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Abstract

Let G,, be an undirected finite graph on n € N vertices labelled by [n] = {1,...,n}.
For i € [n], let A, ,, be the friendship bias of vertex i, defined as the difference between
the average degree of the neighbours of vertex i and the degree of vertex i itself when 4
is not isolated, and zero when 1 is isolated. Let pu,, denote the friendship-bias empirical
distribution, i.e., the measure that puts mass % at each A; ., i € [n]. The friendship
paradox says that if G,, has no self-loops, then fR xpn(dz) > 0, with equality if and only
if in each connected component of G,, all the degrees are the same.

We show that if (G),)nen is a sequence of sparse random graphs that converges to a
rooted random tree in the sense of convergence locally in probability, then pu, converges
weakly to a limiting measure u that is expressible in terms of the law of the rooted random
tree. We study u for four classes of sparse random graphs: the homogeneous Erdés-Rényi
random graph, the inhomogeneous Erdos-Rényi random graph, the configuration model
and the preferential attachment model. In particular, we compute the first two moments
of p, identify the right tail of p, and argue that u([0,00)) > %, a property we refer to as
friendship-paradoz significance.
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1 Introduction and outline

1.1 Background and motivation

In 1991, the American sociologist Scott Feld discovered the paradoxical phenomenon that
‘your friends are more popular than you’ [6]. This statement means the following. Consider
a group of individuals who form a connected friendship network. For each individual in
the group, compute the difference between the average number of friends of friends and the
number of friends (all friendships in the group are mutual). Average these numbers over all
the individuals in the group. It turns out that the latter average is always non-negative, and
is strictly positive as soon as not all individuals have exactly the same number of friends.
This bias, which at first glance seems counterintuitive, goes under the name of friendship
paradozx, even though it is a hard fact. An equivalent, and possibly more soothing, version of
the paradox reads ‘your enemies have more enemies than you’ [13].

Implications. Apart from being interesting in itself, the friendship paradox has useful im-
plications. For instance, it can be used to slow down the spread of an infectious disease.
Suppose that there is a group of individuals whose friendship network we do not know ex-
plicitly. Suppose that an infectious disease breaks out and we only have one vaccine at our
disposal, which we want to use as effectively as possible. In other words, we want to vacci-
nate the individual who has the most friends. One way we could do this is by choosing an
individual at random and giving the vaccine to him or her. Another way could be to select
an individual at random, and let him or her choose a friend at random to give the vaccine to.
Since the more popular individuals are more likely to be chosen, the second approach is more
effective in combating the disease.

The friendship bias can be viewed as a centrality measure, akin to PageRank [I5] centrality
and degree centrality. In [7], numerous intriguing features of PageRank were explored in the
context of sparse graphs with the help of local weak convergence. Similar interesting features
emerge in the analysis of the friendship bias. In [2] and [16], the behaviour of the friendship
paradox for random graphs like the Erdés-Rényi random graph was studied. Through an
empirical analysis of the limit of large Erdés-Rényi random graphs conditioned not to have
isolated points, [2] concluded that “for small degrees no meaningful friendship paradox applies”
(a statement that we will refute in the present paper). Moreover, [2] examined a special case of
the configuration model and provided an empirical analysis by using kernel density estimation.
Furthermore, a random network model was proposed with degree correlation and, with the
help of the notion of Shannon entropy, an attempt was made to investigate the impact of the
assortativity coefficient on the friendship paradox.

There have also been studies on what is called the generalised friendship paradoz, in
which attributes other than popularity are considered that produce a similar paradox [5]. For
instance, an analysis of two co-authorship networks of Physical Review journals and Google
Scholar profiles reveals that on average the co-authors of a person have more collaborations,
publications and citations than that person [5]. On Twitter, for most users on average their
friends share and tweet more viral content, and over 98 percent of the users have fewer
followers than their followers [9]. In [2], it is shown in an informal way that the generalised
friendship paradox holds when the attribute correlates positively with popularity. Other works
have examined the implications of the friendship paradox for individual biases in perception
and thought contagion, noting that our social norms are influenced by our perceptions of



others, which are strongly shaped by the people around us [12]. For instance, individuals
whose acquaintances smoke are more likely to smoke themselves [4]. The impact of the
friendship paradox on behaviour explains why we should expect more-connected people to
behave systematically differently from less-connected people, which in turn biases overall
behaviour in society [12]. In [I4], a new strategy based on the friendship paradox is imposed
to improve poll predictions of elections, instead of randomly sampling individuals and asking
such questions as ‘Who are you voting for? Who do you think will win?’ In [3], the friendship
paradox is looked at from a probabilistic point of view, and it is shown that a randomly chosen
friend of a randomly chosen individual stochastically has more friends than that individual.

Mathematical modelling. The friendship paradox raises many questions. ‘How large is
the bias? How does it depend on the architecture of the friendship network? Are there
universal features beyond the fact that the bias is always non-negative?’ Mathematically, the
friendship structure is modelled by a graph, where the vertices represent individuals and the
edges represent friendships. The graph is typically random and its size is typically large. In
the present paper we take a quantitative look at the friendship paradox for sparse random
graphs. We focus on the friendship-bias empirical distribution, i.e., the distribution of the
biases of all the individuals in the network. We show that if a sequence of sparse random
graphs converges to a rooted random tree in the sense of convergence locally in probability,
then the friendship-bias empirical distribution converges weakly to a limiting measure that is
expressible in terms of the law of the rooted random tree. We study this limiting measure
for four classes of sparse random graphs. In particular, we compute its first two moments,
identify its right tail, and argue that it puts at least one half of its mass on non-negative
biases, a property we refer to as friendship-paradox significance.

1.2 Friendship paradox

Random graphs. Throughout the sequel, G = (V(G), E(G)) is an undirected simple graph
or multi-graph. The vertices V(G) represent individuals, the edges F(G) represent mutual
friendships. Denote by

e ¢
(d ))iEV(G)a A©) = (Az(,j))i,jev(G):

(@)

the degree sequence, respectively, the adjacency matriz of G, where A” is the number of

edges from i to j (each self-loop adds 2 to the degree).

Let G,, be a finite graph on n € N vertices labeled by [n] = {1,...,n}. For i € [n], define
the friendship bias as

(Gn) A(Gn)
A | e AT e
n,n d(,G") 4 {dEGn>7£O}.

Let pn: B(R) — [0,1] be the quenched friendship-bias empirical distribution

Hn = % Z (SAi,na

i€[n]



where §, denotes the Dirac measure concentrated at =, and B(R) the Borel o-algebra on R.
Let fi,: B(R) — [0,1] be the annealed friendship-bias empirical distribution defined by

fin(+) = Enfpn ()],

where E,, denotes expectation with respect to the random graph G,,.

The average friendship bias is defined as
1
=3 i = [ (a0
i€[n] R
If G,, has no self-loop, then
d(G n)
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with equality if and only if all connected components of G, are regular. This property is known
as the friendship paradox, because if the edges of the graph represent mutual friendships, then
A, > 0 means that in a community with n individuals on average the friends of an individual
have more friends than the individual itself.

Note that when G, contains self-loops, it may happen that A, <0 (see Figure . Also
note that

ze [n]

Figure 1: A graph with a self-loop: n =10 and A, = -1

n

Rooted random graphs. A rooted graph G with root vertex o is denoted by the pair
(G,0). Consider an almost surely locally finite rooted random tree (G, @), let d, be the



degree of ¢, and let d; be the size of the offspring of neighbour j € [dy] = {1,...,dy} of ¢
(labelled in an arbitrary ordering). Define

dg

1
Ay = ditb Z(dj +1) —dg| Lg,-01, (1.1)
j=1

and let p: B(R) — [0,1] be the law of Ay. Write i to denote the law of (Guo, ¢).

For the special case where (G, ¢) is a rooted Galton- Watson tree in which each individual
in the population independently gives birth to a random number of children in Ny according
to a common law v, the measure p equals

1) = v(O)5() + 32 (k) (k(- + k — 1)), (1.2)

keN

where v(k) = v({k}) is the probability that an individual has k children, and v®* is the k-fold
convolution of v.

Outline. In Section [2| we use the theory of local convergence of sparse random graphs to
show that the friendship-bias empirical distribution pu, converges to a limit pu as n — oco. In
Section [3| we study u for four classes of sparse random graphs : the homogeneous Erdés-Rényi
random graph, the inhomogeneous Erdés-Rényi random graph, the configuration model and
the preferential attachment model. In particular, we compute the first two moments of p,
identify the right tail of p, and argue that ([0, 00)) > %, a property we refer to as friendship
paradoz significance. Proofs are given in Section [

Notation. For sequences (ap)nen and (by)nen of real numbers we write a, ~ b, when
lim,, 00 an /by, = 1, ap, < by when 0 < liminf, . a, /b, < limsup,,_, . an/by < 00, an < by
when limsup,,_, ‘;—: < 00, and a,, 2 b, when liminf, . ‘;—Z > 0.

2 Local convergence: main theorems

The asymptotic behaviour of the empirical distribution p, as n — oo provides information on
the friendship paradox for large complex networks. Theorems below show that u, and
i, converge weakly to p for all locally tree-like random graphs, and quantify the friendship
paradox.

We start by setting up the notion of local convergence for random graphs from [11, Chapter

2]. Let B,EG)(O) denote the rooted subgraph of (G, o) in which all vertices have graph distance
at most r to o, i.e., if diste denotes the graph distance in G, then

with
V(B9 (0)) = {i € V(G): distg(o,i) <1},

r

E(B(G)(o)) ={e€ E(G): e=i,j}, max{distg(o,1),distg(o,j)} <r},

r



where for representing an edge we allow multisets. Write G; ~ G2 when G and Gy are
isomorphic. Let & be the set of all connected locally finite rooted graphs equipped with the
metric

dg((Gl,Ol), (GQ,OQ)) = (1 + sup {7’ Z 0: BﬁGl)(Ol) ~ B7("G2)(02)}>_1 )

with the convention that two connected locally finite rooted graphs (G1,01) and (Gg,02) are
identified when (G1,01) ~ (G2, 02).

