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Abstract

We consider a two-dimensional risk model with simultaneous Poisson arrivals of
claims. Each claim of the first input process is at least as large as the corresponding
claim of the second input process. In addition, the two net cumulative claim
processes share a common Brownian motion component. For this model we
determine the Gerber-Shiu metrics, covering the probability of ruin of each of the
two reserve processes before an exponentially distributed time along with the ruin
times and the undershoots and overshoots at ruin.
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1 Introduction

The existing ruin theory literature has a strong focus on the univariate setting featuring
a single reserve process. In practice, however, the position of an insurance firm is
often described by multiple, typically correlated, reserve processes. Multivariate ruin
turns out to be a challenging topic that can be dealt with explicitly only when imposing
additional assumptions. Most notably, a certain ordering between the individual net
cumulative claim processes, say Y (¢) = (Y;(¢),...,Y4(¢)) for some d € N, needs to
be imposed. The ambition of this paper is to, in this multivariate context, not only
assess the likelihood of ruin, but to also provide insight into ‘the way ruin occurs’.
Indeed, through the so-called Gerber-Shiu metrics [[14]] we probabilistically describe
the corresponding ruin times, undershoots, and overshoots. Throughout this paper we
consider the case d = 2, but all results can be extended to higher dimensions, albeit at
the price of the underlying analysis complicating seriously.

Model — In this paper we analyze two net cumulative claim processes, say Y;(¢) and
Y>(t), in which claims arrive simultaneously, according to a Poisson process with rate
A > 0. These claims By, By, ... are 2-dimensional, componentwise non-negative i.i.d.
random vectors that are distributed as the generic random vector B = (B, B?)). We
throughout assume the entries of this vector to be ordered in the sense that

P(B(l) > B(2)) =1, D

where B is a generic claim size corresponding to the net cumulative claim process
Y;(¢), for i = 1,2. Above we mentioned that claims of both components arrive simul-
taneously, but by the ordering condition (I)) those of the Y»(#) process can be void:
observe that at any claim arrival in the Y, () process there is a claim arrival in the Y7 ()
process, but not vice versa.

A specific feature of this paper is that we consider a perturbed risk model, in the sense
that both processes Y () and Y,(¢) in addition contain a Brownian component. This
component is common to both processes, and takes the form Yy (1) = —rt + oW (?),
where r > 0 can be interpreted as the premium rate (which we assume is the same for
both processes), and W(¢) is a standard Brownian motion that is independent of the
claim arrival process. The i-th net cumulative claim process thus becomes

N (1) )
Vi) = Yw() + 3 B,

J=1

fori = 1,2, with N(¢) denoting a Poisson process with rate A. It requires an elementary
computation to verify that the corresponding bivariate Laplace exponent is given by

2
pla) = log]Ee_"TY“) = %(al +@)?+r17a - A(1 - b(e)), 2)
with
b(a) = BB B

denoting the bivariate Laplace-Stieltjes transform (LST) of the random vector B. We
let X;(¢) be the reserve level process u; — Y;(¢) pertaining to the i-th net cumulative



claim process, with u,uy > 0 denoting the corresponding initial surpluses. Observe
that the construction is such that the two individual net cumulative claim processes are
ordered: Y|(¢) > Y»(¢) for any ¢ > 0, almost surely; the reserve level processes X (¢)
and X;(t) are not necessarily ordered.

The case of the net cumulative claim processes being represented by the superposition
of a compound Poisson process and a Brownian motion is particularly relevant in light
of the findings of [1]]. These imply that, under mild conditions, one can arbitrarily
closely approximate any spectrally-positive Lévy process (i.e., Lévy process without
any negative jumps) by such a superposition.

Quantities of interest — The Gerber-Shiu metrics provide insight into the two individual
reserve level process at ruin. Concretely, with u = (uy,u2)T € [0,00)? and Y (¢) =
(Y1(1),Y»())T € R?, the focus lies on capturing a probabilistic description of the joint
distribution of the random vectors

e = () | v = () ) v = ) )

here 7;(u;) is the ruin time corresponding to the net cumulative claim process Y;(¢),
being defined as the smallest positive ¢ such that Y;(¢) > u;, for i = 1,2. Our analysis
enables us to probabilistically analyze these ruin times, jointly with the values of the
reserve process immediately before ruin X;(t;(u;)—) = u; — Y;(7;(u;)-), typically
referred to as the undershoot, and the values of the reserve process at ruin X; (7;(u;)) =
u; — Y;(7;(u;)), representing the corresponding overshoot, fori = 1, 2.

We characterize the underlying sextuple law (for the two ruin times, two undershoots,
and two overshoots) by identifying its corresponding transform. Concretely, our aim is
to identify, for u > 0 and y,,y, > 0, 3 < 0 (where y; = (y;1,yi2) " fori =1,2,3),
the object

p(u) = p(u’ﬁ"yl’ ‘},2”}/3)
= B(e 71T @Y @@y @Y @) | ((4) < Ty 1}).

Here T is an exponentially distributed time with parameter 8 > 0 sampled indepen-
dently from everything else; by {T(u) < Tg 1} we mean that both ruin times 71 (1) and
72 (u2) should be smaller than the random variable Tg. As 7;(u;) and X; (7;(u;)—) are
non-negative whereas X;(7;(u;)) is non-positive, we let y{,y, > 0 and y; < 0.

