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Abstract

In this paper we consider the two-type Moran model with NV individuals. Each
individual is assigned a resampling rate, drawn independently from a probability
distribution P on R, and a type, either 1 or 0. Each individual resamples its
type at its assigned rate, by adopting the type of an individual drawn uniformly
at random. Let YV (¢) denote the empirical distribution of the resampling rates
of the individuals with type 1 at time Nt. We show that if P has countable
support and satisfies certain tail and moment conditions, then in the limit as
N — oo the process (Y (t));>0 converges in law to the process (S(t) P);>0, in the
so-called Meyer-Zheng topology, where (S(t)):>0 is the Fisher-Wright diffusion
with diffusion constant D given by 1/D = fR+(1 Jr)P(dr).
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1 Introduction

The Moran model, describing the evolution via resampling of a population of individuals
carrying genetic types, is a workhorse in population genetics. It is tractable because it
is mean-field, i.e., all individuals exchange type with each other in the same manner,
and because it has a simple dual, namely, the death process on the positive integers.
It has been the basis for much more sophisticated models incorporating evolutionary
forces such as mutation, selection, recombination and migration (see [Dur08]). Selection
amounts to letting the rate at which an individual resamples depend on its current type.
This bias causes a genetic drift towards the type for which the resampling is slowest,
affecting in significant ways how the population evolves over time.

1.1 The two-type Moran model

The standard model for evolution of types in population genetics is the two-type Moran
model (see [Dur08, Section 1.5]). Consider a population of N € N individuals. Each
individual carries either type 1 or type 0, and at rate 1 chooses an individual uniformly



at random from the population (possibly itself) and adopts its type. Let X™(¢) be the
number of individuals with type 1 at time ¢. For every N € N,
lim P(XN(t) =0 or XN(t) = N) =1, (1.1)

t—o00

because {0} and {N} are traps for (X (¢));>0: genetic diversity is lost forever when all
individuals have type 0 or all individuals have type 1, respectively.

To see what happens prior to trapping, scale space and time to get

1
YV () = —XN(Nt), (1.2)
N
which is the fraction of individuals of type 1 at time Nt. It is well know that if

limy 0o YV (0) = y € [0,1], then

lim £[Y"] = L[Y] in the Skorohod topology, (1.3)

N—oo

where YV = (YN (t));50 and Y = (Y (t))¢>0, and £ stands for law. The limit Y is the
Fisher-Wright diffusion

aY (1) = VYOI - Y (©)dW (D), Y(0) =y, (14)

where W = (W (t)):>0 is standard Brownian motion. The convergence in (1.3) is proven
by showing that the infinitesimal generator LY of YV converges to the infinitesimal
generator L of Y on a dense set of test functions (see [EK86, Chapter 4, Section 8]).
The latter is given by

(LHW) =y =y)f"(v), yelo1] (1.5)

for twice differentiable test functions f: [0,1] — R.

Let 7 = inf{t > 0: Y(¢t) = 0or Y(¢) = 1}. It is know that 7 < oo almost surely,
i.e., genetic diversity is lost at time 7N + o(NN) as N — oo.

1.2 The two-type Moran model with random resampling rates

It is natural to allow for resampling rates that are random. In the present paper
we consider a version of the two-type Moran model in which each individual carries
a pre-assigned resampling rate, drawn from a discrete probability distribution P on
R, = (0,00). This represents a type-independent selection driven by disorder. We will
see that, in the large-population-size limit and after scaling time by the population
size, the empirical distribution of the resampling rates of the individuals with type 1
converges to P times a Fisher-Wright diffusion with a diffusion constant that depends
on P. The proof of this fact turns out to be somewhat delicate because the path of
the empirical distribution contracts to the submanifold {sP: s € [0,1]} at a rate that
diverges with the population size (so that convergence of the infinitesimal generator
away from the submanifold fails). This contraction, which is absent in the standard
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Moran model, requires us to work with a particular path topology, called the Meyer-
Zheng topology, which roughly speaking induces weak convergence in “time X space”.
We may think of the latter as convergence outside a set of exceptional times.

Very little is known about population genetic models with disorder. The reason is
that the disorder destroys the exchangeability of the individuals, and therefore makes
duality, another workhorse in population genetics, much more involved. In fact, in the
present paper we do not resort to duality and work with Lyapunov functions to con-
trol the contraction to the submanifold. How the contraction precisely occurs comes
with a number of subtleties. Our proofs are restricted to discrete P because the sub-
manifold depends on P. Perturbation arguments are delicate because they displace the
submanifold.

