inactive, then it becomes active at rate A(t, X;i(t), X;(t), Fy(t; -), hGn®).

o If edge ij is active, then it becomes inactive at rate u(t, Xi(t), X;(t), Fn(t; ), hGn®).

Here, we assume that A and y are Lipshitz-continuous functions on [0, 7] x [0, 1]% x ([0, 1]) x

v .
If A(-) and p(-) do not depend on the current state of the unlabelled graph (hS»®), ie., if

A(t, u,v, F, l~1) = \t,u,v, F), p(t,u,v, F, il) = u(t,u,v, F), (4.1)

then the process fits into the framework of Section [3] otherwise it does not. To understand
why, we compute the probability that edge ij is active under (4.1]) at time ¢ given X;(t) = z;,
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X;(t) = xj and F,, = F. We have

¢
H(t;:ni,xj,F)zj dsA(s,x;i —t+s,2; —t+s,F(t;-))

t—l‘i AT

t
x exp{ _J da[ﬂ(syﬂfi—t‘f‘a?fﬂj _t+a7F(t7))+A(val_t+aax]_t+aaF(t7))]}

’ (42)
It is also easy to see that two edges ij and k¢ are independent given ¢, X;(t), X;(t), Xy(t),
Xy(t) and F,, = F, and hence the process indeed falls into the framework of Section |3| To
recover the illustrative example, take A(¢,u,v, F') = A € Ry and u(t,u,v, F) = 0.
An example of a choice for A(+) that does depend on the unlabelled graph (hG®)) is

At,u,v, Fyh) =1+ s(G, h), (4.3)

where G is a simple graph (e.g. a triangle) and s(G, h) denotes the homomorphism density
of G in h. Note that, by the counting lemma (see, for instance, [10, Proposition 2.2]), this
particular choice of A(-) is Lipshitz-continuous. In this case, the two edges ij and k¢ are
not independent given ¢, X;(t), X;(t), Xi(t), X¢(t) and F,, = F. Indeed, if edge ij is active,
then it may participate in additional copies of G, which means that edge k¢ is more likely
to be active. This dependence is inherent to the model, in that it cannot be removed by
changing the definition of the types X;(t).

The next theorem demonstrates that, despite the above observation, we can still establish
a sample-path LDP for the process. To show why, we define a mapping F — ¢¥) via a
differential equation. We first state this differential equation and then explain the intuition
behind it. Let g(F)(0;,y) = 0 for (z,y) € [0,1]?, and

gt + dtya,y) = g B (2, y)) + AN, F(t;2)), F(ty'), F(t-), 55 (1 — ¢ (627, y))
/

—u(t, F(t;2), F(t;y)), F(t;-), 3 g (827, o),
(4.4)

where v/ = F(t; F(t + dt;u) — dt) for all u € [0,1]. Note that, under (4.1]),
9 (ta,y) = H(t, F(t,2), F(t,y), F) (4.5)

with H given in , and hence the more complicated expression in is only required
when does not hold. The differential equation in can be understood as follows.
Consider the process h¢" under Assumption , so that the vertices are labelled in order
of increasing age. Roughly speaking, given F, = F, gt (t;z,y) can be thought of as
the probability that edge ([nx],[ny]) is active. Indeed, as time ¢ — dt these vertices had
the labels ([na'], [ny']), respectively (with 2/, 3y given below (£.4)). The first term in the
right-hand side of , g (t;2',y'), is the probability that the edge was active at time
t — dt, the second term accounts for the event that the edge turned on during the time
interval [t — dt,t], while the third term accounts for the event that it turned off during the
time interval [t — dt,t].
For A € R, (such that if A = [a,b] then A+ c=[a+c¢,b+c]), let

pe+n(A+h) — u(A4)
; )

Dype(4) = lim (4.6)

{eq:lex}

{eq:GFdef}
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Theorem 4.1. The sequence of processes {(BG"(t))t>0}neN satisfies the LDP with rate n
and with rate function

J(h) = inf K (F), (4.7)
FeD([0,t]xM([0,1])): §(F)=h
where
T o0 T o0 T
K = [ at [ putao) ~ Daputao) + [ [ Dupn(an) og (m)
‘ ¢ (4.8)

T
n J dt f:(0) log(f:(0)/)
0

with f(0) := limp—o pe([0, h])/h.

Proposition 4.2. [To be written: A functional law of large numbers in the Skoro-
hod space D((#,d.),[0,7]). The proof uses the same arguments as in the proof
of Theorem [4.1]

Theorem is interesting because it shows that we can add a ‘mean-field type’ interaction
between the edges and still obtain equivalent results.