In the sequel we frequently suppress the parameters S, %, ¥,,¥3, as these are held
constant throughout the analysis. Our work succeeds in finding p(u) in terms of its
transform, for @ > 0 and 8 > 0,

(o] (o] e
71'(0’) = ﬂ-(a’ﬁ")/l"},b 73) ::-/O' ‘/0' e’ up(ung"}/l")/b Y3) dul du2-

Related literature — We proceed by a (non-exhaustive) literature review, covering papers
on multivariate risk for models of Cramér-Lundberg type, papers that focus on adding
a Brownian perturbation, papers on the identification of corresponding Gerber-Shiu
metrics, and additional related papers from the queueing literature.



Early papers on two-dimensional risk processes with some form of ordering of claim
sizes are [2}|3]]. These works consider the joint ruin problem in the case of an insurer
that splits claims and premia according to fixed proportions (which is a special case
of our ‘ordered claim assumption’ (I))). A key observation is that the resulting two-
dimensional ruin problem can be viewed as a one-dimensional crossing problem over
a piece-wise linear barrier. Badescu et al. [5]] extended the model of [2, 3] by allowing
additional claim arrivals at the first insurer. Gong et al. [15] consider a discounted
penalty function, adding Gerber-Shiu metrics (in that they include the surplus at ruin),
and provide recursive integral formulas for that penalty function.

The present paper was inspired by the work by Badila et al. [6]. There, under the
‘ordered claim assumption’ @, the two-dimensional risk model with simultaneous
Poisson arrivals is treated in detail. Compared to our objectives, two aspects are
lacking: in the first place the focus lies on ruin probabilities only, meaning that the
evaluation of the Gerber-Shiu metrics was not included, and in the second place there
is no Brownian perturbation. Importantly, 6] in addition establishes a bivariate duality
result, which links the bivariate ruin model to a queueing model with two parallel
queues and simultaneous Poisson arrivals at both queues — Assumption (T)) translates
into requiring that the service times at the first queue are always at least as large as
the corresponding ones at the second queue. In particular, the infinite-horizon survival
probabilities of the risk model are identified with the steady-state two-dimensional
workload distribution in the queueing model. It is also shown in [6] how this analysis
can be extended to a setting with more than two insurers/queues. Another contribution
of [6]] is that it points out that the the stationary distribution of the two-dimensional
workload process in the queueing model without ordering of the service requirements
can be found by using a boundary value technique. For this particular queueing model
that was shown, in increasing level of generality, in [4} 9, [8]. The implication of the
duality is that one can thus also handle the two-dimensional risk model without the
ordering constraint being in place — at least, in case one is interested in the transform
of the ruin probabilities only (i.e., not covering Gerber-Shiu metrics).

Gerber [12] has generalized the classical one-dimensional Cramér-Lundberg model
by adding an independent Brownian motion component to the net cumulative claim
process. For this perturbed model, Dufresne and Gerber [10] analyze the probability
of ruin, as well as the separate probabilities of ruin caused by a claim or by the
Brownian component. Wang [23]] has derived explicit expressions for the latter two
probabilities in the case of exponentially distributed claim sizes. Tsai and Wilmot [22]
have added the Gerber-Shiu metrics to the model of [12| [10]. Generalizing a result
of Gerber and Landry [[13], they derive a defective renewal equation for the surplus
process (expected discounted penalty function, involving both the deficit at ruin and the
surplus immediately before ruin). This equation is then used to study the asymptotic
behavior of the ruin probability when the initial capital tends to infinity. Li et al.
[L8] study the finite-time expected discounted penalty function (Gerber-Shiu) for the
Cramér-Lundberg model with perturbations by solving a second-order partial integro-
differential equation with boundary conditions. For the same model, Liu et al. [19]
consider the joint distribution of the time to ruin and the number of claims until ruin.
Briefly returning to the dual two-dimensional queueing model that is being studied in
[6], it is worthwhile to mention that this queueing model is there shown to be equivalent



to a particular tandem fluid queue, viz., two queues in series in which the outflow of
the first queue is a fluid, and with simultaneous Poisson arrivals with generic service
time B at the first queue and B") — B() in the second queue. In turn, tandem fluid
queues are equivalent to particular priority queues with preemptive resume priorities,
as discussed in e.g. [16}21].

Main contributions — This paper generalizes the results in [6] for a two-dimensional
risk model with ordered claim sizes in three ways: we consider the probability of
ruin before a finite time-horizon (rather than the all-time ruin probability), we add a
Brownian component, and we consider the discounted penalty function with the Gerber-
Shiu metrics. Our main results are Theorem 2] for the unperturbed case, and Theorem 3]
for the case with a Brownian component. These theorems uniquely characterize, in terms
of the transform (), the probability of ruin before an exponential time, along with
the distributions of the ruin times, the undershoots at ruin, and the overshoots at ruin.
The two-dimensional case without the Brownian component was briefly considered
in [20, §7.5]. Importantly, as it turns out, the unperturbed model has to be treated
rather differently than the perturbed model, in the sense that one cannot simply let the
‘diffusion parameter’ o go to O in the perturbed model.

Organization — In Section [2| we provide a concise discussion of the univariate case,
thus introducing some of the main tools that are used for the bivariate case. Section
provides some general results for that bivariate case, applying to both the unperturbed
and perturbed risk model. Sectionf]is devoted to the bivariate unperturbed risk model,
while the bivariate perturbed risk model is analyzed in Section 5

2 Univariate case

In this section we present a compact analysis of the univariate case. These univariate
results will play a role in the bivariate case, but, as we will see, some are interesting in
their own right, in particular the results for the case of the perturbed risk model, i.e.,
the model with o> > 0.

