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Abstract

We consider the number of overlapping customers in several single-
and multiserver queues, i.e., the number of customers whose visit to
a service system at some point in time has an overlap with that of a
tagged customer. Restricting ourself to the FCFS policy, we obtain
the probability generating function and moments of the number of
overlaps in the M/G/1, M/G/1/N, M/M/c and G/M/c queue and
(as an approximation) the M/G/c queue.

1 Introduction

The COVID-19 pandemic has triggered an interest in the number and lengths
of contacts a customer experiences in a service facility. Long queues at, e.g.,
baggage checks and passport controls in airports, or in shops, give rise to
many opportunities for transmission of infections. Several recent studies
have tackled the problem how to organize a queue in order to increase the
safety of customers; see, e.g., Perlman and Yechiali [8] and its references.
Kang et al. [4] combine a spatial SIR (Susceptible-Infected-Recovered) model
with queueing theory to compute the expected number of transmissions from
an infected customer during its sojourn in a service facility, assuming all
other customers are susceptible. Palomo and Pender [6] study the overlap
time, viz., the amount of time two customers, k arrivals apart, spend in
the service system together. They obtain its distribution for the M/M/1
queue, and present simulation results for the G/G/1 queue with lognormal
interarrival and service time distributions. Pender and Palomo [7] investi-
gate the overlapping time distribution in infinite server queues. Xu et al.
[11] aim to design queueing topologies and flow control policies in order to
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reduce the risk of the spread of virus infections. They propose two met-
rics to measure the customers’ infection risk in a service system, viz., the
average overlapping time and the average number of overlaps (overlapped
customers).

In the present paper we focus on the distribution of the number of over-
laps, i.e., the number of customers whose visit to a service facility at some
point in time has an overlap with that of a tagged customer. Our main
finding is that one can obtain explicit exact expressions for the generating
function of the number of overlaps in some of the most important single- and
multiserver queues, as well as their moments. We successively obtain the
probability generating function, and the mean and variance, of the number
of overlaps in the M/G/1 and M/G/1/N queue (Section 2), the M/M/c
queue (Section 3) and the G/M/c queue (Section 4). We provide an ap-
proximation for the generating function of the number of overlaps in the
M/G/c queue in Section 5. In this paper we restrict ourself to the First-
Come First-Served policy; in a future study, the impact of the service policy
on the number of overlaps will be considered.

2 The M/G/1 queue

In this section we focus on the M/G/1 FCFS queue. We consider an ar-
bitrary arriving customer C, the ”tagged” customer, and we determine the
steady-state distribution of the number of customers who overlap with C.
First some notation: customers arrive according to a Poisson process with
rate \; a generic service time is denoted by B, with distribution B(-) and
LST (Laplace-Stieltjes transform) 5(-); and the load of the server, p := AEB,
is assumed to be less than one. Under the FCFS discipline, C' overlaps with
all X customers seen upon its arrival and all Z customers arriving during
its sojourn time S; the latter are also the customers left behind at C’s de-
parture. The (transform of the) steady-state joint distribution of X, S and
Z was obtained in Theorem 3.1 of [2] (the mean of the residual service time
seen upon arrival by a customer who meets k customers was already derived
in [5], see also [9]):

B[ Xe™51%) = (1-p) B+ A=)+ QB+ A(1-1),wA(1=1)), (1)

where




Q(z,w) actually equals the joint transform of X and ¢ with indicator func-
tion I(X > 0), where ( is the residual service time of the customer found in
service by C.

The PGF (probability generating function) of O, the number of cus-
tomers overlapping with C, is given by E[zX*Z] or, alternatively, by
E[zXe *172)5] (the last factor denoting the PGF of the number of arrivals
during S). Either way, the result is obtained from (1) and (2) as follows,
where we define y(z) := A(1 — z8(A(1 — 2))):

Theorem 1 In the M/G/1 FCFS queue, the PGF of the number of overlaps
O is given by

(1—p)(A = 2)BA1 = 2)) BAI = 2))[1 = B((2))]

9] =
E[="] T BM1-2) B B2y
with mean \2ER?
EO ==+, (4)

and variance
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Remark 1 Of course, EO also follows by realizing that EO = E[X + Z] =
2EX while the latter expression is well-known (see, e.g., Chapter II.4 of [1]).
For the overlap variance, we have made use of Expression (3.6) in [2] for
the covariance of X and Z.