Definition 2.1. Let (G,,)nen be a sequence of finite random graphs. For n € N, let €(G,,, Uy,)
denote the connected component of a uniformly chosen vertex U,, € V(G,,) in G, viewed as
a rooted graph with root vertex U,.

(a) G, converges locally weakly to (G,0) € ¥ with (deterministic) law 7 if, for every bounded
and continuous function h: ¢4 — R,

Eﬂn [h((g(Gna Un))] — Ep [h((Gv 0))] >

where Ej, is the expectation with respect to the random vertex U, and the random
graph G,, with joint law 7, while E; is the expectation with respect to (G, 0) with law
.

(b) Gy, converges locally in probability to (G,0) € ¢ with (possibly random) law 7 if, for
every bounded and continuous function h: ¢ — R,

s, [M(E (G, Un)) | Gn] = B3 [R((G, 0))].

[ )

Remark 2.2. Note that if G;, converges locally in probability to (G, o) € ¢ with law , then
G, converges locally weakly to (G, 0) € ¢4 with law v(-) = E[#(+)] defined, for every bounded
and continuous function h: ¢4 — R, by
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Theorem 2.3. If (Gy)nen converges locally in probability to the almost surely locally finite
rooted random tree (G, @), then u, = p as n — oo in probability.

Theorem 2.4. If (Gy)nen converges locally weakly to the almost surely locally finite rooted
random tree (Goo, @), then fi, = p as n — oo.

Remark 2.5. Theorems [2.3 also apply when, instead of a tree, the limit is any almost
surely locally finite rooted graph (G, o) and p is defined as the law of the random variable

(@) 4(G)
A@ _ [Zieve Yoi BT o]
o= e o | HaPro}

o




We already know from Section that [ zp,(dz) > 0, and we expect from Theorem
that
/ T (dz) — / zu(dx).
R R

We therefore divide the friendship paradox into two classes:

Definition 2.6. We say that the friendship paradox is significant when p([0,00)) > % and

insignificant when u([0,00)) < % We say that the friendship paradox is marginally significant
when p([0,00)) = 1. [ )

In Section [3] we analyse p for four classes of sparse random graphs: the homogeneous Erdés-
Rényi random graph (Section , the inhomogeneous Erdds-Rényi random graph (Sec-
tion , the configuration model (Section , and the preferential attachment model (Sec-
tion . We prove that the friendship paradox is significant for specific one-parameter classes
of configuration models and preferential attachment models. Furthermore, we demonstrate
numerically that the friendship paradox is significant also for the homogeneous Erdés-Rényi
random graph and the inhomogeneous Erdés-Rényi random graph.

As part of our analysis of significance we propose the following conjecture:

Conjecture 2.7. Let (X;)ien, be i.i.d. Binomial, Geometric or Poisson random variables,
defined on a probability space (Q, F,P). Then

with the empty sum equal to zero.

Conjecture says that if dg,dy,ds, ... are i.i.d. Binomial, Geometric or Poisson random vari-
ables, then the friendship paradox is significant (recall ) We believe that this conjecture
also holds for many other distributions with support in Ny (and that the i.i.d. assumption can
even be relaxed), but it is not true for general discrete distributions with support in Ny. For
example, if (X;);en, are i.i.d. copies of

x 1, with probability é,
B 20, with probability %,
21
then {31 X; > Xo(Xo — 1)} = 2 +6(2)" < 1.
Remark 2.8. Theorem [2.3] shows that, for all locally tree-like random graphs,
P
pin([0,00)) — p([0, 00)) whenever u({0}) = 0.

We will see that, from our four classes, the configuration model and the preferential attachment
model have u({0}) = 0, while the homogeneous and the inhomogeneous Erdds-Rényi random
graph have p({0}) > 0. Still, we expect the same convergence to hold for the latter two. &

3 Four classes of sparse random graphs: main theorems

In this section we focus on the computation of ([0, 00)), Ez[Ag4] and Eg [Ai] We write Pj; to
denote the probability measure of the probability space on which (G, ¢) is defined. E; will
be the expectation with respect to (G0, ¢) with law f.



3.1 Homogeneous Erdos-Rényi random graph

Fix A € (0,00). For n € N, let HERn(% A 1) be the random graph on [n] where each pair of
vertices is independently connected by an edge with probability % A 1. This random graph

converges locally in probability to a Galton- Watson tree with a Poisson offspring distribution
with mean X [11, Theorem 2.18].

Theorem 3.1. For every X € (0,00),

ef)\ k ef)\k l
p(lo.00) = Y Ay Y

k!
keNo 1>k(k—1)

In particular, limy o 1([0,00)) = 1 and limy_,s p([0,00)) = %, i.e., the friendship paradox
1s significant for both small and large A, and becomes marginally significant in the limit as

A — 00.
Theorem 3.2. For every A\ € (0,00),
Ep[Ag] =1—(A+1)e

2 _1e 2 A
Ba[A3] = ADoK 1) (12 4L
keN

In particular,

lim Eq[A) = 0, LimEg[A3] =0,

Jim EplAg] =1, lim Ez[AZ] = oc.
Theorem 3.3. For every A € (0,00),
Pi{Ay >z} ~Pp{dy = 1}Pp{d1 >z}, 2 — .
In particular,

1
V2T

Theorems show that for the homogeneous Erdés-Rényi random graph, which is a
simple graph, the properties of u are explicitly computable. In addition, as seen in Figure
numerical computations indicate that ;(]0,00)) is a strictly decreasing function of A, which
leads us to conjecture that pu is significant for all A € (0,00) (in support of Conjecture .

Pu{Ay > x} = p([r,00)) ~ Ae 2 exp{ — xlog (i) }, x — 00.

e

3.2 Inhomogeneous Erdés-Rényi random graph

Let F be the class of non-constant Riemann integrable functions f: [0,1] — (0, 00) satisfying

Moo= M_(f)= inf f(@)>0, My =M(f)= sup f(z)<oc.
z€[0,1] z€[0,1]
Fix X € (0,00). Forn € N, let IER,,(\f) be the random graph on [n] where each pair of vertices
i,7 € [n] is independently connected by an edge with probability % f (%) f (%) A1. This random
graph converges locally in probability to a unimodular multi-type marked Galton-Watson tree
with the following properties [11, Theorem 3.14]:



Homogeneous Erdés-Rényi Random Graph
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Figure 2: Numerical plot of the map A — 2104 C_A)‘k Zl>k(k 1 Mgk) for 1078 < X < 103.

(1) The root has type @ with
p{Q € A} =11 (A) vACIo,1],

where p is the probability distribution of the types of the vertices, and ¢; is the Lebesgue
measure on [0, 1].

(2) Let B, = f[o 1 dy f™(y). Any vertex other than the root takes an independent type @’
with

(@ € A} = p; /A dyfly)  YAC[0,1]

(3) A vertex of type x independently has offspring distribution Poisson(Ag; f(z)).
Property (1) says that @ has a uniform [0, 1] distribution, while property (2) says that
ho(y) = B F () Lyeoa)y
is the density function of @Q’.

Theorem 3.4. Let cx(z) be the probability that a random variable with a Poisson(A\31z)-
distribution takes the value k € Ny.

(a) For every f € F and X € (0,00),
00))
k
( dz cp(f ) ﬁlkH/ da; f(zj) Z C Zf(xj) )
keNy \7[0:1]

I>k(k—1) j=1

where H?:1 =

10



(b) For every f € F,

li -1
ggu([(),w)) :

lim ([0, 00)) = Bl (@, Q') € As} + 5Pl (@.Q) € By},

A—00

where

(¢) For every f € F, limy_,o0 u([0,00)) > &, which together with (a) implies that the friend-
ship paradox is significant for both small and large A.

(d) If ¢5 is the Lebesgue measure on [0,1]x [0, 1] and €2(Ayf) > 0, then limy_, oo ([0, 00)) > 3.
Moreover, if l2(Af) = 0, then limy oo u([0,00)) = %, d.e., the friendship paradoz is
marginally significant in the limit as X\ — oo.

(e) If f € F is injective, then limy o 11([0,00)) = Pa{(Q, Q') € Ar}.
Theorem 3.5. For every f € F and X € (0,00),

Ex[Ag] =1 (AB2+ 1)/ dz e @) L X8y — B2) (3.1)
[0,1]
and

_1 e MI@(N\B, f())k

Ez[AZ] = A(B2 + (B3 — B3)) / dxz &

01]  jeN k!
— (A2B3 +2\B2 + 1) / dz e 1@ L \2(82 — BoBE) + A(2B2 — 57) + 1.
[0,1]

In particular,
fmEa[A,] =0, TmE,[a3] =0
Ah—gioEﬁ [A¢] = 00, )\li_)rgoE,; [Ai] = 00.
Theorem 3.6. For every f € F and X € (0,00),
Pi{Ay >z} ~Pa{dy = 1}Pa{d1 >z}, 2 — occ.

In particular,

1 — _x
umm»xzmem%w% z = 00,

7

where By = f[o 1 dyf*(y). The asymptotic behaviour of 3, can be derived in the following two
cases:

(a) If €1 is the Lebesgue measure on [0,1] and £1({y € [0,1]: f(y) = My}) > 0, then
Bz <X MY as x — oo.

11



(b) If f(yx) = My and f(y.) = f(y) < [y—=y|*, y = yx, for some y, € [0,1] and « € (0, 00),
and f is bounded away from M, outside any neighbourhood of yx, then B < gz Ya MY
as x — 00.

Theorems [3.4H3.6| show that for the inhomogeneous Erd6s-Rényi random graph, which is
a simple graph, the properties of p are again explicitly computable. In addition, as seen in
Figure 3] numerical computations indicate that (][0, 00)) is a strictly decreasing function of
A, regardless which f € F is used, which leads us to conjecture that p is significant for all
f € F and A € (0,00) (in support of a possible extension of Conjecture to a case where
X has a different distribution than the other random variables).

Inhomogeneous Erdds-Rényi Random Graph
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Figure 3: Numerical plot of the map A — u([0,00)) for IER,, (Af) with an increasing, a de-
creasing and a non-monotonic function f, estimated with the help of Monte Carlo integration.

