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Abstract

We consider an ASIP tandem queue, in which the first queue receives a fluid in-
put according to a Lévy subordinator process. Each queue has a gate that opens after
independent, exponentially distributed periods for an infinitesimal amount of time,
allowing the queue content to move to the next queue. In addition, again at indepen-
dent exponentially distributed instants, a fixed fraction of a queue content is removed
from the system.

For this model, restricting ourselves to steady state, we obtain the following re-
sults. (i) We derive the buffer content distribution of the first queue. (ii) For the
2-queue model, we obtain relatively simple explicit expressions for the Laplace trans-
form of the joint buffer content in several special cases. (iii) Asymptotic results are
obtained for the 2-queue model when the above-mentioned buffer content removal
process approaches a shot-noise process. (iv) For the general n-queue case, we show
how all moments of the buffer contents at all queues can be obtained. (v) For the gen-
eral n-queue case, we sketch an approximation method that allows one in principle
to derive tractable expressions for the Laplace transform of the buffer content at each
queue, with exact mean buffer contents at all queues.

1 Introduction

The ASIP (= asymmetric inclusion process) tandem queue (see [5], [14]- [17], [19,120]) is
a model of stations in series with a gate after each station. At gate openings of a station,
which occur at random time instants, all customers in that station move instantaneously to
the next station. At gate openings of the last station all customers in that station leave the
system. Recently, motivated by the so-called Vesicular Transport Hypothesis, the feature
of consumption was added to the ASIP tandem queue (see [12]]). This hypothesis explains



how macromulecules, such as proteins, are transported within cells (see [3]). However,
during the process of vesicular transport, some of the proteins that are transported within
cells can be consumed or degraded. In the ASIP tandem queue this is modelled by assum-
ing that, next to the movements of all customers from one station to the next at gate open-
ings, also individual customers or groups of customers can be consumed (= removed) in
the different stations at random instants (see [18]).

In all the references mentioned above the state space is discrete, i.e., customers move be-
tween the different stations, and new arrivals of customers occur at the first station ac-
cording to a Poisson process. In some applications, like in the modelling of transport of
macromolecules within and between cells, it seems more natural to look at a continuous
state space. In this paper we therefor consider a continuous state-space ASIP tandem
queue in which fluid moves between the different stations and the arrival process of fluid
at the first station is modelled by a Lévy subordinator process. Such a continuous state-
space model is also considered in [6]. However, in [6] the authors look at a model without
consumption and at a model in which there is a continuous consumption of fluid (called
leakage in [6]) while we look at a model with consumption at random instants.

Model description. We consider a queueing model consisting of n stations Q1,...,Q,
in series. Only Q1 receives an external input. Its input is a Lévy subordinator process
J = {J(t)|t > 0} with Laplace exponent ¢(-), with ¢(0) = 0. That is,

EefsJ(t) — efap(s)t’ (1)

for s,t > 0. It is well known that ¢(s) = ¢s + f(07oo)<]' — e %) dv(x) where ¢ > 0 and
v(-) is a measure satisfying f(o,l} zdv(z) < oo and v((1,00)) < oo (the Lévy measure).
Examples of such a subordinator are the following. (i) Fluid input with constant rate
A1; then (s) = As. (ii) Compound Poisson input; then ¢(s) = A (1 — B(s)), with 5(s)
the Laplace-Stieltjes transform (LST) of the jump sizes of the compound Poisson input
process.

Q); has a gate that is closed except for infinitesimally short gate openings that occur at
independent exp(y;) intervals, ¢ = 1,...,n. At a gate opening of ();, its content instanta-
neously moves to Q11,7 = 1,...,n — 1; at a gate opening of @),,, its content leaves the
system. At independent exp(r;) intervals, a fraction a; of the content of station @); is in-
stantaneously removed from the system, i =1,...,n.

Preliminaries. Consider the case of n = 2 queues. Let (Xi(t), X2(t)) be the buffer
contents of (Q1,Q2) at time ¢ > 0, with X;(0) = X2(0) = 0, and with LST fi(s1, s2)
= E(e~51X1(M)=52%:(1)) " Observing that Ee=1/(A) = ¢=#(s1)At which equals 1 — ¢(s1)At
up to o(At) terms, we obtain for At | 0:

frrae(s1,82) = (1 — (1 + p2 + 71 + 72 + ©(51))At) fi (51, 52)

()

+  mALfi(s2, s2) + paAt fi(s1,0) + TALfe((1 — a1)s1, s2) + T2AL fie(s1, (1 — a2)s2) + o(Ab).



This readily yields for the steady-state case, with f(s1, s2) the LST of the steady-state joint
buffer content distribution:

(hatpo+71H+72+9(51)) f (51, 52) = paf(s2, 82)+paf(s1,0)+71f((1—a1)s1, s2)+72f (s1, (1—az)s2).
®)
For the marginal buffer content of @1, with LST f(s) := f(s, 0) this results in:

(11 + 711+ () f(s) = 1 + 1 f((1 = ar)s), 4)

from which f(s) can be easily determined, see Section In the same way as (3) is derived,
one can derive the following relation for the LST f(s1,...,s,) of the steady-state joint
buffer content distribution in the n queue case:

O mi+ D mit+e(s1))f (5150 550)
i=1 i=1

n—1
= ) Haf (515 81, St Sik1s Sid2, - Sn)
=1
n
+ Mnf(317-~~73n—170)+Z7'if(317-~-73i—17(1_ai)3i73i+17---a3n)- )
=1

Determining f(s1, s2) from Equation (3)) in combination with analyticity conditions (f(s1, s2)
should be an analytic function for Re s1,s2 > 0, because it is the LST of the probability
distribution of a vector of two non-negative random variables) and with the knowledge
of f(s1,0) constitutes a boundary value problem that seems hard to solve. It is a bound-
ary value problem with a shift (cf. Section 17 of Gakhov [11]), but with the occurrence
of f(s2,s2) as additional complication. While several two-dimensional boundary value
problems regarding random walks and queues have been solved, see in particular the ex-
positions in [9] and [10], we do not know how to determine f(si, s2) exactly — let alone
f(s1,...,sn). Hence we put the emphasis on exactly solving special cases, on exactly de-
termining moments, and on studying asymptotic cases. In particular, we let 7; — oo and
a; | 0, while keeping their product fixed and positive, for i = 1,2; consumption occurs
constantly, proportionally to the buffer content, and ); thus behaves like a so-called shot-
noise queue [7]] in between its gate openings.