1.3 Main theorem
Throughout the sequel we assume that P satisfies the following assumption.
Assumption 1.1.

(1) P has countable support, i.e., P = >, by, with g = (ux)ren a probability
distribution on N and (rj)ren a sequence in R . Moreover, ), ukrk_l < 0.

(2) Let R = (R;)ien be ii.d. drawn from P, i.e., R has law P®N. For N € N, define

iy = lp=ry, k€N,  Np={keN:a)>o0} (1.6)
1€[N]
Then _2
i (2oenn ") Qukena ) g e, (1.7)
N—oo N mingen, 7

Note that Assumption 1.1 holds for all P with finite support and fails for all P with
uncountable support. In Section 2.3 we derive a sufficient condition on P with countable
support guaranteeing that (1.7) holds. For instance, it suffices that u, < k™%, k — oo,
with x > 2 (right tail condition) and ), e 75" < 00, D pcen Mk ) < oo for o and 8
sufficiently large depending on x (left and right moment conditions).

In what follows, we consider the quenched process in which the resampling rates are
chosen initially and are kept fixed while the process evolves. Let R; denote the random
resampling rate of individual i. Note that R = (R;);c(y) has law PN The empirical
distribution of the resampling rates is

Z O, . (1.8)
zE[N

Note that this is a probability distribution on R, and that, P*N-a.s., £V converges to
P as N — co. Let 7;(t) denote the type of individual ¢ at time ¢, and let

Z L (ve)=1)O R, (1.9)

’LE[N
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denote the empirical distribution of the resampling rates of the individuals with type 1 at
time Nt. Note that this is an element of M<q, the set of sub-probability distributions
on R,. Our main result says that the process Y = (Y¥(t));>o converges in law, in
the so-called Meyer-Zheng topology (explained in Section 2), to a simple but interesting
limiting process. We may rewrite £V as

1 1
EN =D "nye,, oy = NnkN =5 > Lr=ry- (1.10)
keN i€[N]
Note that N = {k € N: n}Y > 0}. Also note that |[Nz| < N, and consequently the

vector n?V = (nff )ken has at most N non-zero elements.

Theorem 1.2. Suppose that P satisfies Assumption 1.1. If limy_. YV (0) = v, then
lim L[YY] = L[Y] in the Meyer-Zheng topology P®N-a.s. (1.11)

N—o0

with Y = (Y (t))i>0 given by

Y(t) = S(t)P, (1.12)
where S = (S(t))i>0 is the Fisher-Wright diffusion on [0, 1] given by
dS(t) = v/DS(t)(1 — S(t)) dW (), S(0) =v(Ry), (1.13)

with diffusion constant D defined as 1/D = fR+(1/r) P(dr) =Y oy e T

Remark 1.3. Theorem 1.2 says that Y~ = (Y (#));50 collapses onto the submani-
fold {sP: s € [0,1]} in the limit as N — oo and on this submanifold performs an
autonomous Fisher-Wright diffusion with a diffusion constant that is determined by
P. The contraction to the submanifold shows that YV exhibits homogenisation, i.e.,
the type and the resampling rate of the individuals are asymptotically independent as
N — oo. The inverse of the diffusion constant 1/D represents the average time be-
tween two successive resamplings of an individual. Section 2.3 contains examples where
Assumption 1.1 holds. Assumption 1.1 excludes P with uncountable support. We con-
jecture that Theorem 1.2 continues to hold in that setting, subject to appropriate tail
and moment conditions, but we are unable to provide a proof. Along the way we will
see what the hurdles are.

Remark 1.4. Our model can be interpreted as a Moran model with a particular kind of
selection by viewing the resampling as done in pairs. Pick a pair of individuals, decide
randomly which of the two individuals adopts the type of the other individual. In the
standard Moran model the latter is decided uniformly at random. In our model it is
decided with probabilities that depend on the inverses of the resampling rates of the
two individuals.

Remark 1.5. It is straightforward to extend Theorem 1.2 to the Moran model with
finitely many types. It is more challenging to include the Fleming-Viot model with
infinitely many types. In the latter setting, it would be interesting to see what happens
when the resampling rate distribution has no finite inverse moment at zero. Slow rates
may affect the property that the state of the Fleming-Viot diffusion after an arbitrary
positive time becomes atomic (a property referred to as “coming down from infinity”).
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2 Definitions and notation

In Section 2.1 we define the random process precisely and in Section 2.2 we recall the
Meyer-Zheng topology. In Section 2.3 we derive some tail estimates for the random
resampling rates and exhibit sufficient conditions under which Assumption 1.1 holds.

