
The friendship paradox for sparse random graphs

Rajat Subhra Hazra, Frank den Hollander, Azadeh Parvaneh 1

December 22, 2023

Abstract

Let Gn be an undirected finite graph on n ∈ N vertices labelled by [n] = {1, . . . , n}.
For i ∈ [n], let ∆i,n be the friendship bias of vertex i, defined as the difference between
the average degree of the neighbours of vertex i and the degree of vertex i itself when i
is not isolated, and zero when i is isolated. Let µn denote the friendship-bias empirical
distribution, i.e., the measure that puts mass 1

n at each ∆i,n, i ∈ [n]. The friendship
paradox says that if Gn has no self-loops, then

∫
R xµn(dx) ≥ 0, with equality if and only

if in each connected component of Gn all the degrees are the same.
We show that if (Gn)n∈N is a sequence of sparse random graphs that converges to a

rooted random tree in the sense of convergence locally in probability, then µn converges
weakly to a limiting measure µ that is expressible in terms of the law of the rooted random
tree. We study µ for four classes of sparse random graphs: the homogeneous Erdős-Rényi
random graph, the inhomogeneous Erdős-Rényi random graph, the configuration model
and the preferential attachment model. In particular, we compute the first two moments
of µ, identify the right tail of µ, and argue that µ([0,∞)) ≥ 1

2 , a property we refer to as
friendship-paradox significance.
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1 Introduction and outline

1.1 Background and motivation

In 1991, the American sociologist Scott Feld discovered the paradoxical phenomenon that
‘your friends are more popular than you’ [6]. This statement means the following. Consider
a group of individuals who form a connected friendship network. For each individual in
the group, compute the difference between the average number of friends of friends and the
number of friends (all friendships in the group are mutual). Average these numbers over all
the individuals in the group. It turns out that the latter average is always non-negative, and
is strictly positive as soon as not all individuals have exactly the same number of friends.
This bias, which at first glance seems counterintuitive, goes under the name of friendship
paradox, even though it is a hard fact. An equivalent, and possibly more soothing, version of
the paradox reads ‘your enemies have more enemies than you’ [13].

Implications. Apart from being interesting in itself, the friendship paradox has useful im-
plications. For instance, it can be used to slow down the spread of an infectious disease.
Suppose that there is a group of individuals whose friendship network we do not know ex-
plicitly. Suppose that an infectious disease breaks out and we only have one vaccine at our
disposal, which we want to use as effectively as possible. In other words, we want to vacci-
nate the individual who has the most friends. One way we could do this is by choosing an
individual at random and giving the vaccine to him or her. Another way could be to select
an individual at random, and let him or her choose a friend at random to give the vaccine to.
Since the more popular individuals are more likely to be chosen, the second approach is more
effective in combating the disease.

The friendship bias can be viewed as a centrality measure, akin to PageRank [15] centrality
and degree centrality. In [7], numerous intriguing features of PageRank were explored in the
context of sparse graphs with the help of local weak convergence. Similar interesting features
emerge in the analysis of the friendship bias. In [2] and [16], the behaviour of the friendship
paradox for random graphs like the Erdős-Rényi random graph was studied. Through an
empirical analysis of the limit of large Erdős-Rényi random graphs conditioned not to have
isolated points, [2] concluded that “for small degrees no meaningful friendship paradox applies”
(a statement that we will refute in the present paper). Moreover, [2] examined a special case of
the configuration model and provided an empirical analysis by using kernel density estimation.
Furthermore, a random network model was proposed with degree correlation and, with the
help of the notion of Shannon entropy, an attempt was made to investigate the impact of the
assortativity coefficient on the friendship paradox.

There have also been studies on what is called the generalised friendship paradox, in
which attributes other than popularity are considered that produce a similar paradox [5]. For
instance, an analysis of two co-authorship networks of Physical Review journals and Google
Scholar profiles reveals that on average the co-authors of a person have more collaborations,
publications and citations than that person [5]. On Twitter, for most users on average their
friends share and tweet more viral content, and over 98 percent of the users have fewer
followers than their followers [9]. In [2], it is shown in an informal way that the generalised
friendship paradox holds when the attribute correlates positively with popularity. Other works
have examined the implications of the friendship paradox for individual biases in perception
and thought contagion, noting that our social norms are influenced by our perceptions of
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others, which are strongly shaped by the people around us [12]. For instance, individuals
whose acquaintances smoke are more likely to smoke themselves [4]. The impact of the
friendship paradox on behaviour explains why we should expect more-connected people to
behave systematically differently from less-connected people, which in turn biases overall
behaviour in society [12]. In [14], a new strategy based on the friendship paradox is imposed
to improve poll predictions of elections, instead of randomly sampling individuals and asking
such questions as ‘Who are you voting for? Who do you think will win?’ In [3], the friendship
paradox is looked at from a probabilistic point of view, and it is shown that a randomly chosen
friend of a randomly chosen individual stochastically has more friends than that individual.

Mathematical modelling. The friendship paradox raises many questions. ‘How large is
the bias? How does it depend on the architecture of the friendship network? Are there
universal features beyond the fact that the bias is always non-negative?’ Mathematically, the
friendship structure is modelled by a graph, where the vertices represent individuals and the
edges represent friendships. The graph is typically random and its size is typically large. In
the present paper we take a quantitative look at the friendship paradox for sparse random
graphs. We focus on the friendship-bias empirical distribution, i.e., the distribution of the
biases of all the individuals in the network. We show that if a sequence of sparse random
graphs converges to a rooted random tree in the sense of convergence locally in probability,
then the friendship-bias empirical distribution converges weakly to a limiting measure that is
expressible in terms of the law of the rooted random tree. We study this limiting measure
for four classes of sparse random graphs. In particular, we compute its first two moments,
identify its right tail, and argue that it puts at least one half of its mass on non-negative
biases, a property we refer to as friendship-paradox significance.

1.2 Friendship paradox

Random graphs. Throughout the sequel, G = (V (G), E(G)) is an undirected simple graph
or multi-graph. The vertices V (G) represent individuals, the edges E(G) represent mutual
friendships. Denote by

(d
(G)
i )i∈V (G), A(G) = (A

(G)
i,j )i,j∈V (G),

the degree sequence, respectively, the adjacency matrix of G, where A
(G)
i,j is the number of

edges from i to j (each self-loop adds 2 to the degree).

Let Gn be a finite graph on n ∈ N vertices labeled by [n] = {1, . . . , n}. For i ∈ [n], define
the friendship bias as

∆i,n =

∑j∈[n]A
(Gn)
i,j d

(Gn)
j

d
(Gn)
i

− d(Gn)
i

 1{d(Gn)
i 6=0}.

Let µn : B(R)→ [0, 1] be the quenched friendship-bias empirical distribution

µn =
1

n

∑
i∈[n]

δ∆i,n ,
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where δx denotes the Dirac measure concentrated at x, and B(R) the Borel σ-algebra on R.
Let µ̃n : B(R)→ [0, 1] be the annealed friendship-bias empirical distribution defined by

µ̃n(·) = En[µn(·)],

where En denotes expectation with respect to the random graph Gn.

The average friendship bias is defined as

∆[n] =
1

n

∑
i∈[n]

∆i,n =

∫
R
xµn(dx).

If Gn has no self-loop, then

∆[n] =
1

n

∑
i∈[n]

d
(Gn)
i 6=0

∑
j∈[n]

d
(Gn)
j 6=0

A
(Gn)
i,j

(
d

(Gn)
j

d
(Gn)
i

− 1

)

=
1

2n

∑
i∈[n]

d
(Gn)
i 6=0

∑
j∈[n]

d
(Gn)
j 6=0

A
(Gn)
i,j


√√√√d

(Gn)
j

d
(Gn)
i

−

√√√√d
(Gn)
i

d
(Gn)
j


2

≥ 0,

with equality if and only if all connected components of Gn are regular. This property is known
as the friendship paradox, because if the edges of the graph represent mutual friendships, then
∆[n] > 0 means that in a community with n individuals on average the friends of an individual
have more friends than the individual itself.

Note that when Gn contains self-loops, it may happen that ∆[n] < 0 (see Figure 1). Also
note that

En[∆[n]] =
1

n

∑
i∈[n]

En[∆i,n] =

∫
R
xµ̃n(dx).

Figure 1: A graph with a self-loop: n = 10 and ∆[n] = − 1
n .

Rooted random graphs. A rooted graph G with root vertex o is denoted by the pair
(G, o). Consider an almost surely locally finite rooted random tree (G∞, φ), let dφ be the
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degree of φ, and let dj be the size of the offspring of neighbour j ∈ [dφ] = {1, . . . , dφ} of φ
(labelled in an arbitrary ordering). Define

∆φ =

 1

dφ

dφ∑
j=1

(dj + 1)− dφ

 1{dφ 6=0}, (1.1)

and let µ : B(R)→ [0, 1] be the law of ∆φ. Write µ̄ to denote the law of (G∞, φ).

For the special case where (G∞, φ) is a rooted Galton-Watson tree in which each individual
in the population independently gives birth to a random number of children in N0 according
to a common law ν, the measure µ equals

µ(·) = ν(0)δ0(·) +
∑
k∈N

ν(k)ν~k
(
k(·+ k − 1)

)
, (1.2)

where ν(k) = ν({k}) is the probability that an individual has k children, and ν~k is the k-fold
convolution of ν.

Outline. In Section 2 we use the theory of local convergence of sparse random graphs to
show that the friendship-bias empirical distribution µn converges to a limit µ as n → ∞. In
Section 3 we study µ for four classes of sparse random graphs : the homogeneous Erdős-Rényi
random graph, the inhomogeneous Erdős-Rényi random graph, the configuration model and
the preferential attachment model. In particular, we compute the first two moments of µ,
identify the right tail of µ, and argue that µ([0,∞)) > 1

2 , a property we refer to as friendship
paradox significance. Proofs are given in Section 4.

Notation. For sequences (an)n∈N and (bn)n∈N of real numbers we write an ∼ bn when
limn→∞ an/bn = 1, an � bn when 0 < lim infn→∞ an/bn ≤ lim supn→∞ an/bn < ∞, an . bn
when lim supn→∞

an
bn
<∞, and an & bn when lim infn→∞

an
bn
> 0.

2 Local convergence: main theorems

The asymptotic behaviour of the empirical distribution µn as n→∞ provides information on
the friendship paradox for large complex networks. Theorems 2.3–2.4 below show that µn and
µ̃n converge weakly to µ for all locally tree-like random graphs, and quantify the friendship
paradox.

We start by setting up the notion of local convergence for random graphs from [11, Chapter

2]. Let B
(G)
r (o) denote the rooted subgraph of (G, o) in which all vertices have graph distance

at most r to o, i.e., if distG denotes the graph distance in G, then

B(G)
r (o) =

(
(V (B(G)

r (o)), E(B(G)
r (o))), o

)
with

V (B(G)
r (o)) = {i ∈ V (G) : distG(o, i) ≤ r},

E(B(G)
r (o)) = {e ∈ E(G) : e = {i, j}, max{distG(o, i), distG(o, j)} ≤ r},
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where for representing an edge we allow multisets. Write G1 ' G2 when G1 and G2 are
isomorphic. Let G be the set of all connected locally finite rooted graphs equipped with the
metric

dG

(
(G1, o1), (G2, o2)

)
=
(

1 + sup
{
r ≥ 0: B(G1)

r (o1) ' B(G2)
r (o2)

})−1
,

with the convention that two connected locally finite rooted graphs (G1, o1) and (G2, o2) are
identified when (G1, o1) ' (G2, o2).

Definition 2.1. Let (Gn)n∈N be a sequence of finite random graphs. For n ∈ N, let C (Gn, Un)
denote the connected component of a uniformly chosen vertex Un ∈ V (Gn) in Gn, viewed as
a rooted graph with root vertex Un.

(a) Gn converges locally weakly to (G, o) ∈ G with (deterministic) law ν̃ if, for every bounded
and continuous function h : G → R,

Eν̃n
[
h(C (Gn, Un))

]
→ Eν̃

[
h((G, o))

]
,

where Eν̃n is the expectation with respect to the random vertex Un and the random
graph Gn with joint law ν̃n, while Eν̃ is the expectation with respect to (G, o) with law
ν̃.

(b) Gn converges locally in probability to (G, o) ∈ G with (possibly random) law ν̃ if, for
every bounded and continuous function h : G → R,

Eν̃n
[
h(C (Gn, Un)) | Gn

] P−→ Eν̃
[
h((G, o))

]
.

♠

Remark 2.2. Note that if Gn converges locally in probability to (G, o) ∈ G with law ν̃, then
Gn converges locally weakly to (Ḡ, ō) ∈ G with law ν̄(·) = E[ν̃(·)] defined, for every bounded
and continuous function h : G → R, by

Eν̄
[
h((Ḡ, ō))

]
= E

[
Eν̃
[
h((G, o))

]]
.

♠

Theorem 2.3. If (Gn)n∈N converges locally in probability to the almost surely locally finite
rooted random tree (G∞, φ), then µn =⇒ µ as n→∞ in probability.

Theorem 2.4. If (Gn)n∈N converges locally weakly to the almost surely locally finite rooted
random tree (G∞, φ), then µ̃n =⇒ µ as n→∞.

Remark 2.5. Theorems 2.3-2.4 also apply when, instead of a tree, the limit is any almost
surely locally finite rooted graph (G, o) and µ is defined as the law of the random variable

∆(G)
o =

[∑
j∈V (G)A

(G)
o,j d

(G)
j

d
(G)
o

− d(G)
o

]
1{

d
(G)
o 6=0

}.
♠
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We already know from Section 1.2 that
∫
R xµn(dx) ≥ 0, and we expect from Theorem 2.3

that ∫
R
xµn(dx)→

∫
R
xµ(dx).

We therefore divide the friendship paradox into two classes:

Definition 2.6. We say that the friendship paradox is significant when µ([0,∞)) ≥ 1
2 and

insignificant when µ([0,∞)) < 1
2 . We say that the friendship paradox is marginally significant

when µ([0,∞)) = 1
2 . ♠

In Section 3 we analyse µ for four classes of sparse random graphs: the homogeneous Erdős-
Rényi random graph (Section 3.1), the inhomogeneous Erdős-Rényi random graph (Sec-
tion 3.2), the configuration model (Section 3.3), and the preferential attachment model (Sec-
tion 3.4). We prove that the friendship paradox is significant for specific one-parameter classes
of configuration models and preferential attachment models. Furthermore, we demonstrate
numerically that the friendship paradox is significant also for the homogeneous Erdős-Rényi
random graph and the inhomogeneous Erdős-Rényi random graph.

