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ABSTRACT. In [AdHR2I] models from population genetics were used to define stochastic dy-
namics in the space of graphons arising as continuum limits of dense graphs. In the present paper
we exhibit an example of a simple neutral population genetics model for which this dynamics
is a Markovian diffusion that can be characterised as the solution of a martingale problem. In
particular, we consider a Markov chain in the space of finite graphs that resembles a Moran
model with resampling and mutation. We encode the finite graphs as graphemes, which can be
represented as a triple consisting of a vertex set, an adjacency matrix and a sampling measure.
We equip the space of graphons with convergence of sample subgraph densities and show that
the grapheme-valued Markov chain converges to a grapheme-valued diffusion as the number of
vertices goes to infinity. We show that the grapheme-valued diffusion has a stationary distribu-
tion that is linked to the Poisson-Dirichlet distribution. In a companion paper [GdHKW23| we
build up a general theory for obtaining grapheme-valued diffusions via genealogies of models in
population genetics.
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1. INTRODUCTION AND BACKGROUND

In [AdHR21], stochastic processes with values in the space of graphons where constructed
based on dynamics from population genetics. Even though this paper provided a large class of
examples, intended as a proof of concept, no general theory was developed and consequently many
structural questions remained open. For instance, it was not clear whether or not the examples
that were constructed are strong Markov processes that can be described by a generator acting
on a dense class of test functions on the graphon space. Moreover, all the examples had trivial
equilibria concentrated on constant graphons.

The goal of the present paper is to give an example, based on resampling and mutation, to
construct a graphon-valued diffusion via a well-posed martingale problem. To do so, we equip
the space of graphons with convergence of subgraph densities, which can be viewed as a sample
adjacency distribution. This follows approaches of sample convergence of distance matrices
(IGPWQ9], [LVW15]) and shapes ([LMW20], [LW21]) used in the context of random trees.

We start with finite Markov chains (graph-valued, with values in the space of adjacency
matrices) and provide a duality relation for a finite-graph-valued Markovian dynamics that can
be lifted to a limiting graphon-valued Markovian dynamics. We show that the limiting dynamics
takes place in the subspace of graphemes, which are countable graphs embedded in a Polish space
that can be viewed as graphs with an adjacency structure. We use a criterion to decide whether
or not a graphon is a grapheme in terms of the entropy of the sample adjacency distribution,
and apply this criterion to come up with a criterion for relative compactness. Since the finite-
graph-valued dynamics moves through the space of finite graphs with complete components, we
introduce the subspace of complete component graphons and show that it is a closed subspace
of the space of graphons. The limiting diffusion is introduced by means of a martingale problem.
We consider so-called sample adjacency polynomials, which describe the subtree count densities,
and use these as test functions to write down a well-posed martingale problem. We verify that
the limit of the stationary distribution of the finite-graph-valued dynamics is the stationary
distribution of the graphon-valued dynamics.

In a companion paper [GAHKW23], we build up a general theory for obtaining grapheme-
valued diffusions via genealogies of models in population genetics. Like in [AdHR21], we exploit
the machinery developed for models from population dynamics, but we add the idea to also
exploit the tree structure behind the genealogy of populations, which is both natural and con-
venient. The specific model analysed in the present paper serves as an illustration.

The rest of the paper is structured as follows. In Section [2, we introduce the poaching model
with self-employment, which is our finite-graph-valued Markov chain with a fixed vertex set. To
be able to evaluate this dynamics with test functions inducing our notion of convergence, we
translate it to a Markov chain taking values in the adjacency matrices. In order to establish
the stationary distribution, we further relate our model to a Moran model with mutation. In
Section [3] we recall the notion of a graphon, provide examples, and discuss several topological
issues that we will further use. In particular, we introduce the subspace of graphemes and
graphs with complete graph components. In Section [l we formulate the martingale problem of
the diffusion limit as the number of vertices goes to infinity and study its properties.
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2. FINITE-STATE MARKOV CHAINS

In this section, we consider three closely related Markov chains. In Subsection 2.1 we consider
a Markov chain on the space of finite graphs with a fixed number of vertices. In Subsection
we consider the functional of this Markov chain that observes the dynamics of the adjacency
matrix. In Subsection we link the two Markov chains to the Moran model with mutation.

2.1. The Markov chain with values in the space of finite graphs. By an N-graph, we
mean an undirected labelled graph G = (V, E) with #V = N vertices, labelled by the index set
[N] :={1,2,...,N}. We write

(2.1) G" := the space of N-graphs.

We introduce the N-graph poaching model with self-employment, i.e., the following continuous-
time Markov chain X = (X;);>0 on the space G of N-graphs:

e Poaching. For each pair (v,v') € V2, at rate 1, the vertex v forces the vertex v’ to
give up all its connections and instead reconnect with the vertex v as well as with all its
adjacent vertices, i.e., with all v" € V such that {v,v"} € E.

e Self-employment. For each vertex v € V, at rate u > 0, the vertex v isolates itself by
disconnecting from all other vertices.

N

N s acts on a function f: GV — R as

For this Markov chain, the infinitesimal generator (2
follows: for all G = (V, E),

(2.2) QWG = D [HG)) = F(@)] + 1) [F(GY) - F(G)],

v £V €V veV

where G(V1:¥2) denotes the N-graph G after vertex vo was poached by vertex vy, and GV denotes
the N-graph G after the vertex v became self-employed.

Denote by Gﬁmplete the subspace of GV consisting of graphs whose connected components are
all complete, i.e.,
(2.3) Ggmplete = {G =(V,E) € GV {vo,v3} € E if {vy,va},{v1,v3} € E,

{1)2,7}3} Q FEif {1)1,1)2}, {1}1,7)3} g E}

Note that any G & GV is a transient state of X. Moreover, on GV the Markov chain

complete complete
is irreducible. Therefore, the Markov chain converges, for all initial N-graphs, to the unique
stationary distribution Wé\faph that is supported on G

To describe wgaph, for each G = (V, E) € GV, let two vertices fall into the same connected

component if and only if their labels belong to the same partition element. Define

complete*

(2.4) Comp(G) := set of connected components of G,

and consider the map g: GV — Ny (N) given by

(2.5) 9@ = > O

weComp(QG)

where NV(N) is the set of integer-valued measures v on N with >, . kv(k) = N.
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Proposition 2.1 (Stationary distribution and ergodicity). For N € N and G € G", define

N @0

N -
(26) Trgraph(G) T ]:Hl (,LL _|_ (j _ 1)) 1G§;aph (G>
Then, for all initial states G € GV,
(2.7) EG(XtN) = 7ré\rfaph'

t—o0

Later on, we declare two N-graphs G = (V, E) and G’ = (V', E’) to be equivalent if and only
if they are isomorphic to each other, i.e., if there is a one-to-one map ~: V — V' such that
{v,w} € E if and only if {y(v),y(W)} € E'. If G = (V,E) and G’ = (V', E’) are equivalent, we
write G ~ G’, and let

(2.8) G =(V,E)] :=={G = (V',E') with G ~ G'}
be the isomorphism class of G, and
(2.9) GN= = {[G); G e GN}.