2.1 The random process

Let N € N be the size of the population. Individuals are labelled [N] = {1,..., N} and
carry either type 1 or type 0. Each individual has a random resampling rate that is
drawn from a probability distribution P on R, . The resampling rates are assigned inde-
pendently and before the process starts. We write R = (R;);en, with R; the resampling
rate of individual 7, and define

1
YN(t) = N Z Lz (Nty=1}0R;; (2.1)

1€[N]

where 7;(¢) is the type of individual ¢ at time ¢. Note that it suffices to look at type
1 only, because the total number of individuals with a specific resampling rate does
not change over time. The state space of YV = (YN (t));>0 is M<i, endowed with an
appropriate metric d(-, ).

For A € {—1,+1}, r € Ry and y € My, put

A

T2 (y) =y + =0, 2.2

W =y+5 (2.2)

This operator encodes the event that an individual with resampling rate r changes its

type. Namely, when A = —1 an individual with resampling rate r and type 1 chooses

an individual with type 0 and adopts its type, while when A = +1 an individual with

resampling rate » and type 0 chooses an individual with type 1 and adopts its type.
Define

R y)dr = ry(dr)[1 —y(Ry)],  ROF(y)dr = r[EV(dr) —y(dr)ly(Ry).  (2.3)

The change 7"~ !(y) happens at rate &"~1(y), because there are y(dr) individuals with
type 1 that can choose a new individual from the population at rate r. In order for
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such an individual to change to 0, it needs to choose an individual with type 0. There
is a fraction 1 — y(R, ) individuals of type 0 in total, and the individual chooses one of
them uniformly. The explanation for 7! (y) and R""!(y) is analogous.

Note that the transition rates R™*(y) and the transition operators T™*(y) only
depend on the current state y of the process. Hence Y is Markov. We can write down
the infinitesimal generator LY of Y. Let f: M<; — R be a bounded and continuous
test function, and let y € M<;. Then

(LY )y A<v R ) [f(T () — f(w)] N2 (2.4)

Ae{-1,+1}

The term N? comes from the time scaling by N and the space scaling by 1/N.

2.2 The Meyer-Zheng topology

For more background on what is written below, we refer the reader to [DM78, Chapter

III, no. 40-46], [MZ84], and [GdHO22, Appendix B|.

The Meyer-Zheng topology assigns to each R-valued Borel measurable function w =
(w(t))e>0 a probability measure on [0, 0] x R defined by

Y (A) = /[0 | Law()e (2.5)

i.e., 1, is the image under the mapping ¢t — (¢, w(t)) of the probability measure e~'dt.
This image measure is called the pseudopath associated with w, and is simply the
occupation measure of w. We say that a sequence of pseudopaths induced by a sequence
of cadlag paths (wy)yen converges to a pseudopath induced by a cadlag path w if, for
all continuous bounded function f(t,w(t)) on [0, 0] x R,

lim flt,wn(t)) e tdt = f(t,w(t)) e " dt. (2.6)
N=00 J10,00) [0,00)
Since a pseudopath is a measure, convergence of pseudopaths is convergence of measures.
Let = be the space of all pseudopaths. Endowed with the Meyer-Zheng topology, = is
a Polish space.
Let vy: [0,00) = M denote the path of Y and v: [0,00) — M, the path of
Y. For f € Cy(ZE), define

oy (f) = fltoon(t) et dt,  du(f) = f(t o)) e dt. (2.7)

[0,00) [0,00)

Suppose that f(t,z) = Ly f(z), with f: M<; — R bounded and continuous and
0 <a <b< oo. The set of all functions of this form generates Cy,(Z). Write

mﬂﬂz/ﬂwwﬂt% %mz/fwme%t (2.8)



To prove convergence in the Meyer-Zheng topology, we need to show that

which is equivalent to

A}i_rgoE{/b}f(YN(t)) — f(Y(t)]etdt| =0  VfeC,(M<z),0<a<b< o0
’ (2.10)

Suppose that f is Lipschitz continuous with Lipschitz constant C' € R for a given
distance d on M<;. By the Stone-Weierstrass theorem, the space of polynomial func-
tions on the set of closed intervals in [0, 1]V is dense in the space of continuous functions
on [0,1]". Furthermore, the space of Lipschitz functions contains the space of polyno-
mial functions. This means that any result for Lipschitz functions can be generalised
to continuous f. We find that

EVab [FYN (D) = FY @)]e dt] < O]El/abd(YN(t%Y(t))e_t « (2.11)

- c/bE[d(YN(t),Y(t))] e tdt,

where we use Fubini’s theorem to interchange the integral and the expectation. Thus,
if we manage to prove that

lim E[d(Y"(t),Y(t))] = 0 uniformly in ¢ over compact subsets of (0,00), (2.12)

N—oo

then we have proven that YV converges to Y in the Meyer-Zheng topology.