In Theorem the term By — % is the variance of f(U) when U is a uniform [0, 1]
random variable. If f would be a constant function, then the third term in would
vanish, which would yield Ez[Ag4] — 1 as A — oo. However, because f is non-constant, the
inhomogeneity may cause an individual to have friends who have significantly more friends
than the individual does. For example, if f(z) = ala(z) 4+ blp(z) with a < b, ANB = ()
and AU B = [0,1], then f divides the individuals into two communities A,, = nA N [n] and
B, = nB N [n]. Two individuals inside community A, are friends with probability a?)/n,
while two individuals inside community B,, are friends with probability b2\/n. The friends of
individuals in community A,, can live in community B,,, where individuals are more likely to
have friends, which explains why E;[A4] — 0o as A — oo.

3.3 Configuration model

For n € N and a sequence of deterministic non-negative integers d,, = (di,...,dnn), let
CM,,(d,,) be the random graph on [n] drawn uniformly at random from the set of all graphs
with the same degree sequence d,. Let D, be the degree of a uniformly chosen vertex in
[n]. If D, converges in distribution to a random variable D with P{D > 0} = 1 such that

12



E[D,] = %Zie[n} din — E[D] < o0, then this random graph converges locally in probability
to a unimodular branching process tree with root offspring distribution p = (px)r>0 given by
pr, = P{D = k} [1I, Theorem 4.1] and with biased offspring distribution p* = (p})r>0 given
by p; = (k + 1)pr+1/E[D] for all the other vertices [1I], Definition 1.26].

Note that CM,,(d,) is a multi-graph, i.e., it possibly has self-loops and multiple edges.
We saw in Section [I| that if a graph contains self-loops, then the friendship paradox may not
hold (see Figure . In spite of this, since CM,,(d,,) is locally tree-like we may assume that for
large n it obeys the friendship paradox. There is a version of the configuration model without
self-loops that also converges locally in probability to the same limit (see [I1, Theorem 4.1]).
In many real-life applications, D often exhibits a power-law distribution. Our first result
shows that assuming D to have a power-law distribution with a finite first moment implies
the significance of the friendship paradox.

Theorem 3.7. Consider the special case where p, = k=7 /((1), 7 > 2, with ( the Rie-
mann function. Then p([0,00)) > % for all T > 2. In addition, lim, 5 p([0,00)) = 1 and
lim; 00 1£([0,00)) = 1.

The next result describes the first and second moment of Ay and for this we do not need
to assume that D has a power law distribution.

Theorem 3.8. Let D be such that P(D > 0) =1 and E[D] < co. Then

Var(D)

]Eﬁ [A¢] = E[D]

For every D satisfying the above conditions and E[D?] < oo,

(E[D’JE[D] — (E[D?))*) E[D"] + E[D*]Var (D)

Eﬁ [Ai] = (E[D])2

In particular, Varp(Ag) > Var(D).
The next result derives the tail of the measure p when D follows a power law distribution.

Theorem 3.9. Consider the special case where pr, = k=7 /((T), T > 2. Then
([, 00)) < =2, T — 00.

Theorems show that for the configuration model, which is a multi-graph, the
properties of y are somewhat harder to come by than for the homogeneous or inhomogeneous
Erdés-Rényi Random Graph. Fig. 4] shows numerical upper and lower bound on ([0, 00)) for
the special case where pr, = k77 /((7), 7 > 2. The black curves are given by the following
maps:

7 00 ppPa{di > k(k — 1)},
7 LAY kppPp{di > k —1}.

Fig. |4 shows that ([0, 00)) is not a monotone function of 7, and is always larger than 3. It
achieves its minimum value inside the interval [2,4].

The following example shows that for the configuration model with a bimodal degree
distribution the friendship paradox is significant as soon as one of the two degrees is 1.
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Configuration Model

1.00
1

0.95
1

1([0,%))

0.90
1

0.85
1

Figure 4: Numerical plot of the region containing the map T — ([0, 00)) for CM,,(d,,) with
pe = k77 /{(T).

Example 3.10. Consider the case where the limit is a tree with px = plyy,y(k) + (1 —
p)Lias,y (k) for some My, My € N, My < M3 and p € (0,1). Then

Mip M(1 - p)
* = ]]_ _ k + :[]_ - k ‘
Pk M1p+M2(1_p) {Ml 1}( ) M1P+M2(1—p) {MQ 1}( )
If My = My, then py, = L1y (K), pf = Ly —13 (k) and p([0,00)) = 1. If My < Ma, then
Ma(1 —p) >M2
Mip+ My(1—p))

which is > 1 when p € [3,1). If M1 =1 < Ms, p € (0,1). Suppose £([0,00)) < 3, then (3:2)
implies

u(0.00)) = p + (1 —p>< (3:2)

My log <1+m) > log(i_p,

which (because log(1 + z) < z, > 0) in turn implies that

1—
s (12) - 12 <
5 —P -p

which is a contradiction. Consequently, if M} =1 < My and p € (0,1), then u([0,00)) >
[ )

N[

—

The following example shows that for the configuration model the friendship paradox
not always significant.

S

Example 3.11. Let d,, n € N, be such that | ;| degrees are 9 and the other degrees are 10.
It is easily checked that CM,,(d,,) converges locally in probability to a tree with root offspring
distribution pj, = 15103 (k) + 151103 (k), and that x([0,00)) = 15 + 19—0(%)10 < %. The latter
follows from with p = %, M; =9 and Ms = 10. '
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3.4 Preferential attachment model

Imagine a social network with new individuals arriving one by one, expanding the social net-
work by one vertex at each arrival. The new individual makes connections with the other
individuals by becoming acquainted with them. A realistic assumption is that the new indi-
vidual is more likely to become acquainted with individuals who already have a large number
of acquaintances, which is sometimes called the rich-get-richer phenomenon ([1I, Chapter
1]). The preferential attachment model describes networks that grow over time, where newly
added vertices are more likely to connect to old vertices with higher degrees than to old ver-
tices with lower degrees. It is a graph sequence denoted by (PAMq(lm’é))neN, depending on two
parameters m € N and § > —m, such that at each time n there are n vertices and mn edges,
i.e., the total degree is 2mn. For the friendship paradox, it is natural to assume m = 1. For
m > 1: at time 1 there is one vertex that establishes m friendship relations with itself, while
at time 2 the new vertex either establishes m friendship relations with itself or m friendship
relations with the previous vertex. So the friendship is higher when m > 1. Henceforth we
restrict ourselves to the more natural case where m = 1, so that one vertex with one edge is
added per unit time. The following brief overview is taken from [10, Chapter §].
(1,6)

Fix § > —1. In this case, PAM; " consists of a single vertex v; with a single self-loop.
For n € N, suppose that vy,...,v, are the vertices of PAMS’J) with degrees diy,...,dpn,
respectively. Then, given PAM,(ll’é), the rule for obtaining PAMSJ’F? is such that a single
vertex v,41 with a single edge attached to a vertex in {vi,...,v,4+1} is added according to
the following probabilities:

d; 0
(2+c257)nj(1+6)’ ifi € n],
P n
P{un1 = vi | PAM{M} = ) o
ifi=n+1.

n2+0)+(1+0)

The role of the parameter § is that of a shift: for § = 0 the attachment probabilities are linear
in the degrees, for § # 0 affine in the degrees. The § also allows some flexibility in terms of the
degree distribution. The power law exponent of the degree distribution is given by 3 + d/m.

For § > —1, PAM%M) converges locally in probability to a multi-type discrete-time branch-
ing process called the Pdlya point tree [I1, Theorem 5.26] (see also [1])[] In this tree, each
vertex u is labeled by finite words as u = u'u?---u!, as in the Ulam-Harris way of labelling
trees and ¢ represents the empty word or the root of the tree. Then, u = ¢ carries a type Ay
and a vertex u # ¢ carries a type (Ay, Ly,), where A, € [0,1] specifies the age of u and L, a
label in {y, o} that indicates whether u is younger than its parent by denoting L, =y or older
than its parent by denoting L,, = o. An old child is actually the older neighbour to which the
initial edge of the parent is connected, whereas younger children are younger vertices that use
an edge to connect to their parent. The number of children with label o of a vertex is either
0 or 1 and defined deterministically, but the number of children with label y of a vertex is
random. This rooted tree is defined inductively as follows.

First, the root ¢ takes an age A that is chosen uniformly at random from [0, 1], but it does
not take any label in {y,o} because it has no parent. Then, by recursion, the remainder of
the tree is constructed in such a way that if the vertex u has the Ulam-Harris word u'u? - - - u!
and the type (Ay, Ly) (or A, in the case that u = @), then u; = uj = ulu?---u!j is defined

as follows:

Tt is worth noting here that (PAMS"”)ngN is denoted by (PAMﬁll’é)(a))neN in [I1].
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(1) If either L, = o or u = ¢, then u has N©9)(u) = 1 offspring with label 0. Otherwise it
has N(©'4)(y) = 0 offspring with label o. In the case N© () = 1, set u; as the offspring
of v with label o. This offspring has an age A,, given by

2495

Au1 = UullﬂAim
where Uy, is a uniform [0, 1] random variable that is independent of everything else.

(2) Let A, LA

N(old) (u)+1 ’ UN(oId) (u)JrN(young) (w)
cess on [Ay, 1] with intensity

be the (ordered) points of a Poisson point pro-

T, z—(+6)/(+0)
pu(z) = 2 1/(248)
+94 Au/( +9)

where I';, is a random variable selected independently of everything else as

r 4 Gamma(l + 0,1), if u is the root or of label y,
“ | Gamma(2+6,1), if u is of label o.

Then the vertices UN ) ()15 - -+ » WN(OId) ()4 N (oung) () ATE defined as the children of u
with label y.

Note that (PAMS’J))%N is a multi-graph, i.e., it possibly has self-loops and multiple edges.

Since (PAM%M))”GN is locally tree-like we may assume that for large n it obeys the friendship
paradox. There is a version of the preferential attachment model without self-loops that also
converges locally in probability to the same limit (see [11, Theorem 5.8]).

Theorem 3.12. ;([0,00)) > %. In addition, lims,_1 p([0,00)) = 1.