As part of our analysis of significance we propose the following conjecture:

Conjecture 2.7. Let (Xi)i∈N0 be i.i.d. Binomial, Geometric or Poisson random variables,
defined on a probability space (Ω,F ,P). Then

P
{ X0∑
i=1

Xi ≥ X0(X0 − 1)

}
≥ 1

2

with the empty sum equal to zero.

Conjecture 2.7 says that if dφ, d1, d2, . . . are i.i.d. Binomial, Geometric or Poisson random vari-
ables, then the friendship paradox is significant (recall (1.1)). We believe that this conjecture
also holds for many other distributions with support in N0 (and that the i.i.d. assumption can
even be relaxed), but it is not true for general discrete distributions with support in N0. For
example, if (Xi)i∈N0 are i.i.d. copies of

X =

{
1, with probability 1

5 ,

20, with probability 4
5 ,

then P{
∑X0

i=1Xi ≥ X0(X0 − 1)} = 1
5 + 6

(
4
5

)21
< 1

2 .

Remark 2.8. Theorem 2.3 shows that, for all locally tree-like random graphs,

µn([0,∞))
P−→ µ([0,∞)) whenever µ({0}) = 0.

We will see that, from our four classes, the configuration model and the preferential attachment
model have µ({0}) = 0, while the homogeneous and the inhomogeneous Erdős-Rényi random
graph have µ({0}) > 0. Still, we expect the same convergence to hold for the latter two. ♠

3 Four classes of sparse random graphs: main theorems

In this section we focus on the computation of µ([0,∞)), Eµ̄[∆φ] and Eµ̄[∆2
φ]. We write Pµ̄ to

denote the probability measure of the probability space on which (G∞, φ) is defined. Eµ̄ will
be the expectation with respect to (G∞, φ) with law µ̄.
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3.1 Homogeneous Erdős-Rényi random graph

Fix λ ∈ (0,∞). For n ∈ N, let HERn(λn ∧ 1) be the random graph on [n] where each pair of

vertices is independently connected by an edge with probability λ
n ∧ 1. This random graph

converges locally in probability to a Galton-Watson tree with a Poisson offspring distribution
with mean λ [11, Theorem 2.18].

Theorem 3.1. For every λ ∈ (0,∞),

µ([0,∞)) =
∑
k∈N0

e−λλk

k!

∑
l≥k(k−1)

e−λk(λk)l

l!
.

In particular, limλ↓0 µ([0,∞)) = 1 and limλ→∞ µ([0,∞)) = 1
2 , i.e., the friendship paradox

is significant for both small and large λ, and becomes marginally significant in the limit as
λ→∞.

Theorem 3.2. For every λ ∈ (0,∞),

Eµ̄
[
∆φ

]
= 1− (λ+ 1) e−λ,

Eµ̄
[
∆2
φ

]
= λ

(∑
k∈N

k−1 e−λλk

k!
+ 1
)
− (λ+ 1)2 e−λ + 1.

In particular,

lim
λ↓0

Eµ̄[∆φ] = 0, lim
λ↓0

Eµ̄[∆2
φ] = 0,

lim
λ→∞

Eµ̄[∆φ] = 1, lim
λ→∞

Eµ̄[∆2
φ] =∞.

Theorem 3.3. For every λ ∈ (0,∞),

Pµ̄{∆φ ≥ x} ∼ Pµ̄
{
dφ = 1

}
Pµ̄
{
d1 ≥ x

}
, x→∞.

In particular,

Pµ̄{∆φ ≥ x} = µ([x,∞)) ∼ 1√
2πx

λ e−2λ exp
{
− x log

( x
λe

)}
, x→∞.

Theorems 3.1–3.3 show that for the homogeneous Erdős-Rényi random graph, which is a
simple graph, the properties of µ are explicitly computable. In addition, as seen in Figure 2,
numerical computations indicate that µ([0,∞)) is a strictly decreasing function of λ, which
leads us to conjecture that µ is significant for all λ ∈ (0,∞) (in support of Conjecture 2.7).

3.2 Inhomogeneous Erdős-Rényi random graph

Let F be the class of non-constant Riemann integrable functions f : [0, 1]→ (0,∞) satisfying

M− = M−(f) = inf
x∈[0,1]

f(x) > 0, M+ = M+(f) = sup
x∈[0,1]

f(x) <∞.

Fix λ ∈ (0,∞). For n ∈ N, let IERn(λf) be the random graph on [n] where each pair of vertices
i, j ∈ [n] is independently connected by an edge with probability λ

nf( in)f( jn)∧1. This random
graph converges locally in probability to a unimodular multi-type marked Galton-Watson tree
with the following properties [11, Theorem 3.14]:
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Figure 2: Numerical plot of the map λ 7→
∑104

k=0
e−λλk

k!

∑
l≥k(k−1)

e−λk(λk)l

l! for 10−8 ≤ λ ≤ 103.

(1) The root has type Q with

ρ{Q ∈ A} = `1(A) ∀A ⊆ [0, 1],

where ρ is the probability distribution of the types of the vertices, and `1 is the Lebesgue
measure on [0, 1].

(2) Let βm =
∫

[0,1] dy fm(y). Any vertex other than the root takes an independent type Q′

with

ρ{Q′ ∈ A} = β−1
1

∫
A

dy f(y) ∀A ⊆ [0, 1].

(3) A vertex of type x independently has offspring distribution Poisson(λβ1f(x)).

Property (1) says that Q has a uniform [0, 1] distribution, while property (2) says that

hQ′(y) = β−1
1 f(y)1{y∈[0,1]}

is the density function of Q′.

Theorem 3.4. Let ck(z) be the probability that a random variable with a Poisson(λβ1z)-
distribution takes the value k ∈ N0.

(a) For every f ∈ F and λ ∈ (0,∞),

µ([0,∞))

=
∑
k∈N0

(∫
[0,1]

dx ck(f(x))

)β−k1

k∏
j=1

∫
[0,1]

dxjf(xj)
∑

l≥k(k−1)

cl

 k∑
j=1

f(xj)

 ,
where

∏0
j=1 = 0.
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(b) For every f ∈ F ,

lim
λ↓0

µ([0,∞)) = 1,

lim
λ→∞

µ([0,∞)) = Pµ̄{(Q,Q′) ∈ Af}+
1

2
Pµ̄{(Q,Q′) ∈ Bf},

where

Af =
{

(x, y) ∈ [0, 1]× [0, 1] : f(x) < f(y)
}
,

Bf =
{

(x, y) ∈ [0, 1]× [0, 1] : f(x) = f(y)
}
.

(c) For every f ∈ F , limλ→∞ µ([0,∞)) ≥ 1
2 , which together with (a) implies that the friend-

ship paradox is significant for both small and large λ.

(d) If `2 is the Lebesgue measure on [0, 1]×[0, 1] and `2(Af ) > 0, then limλ→∞ µ([0,∞)) > 1
2 .

Moreover, if `2(Af ) = 0, then limλ→∞ µ([0,∞)) = 1
2 , i.e., the friendship paradox is

marginally significant in the limit as λ→∞.

(e) If f ∈ F is injective, then limλ→∞ µ([0,∞)) = Pµ̄{(Q,Q′) ∈ Af}.

Theorem 3.5. For every f ∈ F and λ ∈ (0,∞),

Eµ̄
[
∆φ

]
= 1− (λβ2 + 1)

∫
[0,1]

dx e−λβ1f(x) + λ(β2 − β2
1) (3.1)

and

Eµ̄
[
∆2
φ

]
= λ

(
β2 + λ(β1β3 − β2

2)
) ∫

[0,1]
dx
∑
k∈N

k−1 e−λβ1f(x)(λβ1f(x))k

k!

−
(
λ2β2

2 + 2λβ2 + 1
) ∫

[0,1]
dx e−λβ1f(x) + λ2(β2

2 − β2β
2
1) + λ(2β2 − β2

1) + 1.

In particular,

lim
λ↓0

Eµ̄
[
∆φ

]
= 0, lim

λ↓0
Eµ̄
[
∆2
φ

]
= 0,

lim
λ→∞

Eµ̄
[
∆φ

]
=∞, lim

λ→∞
Eµ̄
[
∆2
φ

]
=∞.

Theorem 3.6. For every f ∈ F and λ ∈ (0,∞),

Pµ̄{∆φ ≥ x} ∼ Pµ̄
{
dφ = 1

}
Pµ̄
{
d1 ≥ x

}
, x→∞.

In particular,

µ([x,∞)) � 1√
x
βx e

−x log( x
λβ1e

)
, x→∞,

where βx =
∫

[0,1] dyfx(y). The asymptotic behaviour of βx can be derived in the following two
cases:

(a) If `1 is the Lebesgue measure on [0, 1] and `1({y ∈ [0, 1] : f(y) = M+}) > 0, then
βx �Mx

+ as x→∞.
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(b) If f(y?) = M+ and f(y?)−f(y) � |y−y?|α, y → y?, for some y? ∈ [0, 1] and α ∈ (0,∞),
and f is bounded away from M+ outside any neighbourhood of y?, then βx � x−1/αMx

+

as x→∞.

Theorems 3.4–3.6 show that for the inhomogeneous Erdős-Rényi random graph, which is
a simple graph, the properties of µ are again explicitly computable. In addition, as seen in
Figure 3, numerical computations indicate that µ([0,∞)) is a strictly decreasing function of
λ, regardless which f ∈ F is used, which leads us to conjecture that µ is significant for all
f ∈ F and λ ∈ (0,∞) (in support of a possible extension of Conjecture 2.7 to a case where
X0 has a different distribution than the other random variables).
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Inhomogeneous Erdős-Rényi Random Graph

Figure 3: Numerical plot of the map λ 7→ µ([0,∞)) for IERn(λf) with an increasing, a de-
creasing and a non-monotonic function f , estimated with the help of Monte Carlo integration.

In Theorem 3.5, the term β2 − β2
1 is the variance of f(U) when U is a uniform [0, 1]

random variable. If f would be a constant function, then the third term in (3.1) would
vanish, which would yield Eµ̄[∆φ] → 1 as λ → ∞. However, because f is non-constant, the
inhomogeneity may cause an individual to have friends who have significantly more friends
than the individual does. For example, if f(x) = a1A(x) + b1B(x) with a < b, A ∩ B = ∅
and A ∪ B = [0, 1], then f divides the individuals into two communities An = nA ∩ [n] and
Bn = nB ∩ [n]. Two individuals inside community An are friends with probability a2λ/n,
while two individuals inside community Bn are friends with probability b2λ/n. The friends of
individuals in community An can live in community Bn, where individuals are more likely to
have friends, which explains why Eµ̄[∆φ]→∞ as λ→∞.

3.3 Configuration model

For n ∈ N and a sequence of deterministic non-negative integers dn = (d1,n, . . . , dn,n), let
CMn(dn) be the random graph on [n] drawn uniformly at random from the set of all graphs
with the same degree sequence dn. Let Dn be the degree of a uniformly chosen vertex in
[n]. If Dn converges in distribution to a random variable D with P{D > 0} = 1 such that

12



E[Dn] = 1
n

∑
i∈[n] di,n → E[D] < ∞, then this random graph converges locally in probability

to a unimodular branching process tree with root offspring distribution p = (pk)k≥0 given by
pk = P{D = k} [11, Theorem 4.1] and with biased offspring distribution p? = (p?k)k≥0 given
by p?k = (k + 1)pk+1/E[D] for all the other vertices [11, Definition 1.26].

Note that CMn(dn) is a multi-graph, i.e., it possibly has self-loops and multiple edges.
We saw in Section 1 that if a graph contains self-loops, then the friendship paradox may not
hold (see Figure 1). In spite of this, since CMn(dn) is locally tree-like we may assume that for
large n it obeys the friendship paradox. There is a version of the configuration model without
self-loops that also converges locally in probability to the same limit (see [11, Theorem 4.1]).
In many real-life applications, D often exhibits a power-law distribution. Our first result
shows that assuming D to have a power-law distribution with a finite first moment implies
the significance of the friendship paradox.

Theorem 3.7. Consider the special case where pk = k−τ/ζ(τ), τ > 2, with ζ the Rie-
mann function. Then µ([0,∞)) > 1

2 for all τ > 2. In addition, limτ↓2 µ([0,∞)) = 1 and
limτ→∞ µ([0,∞)) = 1.

The next result describes the first and second moment of ∆φ and for this we do not need
to assume that D has a power law distribution.

Theorem 3.8. Let D be such that P(D > 0) = 1 and E[D] <∞. Then

Eµ̄
[
∆φ

]
=

Var(D)

E[D]
.

For every D satisfying the above conditions and E[D2] <∞,

Eµ̄
[
∆2
φ

]
=

(
E[D3]E[D]− (E[D2])2

)
E[D−1] + E[D2]Var(D)

(E[D])2
.

In particular, Varµ̄(∆φ) ≥ Var(D).

The next result derives the tail of the measure µ when D follows a power law distribution.

Theorem 3.9. Consider the special case where pk = k−τ/ζ(τ), τ > 2. Then

µ([x,∞)) � x−(τ−2), x→∞.

Theorems 3.7–3.9 show that for the configuration model, which is a multi-graph, the
properties of µ are somewhat harder to come by than for the homogeneous or inhomogeneous
Erdős-Rényi Random Graph. Fig. 4 shows numerical upper and lower bound on µ([0,∞)) for
the special case where pk = k−τ/ζ(τ), τ > 2. The black curves are given by the following
maps:

τ 7→
∑200

k=1 pkPµ̄
{
d1 ≥ k(k − 1)

}
,

τ 7→ 1 ∧
∑200

k=1 kpkPµ̄
{
d1 ≥ k − 1

}
.

Fig. 4 shows that µ([0,∞)) is not a monotone function of τ , and is always larger than 4
5 . It

achieves its minimum value inside the interval [2, 4].

The following example shows that for the configuration model with a bimodal degree
distribution the friendship paradox is significant as soon as one of the two degrees is 1.
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Figure 4: Numerical plot of the region containing the map τ 7→ µ([0,∞)) for CMn(dn) with
pk = k−τ/ζ(τ).