2.3 Examples satisfying Assumption 1.1

In this subsection we will identify examples satisfying Assumption 1.1 using tail and
moment estimates. We will need with the following conditions:

(I) There are «, 8 € (0,00) such that

Z/Lk r. " < 00, Z,uk rf < 00. (2.13)

keN keN

(IT) There are 7,9 € (0, 1] such that

lim sup e~ Z e L, <ey < 00, lim sup &° Z Lipsey < 00. (2.14)
£l0 keN €10 keN

(III) There is a x > 1 such that
=< kX, k — oo. (2.15)
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Lemma 2.1. Define (recall (1.6) and (3.19))

MK[ = min Rz, ]\4Jr = maXRl, ZN = Z 1{R¢7£R]V1§j<i}‘ (216)

1E€[N] 1€[N] e

Write P and E to denote probability and expectation with respect to the law PN of
(Ri)ien-
If Condition (1) holds, then

(1) limgyo liminfy o P(MyNY® > ) = 1.
(2) limjp liminfy o P(MF NV <1y =1,
If Condition (II) holds, then
(3) limg o liminfy o P(Zy N~V < 1) = 1.
If Condition (I11) holds, then
(4) lim o liminfy oo P(ZyN %1 <e ') =1Vov > 1.
Proof. (1) Estimate, for ¢ > 0,
P(My > eN"Y*) =P(R; > eN"V* Vi€ [N]) = P(R; > eN )N
= (1=P((1/R)* > e *N)" > (1 = *N'E[(1/R1)])" — exp(—“E[(1/Ry)%]).

(2.17)
By (2.13), E[(1/R1)?] < o0, and so the claim follows after letting € | 0.
(2) Estimate, for € > 0,
P(My < e 'NYP) =P(R; <e'N'YP Vi€ [N]) =P(R, < 'NVAHN (218

— (1—=P(R} > e ?N))" > (1= *N'E[(R)?))" — exp(—"E[(R:)7]).
By (2.13), E[(R;)?] < 0o, and so the claim follows after letting ¢ J. 0.
(3) Estimate

P(N"OVINR < e ) =1 —P(N"OINg > 1) > 1 - eN-OVIE[Zy]. (2.19)

Write Zn = > _,cn) L{rizR; vi<j<i}, and compute

E[Zy] =Y P(R;# R;V1<j<i)

1€[N]
=3 Y P(Ri=r)P(Ri#£RVL<j<i|Ri=ry) (2.20)
1€[N] keN
1— 1‘%) - N
_ZZMkl—Mk Zﬂk = (0= ) Z[l—(l—,uk) ].
ie[N] keN keN Hi keN



Define

Ay = Zuk Lie<i/NY By = Z Lip>1/Ny- (2.21)
keN keN
Then
]E[ZN] S CNNAN + BN (222)

with ey = sup,eo1/m[—1log(l — )] = 1 as N — co. By (2.14), limsupy_,,, N' 77 Ay
< 00 and limsupy_,., N"9By < oco. Hence limsupy_,., N~-OVIE[Zy] < 0o, and so the
claim follows after letting € | 0 in (2.19).

(4) The proof of this part is inspired by the proof presented in [ZK01, Lemma 5. Return
to (2.20). Let v > 1. Then 5 > —L-, and hence y — 2% > 1. Let Ny = |~%;]. Then

x—1’ x—1
D= =m)M = =0 =m)™+ Y 1= —m)"]
keN keNy kzN]:)[-i-l (2.23)
< No+ Z [1— (1= )"
k>No+1
Note that for N > Ny + 1 there are C7, Cy > 0 such that
I—(1—pm)VN <1— o <t (2.24)
o > lkx S Qk;X_XT_l‘ .