4.1.2. Numerical illustration. [To be added.]

4.2. Different edge-switching dynamics, equivalent sample-path LDP. Next sup-
pose that the process h%() has the same underlying driving process, but different edge-
switching dynamics. In particular, consider the edge switching dynamics introduced in [I].
Let (Ujj)1<i<j<n be a sequence of independent uniform variables on [0, 1], and suppose that
edge ij is active if U;; < H(t; X;(t), X;(t), Fy(t;)), where H is given by ([L.1). [Check if
this can be generalised.] Note that this process is not Markov. Nonetheless, by Propo-
sition [3.3] we immediately have that, in the pointwise topology, the sequence of processes
satisfies the same LDP as the processes described in Section To strengthen the topology
it remains to verify establish exponential tightness. This can be done by using Proposition
which leads to the following result. [Proof still needs to be done.|

Proposition 4.3. The sequence of processes {(he"®)=0}nen satisfies the LDP with rate n
and with rate function (4.7)).

4.3. The most likely path to an unusually small edge density. Consider the simple
setting with u(t,u,v, F,h) = 0, A(t,u,v, F,h) = XA € R, and A = . Observe that in this
case

H(u,v, F) =u nv. (4.9)

Our goal is to find the most likely path the process takes to a prescribed edge density e*
at time 7. We do this in two stages: we first compute the most likely state of the process
at time 7" given this edge density, and afterwards use this computation to obtain the most
likely trajectory of the process. Note that, given , the results in this section apply to
the models introduced in Sections and (with the above simplification).
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4.3.1. Step 1: most likely state of the process at time T. Let @ denote the distribution of
Xy (t). Note that

dz, if & < FeP(T),
Q(dz) = { 1 — F*»(T), if 2 = FeP(T), (4.10)
0, otherwise.

However, for the moment we will assume that @ is a general measure on [0, 1]. We first
consider the event that (7, has an unusually small edge density e* at time 7. By Theorem
2.6 the corresponding variational problem is

minimize S(l] log (%) dP
subject to 2 Sé §o xP(dz)P(dy) < e* (4.11)
over P e M([0,1]).

Proposition 4.4. The feasible region of the variational problem described in (4.11)) is
convex.

Because the objective function in is strictly convex, Proposition implies that the
variational problem has a unique global minimum. Consequently, there are a number of
numerical methods that we can apply to obtain this minimum.

If we consider the probability that G,, has an unusually high edge density at time 7, then
we must solve the same variational problem as described in with “<” replaced by
“>”. Now the feasible region is no longer convex. Consequently, as we illustrate with a
numerical example, the corresponding variational problem may have multiple local maxima
and multiple local minima.

Let
- a5, ifz=0,
Qz) =1 %, if v = &, (4.12)
1 if z = 1.

1000°
In Figure [1| we plot the rate (the value of the objective function evaluated at the maxima)

against the edge density e*. When e* = 0.085 there are two distinct optimal solutions
corresponding to

0.0782, ifz =0, 0.3728, ifz =0,
Pf(z) = 109159,  ifz =, Py(z) = {04020, ifz =4,
0.0059, ifz =1, 0.2252,  ifz = 1.

For e* ~ 0.085, solutions near P and P; are local minima. These local minima are
illustrated by the dotted curve in Figure [I} values above 0.085 correspond to solutions
that are close to P and values below 0.085 correspond to solutions that are close to Py'.
Observe that we can restrict our search of an optimal measure P to measures that are
absolutely continuous with respect to ). For @) given by , these measures live on the
2-dimensional simplex. Consequently, there can be at most two local minima. If Q) has a
continuous component (as it does in (4.10))), then there is, in principle, no bound on the
number of local minima.

{eq: 0P}

{eq:NumQ}
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Rate

0.6 [

0.4

0.2

0 0.05 0.085 0.1 0.15
Edge density e*

Figure 1.

4.3.2. Step 2: Computing the optimal path. [Not sure whether this is worth doing.
The interesting part is Step 1.]

5. PROOFS

Sections [5.1H5.3] contain the proofs of the theorems in Sections [2H4]

5.1. Proofs of the results in Section 2 We prove Theorem [2.6] via a sequence of lemmas.
Recall that we use Gy, to denote an inhomogeneous Erdés—Rényi random graph (IRG) and
G, to denote a inhomogeneous random graph with type dependence (IRGwTP).

5.1.1. Inhomogeneous Erdés—Rényi random graphs. The first lemma is similar to [18] and
[19, Theorem 4.1|, the primary difference being that in these papers there is a single reference
graphon 7, i.e., 7, = r for all n > 0. The generalisation comes at the cost of the addition of
Assumption [2.4]in the lower bound (which is not made in [19, Theorem 4.1|, but is in [18]).

Lemma 5.1. Let r, denote the reference graphon for én and suppose that r, — r in L.
Then

1 .y - -
limsup —— log P(h" € C) < —inf I.(h), VY C closed, (5.1)
n—00 (2) heC
and, subject to Assumption [2.7),
1 PN - -
liminf - log P(h®" € O) = — inf I(h), YO open. (5.2)

Proof. The upper bound follows from the same arguments as used in [19, Theorem 4.1] (by
noting that the specific requirement that r, = r is not used there). The lower bound again
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follows from similar arguments. However, now instead of applying Jensen’s inequality we
apply the dominated convergence theorem, which is possible because of Assumption O

The previous lemma can be used to obtain the following concentration type result for
inhomogeneous Erdds—Rényi random graphs.