In this univariate setting, we can use a somewhat simpler notation than the one used
throughout the remainder of the paper. We let Y (¢) be a compound Poisson process
with drift (characterized by the arrival rate 4 > 0, the LST of the claim-size distribution
b(a), and the premium rate r > 0) perturbed by a Brownian motion. Concretely, the
net cumulative claim process is defined by

N (1)
Y(0) =Yw()+ ) B,

j=1
where Yw (1) = —rt + cW(t), with W(¢) a standard Brownian motion (or: Wiener
process), N (t) denoting a Poisson process with rate A, and o a non-negative parameter.
With the firm’s initial capital being u, the evolution of the reserve level is given by
X(t) :=u—Y(r). It is readily checked that, for a > 0,

2
ow(a) :=logEe @MW) = %a/z +ra.



Denote by Yy (¢) and Y, (¢t) the running maximum process and running minimum
process, respectively, corresponding to Yy (¢):

Yw(t) == sup Yw(s), Yu(1):= inf Yw(s).
s€[0,z] s€[0,¢]

Recalling that 7 is an exponentially distributed random variable, sampled indepen-
dently of everything else, it is a well-known result that Yy (Tg) and -Y,(Tg) have
exponential distributions with parameters

r+w . —r+w

+ . —

Xt Xp 1=
B o2 Tk o2

respectively, where w := +/r2 +2B02; see e.g. [20, Exercise 1.5.(ii)]. By a time-
reversibility argument it follows that Yy (T3) — Yw (Tp) and -Y,, (Tp) are identically
distributed, while it is an implication of the Wiener-Hopf decomposition that Yy (7p)
and Yw (Tg) — Yw (Tp) are independent. Observe that x; xg = 2B/02.

Define the ruin time by
T(u) :=inf{t > 0: X(t) < 0} =inf{r > 0: Y(¢) > u},

so that the finite-horizon ruin probability is given by p(u,t) := P(7(u) < t). In this
section we study the transform of this finite-time ruin probability, jointly with the
corresponding Gerber-Shiu metrics (i.e., the time of ruin 7(u), the value of the reserve
process immediately before ruin X (7(u)—) = u—Y (7(u)—), and the value of the reserve
process at ruin X (7(u)) = u — Y (7(u))). This concretely means that in this univariate
setting we analyze, with y := (y1, y2, ¥3), the object

pu,t,y) := E(e‘71T(“)‘72X(T(“)‘)‘73X(T(“))1{T(u) < ,});

as 7(u) and X(7(u)—) are non-negative whereas X(7(u)) is non-positive, we let
v1,v2 = 0 and y3 < 0. The objective of this section is to compute the transform
with respect to u and ¢: with Tg an exponentially distributed time with parameter 8
sampled independently from everything else, we wish to find a closed-form expression
for

(e, B,7) :=/ / e““‘ﬁe_mp(u,t,y)dtduzf e "p(u,Tg,y)du.
0o Jo 0

For conciseness, in the remainder of this section we write p(u) = p(u,Tg,y) and
n(a) = n(a,B,y). Observe that the level u can be first exceeded either at a claim
arrival, thus leading to positive undershoot and overshoot, or between claim arrivals
(i.e., due to the Brownian component), thus leading to the undershoot and overshoot
both being equal to zero. We refer to Figure|l|for a pictorial illustration of both cases.
In the remainder of this section, we denote the Laplace exponent of the process Y (¢) by

2
o(a@) ==logEe V) = o (@) — A(1 = b(a)) = %0/2 +ra—A(1 - b(a)),
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Figure 1. Net cumulative claim process Y (). Left panel: level u is exceeded due to a
jump of the compound Poisson component. Right panel: level u is exceeded due to the
Brownian component, i.e., with zero undershoot and overshoot.

and let ¥ (-) be its right-inverse. In the unperturbed model, i.e., the model in which
o2 = 0, various known methods can be used to identify 7 (). As can be found in e.g.

[20, Exercise 1.2] and, for a more general model, [7],

1 b(—y3) —b(W(y1+pB)+y2) b(—y3) —bla+y)
(@) —y1 -8 Y1 +B) +y2+y3 a+y+y3 ’

A ‘density version’ of this result is given in [17, Theorem 5.5]: there the so-called
Gerber-Shiu measure is expressed in terms of scale functions pertaining to the underly-
ing compound Poisson process.

We proceed by an analysis of the univariate perturbed model. As will become clear
in the analysis, the fact that we assume o= to be positive is a crucial element in the
derivation. Itisnoted that this univariate model has already been studied by Li et al. [[18],
but it seems difficult to extend their approach to the bivariate case. In view of this,
and also because the univariate model is very natural and important in its own right,
we present two methods via which it can be analyzed in detail: a method that is based
on conditioning on the first event (Section 2.1 and Appendix A), and a method based
on Kolmogorov-type equations that seems particularly suitable for the bivariate model
(Section 2.2). In Sections 3-5 we extensively build upon the ideas and results of the
present section.