Example 3.10. Consider the case where the limit is a tree with pk = p1{M1}(k) + (1 −
p)1{M2}(k) for some M1,M2 ∈ N, M1 ≤M2 and p ∈ (0, 1). Then

p?k =
M1p

M1p+M2(1− p)
1{M1−1}(k) +

M2(1− p)
M1p+M2(1− p)

1{M2−1}(k).

If M1 = M2, then pk = 1{M1}(k), p?k = 1{M1−1}(k) and µ([0,∞)) = 1. If M1 < M2, then

µ([0,∞)) = p+ (1− p)
(

M2(1− p)
M1p+M2(1− p)

)M2

, (3.2)

which is > 1
2 when p ∈ [1

2 , 1). If M1 = 1 < M2, p ∈ (0, 1
2). Suppose µ([0,∞)) ≤ 1

2 , then (3.2)
implies

M2 log
(

1 +
p

M2(1− p)

)
≥ log

( 1− p
1
2 − p

)
,

which (because log(1 + x) ≤ x, x ≥ 0) in turn implies that

log
( 1− p

1
2 − p

)
− p

1− p
≤ 0,

which is a contradiction. Consequently, if M1 = 1 < M2 and p ∈ (0, 1), then µ([0,∞)) > 1
2 .

♠

The following example shows that for the configuration model the friendship paradox is
not always significant.

Example 3.11. Let dn, n ∈ N, be such that b n10c degrees are 9 and the other degrees are 10.
It is easily checked that CMn(dn) converges locally in probability to a tree with root offspring

distribution pk = 1
101{9}(k) + 9

101{10}(k), and that µ([0,∞)) = 1
10 + 9

10

(
10
11

)10
< 1

2 . The latter

follows from (3.2) with p = 1
10 , M1 = 9 and M2 = 10. ♠
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3.4 Preferential attachment model

Imagine a social network with new individuals arriving one by one, expanding the social net-
work by one vertex at each arrival. The new individual makes connections with the other
individuals by becoming acquainted with them. A realistic assumption is that the new indi-
vidual is more likely to become acquainted with individuals who already have a large number
of acquaintances, which is sometimes called the rich-get-richer phenomenon ([11, Chapter
1]). The preferential attachment model describes networks that grow over time, where newly
added vertices are more likely to connect to old vertices with higher degrees than to old ver-

tices with lower degrees. It is a graph sequence denoted by (PAM
(m,δ)
n )n∈N, depending on two

parameters m ∈ N and δ ≥ −m, such that at each time n there are n vertices and mn edges,
i.e., the total degree is 2mn. For the friendship paradox, it is natural to assume m = 1. For
m > 1: at time 1 there is one vertex that establishes m friendship relations with itself, while
at time 2 the new vertex either establishes m friendship relations with itself or m friendship
relations with the previous vertex. So the friendship is higher when m > 1. Henceforth we
restrict ourselves to the more natural case where m = 1, so that one vertex with one edge is
added per unit time. The following brief overview is taken from [10, Chapter 8].

Fix δ ≥ −1. In this case, PAM
(1,δ)
1 consists of a single vertex v1 with a single self-loop.

For n ∈ N, suppose that v1, . . . , vn are the vertices of PAM
(1,δ)
n with degrees d1,n, . . . , dn,n,

respectively. Then, given PAM
(1,δ)
n , the rule for obtaining PAM

(1,δ)
n+1 is such that a single

vertex vn+1 with a single edge attached to a vertex in {v1, . . . , vn+1} is added according to
the following probabilities:

P
{
vn+1 → vi

∣∣ PAM(1,δ)
n

}
=


di,n + δ

n(2 + δ) + (1 + δ)
, if i ∈ [n],

1 + δ

n(2 + δ) + (1 + δ)
, if i = n+ 1.

The role of the parameter δ is that of a shift: for δ = 0 the attachment probabilities are linear
in the degrees, for δ 6= 0 affine in the degrees. The δ also allows some flexibility in terms of the
degree distribution. The power law exponent of the degree distribution is given by 3 + δ/m.

For δ > −1, PAM
(1,δ)
n converges locally in probability to a multi-type discrete-time branch-

ing process called the Pólya point tree [11, Theorem 5.26] (see also [1]).1 In this tree, each
vertex u is labeled by finite words as u = u1u2 · · ·ul, as in the Ulam-Harris way of labelling
trees and φ represents the empty word or the root of the tree. Then, u = φ carries a type Au
and a vertex u 6= φ carries a type (Au, Lu), where Au ∈ [0, 1] specifies the age of u and Lu a
label in {y, o} that indicates whether u is younger than its parent by denoting Lu = y or older
than its parent by denoting Lu = o. An old child is actually the older neighbour to which the
initial edge of the parent is connected, whereas younger children are younger vertices that use
an edge to connect to their parent. The number of children with label o of a vertex is either
0 or 1 and defined deterministically, but the number of children with label y of a vertex is
random. This rooted tree is defined inductively as follows.

First, the root φ takes an age Aφ that is chosen uniformly at random from [0, 1], but it does
not take any label in {y, o} because it has no parent. Then, by recursion, the remainder of
the tree is constructed in such a way that if the vertex u has the Ulam-Harris word u1u2 · · ·ul
and the type (Au, Lu) (or Au in the case that u = φ), then uj = uj = u1u2 · · ·ulj is defined
as follows:

1It is worth noting here that (PAM
(1,δ)
n )n∈N is denoted by (PAM

(1,δ)
n (a))n∈N in [11].
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(1) If either Lu = o or u = φ, then u has N (old)(u) = 1 offspring with label o. Otherwise it
has N (old)(u) = 0 offspring with label o. In the case N (old)(u) = 1, set u1 as the offspring
of u with label o. This offspring has an age Au1 given by

Au1 = U
2+δ
1+δ
u1 Au,

where Uu1 is a uniform [0, 1] random variable that is independent of everything else.

(2) Let Au
N(old)(u)+1

, . . . , Au
N(old)(u)+N(young)(u)

be the (ordered) points of a Poisson point pro-

cess on [Au, 1] with intensity

ρu(x) =
Γu

2 + δ

x−(1+δ)/(2+δ)

A
1/(2+δ)
u

,

where Γu is a random variable selected independently of everything else as

Γu
d
=

{
Gamma(1 + δ, 1), if u is the root or of label y,
Gamma(2 + δ, 1), if u is of label o.

Then the vertices uN(old)(u)+1, . . . , uN(old)(u)+N(young)(u) are defined as the children of u
with label y.

Note that (PAM
(1,δ)
n )n∈N is a multi-graph, i.e., it possibly has self-loops and multiple edges.

Since (PAM
(1,δ)
n )n∈N is locally tree-like we may assume that for large n it obeys the friendship

paradox. There is a version of the preferential attachment model without self-loops that also
converges locally in probability to the same limit (see [11, Theorem 5.8]).

Theorem 3.12. µ([0,∞)) ≥ 1
2 . In addition, limδ↓−1 µ([0,∞)) = 1.

Theorem 3.13. Abbreviate pδ = Eµ̄[d−1
φ ] =

∑
k∈N

(2+δ)Γ(3+2δ)Γ(k+δ)
kΓ(1+δ)Γ(k+3+2δ) . Then

Eµ̄
[
∆φ

]{ ∈ 2+δ
δ (1

2 + pδ) +
[
− (1− pδ), 0

]
, if δ ∈ (0,∞),

=∞, if δ ∈ (−1, 0],

and Eµ̄[∆2
φ] <∞ if and only if δ ∈ (1,∞).

Theorem 3.14. Abbreviate τ = τ(δ) = 3 + δ. Then, as x→∞,

µ([x,∞)) &

{
x−(3τ−4), if δ ∈ (−1, 0),

x−(2τ−1), if δ ∈ [0,∞),

and

µ([x,∞)) .


x−(3−τ), if δ ∈ [−1

2 , 0),
x−1, if δ = 0,

x−(τ−3), if δ ∈ (0,∞).

Remark 3.15. Theorem 3.13 suggests that if δ ∈ (−1, 0], then µ([x,∞)) � x−1+ε for some
ε ∈ [0,∞), but we are unable to establish this scaling in the lower bound. Note that in the
upper bound we do not cover the case δ ∈ (−1,−1

2), which is due to technical hurdles. ♠
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Figure 5 shows a numerical plot of a lower bound on δ 7→ µ([0,∞)) for (PAM
(1,δ)
n )n∈N,

given by

50∑
k=1

Pµ̄
{
dφ = k

}
Pµ̄
{
d1 ≥ k(k − 1) | dφ = k

}
,

in which we have used Monte Carlo integration to estimate Pµ̄{d1 ≥ k(k−1) | dφ = k}. Fig. 5
shows that µ([0,∞)) may not be a monotone function of δ, and is always greater than 0.99.
In addition to confirming that limδ↓−1 µ([0,∞)) = 1, the figure leads us to conjecture that
limδ→∞ µ([0,∞)) = 1. Since the preferential attachment model captures self-reinforcement in
friendship networks, these strong forms of the friendship paradox are perhaps plausible.
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Figure 5: Numerical plot of a lower bound on δ 7→ µ([0,∞)) for (PAM
(1,δ)
n )n∈N.

4 Proof of the main theorems

In this section we provide the proofs of all the results discussed before.

4.1 Local convergence

4.1.1 Convergence locally in probability

Proof of Theorem 2.3. We replace (G∞, φ) by a connected locally-finite random graph (G′∞, φ)
rooted at φ defined by

(G′∞(ω), φ) =

{
(G∞(ω), φ), if (G∞(ω), φ) is locally finite,
(H,φ), otherwise,

17



where (H,φ) is an arbitrary connected locally-finite deterministic graph rooted at φ. Without
loss of generality, we simplify the notation by assuming that (G∞, φ) ≡ (G′∞, φ). Since
Gn converges locally in probability to (G∞, φ), for every bounded and continuous function
h : (G , dG )→ (R, | · |) we have

Eµ̄n
[
h(C (Gn, Un)) | Gn

] P−→ Eµ̄
[
h((G∞, φ))

]
, (4.1)

where the expectation in the left-hand side is the conditional expected value of h(C (Gn, Un))
given Gn when (Gn, Un) has the joint law µ̄n. Since

Eµ̄n
[
h(C (Gn, Un)) | Gn

]
=

1

n

∑
i∈[n]

h(C (Gn, i)),

where C (Gn, i) is the connected component of i in Gn viewed as a rooted graph with root
vertex i, it follows from (4.1) that

1

n

∑
i∈[n]

h(C (Gn, i))
P−→ Eµ̄

[
h((G∞, φ))

]
(4.2)

for every bounded and continuous function h : (G , dG )→ (R, | · |).
Now let f : (R, | · |) → (R, | · |) be an arbitrary bounded and continuous function. Define

the function h : (G , dG )→ (R, | · |) by setting

h((G, o)) = f

∑j∈V (G)A
(G)
o,j d

(G)
j

d
(G)
o

− d(G)
o

1{d(G)
o 6=0}

 . (4.3)

Note that the boundedness of f implies the boundedness of h. Also, if (G, o) and ((G′1, o
′
1))n∈N

are connected locally-finite deterministic rooted graphs in G such that dG ((G′n, o
′
n), (G, o))→

0, then by the definition of dG we have

sup
{
r ≥ 0: B(G′n)

r (o′n) ' B(G)
r (o)

}
→∞,

and so (see [11, Lemma A.10]),

1{
(G′n,o

′
n) ' (G,o)

} = 1{
B

(G′n)
r (o′n) ' B

(G)
r (o) ∀ r≥0

} → 1.

In this case, for sufficiently large n, there is a bijection gn : V (G)→ V (G′n) such that gn(o) =

o′n and A
(G)
i,j = A

(G′n)
gn(i),gn(j) for every i, j ∈ V (G). Consequently, for every i ∈ V (G),

d
(G)
i =

∑
j∈V (G)\{i}

A
(G)
i,j + 2A

(G)
i,i =

∑
j∈V (G)\{i}

A
(G′n)
gn(i),gn(j) + 2A

(G′n)
gn(i),gn(i)

=
∑

j∈V (G′n)\{gn(i)}

A
(G′n)
gn(i),j + 2A

(G′n)
gn(i),gn(i) = d

(G′n)
gn(i)

and ∑
j∈V (G)

A
(G)
o,j d

(G)
j =

∑
j∈V (G)

A
(G′n)
o′n,gn(j)d

(G′n)
gn(j) =

∑
j∈V (G′n)

A
(G′n)
o′n,j

d
(G′n)
j .
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Hence∑j∈V (G′n)A
(G′n)
o′n,j

d
(G′n)
j

d
(G′n)
o′n

− d(G′n)
o′n

 1{
d

(G′n)

o′n
6=0
} →

∑j∈V (G)A
(G)
o,j d

(G)
j

d
(G)
o

− d(G)
o

 1{
d

(G)
o 6=0

},
and so, by the continuity of f ,

h((G′n, o
′
n))→ h((G, o)).

Hence also h is continuous. But h(C (Gn, i)) = f(∆i,n), and

h((G∞, φ)) = f

∑j∈V (G∞)A
(G∞)
φ,j d

(G∞)
j

d
(G∞)
φ

− d(G∞)
φ

 1{d(G∞)
φ 6=0}


= f

∑dφ
j=1(dj + 1)

dφ
− dφ

 1{dφ 6=0}

 = f(∆φ) a.s.

Inserting this into (4.2), we get

1

n

∑
i∈[n]

f(∆i,n)
P−→ Eµ̄

[
f(∆φ)

]
. (4.4)

On the other hand,
∫
R fdµn = 1

n

∑
i∈[n] f(∆i,n) and

∫
R fdµ = Eµ̄[f(∆φ)]. Hence the conver-

gence in (4.4) implies that ∫
R
fdµn

P−→
∫
R
fdµ,

which settles the claim.