Main results. For this model, restricting ourselves to steady state, we obtain the following
results. (i) We derive the LST of the buffer content of )1 in the form of an infinite sum
of products. Furthermore, for the limiting case in which 71 — oo and a; | 0 such that
T1a1 is fixed and positive, we obtain the buffer content LST in the form of a finite integral.
(ii) For the 2-queue model, we obtain relatively simple explicit expressions for the joint
buffer content LST in the four special cases where the a; are either zero or one, and more
involved expressions for the cases in which either a; = 0 or as = 0. (iii) Asymptotic re-
sults are obtained for the 2-queue case in which 7, — o0, as | 0, such that mas is fixed
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and positive. (iv) For the general n-queue case, we show how all moments of the buffer
contents at all queues can be obtained. (v) For the general n-queue case, we sketch an
approximation method that allows one in principle to derive tractable expressions for the
buffer content LST at each queue, with exact mean buffer contents at all queues.

Organization of the paper. Section [2| contains a detailed analysis of the buffer content
of 1. Sections are devoted to the joint workload distribution at queues @)1 and Q.
Section 3|focuses on the four special cases (a1, a2) = (0,0),(1,1), (0,1) and (1,0). Section[4]
treats the case az = 0, a; € (0,1) and Section 5| the case a; = 0, az € (0,1). Sections E]
and E] are concerned with the limiting case in which 75 — o0, a2 | 0 such that mas is
kept fixed and positive. @2 now effectively behaves as a shot-noise queue in between
its gate openings. In this limiting case, we are able to obtain more explicit results for the
(moments of the) buffer content of Q2 (Section[6) and for the joint distribution of the buffer
contents of Q1 and Q2 (Section[7). In Section [§ we show how all moments of the buffer
contents in the n-queue case can be recursively derived. In Section @ for general n, we
present approximations for the buffer content distribution of specific queues, and for the
joint buffer content distribution.

2 The buffer content of (),

In this section we determine the LST f(s) of the steady-state marginal buffer content at
Q1. Rewrite (@) into

fs) = a

+ n
p1+ 711+ p(s)  p+ T+ (s)

F((L=a)s). (6)

Iteration of this equation, with M;(s) := m+7ﬂ7}W() and Ny (s) := m, results in:
fls) = Z (1 —ay) HN1 (1 —ay)’s), (7)
§=0
0o 7—1

D | e
AT+ e((L—a)s) 2+ 7+ (1 —ar)'s)’

and

an empty product being defined to be one. The fact that |NV;(.)| is bounded by ==
|Mi(.)| by . immediately implies that the above sum of products converges.

The above expression for f(s) simplifies when a; = 0 and when a; = 1. In those two
cases, it is easier to obtain f(s) immediately from ({@). For a; = 0, we thus find

M1
§)= — 8
us p1 4 o(s) ®)
and for a; = 1, we thus find
fls) = —t T 9)

p1+ 7+ e(s)
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The two above equations can be easily explained: By PASTA (Poisson Arrivals See Time
Averages), the steady-state buffer content LST equals the buffer content LST just before a
clearing of the whole buffer; for a; = 0 such a clearing occurs after exp(y1) and fora; =1
after exp(u1 + 7).

2.1 The shot-noise limit of (),

In this subsection we consider ); for the following limiting case: 71 — oo, a; | 0, such that
a1 = 1 € (0,00): continuously a very small fraction of the buffer content is removed.
Equation (4) now reduces to

(11 + PN (5) + 753 F(5) = . (10)

This first-order inhomogeneous differential equation with initial condition f(0) = 1 can
be routinely solved, yielding

5 s e g, T b ety
f<s>=”1/ e W) dr = ’“/ el W gy )
TS Jr—0 s T Jv=0

For the special case of a constant inflow rate A\; at @1, i.e., ¢(s) = A1s, this gives:

! M (p—1)s M1 KL _
f(s) = / e (s Ly T gy, (12)
0 r
which involves an incomplete Gamma function.

The fact that all the time a very small, fixed, fraction of the buffer content is removed
corresponds to having a service rate that is not zero, and not a constant like in classical
queues, but that is proportional to the buffer content (with proportionality factor r). In
other words: @)1 behaves like a shot-noise queue, until a gate opening. Below we study
this shot-noise queue, starting from first principles; for a survey on shot-noise queues we
refer to [7].

Consider the shot-noise process X = {X ()|t > 0} satisfying X (t) = J(t) — r fg X(s)ds,
where {J(t)|t > 0} is the Lévy (subordinate) input process that was already introduced in
Section Then it is well known that X (¢) = f[07 f e "(t=%) d.J(s) which is also well known

to be distributed like f[o g€ "*dJ(s), [4]. Denote

p=FEJ(1) = ¢ (0) —c—i—/(o )xdl/(a:),

o? = Var(J(1)) = —¢"(0) = /(0 )372 dv(z). (13)



Then (e.g., [4, Subsection 2.3]), for s,t > 0,

t —ru _ L e(sy)
Ee—sX(t) — o Jo w(se™™)du _ e Jo—rt "y dy’

t
EX(t) = / e du= 21— e, (14)
0 r
t o2
Var(X (t)) = 02/ e M du = —(1—e 2y,
0 2r

Let a gate opening occur at 7' ~ exp(u1), independent of J (hence, also of X). By PASTA,
the buffer content X (7") immediately before the gate opening has the same distribution as
the steady-state buffer content. Below we study that distribution. First, its LST is equal to

Ee*X(1) = pe~ S S5 ) (15)

Since U = e="T ~ U(0,1) we have that e "7 = U"/#1 ~ Beta (., 1). Therefore,

1 s
Fo—sX(T) _ Nl/ o %ﬁ’)dyv%—ldv, (16)
T Jo

in agreement with (I1). When v((0,00)) = 0 and ¢ = A; > 0 then ¢(s) = A\;s and the last

equation reduces to
1 A
FesX(1) = 'ul/ e
" Jo
in agreement with (12).
As a minor extension, it is very straightforward to obtain the joint transform of 7" and
T) from (15):

_ _ — _rt e(sy) 1 1 p(sy) ,u1+a
Be—0T=sX(T) — pe=0T—Jemrr 55 dy _ M o~ o T dyy, “1dv. (18)
rJo

=)y S =1 gy, (17)

Let us now consider moments. To compute EX (T), then instead of differentiating (16)
and settmg s = 0, we first note that EJ(T) = pET = —1 and then also observe that

E fo u)du = 1 2 EX(T). Therefore, since X (t) = J(t) —r fo u) du, we have that
EX(T) = ( —rE/ X(u ) -2 T pxm), (19)
[2 R 051
from which it immediately follows that
p
EX(T) = . 20
)=t 0

As for the variance, we could of course differentiate twice and set s = 0 in order to

2
compute F(X(T)?) and subtract (%) from the result, but here also there is a more

1+7r
direct way via . In particular, we first note that, with Ee 2T — mﬁl%’ we have that
02 2rT 02
E(Var(X(T)|T)) = —(1 — Ee™ = . 21
(Var(X(D)|T)) = 501~ BeT) = e1)