Lemma 5.2. Let Gy, be an IRG with reference graphon v, € #y. If |, — 7|z, — 0, then,
foranyreW,

1 -~
limsup —— log P(hC" ¢ B, (7,¢)) < —&2. (5.3)
n—w (2)

Proof. Suppose that h ¢ B,(r,€), and let h be any member of the equivalence class h. Using
a Taylor expansion in the first step and Jensen’s inequality in the second step, we have

In(h) = ;J[OJP dz dy [h(%?/) log (h(x’y)> + (1= h(z,y))log (19n(my)>]

T(xay) 1_T($ay)

> | dedy (i)~ rle ) = -, > do(hr)? > €
[0,1]?

(5.4)

Since B, (7, €) is open, its complement is closed, which implies that we can apply the upper
bound in Lemma from which the result follows. O

5.1.2. Inhomogeneous random graphs with type dependence. We next turn our attention to
inhomogeneous random graphs with type dependence G,. We first use the previous lemma
to show that G,, is close to the induced reference graphon gl*»] with high probability.

Lemma 5.3. If Assumption [2.3 holds, then
1 - N
lim sup - log P(hC" ¢ B, (glf], e)) < —&2. (5.5)
n—w (2)

Proof. Suppose that Assumption holds. We proceed by contradiction. Suppose that ([5.5)
does not hold. Then there necessarily exist sequences (ny)reny S N and (F)) )ren = M([0, 1])
such that

. 1 7 > ~|Fx *
h}grigf@logp (hG"k ¢ B.(gF e) | Fy, = Fnk) > —¢2, (5.6)

where, for each k € N, F is an empirical distribution function with n; data points. Since
M([0,T]) is compact, there exists a convergent subsequence of (F); )ren. Consequently,

w.l.o.g. we may assume that there exists [™* such that F,; — F* in M([0,T]) as k — .

Under Assumption [2:3] we therefore have
HT[FT*L,J _ 74[F*]”L1 -0, as k — oo, (5.7)

Recalling that, due to (i.e., conditional on the induced reference graphon the graph has
the distribution of an inhomogeneous random graph), we can apply Lemma to obtain a
contradiction. |

The next lemma establishes a large deviation principle for the sequence of induced reference
graphons glf].

{eq:LemEF}
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Lemma 5.4. Subject to Assumptions and (g Y en satisfies the LDP on (¥, 6,)
with rate £(n) and with rate function

J(h) = inf _K(F). (5.8)
FeM([0,1]): glFl=h

Proof. For any g,f € #, ||f — gllz, = 02(3, f). Thus, under Assumption the map
F — glfl is continuous. The result therefore follows by using Assumption and the

contraction principle |24, Theorem III.20]. O

Proof of Theorem[2.6; We prove (i), (ii), (iii) separately.

(i) lower bound: Let O be an open subset of "/ﬁ, and let @(=9) denote the largest open set

whose e-neighbourhood is contained in @. We have
P(hC € O) = P (Gl € 0 (1 — P(6,(hC", gl"]) > €)). (5.9)
Applying Lemmas and to the first and second terms on the right-hand-side of ([5.9)),

respectively, we obtain

1 - - -
limsup —— log P(h" € ©) = —lim _inf J(h) = — inf J(h). (5.10)
n—00 (n) el0 heO(-2) he©

(1) upper bound: Let C be a closed subset of 7/, and let C(*¢) denote the largest closed set
that contains the e-neighbourhoods of all the points in C. We have

P(hC € C) = P(3lF"] e ¢+ + P(6.(hCn, g1y > ¢). (5.11)
Again applying Lemmas [5.4] and [5.3] to the first and second terms on the right-hand-side of
(5.9), respectively, we obtain

1 - - -
limsup —— log P(h¢" € C) < —lim _inf J(h) = — inf J(h), (5.12)
n—00 @(n) el0 hec(+e) heC

where in the first step we use the fact that £(n) = o((})).

(ii) lower bound: For r € #/, let

F(r.e) = {F e M([0,1]) : |g"] = rl|z, <)}, (5.13)

and observe that, by Assumption the set F'(r,e) is measurable. Under Assumption
we therefore have

1 -
liminf - log P(h%" € O)
oo ()

1 -
> lim lim inf n{logP(Fn € F(r,e)) + logP(h®" € O|F, € F(r, E))]
el0 n—® (2) (5 14)

> —lim [cK(F(r,e)) + sup inf IT[F](B)
el0 FeF(r,e) heO

= —[cJ(F) + inf L(h)].
heO

{RateLDPT}
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In the second step we use the fact that, since M([0,T]) is compact, for any sequence (F},)pnen
in F(r,e) there exists a convergent subsequence, which allows us to apply Lemma In
the final step we use the lower semi-continuity of K and the assumption that F — rl#] is a
continuous mapping from M([0,1]) to (#/, L1), in combination with the fact that, under
Assumption if ||, — ||z, — 0, then I, (h) — I.(h) uniformly over h € # as n — o