4.1.2 Convergence locally weakly

Proof of Theorem 2.4. We use the same notation as in the proof of Theorem 2.3. For n ∈ N,

µ̃n(·) =
1

n

∑
i∈[n]

En[δ∆i,n(·)] =
1

n

∑
i∈[n]

µi,n(·),

where µi,n(·) is the law of ∆i,n. Let f : (R, | · |) → (R, | · |) be an arbitrary bounded and
continuous function. We have∫

R
fdµ̃n =

1

n

∑
i∈[n]

∫
R
fdµi,n =

1

n

∑
i∈[n]

En[f(∆i,n)] = En

 1

n

∑
i∈[n]

f(∆i,n)

 .
Since Gn converges locally weakly to (G∞, φ), for every bounded and continuous function

h : (G , dG )→ (R, | · |) we have

Eµ̄n
[
h(C (Gn, Un))

]
→ Eµ̄

[
h((G∞, φ))

]
,
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where the expectation in the left-hand side is with respect to (Gn, Un) with law µ̄n. Using
the fact that

Eµ̄n
[
h(C (Gn, Un))

]
= En

[
Eµ̄n

[
h(C (Gn, Un)) | Gn

]]
= En

 1

n

∑
i∈[n]

h(C (Gn, i))


and taking h as in (4.3), we get

∫
R
fdµ̃n = En

 1

n

∑
i∈[n]

f(∆i,n)

→ Eµ̄
[
f(∆φ)

]
=

∫
R
fdµ,

which settles the claim.

4.2 Four classes of sparse random graphs

4.2.1 Homogeneous Erdős-Rényi random graph

Proof of Theorem 3.1. Since ν = Poisson(λ), it follows from (1.2) that

µ([0,∞)) = ν(0) +
∑
k∈N

ν(k)ν~k
(
[k(k − 1),∞)

)
= e−λ +

∑
k∈N

e−λλk

k!

∑
l≥k(k−1)

e−λk(λk)l

l!
=
∑
k∈N0

e−λλk

k!

∑
l≥k(k−1)

e−λk(λk)l

l!
.

Since

µ([0,∞)) ≥ e−λ + λe−λ,

it follows that limλ↓0 µ([0,∞)) = 1.

We now show that limλ→∞ µ([0,∞)) = 1/2. Fix λ > 8. Define

Zλ =
dφ − λ√

λ
, Z ′λ =

∑dφ
j=1 dj − λdφ√

λdφ
.

Rewriting ∆φ in terms of Zλ and Z ′λ we have

µ([0,∞)) = e−λ + Pµ̄
{ dφ∑
j=1

dj ≥ dφ(dφ − 1), dφ ≥ 1

}

= e−λ + Pµ̄
{
Z ′λ

√
1 + 1√

λ
Zλ ≥

√
λZλ

(
1− 1

λ

)
− 1 + Z2

λ, dφ ≥ 1

}
. (4.5)

We note that Pµ̄{Zλ ≥ −
√
λ} = 1 because dφ is a non-negative random variable. Define the

event Aλ = {|Zλ| ≤ log λ, dφ ≥ 1}. Since, by the continuous mapping theorem and central

limit theorem, |Zλ|log λ → 0 in probability as λ→∞, we have

Pµ̄
{
Acλ
}
→ 0, λ→∞. (4.6)
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On the other hand,

Pµ̄
{{

Z ′λ

(
1 + 1√

λ
Zλ

)1/2
≥
√
λZλ

(
1− 1

λ

)
− 1 + Z2

λ

}
∩Aλ

}
= Pµ̄

{{
Z ′λ

(
1 +O( log λ√

λ
)
)1/2

≥
√
λZλ

(
1− 1

λ

)
− 1 +O(log2 λ)

}
∩Aλ

}
. (4.7)

Now define

B1,λ =
{
Zλ < −

1

log λ

}
, B2,λ =

{
Zλ >

1

log λ

}
, B3,λ =

{
|Zλ| ≤

1

log λ

}
.

By the continuous mapping theorem and the central limit theorem, there exists a standard
Gaussian random variable N defined on a probability space (Ω,F ,P) such that Zλ+ 1

log λ ⇒ N ,

Zλ − 1
log λ ⇒ N and |Zλ| − 1

log λ ⇒ |N | as λ→∞. Therefore as λ→∞

Pµ̄
{
B1,λ

}
→ P

{
N < 0

}
= 1

2 , (4.8)

Pµ̄
{
B2,λ

}
→ P

{
N > 0

}
= 1

2 ,

Pµ̄
{
B3,λ

}
→ P

{
|N | ≤ 0

}
= 0. (4.9)

Again, using the continuous mapping theorem and the central limit theorem, we have

Z̃λ
log λ√
λ

+O
( log3 λ√

λ

)
=⇒ 0, λ→∞,

where we abbreviate Z̃λ = Z ′λ(1 + O( log λ√
λ

))
1
2 . Note that g(λ) = log λ√

λ
is a strictly decreasing

function on the interval (8,∞), which implies that log λ√
λ
< log 8√

8
< 7

8 . Hence

Pµ̄
{{

Z̃λ ≥
√
λZλ

(
1− 1

λ

)
− 1 +O(log2 λ)

}
∩B2,λ

}
≤ Pµ̄

{
Z̃λ

log λ√
λ

+O
( log3 λ√

λ

)
> 7

8 −
log 8√

8

}
→ 0, λ→∞. (4.10)

Moreover,

Pµ̄
{{

Z̃λ ≥
√
λZλ

(
1− 1

λ

)
− 1 +O(log2 λ)

}
∩Aλ ∩B1,λ

}
= Pµ̄

{
Aλ ∩B1,λ

}
− Pµ̄

{{
Z̃λ <

√
λZλ

(
1− 1

λ

)
− 1 +O(log2 λ)

}
∩Aλ ∩B1,λ

}
→ 1

2 , λ→∞, (4.11)

because it follows from (4.6) and (4.8) that

Pµ̄
{
Aλ ∩B1,λ

}
= Pµ̄

{
B1,λ

}
− Pµ̄

{
Acλ ∩B1,λ

}
→ 1

2 , λ→∞,

and

Pµ̄
{{

Z̃λ <
√
λZλ

(
1− 1

λ

)
− 1 +O(log2 λ)

}
∩Aλ ∩B1,λ

}
≤ Pµ̄

{
Z̃λ

log λ√
λ

+O
( log3 λ√

λ

)
< −7

8

}
→ 0, λ→∞.

Equations (4.5)–(4.7) and (4.9)–(4.11) imply that limλ→∞ µ([0,∞)) = 1
2 .
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Proof of Theorem 3.2. Fix λ ∈ (0,∞). Since (dj)j∈N are i.i.d. copies of dφ,

Eµ̄
[
∆φ

]
=
∑
k∈N

ν(k)Eµ̄
[
∆φ | dφ = k

]
=
∑
k∈N

ν(k)Eµ̄
[

1

k

k∑
j=1

dj + 1− k
]

= Eµ̄
[
dφ
](

1− ν(0)
)

+ 1− ν(0)− Eµ̄
[
dφ
]

= 1− (λ+ 1) e−λ,

which tends to 0 as λ ↓ 0 and 1 as λ→∞. Similarly,

Eµ̄
[
∆2
φ

]
=
∑
k∈N

ν(k)Eµ̄
[
∆2
φ | dφ = k

]
=
∑
k∈N

ν(k)Eµ̄
[(1

k

k∑
j=1

dj + 1− k
)2
]

=
∑
k∈N

ν(k)Eµ̄
[

1

k2

k∑
j=1

d2
j +

1

k2

k∑
i=1

k∑
j=1
j 6=i

didj + 1 + k2 +
2

k

k∑
j=1

dj − 2

k∑
j=1

dj − 2k

]

= Varµ̄
(
dφ
)
Eµ̄
[
d−1
φ 1{dφ 6=0}

]
+
(
Eµ̄
[
dφ
])2(

1− ν(0)
)

+ 1− ν(0)

+ Eµ̄
[
d2
φ

]
+ 2Eµ̄

[
dφ
](

1− ν(0)
)
− 2
(
Eµ̄
[
dφ
])2 − 2Eµ̄

[
dφ
]

= λ
(∑
k∈N

k−1 e−λλk

k!
+ 1
)
− (λ+ 1)2 e−λ + 1.

Since ∑
k∈N

k−1 e−λλk

k!
= Eµ̄

[
d−1
φ 1{dφ 6=0}

]
∈ [0, 1],

it follows that limλ↓0 Eµ̄[∆2
φ] = 0 and limλ→∞ Eµ̄[∆2

φ] =∞.

Proof of Theorem 3.3. Fix λ ∈ (0,∞). First, we show that for each k ∈ N,

Pµ̄
{ k∑
j=1

dj ≥ kx+ k(k − 1)
}
∼ Pµ̄

{ k∑
j=1

dj = kx+ k(k − 1)
}
, x→∞. (4.12)

Indeed, without loss of generality we may assume that x ∈ N. Since, for each k, l ∈ N,

Pµ̄
{∑k

j=1 dj = kx+ k(k − 1) + l
}

Pµ̄
{∑k

j=1 dj = kx+ k(k − 1)
}

=
(λk)l

(kx+ k(k − 1) + 1)× · · · × (kx+ k(k − 1) + l)
→ 0, x→∞,

and ∑
l∈N

Pµ̄
{∑k

j=1 dj = kx+ k(k − 1) + l
}

Pµ̄
{∑k

j=1 dj = kx+ k(k − 1)
} ≤

∑
l∈N

(λk)l

l!
≤ eλk <∞,

(4.12) follows by the dominated convergence theorem.

Next, we show that

Pµ̄
{ k∑
j=1

dj = kx+ k(k − 1)
}

= o
(
Pµ̄
{
d1 = x

})
, x→∞. (4.13)
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Indeed, for k ∈ N \ {1} we have, by Stirling’s approximation,

Pµ̄
{∑k

j=1 dj = kx+ k(k − 1)
}

Pµ̄
{
d1 = x

} =
Pµ̄
{∑k

j=1 dj = kx
}

Pµ̄
{
d1 = x

} (λk)k(k−1)

(kx+ 1)× · · · × (kx+ k(k − 1))

∼ e−λ(k−1)

√
k

( x
λe

)−x(k−1) (λk)k(k−1)

(kx+ 1)× · · · × (kx+ k(k − 1))
→ 0, x→∞.

Observe that for x ≥ 1,

∑
k∈N

Pµ̄
{
dφ = k

}
Pµ̄
{∑k

j=1 dj ≥ kx+ k(k − 1)
}

Pµ̄
{
d1 ≥ x

} ≤
∑
k∈N

kPµ̄
{
dφ = k

}
= Eµ̄

[
dφ
]
<∞.

Using (4.12), (4.13) and the dominated convergence theorem, we have

lim
x→∞

Pµ̄{∆φ ≥ x}
Pµ̄
{
dφ = 1

}
Pµ̄
{
d1 ≥ x

}
= lim

x→∞

∑
k∈N Pµ̄

{
dφ = k

}
Pµ̄
{∑k

j=1 dj ≥ kx+ k(k − 1)
}

Pµ̄
{
dφ = 1

}
Pµ̄
{
d1 ≥ x

}
= 1 +

∞∑
k=2

Pµ̄
{
dφ = k

}
Pµ̄
{
dφ = 1

} lim
x→∞

Pµ̄
{∑k

j=1 dj ≥ kx+ k(k − 1)
}

Pµ̄
{
d1 ≥ x

}
= 1 +

∞∑
k=2

Pµ̄
{
dφ = k

}
Pµ̄
{
dφ = 1

} lim
x→∞

Pµ̄
{∑k

j=1 dj = kx+ k(k − 1)
}

Pµ̄
{
d1 = x

} = 1. (4.14)

This, together with (4.12) and Stirling’s formula, yields

Pµ̄
{

∆φ ≥ x
}
∼ Pµ̄

{
dφ = 1

}
Pµ̄
{
d1 ≥ x

}
∼ Pµ̄

{
dφ = 1

}
Pµ̄
{
d1 = x

}
∼ 1√

2πx
λ e−2λ exp

{
− x log

( x
λe

)}
, x→∞.

4.2.2 Inhomogeneous Erdős-Rényi random graph

Proof of Theorem 3.4. (a) Let ck(z) be the probability that a random variable with a
Poisson(λβ1z)-distribution takes the value k. If ν0(k) denotes the probability that the root
has k children, then

ν0(k) =

∫
[0,1]

dx ck(f(x)).

Moreover, if Qi is the type of the i-th child of the root, then

k∑
j=1

dj
∣∣ (Qj)

k
j=1 = (xj)

k
j=1

d
= Poisson

λβ1

k∑
j=1

f(xj)

 ,

and if ν~k0 is the convolution of the probability distributions of (dj)
k
j=1, then

ν~k0

(
[k(k − 1),∞)

)
= β−k1

k∏
j=1

∫
[0,1]

dxj f(xj)
∑

l≥k(k−1)

cl

 k∑
j=1

f(xj)

 .
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Hence

µ([0,∞)) = ν0(0) +
∑
k∈N

ν0(k)ν~k0

(
[k(k − 1),∞)

)
≥ e−λβ1M+ + λβ1M−e−λβ1M+ ,

which implies limλ↓0 µ([0,∞)) = 1.

(b) For large λ we follow the strategy of using central limit theorem as in the proof of Theorem
3.1. Let λ > max{1, λ′} with λ′ such that log λ√

λ
< M−

2 for all λ > λ′. For x, y ∈ [0, 1], define

Zλ = Zλ(x) =
dφ − λβ1f(x)√

λβ1f(x)
, Z ′λ = Z ′λ(y) =

∑dφ
j=1 dj − λβ1f(y)dφ√

λβ1f(y)dφ
.