Also,

_ M1 mo
r2 \ pup +2r p1+r

f1p°

= . 22
(1 +7)2(p1 + 2r) 22
Therefore,
Var(X(T)) = E(Var(X (T)|T)) + Var(E(X(T)|T))
2
B o2+ H1 (Mlpﬂ) 23)
B w1+ 2r ’
This also implies that
2
02+M1( L ) 2 s2 27
E(X(T)?) = e +( P ):W, 24
X p1+2r pr A+ p1+ 2r ()
From (I8) we derive that
o 2+ /]
ETX(T)] = mURIX(t)]dt = '0[7, 25
X)) = [ meiepx ) = LD 29)
and hence
p
Cov(T, X(T)) = — P 26
V(T X(T) = s 26

The correlation pr, x (1) between T and X (T') now immediately follows from , and
the fact that Var(T) = 1/u2. In the special case that ¢(s) = \1s, we obtain a quite simple
expression for this correlation, that does not depend on A;:

(1 + 2r)

27
u1+r 27)

PT.X(T) =
In Section [9|we consider an approximation in which the dependence between 7" and X (T')
is ignored; the above formula offers some useful insight in this respect.
3 Four special variants of the 2-queue ASIP model

In this section we take n = 2. We shall obtain the LST of the joint buffer content distribu-
tion of the two queues for four special cases: (i) a1 = a2 = 0; (ii) a1 = ag = 1; (iii) a1 =0,
as =1;and (iv) a; =1, a2 = 0.



31 Thecasea; =a, =0

When a; = az = 0, there is no consumption (one might as well take 71 = ™ = 0). This
case is treated in more generality in [6]. We briefly derive f(s1,s2) below. Formula (3)
now reduces to

(1 + p2 + (1)) f(s1,52) = p1f(s2,52) + p2f(s1,0). (28)

Taking s = 0 and realizing that f(0,0) = 1 yields f(s1,0) as given in (§). Taking s; = s2
yields

o 2 H1
82,82) = ——————f(52,0) = . 29
fs2,52) p2 + p(s2) f52,0) p2 + (s2) p1 + p(s2) *)
Combination of (28), and (8) gives
F(s1,89) = H1 H2 H1 H2 H1 (30)

jn ot + (1) i+ p(s2) i+ p(s2) et (1) p(s)
Remark 3.1. Equation (29) for the workload LST in the whole system can be interpreted as
follows. Consider two successive gate openings of ()2. In between them, no work leaves
the system, and an amount with LST —£2— enters. Right after the first of those two

p2te(s2)
gate openings, Q2 was empty, but )1 contained a workload with LST —£— (cf. (8) and

n1+e(s2)
use PASTA as we are considering the system at a Poisson(y:2) epoch). Now add these two

independent workload contributions, i.e., multiply the two LST’s.
To interpret (30), consider two successive gate openings. In between them, no work leaves

: p1+p2 3 .
the system, and an amount with LST e ey enters. Now rewrite as follows:

F(s1, ) = —FAT 12 11 2 Mmoo ke 11 } 61
pa+ p2 +p(s1) Lpn + po po + @(s2) i+ @(s2) — pa + p2 pa + o(s1)

The two terms inside the square brackets correspond to the two scenarios that the first

gate opening was at 01, or at (2. (i) With probability m‘jrlm it was at 1. @ then has just

become empty, and ()2 now contains the sum of the steady-state (PASTA!) workload at Q);

(which just moved to ()2) and the steady-state workload at (). (ii) With probability —-2

p1tp2

it was at Q2. @2 then has just become empty, and )1 contains the steady-state workload
with LST —£1—.
Hi+p(s1)

3.2 Thecasea; =ay =1

When a1 = a2 = 1, at exp(r;) epochs the complete buffer content of @); is removed (i =
1,2). Formula (3) now reduces to

(1 + po + 714+ 72+ ©(s1)) f(s1, s2) = p1f(s2,82) + (p2 + 72) f(s1,0) + 71 £(0, s2).  (32)

Taking s = 0 yields f(s1,0) as given in (9). Taking s; = 0 and using that f(0,0) = 1
yields (realizing that ¢ (0) = 0)

p2 + T2 M1
0,s2) = + 52,52), (33)
A ) p1+ p2 + 1 M1+M2+72f( )



while taking s; = s yields a second linear equation in f(0, s2) and f(s2, s2):

p2 + T2 w1+ 7 T1
po+ 711+ T2+ p(s2) p1 + 711+ e(s2)  pe+ T+ T2+ p(s2)

f(s2,82) = f(0,s2).  (34)

Solving this set of two linear equations gives, after some rewriting:

(2 + 12)[(p1 + 71) (1 + p2 4 72) + 71 (p1 + 71 + 0(52))]

89, 89) = , (35
M) = e o) (r T ) + 112 ¥ 11+ ) + G 2+ )] )
w2 + 72 H1
0,s9) = + X 36
f0,52) prt+p2+1m 1+ e+ T2 (36)
(p2 +72)[(p1 + 71) (1 + p2 + 72) + 71 (p1 + 11+ @(s2))]
(1 + 71+ p(s2)] (2 + 72) (1 + p2 + 71+ 72) + (11 + p2 + T2)<P(82)}7
and substitution in gives
1 n1+ 71 Mo + To
51,82) = + T T 37
fs1,52) M1+M2+71+72+90(51)[(M2 2)M1+71+80(51) 1M1+M2+7'2 (37)
pa(pn + 71+ 2 + 12) (2 + 1) [(p1 + 71) (1 + p2 + m2) + 71 (p1 + 71+ @(s2))]

+ .
A+ p2 + 72 (1 + 71 4 ©(s2)][(p2 + 72) (1 + po + 71+ 72) + (p1 + p2 + 72)p(s2)]

33 Thecasea; =0,a, =1

For a; = 0, as = 1, Formula (3) reduces to

(1 + p2 + 72+ @(51)) f(s1,82) = paf(s2, 82) + (p2 + 72) f(51,0). (38)

Taking s, = 0 again yields f(s1,0) as given in , and taking s; = s3 yields

251 W2 + T2
f(s2,82) = : 39
( ) p1 + @(s2) p2 + 72 + @(s2) )
Hence, using (38),
f(O, 52) _ Mo + To 51 M1 Mo + Ty ’ (40)
p1+ po+ 710 pr 4 po 1o pn 4 o(s2) pe + 7+ @(s2)

_ H1 M2 + T2 H1 H1 M2 + T2
f(ShSQ) - + :
1+ p(s1) p1 + pe + T2+ @(s1) g+ p2 + T2+ e(s1) pr + o(s2) pe + T2 +( sO()Sz)

41

Remark 3.2. By either comparing (38) with (28), or by a simple probabilistic reasoning, it
becomes clear that one can also obtain from by replacing there 12 by u2 + 7o.