(see |18, Lemma 2.3|). Because these arguments hold for any r € # we have

lim inf — log P(h%" € O) = — inf [¢J(7) + inf I.(h)] = — inf {inf [eJ(7) + I.(h)]}. (5.15)
n—w (2) rey heO heO ey

(ii) upper bound: Let L(-,-) be the Lévy metric, let Br(F,e) = {H € M([0,1]): L(H,F) <
e}, and recall that L(-,-) metrises the weak topology. Since M([0,1]) is a compact space, for
any £ > 0 we can construct a finite set F[e] with the property that for any H € M([0,1])
there exists F' € F[e] such that L(F, H) < e. We therefore have

lim sup% log ]P’(ﬁé” eC)

n—® (2)
< lim lim sup log[ Z IP’(FnGBL(F,E))]P’(iLé"eC]FneBL(F,a))]
&0 n—w (2) FeFl[e]
< -1 i K (B (F, f £ 1 o (h
I AR BB + L B i Tyt ()] (5.16)
< -1 i K(BL(F, f £ I (R
B et H B+ il i Tyt (1)
=— min |[cK(F —l—inffT[F] h
FGM([OJ])[ ) heC Gl

inf i K(F) + IIF1(h)]3}.
iﬂc{Fe Al}l(l[gﬂ)[c (F) ()]}

In the second step we apply Assumption Lemma and Laplace’s method, using a
similar justification as in the lower bound. In the fourth step we use lower semi-continuity
of K (Assumption and apply [18, Lemma 2.3]).

(iii): In this case we can apply similar (albeit simpler) arguments as in case (i). O

5.2. Proofs of the results in Section [3l

5.2.1. Large deviations. The next lemma will be used to prove Proposition [3.3]

Lemma 5.5. Subject to Assumption H(-;-,-, Fy) satisfies the LDP with rate {(n) and
with rate function

J(h) = inf K(F). (5.17)

FeMx[0,T]:H(:;-,-,F)=h

Proof. The claim follows from the contraction principle (cf. Lemma . O

Proof of Proposition[3.3 To establish a multi-point LDP, we can follow similar arguments
as in the proof of Theorem (i). For example, to establish the lower bound, pick

{eq:Jdef}
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0<t;<tyg<--- <t <T,let O; be an open subset of W, and let (’)2(75) be as in the proof
of Theorem We have

.. 1
hTILIilgolf m

log P (ﬁGn(m €O, Vi=1,.. k:)

1 _
T ~[Fnl(y. (=8) s _
> 161%1117?10101f e) log [IF’ (g (ti)e O, 7, Yi=1,..., k)

>  inf J(h),
h:h(ti)eOi, ViZI,...,k

where J(h) is given by (5.17)), and we use a similar justification as in the lower bound of

Theorem (i) (applying Lemma in place of Lemma [5.4). The upper bound is again
similar and is therefore omitted.vWith the multi-point LDP established, we can apply the

Dawson-Gértner (|17, Theorem 4.6.1]) projective limit theorem to establish an LDP in the
pointwise topology, and [I7, Lemma 4.6.5| to obtain the specific form of the rate function in
Proposition [3.3] O

Proof of Proposition |3.4. For 6 > 0 and T" > 0, define the modulus of continuity in

D([0,T),7") by

w'(h€",6,T) = infmax  sup 4, (iZG"(s), EG”(t)) , (5.19)

ti ? S,te[ti,ti+1)
where the infimum is over {¢;} satisfying
O=to<t1 < - <tmaa <T <ty (5.20)

and min <<, (t;—t;_1) = 0. By |21, Theorem 4.1] (and the compactness of #'), the sequence
of processes {(hG"(t))te[o,T]}neN are exponentially tight if

1
lim lim sup ——

1(1Gn _ _
i limsup 7o logP (w (h",6,T) > 5) o0 (5.21)

for all e > 0. Suppose that (3.14) holds. We will show that this entails that (5.21)) holds
with ¢; = id for i € {0,...,[T/d]}. Indeed, observe that

-1
sup  ds (ﬁGn(S)jGn(t)) < sup [RGB — RGO < <n> Cn(ti,0). (5.22)

s,t€[ts,tiy1) s,t€[ts,tiy1) 2

Consequently,

P (w'(iLGn, 5,T) > 5) < [T/5] sup P (Cn(t, 5) > 5<”>> . (5.23)

te[0,7] 2
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Hence

1 -
lim limsup —— lo P(w’ hGn 8. T >£>
510 n_,oop l(n) & ( )

im lim su 1 0 1 0 su " (5.24)
< i msup [an) oelT/o1+ gy Lo <te[o,%]P (cutt> <2>)>]

= —00,

where in the final step we apply (3.14) and use the fact that ¢(n) — oo. O

5.2.2. Weak convergence. The next lemma is needed in the proofs of Proposition [3.8 and
Theorem [B.100

Lemma 5.6. Subject to Assumptions and gtfnl = gl on D((#,d.), [0,T)).