() =

2.1 Solution by conditioning on the first event

Define p_(u) as the counterpart of p(u), but with a claim arriving at time 0. By
conditioning on the maximum of the Brownian component until the first claim arrival,
we obtain that, with 7w (u#) denoting the ruin time corresponding to the Brownian
motion Yy (1),

p(u) = '/OOOP(TW(”) EW)P(Tiupg>v)e " +

/ / / Ae™ PP (Fy (1) € dv) P(=Y (1) € dw) e p_(u — v +w) dr.
t=0 Jw=0 Jv=0



This decomposition can be understood as follows. The first term in the right-hand
side of the previous display corresponds to the scenario that before the first event (i.e.,
either expiration of the ‘exponential clock’ T or a claim arrival) the level u has already
been exceeded, such that the undershoot and overshoot are both equal to zero. The
second term corresponds to the scenario that Yy, (¢) has remained below level « until the
first event (where it is observed that the densities of Yy (¢) and Y, (¢) factorize by the
Wiener-Hopf decomposition, noting that the expression is weighted by an exponential
density). Relying on a similar argumentation, we also observe that

p-(u) = /'4 P(Bedv)p(u—v)+ /"" P(B € dv) e 724 "3 (u=), 3)
0 u

From these relations for p(u) and p_(u), the transform m(a) can be identified in a
relatively straightforward manner, as pointed out in Appendix A. Define

b(—y3) — b(a+7y2) .

I1 =
(@) a+y2+7y3

(€]
Theorem 1 Forany a > 0,
_(la=y(ni+p) o?/2 + A (Y (y1 + B)) — ()

pl@)-y1 - B
This theorem has nice ramifications. If ¢’(0) = r — AEB < 0, (i.e., ruin eventually
happens), then the stationary overshoot can be analyzed by considering @ 7 (@) with

B =17y =7y, =0 and letting a | 0. To this end, we first verify that, for « > 0 and
¥3 <0,

(@)

© a o?
/.afWEé%MAWMM:——(m-w@»—nhHmeD—Hm»y
0 p(a) 2

Observe that X (7(u)) has an atom in zero, due to the fact that ruin can possibly be
reached ‘due to the Brownian component’ (i.e., between two subsequent claims). By
letting y3 — —oo, we readily obtain

2

/ " we M B(X (1(w)) = 0) du = —2— ((a - w(on‘T—) :
A o(a) 2

Considering this expression as @ | 0, by an application of L’Hopital’s rule, we have
proven the following result.

Corollary 1 If ¢’ (0) < O, then

Y (0)o?
2¢'(0) -
The expression in the right-hand side of (3) is indeed between 0 and 1, as can be seen
as follows. Because b(a) > 1 — ¢ EB,

‘}i_r};o P(X(t(u)) =0) = - ®)]

2 2
0= p(w(0) = Z-w(0)* +r(0) = A(1 = bW (0)) > w(0) | F-w(0) +r - AEB).

Observing that  (0) is positive and that ¢’ (0) = r — A EB, we have the right-hand side
of (3) is at most 1.



2.2 Solution using Kolmogorov-type equations

In this subsection we detail an alternative approach, which will be relied upon later in
the paper. In this approach we compare the object of interest p(u) at two points in time
(located ‘close to’ each other). Indeed, as Az | 0, owing to the memoryless property of
the killing time 7§, the following Kolmogorov-type identity holds: up to o(At)-terms,

pu)=e" A’(/lAt/uP(B edv) p(u—-v)+
0

/lAt/ P(B € dv) e™ 72" e v3u=v) 4

u

1 y2
€X -
V2702 At P 202 At

The first term between the brackets on the right-hand side of () corresponds to the
scenario with an arrival of a claim of size smaller than u, the second to the scenario
with an arrival of a claim larger than u (so that the overshoot and undershoot can be
assigned a value), and the third to the scenario of neither a claim arrival nor killing.
Performing the substitution z := y/ (oVAr), we obtain, up to o(At)-terms,

(1 —AAt-BAr) /m )p(u+rAt—y)dy). (6)

/ T OXP (_T
—o V2102 At 207 At
* 1 2
= / ——e ¥ p(u+rAt - zo VA dz
-0 V21

)p(u+rAt—y)dy

_ /m \%ezz/z (p(u) +p' () (r At — zo- VAT) + %p"(u)(r At — 2o VAN dz
—00 T

2
=p(u)+p (u)rAt+ %p"(u) At.

The next step is to convert this equation into an integro-differential equation. With
w =y + A +  we obtain after dividing the entire equation by At that

2 u
—rp'(u)—%p"(u) =/l/ P(Bedv)p(u-v)+
0
/l/ P(B € dv) e " e 3" _ ) p(u).
u

We now multiply the entire equation by e~ “* and integrate over u. To this end, it can
be verified that integration by parts yields

- fo ") e du = p(0) - ax(a),

_./0 p’(w)e ™ du=p'(0)+a(p(0) - an(a)).



Due to the local behavior of Brownian motion, p(0) = 1 (for any o> > 0), so that

2
r—ran(a)+ % (p’(O) +a—-a’ JT(O!))

b(=y3) —b(a+y2)
a+y2+73

=Ab(a)rn(a)+ A wn(a).

Solving 7 (@) from this relation, recognizing the Laplace exponent ¢(«), we find

(a+p’'(0) 02/2 +r — ATl(a)

() = (@) =y =B

The unknown p’(0) can be found using that any non-negative root of the denominator
is a root of the denominator as well. This root being ¢ (y; + 3), we obtain

2
P = % (Ao +8) -7 - Tyt 48]

o2

Inserting this p’(0), we recover Theorem T}

3 Bivariate risk model: general results

So as to treat the bivariate case, in principle both methods that were demonstrated in the
previous section can be used. As it turns out, in this bivariate setting the Kolmogorov-
type approach introduced in Section works particularly conveniently: we derive an
integral equation for p (u) in the bivariate case using this technique. In Sections[4and[3]
we successively solve this integral equation for the unperturbed (o> = 0) and perturbed
(0% > 0) case. As the two cases have to be treated intrinsically differently, this division
into two sections is natural.