Hence there is a C3 > 0 such that E[Zy] < C3N 77, and so the claim follows after
letting € | 0 in (2.19). O

Corollary 2.2. Assumption 1.1 is satisfied if either of the following is true:

(a) Conditions (1) and (II) hold with

1 3
2yVio)+ =<1 ——. 2.25
(yVo)+5<1-7 (2.25)
(b) Conditions (1) and (II1) hold with
1 1 3
—F+=-<1-—. 2.26
15 ' . (2.26)

Proof. Note that
—2
D ke "k Dkeny T - ZaMy
NminkeNRrk - N(M]\_/)?’

(a) Note that Lemma 2.1(1) implies that a.s. there exist €; > 0 and N; such that

(2.27)

MyNY*>¢ VN > Ny (2.28)



Likewise, we can find Ny, N3 and e5,e3 by Lemma 2.1(2,3). It follows that a.s. for
Ny = maX{Nl,NQ, Ng} and gy = min{€1,€2,€3} > 0,

Z?VM; - N2(yVé) N1/B

NOL)y S SN VN > N,. (2.29)

From this it easily follows that the right-hand side of (2.27) converges to zero a.s.
(b) Note that, as in part (a), using Lemma 2.1(1,2,4) we have that a.s. there are N and
€ such that .,
73 My - Nj NY/B
N(MJ\_,)3 — g6N1-3/a
From this it easily follows that the right-hand side of (2.27) converges to zero a.s. (recall
that v > 1 is arbitrary). O

VN > N. (2.30)

The example given below Assumption 1.1 follows from (2.26). We close with two further
examples for which (2.25) and (2.26) are met.

Example 2.3. (I) Pick r, = k and = p(1 — p)*~! for k € N and some 0 < p < 1.
Then (2.13) holds for any «, 8 < oo and (2.14) holds for any ~,d > 0. Hence (2.25) is
met by taking «, f large enough and ~, ¢ small enough.

(II) Pick 7, = k and g, = C(x)k™X for k € N and some y > 3. Then (2.13) holds for
any o < oo and § < x —1 and (2.15) holds as well. Hence (2.26) is met by taking o > 0
large enough and S < x — 1 close enough to x — 1.

3 Proof of the main theorem

In Section 3.1 we state a key lemma (Lemma 3.1 below) that implies Theorem 1.2. In
Sections 3.2-3.5 we prove this lemma. The proof is based on the construction of a Lya-
punov function together with a projection argument, showing that the scaled dynamics
rapidly contracts to the submanifold {sP: s € [0, 1]}. Outside the submanifold the gen-
erator of the scaled dynamics diverges as N — oco. We show that inside the manifold
the generator converges to that of the Fisher-Wright diffusion in (1.13). Throughout
this section, Assumption 1.1 is in force.

3.1 Definitions and a key lemma

Recall that we denoted by (R;);en the sequence of independent random variables with
distribution P, and £V the empirical distribution of the first N random variables, i.e.,

EN =)o, my =N gy (3.1)

keN 1€[N]

Put Ng = {k; € N: nfcv > 0}. The measure-valued process YV can be represented as
a vector-valued process YV = (V}¥)en, also with at most N non-zero elements. Each

10



YN may be viewed as the fraction of Y that have the resampling rate ry, and thus
VY > 0if and only if k € Ng.

Convergence of Markov processes is usually proven by showing that the infinitesi-
mal generators converge (see [EK86, Chapter 4, Section 8|. For convenience we first
reformulate the infinitesimal generator of Y. Let f: RN — R be three times partially
differentiable, and let

|f|3 = Ssup (3.2)

i,j,k€N

93

02;0z;0 fH '
2i02;0Z

For k € N, let X,, (t) be the number of individuals of type 0 with resampling rate r; at

time ¢ and NN
t
y(p = 2ottt 33)

which is the fraction of individuals at time Nt of type 1 with resampling rate r,. The
random process YV = (Y™ (t));>o can now be viewed as YV (t) = (V¥ (¢))ren living on
the state space

Q={y=(Wren: 0 < yp <y} Vk € N}. (3.4)