Proof. By Assumptions [3.1] and [3.6), we can apply the continuous mapping theorem to
establish that

gF) = g1 on D(, | 15,). [0, 7). (5.25)

Because (#,||-||,) is a stronger topology than (#,d.), this implies the claim. O

Proof of Proposition . By Lemma we have glfn] Fad gl on (#,d,). From (3.6),
Assumption the uniform bound and [10, Lemma 5.11] we know that, for any ¢ € [0, 7],

lim P(3,(h%®, glF) () < &) = 1, (5.26)

which implies that
lin%OIP’(hG"(ti) e B. (gl (ty), e), Vi) = 1. (5.27)
The claim therefore follows from [20, Corollary 3.3]. O

Proof of Theorem (3.10. By Lemma and [20, Corollary 3.3], it suffices to prove that

lgtF] — RGn|| -0,  with probability 1, (5.28)
where || - || denotes the uniform norm. Define ggF"] such that
glfnl(t) = g(6i),  for t € [6i,6(i + 1)). (5.29)
It suffices to show that
lim lim, [H glFn] — gl ) glied _ G ||] —0  with probability 1. (5.30)

We first deal with the second term on the left-hand-side of (5.30)).vBy the same arguments
as in the proof of Proposition for any 4, > 0,

lim P(R%0) e B, (gl"1(8i),e) v i = 0,1,...,|T/5]) = 0. (5.31)

n—o0

{eqn:NG1}

{eqn:CLLN}
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Thus,
3 : [Fn] _ 1.Gn
tim lim P(Jg") — 1O > 22)
T/s .
< lélﬁ)l lirro10 {p(du(g([;Fn] (51), pGn(60) o &)+ P <Cn(t, §) > €(2>>} (5.32)
i=1

where in the final step we apply (5.31) and Assumption . To deal with the first term

on the right-hand-side, we use the fact that gl*l takes values in D((#/,d.),[0,T]). [Need
something slightly more here.] [l

5.3. Proofs of the results in Section 4l

5.3.1. Proofs of the results in Section[4.1 To prove Theorem [3.10] we construct a graphon-
valued process that mimics the behaviour of (h¢»®),>¢ while still falling into the framework
of Section [3] We couple the two processes and demonstrate that, under the coupling, the
probability that the two processes deviate from each other significantly is on the same scale

as the edge-level fluctuations, i.e., of order e (5)+o),

Constructing a mimicking process: Suppose that the process (G} (t))i=0 is characterised by
the following dynamics:
e G*(0) is the empty graph.
e Each vertex v is assigned an independent rate-y Poisson clock. Each time the clock
rings, all the edges that are adjacent to v become inactive.
o If edge 7j is inactive, then it becomes active at rate

)‘(t7 Y;(t), Y}(t)a Fn(t; ')7 g[Fn](t; " ))
e If edge ij is active, then it becomes inactive at rate

Here, gl (t;-,-) is defined in . We point out that the induced reference graphon process
of (G*(t))=0 is indeed gl¥]. Note that the only difference between the transition rates of
(Gn(t))i=0 and (G} (t))t=0 is that in the transition rate functions A(-) and u(-) we have
replaced RG (1) by glFn] (t;-,-))-

Theorem follows by verifying that we can apply Theorem [3.5[to {(Gr(t))t=0}nen, and
using the following lemma.

Lemma 5.7. There exists a coupling of (Gn(t))i=0 and (G%(t))i=o0 such that, for any n > 0,
li L
imsup ——

w3

Proof. The claim is proved in three steps.

log P <|]71G"(t) — BC O, >, for some t € [O,T]) >—-C(n)>0. (5.33)

Step 1: describe the coupling. Let Ciuqp be the maximal value that A(+) and u(-) can take,
ie.,

Craz = max At u,v, F, l~1) v u(t,u,v, F, il), (5.34)
te[0,T],u,ve(0,1],FeM([0,1]),he ¥
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and observe that C),., < 00 because A(+) and p(-) are Lipshitz continuous functions with a
compact domain. Suppose that outcomes of (G, (t))i=0 and (G (t))i=0 are generated in the
following manner.

e For each i € [n], vertex i is assigned the same Poisson clock in both processes, so
that if the clock associated with vertex i rings in (G, (t))i=0 at time s, then the
clock associated with vertex i also rings in (G} (t))¢>0 at time s (and vice-versa).

e Assign each edge the same (coupled) Poisson rate-Ci,q, clock. When the Poisson

clock associated with edge ij rings, generate an outcome u of a U([0, 1]) distribution.

—u < AL, Yi(0), Yj(t), Fn, BGn(t)))/Cmax:
edge ij becomes active in (@n(t))tzo.
— u < A4 Yi(t), Y(t), Fnag[F"l(tQ )/ Crmaa:
edge ij becomes active in (G (t))=0.
(If it was already active, then it remains active.)
e Assign each edge a second (coupled) Poisson rate-Cq, clock. When the Poisson

clock associated with edge 77 rings, generate an outcome u of a U([0, 1]) distribution.