34 Thecasea; =1,a, =0
For a1 = 1, as = 0, Formula (3)) reduces to
(1 + po + 11+ p(s1)) f(51,52) = p1f(s2,82) + paf(s1,0) +71f(0, s2). (42)

Taking s; = 0 again yields f(s1,0) as given in (9). Remark 3.2 basically holds again: By
either comparing with (32), or by a simple probabilistic reasoning, it becomes clear

that one can obtain f(s2, s2), f(0, s2) and f(s1, s2) from (35), and (37), respectively, by
replacing there pi2 + 7 by po.

4 Thecaseay =0

Above we have seen that, when as = 0, f(s1, s2) can be easily derived for a; = 0 and for
a; = 1. Let us now take az = 0 and a; € (0,1). Equation (3) then reduces to an equation
that can be solved by iteration:

(1 + p2 + 71+ @(51)) f(81,82) = paf(s2,82) + paf(s1,0) + 7 f((1 —a1)s1,82).  (43)
Indeed, one can rewrite this into

f(s1,82) = Na(s1) f((1 — a1)s1, 52) + Ma(s1, s2), (44)

71

1) = pT—— M>(s1,82) := Mia(s1)f(s2,52) + Maa(s1)f(s1,0), (45)

with, fori =1,2,

Hi
Mi S1) ‘= . 46
2(s1) w1+ p2 + 711+ o(s1) (46)

Similarly to (7), iteration of results in

00 7j—1
f(Sl, 82) = Z MQ((l — al)]sl, 82) H NQ((l — al)zsl). (47)
=0 i=0
Convergence is guaranteed, because [ Na(.)| is bounded by _—"—— and | Mz (.)| is bounded

by —M =12

p1t+p2+T1 )

Notice that all Ms((1 — a1)?s1, s2) terms contain the factor f(s2, s2), which is the one re-
maining unknown function in the righthand side of [#7). Substituting s; = s allows us
to determine that unknown f(s9, s2):

>0 Mas((1 — a1)is2) (1 — a1)s5,0) TTZg Na((1 — an)iso)

, — : (48)
1= 32220 Mio((1 — ar)s2) [T/2 Na((1 — a1)'s2)

f<327 32) =
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All functions in the righthand side are known; substituting them results in the following
expression for f(sz, s2):

00 Jj—1

—1
M1 1
§2,82) = |1 — . .
J(s2,52) { jZOM1+M2+T1+<P((101)182)}_!)#1+M2+T1+4p((1a1)’82)]

M2
X :
jz;) w1+ p2+ 711+ e((1—ai)sa)

. _
(kZ p1 + 11+ o 1—a1 ) Hisy) H o 1+ T+ (1a1)i82))

-1

T1
X . 49
hl:[o'ul +po + 711+ o((1 —ay)lss) “9)

5 Thecasea; =0

If a; = 0, then (3) reduces to the following equation:

(11 + p2 + 72+ @(s1)] f(51,82) = p1f(s2,82) + paf(s1,0) + 72f(s1, (1 —az)s2),  (50)

where f(s1,0) is given by (8). We can rewrite (50) as follows:

f(s1,82) =m(s1) f(s2,52) + T(s1)f(s1, (1 — az)s2) + k(s1), (51)
with
mis1) = f1 + o J:tersO(Sl)’ 2
T = T, +7272 +o(s1) 3)
o) = o o i Tt o o)’ &4
Taking s; = s in (51), we obtain
f(s2,892) = %f(@, (1 —ag)s2) + % (55)
Hence
Florrse) = TEVT0) p0) 1 ay)og) 4 T(s1) f o1, (1—az)so) k(o) + TEDE2) s

1 —m(s2) 1 —m(s2)

We rewrite the recursion in a slightly different form (replacing s; by s, sy by tand 1 — as
by a, to simplify the writing):

f(s,t) = K(s,t) + R(s,t)f(t,at) +T(s)f(s,at), (57)

11



where T'(s) is given in (53), 0 < a < 1 and

K(S,t) - 1251 H2
1+ @(s) p1 + po + 12 + @(s)
M1 M2 M1 (58)
p1+o(t) po + 72+ ©(t) p1 + po + 72 + (s)’
R(s,t) == s 2 (59)

i+ pz + 72+ (s) g2+ 12+ p(t)
Let us introduce fi(s,t) == f(s,t), Ki(s,t) := K(s,t), R11(s,t) := R(s,t) and Ti(s) :=
T'(s). Iterating Relation (57) n — 1 times results in f,,(s, ), which can be written as

fu(s,t) = Ky(s,t) + i Rjn(s, t)f(aj_lt, at) + Tn(s)f(s,a"t), (60)
j=1

where, forn = 2,3,...:

n—1
Kn(s,t) = Kn_1(s,t) + Z Rjn-1(s,)K(a? M, a™ ) + T 1 (s) K (s,a" 1), (61)

j=1
Rjn(s,t) = Rjn1(s,t)T(a’ '), j=1,...,n—1, (62)
n—1
Rn,n(s’ t) = Z ij,l(S, t)R(aj_lta an_lt) + Tnfl(s)R(Sa an_lt)a (63)
j=1
To(s) = T (8)T(s) = T"(s). (64)

In the case that ;o > 0, one can approximate f(s,t) arbitrarily closely by K,(s,t), by
taking n sufficiently large, because the second and third terms in the righthand side of
become arbitrarily small when n tends to infinity. To see this, first observe that,
for large n, f(a’~'t,a™t) will converge to f(a’~'t,0). Similarly, for large n, f(s,a"t)
will converge to f(s,0) as given in (8). Anyway, these f(.,.) functions are bounded by
one. Next consider the T,(s)f(s,a"t) term in (60). It immediately follows from

that T,,(s) = T"(s) decreases geometrically fast to zero when n grows. Finally con-
sider the Y7 | R; n(s,t)f(a/~'t,a"t) term in . That |R; (s, t)] < B"7|R; ;(s,t)| with
B = iy, follows from (62), in combination with the fact that [T'(a’~'t)| < 8. Further-
more, from and we have that
n—1 )
[Ron(st)] < a) 8" 7R (s, 1) + o™, (65)
j=1
witha = - +’;12 7 7.t - Using induction, this will give that
[Ryn(s, )] < oo+ ﬁ)n_1~ (66)
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Hence,

1> Rin(s,t) f(@t,a™) <Y " ala+ B) T = (a+ )" — 87, (67)

J=1 J=1

which goesto Oif a + 8 < 1, i.e,, if “21272 < 1. This is the case if uo > 0; if uo = 0 then this

sum does give a contribution, whereas the K, (s, t) now are zero.