Remark 2 In the case of the M /M /1 queue, it readily follows from (3) (see
also Remark 3.1 of [2]) that

L—p
E[:°l = ——— % 6
=] 14+ p—2pz2’ (6)

and hence O is geometrically distributed:
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and variance

(9)

In this particular case, a quick derivation of (6) may be based on the ob-
servation that O = X + N(B]®*) + N(Bg) + --- + N(Bx) + N(B), where
the residual service time B{® = ( of the customer in service is exp(u) dis-
tributed like all ordinary service times, and where the number of Poisson(\)
arrivals N(B;) during B; is geom()\_);u) distributed:

N kP e L=p
E[z°] = kzzo(l p)p* "“(MJFA(l_Z))"”+1 = 15,25 WO

While X and the number of arrivals during C’s sojourn time are both geo-
metrically distributed, their sum is not negative binomially distributed, be-
cause those two random variables are correlated. The fact that O is ge-
ometrically distributed, hence memoryless, may be intuitively explained by
applying the memoryless property to O = Z;il(l + N(Bj)) + N(B).

2.1 The M/G/1/N queue

In this subsection we briefly discuss the M/G/1 queue with a finite total
capacity of N customers. To make the approach more transparent, we start
with the M/M/1/N queue. An arriving customer who meets N customers
is lost. The arrival rate is A, and the service rate is u; p := A\/p. X again
denotes the number of customers found by an admitted tagged customer
C' upon arrival, and Z is the number left behind by C' upon departure;
O = X + Z. However, Z no longer equals the number of customers who
have arrived during C’s sojourn time, because some of those arrivals may
have been rejected.
Let us introduce, for k,7 >0, k+i¢ < N — 1,

Yi(2) = E[zZ|C has k customers in front and i behind at a service start].

(11)

Observe that we have E[2°] once 7x0(z) is known:

N-1 N-1

E[z°] = Y P(X =k)zFpo(z) = Y 11__pl])vpkzk7k7o(z). (12)
k=0 k=0

We shall derive a recursion that expresses v ;(z) into v4—1.(2), for k =
1,...,N — 1, along with an expression for vy ;(z). Thus it is possible to



obtain all 74 ,(2), and in particular 74 0(z). Even though C' may arrive
during a service time, the residual service time still is exp(x) and hence we
may pretend that a service starts right now.

By looking one service ahead, we can write, for k =1,2,..., k+i < N —1:
N—k—i=l i
Yi(2) = JZ; (A+#)Jm%—17z‘+j(z)
b R va(2) (13)
A '

while for ¢ =0,1,...,N — 1,

A

j I N-1
+ z —
(/\+u

. — N 1+] N—i 14

In the M/G/1/N case, a very similar recursive approach can be used, with
one exception: when C arrives, the residual service time ( of the customer in
service has a different distribution than an arbitrary full service time, and it
moreover depends on X. Theorem 4.1 of [2] presents the joint transform of
X and the residual service time of the customer in service when C' arrives, for
the M/G/1/N queue. This allows us to look ahead from C’s arrival epoch
to the start of the next service. From there, we have the same recursive

scheme as in (13) and ( 4), except that terms like (Ai#)f Aiu have to be

replaced by f o0 g At (At) dP(B < t) (which again gives the probability of j
arrivals during one serv1ce time):

N—k—i—1
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while for ¢ =0,1,...,N — 1,
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3 The M/M/c queue

We now consider the M /M /c queue with service in order of arrival. Assume
that the service times are exponentially distributed with mean 1/u. We
assume that A < cp to ensure that steady-state distributions of the key
performance measures exist. Just like for M/G/1 we have

E[zC] = E[zXe 21729, (17)

and using Little’s formula and PASTA it follows once more that EO =
EX4+AES = 2EX. The probabilities p; of C' seeing k customers upon arrival
(and, by PASTA, also at an arbitrary epoch), are given by (cf. Section 4.5

of [10]),

A k
0( {;), k=0,1,...,c,
S (18)
Pk = DPc i ’ ) sy

where pg easily follows by normalization:

c—1 k c .
STV, 0
k=0

(C’s sojourn time equals its service time when X < ¢, while when X =k > ¢,
it equals its service time plus a sum of k — ¢ + 1 independent exponentially
distributed random variables with mean 1/(cp) — the minimum of ¢ (resid-
ual) service times. Hence

ElXo-AM1-2)5] _ k—ct1y

[z"e ] MJF)\ Zpkz +Zpk +)\1_Z)) ]
(20)

Combining (17), (18) and (20), we obtain the following result.