—us M(tv Sfi(t)v }/j(wv Fr, ilGn(t))/Cmax:
edge ij becomes inactive in (én(t))t>0.
—us :u(tv }/i(t)7 ij(t)v an g[Fn](E B ‘))/Cmax:
edge ij becomes inactive in (GZ(t))i>o-
(If it was already inactive, then it remains inactive.)

Step 2: dominate the Ly distance. Observe that if edge ij is inactive in both models and
the clock associated with an edge ij rings, then a difference is formed (i.e., edge ij is active
in one process and inactive in the other) with probability

A Yi(), Y5(0), oy hOm D)) — A(8, Yi(1), Y5 (1), Fo, g7 (15 -, )|

c (5.35)
At any time ¢, by the Lipshitz continuity of A(-),
A Yi(8), Y5(8), Py RO 0)) = A8, Yi(0), Y5 (8), Fy g1 (5, )|
< [u(a " (s, ), ROEO) 6, (ARG (), RGn(1) | (5.36)

< [ (3 Tt ) BERO) 4 [CRO — GO ]

where ¢ is the Lipshitz constant. Observe that an equivalent bound holds when A(-) is
replaced by p(-).
To bound the first term on the right-hand-side of (5.36) we verify that, for any g > 0,

— lim sup (}l)IP) (5D(§(F")(t; L), G 0) > B, for some t € [O,T]) > C1(B) >0. (5.37)
n—0oo 2
This can be done by using similar arguments as in the proof of Theorem [Explain.|
Hence we may assume that 8,(§™)(t;-,-), Ai(®) > 8 for all t € [0, T] and any § > 0.
To bound the second term on the right-hand-side of , first note that when the clock
associated with a vertex rings it can only eliminate differences because in both processes all
edges adjacent to this vertex are then inactive. Consequently, using superposition Poisson

{eqn:rBg}
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processes, we see that the number of differences at time ¢ is dominated by a Markov chain
(Zn(t))i=0 with Z,,(0) = 0 and transition probabilities

i i+1 atrate 2¢Chman [5 (Z) + z] . (5.38)
In other words, on an event with probability 1 — e 18 )(g)”(l), we have
-1
s.t. [n
HhGi(t) _ hc:n(t)HL1 < (2> Zn(t). (5.39)

Note that the first term of the right-hand-side of (5.38)) corresponds to the first term on the
right-hand-side of (5.36)), while the second term of the right-hand-side of ([5.38]) corresponds
to the second term on the right-hand-side of (5.36)).

Step 3: bound the dominating process. By observing that (Zy(t))efo,r) is a pure birth
process, we see that it remains to show that, for any n > 0,

lim sup é) log P <Zn(T) > W(Z)) > —C(n) >0 (5.40)

for some C(n) > 0. To bound Z,(T), let C* := 2¢Cly45. Observe that the Markov chain
(Zn(t))e=0 described by is a continuous-time branching process with immigration.
The initial population size is 0, immigrants arrive at rate 2¢ Cpq20 (g), while individuals in
the population give birth at rate 2¢Cy,q, and die at rate 0. Let X (¢) denote of the number
of descendants that are alive at time 7" of an individual that immigrated to the population
at time ¢ < T'. It was shown by Yule (cf. |23, Chapter V.8|) that

P(X, = i) = e T I —em @ TyiT e, (5.41)

and 0 otherwise, i.e., X — 1 has a geometric distribution with success probability e~ CH(T-1),

£
Note that (since the death rate of individuals is zero) X 82 X; for all t > 0. In addition,

the total number of immigrants has a Poisson distribution with mean C*ﬁ(g)T . Thus,

if {Xékj)}k’geN are i.i.d. copies of Xy and YV = Z,Si)l Y®) | where Y®) ~ Poi(C*BT) is

independent of everything else, then

y |
Zu(T) € Z2(1) = Y X0 2 el (5.42)

i i i y(®
p(s) =B (esZﬁf X§ ””) —E (E (e5) )

* —CTrs (5.49
= exp {C BT (1 (= e 0T — 1) } .

Letting I(z) = supgeg [2s — ¢(s)], and applying Cramer’s theorem, we therefore have

P ( Z5(T) > n(”)) <e ()M v, > EY) =B (Z) TeT, (5.44)

We have

2

The claim now follows by observing that for any n > 0 we can select 8 > 0 sufficiently small
so that I(n) > 0. O



GRAPHON-VALUED PROCESSES 23

5.3.2. Proofs of the results in Section[{.4 |[To be written.]

5.3.3. Proofs of the results in Section[{.3 .
Proof of Proposition[{.4 Pick Py, P, € M([0,T]) and suppose that

1 ry
QJ f xP;(dz) P;i(dy) < e, i=1,2. (5.45)
0 Jo
Observe that if Xi(k) are independent random variables with distribution P;, then
b 1 2
2J f 2Py(dz)P(dy) = E(XM A X@). (5.46)
0 Jo
Let P3 = cP; + (1 — ¢) Py with ¢ € [0,1]. We have
f f 2P3(dz) Ps(dy) = B(X{) A X{?)