6 ()7 in the shot-noise limit

In this section we focus on the marginal workload distribution in @)». Taking s; = 0 in

gives
(1 + p2 + 1) f(0, s2) = p1 f(s2,52) + p2 + 72f(0, (1 — az)s2), (68)
or
2 1 72
0,s2) = + 52,82) + ——— f(0, (1 — a2)s2). 69
J(0, 52) H1 + 2 + T2 M1+M2+7'2f(2 2) M1+M2+72f( ( 2)s2) (69)

Iteration of this equation yields

. S T2 g M2 H1 k k
o) = (o) ¥ F((1 = a2)*sz, (1 — az)Ps:)

w1+ p2 + 72 p1+pe+12 p1+ e+ 1

k=0

00 k
= 2, B Z( . ) M2 f(1 - an)Fs2, (1 - )"

p1+pe o p1+p2 p1+ p2 + 72 p1+ p2 + 72

k=0

which makes sense: due to PASTA f(0, s2) is the LST of the buffer content of @2 at an
arbitrary gate opening instant and either the previous gate opening was at 02 leaving Q>
empty at the current gate opening instant, or the previous gate opening was at (1 and in
that case their could have been k consumption epochs at )2 between the previous and the
current gate opening. So the conclusion is that we know £ (0, s2) once we know f(s2, s2)
(as is also apparent from (68), to which we can apply iteration when f(sz, s2) is known).
Unfortunately, in general we do not know f(s2, s2).

In view of the complexity of determining f(0, s) exactly, we now make some additional
assumptions in studying the buffer content distribution of ()2. Firstly, we take pus = 0
(so Q2’s gate is always closed). We assume that the input process to @)1 is the Lévy sub-
ordinator process {J(t)|t > 0} as specified in Section [l and that a; = 0. Accordingly,
the amount of fluid that enters ()2 at a gate opening of (1 is the amount of fluid that
has entered )1 since the previous gate opening. Finally, we assume that m» — oo and
ay — 0 such that mas = r. As a result, ()2 behaves like a shot-noise queue. Even in
this limiting case, it seems out of reach to determine the steady-state distribution of the
buffer content of ()2. Our goal is to determine all its moments, right after gate openings
of Q1. We emphasize that successive gate opening intervals Ay, A, ... are assumed to be
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i.i.d. with LST A(-), but that unlike the preceding sections we do not assume that they are
exponentially distributed.

The buffer content in @), just after the n-th arrival (gate opening) is denoted by Z,,, n =
1,2,.... Assume that Zy = 0. The stochastic process Z, satisfies the recursion

Ly = n—le_TA" + J(Sn) - J(Sn—l) 5 (70)

where Sy =0, S, =Y. | A; for n > 1 and J is the above-mentioned nonzero subordina-
tor, independent of Ay, Ay, .. .. Let ji(s) = Ee™/() = e=%() for 5, ¢t > 0, where ¢(s) is the
Laplace exponent of J. Let us denote

by = (=1)" 1™ (0) = b,1c +/ " dv(z) . (71)
(0,00)

These are the cumulants of J(1) and in particular b, = EJ(1) and by + b2 = EJ?(1) (finite

or infinite). Clearly, if b,, < oo then b, < oo for k < n and if b, = co then by, = oo for k > n.

From we have, with ~ denoting equality in distribution:

n

Zn =3 (J(Sk) = J(Se))e ") 3T (S) = T(Spor))e
k=1 k=1

= (J(Sk) = J(Sk-1))e "1~ Z. (72)
k=1
Therefore Z ~ Ze™ "4 + J(A) where Z and (A, J(A)) are independent and A ~ A; and
is independent of .J. See [8] for an extensive discussion of Kesten’s recurrence equation
z 2 A1Z + As. We now consider the finiteness of EZfi and EZF, and thereafter we
determine EZ".

Lemma 1. Let k > 1. If by < oo and EA* < oo then EZY for all n > 1 and EZ* are finite.
When either b, = oo or EAF = oo, then EZ,’ifor all n > 1 and EZ* are infinite.

Proof: From the discussion appearing right after this proof it is evident (as J is nonzero)
that by, < oo and EAF < oo if and only if EJ¥(A) < co. Hence EJ*(A) = oo when either
b = 0o or EAF = .

Assume that E.J¥(A) = co. We have from

Zn > Zn1e " £ J(Sp) — J(Sn_1) > J(Sn) — J(Sp_1) ~ J(A) (73)

and from Z ~ Ze " 4 J(A) > J(A) that EZ* for alln > 1 and EZ* are infinite.
Now assume that E.J¥(A) < co. Denote | X ||, = (F|X|¥)'/. Then, Minkowski’s inequal-

—rA

ity and the independence of Z,,_; and e~ " imply that, for every n > 1,

1Zalle < (1 Zn—1llelle™ Mk + 17 (Al

n—1 ' J(A
< 1@l (e < LAl (74)
=0
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The finiteness of £Z* follows, e.g., by Fatou’s Lemma applied to the nondecreasing (hence,
almost surely convergent) sequence on the righthand side of . O

We now show how EZ™ can be determined foralln = 1,2,. ... Denote u,(t) = (—1)”j§") (0)
EJ™(t). Since j;(s) = —ji(s)¢'(s)t, it follows that

.(n "~ (n . n—
) =~y <k>1§k)(8)<ﬂ( () (75)
k=0
from which it follows that whenever b,, < oo (hence also by, ...,b, 1 < o),
" /n
pnr (D) =) (k) 14 ()b — o1 (76)
k=0

If by,41 = oo then pp11(t) = oo for ¢ > 0, which in turn implies that y(t) = oo for
k>n+1andt > 0. Assuming that uz(t) = S35 apet! for k = 0,...,n (we can use this
representation because Ee—s/() = e*‘P(s)t), then from it follows that also p,4+1(t) =
S0 @yt so that the coefficients {a,, |0 < ¢ < n} of the polynomials {u,(t)|n > 0}
satisfy the following recursion:

“ n
Unyre= Y (k>akz,€—lbn—k+l (77)

k=(—1

for1 < /¢ <n,withapp=1and a,o=0forn > 1.
Now, for each n > 1 we have that, since E(J*(A)|A) = ui(A),

EZ" = E(Ze ™ + J(A))" = zn: (Z) BZ"E (o7 4k (4))
(

e M, i (4)) (78)

Hence, recursively (whenever b,, < co and EA™ < 00),

SIS0 EZF () i an-n el (Aletr4)

EZ 1 — Ee—nrA (79)

Finally, we note that
E (Afe—’“‘f‘) = (=1)! AO(kr), (80)
so in principle we can compute EZ" for all values of n = 1,2, ... (finite when b,, < co and

FEA™ < o and infinite otherwise).
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Remark 6.1. If A ~ exp(u1), then E(Afe4) = (mﬂk% If, moreover, J(t) = A\t (a
k

deterministic fluid input to Q1), then px(t) = (\t)", and

n

n _ b oam " n) 11 A1 _
I R I e e A )

from which we get the recursion

-1

nr k_OH w1+ krpg + kr

EZ"

, n=1,2,.... (82)

Remark 6.2. The steady-state buffer content W just before a gate opening is distributed
as Ze "4, It is trivial to obtain its moments from those of Z: E(W") = E(Z")E(e™™4).
For the case of exponentially distributed gate opening intervals one can apply PASTA to
conclude that W has the steady-state distribution of the buffer content at Q.