Obviously, if G € GY

complete?
then

N .
(2.10) #[6] = TL (" g 6))

then G’ € [G] if and only of g(G) = g(G"). Moreover, if G € G~

complete?

-1

Definition 2.2 (Multivariate Ewens Distribution N-graph). Fix N € N. We refer to a random
element GYY, in GV as the multivariate Ewens distribution (MED) N-graph if

complete
(2'11) ]P)(g(GﬁED) = V) = lev\ifED (V)7
where 7)Y, denotes the multivariate Ewens distribution on NV (N) given by
N v(j)

N!
(2.12) 7r1]v1VED(V) - p(p+1) - (u+N—1) j]:[1 GO (v ()

[ )

The MED was introduced in [Ewe72] (compare also with [DT86]), and gives the probability
of the partition of a sample of N selectively equivalent genes into a number of different gene
types (alleles), either exactly in some models of genetic evolution or as a limiting distribution
(as the population size tends to infinity) in others. It was discovered independently in [Ant74]
in the context of Bayesian statistics. See [JKB97, Chapter 41] for a survey on the MED.

We claim that MED-N-graphs are the unique stationary random graphs for the poaching
model with self-employment lifted to GN~.

Proposition 2.3 (Ergodicity). Let G, be the MED N-graph, and X~ = (X}¥)i>0 be the G -
valued Markov chain with poaching and self-employment. Then, for all initial states G € G,

(2.13) La([x) = L[]
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From Proposition we obtain the following (see, for example, [JKB97]).

Corollary 2.4 (Properties of the equilibrium graph). Let {;, i € N} be a family of independent
Bernoulli random variables with P(§; =1) =1 —-P(& =0) = (1 + %)_1. Then,

N
(2.14) £(#Comp(Glep)) = £( D 6).
=1

The appearance of the MED is not by accident: the graph dynamics with poaching and self-
employment is closely related to one of the simplest neutral stationary population models. We
will introduce this model in Subsection where we also provide the proof of Proposition

2.2. The Markov chain with values in the space of adjacency matrices. In this sub-
section, we introduce a second Markov chain, taking values in the space of adjacency matrices,
that in some sense also describes the graph dynamics with poaching and self-employment.

Definition 2.5 (Adjacency matrix). For a finite subset Z C N, we call a symmetric Z x E-matrix
A = (4;;)ije= an adjacency matriz on Z if A; ; € {0,1} and A;; = 0 for all 4,5 € Z. We let

(2.15) A= := the space of all adjacency matrices on Z,
and
(2.16) Ay = | J As
EC[N]
the space of all adjacency matrices on a finite subset of [IV]. [ )

For N € N and E C [N], we are interested in the 2Az-valued Markov chain M= = (M7)¢>0
that, given the current state A € 2z, has the following dynamics:

e Duplication. For all i # j € =, at rate 1 A is replaced by 0; ;(A) € 2z, where

Akl if j & {k, 1},
(217) (Uivj(A))k,l = Ai,l + (SN, lfj = k,
Ak,i + 6]6’1', lfj =1.
e Grounding. For all i € =, at rate u > 0 A is replaced by 0;(A) € Az, where

ot o 1200

In what follows, we will refer to this Markov chain as the duplication model with grounding.
The infinitesimal generator Q= of this Markov chain is the operator acting on a function

adjacency

¢: A= — R as follows: for all A € A=,

(2.19) (i scaney ) (A) = D [(03,5(A)) = d(A)] + 1) [6(0i(A)) — $(A)].
i#jE€E i€E

For an N-graph G = (V, E) € GV, a subset

distinct entries, write

(2.20) adj((z1,...,z4=) = (1Le({z;, l‘j})i,jeE

C [N], and a vector (z1,...,z4=) € V= with

(1]
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for the adjacency matriz on Z generated by the vector (x1,...,x=) € V=. Note that the 2N
valued duplication model with grounding is linked with the G"-valued poaching model with
self-employment as follows: if f: G — R has the form f(G) = ¢ o adj((v(r, - - -, vy)) for
G = (V, E) and some ordering (v(y),...,v(y)) of V, then

(2.21) £G((f(XtN))t20) = ﬁadj((v<1),...,v(N>))((qﬁ(Mt[N]))tzo)-

The main goal of the present paper is to show that the poaching model with self-employment
converges to a diffusion with values in the space of continuum limits of finite graphs. The
corresponding notion of convergence will be introduced in Section [3|and relies on the convergence
of densities of finite subgraphs. We are particularly interested in the dynamics of these subgraph
densities. Subgraph densities are given by the probability that the subgraph spanned by a sample
of vertices agrees with a given graph of the prescribed sample size. They are captured by test
functions of the form

; N — k) .
(2.22) PEA(G) = (N‘) 3 1A<adj((:v1, o ,x#g))),
T (@1,empz)EVE w1 @0, 2 b =HE

where Z C [N] and A € A=. We refer to ®*4(G) as the density of the k-graph with A € Ak
within the N-graph G = (V, E).
A simple consequence of (2.21)) is the following.

Lemma 2.6 (Generator action on subgraph densities). Let G = (V,E), N € N, E C [N] and
A €d=. Then,

(2.23) (Ve 2>4)(@) = (NN_uk)‘ > O joceney 1 (adj(z)).

Lemma [2.6] allows us to express the action of the generator of the N-graph-valued poaching
with self-employment model on subgraph densities as follows.

Proposition 2.7 (Graph dynamics acting on subgraph densities). Let N € N, 2 C [N] and
A €d=. Then, for G = (V,E),

(2 @5(G)

graph

= 3 [tafdi = A+ 0, e BN {5} @A (G) - 024G
(2.24) i#£jES

tuy [1,4{14]-,1 =0, V(e 2} R\ () - @EvA(G)},

jEB

where ¥;(A) = (Ak,1)kiez\{5} 18 the adjacency matriz A on = with the entries in the 7™ row and
column erased.
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Proof. Let G = (V,E), N € N, E C [N], z = (1,...,74=) € V= with distinct entries, and
A € 2=. Then,

(Qjacency 14) (adj ()
= 3 [1a(ous(adi(@)) ~ La(adi(@)) | + 3 [14(0i(adi@))) — 14 (acti(@))]

i#jER €2

B2) = 37 [y = Ay 0 VL€ 2\ {1 Ly, (9 (adj(2))) — 14 (adj(2))]
i#£jES
Fud (1AL =0, V1€ EYy, 04 (93 (adi(2) — 1a(adi(z))|.