Theorem 3.13. Abbreviate ps = Egd,, N=ren i;r‘SH&?;(Q,fi?’f;%‘;). Then

246 ;
Eﬂ[A¢] E%(%ﬁ-p(g)—k[—(l—p(;),()], Zf(;é(0,00),
= 00, Zf5€ (_170]7
and IE,;[A%] < oo if and only if § € (1,00).
Theorem 3.14. Abbreviate 7 = 7(§) =3+ 6. Then, as v — oo,

- z= B if 5 e (—1,0),
z= @m0 if 5 €0, 00),

and
z=B-7 if§ e [-1,0),

,U,([.T,OO)) S x_la 'Lf(S:O,
=3 i 5 € (0,00).

Remark 3.15. Theorem suggests that if § € (—1,0], then p([z,00)) < 27 17¢ for some
€ [0,00), but we are unable to establish this scaling in the lower bound. Note that in the
upper bound we do not cover the case ¢ € (—1, —%), which is due to technical hurdles. o
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Figure |5| shows a numerical plot of a lower bound on § — ([0,00)) for (PAM,(IL(S))”GN,
given by

50

> Pu{dy = k}Pp{di > k(k — 1) | dg = k},
k=1

in which we have used Monte Carlo integration to estimate Py{d; > k(k—1) | dy = k}. Fig.
shows that £(]0,00)) may not be a monotone function of J, and is always greater than 0.99.
In addition to confirming that limgs;_; 1£([0,00)) = 1, the figure leads us to conjecture that
lims_, o0 p4([0, 00)) = 1. Since the preferential attachment model captures self-reinforcement in
friendship networks, these strong forms of the friendship paradox are perhaps plausible.

Preferential Attachment Model

=u([0,))
0.9995 1.0000
| 1

0.9990
1

0.9985
|

Figure 5: Numerical plot of a lower bound on ¢ — u([0,00)) for (PAMS’é))neN.

4 Proof of the main theorems

In this section we provide the proofs of all the results discussed before.

4.1 Local convergence
4.1.1 Convergence locally in probability

Proof of Theorem [2.5. We replace (G, ¢) by a connected locally-finite random graph (G, ¢)
rooted at ¢ defined by

/ | (Go(w),9), if (Goo(w), ) is locally finite,
(Goo(w), 6) = { (H, ), otherwise,
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where (H, ¢) is an arbitrary connected locally-finite deterministic graph rooted at ¢. Without
loss of generality, we simplify the notation by assuming that (Geo,®) = (GL.,¢). Since
G, converges locally in probability to (Geo, ¢), for every bounded and continuous function
h: (¢9,dy) — (R,|-|) we have

Es, (€ (G, Un)) | Gn] — E[h((Gso, 9))]. (4.1)

where the expectation in the left-hand side is the conditional expected value of h(€' (G, Uy))
given G,, when (G,,U,) has the joint law fi,. Since

Ep, [M(€(Gn, Un) Z h(E

16 [n]

where €' (G, 1) is the connected component of ¢ in G,, viewed as a rooted graph with root
vertex i, it follows from (4.1]) that

1 Ny P
~ > W@ (G, 1)) — Ep[h((Goo, 0))] (42)
i€[n]
for every bounded and continuous function h: (¢,dy) — (R, |- ).
Now let f: (R,|-|) = (R,|-]) be an arbitrary bounded and continuous function. Define

the function h: (¢,dy) — (R,]|-|) by setting

Sieviey Ay d
_ 0, e
(G, o)) = f o A 10y |- (4.3)

Note that the boundedness of f implies the boundedness of h. Also, if (G, 0) and ((G}, 0}))nen
are connected locally-finite deterministic rooted graphs in ¢ such that dg((G,,,0,), (G,0)) —
0, then by the definition of dy we have

sup {r > 0: B (o],) = B (0)} - oo,
and so (see [11, Lemma A.10]),

Hiana = @o} = Y o) = B0 vrzo} 71

In this case, for sufficiently large n, there is a bijection g,,: V(G) — V(G,,) such that g,(0) =

o}, and AES) = A;n("; (i) for every i,7 € V(G). Consequently, for every i € V(G),

(@) _ (@) @) _ (G) (Gh)
=Y A2 = Ay 90 ) T 249,000 0)
JEV(G\ {3} JEV(G\{i}

B (@) @) Ach)
= Y ASH AT =
JEV(GIN (i)

and

> A(?dﬁG > A(n,gn = 3 A

jeEV(G JjeEV(G JEV(G)
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Hence

(GR) 4(G) (@) 4(G)
Djevigy Ao i di (G / 2jevie)Aoj 4" 49| 1
d(G ) / {a'Sm) 20} @) ° {al¥%0}

o

and so, by the continuity of f,
h((Gp,0p)) = h((G,0)).

Hence also h is continuous. But h(€(Gy,1)) = f(Ain), and

>, V(Goo A(Gm)d(Gw) Goo
h((Goo7 ¢)) = f ( JeV ) ) - dq(i> ) ﬂ{d;GOO)fo}

AT
[—d
, ( zjiléij i) d¢] 1{%#0}) A es
Inserting this into , we get_
’ 3 ) Bl (44)
i€[n

On the other hand, [ fdu, = %Zie[n] f(Ain) and [ fdu = Egz[f(Ag)]. Hence the conver-
gence in implies that
[ s 5 [ gan
R R

which settles the claim. OJ

4.1.2 Convergence locally weakly

Proof of Theorem[2.]] We use the same notation as in the proof of Theorem [2.3] For n € N,
Z E 5Al n Z i, n 7

where p;n(-) is the law of A;,. Let f: (R,|-]) — (R,|-|) be an arbitrary bounded and
continuous function. We have

| rai =~ Z/fdum—ZE - [ S F(Ai)

i€[n] i€[n]

Since G, converges locally weakly to (Goo, ¢), for every bounded and continuous function

h: (9,dy) — (R,|-|) we have

B, [1(€ (G, Un))| = B [h((Goo, 9))],
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where the expectation in the left-hand side is with respect to (G, U,) with law f,. Using
the fact that

Ej, [M(€ (G, Un))] = B [Eg, [1(€(Gi, Un)) | G Z h(¢
zE[n
and taking h as in , we get
[ 14 = |3 F(8i)| = Ealf(80)] = [ f
R n i€[n] ’ ' R

which settles the claim. O

4.2 Four classes of sparse random graphs

4.2.1 Homogeneous Erdds-Rényi random graph

Proof of Theorem Since v = Poisson(A), it follows from (|1.2)) that

14(]0, 00) )+ > vk —1),0))
keN
“ME Y ! “\yk Yy l
o e A e (AE) e A e (k)
D Dh D Dl Tl D el B T
keN 1>k(k—1) kENo I>k(k—1)
Since
w1([0,00)) > A e,

it follows that limy o 1£([0, 00)) = 1.
We now show that limy_, p([0,00)) = 1/2. Fix A > 8. Define

d,
dg — A 7 _ Zjil dj — Ady

oS Ay

Rewriting Ay in terms of Zy and Z) we have

7y =

dg

(0,00 =+ B 3y 2 dt ~ 1oy > 1
j=1

L A AR PN R SUSSY N

We note that Pz{Z) > —V/A} = 1 because dg is a non-negative random variable. Define the

event Ay = {|Z,] < log\,dg > 1}. Since, by the continuous mapping theorem and central

limit theorem, 1' gﬁ'\ — 0 in probability as A — oo, we have

Pa{A5} =0, A — oo (4.6)
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On the other hand,

PM{{Z; (1 n %ZA)UQ >VAZy(1-1) —1+ Zi} ﬂAA}

_ Pﬁ{{zg (1 + O(k\’%)>1/2 > VAZy(1- 1) =1+ O(log? )\)} OAA}. (4.7)
Now define
Biy = {Z)\ < _10;)\}’ By ) = {ZA > 10;)\}7 B3y = {|ZA\ < 10;)\}

By the continuous mapping theorem and the central limit theorem, there exists a standard
Gaussian random variable N defined on a probability space (€2, F,P) such that Z)+ @ = N,

1 1
Z\ — ogx = NV and |Z>\|—@:>\N] as A — oco. Therefore as A — oo

Pa{Bin} = P{N <0} =1, (4.8)
Pa{Bsr} = P{N >0} = 1,
Pa{Bsx} — P{|N| <0} =0. (4.9)
Again, using the continuous mapping theorem and the central limit theorem, we have
~ log A log® A
Zy ) +O( Y ) =0, A\ — 00,
- 1
where we abbreviate Z) = Z}(1 + O(h\)gﬁ\)‘))? Note that g(\) = k\’gﬁ\)‘ is a strictly decreasing
function on the interval (8, c0), which implies that hzgﬁ\)‘ < l(j/ggs < %. Hence
]P)M{{Z)\ > \&Z)\(l — %) -1+ O(log2 )\)} N Bg)\}
> log A log® A\ 7 _ logs
gPﬁ{ZAﬁ+O(%)>8—j§ -0, A= oo (4.10)
Moreover,
PN{{Z)\ > \F)\Z)\(l — %) -1+ O(log2 )\)} NAxN BL)\}
= PQ{A)\ N BL)\} — PM{{Z)\ < ﬁZ)\(l — %) -1+ O(log2 )\)} NAN Bl’)\}
— 1 A — 00, (4.11)

because it follows from and that
Pi{AxNBip} =Pa{Bi,} —Pa{ASNBi,} — 3, A — 00,

and

PM{{Z)\ < AZ)\(l — %) -1 +O(10g2 )\)} NA, ﬁBl’)\}

SIP’;L{ZA 1(%+O(1°%A) <—g}—>0, A — 00.