7 (Q1,Q2) in the shot-noise limit

In this section we consider the 2-queue ASIP tandem model with a; = 0 (no consumption
in Q1) and 2 = 0 (no gate openings in @)2). Just like in the previous section, we take
Ty — 00, ag |} 0 such that mas = r € (0,00). In other words: in @ the outflow is
proportional to the queue content; whenever X,(t) = z, the output rate is equal to rz.
Let (X1(t), X2(t)) be the buffer contents of (Q1,Q2) at time ¢ > 0 with LST f;(s1, s2). We
now study the joint workload distribution in the two queues. Notice that we also have
studied that joint distribution for a; = 0 in Section |5, but there we do not assume that
p2 = 0 and that 7 — oo with a; — 0 and mpas = r. The case of a constant fluid input to Q1
(i.e., J(t) = Ait) is studied in Subsection[7.1 and the case of a general subordinator input
process to 1 in Subsection

7.1 The case of a constant fluid input at (),
When J(t) = A\t we obtain for i | 0:
fran(s1,82) = (1 — (p1 + A1s1)h) fi(s1, s2(1 — 7h)) + prhfi(sa, s2(1 — rh)) + o(h).  (83)

The steady-state buffer contents are denoted by (Xi, X»), with LST f(s1,s2). For the
steady-state case we have

(1 4+ Ais1) f(s1,82) + 7“52§yf(817 Y)ly=s, = p1.f (52, 52). (84)

If we plug in s; = 55 in we get

0
Aisaf(s2,s2) + TSQ@f(327y)‘yZSQ =0, (85)
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and hence
ME <6—52(X1+X2)> —rE (X26—82(X1+X2)) )

This holds for all sp. In particular if we substitute s, = 0 we get

)\1 =rE (X2) s

(86)

(87)

which of course states that the inflow of @2 is equal to the outflow of QQ2. Furthermore,

combining and yields
E <X2€—s2(X1+X2)> = E(Xy)-E (6—82(X1+X2)) :

and hence
Cov (X2, 6_52(X1+X2)) =0.

This will also mean that, for all %,
Cov <X2, (X1 + Xz)k) =0.

In particular we have
Cov (XQ, X1+ XQ) =0,

and hence
Cov (Xl, XQ) = —Var(Xg).

Next, introduce the Taylor polynomial

f(s1,s2) E E 91,13152-

=0 j=0

Substituting in yields

oo oo
(1 + Ms1) D) gigshsh + TZ Z]szsﬁz G Z ngslzﬂ-

=0 j=0 =0 j=0 =0 j=0
Comparing the terms s s, on both sides of for i # 0, we obtain the equation
H19i; + MGi—1,j +3rgi; = 0.

Hence,

A A '
L= A . J— — _ 1 .
91s =~ 9i1g = - = (k) 90

Substituting in (93) gives a representation for the joint buffer content LST:

E _ ptgr
81’82 90,55 2M1+JT+>\181
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Comparing the term s} s% on both sides of for i = 0, we obtain the recursion

Jrgo; = MZ( u1+ ,,>'90,j77;- (98)

Finally from the fact that f(0,0) = 1 we obtain that goo = 1.
Remark 7.1. The recursion for g ; is closely related to the recursion in (82). This follows
from

gO,j = (_jl')jE(W])

Remark 7.2. For this case we have

E(X,) = M E(Xf):2</\1>2, Var(Xl):</\1>2

M1 M1 H1
B(X,) = M E(X3) = M (“1 4L ) Var(Xs) = _A
R o () )’ U ()
A -3
E(X1Xy) = —2L  Cov(Xy, Xo) = — L
( ! 2) T(MH—T)’ OV( b 2) Ml(ul—H‘)

7.2 The case of a general subordinator input process at (),

Now let us try to generalize this to the case of a Lévy subordinator as input process of Q).
Equation then becomes

©(s) Fes(X14X2) — g p X, e—s(X14X2) (99)

Dividing by s and letting s | 0 gives ¢/(0) = rE X, which, upon denoting ¢, (s) = ;,’((S))S,
implies that

@e(s) EXo Be s(X1+X2) — px,es(XaitXa) (100)

We note that ¢.(s) is the LST of the distribution of IY where I,Y are independent, I ~
Bernoulli(p; ) with

A1 IS v(x, 00) da
=1— = = 101
P 0 T N vl o) o
and Y is a random variable that has the stationary excess life time density
v(t, 00)
t)= ==+ 102
fr®) IS v(z, 00) da (102)
It is also noted that
/ v(z,00)dr = / zv(dr) = ¢ (0) =\ = EJ1(1) — A1 . (103)
0 (0,00)

18



Therefore, denoting b1, = |, ( x" v(dz) we have that

0,00)

Eyn — IS 2™ v(x, 00) da bin+1

= , 104
b1 (n+1)b11 (104)
so that, since E(IY)" = EI EY™ = pi EY™", and rewriting b;; = fooo v(z,o00)dz,
b1 n+1 bl n+1
n = (=)™ (0) = E(IY)" = ’ = : . 105
Therefore, from here on, {¢1,| n > 0} are considered known constants, with ¢;9 = 1.
Now, (100) implies that
n n
EXy) <k> E(X1 + Xo)*e1np = B(Xa2(X1 + Xo))", (106)
k=0
which in turn implies that
n—1 n
Cov(Xo, (X1 1 Xo)") = EX> 3 ( k) E(X) + Xa)bernp. (107)
k=0

It is noted that when v(-) = 0 (so that ¢(s) = A1s, the special case studied in the beginning
of this section), the righthand side of (107) is zero; cf. (90).
For n = 1, (107) becomes

COV(Xl, Xg) + Var(Xg) = C11EX2 . (108)

In the remainder of this section we explore the joint distribution of the buffer contents at
@1 and Q3 just before a gate opening of Q1. Let (T;,{Y;(¢t)|t > 0}) be i.i.d. replicas of
some (T, {Y (t)|t > 0}), where Y = {Y'(¢)|t > 0} is a nonnegative cadlag process. We
also assume that 7" and {Y'(¢)|t > 0} are independent and that 7" ~ exp(u;). Because of
this independence and the fact that Y has at most a countable number of discontinuity
points it follows that Y (T'—) = Y (T) almost surely.

Let So =0, S, = >.;,T; forn > 1 and N(t) = sup{n|S, < t}. Consider now the
processes

Zy(t) = Z Yi(t — Si—1)s,_ <i<s} (109)
=1
and
N(t)
Zo(t) = Y Yi(Ty)e U5, (110)
=1

This is a setup for an ASIP-type model where ati.i.d. exponential times the entire content
Yi(T;) of the first station is transfered to the second station. The second station is a shot-
noise process with inter-jump times 74,7, ... and jump sizes Y1(T1), Yo(13), ..., where
we note that interjump times and jump sizes are dependent.
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One can alternatively write

N(t) ¢
Zo(t) = S Vi(Ty) — 7 / Zy(s)ds, (111)
i=1 0

where an empty sum is defined to be zero.