Here we use that o; ;(B) = A if and only if 9;(B) = 0;(A) and A; ; = A;;+9;,; for all I € 2\ {j},
and that 0;(B) = A if and only if ¥;(B) = ¥;(A) and Ay ; = 0 for all i € Z. Averaging the latter
relation over all #Z=-element subsets of V', we get the claim. U

We close this subsection with a duality relation which, due to the special algebraic form of
the generator as stated in Lemma can later be lifted to a duality relation for the limiting
diffusion we want to construct. To consider the time-reversed Markov chain, we fix N € N,
denote by ¢ iA the rate at which the 2yj-valued duplication model with grounding jumps from

A to A, and put
(226) Tai=daia AAEUN

We can again characterise the backward chain analytically through its generator {2 ﬁjmncy
on functions ¢: Ay — R as follows:

(2.27) O e d(A) = 37 Ty a[0(A) - 6(4)].

AEQ[[N]

acting

As observed and exploited in [Seil5], if the state space of a Markov chain is finite, then there
is a Feynman-Kac duality relation to the time-reversed Markov chain, with the duality function
given by

(2.28) H(AA):=1{A= A}, A AcUy,

and with the potential being the difference of the total rates in the backward and forward time
Markov chain, i.e.,

/BKZ(A) = Z [?A,A_QA,A}

AEQ[[N]
= [N(N —1) —#{1 <i#j<N: Ajp=Ap+ 06, Vk € [N]}]

Fu(N = #{i €[V A =0k e [N]}).

Proposition 2.8 (Feynman-Kac duality). Let M = (M;)i>0 and M = (Mt)tzo be the above
U n)-valued Markov chains forward and backward in time, respectively. Then, for all A, A € Ay,

(2.29)

(2.30) Pa(M, = A) =E; [1,4(%) exp (/Ot B (M
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Proof. For all A, A € AN,
(2 )(A) = (Qjacancy H) (A, A)
B

adjacancy A
= > aip|H(B.A) - H(A,4)|
BEQ[[N]

(2.31)

k=l
2=

= ( adjacancy )(A’ A) + /BKZ(A)H(AN’ A)

Due to the finiteness of V', the potential 3 N(fl)) is bounded from above and so the claim follows
(see e.g. [EK86l, Theorem 4.4.11]). O

2.3. The Moran model with mutation. Let K := [0,1] and N € N. An element (z1,...,2y)
€ K¥ is referred to as an N-population with genetic types in K = [0,1]. In this subsection, we
consider one of the simplest selectively neutral KV-valued Markov chains Y = (Y2)¢>0. Given
the current N-population (z1,...,zy), the evolution of Y is given by:
e Resampling. For each pair 4,5 € [N] with i < j, at rate 1, the j'" individual is pushed
out of the population and is replaced by a clone of the i individual.
e Mutation. For each i € [N], at rate u > 0, the genetic type of the i*" individual is
replaced by a new type uniformly sampled from K.

The infinitesimal generator QL. of this Markov chain acts on bounded continuous functions
f: KN — R as follows: for all z € KV,

(232 W)@ = > [F05) - +u2 / ) - £(@)] aw.
1<i#j<N
where, for each i, € [N] with ¢ # j, 6,; denotes the replacement operator that sends the
N-population z € KV to the N-population ¢; ;(z) € KV such that, for all k € [N],
Tk, if k& 7& j7
2.33 0; i =
( ) ( w(&))k {ﬂfi, if k= 7,
and, for ¢ € [N] and y € K, /il denotes the mutation operator that sends the N-population

T € KN to the N-population x?(z) € K such that, for all k € [V],

=y el
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We rely on the resampling model with mutation to provide a proof of Proposition[2.3] For that,
recall that NV (N) denotes the set of integer-valued measures v on N with >,y kv(k) = N,
and consider the function h: KV — N }V (Np) that evaluates for an N-population the frequency

spectrum of types in the population, i.e., for z € KV,

(2.35) h((zr,.2n)) = > SufieVinimy € N(N).
ye{xl,...,xN}
Lemma 2.9 (Frequency spectrum dynamics). Let Z := (Z;)¢>0 be given by Z; := h(Y:). Then Z
is an NN (N)-valued Markov chain whose generator Q. ... acts on functions F: NN (N) — R
as follows:
(ngsquencyF) (V)
N-1 N
=33 kv ka (v(k2) = Sk ) [F (v = 0k, = B + Sryi1 + 0,1) = F(0)]
k1=1ko=2
(2.36)

N-1
+ 3 B ) (V1) = Oy 1) [F (v = 08, = 01+ 64,41) = F(v)]
k1=1

N
> kw(k) [F(v = 8+ 81+ 6 1) — F(v))].
k=2

Proof. For all F': NN(N) — R,
(QmeutF © h) ((x17 D 7xN))

— Z [Foh(@i’j(g)) — Foh(g)] +Mi/01 ( _ [Foh(ﬁ?(g)) — Foh(g)} dy
1<i£j<N i—1

N—-1 N

—_— ST kawlkke (v(ke) — Gk 5,) [F(h(g) — Oy = Oy + Opys1 + Opy1) — F(h@))]
. k1=1ko=2

N—-1
+ 3 kaw(k) (v(1) = 6,.1) [F(h(@ — Gy — 01+ Ok 41) — F(h(g))}

k=1
N
Y kow(ko) [F(h(z) — b, + 1) — F(h(z))].
ko=2
As h: KNV — NN(N) is surjective, the claim follows. O

Recall the MED-N-graph from Definition The next lemma states that the MED distri-
bution is invariant under the dynamics of the frequency spectrum under the resampling model
with mutation. We believe this fact to be known, but were unable to find a reference in the
literature and therefore provide a proof here.

Lemma 2.10 (Frequency spectrum of the resampling model with mutation). The multivariate

Ewens distribution w2 is the unique stationary distribution.
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Proof. For v,v € Ny(N), once more denote by ¢(7,v) the rate to jump from 7 to v, and put
q(v) = X enyv) 4(vs V') for the total rate to jump away from v. We start by showing that

7V . is indeed a stationary distribution, i.e., for all v € Ny (N),

(2.38) Z 7TI\J/IVED (D) q(v,v) = Q(V)WI{/IVED(V)'
7eNN (N)

Note that

kov(ko), it v=0—0k, + 01+ dky—1, for kg € [N]\{l}
k1v(k1)ko (ﬁ(kQ) — 5k1,k2)> ifv="0— 0k, — Oy + Oky+1 + Oky—1,

(239)  _ for y € [N — 1], ks € [N]\ {1},
ki (k1) (2(1) — Ok, 1) if v="0—08 — 6k, + 0,41, for k1 € {N — 1},
0, else;
or, equivalently,
q(7,v)
(1uko(v(ko) + 1), if v =0 — g, + 01 + Opy_1, for kg € [N]\ {1}

k1 (l/(k‘l) + 1+ 5k1,k2 — 5k1+1,k2) ifv=v-— (5k2 — 5k1 + (5k1+1 + 5k271>
= X ko (I/(k‘g) +1-— 5]“_:,_17]@2), for ky € [N — 1], ko € [N] \ {1},
ki(v(k) + 140, 1) (v(1) +1), ifv=0—081 — 06k, + 0,41, for ky € [N —1],

0, else.