Define, for i = 1, 2, the univariate counterparts of p(u):

pi(u) = p(u, B, y1i> v2is ¥3i)
= E(e_'}’li,"'i(u)_)’Zi(u_Yi(Ti(“)_))_73i(u_Yi(Ti(“)))1{Tl.(u) < TB})’

describing the ruin times, undershoots and overshoots of the individual processes. In
Section [2| we found the transform of p;(u), in both the unperturbed and the perturbed
case, which in the sequel we denote by 7;(@), fori = 1,2 and @ > 0. As At | 0O,
following the Kolmogorov-type reasoning, we find that the bivariate counterpart of (6]
is, for any # > 0 and with P(B € dv) denoting P(B") € dv;, B®®) € dv;), up to terms
of order o(At),

uj

T u
p(u) =e™ IA’(/lAt / p(u—v)P(B e dv) +
v=0

vi=0

uj oo
A At / / pi(uy —vy) e 7272 P(B € dy) +
V]=0 V2=uy

(o) u
A At / / p2(uz —v2) e~ 2w =ys (=) P(B e dv) +
vi=u| =0

1%

10



/lAt/ / e VUV W) PR € dy) +
vi=u; Jvr=up

1—(1+B)At exp|—
(1-@=+pa) [oo V2ro? At P ( 202 At

in the case that o2 > 0; if o2 = 0, the last term between brackets on the right-hand side
has to be replaced by

)p(u +r1Af—y1) dy), )

(1= (1+P)AL) p(u +r1Ar).

Using the same procedure as in the univariate case, we find that (7)) leads to the following
integro-differential equation: for u > 0,

d d o2 8 2 ?
~r(Gap )+ gomp @) - 7(6—”%;7(:!) +2gp)+ @mu))

:/l‘/oulfouzp(u—v)P(Bedv)+

uj (o)
P / / p1(uy —vy) e~ Y2u2—y32(2=v2) P(B € dv) +
0 up
=) up
1 / / p2(uz —v2) e~ Y21 =ysi (w1 =vi) P(B € dv) +
u 0
Pl / / U@ PR edy) - (1Ty, +A+B) p(w).  (8)
uj u

From this point on we have to distinguish between the cases o> = 0, which will be
handled in Section[4] and o2 > 0, which will be handled in Section [3]

We conclude this section by a useful auxiliary result, that is of crucial importance in
Sections 4| and [5| Importantly, it applies irrespective of whether o2 is positive or zero.
Observe that, for a given 8 > 0, we can rewrite the equation ¢(a) — 8 =0 as

2
Ab(a) =c(a) =1+B-r1Ta - %(al + @), ©)

Fixing a; with Re @1 > 0 and B, due to the lemma below we can identify a unique a»
such that ¢(a@) — B8 = 0 in the right part of the complex plane; we denote this a; by
wz(al 5 ﬁ)

Lemma 1 Forevery a; withRe a; > 0and B > 0, there exists a unique @y = w;(aq, B)
with Re wa (a1, B) > Re (—ay) that satisfies Equation Q). For any B > 0, the function
a) — wy(ay, B) is analytic in Rea; > 0.

Proof. We prove this by applying Rouché’s theorem. To this end, consider the contour
@ consisting of (i) the line segment

Gr:={-a;+iw|w € [-R, R]},
with R > 0, and (ii) to its right the semicircle

G, = {-a1 +Re'? | ¢ € [-n/2,7/2]}.

11



The next step is to show that on this contour €
[1b(a)| < |c(a@)]; 10)
cf. Equation (9). First observe that we can write
Ab(a) = AEexp (—a1(3<‘> —BY) _(a; + az)B(Z)) . (11)
For all @ such that Re @, > Re (—a ) we have that
|Ab(a@)| < AEexp (—Re a1 (BY — BY) —Re(a; + az)B<2)) <A,
recalling that we have assumed in (T) that B > B®) almost surely. To prove (T0) it
therefore suffices to show that |c(a)| > A. This is done as follows.
o Observe that on the line segment €, we have that
o2
cla)=A1+B-riw+ 7(4)2.
This implies that |c(a)| > A on €.

o Observe that on the semicircle € we have that
. 0—2 .
c(@)=A1+pB-rRe? - 7R2e2'¢.

As a consequence, for R large enough we have that |c(a)| > A on .

Now that we know that |1b(@)| < |c(@) | on €, it follows by Rouché’s theorem that the
equation Ab (@) = c(a) has, for a given a; with Re @; > 0 and 8 > 0, a unique solution
ar = wy(ay, B) with Re wy (a1, B) > Re (—ay). We use here that the quadratic function
c(a@) has a unique zero inside €, which can be seen as follows. With ap = —a; +y
the equation c(@) = 0 becomes (0%/2) y*> + ry — (1 + 8) = 0, which has precisely one
positive root.