Then, putting

ϕ1 = ϕ1(x, y) = β2
1f(x)f(y),

ϕ2(λ) = ϕ2(x, y, λ) = β
3/2
1 f1/2(x)

(
2f(x)− f(y)

)
− λ−1β

1/2
1 f1/2(x),

ϕ3(λ) = ϕ3(x, y, λ) = β2
1f(x)

(
f(x)− f(y)

)
− λ−1β1f(x),

ϕ4 = ϕ4(x) = β1f(x),

we have

µ([0,∞))

= ν0(0) +

∫
[0,1]

dx

∫
[0,1]

dy β−1
1 f(y)Pµ̄

{ dφ∑
j=1

dj ≥ dφ(dφ − 1), dφ ≥ 1
∣∣∣ Q = x,Q′ = y

}
(4.15)

with

ν0(0) =

∫
[0,1]

dx e−λβ1f(x) ≤ e−λM
2
− → 0, λ→∞. (4.16)

Let Pµ̄,x,y{·} = Pµ̄ {· | Q = x,Q′ = y}. Rewriting ∆φ in terms of Zλ, Z ′λ and {ϕj}4j=1, we have

Pµ̄,x,y
{ dφ∑
j=1

dj ≥ dφ(dφ − 1), dφ ≥ 1

}

= Pµ̄,x,y
{
Z ′λ

(
ϕ1 +O

(
1√
λ

)
Zλ

)1/2
≥
√
λϕ2(λ)Zλ + λϕ3(λ) + ϕ4Z

2
λ, dφ ≥ 1

}
. (4.17)

Similarly to the proof of Theorem 3.1, taking the event Aλ = {|Zλ| ≤ log λ, dφ ≥ 1}, we have

Pµ̄
{
Acλ | Q = x

}
→ 0, λ→∞. (4.18)

Equations (4.17)–(4.18) imply that

lim
λ→∞

Pµ̄,x,y
{ dφ∑
j=1

dj ≥ dφ(dφ − 1), dφ ≥ 1

}

= lim
λ→∞

Pµ̄,x,y
{{

Z ′
λ

(
ϕ1 +O

(
1√
λ

)
Zλ

)1/2

≥
√
λϕ2(λ)Zλ + λϕ3(λ) + ϕ4Z

2
λ

}
∩Aλ

}
= lim
λ→∞

Pµ̄,x,y
{{

Z ′
λ

(
ϕ1 +O

(
log λ√
λ

))1/2

+O
(

log2 λ
)
≥
√
λϕ2(λ)Zλ + λϕ3(λ)

}
∩Aλ

}
. (4.19)
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We investigate (4.19) for the following three sets:

If = {(x, y) ∈ [0, 1]× [0, 1] : f(x)− f(y) > 0},
Af = {(x, y) ∈ [0, 1]× [0, 1] : f(x)− f(y) < 0},
Bf = {(x, y) ∈ [0, 1]× [0, 1] : f(x)− f(y) = 0}.

Let Z ′′λ := Z ′λ

(
ϕ1 +O

( log λ√
λ

))1/2
. Using the continuous mapping theorem and the central

limit theorem, we have

1

λ
Z ′′λ +O

( log λ√
λ

) Pµ̄,x,y−→ 0, λ→∞, (4.20)

Therefore, for (x, y) ∈ If ,

Pµ̄,x,y
{{

Z ′′λ +O
(

log2 λ
)
≥
√
λϕ2(λ)Zλ + λϕ3(λ)

}
∩Aλ

}
≤ Pµ̄,x,y

{
Z ′′λ +O

(
log2 λ

)
≥ O

(√
λ log λ

)
+ λϕ3(λ)

}
≤ Pµ̄,x,y

{
1

λ
Z ′′λ +O

( log λ√
λ

)
≥ β2

1f(x)
(
f(x)− f(y)

) }
→ 0, λ→∞. (4.21)

For (x, y) ∈ Af , by (4.18),

Pµ̄,x,y
{{

Z ′′λ +O
(

log2 λ
)
≥
√
λϕ2(λ)Zλ + λϕ3(λ)

}
∩Aλ

}
= Pµ̄,x,y

{{
Z ′′λ +O

(
log2 λ

)
≥ O

(√
λ log λ

)
+ λϕ3(λ)

}
∩Aλ

}
= Pµ̄,x,y

{{ 1

λ
Z ′′λ +O

( log λ√
λ

)
≥ β2

1f(x)
(
f(x)− f(y)

)}
∩Aλ

}
≥ Pµ̄,x,y

{
1

λ
Z ′′λ +O

( log λ√
λ

)
≥ β2

1f(x)
(
f(x)− f(y)

) }
− Pµ̄

{
Acλ | Q = x

}
→ 1, λ→∞. (4.22)

Next, let (x, y) ∈ I3. Similarly as in the proof of Theorem 3.1, we consider the events

B1,λ =
{
Zλ < −

1

log λ

}
, B2,λ =

{
Zλ >

1

log λ

}
, B3,λ =

{
|Zλ| ≤

1

log λ

}
.

and note that there exists a standard Gaussian random variable N defined on a probability
space (Ω,F ,P) such that, by (4.18),

Pµ̄
{
Aλ ∩B1,λ | Q = x

}
= Pµ̄

{
B1,λ | Q = x

}
− Pµ̄

{
Acλ ∩B1,λ | Q = x

}
→ P

{
N < 0

}
= 1

2 , λ→∞, (4.23)

and

Pµ̄
{
B2,λ | Q = x

}
→ P

{
N > 0

}
= 1

2 ,

Pµ̄
{
B3,λ | Q = x

}
→ P

{
|N | ≤ 0

}
= 0. (4.24)
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Similar to (4.20) we have

1

λ
Z ′λ

(
ϕ1 +O

( log λ√
λ

))1/2
+O

( log3 λ√
λ

) Pµ̄,x,y−→ 0, λ→∞. (4.25)

Since log λ√
λ
< 1

2M−, we have

Pµ̄,x,y
{{

Z ′′λ +O
(

log2 λ
)
≥
√
λϕ2(λ)Zλ + λϕ3(λ)

}
∩B2,λ

}
≤ Pµ̄,x,y

{
Z ′′λ

log λ√
λ

+O
( log3 λ√

λ

)
> β1f(x)

(√
β1 −

log λ√
λ

) }
≤ Pµ̄,x,y

{
Z ′′λ

log λ√
λ

+O
( log3 λ√

λ

)
> 1

2M
3
−

}
→ 0, λ→∞. (4.26)

Moreover,

Pµ̄,x,y
{{

Z ′′λ +O
(

log2 λ
)
<
√
λϕ2(λ)Zλ + λϕ3(λ)

}
∩B1,λ

}
≤ Pµ̄,x,y

{
Z ′′λ

log λ√
λ

+O
( log3 λ√

λ

)
< −β3/2

1 f3/2(x)

}
→ 0, λ→∞.

Therefore by (4.23),

Pµ̄,x,y
{{

Z ′′λ +O
(

log2 λ
)
≥
√
λϕ2(λ)Zλ + λϕ3(λ)

}
∩Aλ ∩B1,λ

}
= Pµ̄

{
Aλ ∩B1,λ | Q = x

}
− Pµ̄,x,y

{{
Z ′′λ +O

(
log2 λ

)
<
√
λϕ2(λ)Zλ + λϕ3(λ)

}
∩Aλ ∩B1,λ

}
→ 1

2 , λ→∞.

(4.27)

It follows from (4.24)–(4.27) that, for (x, y) ∈ Bf ,

Pµ̄,x,y
{{

Z ′′λ +O
(

log2 λ
)
≥
√
λϕ2(λ)Zλ + λϕ3(λ)

}
∩Aλ

}
→ 1

2 , λ→∞. (4.28)

Finally, from (4.19)–(4.22) and (4.28) we get

lim
λ→∞

Pµ̄,x,y
{ dφ∑
j=1

dj ≥ dφ(dφ − 1), dφ ≥ 1

}
=


0, if (x, y) ∈ If ,
1, if (x, y) ∈ Af ,
1
2 , if (x, y) ∈ Bf ,

and so, by (4.15)–(4.16) and the dominated convergence theorem, we arrive at

lim
λ→∞

µ([0,∞)) = Pµ̄
{

(Q,Q′) ∈ Af
}

+ 1
2Pµ̄

{
(Q,Q′) ∈ Bf

}
. (4.29)
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(c) By Fubini’s theorem, we have

Pµ̄
{

(Q,Q′) ∈ Af
}

=
x

Af

dx dy β−1
1 f(y) ≥

x

Af

dx dy β−1
1 f(x)

= 1−
x

If

dx dy β−1
1 f(x)−

x

Bf

dx dy β−1
1 f(x)

= 1−
x

{(y,x)∈[0,1]×[0,1]:
f(x)−f(y)>0}

dy dxβ−1
1 f(x)−

x

Bf

dx dy β−1
1 f(x)

= 1−
x

Af

dx dy β−1
1 f(y)−

x

Bf

dx dy β−1
1 f(x)

= 1− Pµ̄
{

(Q,Q′) ∈ Af
}
− Pµ̄

{
(Q,Q′) ∈ Bf

}
.

Hence

Pµ̄
{

(Q,Q′) ∈ Af
}
≥ 1

2 −
1
2Pµ̄

{
(Q,Q′) ∈ Bf

}
, (4.30)

which together with (4.29) implies that

lim
λ→∞

µ([0,∞)) ≥ 1
2 .

(d) If `2(Af ) > 0, then ≥ in (4.30) can be replaced by >. Following the same approach as in
the proof of (c), we get limλ→∞ µ([0,∞)) > 1

2 . But, if `2(Af ) = 0, then it follows from (4.29)
that

lim
λ→∞

µ([0,∞)) = 1
2Pµ̄

{
(Q,Q′) ∈ Bf

}
.

This, together with part (c), leads to the conclusion that limλ→∞ µ([0,∞)) = 1
2 .

(e) If f is injective, then Bf = {(x, y) ∈ [0, 1]× [0, 1] : x = y} and so

Pµ̄
{

(Q,Q′) ∈ Bf
}

=
x

Bf

dxdy β−1
1 f(y) = 0.

Therefore, by (4.29),

lim
λ→∞

µ([0,∞)) = Pµ̄
{

(Q,Q′) ∈ Af
}
.

Proof of Theorem 3.5. Let ν0(k) denote the probability that the root has k children.
Since

Eµ̄
[
dφ
]

=

∫
[0,1]

dxEµ̄
[
dφ | Q = x

]
=

∫
[0,1]

dxλβ1f(x) = λβ2
1 ,

Eµ̄
[
d1

]
=

∫
[0,1]

dxβ−1
1 f(x)Eµ̄

[
d1 | Q′ = x

]
=

∫
[0,1]

dxλf2(x) = λβ2,
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similarly as in the proof of Theorem 3.2 we obtain

Eµ̄
[
∆φ

]
=
∑
k∈N

ν0(k)Eµ̄
[

1

k

k∑
j=1

dj + 1− k
]

= Eµ̄
[
d1

](
1− ν0(0)

)
+ 1− ν0(0)− Eµ̄

[
dφ
]

= 1− (λβ2 + 1)

∫
[0,1]

dx e−λβ1f(x) + λ(β2 − β2
1).

Since

1− (λM2
+ + 1) e−λM

2
− + λ(M2

− −M2
+) ≤ Eµ̄

[
∆φ

]
≤ 1− (λM2

− + 1) e−λM
2
+ + λ(M2

+ −M2
−),

it follows that Eµ̄
[
∆φ

]
→ 0 as λ ↓ 0. On the other hand, if U is a uniform [0, 1] random

variable, then

β2 − β2
1 = Var(f(U)) > 0

by noting that f is a non-constant function. Since

Eµ̄
[
∆φ

]
≥ 1− (λM2

+ + 1)e−λM
2
− + λ(β2 − β2

1),

it follows that Eµ̄[∆φ]→∞ as λ→∞. Similarly, since

Eµ̄
[
d2
φ

]
=

∫
[0,1]

dxEµ̄
[
d2
φ | Q = x

]
=

∫
[0,1]

dx
(
λβ1f(x) + λ2β2

1f
2(x)

)
= λβ2

1 + λ2β2
1β2,

Eµ̄
[
d2

1

]
=

∫
[0,1]

dxβ−1
1 f(x)Eµ̄

[
d2

1 | Q′ = x
]

=

∫
[0,1]

dx
(
λf2(x) + λ2β1f

3(x)
)

= λβ2 + λ2β1β3,

it follows that

Eµ̄
[
∆2
φ

]
=
∑
k∈N

ν0(k)Eµ̄
[
∆2
φ | dφ = k

]
=
∑
k∈N

ν0(k)Eµ̄
[(1

k

k∑
j=1

dj + 1− k
)2
]

=
∑
k∈N

ν0(k)Eµ̄
[

1

k2

k∑
j=1

d2
j +

1

k2

k∑
i=1

k∑
j=1
j 6=i

didj + 1 + k2 +
2

k

k∑
j=1

dj − 2

k∑
j=1

dj − 2k

]

= Varµ̄
(
d1

)
Eµ̄
[
d−1
φ 1{dφ 6=0}

]
+
(
Eµ̄
[
d1

])2(
1− ν0(0)

)
+ 1− ν0(0)

+ Eµ̄
[
d2
φ

]
+ 2Eµ̄

[
d1

](
1− ν0(0)

)
− 2Eµ̄

[
d1

]
Eµ̄
[
dφ
]
− 2Eµ̄

[
dφ
]

= (λβ2 + λ2β1β3 − λ2β2
2)Eµ̄

[
d−1
φ 1{dφ 6=0}

]
− (1 + λ2β2

2 + 2λβ2)

∫ 1

0
dx e−λβ1f(x)

+ λ2(β2
2 − β2

1β2) + λ(2β2 − β2
1) + 1

= λ
(
β2 + λ(β1β3 − β2

2)
) ∫

[0,1]
dx
∑
k∈N

k−1 e−λβ1f(x)(λβ1f(x))k

k!

− (1 + λ2β2
2 + 2λβ2)

∫
[0,1]

dx e−λβ1f(x) + λ2(β2
2 − β2

1β2) + λ(2β2 − β2
1) + 1.

Again, since

− (1 + λ2M4
+ + 2λM2

+) e−λM
2
− + λ2(M4

− −M4
+) + λ(2M2

− −M2
+) + 1

≤ Eµ̄
[
∆2
φ

]
≤ (λM2

+ + λ2M4
+)− e−λM

2
+ + λ2M4

+ + 2λM2
+ + 1,

it follows that Eµ̄
[
∆2
φ

]
→ 0 as λ ↓ 0. In addition, limλ→∞ Eµ̄[∆2

φ] ≥ limλ→∞(Eµ̄[∆φ])2 =∞.
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Proof of Theorem 3.6. Fix λ ∈ (0,∞). First, we show that for each k ∈ N,

Pµ̄
{ k∑
j=1

dj ≥ kx+ k(k − 1)

}
∼ Pµ̄

{ k∑
j=1

dj = kx+ k(k − 1)

}
, x→∞. (4.31)

Indeed, without loss of generality we may assume that x ∈ N. With the same notations and
methods used in the proof of Theorem 3.4, we have, for k ∈ N and m ∈ N0,

Pµ̄
{ k∑
j=1

dj = kx+ k(k − 1) +m

}

= β−k1

k∏
j=1

∫
[0,1]

dyj f(yj)
e−λβ1

∑k
j=1 f(yj)(λβ1

∑k
j=1 f(yj))

kx+k(k−1)+m

(kx+ k(k − 1) +m)!
.