(2.40)

Moreover, for all v € Ny (N),

(2.41)
N-1 N N—-1
Q= Z Qo1 +61+8ky—1 T Z Qu,v—61) —Oky +0ky +1+0ky—1 T Z Qu,v—61) —61+8k, +1°
ko=2 k1=1 ko=2 k1=1
Thus,
(2.42)
N-1 N N-1
G =pn(N—vD)+ > kwlk) > kw(k)+ > (k)?v(k)(v(kr) — 1)
ki=1 ko=2,ko#k k1=1

v(1)N 1{v(N) =0} — v(1)(v(1) — 1)

=p(N —v(1)) + Z_ kiv(ki) (N — v(1) — kiv(ki) + v(1)0k, 1)
k1=1

v(1)N1{v(N) =0} — v(1)(v(1) — 1)
= pu(N —v(1)) + (N —v(1))N1{v(N) = 0} + v(1)N 1{v(N) = 0} — v(1)(v(1) — 1)
= u(N —v(1) + N*1{y(N) =0} — v(1)(v(1) — 1).

v(ky) — 1)

||F12
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We therefore find that

Z ﬂgED (ﬁ) q(z?, 1/)

veNN (N)

N
=p Z 7T1\]/\I]ED (V + Oy — 01 — 61@0*1) ko (V(ko) + 1)
ko—2
N-1 N
+ Z Z 7T1\J/YED (V + 0k, + 0k, — Oky+1 — 5/@—1)
k=1 kp=2
Xk (V(K1) + 14 Oy ky = Oy 41,0 K2 (V(R2) +1 = Oy 41h2))
N-1
+ Z Toven (V4 0y + 61 = 8y 1) kr (v(kr) + 14 6y1) ((1) +1).
k=1

(2.43)

For all ky € [N]\ {1},

N (I/—{—(Sk — 01 — Ok _1) 1 ko—1
2.44 MED 0 9 =—v(1)(v(kg—1) =6 —_—

while, for all k; € [N — 1] and kg € [N]\ {1},

7TgED (V + 61431 + 5162 - 6k1+1 - 5k2—1)

(2.45) mifen ()

(k1 +1 = Oy 41,05 (k2 — 1 4 Oy 4105 )V (K1 + 1 — Oy 410, )V (K2 — 1 4 Oy +1.8)
kiko(v(k1) + 1+ Oy ky — Oky+1,k) (V(R2) + 1 — Ok 41.k,) ’

and, for all k; € [N — 1],

Taign (V + Ok + 01 — 01y 11) _ (k1 + (ks +1)

(2.46) ) T )+ 1+ o) () + 1)
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Thus, indeed,
(2.47)

Z WI{/\I]ED([)) q(7,v)

veNN (N)

N
= e () 1(1) D (ko = 1) (v(ko — 1) = b,)
ko=2
N—-1 N

+ ) (k1= Gk g1k (k2 — 1+ Ok, 1)V (K1 4 1= Oy 1) (k2 — 1T+ Ok 415
k‘lfl k’g*?

+MZ (k1 +1 k1+1)}

k1=1

= ﬂ'l\]}[ED(V){I/(l)N 1{v(N) =0} — 1/(1)(1/(1) - l) + u(N — 1/(1))

N
+ 3 kalks — Dw(k)w(ks - 1) Z kv (k) (ks — 1w (ks — 1)}

k=2 k1 =2 ko=2ko#k1

= 7T1]\,[VED(I/){V(1)N 1{v(N) =0} — V(l)(l/(l) — 1) + /L(N - V(].))

N
+ ) ka(kr = Dw(k)v(k — 1) + N 1{v(N) = 0}(N — v(1))
k1=2

N
= > k(= D)ok — 1)}
k1=2
= WI{YED(V)QV'

Since Z is irreducible, 7., is the unique stationary distribution. (]

The Moran model with resampling is linked to the poaching model with self-employment as
follows.

Proposition 2.11 (Link to N-graph dynamics). Fiz N € N. Given G € G ... and y =
(y1,...,yn) € KN with g(G) = h(y), the poaching model with self-employment X starting in

Xo =G can be coupled with the resampling model with mutation Y starting in Yo =y so that
(2.48) 9(Go) = h(Y),  t>0.

Proof. Let IT' = {HZ1 ji1<i#Fj<N } be a family of independent rate-1 Poisson point processes
on [0,00) indexed by i # j € [N]. Further, let II> be a Poisson point process on [N] x [0, 00)
with intensity measure n® udt, where n denotes the counting measure on N and dt the Lebesgue
measure on [0, 00). Think of H1 as putting an atom at those times, at which individual ¢ replaces
the type of individual j by 1ts own type, and of II? as putting an atom at (4,¢) if a mutation
event involving the individual ¢ happens at time ¢t. Moreover, let K = {K;(n): n € N,i € [N]}
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be of family of independent [0, 1]-valued random variables uniformly distributed on [0, 1]. Think
of K;(n) as the type of individual i between its n'® and (n + 1) mutation. Let (2, A,P) be a
probability space on which IT!, II? and K are defined.

We next define the poaching model with self-employment and the Moran model with mutation
on (2, A,P) as solutions of an SED driven by II', II*> and K. For that we think of a tuple
(i,t) € [N] x [0,00) as the individual (or vertex) i at time ¢, and we denote by pr, , and pr,, .
the maps that send (i,7) to its individual name and time, respectively. As usual, we can use
the above point processes to define, for all 0 < s < ¢ and 4, € [IN], an ancestral relationship.
For that, we declare (7, s) to be an ancestor of (7, ¢) if and only if there exist finitely many times
s=tg <ty <ty <. <ty <typy1 =t and finitely many i = ig,i1,...,%9,ip+1 = j € [N] such
that II} . ({t;}) = 1 for all I € [n + 1] and I12({i;} x (t;, ;1)) = 0 for all € {0,...,n}. We

11,0
refer to (i, s) as the earliest ancestor of (j,t) in [0,00) if s < &' for all other ancestors (i/,s") of

(4, 1)
We start with the Moran model with mutation. Define, for # € N and ¢ > 0,
yA[O t] (7' t)’ lf prtime(A[O,t] (Z7 t)) = 07
K a(Ag () (0)s 1 TP, (A6, 1))} % [0, pry. (A4 (i,1))]) = n.

In particular, ?;N(()) = y;. Clearly, YN = (?N( t))t>0 is a Moran model with mutation.

Next, for ¢ > 0 define the graph G; = (V, E;) € Gcomplete by choosing an arbitrary isomorphism
between V' and [N] w.r.t. G = (V, E), i.e., a bijection v: V — [N] such that y,-1(,) = Y101
whenever {v,v’'} € E. This is possible because #V = N and ¢(G) = h(y) by assumption. For
t>0, let

(2.50) Ey = {{v,v'}: 0,0 € Vo # 0, Y10 (t) = Yo (8) }-

(2.49) YN(t) = {

)
In particular, Eo := {{v,v'}: v,v" € Vv # v, y,-115) = Y51y} It follows immediately that
. holds for all ¢ > 0, and so it remains to show that G = ((V, E;))so is the poaching model
with self-employment.