The first claim of the lemma now follows by sending R to co, and observing that 1b(«),
as given by (II), and c(«) are analytic on and inside €. The fact that ws(a;, B8) is
analytic in Re @1 > 0 follows by using the implicit function theorem; cf. [L1, p. 101]. O

4 Bivariate unperturbed risk model

This section treats the unperturbed case (i.e., o? = 0); we shall see in Section [5| that
having o> > 0 will force us to make a few significant changes in the ensuing analysis.
With the integro-differential equation (8) at our disposal, we proceed by performing
the (double) transform with respect to u#: we multiply the full equation by e~ (with
«a > 0) and integrate over the non-negative u; and u,. After some elementary calculus
it is found that the sum of the five terms on the right-hand side equals

(1b(@) =17y, = A= B) (@) + A (@),

12



where

{(a) =
b(ai,—y3) — b(ai, az +y2) b(—y31, @) — b(ay +y21, @2)
) +m(az) +
a+y2n+7Y3 a1 +7y21 +7Y31
b(=y31,—y32) = b(=y31, @2 + ¥y22) — b(a + ya1,—y32) + b(a) + y21, a2 + ¥22)

(a1 +y21 +y31) (@2 +y22 +¥32)

i (a

The left-hand side can be evaluated using integration by parts, so as to obtain
—-r1Ten(@) +rnf (@) +ras(a),

where

0o

i} (a) :=/ pO,u)e” ™ du, n5(a) :=/ p(u,0) e” " du.
0 0
Recalling that ¢(@) = r 1T — A(1 — b(a)), this leads to the following result.
Proposition 1 Foranya >0,58>0,y,,7, >0, y3 <0,
(7} (a2) + m5(e1)) — A (@)
@) -1y, -

We have, however, not yet identified the functions 7} (@). The key idea is that the almost
sure ordering (T), which enforces Y; () > Y»(t), can be used to evaluate 7} (), where
a crucial role is played by the fact that 71 (0) < 72(u) for all u > 0. Then, by Lemmal[I|
with o2 = 0 (which we emphasize by writing wg(‘, -) rather than just w; (-, +)),

n(a) = 12)

A
n5(a) = -] (a)g(a, 17y, +,8)) + " {(a, wg(a, 17y, +,B)) (13)

We proceed by determining 77 (@) in two steps: we first express 7} (@) in terms of an
auxiliary function, and then we evaluate that function.

In our analysis an important role is played by

Z(u) = (Zi(w), Z2(w))" = (Ya(71(w)), B3(w)) ",

where B3 (u) denotes the size of the claim in the net cumulative claim process Y>(#)
at the ruin time 71 (u) corresponding to the net cumulative claim process Y (). A key
object is the transform of the ruin time, undershoot and overshoot related to the process
Y (2), jointly with this random vector Z (u):

pi(u,dz) = E(e—lT)’lTl () =y21 (u=Y1 (71 (u)=)) =31 (u=-Y1 (7 (”)))]I(u, dz)),

with I(u, dz) := 1{71(u) < Tg, Z(u) € dz}. Then the ‘master equation’ is given by

p(0,u) = /m /(>o 71(0,dz) e v2lu-zi+z)—yn(u-z1)
z1=u J 25=0

13



[ modpu-. (14)

To parse this decomposition, first note that the first term on the right-hand side corre-
sponds to the scenario that > (#) exceeds u for the first time at 71 (0) (i.e., 71 (0) = 72 (u)),
and the second term to the scenario that u is not yet exceeded by Y>(¢) at time 7; (0) (i.e.,
71(0) < 12(u)). In this reasoning we use that 71 (0) < 72(u) for all u > 0, implying that
71(0) > 72 (u) cannot occur. We refer to Figure [2| for an illustration of both possible
scenarios. Then the right-hand side of (I4) follows by the following observations:

o In case 71(0) = 15 (u), the undershoot is

u—Y(r2(u)=-) =u—-Y2(71(0)-)
=u—Y2(11(0)) + B3(0) = u - Z(0) + Z2(0),

and the corresponding overshoot is

u—Yr(r2(u)) =u—Y2(71(0)) = u - Z;(0).

o In case 71(0) < m(u), at 71(0) the second component still needs to bridge a
residual distance of u — Y5 (71(0)) = u— Z;(0). In this case, 7, (u) is decomposed
into 77(0), in taken care of by the contribution e~7127(%) in 5, (0, dz), plus
72(u) — 71(0), in (T4) taken care of by p2(y — z1).

By appealing to (T4), it is immediate that the object of our interest equals

JTT((Z) = /Ooe‘f“‘/w /oo p1(0,dz) e y2lu-zitz)~yn(u-z1) 4, 4
0 z1=u J z5=0

/'fW/ / 51(0,d2) pau - 21) dut. (15)
0 z1=—00 J 25=0

The main idea of the rest of our analysis is that we uniquely characterize 77 (a) by
identifying the transform of p (0, dz). To this end, we define, for 6 = (51, 62) 7,
£(8) ::E(e_lTlel 0)+y21Y1(11(0)=)+y31Y1(7(0)) - 61 Y2 () (0))—5233(0)1{71 (0) < TB})
- E(E—IT%TI (0)+y21Yi (7 (0)—)+7’31Y1(‘F(O))—(sTZ(O)l{.,-1 (0) < T,B})

=/ / 51(0,dz) e,
z1=—00 J 25=0

Conclude that if we are able to compute £(8) for 6 > 0, we have (albeit implicitly)
identified p;(0,dz), which enables us to compute ny (@) by (13); recall that we know
p2(u — 1), also appearing in (I5)) (via its transform, that is).