For k € N, we can view (2.2) as

Ty =y 4 AZE 3.5
y=y+Ag, (3.5)

with ey, the unit vector in direction k, and the transition rates in (2.3) as
R*"(y) = iy (Z(nfv - yl)) . RNy =rng — ) <Z yz) , (3.6)
leN leN

and the generator Ly in (2.4) as

(L)) =D D> RAW[ATy) - fy)] N (3.7)

keN Ae{-1,+1}

A straightforward Taylor expansion yields

(LVf)y) = =N Y ne (yk —ny Y yz) Jr(y)

kENR IENR
1 _
3 Z Tk<yk — 2y Z i+ ny Z yl)fkk(y) +O(N Y fls Z Tk);
kENR IENR IENR KENR
(3.8)

where fi.(y) = (0/0yx) f(y) and frx(y) = (9/0yr)* f(y)-

We see that the first term in the infinitesimal generator of the process YV has a
prefactor N, and therefore diverges as N — oo on most of the state space. However, we
will be able to show that Y¥ is driven to a subspace on which the first term vanishes
and the infinitesimal generator does converge. To account for this properly, we will
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prove that YV converges in the Meyer-Zheng topology (from Section 2.2). We need to
introduce some further quantities. Let

oz o) -

kENR keN

By Assumption 1.1, the strong law of large numbers gives (recall (1.10))

lim DY =D P*.as. (3.10)
N—oo
Define
= > YW, = DV Z . (3.11)
keENR kENR

Let S = (S(¢))i>0 be a Fisher-Wright diffusion with diffusion constant D, defined on
the same probability space as Y. Using the triangle inequality, we have

(@) = )P, < HYN SN |, +[|S™ @) =S¥ (@],

IS @Y - $¥ ], + ¥R - sopf,, O

where || - ||2 is the ¢y-norm for vectors. We will bound the right-hand side via a sequence
of lemmas summarised as follows.

Lemma 3.1. P®N_q.s. the expectation of each of the four terms in the right-hand side
of (3.12) tends to zero as N — oo uniformly in t on compacts in (0,00), where for the
last term this holds for an appropriate coupling of SN = (SN (t))=0 and S = (S(t))s0.

Lemma 3.1 implies (2.12) with Y (¢) = S(¢)P and d the L?>norm on M;. It therefore
settles the proof of Theorem 1.2.
3.2 First term

Proof. The idea behind the proof is to find a Lyapunov function for the infinitesi-
mal generator that rapidly decays to zero (for background on Lyapunov functions, see
[Meil7, Chapter 4.6]). To this end, let (c¢x)ren be a sequence in Ry (to be determined
later), and let h: @ — R be defined by

hy)= Y cm (ym —ny Y yl)z. (3.13)

meNR leNg
We have
hi(y) =2 Z Cm (5mk — nan) (ym —n¥ Z yl) (3.14)
mENR ZGNR
and
hkk’ =2 Z Cm mk )(5mk’ — TLN) (315)
meNR
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Substituting these expressions into (3.8), we obtain

(L¥R)(y)
2
= 2N > oy (yk: -y Y yz)

kENR lENR

+2N ) rk(yk—nkN > yz) > ey (ym—nm > yz)
keENgR lENR meENR lENR

+ Z Tk( K — 2Yr Z y+ny Z yz) Z Cm (Omk — 1) (Grmk — 1y ).

keNR lENR lENR meENR

(3.16)
With the choice ¢, = 1/nlY for k € Ng, the second term vanishes and, for k € Np,

Z Cm (Omp — 1l ) (Gt — 101y Z Moy —|——1—nk) —(1_1\7,1'“). (3.17)

meNR meNR, nk
m#k
Thus,
2
@00 =2 3 2 3 e
kENR lENR
(3.18)
+ Y (1= S )0 ) Yo )= a)
kENR lENR lENR
< —2NMyh(y) + 2%y,
where
My = Igljlvr; Tho YN = Z Ths (3.19)
k€ENg
and we use the fact that 0 <y, < nd. Hence, putting
g(t) = E,[h(YV ()], (3.20)
where E, denotes expectation conditional on YV (0) = y, we obtain
g (t) < —2NMyg(t) + 22y, (3.21)

and so, solving the differential inequality, we obtain

E, [IIY™ () — S (#)nI3]

=E,| 3 (w0 -k 20 ME ;N:i( -l S )]
=9l < NEJ\ZN + (9000 - NZ]\Z o

(3.22)
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By Assumption 1.1, the first term in the right-hand side of (3.22) converges to zero as
N — oo P®N_a.s. For the second term, note that

—np <ye—nd Y w<ny, k€N (3.23)
lENR
which implies
1 2
9(0) =Y n—N<yk -y Y yz> <1 (3.24)
kENp K IENR

Since e < 271, z > 0, and limsupyen(1/3y) < oo PPN-as., it follows that also the

second term in the right-hand side of (3.22) converges to zero as N — oo P®N-a.s. and
uniformly in ¢ on compacts in (0, c0). [

Figure 1: Figure illustrating the splitting in (3.12). See also (3.25), (3.33), (3.35) and Re-
mark 3.2.