Equations ({L.5)—~([.7) and ([@9)-(@11) imply that limy_,s p([0,00)) = 3.
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Proof of Theorem Fix A € (0,00). Since (d;);en are i.i.d. copies of dg,

k
Ea[Ag] = Y v(R)Ea[Ag | dy = k] =) v(k)Ez [llf Zdj +1- ’f}

keN keN
= Eu[dg] (1 - v(0)) + 1 —v(0) —Bgldg] =1— (A+1)e?,

which tends to 0 as A | 0 and 1 as A\ — co. Similarly,

k
Ea[A2] =Y w(kEq[A} | dy = k] = > v(k)E, [(; >odj+1-k) 2]
j=1

keN keN
1 k 1 k kK 9 k k
— 2 . 24z . P
_Zy(k)EML:ZZdj—FkQZZdld]—kl—i—k +kZdj 2Zd] 24
keN j=1 i=1 j=1 j=1 j=1

J#i
— Vars (do) B |5 1 ia,0p | + (Baldo])* (1= (0) +1 - v(0)
+ Ep[d3] + 2B [dy] (1 = (0)) — 2(Ea[ds])” — 2Bz [d,]

- A(Z k‘le;)‘k + 1) —(A+1)2e P41
keN '

Since

-\ k&
—167 A -1
>k :Eﬁ[dd, Il{dﬁo}} e [0,1],
keN

it follows that limy o E5[AZ] = 0 and limy o Eg[AZ] =

Proof of Theorem Fix A € (0,00). First, we show that for each k € N,

Pﬁ{ f:dj > ka + k(k — 1)} ~ Pﬁ{ f:dj = ka + k(k — 1)}, z = 0. (4.12)
j=1 j=1

Indeed, without loss of generality we may assume that z € N. Since, for each k,l € N,
Pa{ >k 1d~ = kx+k(k—1)+1}

#{Zj vdi =kz+k(k—1)}
_ (Ak)! R
(kx+k(k—1)+1)x - x (kz + k(k—1) +1)

and

Z N{Zj 1dj = kx + k(k +l} Z

= < 09,
lEN ﬂ{zj 1d =k + k(k — leN
(4.12]) follows by the dominated convergence theorem.
Next, we show that
k
Pﬂ{Zdj:kx+k(k‘fl)} =0 (Pa{d = z}), x — 00. (4.13)

j=1
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Indeed, for k € N\ {1} we have, by Stirling’s approximation,

Pa{ Y5 dj=ke+k(k—1)}  Pa{>)_ d; =ka} (Me)F(E=D)
P{d =z}  Pu{di=z2} (kz+1)x - x (kx4 k(k—1))
e AME=1) g\ —a(k—1) (A\k)F(E=1) 0
YTk (%) Gzt x-x ket k(k—1)) = T
Observe that for z > 1,
Pu{dy = k}Pa{ Sk d; > ke + k(k -1
Z N{¢ }N{Z]_l ) = ( )}SZkPﬁ{d¢—k}—Eﬁ[d¢]<OO
keN Pp{di >z} keN
Using (4.12)), (4.13) and the dominated convergence theorem, we have

Ay >z}
li #{ @
wme Py{dy = 1}P{dy > 2}

Sopen Paddy = k}Pp{ 351 dj > ko + k(k — 1)}

= mlljgo Pﬁ{d¢> — 1}Pﬁ{d1 > x}

_ Pu{dy = k} lim Pu{ X5y dj > ke + k(k— 1)}
_1+Z {d¢=1} 300 Pﬂ{d12$}

_ {d¢—k} Pa{ Y51 dj = ka +k(k—1)}

This, together with and Stirling’s formula, yields
Pa{lg > w} ~Pp{dy = 1}Pp{dr > 2} ~ Pp{dy = 1}Pp{d, = x}

1 x
Sr e exp x log ()\e T — 00

4.2.2 Inhomogeneous Erdés-Rényi random graph

Proof of Theorem (a) Let cx(z) be the probability that a random variable with a
Poisson (A3 z)-distribution takes the value k. If vy(k) denotes the probability that the root
has k children, then

vo(k) = /M dz e4(f()).

Moreover, if ; is the type of the i-th child of the root, then

Zd ‘ Q] xj)] 1—P01sson Aﬁlzf zj) |,

7j=1

and if v$* is the convolution of the probability distributions of (d;)¥_,, then

Jj=1

k k
(e = 1).00) = 5 ] [ dogfa) | Y fe)
j=1"10.1] j=1

1>k(k—1)
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Hence
u([0,00)) = 10(0) + Y vo(k)wg ™ ([k(k — 1), 00)) = e 1M 1 A5 M_e M,
keN
which implies limy o 1£([0,00)) = 1.
b) For large A we follow the strategy of using central limit theorem as in the proof of Theorem

Let A > max{1, X'} with \" such that 82 < %= for all A > X'. For a,y € [0, 1], define

VABLf(@) A

Z;iil dj — AB1f(y)dg

4= 4a) N1 F () dy

Then, putting

p1=1(z,y) = B f(2) f(y),

22(N) = pala,y, ) = B2 [V2(2) (2f () — () = X782 F2(a),
p3(N) = @3z, y,A) = B f(2)(f(z) — f(y)) — A" Buf(2),

04 = pa() = Prf(x),

we have
1([0,00))
dg
=19(0) +/ dl‘/ dy B f () Pu{ D odjzdg(ds—1),dy>1 | Q=2,Q = y} (4.15)
01 J[o,1] =
with
1p(0) = / dze M) < o= AM2 A — 00. (4.16)
[0,1]
Let Puay{-} =Pu{ | Q =2,Q =y} Rewriting A, in terms of Z), Z} and {goj}ﬁzl, we have
de
Pﬂ@,y{ > dj > dg(dy—1),dg > 1 }
j=1

1/2
= Pﬁ,x,y{Z’A (ng + O(%)Z)\) > \/XSOQ()\)Z)\ + Ap3(N\) + 90423, dg > 1 } (4.17)

Similarly to the proof of Theorem taking the event Ay = {|Z,| <logA,dy > 1}, we have
Pi{A5|Q =2z} —0, A = oo. (4.18)
Equations (4.17)—(4.18)) imply that

dg
AILI{:OPN}I)y{ Zdj > d¢(d¢ — 1),d¢ >1 }

j=1

1/2
= lim Pu,m,y{{zg\ (@1 + O(%)ZA) > VAp2(N) Zx + Aps(A) + <P4Z§} N Ax }

) o 1/2
- Alingopﬂ7x,y{{zg (<p1 + 0(‘}3)) +0(log? \) > VApa(N) 2y + >\<p3()\)} N Ay } (4.19)
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We investigate (4.19) for the following three sets:

1/2
Let Z§ = Z| (901 +O( log/\’\)> . Using the continuous mapping theorem and the central

3

limit theorem, we have

1 1" log A P,y
1 +O(ﬁ) 220, A — 00, (4.20)

Therefore, for (x,y) € I,

Pﬁ,r,y{

—

Z{ +0(log? A) > VApa(N) Zy + /\g03()\)} N Ay }

< Pﬂyx,y{Zﬁ\' + O(log2 A) > O(ﬁlog A) + Apsg(A) }
< By { 3B +0(8) 2 1) (1(0) - ) |
— 0, A — o0. (4.21)

For (fL‘,y) € Af7 by ‘ )
pﬁ,m,y{{z’; + O(log2 A) > VApa (N Zy + /\gag()\)} N Ay }

- pu,x,y{{z’; +0(log? ) = O(vAlog A) + Aps(A) | N A }

~Prn{ {525+ 0(28) 2 R @ (1) - f) } 1y |

v

Prsa{ 124+ O(28) 2 517(0) (1) — 1(0) |
—Pa{AS | Q=2} — 1, A\ — 00. (4.22)

Next, let (x,y) € I3. Similarly as in the proof of Theorem (3.1} we consider the events

1 1 1
B :{Z <——}, B :{Z> } B :{Z < }
1A A Tog X 2.\ > oa 34 = 1125\ < Tog A

and note that there exists a standard Gaussian random variable N defined on a probability
space (92, F,P) such that, by (4.18]),

Pﬂ{AA mBl,A ‘ Q= CE}
=Pi{Bix | Q =2} —Pi{A5N B, |Q =2} - P{N <0} = 3, A — 00, (4.23)

and

Pa{Bop | Q =2} > P{N >0} =1,
Pa{Bs)|Q =2z} - P{IN| <0} =0. (4.24)
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Similar to (4.20) we have

1 o 1/2 og3 P,z
$2 (p+0(2)) T o(d) o, Ao

(4.25)

Since k\’/gj\)‘ < %M_, we have

Pﬁ,z,y{{ZS\, + O(log2 )\) > \/X(P2(>\)Z,\ + )\(,03()0} N Bgy)\ }

< B 2550 + O(2) > iusto) (VB - 252) |

VA
log A
< Pu,x,y{zg’ igﬂ + 0(10\5?) > 1m3 } -0, - oo (4.26)

Moreover,

]P’ﬁ’a;’y{{Z'A’ + O(log2 /\) < \/XSO2<)\)Z)\ + /\903()\)} N B\ }

log A
< Pu,x,y{zs’ o +O(=2) <8171 ) } 50, A oo

Therefore by (4.23)),

Pﬂ,x,y{{Z&/ + O(log2 )\) > \/XSOQ()\)Z,\ + )\g03()\)} NA\N Bl,)\ }
= Pﬁ{A,\ N BL/\ ’ Q = a;}

— Pu,x,y{{Zf\, + O(log2 )\) < \/XQ02()\)Z,\ + Ang()\)} NAxN By } — %, A — 0.
(4.27)

It follows from (4.24)—(4.27) that, for (x,y) € By,

Pﬁ,x,y{{zg’ +0(log? A) > VApa(N) 2y + )\cpg()\)} N Ay } -3, A—oo.  (4.28)

Finally, from (4.19)—(4.22)) and (4.28) we get

dg 0, if (z,y) € Iy,

Ali_{gopu,m,y{ Yo dj = dg(dy —1),dy > 1 } =9 1 if(z,y) € 4y,

L i (ry) e By

and so, by (4.15)—(4.16]) and the dominated convergence theorem, we arrive at

Jim pu(0,00)) = Pa{(Q. Q) € As} + 3Pa{(Q. Q) € By}. (4.29)
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(c¢) By Fubini’s theorem, we have

Pa{(Q.Q) € A} = jjdxdyﬁllf >jjdxdyﬁllf<>

—1—ffdxdyﬁ1 fjdmdyﬂl

—1— jj dyda:ﬁl jfdmdyﬁl f(z)

{(y,2)€[0,1] x[0,1]:
f(@)—f(y)>0}

_l—ffdxdyﬁl ffd$dy51 f(z)

A
1 B{(@Q) < Ar) - B{(@.Q) < By}

Hence

Pa{(Q Q) € Ar} > 3 — 5Pa{(Q. Q) € By}, (4.30)
which together with (4.29) implies that

lim ([0,00)) > 3.