= PE(XD A XP) 4+ (1 B A XP) +2¢(1 - B A x1))
<e* (A +(1-0)?) +2e(1 — BXY A xI).

5.47)

Hence it remains to show that E(XP A Xél)) < e*. We have

1
B A X{) - | drB(6 > )X > 0) (5.48)

1 1 1/2
< (J dzP(X; = m)QJ dzP(Xy > x)2> < e, (5.49)
0

0
where in the second step we apply the Cauchy-Schwarz inequality, and in the final step use
(15.45]). O

APPENDIX A. APPENDIX: RATE FUNCTION FOR THE DRIVING PROCESS

To establish an LDP for {(i’f@n(t))te[mT]}neNy we first need to establish an LDP for the
driving process, and thus verify that Assumption [3.2 holds. Note that Lemma [A 1] gives an
LDP for {(f5(t))ie[o,r]}n=0, Where

Z (A1)

In preparation, for A € R, (such that A = [a,b] implies A + ¢ = [a + ¢, b+ ¢]) we let
(A +h) = (A)
D A) = lim .

144(A) = lim N

Lemma A.1. The sequence of processes (f;)nen satisfies the LDP on D([0,T], M([0,1]))
with rate n and with rate function

- LT dt LOO[’YMz‘(dm) — Dy (dz)] + LT dt LOO Dapua(dz)log (/m)

(A.2)

) (A.3)
n L dt f,(0) log(f+(0)/7),

where fi(0) := limp_o p([0, h])/h.

{eq:EDA}

{eq:rateex1}
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Proof. [Some arguments are in the notes document.| O

We apply the standard method of proving sample-path LDPs: establish a finite-dimensional
LDP and prove tightness. [Write out the tightness arguments.|
For t € [0,T7], let

n

_! 2 (A4)

=1
where L, (t) is a random variable on M (R} ). We assume that
(Xi(

(A.5)

0.
a2y

3\'—‘

in M(R;).

Guessing the rate function: Before deriving the finite-dimensional LDP, let us first guess

the one-step rate function (the finite-dimensional LDP is an easy consequence). First note

that if there exists x > 0 such that u(x + t) > v(z), then ¥ (1) = oo. This is because the

only vertices that can be of age x + ¢ at time ¢ are those whose age at time 0 was . When
" () < o0, we expect that

o0
pldz +1)), pld(z +1))
d 1 A6
L ol x)[ v(dr) 8 p(dz)et (4.6)

(D ()]

+ Lt,u(dy) log (‘L(dy)> . (A.8)

dyf}/e_’yy

This is because we can effectively think of simulating the age distribution at time ¢ in two
steps. First, for each initial age window dz we determine what proportion of the vertices
have not turned off. Second, conditional on a vertex turning off in [0, ¢], its age is distributed
according to a truncated exponential with rate v (see explanation below). Thus, we obtain
and from the LDP for sums of Bernoulli random variables, and from
Sanov’s theorem.

Below we will find that this expression is not correct.

Derivation of the rate function: To establish a finite-dimensional LDP we apply [16, Theorem

3.5], which is stated below. In preparation, let
PO, ..., dy") = P(X(tr) € dy®, ..., Xi(t,) € dy), (A.9)
where t = (t1,...,t,) with 0 <t; <to <--- <t, <T.

Theorem A.2. If (A.5) holds, then the measures P((Ly(t1),...,Ln(t;)) € -) satisfy the
LDP with speed n and rate function

I, )

= sup {ZJ pi(dz) fi(z

froeo, freCy(Ry)™
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- fR v(dz)log | PB(dy®, ... dy")exp <Z fz‘(y(i))> }7
+ i=1

RY

where (p1, ..., pur) € M(R4)".

To apply Theorem we need to be able to write down a formula for ngt) (dy™, ... dy™).

By the Markov property, this is essentially equivalent to writing down an expression for ngt)
(i.e., for a single time step). If X;(0) = z, then the probability that X;(t) =z + ¢ is e™7*
(i.e., the probability that the Poisson clock associated with vertex ¢ does not ring in the
time interval [0,¢]). On the other hand, if y < ¢, then the probability that X;(¢) € dy is the
probability that the Poisson clock associated with vertex ¢ rings in the time interval ¢ — dy
(which occurs with probability ydy) and afterwards does not ring again (which occurs with
probability e™7). We thus have

e ify=x+t,
PO (dy) = { ydye if y <t, (A.10)
0 otherwise.