Let us consider (Z;(S,—), Z2(Sn—)). Clearly, Z,(S,—) = Yn(T\,—) = Yn(T,), where the
second equality is almost surely. Also, when 5,1 < t < S, we have that Z(t) =
S Yi(T;)e (=50 and hence,

n—1 n—1
Zo(Sn=) = Y Yi(Ty)e 25075 = o7reln y Ty(Ty)e 2 (112)
i=1 =1

Now, taking (7',Y") to be independent of {(7},Y;)|¢ > 1} and replacing
(T, YA (1)), s (Ta—1, Y1 (Th-1))s (T, Ya(T00))) (113)
by the identically distributed
(Tn-1,Yn-1(Tn-1),..., (T, Y1(T1)), (T, Y (T))) (114)

implies that

n—1
(Z1(Sn—), Za(Sn—)) < (Y(T), e "2t Zn(Ti)emSzl) (115)
1=1

which in turn implies that
(Zl (Sn—), ZQ(Sn—)) i) (Zl, ZQ) = (Y(T), eirQT Z Y{(Ti)emsil) . (116)
i=1

It is important to note that (7, Y (7)) and Y = 3.°, Y;(T;)e 7251 are independent. There-
fore, if we know how to compute joint moments of (Y (7'),e~"27) and moments of Y, then
we can also compute joint moments of (Z1, Z2). Namely,

EZFZS = E(YH(T)e ) EY?. (117)

In particular
Cov(Zy, Zy) = Cov(Y(T),e ") EY . (118)

It is also straightforward to show that, with (U, V) = (Y(T),e "21) we have that

oL 2

Y

PZ1,7Zo = PUV , (119)
e op0% + o + il

where p is a correlation coeficient, o a variance and ; a mean, all of the variables that
appear in the indexes.
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8 Moment calculations in the general model

In this section we consider the general n-queue ASIP model described in Section 1, We
shall demonstrate how all workload moments m, 4, . k) = E[xXKix}2 . XFEr] can be
determined. Starting-point is

ki+-+kn d* dt (120)

m(kl,kg,...,kn) = (_1) dskl cee dskn f(Sl, §2, .4y Sn)|51:52:m:5n:0'
1 n

Then we have from (5), by taking derivatives w.r.t. all the variables and subsequently
taking s; = --- = s, = 0, that

k1 ;
ki\ &
Z“Z + Z” Mk k2o skn) T Z <j >djSO(Sl)Sl_om(kl—j,kg,...,kn)
j=0 51
7,+1
i+1
= Zuz > < ' >m(k1,...7kil,j,ml—j7ki+27...,kn)f(kz‘ =0)

= o\

n
+'u’”m(k1,k27~--,k ) + ZT’ 1— aZ ' MKy ka,....kn) (121)
=1

-----

for which we have that 1) >, 4 S Zl:r k; forall r = 1, 2, ...,n and (ii) there is an r
for which >~ ¢; < > k;. In this way we can recursively find all M, ey, o)+ FOT
example, m (g 1) can be expressed in m; 1), which itself can be expressed in m g o 1) and
m1,1,0, which both can be expressed in m g ; 5y which can be expressed in m; ¢ 5y which
can be expressed in mq o gy which is of course equal to 1.

In conclusion, all (joint) moments of the random variables X, X», ..., X,, can be obtained.
We illustrate this for the case n = 2 and ¢(s1) = As1. By taking k; = k and k» = 0 in
121) and by using that %@(31)‘51:0 is equal to A for j = 1 and equal to O for all j # 1,

we obtain that
(11 + 71) Mg0) + kMm_10) = 71 (1 — a1)" m 0, (122)

leading to the recursion
kA
M+ T (1 -(1- al)k>

E(X}) = E(X{h, (123)

with E(XY) = 1, for the moments of X;.
For general ¢(s1) the equation becomes

k
B\
(11 + 71) M@0y + D <]> D) m@_j0) =11 (1 — a1)" mp), (124)
=1
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where ¢ (0) = %g@(sl)|51:0. This yields, in particular, that

B(X) = mug = —2O_ (125)
For arbitrary k; and k2, Equation reduces in the case n = 2 and ¢(s1) = A1s; to
(1 4 pr2 + 71+ T2) Mgy gy + FIANIN (g 110y L (k1 > 0) =
k
111 Z <’;?>m(j7k2_j)1(k1 = 0)+p2m gy gy (k2 = 0)+(ﬁ(1 —a)M + (1 - ag)kz) (o )

(126)

For example, taking k1 = 0 and ko = 1 this yields

(1 4 p2 + 71+ T2)myo1) = pr1mo,) + pm o) + Timoy + 72(1 —a2)my,  (127)

leading to
(p2 + T2a2)mo.1) = p1M(1,0)5 (128)
ie.,
M1
E(Xe) = ——FE(Xy). 129
(X2) H2 + Toas (1) 12)

Observe that we can interpret this relation as a balance equation, balancing the flow rate
(12 +ma2)E(X2) out of 2 and the flow rate p; £(X1) into Q2. Furthermore, taking k1 =1
and ky = 1 yields

(b1 4 p2 + 714+ T2)ma 1y + Mmey = (1 —a1) + 72(1 — a2)) m 1), (130)
leading to

A1
u1 + po + 1ar + mag

BE(X1Xs) = E(X>). (131)

In a similar way, we obtain

21 A1

E(X?) = , 132
(A1) pr 41l — (1 —a1)?) p +na (132)
M1
E(X?) = 133
W)= Rl (-w (159
22 —1 M1 )\1 + 2)\1 )\1
p1+ p2 + 1iay + a2 po + 202 1 + 1101 p1 A+ 7(1 = (1 —a1)?) g +mar ]
So we have \ \
M1 1
E(X,) = L B(Xy) = : , 134
(X1) @1+ 1101 (X2) w2+ max w1+ Tag (134)
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and

A A
E(X1X») = L R . — (135)
M1+ p2 +Tiar + 7202 p2 +T202  p1 4 T101
Hence,
A A A
Cov(Xl,Xg) _ < 1 _ 1 > ) 241 ) 1
w1+ po +1ar + a2 g+ mag p2 + maz @1+ a1
A
= - 5 (136)
(1 + po + a1 + ma2) (1 + Taq)
which is negative. The correlation px, x, now is given by
Ny
PX Xy = — (p1tpet+riar+m2a2)(pi1+71a1)? (137)

VEXT) — (BE(X1)2VE(X3) - (B(X2))?
9 The joint buffer content LST: An approximation