Note that the edge set process (E;);>o jumps at the same times as the Moran model with
mutation (f@N )t>0. Moreover, as the latter is a pure-jump process, we can track the different
jumps separately. If Hzlj({t}) =1 for some i # j € [N], then YN (t—) jumps to 6; ;(YN(t—))
(with 6; ; as introduced in (2.33])). This jump happens at rate 1 and translates into a jump from
(V,Ei_) to (V, B, )0 @27 (0) | ie., the graph built from (V, E,_) by v (i) poaching v~ ()
(compare with (2.2)). On the other hand, if IT*({(4,¢)}) = 1 and II*({i} x [0,¢]) = n for some
i € [N]and n € N, then YN (t—) jumps to /-;Z-Ki(n)(f/N(t—)) (with kX (y) as introduced in )
This jump happens with rate p and translates into a jump from (V,E;_) to (V,E;_)7 (@),
i.e., the graph built from (V, E;_) by letting y~!(i) leave its component and start a singleton
component (compare with (| - This implies that (ét)tzo is indeed the poaching model with
self-employment. As Gy = G € Gﬁfmplete and Ggmplete is invariant under the dynamics, it follows

also that (2.48)) holds. O
We close this section with a proof of Proposition stated in the form of a Corollary

Corollary 2.12 (Proof of Proposition . If X starts in Gg € GN and YN starts in y € KV,
then L(X;) = LGN
t—o0
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Proof. Let X start in G € GY and YV start in y € KN with g(G) = h(y). Then, since Y

complete

is irreducible, for all v € NV (N),

(2.51) IP)g(G) (g(é(t)) = V) = I[Dh(y) (h(f/N(t)) = V) H:;ﬂ—ﬂED({V})'

As the poaching model with self-employment enters Ggmplem in finite time and does not leave
G({melete afterwards, 1) extends to initial N-graphs G € G, i.e.,

(2.52) Py(c) (9(G(t) = v) = mlfen ({v}).

3. DIFFUSIONS FOR GRAPHONS AND GRAPHEMES

In this section, we provide preliminaries on graphons that arise as limits of dense finite graphs
as the number of vertices tends to infinity (Subsection . These graphons often show features
of random graphs. For the purpose of the present paper, we are only interested in the subspace of
those graphons that are non-random, and that will be referred to as graphemes (Subsection.

3.1. The space of graphons. Recall that an N-graph G = (V, F) is an undirected graph with
#V = N. A class of functionals that allows us to evaluate N-graphs is the following class of
subgraph densities (compare also with (2.22))).

Definition 3.1 (Subgraph density). For N € N, let G = (V, E) be an N-graph. Consider a
finite graph F' = (Vp, Er). The F-subgraph density ® evaluates the relative frequency of F' as
a subgraph of G, i.e.,
1010
oF (G) = U Vo) 7.0)
#inj(Vp, V)
x> II  te(o@.e0))  TI  Lem({6(0).0()}),

¢€inf(Vr,Vg) e=(v,v')EER e=(v,v")ebER

(3.1)

where inj(V, V') denotes the set of all injective maps from V to V’ and CE denotes the set of all
two-point sets that are not connected by an edge. [

Remark 3.2 (Subgraph counts). Dense graph limit theory usually relies on subgraph counts
that are defined via an injective homomorphism and lead to test functions of the form: for
N €N and F € G* with k > N,

Goy (@)= TURTDZ0 s T 1 ().

#IDJ( F G) ~v€inf(Vp,Vg) e=(v,v')EER

Note that the class of test functions of the form (3.1)) and (3.2) generate the same algebra, i.e.,
each of them can be expressed as a linear combination of finitely many of the others. [

Recall further from (2.8)) that we consider two finite graphs G = (V, E) and G’ = (V', E')
as equivalent if and only if there is an isomorphism v: V — V' with {v,w} € F if and only if

{y(v),7(w)} € E".

Lemma 3.3 (On isomorphisms and subgraph densities). Two finite graphs G = (V, E) and
G' = (V' E'") are equivalent iff ®¥'(G) = ®¥'(G") for all finite graphs F.
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Proof. “=7 Assume first that G = (V, E) and G’ = (V', E’) are equivalent. Then there exists
an isomorphism v: V — V'’ with {v,w} € E if and only if {7(v),v(w)} € E'. Fix a finite graph
F. Then, #V = #V’, and thus #inj(Vp, V) = #inj(Vr, V’). Therefore,

1aii(es
_Mmi0e ) £0) g [ 1e({dw.¢w))

. 7
#IHJ(VF7 v ) ¢'€inj(Vp,V') e=(v,v')EER

(3.3) _ LV, V) 7 0 > II 1= 'ed @,y od(w)})

#inj(VF7 V) ¢'€inf(Vp,V’) e=(v,v')EER

_ 184 12({¢(v), p(w)})
#inj(Vr, V) ¢einf(ZVF,V) e:(v,l;I)EEF

=i (@),

where we use that every ¢ € inj(Vg, V) is of the form ¢ = v~ ! o ¢/ for some unique ¢ €

inj(V, V'). The same argument shows that ®'(G) = ®¥'(G’) for all finite graphs F.

“=” Assume that G = (V,E) and G’ = (V', E') are two finite graphs such that ®(G) =
®F(G") for all finite graphs F. Choose F := G. Then inj(V,V) contains the identity and
therefore does not equal the empty set. Moreover, all ¢ € inj(V, V') are isomorphisms between
G and G. As ®%(G) = (@), it follows that there exists an isomorphism between V and V",

as claimed. O
Recall from (2.9) the space GV of isomorphism classes, and put
(3.4) G~:= [ J M=
NeN

Since subgraph densities are separating points in G™, we can use them to induce a notion of
convergence.

Definition 3.4 (Convergence of subgraph densities). Given a sequence (Gp)nen in G, we say
that (Gp)nen converges to G € G™ if and only if ®7'(G,) — ®F(G) for all F € G=. [

It is not hard to see that G~ is not complete. For example, for n € N consider the complete
graph G,, with n vertices. Then all subgraph densities are constant and equal to 1, and therefore
converge, while the sequence (G,)nen cannot converge to an element in G™ as their number of
vertices tends to infinity. Nonetheless, the space G™ can be completed by the following standard
procedure: consider the family V := { By, k € N} of sets of the form

(3.5) By, := {(G,G") € G*= x G* with 7 (G) = ¢ (¢"), VF € G"=}.