Therefore, for k, l ∈ N,

Pµ̄
{∑k

j=1 dj = kx+ k(k − 1) + l
}

Pµ̄
{∑k

j=1 dj = kx+ k(k − 1)
}

≤ (λβ1)le−λβ1k(M−−M+)

(kx+ k(k − 1) + 1)× · · · × (kx+ k(k − 1) + l)

×
∏k
j=1

∫
[0,1] dyj f(yj)(

∑k
j=1 f(yj))

kx+k(k−1)+l∏k
j=1

∫
[0,1] dyj f(yj)(

∑k
j=1 f(yj))kx+k(k−1)

≤ (λβ1kM+)le−λβ1k(M−−M+)

(kx+ k(k − 1) + 1)× · · · × (kx+ k(k − 1) + l)
→ 0, x→∞,

and

∑
l∈N

Pµ̄
{∑k

j=1 dj = kx+ k(k − 1) + l
}

Pµ̄
{∑k

j=1 dj = kx+ k(k − 1)
}

≤ e−λβ1k(M−−M+)
∑
l∈N

(λβ1kM+)l

l!
≤ e−λβ1k(M−−2M+) <∞.

Therefore, (4.31) follows by the dominated convergence theorem.

For k ∈ N \ {1}, since

k∏
j=1

∫
[0,1]

dyj f(yj)
( k∑
j=1

f(yj)
)kx
≤ kkx

k∏
j=1

∫
[0,1]

dyj f(yj)
k∑
j=1

fkx(yj)

≤ kkxMkx−x+k−1
+

k∏
j=1

∫
[0,1]

dyj

k∑
j=1

fx+1(yj) = kkx+1Mkx−x+k−1
+ βx+1,
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by Stirling’s formula we have

Pµ̄
{∑k

j=1 dj = kx+ k(k − 1)
}

Pµ̄
{
d1 = x

}
≤ x!

(kx)!
× e−λβ1(kM−−M+)β−k+1

1 (λβ1kM+)k(k−1)(λβ1)kx−x

(kx+ 1)× · · · × (kx+ k(k − 1))

×
∏k
j=1

∫
[0,1] dyj f(yj)(

∑k
j=1 f(yj))

kx∫
[0,1] dy1 (f(y1))x+1

≤ x!

(kx)!
× e−λβ1(kM−−M+)β−k+1

1 (λβ1kM+)k(k−1)(λβ1)kx−x

(kx+ 1)× · · · × (kx+ k(k − 1))
× kkx+1Mkx−x+k−1

+

∼
(

x

eM+

)−x(k−1)

× e−λβ1(kM−−M+)β−k+1
1 (λβ1kM+)k(k−1)(λβ1)kx−x

(kx+ 1)× · · · × (kx+ k(k − 1))
×
√
kMk−1

+

→ 0, x→∞. (4.32)

Therefore, taking the same approach as in (4.14), we get from (4.31)–(4.32) and the dominated
convergence theorem that

Pµ̄{∆φ ≥ x} ∼ Pµ̄
{
dφ = 1

}
Pµ̄
{
d1 ≥ x

}
, x→∞.

Hence, from (4.31),

Pµ̄
{

∆φ ≥ x
}
∼ Pµ̄

{
dφ = 1

}
Pµ̄
{
d1 = x

}
, x→∞,

and so Stirling’s formula yields(
λM2

−e−2λβ1M+

√
2π

)
1√
x
βxe
−x log( x

λβ1e
)
. Pµ̄

{
∆φ ≥ x

}
.

(
λM2

+e−2λβ1M−

√
2π

)
1√
x
βxe
−x log( x

λβ1e
)
,

x→∞,

where we recall that βx =
∫

[0,1] dy fx(y).

(a) Suppose that `1({y ∈ [0, 1] : f(y) = M+}) > 0 with `1 the Lebesgue measure. Then

`1
(
{y ∈ [0, 1] : f(y) = M+}

)
Mx

+ ≤ βx ≤Mx
+,

and hence βx �Mx
+ as x→∞.

(b) Suppose that f(y?) = M+ and f(y?)− f(y) � |y? − y|α, y → y?, for some y? ∈ [0, 1] and
α ∈ (0,∞), and f is bounded away from M+ outside any neighbourhood of y?. Then

βx
Mx

+

=

∫
[0,1]

dy

(
f(y)

f(y?)

)x
=

∫
[0,1]

dy

(
1− f(y?)− f(y)

f(y?)

)x
�
∫

[0,1]
dy exp

(
−x |y? − y|

α

M+

)
�
∫ y?+x−1/α

y?−x−1/α

dy � x−1/α, x→∞,

where the first � uses that only the neighbourhood of y? contributes, and the second � uses
that the integral is dominated by the neighbourhood where the exponent is of order 1. Hence
βx � x−1/αMx

+ as x→∞.
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4.2.3 Configuration model

Proof of Theorem 3.7. Write

µ([0,∞)) =
∑
k∈N

pkν
~k
1

(
[k(k − 1),∞)

)
,

where ν~k1 is the k-fold convolution of ν1 = p?. We look at the special case where pk =
k−τ/ζ(τ) with τ ∈ (2,∞) and ζ the Riemann function. Then,

µ([0,∞)) ≥ p1 =
1

ζ(τ)
≥ 1

ζ(2)
=

6

π2
>

1

2
.

For m ∈ N and s ∈ (1,∞), let ζm(s) =
∑∞

j=m j
−s be the truncated Riemann function.

Then2

m−s+1

s− 1
=

∫ ∞
m

dxx−s ≤ ζm(s) ≤ 1 +

∫ ∞
m

dxx−s =
s− 1 +m−s+1

s− 1
. (4.33)

For each k ∈ N,

ν~k1

(
[k(k − 1),∞)

)
≥ Pµ̄

{
d1 ≥ k(k − 1)

}
=
ζk(k−1)+1(τ − 1)

ζ1(τ − 1)
≥ ζk2(τ − 1)

ζ1(τ − 1)
≥ k−2τ+4

τ − 1
.

Consequently,

µ([0,∞)) ≥ 1

τ − 1

∑
k∈N

pk k
−2τ+4 ≥ 1

τ − 1

ζ1(3τ − 4)

ζ1(τ)
.

By the dominated convergence theorem, ζ1(3τ − 4) → ζ1(2) as τ ↓ 2, from which we obtain
that µ([0,∞))→ 1 as τ ↓ 2, and

µ([0,∞)) ≥ 1

ζ(τ)
→ 1, τ →∞,

from which we obtain that µ([0,∞))→ 1 as τ →∞.

Proof of Theorem 3.8. Let E[D] <∞. Since

Eµ̄[dφ] = E[D], Eµ̄[d1] = (E[D])−1(E[D2]− E[D]),

the first moment equals

Eµ̄
[
∆φ

]
=
∑
k∈N

pk

1

k

k∑
j=1

Eµ̄[dj ] + 1− k

 = Eµ̄[d1] + 1− Eµ̄[dφ] =
Var(D)

E[D]
,

which is strictly positive whenever D is a non-degenerate random variable, i.e., the limit is
not a regular tree. Moreover, Eµ̄[d−1

φ ] = E[D−1], Eµ̄[d2
φ] = E[D2], and if also E[D2] <∞, then

Eµ̄
[
d2

1

]
=

∑
k∈N(k − 1)2kpk

E[D]
=

E[D3] + E[D]− 2E[D2]

E[D]
.

2It is worthwhile to note here that ζ1(s) > 1, and for m > 1, there is a sharper upper bound which will be
presented in (4.34).
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Therefore, if E[D2] <∞, then

Eµ̄
[
∆2
φ

]
=
∑
k∈N

pkEµ̄
[
∆2
φ | dφ = k

]
=
∑
k∈N

pkEµ̄
[(1

k

k∑
j=1

dj + 1− k
)2
]

=
∑
k∈N

pkEµ̄
[

1

k2

k∑
j=1

d2
j +

1

k2

k∑
i=1

k∑
j=1
j 6=i

didj + 1 + k2 +
2

k

k∑
j=1

dj − 2

k∑
j=1

dj − 2k

]

= Varµ̄
(
d1

)
Eµ̄
[
d−1
φ

]
+
(
Eµ̄
[
d1

])2
+ 1 + Eµ̄

[
d2
φ

]
+ 2Eµ̄

[
d1

]
− 2Eµ̄

[
d1

]
Eµ̄
[
dφ
]
− 2Eµ̄

[
dφ
]

=

(
E[D3]E[D]− (E[D2])2

)
E[D−1] + E[D2]Var(D)

(E[D])2
,

and so using the Cauchy-Schwarz inequality,

Eµ̄
[
∆2
φ

]
≥ E[D2]Var(D)

(E[D])2
,

which implies that

Varµ̄(∆φ) ≥ Var(D)
E[D2]− Var(D)

(E[D])2
= Var(D).

Proof of Theorem 3.9. Let x ∈ (0,∞) and τ ∈ (2,∞). For m ∈ N and s ∈ (1,∞),

ζm(s) =

∞∑
k=m

k−s ≤
∫ ∞
m−1

dxx−s =
(m− 1)−s+1

s− 1
. (4.34)

Therefore

Pµ̄
{
d1 ≥ x

}
=

1

ζ(τ)E[D]

∞∑
k=dxe

(k + 1)−τ+1 ≤ 1

E[D]

∞∑
k=dxe+1

k−τ+1 ≤ 1

E[D]

x−τ+2

τ − 2

and

Pµ̄{∆φ ≥ x} =
∑
k∈N

Pµ̄
{
dφ = k

}
Pµ̄
{ k∑
j=1

dj ≥ kx+ k(k − 1)
}

≤
∑
k∈N

Pµ̄
{
dφ = k

}
Pµ̄
{ k∑
j=1

dj ≥ kx
}
≤
∑
k∈N

kPµ̄
{
dφ = k

}
Pµ̄
{
d1 ≥ x

}
≤ (τ − 2)−1x−τ+2.

Moreover, by (4.33),

Pµ̄{∆φ ≥ x} ≥
∑
k∈N

Pµ̄
{
dφ = k

}
Pµ̄
{
d1 ≥ k2(x+ 1)

}
=

1

ζ(τ)ζ(τ − 1)

∑
k∈N

k−τζdk2(x+1)e+1(τ − 1)

≥ 1

(τ − 2)ζ(τ)ζ(τ − 1)

∑
k∈N

k−τ
(
k2(x+ 1) + 2

)−τ+2

≥ 3−τ+2ζ(3τ − 4)

(τ − 2)ζ(τ)ζ(τ − 1)
(x+ 1)−τ+2 ≥ 3−τ+2

τ(3τ − 5)
(x+ 1)−τ+2 ≥ 3−τ+1τ−2(x+ 1)−τ+2.
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4.2.4 Preferential attachment model

Proof of Theorem 3.12. First note that

dφ = N (old)(φ) +N (young)(φ) = 1 +N (young)(φ).

Let di denote the number of children of φi = φi. We have d1 = 1 + N (young)(φ1) and, when
N (young)(φ) ≥ 1,

di = N (young)(φi), i ∈ {2, . . . , dφ}.

For a ∈ [0, 1], define

κ(a) =

∫
[a,1]

dx
1

2 + δ

x−(1+δ)/(2+δ)

a1/(2+δ)
= a−

1
2+δ − 1.

For b ∈ (0,∞), let Y (a, b)
d
= Poisson(bκ(a)). Then

µ([0,∞)) =
∑
k∈N

Pµ̄{dφ = k}Pµ̄


k∑
j=1

dj ≥ k(k − 1) | dφ = k

 .

Recall that Γφ
d
= Gamma(1 + δ, 1), hence

Pµ̄{dφ = k | Aφ = a} =

∫ ∞
0

dbPµ̄
{
N (young)(φ) = k − 1 | Aφ = a,Γφ = b

} bδe−b

Γ(1 + δ)

=

∫ ∞
0

dbP
{
Y (a, b) = k − 1

} bδe−b

Γ(1 + δ)

=
Γ(k + δ)

(k − 1)! Γ(1 + δ)

(
1− a

1
2+δ

)k−1
a

1+δ
2+δ , (4.35)

and so

Pµ̄{dφ = k} =
Γ(k + δ)

(k − 1)! Γ(1 + δ)

∫
[0,1]

da
(

1− a
1

2+δ

)k−1
a

1+δ
2+δ

=
(2 + δ)Γ(k + δ)

(k − 1)! Γ(1 + δ)

∫
[0,1]

du (1− u)k−1u2+2δ

=
(2 + δ)Γ(3 + 2δ)Γ(k + δ)

Γ(1 + δ)Γ(k + 3 + 2δ)
. (4.36)

Hence

µ([0,∞)) ≥ Pµ̄{dφ = 1} =
2 + δ

3 + 2δ
, (4.37)

and so µ([0,∞)) → 1 as δ ↓ −1. Moreover, since δ 7→ 2+δ
3+2δ is decreasing and tends to 1

2 as
δ →∞, it follows from (4.37) that, for all δ ∈ (−1,∞),

µ([0,∞)) >
1

2
.
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Proof of Theorem 3.13. Let κ(·) and Y (·, ·) be as in the proof of Theorem 3.12. Then
N (young)(φ) is distributed as Y (Aφ,Γφ), and hence

Eµ̄
[
dφ
]

= 1 + Eµ̄
[
N (young)(φ)

]
= 1 + Eµ̄[Γφ]Eµ̄[κ(Aφ)] = 2. (4.38)

Abbreviate

γ†k,δ =
Γ(k + 3 + 2δ)

(k − 1)!Γ(3 + 2δ)
.

For k ∈ N, using (4.35)–(4.36), we get

Eµ̄
[
A
− 1

2+δ

φ | dφ = k
]

=

∫
[0,1]

da
Pµ̄{dφ = k | Aφ = a}

Pµ̄{dφ = k}
a−

1
2+δ

=
γ†k,δ

2 + δ

∫
[0,1]

da (1− a
1

2+δ )k−1a
δ

2+δ

= γ†k,δ

∫
[0,1]

du (1− u)k−1u1+2δ =
k + 2 + 2δ

2 + 2δ
.

Hence, considering φ1, we have

Eµ̄
[
κ(Aφ1) | dφ = k

]
= Eµ̄

[
U
− 1

1+δ

φ1

]
Eµ̄
[
A
− 1

2+δ

φ | dφ = k
]
− 1 =

{
k+2
2δ , if δ > 0,
∞, if δ ≤ 0.