A—00

(d) If €3(Ay) > 0, then > in (4.30) can be replaced by >. Following the same approach as in
the proof of (c), we get limy_,o0 p([0,00)) > 1. But, if £2(Af) = 0, then it follows from (4.29)
that

lim 4([0,00)) = 3P {(Q, Q') € By}.

A—00
This, together with part (c), leads to the conclusion that limy e p£([0,00)) = 1.

(e) If f is injective, then By = {(x,y) € [0,1] x [0,1]: =y} and so

Pa{(Q.Q) € Bs} = || dedy ;" f(y) = 0.
By

Therefore, by ,
lim 4i([0,00)) =Pa{(Q, Q) € As}.

A—00

Proof of Theorem Let v9(k) denote the probability that the root has k children.
Since

Enldg] = /[0 ; dzEg[dy | Q = 2] = /[O , dz M1 f(x) = \G2,

Ep[di] = /[0 ; do B f(2)Eg[dy | Q = 2] = /[0 ; dz Af?(x) = ABa,
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similarly as in the proof of Theorem [3.2] we obtain

k
En[Ag] = Z vo(k) Eg ﬁ Zdj +1-— k] =En[di] (1 —1(0)) +1—15(0) — Eg[dy]
j=1

keN

=1— (B2 + 1)/ dze Mif(@) 4 A(B2 — 51)

[0,1]
Since
1— (AM2 +1)e ™2 L AM2 - M2) <Ep[Ag] <1—(AM2 +1)e M3 4 A(M2 — M?),

it follows that Ez[Ag] — 0 as A | 0. On the other hand, if U is a uniform [0, 1] random
variable, then

By — Bf = Var(f(U)) >0
by noting that f is a non-constant function. Since
Ep[Ag] > 1— (AM2 +1)e M2 4 7By — ),

it follows that Ez[Ag] — 0o as A — oo. Similarly, since

‘: |

E; [d2] —/[01] QB [d2 | Q = ] :/ de (ALf(2) + N2B2f2(x)) = AB? + N262Ba,

[0,1]
E,[d2] = / de 7L f(2) Ba[d? | @ = 2] = / dz (Af2(2) + X261 F3(x)) = ABa + A2B1 s,
[0,1] [0,1]

it follows that

k
B 3] = 3 k) Ba 83 1 dg = K] = S () g | (1 oy + 1)’
keN keN j=1
1 S LA . k
= " vo(k) [QZdﬁkQZZdidﬁHk Zd —QZd —24
keN j=1 i=1 ;2 j=1

= Var(dh) Ep [dqil]l{dﬁo}} + (Ea[d])* (1 = 10(0) + 1 = 0 (0)
+Eg[d3] + 2Eg[d1] (1 - v0(0)) — 2B [d1] Eg[d] — 2z [dy]

= (AB2 + NB1Bs — N2B3) Ep[dy Uiy, 20y] — (14 NB5 +2)B2) /01 dz e~ N1/ (@)
+AH(B3 — BB2) + A(282 — B7) + 1

= A(B2 + M(BrBs — B3)) / DI

[0:1] keN

eI ()‘ﬁlf( )

— (142283 +2\8,) / dz eI 4 X285 — B782) + A28 — A7) + 1
[0,1]

Again, since
— (14 XML+ 2aM2) e M2 L N2 — M) + A2M? — M2) +1
Ep[AZ] < AM2 + N2ML) — e M3 1 2204+ 2aM2 4+ 1,
it follows that E; [Aé] — 0 as A ] 0. In addition, limy_, Ej; [Ai] > limy 00 (Ep[Ag])? = .
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Proof of Theorem Fix A € (0,00). First, we show that for each k € N,

Pu{zk:dj > ka + k(k — 1)} Npu{zk:dj = ka + k(k — 1)}, z — oo. (4.31)

j=1 j=1

Indeed, without loss of generality we may assume that x € N. With the same notations and
methods used in the proof of Theorem we have, for k € N and m € N,

]P’ﬁ{zk:dj—kx—i—k(k—l)—i-m}

j=1
k —)\61 Z] 1 f(y5) ()\,81 Z f( ))kx+k (k—1)4+m
_ p—k ) j=1
=5 ]1;[1 /[0,1} dy; f(ys) (kz + k(k — 1) + m)!

Therefore, for k,l € N,

Pa{ S8 dj = ke + k(k — 1) +1}
Pa{ Y5y dj = ko + k(k — 1)}
(AB1)le —ABik(M_—My)
S(kx—l—k(k‘—l)+1) < bz + k(k—1) + 1)
H?zl f[0,1] dy; f(yj)(E§:1 f(yj))kﬁk(kfl)ﬂ
H?:l f[o,l] dy; f(yj)(Z?zl f(yj))kwk(kq)
(ABLE My )le APrk(M——M)
T (kr+k(k—1)4+1)x - x (kx+k(k—1)+1)

— 0, T — 00,

and
ZPM{Z?l dj = ka + k(k — 1) +1}
= Pu{ Zﬁf:l dj = kx +k(k—1)}

I
< e ABIK(M_—=M) Z (Aﬁlllf'MJr) < MR- —2My)

leN

Therefore, (4.31]) follows by the dominated convergence theorem.
For k € N\ {1}, since

H/ ay; ) (3 1 w)

Jj=1

k:

< Kk H / dy; f 3/] ka (y;)
k

/[0 , dy Z f:v—i-l( J) kkx+1MJlimfz+kflﬁx+1,

k
kkkax r+k—1 H

7=1
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by Stirling’s formula we have

Pa{ Y)_1 dj = ka + k(k — 1)}

Pp{d ==}
_al e MMM g R (G M )R (A gy ke
~ (kx)! (kz +1) x -+ x (kx + k(k —1))

. TT5=1 Jio.ay o fwi) (25— f(yi)Ee
Jio.ay dyn (f (y2))=+!
. e MUBM_ M) gkl () g g YR(R=1) ()G, ke
(kx)! (kx +1) x - x (kx + k(k — 1))
o\ ek NS (RM_—My) g=k+1( ) g k0, Ve(k=1) () g, Vhe—
- (eM+> - (ka + 1)@ - .(xﬁ(lkrc ++12:(k - 1())51) x VEM
-0, o — oo (4.32)

Therefore, taking the same approach as in (4.14)), we get from (4.31)—(4.32]) and the dominated
convergence theorem that

S % kkx-ﬁ-lM_]f_xf:E*kal

Pa{Ay > z} ~ Pa{dy = 1}P{ds > =z}, T — 00.
Hence, from ,
Pa{Ay >z} ~Pi{dy = 1}Pp{di =2}, z— oo,

and so Stirling’s formula yields

AM2 e 2B My L el < Sy < AM2e2A01 M-
Bze SPi{dg 22} S
V2T N V2

T — 00,

—zlog(~%—
616 g(Aﬁle)’

Bl

where we recall that 8, = f[o 1 dy 1= (y).

(a) Suppose that ¢;({y € [0,1]: f(y) = My}) > 0 with ¢; the Lebesgue measure. Then
G({y €[0,1]: fly) = My})MS < By < MY,

and hence 3, < MY as x — oo.

b) Suppose that f(y.) = My and f(y) — f(y) < |y« — y|*, y = yx, for some y, € [0,1] and
a € (0,00), and f is bounded away from M outside any neighbourhood of y,. Then

e o () = Loy 0563

_ oyl yuta /e
x/ dy exp <—$’y*y’> x/ dy < 2=V, T — 00,
[0,1] My yu—z 1/

where the first =< uses that only the neighbourhood of y, contributes, and the second = uses
that the integral is dominated by the neighbourhood where the exponent is of order 1. Hence
By = x~1/a MY as x — oo.
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4.2.3 Configuration model

Proof of Theorem Write

where 1/1®k is the k-fold convolution of v; = p*. We look at the special case where p, =

k=7 /¢(1) with 7 € (2,00) and ¢ the Riemann function. Then,

1 1 6 1
M([O’m))2p1:W2@:ﬁ>§'

For m € N and s € (1,00), let (m(s) = >3, 77° be the truncated Riemann function.

Thenf]

~—

—s+1 o) 00 -1 —s+1
= / dza™ < (u(s) <1 +/ dpa—s=2"-F" (4.33)

s—1 m m s—1
For each k € N,

ety 1(T =) | Galr —1) k2

®k “1). 00 i 1) = :
L1 ([k(k? 1), ))Zpu{dlzk(k 1)} G(r—1) = G(r-1) 7 -1

Consequently,

1 C1(37'—4).

1 —27+4
pll0,00)) 2 Ty Dk 2 Sy

keN

By the dominated convergence theorem, (1(37 —4) — (1(2) as 7 | 2, from which we obtain
that 1([0,00)) — 1 as 7| 2, and

1
w([0,00)) > —= — 1, T — 00,

—<(7)

from which we obtain that p([0,00)) — 1 as 7 — oc.

Proof of Theorem Let E[D] < oco. Since
Epulds] = E[D],  Eg[di] = (E[D)~(E[D?] - E[D]),

the first moment equals

k
]Eﬂ[AQﬂ :Zpk ;ZEu[dj]+lk :Eﬂ[dl]JFl*Eﬂ[d(ﬁ] _ VI(EJ:"I["(DZ]))’

which is strictly positive whenever D is a non-degenerate random variable, i.e., the limit is
not a regular tree. Moreover, Ej [d;l] =E[D7], ]Eﬂ[di} = E[D?], and if also E[D?] < oo, then

_ Y ren(k — 1)%kpy _ E[D?] + E[D] — 2E[D?]

E[D] E[D]

Ej[df]

2It is worthwhile to note here that ¢ (s) > 1, and for m > 1, there is a sharper upper bound which will be

presented in (4.34).
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Therefore, if E[D?] < oo, then

E;[A7]
2 1o 2
= %pkEﬁ[A(b | dg = k‘} = %pkﬂzﬁ |:(k z_:dj +1-— k‘) :|
1 k k k
oy [1@2 Zd§+ Zde +1+k + Zdj —2) d; —Qk]
keN i=1 =1 j:l j=1
= Varg(di) Bz [d;'] + (Ba[dh])” + 1+ Bg [d3] + 2Eg[di] — 2B [d|Eq [dg] — 2B [d]
(E[D’IE[D] - (E[D?])?) E[D~'] + E[D?*|Var(D)

(E[D])? ’
and so using the Cauchy-Schwarz inequality,
E[D?Var(D)
2
Epn [A¢] Z (E[D])2

which implies that

E[D?] — Var(D)
(E[D])?