We return to Equations (3)) and (5)) for the 2-dimensional, respectively n-dimensional, LST
of the steady-state joint buffer content distribution. As argued in Section |1} determining
the steady-state joint buffer content distribution seems prohibitively difficult, except for
special cases as discussed in Sections[2}{5]of this paper. At the end of this paper we therefor
briefly discuss an approximation. We shall arrive at that approximation in three different
ways. We mainly discuss the 2-queue case, but the same approach can be applied to the
n-queue model; the latter is briefly discussed in Remark[9.2]

Let us focus on the marginal buffer content distribution at @2, for the model described in
Section I} Q9 receives input from @ at i.i.d. exp(u1) distributed gate opening intervals.
The steady-state distribution of that input equals the steady-state distribution of the buffer
content in @) just before its gate opening, and hence — by PASTA - at an arbitrary epoch.
Hence its LST is f(s,0). At first sight, one may be inclined to think that Q2 hence receives
a compound Poisson input process with jump rate 111 and jump size LST f(s, 0). However,
the jump sizes clearly are positively correlated with the preceding gate opening intervals
of Q1. Our approximation is to ignore that correlation. As a result, ()2 behaves exactly like ()1,
with the Lévy input with Laplace exponent ¢(s) replaced by the compound Poisson input
with Laplace exponent 11 (1 — fi(s)), and with 1, 71, a1 replaced by p2, 72, az. Hence our
independence assumption leads to the following counterpart of Equation (6):

(M? + T2 + ,ul(l - f(sv 0))f(07 5) = p2 + T2f(07 (1 - a2)8)' (138)
The iterative approach that has resulted in Expression (7) for f(s,0) now results in the
following approximation for f(0, s) (simply replace ¢(s) by u1(1 — f(s,0)) and p1, 71, a1
by pia, 2, az in (7)):

00 7j—1
N H2 71
F080% (= A0 a0 L o+ i = 70— a0

(139)
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This same approximation idea was used in [18], for numbers of customers in an n-queue
ASIP tandem queue with Poisson input at the first queue.

Remark 9.1. Just like in [18], one can apply two different approximation ideas that result
in exactly the same relation (138), and hence yield the same approximation for f(0, s) as
given in (139). Firstly, one could assume that X; is independent of X; — an independence
that indeed holds when p; = 0 and also when p; — oo. Under this independence as-
sumption we have f(s1,s2) = f(s1,0)f(0, s2), and hence (3) with s; = 0 reduces to (138).
Secondly, one could take recourse to the Replica Mean-Field (RMF) limit approach (cf.
[1,2]). The ordinary mean-field limit approach here does not result in a useful approxima-
tion, but RMF yields the same approximation as above. Under RMF, we replicate the ASIP
tandem queue R times. The input process of the r-th replica Q1,, 7 =1,...,Rof Q1 is a
Lévy process with Laplace exponent ¢(s). Gate j of each replica opens after i.i.d. exp(u;)
intervals. When the gate of @)1, opens, its content instantaneously moves to @ ; with
probability 1/R, r,k = 1,..., R. When the gate of )2, opens, its content instantaneously
leaves the system. Furthermore, consumption takes place in each replica according to
the same probabilistic mechanisms as in the original tandem queue. Just as in Section 3
of [18], one can now verify that, when R — oo, the dependence between gate opening in-
tervals and amounts of fluid moving to the next queue in the tandem system disappears.
Accordingly, RMF here amounts to working with the above independence assumption.

Numerical experiments and asymptotic analysis in [18] suggest that the approximation
idea works well for a large range of parameter combinations. To investigate the accuracy
of the present approximation, we first observe that, by differentiating both sides of
w.r.t. s and subsequently taking s = 0, we get

p1E(X1) = (12 + aam) E(X2). (140)

This can be interpreted as a simple flow balance argument, and is in agreement with the
exact moment relation (129). Hence our approximation yields the exact first moment of
X». It would be worthwhile to study in detail for which parameter choices the approxi-
mation also yields accurate higher moments, but that is outside the scope of the present
paper.

The formulas at the end of Section and in particular for px, x,, give some insight
into the accuracy of the approximation idea. If this correlation is small, then (see the above
remark) the assumption that X5 is independent of X; should work well. Let us consider
some extreme parameter settings.

@) p1 1 0: px, x, now tends to zero like —,/u1. Indeed, when p; is relatively small, the
gate opening intervals will typically be so large that ()1 has reached steady state; hence
the approximation should work well.

(ii) g1 1 00: px,, x, now tends to zero like i Indeed, when 1 is relatively large, the gate
opening intervals will typically be so small that the input to ()2 resembles a fixed-rate

24



fluid. Moreover, the buffer content of ()1 is typically very small, and the buffer contents
of Q1 and Q) are hardly correlated.

(iif) p2 4 0: px, x, is a negative non-zero constant. There is no reason to expect that the
approximation is accurate.

(iv) p2 T o0: px, x, tends to zero like \/% The gate opening intervals of ()2 are now so
small that the buffer content of () will be very small.

(V) 71 T o0t px,,x, tends to zero like % This is a case with heavy consumption, leading to
a small buffer content at );.

(vi) 7 T 00t px,,x, tends to zero like \/% In this case, the buffer content at ()5 is small.
We further remark that the case of a very small input rate A\; also does not lead to a van-
ishing correlation. Furthermore, when the 7; are relatively small, there is hardly any con-
sumption and the tandem queue behaves like an ordinary ASIP tandem queue as studied
in [15] (albeit with a Lévy input); no reason to expect a very good approximation.

The above conclusions for cases (i) and (v), and the above one for 7; relatively small, are
consistent with our findings at the end of Section 2| There we determined the correlation
between a gate opening interval at ()1 and the amount of fluid entering > at such a gate
opening. If the ratio of y; and r = 7a; (with 71 1 00) is small, then that correlation is
small; under our approximation assumption, it is zero.

Remark 9.2. For the case of n queues in series, one can apply exactly the same indepen-
dence assumption for each of the n queues. Consider for example the LST of the marginal
steady-state buffer content distribution for ()3. Under the independence assumption, its
input is a compound Poisson process with rate i and jump size LST f(0, s,0,...,0). The
latter LST has been approximated in (I39). One can now follow exactly the same proce-
dure as for Q2. Applying this approach successively to Qs, ..., Q,, yields the LST of all
marginal steady-state buffer content distributions. It is readily verified that this approach
results in the correct mean value for the buffer content at each queue. Finally observe (see
the previous remark) that the LST of the joint buffer content distribution is the product of
the LST’s of the marginals.

Remark 9.3. Finally a remark about the RMF approach: if we were to apply it to a feed-
forward network of ASIP queues with consumption, we expect the accuracy of this approx-
imation to grow with increasing complexity of the network. The rationale behind this is
the following. If a station )},; at some level & can receive input from a large number of sta-
tions at level i — 1, then the effect of the dependence between gate opening intervals and
amounts entering ()5,; becomes negligible. This is also the idea behind the famous Inde-
pendence Assumption of Kleinrock for message-switching communication networks [13].
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