Thus, observing that N (young)(φ1) is distributed as Y (Aφ1 ,Γφ1), we have

Eµ̄
[
d1 | dφ = k

]
= 1 + Eµ̄

[
N (young)(φ1) | dφ = k

]
= 1 + Eµ̄[Γφ1 ]Eµ̄

[
κ(Aφ1) | dφ = k

]
=

{
1 + 2+δ

2δ (k + 2), if δ > 0,
∞, if δ ≤ 0.

(4.39)

Next, let k ≥ 2. For 2 ≤ j ≤ k, dj = N (young)(φj) and is distributed as Y (Aφj ,Γφj ). Hence

Eµ̄
[ k∑
j=2

dj | dφ = k

]
= Eµ̄

[ k∑
j=2

N (young)(φj) | dφ = k

]

=

k∑
j=2

Eµ̄[Γφj ]Eµ̄
[
κ(Aφj ) | dφ = k

]
= (1 + δ)Eµ̄

[ k∑
j=2

κ(Aφj ) | dφ = k

]

= (1 + δ)

(
Eµ̄
[ k∑
j=2

A
− 1

2+δ

φj
| dφ = k

]
− k + 1

)
. (4.40)

There exists k − 1 non-ordered i.i.d. uniform [Aφ, 1] random variables Ũ1, . . . , Ũk−1 such that

the random variable
∑k

j=2A
− 1

2+δ

φj
given the event {dφ = k} is distributed as

∑k−1
j=1 Ũ

− 1
2+δ

j |
dφ = k. Therefore, using (4.40), we can write

Eµ̄
[ k∑
j=2

dj | dφ = k

]
= (1 + δ)

(
Eµ̄
[ k−1∑
j=1

Ũ
− 1

2+δ

j | dφ = k

]
− k + 1

)

= (1 + δ)(k − 1)

(
Eµ̄
[
Ũ
− 1

2+δ

1 | dφ = k
]
− 1

)
. (4.41)
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Using (4.35) and (4.36), we compute

Eµ̄
[
Ũ
− 1

2+δ

1 | dφ = k
]

=

∫
[0,1]

du

∫
[0,u]

da
Pµ̄{dφ = k | Aφ = a}

Pµ̄{dφ = k}
(1− a)−1u−

1
2+δ

=
γ†k,δ

2 + δ

∫
[0,1]

da (1− a
1

2+δ )k−1a
1+δ
2+δ (1− a)−1

∫
[a,1]

duu−
1

2+δ

=
γ†k,δ

1 + δ

∫
[0,1]

da (1− a
1

2+δ )k−1a
1+δ
2+δ (1− a)−1(1− a

1+δ
2+δ )

≤
γ†k,δ

1 + δ

∫
[0,1]

da (1− a
1

2+δ )k−1a
1+δ
2+δ

=
2 + δ

1 + δ
γ†k,δ

∫
[0,1]

du (1− u)k−1u2+2δ =
2 + δ

1 + δ
.

Therefore, from (4.41) we get

0 ≤ Eµ̄
[ k∑
j=2

dj | dφ = k

]
≤ k − 1. (4.42)

Observe that

Eµ̄
[
∆φ

]
=

∞∑
k=1

Pµ̄{dφ = k}
(

1

k

k∑
j=1

Eµ̄
[
dj | dφ = k

])
− 1.

Hence from (4.38), (4.39) and (4.42) we get with Eµ̄[∆φ] =∞ for δ ≤ 0, and

2 + δ

δ

(1

2
+ Eµ̄[d−1

φ ]
)
−
(
1− Eµ̄[d−1

φ ]
)
≤ Eµ̄

[
∆φ

]
≤ 2 + δ

δ

(1

2
+ Eµ̄[d−1

φ ]
)
, δ > 0,

where, by (4.36),

Eµ̄[d−1
φ ] =

∑
k∈N

(2 + δ)Γ(3 + 2δ)Γ(k + δ)

kΓ(1 + δ)Γ(k + 3 + 2δ)
.

This completes the proof for the first moment. Now we derive the second moment. For δ ≤ 0,
we have Eµ̄[∆2

φ] =∞ because Eµ̄[∆φ] =∞. Let us therefore consider δ > 0. First we observe
that

Eµ̄
[
d2
φ

]
= Eµ̄

[(
1 +N (young)(φ)

)2]
= 1 + Eµ̄[Γ2

φ]Eµ̄[κ2(Aφ)] + 3Eµ̄[Γφ]Eµ̄[κ(Aφ)] = 4
δ + 6.

Also, since

Eµ̄
[
U
− 2

1+δ

φ1

]
=

{
1+δ
−1+δ , if δ > 1,

∞, if 0 < δ ≤ 1,

for k ∈ N we have

Eµ̄
[
κ2(Aφ1) | dφ = k

]
= Eµ̄

[
U
− 2

1+δ

φ1

]
Eµ̄
[
A
− 2

2+δ

φ | dφ = k
]

− 2Eµ̄
[
U
− 1

1+δ

φ1

]
Eµ̄
[
A
− 1

2+δ

φ | dφ = k
]

+ 1{
<∞, if δ > 1,
=∞, if 0 < δ ≤ 1,
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which implies that

Eµ̄
[
d2

1 | dφ = k
]{ <∞, if δ > 1,

=∞, if 0 < δ ≤ 1.

Moreover, if k ≥ 2, then from (4.40) and (4.42) we get that, for every 2 ≤ j ≤ k,

Eµ̄
[
d2
j | dφ = k

]
≤ Eµ̄

[ k∑
j=2

d2
j | dφ = k

]

=
k∑
j=2

Eµ̄[Γφj ]Eµ̄
[
κ(Aφj ) | dφ = k

]
+ Eµ̄[Γ2

φ2
]Eµ̄

[ k∑
j=2

κ2(Aφj ) | dφ = k

]
≤ k − 1 + (k − 1)Eµ̄[Γ2

φ2
]Eµ̄

[
Ũ
− 2

2+δ

1 − 2Ũ
− 1

2+δ

1 + 1 | dφ = k
]
<∞.

Consequently, if δ > 1, then by the Cauchy-Schwarz inequality we have Eµ̄[didj | dφ = k] <∞
for every k ≥ 1 and 1 ≤ i, j ≤ k. Writing ν2(k) = Pµ̄{dφ = k}, we obtain

Eµ̄
[
∆2
φ

]
=
∑
k∈N

ν2(k)Eµ̄
[
∆2
φ | dφ = k

]
=
∑
k∈N

ν2(k)Eµ̄
[(1

k

k∑
j=1

dj + 1− k
)2 ∣∣∣ dφ = k

]

=
∑
k∈N

ν2(k)Eµ̄
[

1

k2

k∑
j=1

d2
j +

1

k2

k∑
i=1

k∑
j=1
j 6=i

didj + 1 + k2 +
2

k

k∑
j=1

dj − 2
k∑
j=1

dj − 2k
∣∣∣ dφ = k

]

=
∑
k∈N

k∑
j=1

1

k2
ν2(k)Eµ̄

[
d2
j | dφ = k

]
+
∑
k∈N

k∑
i=1

k∑
j=1
j 6=i

1

k2
ν2(k)Eµ̄

[
didj | dφ = k

]
+ 1 + Eµ̄

[
d2
φ

]

+
∑
k∈N

k∑
j=1

2

k
ν2(k)Eµ̄

[
dj | dφ = k

]
− 2

∑
k∈N

k∑
j=1

ν2(k)Eµ̄
[
dj | dφ = k

]
− 2Eµ̄

[
dφ
]
.

Therefore Eµ̄[∆2
φ] is finite if and only if δ > 1.

Proof of Theorem 3.14. Let κ(·) and Y (·, ·) be as in the proof of Theorem 3.12. For
j, k ∈ N, we first derive an upper and lower bound for Pµ̄

{
d1 = j | dφ = k

}
. Abbreviate

γ∗k,δ =
Γ(k + 3 + 2δ)

Γ(k)Γ(4 + 2δ)Γ(1 + δ)
.

We show that

γ∗k,δΓ(j + 1 + δ)Γ(j + k − 1)Γ(5 + 3δ)

Γ(j)Γ(j + k + 4 + 3δ)
≤ Pµ̄

{
d1 = j | dφ = k

}
≤ (1 + δ)Γ(j + 1 + δ)Γ(k + 3 + 2δ)

Γ(j + 3 + 2δ)Γ(k + 2 + δ)
(4.43)
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For j ∈ N and a1 ∈ [0, 1], we have

Pµ̄
{
d1 = j | Aφ1 = a1

}
=

∫ ∞
0

dbPµ̄
{
N (young)(φ1) = j − 1 | Aφ1 = a1,Γφ1 = b

} b1+δe−b

Γ(2 + δ)

=

∫ ∞
0

dbP
{
Y (a1, b) = j − 1

} b1+δe−b

Γ(2 + δ)

=
Γ(j + 1 + δ)

Γ(j)Γ(2 + δ)

(
1− a

1
2+δ

1

)j−1
a1.

Also, the joint density of (Aφ1 , Aφ) is

f(Aφ,Aφ1
)(a, a1) =

1 + δ

2 + δ
a−

1+δ
2+δ a

− 1
2+δ

1 , a ∈ [0, 1], a1 ∈ [0, a].

Therefore, for j ∈ N and a ∈ [0, 1],∫
[0,a]

da1 Pµ̄
{
d1 = j | Aφ1 = a1

}
f(Aφ,Aφ1

)(a, a1)

=
Γ(j + 1 + δ)

(2 + δ)Γ(j)Γ(1 + δ)
a−

1+δ
2+δ

∫
[0,a]

da1

(
1− a

1
2+δ

1

)j−1
a

1+δ
2+δ

1

≥ Γ(j + 1 + δ)

(2 + δ)Γ(j)Γ(1 + δ)

(
1− a

1
2+δ

)j−1
a−

1+δ
2+δ

∫
[0,a]

da1 a
1+δ
2+δ

1

=
Γ(j + 1 + δ)

(3 + 2δ)Γ(j)Γ(1 + δ)

(
1− a

1
2+δ

)j−1
a

and ∫
[0,a]

da1 Pµ̄
{
d1 = j | Aφ1 = a1

}
f(Aφ,Aφ1

)(a, a1)

≤ Γ(j + 1 + δ)

(2 + δ)Γ(j)Γ(1 + δ)
a−

1+δ
2+δ

∫
[0,1]

da1

(
1− a

1
2+δ

1

)j−1
a

1+δ
2+δ

1

=
Γ(j + 1 + δ)

Γ(j)Γ(1 + δ)
a−

1+δ
2+δ

∫
[0,1]

du
(
1− u

)j−1
u2+2δ

=
Γ(j + 1 + δ)Γ(3 + 2δ)

Γ(1 + δ)Γ(j + 3 + 2δ)
a−

1+δ
2+δ .

Using (4.35) and (4.36), we get that, for j, k ∈ N,

Pµ̄
{
d1 = j | dφ = k

}
=

∫
[0,1]

da
Pµ̄
{
dφ = k | Aφ = a

}
Pµ̄
{
dφ = k

} ∫
[0,a]

da1 Pµ̄
{
d1 = j | Aφ1 = a1

}
f(Aφ,Aφ1

)(a, a1)

≥
γ∗k,δΓ(j + 1 + δ)

(2 + δ)Γ(j)

∫
[0,1]

da
(

1− a
1

2+δ

)j+k−2
a

3+2δ
2+δ

=
γ∗k,δΓ(j + 1 + δ)

Γ(j)

∫
[0,1]

du
(
1− u

)j+k−2
u4+3δ

=
γ∗k,δΓ(j + 1 + δ)Γ(j + k − 1)Γ(5 + 3δ)

Γ(j)Γ(j + k + 4 + 3δ)
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and

Pµ̄
{
d1 = j | dφ = k

}
≤
γ∗k,δΓ(4 + 2δ)Γ(j + 1 + δ)

(2 + δ)Γ(j + 3 + 2δ)

∫
[0,1]

da
(

1− a
1

2+δ

)k−1

=
γ∗k,δΓ(4 + 2δ)Γ(j + 1 + δ)

Γ(j + 3 + 2δ)

∫
[0,1]

du
(
1− u

)k−1
u1+δ

=
(1 + δ)Γ(j + 1 + δ)Γ(k + 3 + 2δ)

Γ(j + 3 + 2δ)Γ(k + 2 + δ)
.

This proves (4.43).

Lower bound. We show that, for x large enough,

Pµ̄
{
d1 ≥ k2(x+ 1) | dφ = k

}
(4.44)

≥


γk,δ

5 + 3δ
x−(5+3δ), δ ∈ (−1, 0)

γk,δ
5 + 2δ

(
1
2

)1+δ
(3k2 + 5 + 3δ)−(5+2δ) x−(5+2δ), δ ∈ [0,∞).

where we abbreviate

γk,δ =
Γ(k + 3 + 2δ)Γ(5 + 3δ)

Γ(k)Γ(4 + 2δ)Γ(1 + δ)
.

Using (4.36) and (4.44) we get, for x large enough,

Pµ̄{∆φ ≥ x} =
∑
k∈N

Pµ̄
{
dφ = k

}
Pµ̄
{ k∑
j=1

dj ≥ kx+ k(k − 1) | dφ = k
}

≥
∑
k∈N

Pµ̄
{
dφ = k

}
Pµ̄
{
d1 ≥ k2(x+ 1) | dφ = k

}
≥

{
C1,δ x

−(5+3δ), if δ ∈ (−1, 0),

C2,δ x
−(5+2δ), if δ ∈ [0,∞),

where

C1,δ =
(2 + δ)Γ(5 + 3δ)

(3 + 2δ)(5 + 3δ)(Γ(1 + δ))2

∑
k∈N

Γ(k + δ)

Γ(k)
(3k2 + 5 + 3δ)−(5+3δ) ∈ (0,∞),

C2,δ =
(2 + δ)Γ(5 + 3δ)

(3 + 2δ)(5 + 2δ)(Γ(1 + δ))2

(1

2

)1+δ∑
k∈N

(3k2 + 5 + 3δ)−(5+2δ) ∈ (0,∞).