Varg(Ag) > Var(D) = Var(D).

Proof of Theorem Let x € (0,00) and 7 € (2,00). For m € N and s € (1, 00),

> o) -1 —s+1
Gn(s) = Z E < / dea™® = (m-1)—" ; )1 . (4.34)
k=m m—1 B
Therefore
1 > 1 > 1 2772
_ > - - —7+1 < - —7+1 < -
Pult 22} = ey 2 C T <m0 T S w2
k=[z] k=[z]+1
and
k
Pﬁ{A¢2x}:ZPﬁ{d¢:k}Pﬁ{Z > ko + k(k—1) }

keN

<3 Bp{ds = k)P, {Zd > ko < 3 kPa{d, = k}Pa{di > 2} < (1 —2) "2,

keN keN

Moreover, by (4.33] -,

Pa{dy > 2} > ) Pu{dy = k}Pp{di > K*(z + 1)}

keN
- C(T)C(keZNk C[kQ x+11+1( )
1 -7 (1.2 T —7+2
2 a1 o f (et T
377+2c(37. _ 4) 377'+2

(.T + 1)—7’—',—2 >

> ,7_(37_ — 5) (x + 1)—T+2 > 3—T+17_—2(:E + 1)—7’4—2.

= =2 1)
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4.2.4 Preferential attachment model
Proof of Theorem [3.12 First note that
4y = NOW(g) 4 NOPU8) () = 1 4 N6 ()

Let d; denote the number of children of ¢; = ¢i. We have d; = 1 + N(young)(qbl) and, when
N(young)(@ > 1,

di = N () i e {2,...,dy}.

For a € [0, 1], define

o (140240
= e 2406 —
r(a) /[a,l] e /D) g % — L.

For b € (0,00), let Y(a,b) L Poisson(bk(a)). Then

keN j=1

k
u((0,00)) = 3" Bu{dy = K}, {Zdj > k(k—1) | dy= k}

Recall that I'y 4 Gamma(1l + 4, 1), hence

9] un bde—b
Pu{dy =k | Ay = a} = /0 dbP{NOoe)(¢) =k — 1| Ay = a,Ty = b}im 5
be=b

:/0 dbP{Y (a,b) = k — 1}r(1 )

 T(k+9) L NRL e
_(/c—l)!l“(1+5)(1_a2+6) az+s, (4.35)

and so

o T(k+9) )
Pidds =k} = (k—1)IT(1+0) /M da (1 —¢ )
_ (2+9)I(k+9) u (1 — )F—1q2+20
k- DIT(L+9) /M du(l —w)
(2+ 6T (3 + 20)T(k + 6)

T T+ 0)I(k+3+20) (4.36)

Hence

249

p((0.00)) > Bafdy =1} = 5o

(4.37)

and so p([0,00)) — 1 as 6 | —1. Moreover, since ¢ % is decreasing and tends to 3 as

d — oo, it follows from (4.37) that, for all § € (-1, c0),

1([0,00)) >

N
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Proof of Theorem [3.13] Let x(-) and Y (-,-) be as in the proof of Theorem Then
Noung) () is distributed as Y(Ay,T'y), and hence

Ezl[dg] = 1+ Ez [NV (¢)] = 1 + Ex[Ty]|Enlk(Ag)] = (4.38)

Abbreviate
t I'(k+ 34 29)

Td T (k —1)I0(3 + 20)°
For k € N, using (4.35)—(4.36), we get

EQ[A;#‘;!%:H =/ do Trldo =kl 4y =a} 1

[0,1] u{d¢ =k}
.I.
_ ke / da (1 — aﬁl&)kfl(z%
246 [0,1]
k+2+2
AT 1 — k11420 —
7,675/[01]du( u) ST
Hence, considering ¢1, we have
-5 — 55 kL2 if § > 0,
En[n(Ap,) | dg = k] = Ea[Uy, " |Eg[A, """ [dy = k] =1 = { o, 6 <0,

Thus, observing that N°U"8)(¢;) is distributed as Y(Ay,,Ty,), we have
Bl | ds = K] = 1+ Ea[N0"9)(01) | d, = K]

244 .
— 14 ol | Bai(ds) [ do = #] = { 155 2 220

00, if 6§ <0. (4.39)

Next, let k > 2. For 2 < j <k, dj = N8 (¢,) and is distributed as Y (Ag;,Ty;). Hence
k

ST I S
=2 =2
k
Z alLo; Ealr(Ag;) | dg = K]

k
1+5 |:ZI€A¢] |d¢/€:|
7j=2

(1+5( [ZA =3 | dy _k]—k+1> (4.40)

j=2
There exists k — 1 non-ordered i.i.d. uniform [Ag, 1] random variables Ui, ..., U, such that

1 1
the random variable Z?:Q Ay given the event {dy = k} is distributed as Zf;ll U, |
dy = k. Therefore, using (4.40), we can write

e d-urelE e

Jj=1

= Yk —1)(EL[U 2+5]d —k]—l) (4.41)
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Using (4.35) and (4.36)), we compute
S
En[U; *7° | dy = K]

Paldo=k|dg=a} ., 1
du/ K’ 1—a) "u 2+
/[01] [0,4] Pa{dy =k} (1=0)

= 7k6 da(l—aﬁs)k_la;ig(l—a)_l/ duu” 75
246 o [a,1]
= %1’6 da(l—a2i5)k 1a?+5(1—a) (1—ai5)
144 [0,1]
T
< T da (1 — aﬁ)kfla%g
140 [0,1]
240 4 k-1, 2425 _ 210
= — du (1 — = —.
T I
Therefore, from (4.41)) we get
k
OgEﬁ[Zdj]%:k]Sk—l. (4.42)
j=2

Observe that

>

Ex[Ay] = Z]P’{dqb—k}(;Z Ez[d; |d¢_l~c]>

Hence from (4.38), (4.39) and (4.42) we get with E;[Ay] = oo for § <0, and

S SN G TV i

1)
where, by (E36),

=Y (24 6)T(3 + 26)T(k + 6)

Eg :
¢ ET(1 4 0)I'(k + 3 4 26)

I

keN

This completes the proof for the first moment. Now we derive the second moment. For § < 0,

we have E; [Ai] = 0o because E;[Ay] = 0o. Let us therefore consider § > 0. First we observe
that

Ep[d3] = Eg[(1+ NO"®(6))°] = 1+ EalT3Eals(4)] + 3Ex[Lo]Eg[r(Ag)] =

Also, since

FS

+ 6.

E_[U—l%é} _ [ A e,
g 00, if0<d<1,
for k € N we have
2 _ 2
En[r7(Ag)) | dp = k] =Bg[U, "] Ea[A,”" | dy = K]
_ 1 _ 1
— 2B, (U, " Ea[A, % [ dy = K] +1

< oo, ifd>1,
— 0, f0<d<1,

35



which implies that

a2 N < oo, ifd>1,
E“[d1d¢_k]{ =00, f0<d<I.

Moreover, if k > 2, then from (4.40) and (4.42) we get that, for every 2 < j <k,

k
E;[d? | dg = k] gEﬂ[Zc@ | d¢:k]
j=2

k k
> Eally,|En[r(Ag,) | dp = k] + Eg[T5)] H[ZKZ(A%H%:k}

i—2 =2

.

L2 o1
k—1+(k—1)Eﬂ[r?¢2]Eﬂ[Ul =5 _ o[y, ¥ 41| d¢:kz] < .

IN

Consequently, if § > 1, then by the Cauchy-Schwarz inequality we have Ej[d;d; | dy = k] < 0o
for every k > 1 and 1 <4, j < k. Writing va(k) = Pa{ds = k}, we obtain

Ea[AZ] =) ve(R)Ez[AY | dy = k] = ZVz(k)Eu[(;Zk:dj +1- k)2 ‘ dy = k}

keN keN
k k

= wn(k)E [;Zd +%22dd +14+k+ kZd QZd —2k‘d¢—k}

keN j=1 i=1 ;éz
—ZZ Ey[d? | dy = k] +ZZZ aldid; | dy = k] + 1+ Eg[d3)]

keN j=1 keN i= 13#1

+ZZ vo(k)Eg[d; | dy = k] —QZZW aldj | dg = k] — 2Ez[dg].

keN j=1 keN j=1

Therefore E; [Ai] is finite if and only if § > 1.
Proof of Theorem Let () and Y(-,-) be as in the proof of Theorem For

7,k € N, we first derive an upper and lower bound for Pﬁ{dl =jldy= k} Abbreviate

. T'(k + 3 + 20)
Tk T P(RD(4 + 20)T(1+0)

We show that

YD+ 1+ 0T +k — 1)I(5 + 30)
T()T(j+ k+4+30)
(L4 0)D(j + 14 0)T(k + 3 + 29)
T(j+3+20)(k+2+0)

Pa{di =1 ds = K}

(4.43)
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For j € N and a; € [0,1], we have

00 bl—l—(se—b
N v g p(young) (g y — i _ 2 c
Pu{dl =) ’ A¢>1 al} /0 dbPu{N (p1)=37—1]| A¢1 ay, L', b} T(2+96)
00 b1+6e7b
= Y =5—1
/0 dbP{Y (a1,b) = j }r(2+5)

1

TG+ 1+0) 35\ 1
= roreen ) e

Also, the joint density of (Ag,, Ag) is

14+6 _1s -1
f(A¢,A¢1)(a,a1) = 246 a 2+ ay 2+67 a € [Oa 1]7 ai € [07 a’]'

Therefore, for j € N and a € [0, 1],
/[ Ao Bafdy = 5| Ao, = 1} a0
0,a

L(j+1+9) _;H/ s\t 5
5 d 1 — g2t° 2+5

PERGIETE it ( “ ) “
I'(j+1+50) I _w/ pae]
1 — q2+3 216 d +o

= 2+ 001 +9) < “ ) “ 0 A

L(j+1+0) (1_a2$§)j—1a
(3+25)T'(H)T(1+0)

and

dai Pp{di =j | Ay, = al}f(A¢,A¢1)(aaa1)