If we apply Theorem [AZ2] for a single time step, then we obtain

1) = sup UOO n(d2) (=) - f " () log ( f ; Pagt)(dy)ef(y)>}

feCy([0,00)) LJO 0 0

Q0 Q0 t
= sup [j w(dz)f(z) — j v(dz) log (e_VHf(xH) + f dy'ye_w”f(y))] .
feCy[0,00) LJo 0 0
(A.11)

We would like to derive a closed form expression for 1) (1). To do this, we first take the
derivative of

Q0 Q0 t
f pu(dz)f(z) — f v(dz)log <e'7t+f(m+t) + J dy ’ye”wf(y)) (A.12)
0 0 0

with respect to f(x + t) when z > 0, and set this to 0. This gives

; | et l@t) 0 A13
o _ .
pld(z + 1)) — o x)e*vtﬁﬂx+0—+§édyve*7y+f@) ’ A

which implies

w(d(x +t)) Jt dy ye~ W) — [p(de) — p(d(z + 1))] et @D, A
0
Thus,
oSt _ MA@+ 1) { dyye 1w+ W)
e [v(dz) — ,u(g(a: +1))] et (A.15)
and

(A.16)

p(d(z +t)) § dy ye 1w+ W)
[v(dz) — p(d(z +t))] e

flz+1) =log<

{DZc}

{JEq}

{fxtE}
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Substituting (A.16) into (A.12), we obtain

0 [v(dz) — p(d(z +¢))] e

7 i) 1o e_ytﬂ(d(fﬁ+t))Sf)dy7e*W+f<y) I——
) (d“g< R ETc e e

a OO ! —y+f(y
- J u(dz) f(2) + J p(d(x + 1)) log (H(d(x +1) §ody e A )>
0

~ [ waare)+ | " pld(z + 1)) log (

0 0

_ JO " o(de) log <U<dx) - %)(
_ f § u(d(z + t)) log ( St

0
-], vian s <v<dx> e t)))
# [ w2 76— [ lotan) - e+ optog ([ aye ).

0 0

pu(d(a + 1)) § dy ye 1+ ®)
[v(dz) — p(d(z + t))] et

t
dy ye WS (y))
t) fo

8

+ +
=
N———

(A.17)
We now optimise over f(z), 0 < z < t. To do this, we take the derivative of
t— o t
{fuwrE} J wu(dz) f(z) — J [v(dx) — p(d(z +t))]log <f dz ve_7z+f(z)> (A.18)
0 0 0
t— o0 t
{f1wrE} = j p(dz) f(z) — (1 *J ,u(d:n)) log (J dz 76_73+f(z)> (A.19)
0 t+ 0
with respect to f(z) for a fixed z € [0,¢], and set this to 0. We obtain
o0 —vz+f(2)
pia) = (1= [ tan)) I o0 (A.20)
t+ SO dz 'ye'YZJFf(Z)
which implies that
t o
u(dz)J dy ve WH W) = (1 - J ,u(d:v)) dz e #H (), (A.21)
0 t+
Thus,
t —yy+f
of(2) _ _#d2) fy dy e v (A.22)
<1 — S:fr ,u(da:)) dzye=7?
and
d2) ¢ dy ve— 1yt ()
{£zLur} £(2) = log [ A192) Jody e . (A.23)
(1 - Stoi p(dx)) dzye=?
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Substituting (A.23)) into (A.19]), we obtain

Lt p(dz) log ( (fmigiizz;iiy;) — (1 — f: u(dx)) log ( L ds ’ye'YZ+f(Z)>

-| " () log < d“i‘il) - f; (d2) log (f; M(d2)> .

Combining this with (A.18]), we obtain

(A.24)

B Loov(dx) log(v(dz)) — Ot_ p(dz) log ( Ot_ M(dz)) + Ot_ u(dz) log ( p(dz) Z>

_ L@O o(do) [v(dx) —Uudd(x +0) 1 (v(dx) :)ég(s)(x + t)))

(
pld@z +1)), (pld(@+1)
* v(dx) : g( e ty(dx) )}
_l’_

Rearranging further, we obtain

(A.25)

v(dz) — p(d(z + t)))
v(de) i p(d2)

+ Lt u(dz) log < dg(wiz)w) .

{FDRF}
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Is this expression correct?: If we rewrite the expression that we guessed for the rate function

in (A.6)—(A.8), then we have
0

O p(dGe + 1)
170 = | e+ o) 1os BT

[ Iotan) — tata + o105 (4.26)

0

+ f;u(dy) log (%) :

We then need to determine which of (A.25]) or (A.26]) gives the correct expression for the

rate function.vWe know that if all individuals initially have the same age, then Lgt) (1) is

the relative entropy from Pv(t) to p. Suppose that

v(dx) — p(d(z + t)))
v(dx) (1 —e™)

1 ifz=0
o(dz) =47 G (A.27)

0, otherwise.

From we have
I () = () log (’e“‘_(il) + (1= p(t)) log G_ugg)

+ Lt p(dy) log (ﬂ)
= pu(t) log <5—<2> + J:_ p(dy) log (Mdy)> ,

dy P)/e_'Vy
(A.28)

which is the relative entropy from P to p. Thus, we expect (A.25) to be the correct
expression for the rate function.

[References need to be made complete and need to be checked.]
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