The lower bound in Theorem 3.14 follows once we prove (4.44). For k ∈ N and x > 0,

Pµ̄
{
d1 ≥ k2(x+ 1) | dφ = k

}
≥ γk,δ

∞∑
j=dk2(x+1)e

Γ(j + 1 + δ)Γ(j + k − 1)

Γ(j)Γ(j + k + 4 + 3δ)

≥ γk,δ
∞∑

j=dk2(x+1)e

Γ(j + b1 + δc)Γ(j + k − 1)

Γ(j)Γ(j + k + 1 + d3 + 3δe)

≥ γk,δ
∞∑

j=dk2(x+1)e

Γ(j + b1 + δc)
Γ(j)(j + k + d3 + 3δe)d3+3δe+2

,
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which, via (4.33), implies that, for δ ∈ (−1, 0) and x large enough,

Pµ̄
{
d1 ≥ k2(x+ 1) | dφ = k

}
≥ γk,δ

∞∑
j=dk2(x+1)e+k+d3+3δe

j−(6+3δ) γk,δ
(5 + 3δ)

x−(5+3δ). (4.45)

Noting that, for j ≥ dk2(x+ 1)e and x large enough,

j

j + k + d3 + 3δe
≥ 1

1 + k+d3+3δe
dk2(x+1)e

≥ 1

2
,

we find that, for δ ∈ [0,∞) and x large enough,

Pµ̄
{
d1 ≥ k2(x+ 1) | dφ = k

}
≥ γk,δ

∞∑
j=dk2(x+1)e

jb1+δc

(j + k + d3 + 3δe)d3+3δe+2

≥ γk,δ
(1

2

)1+δ
∞∑

j=dk2(x+1)e+k+d3+3δe

j−(6+2δ)

≥
γk,δ

(5 + 3δ)

(1

2

)1+δ
(3k2 + 5 + 3δ)−(5+2δ)x−(5+2δ). (4.46)

This completes the proof of (4.44).

Upper bound. The proof of the upper bound requires more intricate bounds. First we
provide an upper bound for Pµ̄

{
d1 ≥ x | dφ = k

}
in three different cases, δ ∈ [−1

2 , 0), δ = 0
and δ ∈ (0,∞).

Abbreviate

γ̃k,δ =
(1 + δ)Γ(k + 3 + 2δ)

Γ(k + 2 + δ)

Using (4.34) and the fact that Γ(m+s)
Γ(m+1) ≤ ms−1 for m ∈ N and 0 ≤ s ≤ 1 [8], we see that, for

k ∈ N, δ ∈ [−1
2 , 0) and x > 0,

Pµ̄
{
d1 ≥ x | dφ = k

}
≤ γ̃k,δ

∞∑
j=dxe

Γ(j + 1 + δ)

Γ(j + 3 + 2δ)
≤ γ̃k,δ

∞∑
j=dxe

jδ
Γ(j + 1)

Γ(j + 1 + b2 + 2δc)

≤ γ̃k,δ
∞∑

j=dxe

j−1+δ ≤
γ̃k,δ
(−δ)

(x− 1)δ, (4.47)

and, for k ∈ N, δ = 0 and x > 0,

Pµ̄
{
d1 ≥ x | dφ = k

}
≤ (k + 2)

∞∑
j=dxe

1

(j + 1)(j + 2)
≤ (k + 2)

∞∑
j=dxe+1

j−2 ≤ (k + 2)x−1,

(4.48)
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and, for k ∈ N, δ ∈ (0,∞) and x > 0,

Pµ̄
{
d1 ≥ x | dφ = k

}
≤ γ̃k,δ

∞∑
j=dxe

Γ(j + 1 + δ)

Γ(j + 2 + δ + b1 + δc)
≤ γ̃k,δ

∞∑
j=dxe

1

(j + 1 + δ)× · · · × (j + 1 + δ + b1 + δc)

≤ γ̃k,δ
∞∑

j=dxe

(j + b1 + δc)−(1+b1+δc) ≤ γ̃k,δ
∞∑

j=dxe+1

j−(1+δ) ≤
γ̃k,δ
δ
x−δ. (4.49)

Next, we provide an upper bound for Pµ̄
{∑k

i=2 di ≥ (k − 1)x | dφ = k
}

in three different

cases. To that end, fix k ≥ 2, 2 ≤ i ≤ k and j ≥ 0. For ai ∈ [0, 1],

Pµ̄
{
di = j | Aφi = ai

}
=

∫ ∞
0

dbi Pµ̄
{
N (young)(φi) = j | Aφi = ai,Γφi = bi

} bδi e
−bi

Γ(1 + δ)

=

∫ ∞
0

dbi P
{
Y (ai, bi) = j

} bδi e
−bi

Γ(1 + δ)

=
Γ(j + 1 + δ)

Γ(j + 1)Γ(1 + δ)

(
1− a

1
2+δ

i

)j
a

1+δ
2+δ

i .

Also, for a ∈ [0, 1], conditioned on dφ = k,Aφ = a, Aφi is distributed as the (i − 1)-th order
statistic of a sample of k − 1 i.i.d. uniform[a, 1] random variables. The conditional density of
Aφi given dφ = k and Aφ = a is given by

fAφi |dφ=k,Aφ=a(ai) =
Γ(k)

Γ(i− 1)Γ(k − i+ 1)
ai−2
i (1− a− ai)k−i(1− a)−(k−1), ai ∈ [a, 1].

Since

Γ(k)

Γ(i− 1)Γ(k − i+ 1)
=
i(i− 1)

k

(
k

i

)
≤ k

k∑
m=0

(
k

m

)
= k 2k,

it follows that, for a ∈ [0, 1],∫
[a,1]

dai Pµ̄
{
di = j | Aφi = ai

}
fAφi |dφ=k,Aφ=a(ai)

≤ k 2k Γ(j + 1 + δ)

Γ(j + 1)Γ(1 + δ)
(1− a)−i+1

∫
[a,1]

dai

(
1− a

1
2+δ

i

)j
a

1+δ
2+δ

i

≤ (2 + δ)k 2k Γ(j + 1 + δ)

Γ(j + 1)Γ(1 + δ)
(1− a)−i+1

∫
[0,1]

du
(
1− u

)j
u2+2δ

≤ (2 + δ)k 2k Γ(j + 1 + δ)Γ(3 + 2δ)

Γ(1 + δ)Γ(j + 4 + 2δ)
(1− a)−k+1.

Abbreviate

γ̂k,δ =
2k Γ(k + 3 + 2δ)

Γ(1 + δ)Γ(k)
.
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Using (4.35) and (4.36), we obtain

Pµ̄
{
di = j | dφ = k

}
=

∫
[0,1]

da
Pµ̄
{
dφ = k | Aφ = a

}
Pµ̄
{
dφ = k

} ∫
[a,1]

dai Pµ̄
{
di = j | Aφi = ai

}
fAφi |dφ=k,Aφ=a(ai)

≤
k γ̂k,δ Γ(j + 1 + δ)

Γ(j + 4 + 2δ)

∫
[0,1]

da a
1+δ
2+δ ≤

(2 + δ)k γ̂k,δ Γ(j + 1 + δ)

(3 + 2δ) Γ(j + 4 + 2δ)
.

Hence, using (4.34), for k ≥ 2, δ ∈ (−1, 0) and x large enough, we obtain

Pµ̄
{ k∑
i=2

di ≥ (k − 1)x | dφ = k
}
≤

k∑
i=2

Pµ̄
{
di ≥ x | dφ = k

}
≤

k∑
i=2

Pµ̄
{
di ≥ dx−δk2 22ke+ 1 | dφ = k

}
≤ k(k − 1) γ̂k,δ

∞∑
j=dx−δk2 22ke+1

Γ(j + 1 + δ)

Γ(j + 3 + δ)

= k(k − 1) γ̂k,δ

∞∑
j=dx−δk2 22ke+1

1

(j + 1 + δ)(j + 2 + δ)

≤ k(k − 1) γ̂k,δ

∞∑
j=dx−δk2 22ke+1

j−2 ≤ Γ(k + 3 + 2δ)

Γ(1 + δ)Γ(k)
2−k xδ, (4.50)

and, for k ≥ 2, δ = 0 and x large enough,

Pµ̄
{ k∑
i=2

di ≥ (k − 1)x | dφ = k
}

≤
k∑
i=2

Pµ̄
{
di ≥ dx

1
2k 2ke+ 1 | dφ = k

}
≤ k(k − 1) 2k Γ(k + 3)

Γ(k)

∞∑
j=dx

1
2 k 2ke+1

1

(j + 1)(j + 2)(j + 3)

≤ k(k − 1) 2k Γ(k + 3)

Γ(k)

∞∑
j=dx

1
2 k 2ke+1

j−3 ≤ Γ(k + 3)

Γ(k)
x−12−k, (4.51)
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and, for k ≥ 2, δ ∈ (0,∞) and x large enough,

Pµ̄
{ k∑
i=2

di ≥ (k − 1)x | dφ = k
}
≤

k∑
i=2

Pµ̄
{
di ≥ d(xδk2 22k)

1
1+δ e+ 1 | dφ = k

}
≤ k(k − 1) γ̂k,δ

∞∑
j=d(xδk2 22k)

1
1+δ e+1

Γ(j + 1 + δ)

Γ(j + 3 + δ + b1 + δc)

= k(k − 1) γ̂k,δ

∞∑
j=d(xδk2 22k)

1
1+δ e+1

1

(j + 1 + δ)× · · · × (j + 2 + δ + b1 + δc)

≤ k(k − 1) γ̂k,δ

∞∑
j=d(xδk2 22k)

1
1+δ e+1

j−(2+b1+δc)

≤ k(k − 1) γ̂k,δ

∞∑
j=d(xδk2 22k)

1
1+δ e+1

j−(2+δ) ≤ Γ(k + 3 + 2δ)

Γ(2 + δ)Γ(k)
x−δ2−k. (4.52)

Similarly, abbreviating

C3,δ =
(2 + δ)Γ(3 + 2δ)

Γ(1 + δ)

(
1 + δ

−δ
∑
k∈N

Γ(k + δ)

Γ(k + 2 + δ)
+

1

Γ(1 + δ)

∑
k∈N

2−k
)
∈ (0,∞),

C4 = 4

(∑
k∈N

Γ(k)

Γ(k + 2)
+
∑
k∈N

2−k
)
∈ (0,∞),

C5,δ =
(2 + δ)Γ(3 + 2δ)

Γ(1 + δ)

(
1 + δ

δ

∑
k∈N

Γ(k + δ)

Γ(k + 2 + δ)
+

1

Γ(2 + δ)

∑
k∈N

Γ(k + δ)

Γ(k)
2−k
)
∈ (0,∞),

and using (4.36), (4.47)–(4.52), we get, for x large enough,

Pµ̄{∆φ ≥ x}

≤
∑
k∈N

Pµ̄
{
dφ = k

}
Pµ̄
{ k∑
j=1

dj ≥ kx | dφ = k
}

≤
∑
k∈N

Pµ̄
{
dφ = k

}
Pµ̄
{
d1 ≥ x | dφ = k

}

+
∑
k∈N

Pµ̄
{
dφ = k

}
Pµ̄
{ k∑
j=2

dj ≥ (k − 1)x | dφ = k
}
≤


C3,δ (x− 1)δ, if δ ∈ [−1

2 , 0),
C4 x

−1, if δ = 0,
C5,δ x

−δ, if δ ∈ (0,∞).

References

[1] Noam Berger, Christian Borgs, Jennifer T. Chayes, and Amin Saberi, Asymptotic behav-
ior and distributional limits of preferential attachment graphs, Ann. Probab. 42 (2014),
no. 1, 1–40.

[2] George T. Cantwell, Alec Kirkley, and Mark E. J. Newman, The friendship paradox in
real and model networks, J. Complex Netw. 9 (2021), no. 2, Paper No. cnab011.

42



[3] Yang Cao and Sheldon M. Ross, The friendship paradox, Math. Sci. 41 (2016), no. 1,
61–64.

[4] Nicholas A. Christakis and James H. Fowler, The collective dynamics of smoking in a
large social network, N. Engl. J. Med. 358 (2008), no. 21, 2249–2258.

[5] Young-Ho Eom and Hang-Hyun Jo, Generalized friendship paradox in complex networks:
the case of scientific collaboration, Sci. Rep. 4 (2014), no. 1, 1–6.

[6] Scott L. Feld, Why your friends have more friends than you do, Am. J. Sociol. 96 (1991),
no. 6, 1464–1477.

[7] Alessandro Garavaglia, Remco van der Hofstad, and Nelly Litvak, Local weak convergence
for PageRank, Ann. Appl. Probab. 30 (2020), no. 1, 40–79.

[8] Walter Gautschi, Some elementary inequalities relating to the gamma and incomplete
gamma function, J. Math. Phys. 38 (1959/60), 77–81.

[9] Nathan Hodas, Farshad Kooti, and Kristina Lerman, Friendship paradox redux: your
friends are more interesting than you, Proceedings of the International AAAI Conference
on Web and Social Media, vol. 7, 2013, pp. 225–233.

[10] Remco van der Hofstad, Random graphs and complex networks. Volume 1, Cambridge
Series in Statistical and Probabilistic Mathematics, Cambridge University Press, Cam-
bridge, 2017.

[11] , Random graphs and complex networks. Volume 2, Cambridge Series in Statistical
and Probabilistic Mathematics, Cambridge University Press, Cambridge, 2024.

[12] Matthew O. Jackson, The friendship paradox and systematic biases in perceptions and
social norms, J. Pol. Econ. 127 (2019), no. 2, 777–818.

[13] Patrick MacDonald, The friendship paradox, Bachelor Thesis, Leiden University, 2022.

[14] Buddhika Nettasinghe and Vikram Krishnamurthy, “What do your friends think?”: ef-
ficient polling methods for networks using friendship paradox, IEEE Trans. Knowl. Data
Eng. 33 (2019), no. 3, 1291–1305.

[15] Lawrence Page, Sergey Brin, Rajeev Motwani, and Terry Winograd, The PageRank ci-
tation ranking: bringing order to the web, The Web Conference, 1999.

[16] Siddharth Pal, Feng Yu, Yitzchak Novick, Ananthram Swami, and Amotz Bar-Noy, A
study on the friendship paradox–quantitative analysis and relationship with assortative
mixing, Appl. Netw. Sci. 4 (2019), no. 1, 1–26.

43


	Introduction and outline
	Background and motivation
	Friendship paradox

	Local convergence: main theorems
	Four classes of sparse random graphs: main theorems
	Homogeneous Erdos-Rényi random graph
	Inhomogeneous Erdos-Rényi random graph
	Configuration model
	Preferential attachment model

	Proof of the main theorems
	Local convergence
	Convergence locally in probability
	Convergence locally weakly

	Four classes of sparse random graphs
	Homogeneous Erdos-Rényi random graph
	Inhomogeneous Erdos-Rényi random graph
	Configuration model
	Preferential attachment model