Then, V is the base of a uniformity Ug~ on G= x G=. As usual, if (Hi,U1) and (Ha,Us)
are two uniform spaces, then we refer to a function ¥: H; — Hs as uniformly continuous
iff @=1(Uy) C Uy for all Uy € Us, i.e., iff for all Uy € Uy there exists Uy € U; such that
(G,G") € Uy implies (V(G),¥(G')) € Us. As with metric spaces, G= as a uniform space has a
Hausdorff completion, i.e., there exists a complete Hausdorff uniform space G~ and a topological
embedding 7: G~ — G~ such that, for all uniformly continuous mappings ¥ from G~ into a
uniform space H, there exists a uniformly continuous map U: G~ — H with ¥ = UoT.
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Let G~ be the completion of G=. In the theory of dense graph limits introduced by [LS06]

and further developed in [BCLT08], the equivalence classes in G= are represented by graphons
(see [Janl3l Theorem 9.1}).

Definition 3.5 (Graphons). A graphon is a quadruple (2, 7, u, W) consisting of a

e Polish space (£2,7),
e probability measure p on B(f2),
e symmetric and Borel measurable function W: Q2 — [0, 1].

Two graphons (2, 7, u, W) and (Q, 7, u, W) are identified when W = W' p-almost surely. We
refer to W(Q, 7, 1) as the set of graphons on (2, 7, ). '

Remark 3.6 (Graphons as square-map). Often the probability space (€2, 7, u) is taken to be
[0,1] together with the Euclidian topology and the Lebesgue measure A on [0,1]. In fact, as
W is a symmetric and Borel measurable function W: Q2 — [0,1], there exists a symmetric
Borel measurable function W: [0,1]2 — [0,1] such that, for all continuous bounded functions
f:00,1] —» R,

(3.6) /2 FW(wi,ws)) p®?(d(wy,ws)) = /[ - F(W (21, 32)) d(z1, 22)

Q 0,1
(IDJOS, Theorem 2]). Most papers on graph limits only consider this case. However, for our
purposes it will be convenient to allow for a more general Borel probability space. [

Example 3.7 (Finite graphs). Every N-graph G = (V| E) can be represented by a graphon as
follows. Let 2 =V be equipped with the discrete topology 7, u := % > vey Ou, and W(v,v') =
1g({v,v'}). To represent the N-graph G via the Euclidian interval [0, 1] equipped with the
Lebesgue measure, partition (0, 1] into N intervals (%, ﬁ], i € [N]. Choose a bijection ¢: V —
[N], and let

(3.7) Wizy) = > 1e({o7 0,67 )} L i), ay((2,9)).

2 R AR
i,JE[N],i#]

The two graphons W and W have the same distribution in the sense of 1' O

Given a graphon W on (Q, 7, 1), we define for F' = (Vp, Er) € G*, k € N, with Vp = [k], the
subgraphon density

(38) tF(W):= /k [T Weez) ] O=Wzy)) p® @@, ).
(i) {idyeEr (i.d):{3.d}€CER

As before, we consider two graphons W, W’ € W as equivalent if and only if /' (W) = t/'(W’)

for all F' € G=, and define

(3.9) W= := set of all equivalence classes of graphons.

The following statement was proved in [LS06] using Szemerédi partitions and the martingale
convergence theorem. A more probabilistic proof using results from [Hoo79] and [AId81] can be
found in [D.JOS].
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Proposition 3.8 (Space of graphons). The space W= equipped with the notion of convergence

of subgraphon densities equals G=, i.e., for every G € G=, there is a unique (up to equivalence)
graphon (Q, 7, u, W) such that, for all F € G=,

(3.10) of (@) = tF'(w).

We will make use of the fact that the space of graphons is a compact Polish space ([LSO7,
Theorem 5.1]). One prominent metric metrizing the topology given by the notion of convergence
of subgraphon densities is the so-called cut metric (compare with [BCL™08, BCL™12,[DGKRI5]).

3.2. The space of graphemes. In what follows, we are interested in the subspace of those
graphons from which we can read off an adjacency matrix together with a sampling measure on
a possibly infinite vertex set.

Definition 3.9 (Grapheme). A graphon (2,7, u, W) € G~ is called a grapheme (or random-free

graphon) if W(Q x Q) C {0,1}. [ )
Put
(3.11) G=0 = [(Q, 7, 5, W) € GZ: W(Qx Q) C{0,1}}.

Note that each (2,7, u, W) can be identified with a measured graph G = (V, E, ) with vertex
set V := Q, Borel probability measure p and E := {{v,v'}: v,0' € V,W(v,0v") = 1}.

Example 3.10 (Complete graph versus (pseudo) random graph). Consider once more the se-
quence (Gy)nen of complete graphs whose number of vertices N goes to infinity. Obviously,
(GN)Nen converges to the grapheme represented by ([0, 1], dx, 1(9 1)x[0,1]). Consider the graphon
represented by

1
(3.12) W1 = ([0,1], da, 51[0,1]x[0,1])~

For two independent families {X,; n € N} and {Y;;;i # j € N} of independent random
variables, uniform on [0, 1], respectively, {0, 1}-valued Bernoulli with success parameter %, let
Vi :={X1,..., Xk}, 7 the discrete topology, py := %Zf’;l dx,, and Ey = {{X;, X;}: 1 <i#
j < k,Y;; = 1}. Obviously, ®'([(Vy, En)]) — tF([W%]) for all finite graphs F', almost surely.
We can therefore find realisations of the aboéveﬁgndom variables such that all subgraph densities
converge to W% . However, as we will see later, W% is not a grapheme. o

Exarnple shows that the space G={0:1} of graphemes is not complete. Since later we want
to use G191} as the state space of the diffusion limit of the N-graph-valued Markov chain, we
are in need of a description of the compact sets. We use the following strategy to generalise the
construction of Example as follows. Let (2,7, u, W) be a graphon. Define a random graph
G(N,W) with vertex set V = [N] by first taking families {X,,: n € N} and {Y;;: i # j € N}
of independent random variables, uniform on [0, 1], respectively, {0, 1}-valued independent with
PY;; =1]{Xs, X;}) = W(X;, Xj), ie., we first sample X, Xo,... at random, and then toss
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a biased coin for each possible edge. As usual, we define the entropy of the discrete random
variable G(N, W) as

Ent(G(N,W)) := - > P(G(N,W) = F)log (P(G(N,W) = F))

(3.13) Feah
== > ({7, W) log (7 ([, 7, 1, W)])).

FeGN

The following proposition relies on the characterisation of compact sets in the space of (equiv-
alence classes of) graphemes given in [Janl3l Theorem 10.16].

Proposition 3.11 (Compact sets). Let T C G=%1} be o family of graphemes. Then, T is
relatively compact in G=101} iff, for all § > 0, there exists ko = ko(d) € No such that, for all
k > kO;
(3.14) sup Y h(t"(g)) < 0K?,

0cl pegr
where h(x) = —xlog(x).