Theorem 2 In the M /M/c FCFS queue, the PGF of the number of overlaps

O is given by

c—1
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The mean number of overlaps equals
(A/p)° 1

EO — 22 4+ 9 o> , (22)
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and its variance 1is
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In presenting EO we have used a result for EX from [10], p. 288. EO was
first obtained in Corollary 2 of [11].

4 The G/M/c queue

Consider the G/M/c queue with service in order of arrival. A generic in-
terarrival time is denoted by A, with distribution A(-) and LST «(-). The
mean service time is again denoted by 1/u. Equation (17) no longer holds,
but we now have, with a(S) the number of arrivals during the sojourn time
S of C:

E[z0] = E[zX+)], (24)

We refer to Section 4.6.1 of Tijms [10] for a discussion of the probabilities
i of C' meeting X = k customers upon arrival. He points out that

o = " Mpey, k>c—1, (25)

where 7 is the unique solution in [0, 1] of the equation

oo
o / e~ L=t qA(t). (26)
0
Tijms subsequently shows how the probabilities pg, . .., p._1 can be obtained

in the cases of deterministic, generalized Erlang and Coxian-2 interarrival
time distributions.

Let us now determine E[2%(5)|X = k]. If k < ¢ then S ~ exp(y), and it
is readily seen that

E[za(s)|X =k<d = sz[aj(,u) — oIt ()] = 11__5(%2. (27)
§=0

If k > ¢ then we can write S = Ey_c41,, + B, where Ej_.y1 ., denotes an
Erlang distributed random variable with k — c+ 1 phases that are exponen-
tially distributed with rate cu and B is an exp(u) service time; those two



random variables are independent. We can hence write:

(X)X = k > (] = R[4 Er-crrentB)) (28)
k—c
(u—t) . (cut) —eut
Wipe MUt ey et i du,
/u O/t 0 (k—o)!
yielding
ZpkE[zX+a<S>|X — ] (20)
k=c
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00 —pu _ a—cu(l-nz)u
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The above results in the following theorem; the moments are obtained by
straightforward but tedious differntiations.

Theorem 3 In the G/M/c FCFS queue, the PGF of the number of overlaps
O is given by

R1l— 04(#)
Zpkz T a(u): (30)
c cp’ ll-a(p 1 1 — a(ep(l —nz))
R s gy [u T—a(wz  cp(l—n2) 1 - aleu(l - 772))2}

The mean number of overlaps equals

c—1
E[0] = E[XHZW% (31)
k=0
o’ 1 afp) 1 a(ep(l —n))
R ) gy [u T=a(u)  cp(l—n)1—alep(l— 77))]

where BIX] = 33374 kpk + pe[7<




The variance of the number of overlaps equals

Var[O] = E[0(O — 1)] + E[0] — (E[O])?
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_ o(pe) or(p)
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Remark 3 In the case of the M/M/c queue, we have a(s) = )\%rs and
n=MA/(cu) = p, and (30) and (31) are seen to reduce to (21) and (22). This
expression for n in M/M/c is actually the reason why we did not simplify
(32) slightly by dividing some numerators and denominators by p. We have
also refrained from regrouping terms in (32), to make it easier for the reader
to verify the calculations.