To evaluate £(8), we first study a more general object, from which later £(8) can be
found:

b}

Pi(u,8) = E(e_lTlel (u)—721(M—Yl(Tl(u)—))—731(u—Y1(T(u)))—ﬁTZ(M)l{Tl(u) < Tﬁ})
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Yi(1) Y1 (1)

Y (1) Ya(1)

N

Figure 2. Net cumulative claim processes Y;(¢) and Y»(¢) such that Y (¢) > Y,(z) for
all # > 0. The left panels display a scenario of (Y(z),Y>(¢)) in which 7;(0) = 1 (u),
whereas the right panels display a scenario of (¥;(¢), Y2(#)) in which 71 (0) < 7 (u).

note that £(8) = p1(0,8). Again relying on a Kolmogorov-type derivation, we can
determine the transform of p(u, §). Indeed, as Az | 0,

P1(u,6) = e—lU’1At+r61 At(/lAt/ / P(B €dv) pi(u—vy) e~ 01 4
V1:0 V2:0

/lAt./ ,/ P(B € dv) e 7721t g a1 (Umv) o=170ms
vi=u Jv=0
(1-Mz-ﬁm)ﬁ1(u+rm,a)), (16)

up to o(At)-terms. The first double integral in is the contribution due to the
scenario that there is a claim arrival but that, despite this claim, Y (¢) remains below
u; the second double integral represents the contribution due to the scenario that there
is a claim arrival by which Y| (¢) exceeds u. Subtracting p| (u + r At6) from both sides
of (16), dividing by At, and letting Ar | 0, we obtain an integro-differential equation.
Multiplying this equation by e~ " and integrating over u, using the same steps as in

15



Section 3] we eventually find that

71 (a, 6) :=/ e ™ pi(u,6)du
0

equals

1
o(,6)) -1y, - B

Now (T7) can be used to determine p; (0, &), as follows. Recall that for any o (with
non-negative real part, that is) for which ¢(a@,d8;) — 17y, — 8 = 0, the term between
brackets in should vanish as well. Writing a° = a°(8,¥,,01) := ¥1(17y, + ),
with 8 — 1 (B) denoting the right-inverse of a — ¢(a, §1), we conclude

b(- 176)-b 17
(rﬁl(O, 8 -1 (-y31,1°8) —bla+yu.18)) a7
a+y21 + 731

Ab(=y31,176) = b(a® +721,179)
r a® +vy21 + Y31 '

p1(0,0) =£(6) = (18)

We have now found all ingredients that allow the evaluation of 7§ ().

Proposition 2 Forany @ > 0, 8> 0, y1,7, > 0, 3 < 0, we have that '} (a) is given
by Equation (13)), where the transform £(8) is given by Equation (T8).

We have thus uniquely characterized the Gerber-Shiu metrics of the coupled risk system
in the unperturbed case. The idea is that the transform £(&) defines p;(0, dz), through
which we can evaluate 77(@) via Equation (15), which enables the calculation of
transform 75 (@) via Equation (T3), after which () follows from (T2).

Theorem 2 Forany a > 0, 8> 0, 1,7, > 0, ¥3 <0, we have that n(a) is given by
(12). The transform n{ (@) follows from Proposition 2} and the transform n5(a) from

Equation (13).

5 Bivariate perturbed risk model

In this section we consider the perturbed case, i.e., from now on we have that o?>0.
Like in the unperturbed case, the starting point is the integro-differential equation (8).
Because of the Brownian term, we have that in this case both Y (¢) and Y,(¢) attain
positive values before T, with probability 1. In particular, we now have 7{(0) =
7(0) = 0, and hence p(0) = 1, p(u;,0) = pi(u;) and p(0,uz) = pr(uz). In the
previous section, we needed to determine the ‘boundary transforms’ 77 (@) and 73 (@);
in the current o > 0 case, however, n{(a) = ma(a) and 75 (a) = 7y (@) are known.
Defining

o « 6 —Qu
ony(a) :=/ a—p(m,uz) e” " duy,
0 ui ;=0

o °° (9 —au]
ons(a) = 6—17('41,142) e” " duy,
0 u ur=0
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a lengthy but elementary computation reveals that,
& & 32 62 62
/ / e_“‘”‘_‘"”z(—zp(u)+2 p(u)+—2p(u))du2du1
o Jo du Ouiuy du;

=2+ (a1 + @)’ n(@) - Z(a) - 375 (@) — dn5(a1),

with the (known) function
Z(@) = (a2 + 2a)m (1) + (a1 +2a2)m2(a2).

Define, fora > 0, p(a) := %0'2 (a1+@)>+r 1Ta—A(1-b(a)) as our bivariate Laplace
exponent. As an intermediate result, we have obtained the following proposition.

Proposition 3 Foranya >0,8>0,y,,7, 20, y5 <0,

(Z(@) + 0r5 (@) + 0n5(ay) = 2)02 /2 + r(my (@) + ma(a@2)) — AL (@)
el@)-1"y, - B

m(a) = . (19)

Observe that, reassuringly, Proposition reduces to Proposition when taking 0% = 0
(despite that we could not follow the same argumentation). By Lemma I} and using
that any root of the denominator is a root of the numerator as well, we obtain that

6”;(a) = _677'?(‘02(@’, lTyl +ﬁ)) - Z(a7w2(a, 1T)’l +ﬁ)) +2
2 2
+2 — (@, wa(a, 1Ty, +B)) - —2 (m1(@) + m (w2, 1Ty +6));  (20)
r o (o

cf. (I3). We are thus left with identifying dz{(a), which can be done relying on our
ordering, mimicking the procedure followed in Section 4]
Denote, with p; (u, dz) as defined in Section 4]