Proof. Fix a sequence (gn)nen in I'. As G= is compact, there exists a subsequence (ny)zey and
a limit graphon g € G* such that np — 8- Assume that for all § > 0 there exists a kg € N

such that ( - ) holds for all k& > k. Then
(3.15) lim — Z h(t" (g

k—)oo
FeGk
Thus, g € G={%1 by [Janl3, Theorem 10.6]. O

Example 3.12 (Complete graph versus (pseudo) random graph sequence). Consider the se-
quence (Gy)nen of complete graphs whose number of vertices N goes to infinity. Obviously,
(GN)Nen converges to the grapheme represented by ([0, 1], dz, 1o 17x[0,1))- We also see that, for
all k € N and all finite graphs I € G*, t!'(gx) € {0,1}, and so obviously holds. However,
if for each N € N the graph Gy is such that Gy — W1 (with W% as defined in ), then,

N — oo
for all k € N,

(3.16) 3 h(tF(@) = - Y 27 Glog (27G)) = (g) log 2.

FcGk FcGk
Therefore, W1 & G=10.1} O
2

In the poaching model with self-employment, we will make use of the following property of
the space G ompiete Of finite graphs consisting of only complete connected components.

Proposition 3.13 (Relative compactness of G ompicte). The space G ompiete 1S Telatively compact
in G={0.1},

Proof. Let (gn = [(Qn, 7N, un, WN)]) ven be a sequence of graphons such that gy — g for

. - N —oco
some g € G=. We must show that g = [(Qn, 7, un, Wn)] € G=101} for some (Qn, TN, pN, W)
S Gcomplete'
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complete

integer-valued measures with )", lv({l}) = k. W.l.o.g., we may assume that, for each N € N,

this is represented by an element in GN={01} | For each k € N, we find that G(k,Wy) € G(’fomplete
and therefore

Ent(G(k, Wy))
—— 3 P(G(kWx) = F)log (B(G(k, W) = F))

Fix k € N and recall from (2.17) the map g: G* — N¥(N) with A*(N) the set of all

FeG(’jomplete
(3.17) =— Y > P(G(k, Wy) = F) log (P(G(k,Wy) = F))
veNN(N) FEG?omplete : g(F)=v
P(g(G(k, Wn)) = v)
= — P G k’, w =v)l )
VG/%(N) (6(GUh W) = v) log (#{F € Gl 9(F) = u})

where in the last line we use that P(G(k, Wy) = F1) = P(G(k, Wy) = F,) whenever Fy, F» € GF
with g(F1) = g(F»). Note further that, for each v € NV (N),

k . =V =10 k' o (0]
(3.18)  log (#{F € G 9(F) = v}) =log (Hf1 T (l))!) < log(k!) < klogk,
and so
(3.19) > P(9(G(k,Wy)) = v)log (#{F € G": g(F) =v}) < klogk.
ve NN (N)
Hence

Ent(G(k, Wy)) < Ent(g(G(k,Wy))) + klogk
(3.20) < Ent(Unif(#N*(N))) + klogk
= log (#N*(N)) + klog k.

As N*(N) has the same cardinality as the number of partitions of & into a sum of positive
integers, we have, as k — oo,

391 RN exp(my/2k/3)
(3.21) #NIN) ~ — = 73
(see e.g. [BDIT]). This implies that

(3.22) Ent(G(k, Wn)) < m/2k/3 + klogk,
which clearly satisfies (3.14]) and therefore settles the claim. O

We can say even more about limits of finite graphs with complete graph components. To that
end, we call a symmetric measurable function W: [0,1]2 — [0,1] a diagonal block function if
there are (at most) countably many block sizes (;)i>1 with1 > a1 > g > --- >0, .~ 05 <1,
such that B

(3.23) Wi(z,y) = Z Lisn g, 57t a,)2 (z,y), z,y € [0,1].
n>0
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We denote by

(3.24) G0 . {g= , i, W)] : W is a diagonal block function }

complctc

the subspace of all graphemes that can be represented by a graph with complete graph compo-
nents.

40,1}

complete

Proposition 3.14 (A closed subspace) The space G- is a closed subspace of the space G~

0,1}

complete

of all graphons. In particular, G s compact.

Proof. Assume that (gn)nen is a sequence in G101} that converges in the sense of Deﬁnition

complete
to a graphon g € G=. We want to show that gE Gcoigleli By approximation, using finite block

graphons, w.l.o.g., we can assume that for each N € N, gy = [([0, 1], un, Wx)] is a finite diagonal
block graphon with

1 N
(3.25) AN =5 ;5]@,
and
(3.26) 21[22 v st (2,y), zy €01, My €N,
N _ kY

where oY = - kN € [N], i € [My] with kY > kY > ... >k} and 21V kN = N.
Then, evidently, the convergence of block sizes (o), ad’,...) — (a1, asz,...) for some a; >
N—o0

ag > ... > 0 with Zz>1 a; < 1 is equivalent to grapheme convergence gy —> g, where g =
[([0,1],dz, W)] and W is a diagonal block graphon with block sizes (aq, ag, . . cf, (3-23).

Recall the MED-N-graph from Definition It is known that as N — oo the multivari-
ate Ewens distribution converges in distribution to the Griffith-Engen-McCloskey distribution
(GEM) ([Eng75], [McC65], [Gri88]). To introduce GEM, let Vi, V5, ... be i.i.d. random variables
that are beta-distributed with parameters 1 and u, i.e., continuous [0, 1]-valued random variables
with density

(3.27) fr(t) = p(1 =t
Put, for k € N,

k—1
(3.28) V=V [Ja-W

i=1
The random probability vector (Y1,Ys,...) is referred to as Griffith-Engen-McCloskey distribu-
tion (GEM).

Definition 3.15 (GEM-grapheme). The GEM-grapheme is the random grapheme that can be
represented by  := [0, 1] equipped with the Euclidian topology, the Lebesgue measure A on §2,
and a random measurable symmetric map W: Q2 — {0, 1} such that the following holds:
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e Complete components. For all z,y,z € [0,1], if W(z,y) = 1 and W(y,z) = 1,
then W(x,z) = 1. An equivalence relation ~yy is therefore given by x ~yp y if and
only if W(x,y) = 1. Moreover, the set compy, consists of countably many measurable
equivalence classes.

e GEM-component sizes. The random point process » Ox(w) is equal in dis-

weEcOompyy,
tribution to the random point process ),y dy; -

[ )

We close this subsection with stating that the MED-N-graph converges weakly to the GEM-
grapheme.