3.3 Second term

Proof. Define the maps P and P from Q to Q by

Py = ( > yk)nN, Py = (DN 3 iyk) V. (3.25)

keNgR
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It is straightforward to check that both P and P are idempotent maps that project Q
onto the line spanned by the vector n”Y. Hence, Py = PPy, and so

[ @) =S¥, = [[PYV(t) = PYN ()|, = [|P(PY™ () |, (3.26)
< Pllop|PYN () = YV (@)
Now,
1Pu]l, = D¥| 3 Z|inlle < DY (0432) "l (3.27)
k€ENR
where we abbreviate
MG? Z = (3.28)

k’eNR

We know from (3.10) that Dy is bounded P®M-a.s. Consequently, ||P ||Op is bounded

P®N-a.s. Using the latter in combination with (3.26), (3.22) and the definition of Py,
we have

Ey”SN(t)nN - LSVW(t)nN”2

SCM}VZ)( oy {g(o) N }e—QNMNt)

NMy NDMy (3.29)

ENM( ) - B
SO(WH‘%& g(0)e QNMNt)'

By Assumption 1.1,the first term in the right-hand side of (3.29) converges to zero as
N — oo P®Noas. Again using (3.24) and e™® < 271, x > 0, we see that the second term
in the right-hand side of (3.29) converges to zero as N — oo P®N-a.s. and uniformly in
t on compacts in (0, 00). O

Remark 3.2. Figure 1 illustrates why we need the various quantities in the right-hand
side of (3.12), which we discuss now.

(a) While Y™ () quickly moves close to its projection PY™(t) = S¥(t)n”" on the
(blue colored) submanifold, and the distance between Y (¢) and PY " (¢) can be con-
trolled via the Lyapunov function argument, the motion of PY " (¢) on the submanifold
is difficult to approximate directly by a diffusion because the drift experienced by YV (¢)
does not align with the direction of the projection P. This means that YV (¢), and by
extension also PY (t), experiences a side-ways wind across the submanifold, even when
it is close to the submanifold. This wind is not seen by PY ¥ (¢) directly, which is there-
fore not obviously close to Markov. In contrast, for the transformed quantity ZV (¢) with
ZN(t) = YN (t)/rk, k € Ng, its projection ZN(t) and drift do align, making the motion
of ZN(t) on the submanifold close to Markov, i.e., the drift term of Z¥(t) vanishes (see
(3.34) below).

(b) Note that PYN () is just a rescaled version of ZV(t), and the scaling is chosen
so as to bring PY(t) back to the neighbourhood of PYN(t). Fortunately, the wind is
not too strong, i.e., the direction of the main drift and the projection are close enough
so long as YN (t) is close to the submanifold. Hence, the distance between PY N (t) and
PY™(t) can be controlled by means of the distance between YV (¢) and PY™N(t).
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(c) Figure 1 is drawn in correct proportions using the values n’¥ = (0.37,0.63),
YN(t) = (0.17,0.61) and r = (0.8,3.5). However, note that the actual drift experi-
enced by the processes is much larger due to the additional factor N appearing in their
generators, which is not reflected in the figure.

3.4 Third term

Proof. Since
|S¥ ()™ — SN ()P, < SV (t)|[nN — P

(3.30)

27
the result is a straightforward consequence of the strong law of large numbers for the
multinomial distribution and the observation that S™(t) < 1. O

3.5 Fourth term
The proof uses the following lemma.

Lemma 3.3 ([EK86, Chapter 4, Corollary 8.4]). Put E = [0,1] and Ey = {y €
EEv: g < nlV 1 € [Ky]}, N € N, both endowed with the respective Euclidean dis-
tances. Let A C Cy(E) x Cy(E) be linear and such that the closure of A generates a
strongly continuous contraction semigroup on the domain D of A (which is assumed to
be separating). Let X be a Markov process with generator A. For each N € N, let Yy
be a progressive Markov process on En corresponding to a measurable contraction semi-
group with full generator AN C Cy(En) x Cy(EyN). Let ny: Enx — E be measurable.

Suppose that, for each (f,g) € A and T > 0, there exist (f,gn) € Ay such that

;goiggTEN[lfN(YN(t))H < 00, ;ﬁ%oi?fTENHQN(YN@)H < o0, (3.31)

and
dim Ex [|fy(Ya (1) = fw (Ya(0)))|] =0, lim Ex[lgn(Yiv(t) = g(nn(Yn(#))[] =0,
(3.32)

where Ey denotes expectation with respect to Yy(t). Then the finite-dimensional distri-
butions of ny(Yn) converge to those of X as N — oc.