, 9 _
ﬁ](u’dz) = 6_171(”st)
u

(which, in this perturbed case, does not have any irregular behavior at u = 0). The new
master equation becomes

o0 (o]
:/ / 15'1 (0,dz) e v2lm—zi+22) =y (ua-21) 4
=0 z1=uy 4 22=0

uz (o)
/ / 7,(0.42) pa(uz - 21), @1
z1=—00 J 25=0

0
a_ulp(ul’uz)

so that

omi@ = e [T [ o et st gy
0 z1=u J z5=0

/ e‘““/ / p1(0,dz) pa(u — z1) du. (22)
0 z1==00 J 25=0
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The object of our interest, (97r‘l’ (@), is the transform of (2I) with respect to up. It
therefore suffices to identify ﬁ’l (0, dz), which we do via its transform; bear in mind that
we found the transform of p(u) in Section2} Similar to what we have done before, we

define £(6) now by
£(0) = / / p1(0,dz) ez,
z1=—00 J 25=0

Let p1(u, d) be as in SectionE], so that £(6) = p/(0,8). As before, we find p’ (0, 6)
by first identifying the transform of p’(u,d). In our perturbed system, we have the
following Kolmogorov-type equation: as Az | 0,

u o
]51(14,6) — e_l 71 At+r 6 At(/lAt/ / P(B € dv) ﬁl(lfi —v1,0) e—&wz +
v1=0 /=0

AAt/oo /00 P(B € dv) e o= Ys1(u=vi) =176 vy
vi=u Jv=0

1 y?
V2no? At 202 At
up to o(At)-terms. From this we obtain, as usual, an integro-differential equation: by

the substitution z := y/ (oVAr) and working out the Taylor expansions of the various
functions involved, we find, with w := A + lTyl + B —-ro1,

(1—/lAt—ﬂAt)/ )ﬁl(u+rAt—y,6)e‘5'ydy),

o2

2
u (o]

= a/ / P(B € dv) p1(u—vy,6) e 012 +
v1=0 Jv=0

o2

501 71w, 8) = (r+610%) P (u, 6) ~

py (u,6)

/l/ / P(B € dv) e 721% e~ V31 (u=—vi) e—lTévZ - wpi(u,8);
vi=u Jv=0

here p} (u,6) and p'(u, 6) are the first and second order derivatives of p;(u,d) with
respect to u, and we have used that

B1(u+r At — 70 VAL, §) e~ 01720 VAT

2 2
= j1(u, 6) (1 + %5% At) + 7 (1, 8) (r + 6102) At +ﬁ;'(u,6)% At +0(A1).

Now transform with respect to u, so as to obtain the transform 7 (a). Multiplying by
e~ ™ and integrating over u, and using that p;(0) = 1 (bearing in mind that 7, (0) = 0
in this perturbed case), after considerable calculus we obtain that 77} (@) is given by

1 2 b(-y31,178) - b 176
—,((a+ﬁ’1(0,6))0-—+r+610'2—/l (=731.1°6) —bla+yx )),
o(a,61) —w 2 @+ Y21 + Y31

with w’ := 1Ty, + . Writing a° = a°(B,¥,61) := ¥ (w’), with 8 +— 1 (B) denoting
the right-inverse of @ — ¢(a, 61), this implies that £(6) = p} (0, §) is given by

2 b(=y31,176) — b(a® 176 2
§(6)=—2(/l (=y31,1°6) = b(a® +y2 )—r—dlo'z—a——a/o).
o a®+ 7y +y31 2

(23)
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Upon combining the above, we have identified dx ().

Proposition 4 Foranya >0, 8> 0, y,,7, > 0, 3 < 0, we have that Or} () is given
by Equation (22), with £(8) given by Equation (23).

We have thus found the Gerber-Shiu metrics in the coupled perturbed risk system,
providing the joint distribution of the ruin times, undershoots and overshoots pertaining
to Y1 (¢) and Y»(1).

Theorem 3 Forany @ > 0, 8 > 0, y{,7, =2 0, y3 < 0, we have that n(a) is given
by (I2). The transform dn}(a) follows from Proposition{d| and the transform ons(a)
from Equation (20).
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Appendix A: proof of Theorem [I}

Define 7_ (@) analogously to («), but with p(u) replaced by p_(u). By a few standard
computations, it follows from (EI) that

7_(a) = b(a)n(a) + (), 24)

with IT(«) as given in (@). It is immediate that, with 8 := 1+ y| + 3,

/mP(TW(u) €AV)P(Taup = v) e " =P (Yw(Ty) > u),
0

so that, with x7, as defined above,

1
<
a+xy

/ e_‘“‘/ P(tw(u) € dv) P(Tasg > v) e "V du =
0 0

Also,

/ / / Ae™ PP (Fy (1) € dv) P(=Y (1) € dw) e " p_(u—v +w) dt
t w \%

=0

=0 Jv=0

= %/:0</v OP(YW(TG) € dv) P(=Yy,(Tp) € dw) p_(u —v +w).

Upon combining the above, we obtain after some straightforward calculus, recalling
that —Y,,(Ty) is exponentially distributed with parameter x ,,

—aYw (Ty) ﬂ—(x;) - ”—(a)

CK—XH

A
m(a) = i +5xHEe
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= a+1x§ + SDW(;l) — H(H,(xg) -n_(a))
B (a—xy) a?/2 +2 (m-(xp) —m_(a))
- ow(a) -0
(a —xy) 0?2 +A(n_ (xg) = b(a) n(a) - (a))
) ow(@) -0 ’

where the last equality is due to (24). Now 7 (a) can be solved:

(@ —xy) o2/2 +A(n_ (xy) — (@)
pla) =y -8B .
The last step is to determine the constant 7 (x ). Using the well-known principle that

any root (in the right-half of the complex plane, that is) of the denominator should be a
root of the numerator as well, we conclude that, with ¢ (-) denoting the right inverse of

®(),

n(a) =

(W1 +B) —x5) 0%/2 + A (r-(x5) = (y1 + B)) =0,
from which 7_(x,) can be found. We have thus established Theorem
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