Proposition 3.16 (Convergence of the MED N-graph to the GEM-grapheme). Let glY.. be the
distribution of the MED-N -graph encoded as a grapheme, N € N, and ggenm the distribution of
the GEM-grapheme. Then,

(3.29) L(guen) = L(gewm)-

Proof. Since the subgraphon densities are convergence determining, we need to show that, for
all F € GF, k eN,

(3.30) E [tF (gﬁED)] ]ﬁo E [tF (gGEM):| :

To that end, fix k¥ € N and F € G*. As tF(gl,,) = 0 almost surely for all N € N and
t"(gaem) = 0 almost surely for all F € G*\ Gompiete, We may assume w.l.o.g. that F € GE_ .
Similarly to the proof of Proposition (see in particular, Definition and ), we find
that, for all N € N,

E[t" (6en) | = P(G(k, 83ep) = F)

(3.31) _ P(g(G(k, gen)) = 9(F))
#{F" € Gl et 9(F') = g(F)}
= 7T::raph (F)>

i.e., the MED-N-graph distribution is sampling consistent in the sense that sampling k vertices
of the random N-graph yields a random k-graph with the MED-k-graph distribution. It is also
known that by sampling k vertices Xi,..., X} uniformly from [0, 1], and building an k-graph
GeEM by letting ¢ ~ j if and only if V;_; < X;, X; <Y} for some [ € N, we get GarM € Gfomplete
satisfies

(3.32) E[tF (gGEM):| = IED(GGEM = F) = Wf&ED(F)
(compare [JKBI7, (41.4)]). Hence (3.30)) follows. O

4. THE GRAPHEME-VALUED WRIGHT-FISHER DIFFUSION WITH MUTATION

In this section, we are interested in the limit dynamics of the poaching models with self-
employment X as the number of vertices N goes to infinity. For that purpose, for each
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N € N, we encode N-graphs as graphemes with complete graph components (compare with

Proposition [3.14)), and let
(4.1) Gl = {g = 17,1, W) € G #supp() = N}

complete

be the space of N-graphemes with only complete components.
To identify a candidate for the grapheme-valued dynamics in the limit, recall from (2.19))
the operator Qﬁjaccncy acting on functions ¢: 2; — R and from 1} how the operator anphs

acts on function~s the subgraph densities kA G — R, k € Nand A € 2y, ie., for all g =
[(Q,7,u, W)] € GN,z,{0,1}7

(42) (diph®k7A>(g) = /Qk /’L®k7¢(d($17 o 7xk)) Q'I:djacency]‘A ((W(x717 x]))lglngk)7

where p®*+ denotes independent sampling without repetition.
Consider the operator ),,.pneme acting on subgraph densities as follows: with g = [(Q, 7, p, W)]
c @:,{0,1}7

(4.3) (ngwwmeékﬁw(g)F:(K;M®k(d(xlw"va%)>(QZUmmmy1A>((M/Cu7xj»1<ﬁj<ky
Proposition 4.1 (Convergence of the generators). For all k € N and A € Uy,
(44) A}lm ~Sup }(anphemer’A)(g) - (ngaphcmc(pk7A)(g)‘ = O

—00 gcGN.~.{0.1}

Proof. This follows immediately, because for any given k € N, (QF

adjacency

14)(B) is bounded in N
uniformly over all B € 2y, and the total variation distance of @Rt and p®*F converges to zero
uniformly over sequences (gn)nen with gy € GN-=A0:1}, O

@2,{0,1}

complete *

Theorem 4.1 (Wellposed martingale problem). Assume that g € Then, there exists
a unique Markov process V = (V;)i>0 with Vo = g and continuous paths such that, for all k € N

and A € Uy, the process MF4 .= (Mtk’A)tZO given by
t

(4.5) M = oRA(V;) — kA (g) — / (QVyraphome @) (V3) ds
0

s a @implete-valued martingale.
Definition 4.2 (Grapheme-valued WF diffusion with mutation). We refer to the unique solution
of the martingale problem from Theorem as grapheme-valued Wright-Fisher diffusion with

mutation. 'y

The following proposition states that the family of N-graph dynamics are tight, provided we
start in suitable initial conditions.

Proposition 4.3 &Compact cgntainment). Let {)A(;NLN € N} be the poaching model with self-
employment with XN (0) — X (0) for some X(0) € G={O1. Then, for all T > 0 and € > 0,
N—o0

there exists a compact set I' :== 't C G101} sych that

inf P(XV r 7)) >1—c.
(4.6) Jnf (XYt eT,vte0,T)) >1—¢
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Proof. As GY ... is invariant under the poaching model with self-employment, the claim follows
from Proposition [3.13 U

To show uniqueness, we will rely on duality. Recall the Feynman-Kac duality from Proposi-
tion [2.8] the Feynman-Kac duality for the Markov chain with values in the space of adjacency
matrices. Due to the algebraic from of the operator €1,,. neme We can lift this to our grapheme-
valued process.

Proposition 4.4 (Feynman-Kac duality). Let V = (Vi)i>0 be a solution of the Qgapheme-

martingale problem, and ﬁ = (My)t>0 the Ag-valued Markov chain with duplication and ground-
ing running in backward time. Then,

Eg[/ﬂk p*(dz) 1A((Wt(xi7$j))1§i#j§k)}

(4.7) t
- EA[/Qk 12 (dz) LW (2i25))1<imj < (Mt) exp (/o 5%(&8)(13)}

Proof. Put

(4.8) H(g, (k, A)) := dF4(g).

Then, by (2.31) for k€ N, A € A and g = (Q, 7, u, W) € GT,
(QgraphemeH) (gﬂ (k’ A))

= [ HH02) O (W 121550

(4.9) -
= /QlLL@k(d‘,r) (Q{:djacancy 1(W($z,fﬂj))1§z,j§k (A) + B;:(A)].A ((W(xl’ x]))lg’b,jgk))
= (ﬁ']:djacamcyH) (g7 (k7 A)) + /Bg(A)H(gﬂ (k7 A)) *
As Bi(A) < k(k—14 p) < oo for all k € N and A € 2y, the claim follows. O

The next proposition states that the limit of the stationary distribution of the poaching model
with self-employment is the stationary distribution of the grapheme valued limit diffusion.

Proposition 4.5 (Stationary distribution). Let G = (G:)i>0 be the unique solution of the
Qrapheme-martingale problem. Then, the GEM-grapheme is the unique stationary distribution of

G.
Proof. For each k € N and A € 2, we have for g = (Q, 7, u, W) € G
EGEM [(Qgrapheme(bF) (g)]

(4.10) = Eceu [/Qk P(A2) (Vgjacency L) (W (2, xj))lgi,jgk)]

— /Qk ,u,®k(d£) Evep |:(Q§djacency 1A) ((W(CC,, x])) 1§i7j§k)} =0,

by the proof of Proposition O
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Proof of Theorem[{.1l Uniqueness follows from duality, cf., Proposition [4.4]

Tightness follows, in view of Propositions[4.I]and [£.3] with the exactly same proof as Theorems
3.9.1 and 3.9.4 in [EK86] (see also [EK86, Remark 4.5.2]). In particular, it follows that if
{XN: N € N} is the poaching model with self-employment with )NCN(O)N—> X(0) for some

X (0) € @2’{071}, then XN converges as N — oo weakly on Skorokhod space to the grapheme-
valued Wright-Fisher diffusion with mutation starting in X (0).

To argue for continuous paths, notice that the class of sample subgraphon densities is conver-
gence determining. Hence, it is enough to show that (®£'(V}));>0 has continuous paths for all k €
N and F € G*. This follows from the convergence of the poaching model with self-employment to
the grapheme-valued Wright-Fisher diffusion and the fact that | XN (t—)— XV (¢)] < % (compare,
e.g., [EK86, Theorem 3.10.2]). O
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