Proof. All spaces are compact, and hence separable and complete. Note that, for each t,
{Xn(t)}ven is relatively compact, since it is a subset of a compact set. The statement
now follows from [EK86, Chapter 4, Corollary 8.4] after taking M = D therein and
using Eq. (8.12) therein. O

We are now ready to show that the fourth term vanishes in expectation.

Proof. Let Z be defined by
. Y
aly) =np Y ;j (3.33)

leNR
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From (3.8) (or otherwise) it is not difficult to see that

(LY f)(2(y))
=—N > (yk -y Yy yl> > nhfm(2)
keENR lENR meNg
Iyt (yk—zykzmn;:zyz) S 0 o)
kGNR lENR lENR m,m'€Ng (334>

O(Nfs)

(sz—2zzk2yz+z Zw) D i S (2)

keENR keENgR lENR k€ENR ZGNR mm/ENR

+ O(N'Sxf]3),

where we use that > . v/ = Y, Z. Abbreviate

AV =y —nl > ue (3.35)
lENR
Note that AN( ) N
D MDY
> =Y =N BNy, (3.36)
keNp |k keNg "k kenp 'F leng
and, hence,
AN
Su=0D"Y 5-D"Y # (3.37)
IENR kENg keENg k

We can therefore write

W= a2 ¥ a(pv Y a0y A0

keENg kENgR k€ENg keENg
Ag(
+(DN)‘1<Z -DV Y a ))
k€ENg kENR
N_N X -1
X Z neny fru(2) + O(N"Xn]|fls)
kJleNR
1 AF (y)
_ 5 N X N < k
keNRp keENR keENR kENR
Z Mo Tt o (2) + O(N ™2 f3).
m,m’€Npg

(3.38)
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Hence, for 3" (y) = DV 37, .y, Z, we obtain

(LYY ()
_ (N2 . PN . _1 9PN . AkN(y) "N
= (DM) (sz<1 D sz> 2(1 2D sz> Z—rk )f(s )
O(N7!f]3)
) (DNsNu M)-3P -2 3 S ) F5) + OV 'Sy ).
o (3.39)
Now, let
A={(£.Lf): 1 €C¥(0.1)} € Gy([0. 1)) x Cy([0.1). (3.40)

The fact that the closure of A generates a strongly continuous contraction semigroup
(i.e., Feller semigroup) corresponding to the Fisher-Wright diffusion on [0, 1] is stan-
dard. Moreover, it is clear that L = C3(]0, 1]) is an algebra and separates points. The
processes Yy are right-continuous and measurable with respect to their own filtration,
and hence are progressive. Define the linear operator

Ay ={(f, LV f): f € C*EN)} C Cy(En) x Cy(En), (3.41)

the closure of which generates the process Yy (we will not need the flexibility of the full
generator).

Write nn(y) = 3(y) = DY > yi/r. Let f € C3([0,1]) be arbitrary, and let g = Lf.
Set fx(y) = f(nn(y)), which clearly is an element of C3(Ey), and hence an element
of the domain of Ay. The first conditions of (3.31) and (3.32) are therefore trivially
satisfied. With gy = LV fy,

9w (y)) —gn (y)] < !DN—DHf\erllf\zDN > i\Aff(y)!+O(JV‘12NLf\3)- (3.42)
2 T

keENgp

Consequently, from the above, taking expectations and using (3.22), we get

Ey[|g(nn (Yn (1)) — gn (Y (1))]]

<D™ ~ D||fls +DN|f|2<M“2’

1/2
> Ai;V(YN(t))QD +O(N"'Sx[f]s)

keENgR
<|D¥ = DI|fl:

o = 2 -\
+ D11 (M5 (5 + |90 = e |5 ) ) 0k,
(3.43)
Now, the first term in the right-hand side of (3.43) converges to zero as N — oo P®N-a.s.
because of (3.10). The second term can be treated in the same way as (3.29). Finally,

note that there exists a C' such that, for N large enough, My < CM ](\,_2), and hence

Sy EInMy _ cxyM?
N  NMy — NMy

(3.44)
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Therefore, the second part of (3.32) holds P®N-a.s. Finally,

lgn ()] < LS on )]+ LY (f o ) (y) = Lf (an (). (3.45)
The first term is bounded since f € C3([0,1]) and the second term is bounded in
expectation due to (3.43), which implies the second part of (3.31). O
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