In the case of the G/M/1 queue, i.e., c = 1, the only unknown probability is
po, which by normalization turns out to be 1 —n. Hence in this case,

B0 = (1 )y (33)
+ zn(l—n) W 1 1-ap 1 1—au(l—nz2))

p(l—nz) —p lpl—a(pz  p(l—n2)1—a(u(l—nz)z

5 The M/G/c queue

Consider the M/G/c queue with service in order of arrival and with arrival
rate A\. A generic service time is denoted by B, with distribution B(-)
and LST S(-). Once more, Equation (17) holds. Denoting the steady-state

(32)



waiting time by W, so that S = W + B, it follows from (17) that

E[z0] = E[zXe 1729 (34)

c—1 00
= BO1=2) D ke + ) pr2Ele M AVIX = k]|
k=0 k=c

Unfortunately, in the M/G/c FCFS queue with ¢ > 2, no exact expressions
for the probabilities pr = P(X = k) are known, and even the mean waiting
time E[W] is unknown. Therefore we propose an approximation for E[zo],
based on Approximation Assumption 4.5.1 of [10]:

Suppose that right after a service completion epoch k customers are present.
(i) if k < ¢, then the time until the next service completion is distributed
as the minimum of k independent random variables Bi**,..., B;*®, where
P(B™ < z) = [y 1%%%’) dy (the residual service time distribution); (ii) If
k > ¢, then the time until the next service completion is distributed as B/c.
The rationale behind this approximation is that, for kK < ¢, the system
behaves like an M /G /oo system (for which (i) holds), while for k£ > ¢ the
system behavior resembles that of an M/G/1 queue with a ¢ times as fast
server (for which (ii) holds). It should be observed, though, that in reality
X and the time until the next service completion are dependent, as one can
already see in Equation (2). Anyway, based on the above Approximation
Assumption, Tijms provides an approximation for the probabilities pg, in
Equation (4.5.1) of [10]: the pj are assumed to satisfy

A k
pk:po( 27) 5 k‘:O,l,...,C—l, (35)
(like in M/G/o0) and
k
Pk = Aak:fcpc—l +A Z bkfmpmv k= c,Cc+ 17 ceey (36)
where
an = / (P(B™ > 1)) 'P(B > t)e_)‘t( n') dt, n=0,1,..., (37
O .
by = / P(B > ct)e—M@ dt, n=0,1,.... (38)
0 n:

This set of equations can be solved recursively; py eventually follows by
normalization.
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According to the approximation assumption, we can write W, if positive,
as the sum of B"**/c and k — ¢ independent random variables that are all
distributed as B/c. Hence we propose the following approximation:

o BEA—2) e A,
E[z°] ~ Zpkz +sz /\/C)(l_z)ﬁ ( 1-2)|,

(39)
where the pj are determined by (35)-(38). This can be translated into a
more compact expression in the following way. It follows from (36) that

(o] o0 oo (o]
Zpkzk = )\pc—lzczak—czk_c + A Z Pmz™ Z br—m2" ™. (40)
k=c k=c m=c k=m

Using (37) and (38), it readily follows from (40) that

ST (B(BTe > )7 IP(B > t)e M- dt
L= X[y P(B > ct)e=A1=2) d¢

(41)

Now observe that the second term in the righthand side of (39) contains
an expression > o ppz*BFT C( (1 — 2)), and use (41) with z replaced by

2B(2(1—2)):

5(A(1 —2))
B|(Ac)(1 = z)
Jo (BB > 1)) 1IP>(B > t)e*A(l BO-2)) g

. 42
XTI A TB(B > e N BT d (42)

E[z°] ~ B(A1 - 2)) Zpkz + APe—12° X

Remark 4 For M/M/c, the approzimation for E[zC] reduces to the exact
expression for E[zo] given in Theorem 2. Indeed, now the righthand side of
(41) reduces to Ap.—12¢/(uc — Az), which yields that p, = pc_l(ﬁ)k_cﬂ, in
agreement with (18).

Remark 5 An approzimation for E[O] can be obtained by observing that
(again) E[O] = E[X] +AE[S] = 2E[X]. Several accurate approximations for
EW, and hence for E[X], are known; see, e.g., [3] and Section 4.5.3 of [10].
Alternatively, one could obtain an approximation for E[O] by differentiating
the approzimation for E[2°] and taking z = 1.

Remark 6 A more refined approzimation for E[zC] might be obtained along
the following lines. As we are assuming that, when X > c, the system

11



behaves like an M/G/1 queue with generic service time B/c, we might use
the M/G/1 result from Section 2 that gives the joint transform of X and
residual service time of the customer in service, at an arrival epoch. That is
likely to give a more accurate result then taking the py from (4.5.1) of [10]
and assuming that the time until the first service completion is distributed
as B™* /c independent of the value of X, apart from the given that X > c.
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