[0,a]
146

L(j+1+9) _%/ SL\i—1 1
d 1 _ + 2445
2+orGra+o” = o ( ay ) ay
_ Ma_% / du (1 _ u)j*1u2+25
L)1 +9) 0.1]
LG+ 1+8)T(3+26) _1s
T(146)0(j + 3 + 20) '
Using (4.35)) and (4.36]), we get that, for j,k € N,
Pu{dy =3 | dy =k}
Pu{ds=k|Ay=a .
:\/[701] a /l«{ I;)M{d(b:k} } [Oa] dalpﬂ{dl :,] ‘ A¢1 :al}f(A¢7A¢1)(a7a/1)
> Vsl +1 —|— J) / du (1 B aﬁ)j-i-k—Qa%
2+9)rG)  Jpy
_ 72,51—‘(] + 1+ 5) / du (1 . u)j+k—2u4+35
I'(j) [0,1]
TG+ T+ + k= 1T(5 + 30)
N T()T(j + k + 4+ 30)
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and

| Yol (4+28)0(j + 1+ 06) / )
Pa{di =j|dg=Fk} < = da{l—ars
aldi=jlds =k} < 2+ +3+20)  Jo a( ! )

A+ 200(+14+6 _
:%,5 ( . )T(J )/ du(l—u)k 1,1+
_(1+5)F(j+1+5)F(k+3+25)

T(j+3+200(k+2+90)

This proves .
Lower bound. We show that, for x large enough,
Pu{dy > k*(z +1) | dy = k} (4.44)
. 5;1:35 a;—<51+:;5>, 5 € (~1,0)
5+20 (3) (3K +5+30) ) =542 5 € [0, 00).

where we abbreviate
['(k+3425)T'(5+ 39)

TR = DT (4 + 20)T(1 +0)

Using (4.36]) and (4.44) we get, for = large enough,

k
P2 > o} = 3 Pa{dy = k}Pa{ " d; > ka+ k(k 1) | dy = k}
keN j=1

>3 Pa{dy = k}Pa{dy = Ko + 1) | ds = k}
keN

{ Oy 50~ O30 if § € (—1,0),
>

Cy 5~ OF20) if § € [0, 00),

where
2+ 00(+30) T(k +6) )
€10 = B125)(5+ 30)(T(1 £ 0))2 ,%; R OF +5+80) 70 € (0,00),
2+ 005+ 30) N )
O = GTanE AR O T e 00)

The lower bound in Theorem follows once we prove (4.44). For k € N and = > 0,

[e.9]

S T(j+1+86)0G+k—1)
T()L(j + k + 4 + 30)

Pu{di > k*(z+1) | dg =k} > ks
j=Tk(z+1)]
i PG+ 1+ +k—1)
LT+ k+1+[3435])

> Yk,
J=[k2(z+1)]
oo

3 L'+ [1+6])
L(j)(j + k + [3+ 30])[3+301+2

> Vi,o
J=[k2(z+1)]
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which, via (4.33), implies that, for § € (—1,0) and z large enough,

o0

Pu{d > Kz +1) | ds = k} > s > j‘“*“’d’j—% 2O (4.45)
j=Tk2(z+1)]+k+[3+35]

Noting that, for j > [k*(x + 1)] and x large enough,

J > ! > 1
i+ k 51 = k+[3+35] = 9’
Jj+k+[3430] 1+ ]

we find that, for § € [0,00) and z large enough,

Pu{dy > k*(z+1) | dy = k}
s jL+9)

B Z .
; [3+36]+2
TR D)] (j+Fk+[3+30])

1\ 140 — _
> Vk,6 (§> Z J (6+29)
j=[k?(x+1)]+k+[3+35]

> G () @ 5 ) 04260 (4.46)

This completes the proof of (4.44)).

Upper bound. The proof of the upper bound requires more intricate bounds. First we
provide an upper bound for Pﬁ{dl > x| dy = k:} in three different cases, § € [—%, 0),5=0
and ¢ € (0, 00).

Abbreviate
- (1+0)I'(k+ 3+ 26)

TS T T (k124 0)

Using (4.34]) and the fact that ;Ezzﬁg <m* ! formeNand0<s<1[8], we see that, for
k€N, §e[—3,0) and z > 0,

L'(j+1+9) I'(j+1)
dy > dp =k < —_—
Pp{di > = | dy f %6]2(: ]+3+25 52] FG+1+(2426))

_ 1)
< Yk, Z jT< T, )(ac —1)°, (4.47)
j=[=]
and, for k € N, § =0 and = > 0,

o0

1
Pﬂ{dlzx‘d¢:k}§(l€+2)2m§ k‘—|—2 Z j2 k—l—?)
j=lz] j=lz]+1

(4.48)
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and, for k € N, 6 € (0,00) and z > 0,

—{d1>m]d¢:k}

T(j+1+0) - 1
< <
Vi Z LG+2+6+[1+46]) _,Yk"sj;;ﬂ (J+14+0)x---x(F+14+0+[1+46])
< A5 Z(:](j |14 8)) D < 5, 5 | [E]:Hj_(lm < ’Yl;,&x_a' (4.49)
J=lz =z

Next, we provide an upper bound for IP’;L{ Zf:z di > (k—1Dx|dy = k:} in three different
cases. To that end, fix k > 2,2 < i<k and 5 > 0. For a; € [0,1],
6 —b;

Pufdi= | A =i} = [ aBA{NO(6) = | A, = i, = b} b

b6 —b;

:/0 b P{Y (a5, b:) = G} 515 )

LG +1+9) 21 i 3t

= 1—a??) a?™.
F(j+1)F(1+6)< ) i

Also, for a € [0,1], conditioned on dy = k, Ay = a, Ay, is distributed as the (i — 1)-th order
statistic of a sample of k£ — 1 i.i.d. uniform[a, 1] random variables. The conditional density of
Ay, given dg = k and Ay = a is given by

L'(k) g2
G- 1)I(k—i+1)"

fay |dg=k,A4=a(ai) = (1—a—a) (1 —a)~*D), a; € [a,1].

Since

k
I'(k) z(z -1) &
= =k?2
o = ) <H 2 () =42
it follows that, for a € [0,1],
/[ . da; Pp{d; = j | Ag, = ai} fa, |a,=r.A,=a(a:)

< k2‘ [+ 1+0) (1- a)_ZH/ da; (1 — af”)]af*‘s
[a,1]

TG+ 1)1 +9)
(2+86)k2"T(j + 1+ 6) _ )it u J. 2426
< Tgrnrareg 0-0 [ d-u
(2+80)k2PT(G+1+6)T B+ 25)(
= T(1+6)I(j + 4+ 26)

_ a)—k—i—l‘

Abbreviate
R 28 T(k + 3 + 26)
Ve, 5 =
I'(1+0)'(k)
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Using (4.35)) and (4.36)), we obtain

Pa{di=j|dy =k}
Pﬂ{d¢:k | A¢:a}

= da da; Pp{d; = j | Ag, = ai} fa, d,=k.A,—a(ai)
/[o,u Pp{dy =k} oy oulda=h Ao

kArsT(j+1+0) dagtss < @+ OkAs TG +1+9)
LG +4+20)  Jioy — (3420)T(j+4+29)

Hence, using (4.34)), for k > 2, 6 € (—1,0) and z large enough, we obtain
k k
Pa{ > di = (k=)o | ds =k} <> Pa{ds = v | dy = k}
i i=2

k
<Y Pu{di > [27k2 2] + 1| dy = k}

oo

< k(k—1)Yks >

j=[z—0k2 22k]+1

T'(j+1+96)
T(j+3+0)

3 1
= k(k = 1)k . |
j“”‘;??’ﬂﬂ (J+1+6)(j+2+9)

. . Dk+34+26) 1 5
<Sk(k—DAgs Y. J< et gkyd
e R A 41 I'(1+0)I'(k)
and, for £k > 2, § = 0 and «x large enough,
k
Pﬁ{zczi > (k— 1)z | dy = k:}

1=2

k
< S Pu{d; > [w2k2"] + 1] dy =k}
=2

k(k—1)28T(k + 3) = 1
B I'(k) 2 G+ +2)+3)
j:[x%kz’ﬂﬂ
k(k—1)2"T(k +3) i JEPRALAL Py

N (k) :
j=le2k2k]+1
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and, for k > 2, 0 € (0,00) and z large enough,

k
{Zd —1x|d¢_kz}§21@ﬂ{diz((x5/<;222k)ﬁ%1+1|d¢:k}
=2
5 . T(j+1+4)
<k(k—1)9ks > TG 13431 [1+3))

1
J=T(@k2 224) T3] 41
o0

1
=k(k—1)4
(k—1)gns > G+1+0) x--x(j+2+6+[1+6])
j:]’(x5k222k)m-\+1
< (k= 1) 3s Z @ H1+3))
j:]—($5k222k)ﬁ5-\+1
) o _ D(k+3420) 5.
< q (246) L 2T 0T A7) do—Fk 4.52
< k(k—1) ks >, J = TE+0rk) " (452

J=T(2%k2 224) 55 141

Similarly, abbreviating

C35:<2+5)F(3+26)(1+5Z (F(k:+5) N 1 )22_k>6(0,oo),

’ I'(1+9) -4 keNF E+2+0) T(1+0 =

_ I'(k) —k ~
C4_4<%F(k:+2) +%2 ) € (0

(24003 +26) (1+6 I'(k+0) 1 T'(k+0),
R () ( 9 %P(k+2+5)+r(2+5)k% T'(k) 2k)e(o,oo),

and using (4.36), (4.47)—(4.52)), we get, for x large enough,

Pa{lAy >z}
k
< > Paf{ds = K}Pa{ " d; = k| dy = k}
keN j=1

< 3 Pal{dy = K}Pa{dy > x| dy = I}

keN
k 03,6 (.’L‘ - 1)5a ifo € [_%ao)a
+2Pﬁ{d¢=k}1p>ﬂ{2d] k-1 x!d¢:k} Cra, if § =0,
keN Jj=2 Css z79, if 6 € (0,00).
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