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Abstract

We consider an ASIP tandem queue, in which the first queue receives a fluid in-
put according to a Lévy subordinator process. Each queue has a gate that opens after
independent, exponentially distributed periods for an infinitesimal amount of time,
allowing the queue content to move to the next queue. In addition, again at indepen-
dent exponentially distributed instants, a fixed fraction of a queue content is removed
from the system.

For this model, restricting ourselves to steady state, we obtain the following re-
sults. (i) We derive the buffer content distribution of the first queue. (ii) For the
2-queue model, we obtain relatively simple explicit expressions for the Laplace trans-
form of the joint buffer content in several special cases. (iii) Asymptotic results are
obtained for the 2-queue model when the above-mentioned buffer content removal
process approaches a shot-noise process. (iv) For the general n-queue case, we show
how all moments of the buffer contents at all queues can be obtained. (v) For the gen-
eral n-queue case, we sketch an approximation method that allows one in principle
to derive tractable expressions for the Laplace transform of the buffer content at each
queue, with exact mean buffer contents at all queues.

1 Introduction

The ASIP (= asymmetric inclusion process) tandem queue (see [5], [14]- [17], [19, 20]) is
a model of stations in series with a gate after each station. At gate openings of a station,
which occur at random time instants, all customers in that station move instantaneously to
the next station. At gate openings of the last station all customers in that station leave the
system. Recently, motivated by the so-called Vesicular Transport Hypothesis, the feature
of consumption was added to the ASIP tandem queue (see [12]). This hypothesis explains
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how macromulecules, such as proteins, are transported within cells (see [3]). However,
during the process of vesicular transport, some of the proteins that are transported within
cells can be consumed or degraded. In the ASIP tandem queue this is modelled by assum-
ing that, next to the movements of all customers from one station to the next at gate open-
ings, also individual customers or groups of customers can be consumed (= removed) in
the different stations at random instants (see [18]).
In all the references mentioned above the state space is discrete, i.e., customers move be-
tween the different stations, and new arrivals of customers occur at the first station ac-
cording to a Poisson process. In some applications, like in the modelling of transport of
macromolecules within and between cells, it seems more natural to look at a continuous
state space. In this paper we therefor consider a continuous state-space ASIP tandem
queue in which fluid moves between the different stations and the arrival process of fluid
at the first station is modelled by a Lévy subordinator process. Such a continuous state-
space model is also considered in [6]. However, in [6] the authors look at a model without
consumption and at a model in which there is a continuous consumption of fluid (called
leakage in [6]) while we look at a model with consumption at random instants.
Model description. We consider a queueing model consisting of n stations Q1, . . . , Qn

in series. Only Q1 receives an external input. Its input is a Lévy subordinator process
J = {J(t)| t ≥ 0} with Laplace exponent φ(·), with φ(0) = 0. That is,

Ee−sJ(t) = e−φ(s)t, (1)

for s, t ≥ 0. It is well known that φ(s) = cs +
∫
(0,∞)(1 − e−sx) dν(x) where c ≥ 0 and

ν(·) is a measure satisfying
∫
(0,1] x dν(x) < ∞ and ν((1,∞)) < ∞ (the Lévy measure).

Examples of such a subordinator are the following. (i) Fluid input with constant rate
λ1; then φ(s) ≡ λ1s. (ii) Compound Poisson input; then φ(s) = λ1(1 − β(s)), with β(s)

the Laplace-Stieltjes transform (LST) of the jump sizes of the compound Poisson input
process.
Qi has a gate that is closed except for infinitesimally short gate openings that occur at
independent exp(µi) intervals, i = 1, . . . , n. At a gate opening of Qi, its content instanta-
neously moves to Qi+1, i = 1, . . . , n − 1; at a gate opening of Qn, its content leaves the
system. At independent exp(τi) intervals, a fraction ai of the content of station Qi is in-
stantaneously removed from the system, i = 1, . . . , n.

Preliminaries. Consider the case of n = 2 queues. Let (X1(t), X2(t)) be the buffer
contents of (Q1, Q2) at time t ≥ 0, with X1(0) = X2(0) = 0, and with LST ft(s1, s2)

= E(e−s1X1(t)−s2X2(t)). Observing that Ee−s1J(∆t) = e−φ(s1)∆t which equals 1 − φ(s1)∆t

up to o(∆t) terms, we obtain for ∆t ↓ 0:

ft+∆t(s1, s2) = (1− (µ1 + µ2 + τ1 + τ2 + φ(s1))∆t)ft(s1, s2) (2)

+ µ1∆tft(s2, s2) + µ2∆tft(s1, 0) + τ1∆tft((1− a1)s1, s2) + τ2∆tft(s1, (1− a2)s2) + o(∆t).
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This readily yields for the steady-state case, with f(s1, s2) the LST of the steady-state joint
buffer content distribution:

(µ1+µ2+τ1+τ2+φ(s1))f(s1, s2) = µ1f(s2, s2)+µ2f(s1, 0)+τ1f((1−a1)s1, s2)+τ2f(s1, (1−a2)s2).

(3)
For the marginal buffer content of Q1, with LST f(s) := f(s, 0) this results in:

(µ1 + τ1 + φ(s))f(s) = µ1 + τ1f((1− a1)s), (4)

from which f(s) can be easily determined, see Section 2. In the same way as (3) is derived,
one can derive the following relation for the LST f(s1, . . . , sn) of the steady-state joint
buffer content distribution in the n queue case:

(

n∑
i=1

µi +
n∑

i=1

τi + φ(s1))f(s1, . . . , sn)

=
n−1∑
i=1

µif(s1, . . . , si−1, si+1, si+1, si+2, . . . , sn)

+ µnf(s1, . . . , sn−1, 0) +
n∑

i=1

τif(s1, . . . , si−1, (1− ai)si, si+1, . . . , sn). (5)

Determining f(s1, s2) from Equation (3) in combination with analyticity conditions (f(s1, s2)
should be an analytic function for Re s1, s2 ≥ 0, because it is the LST of the probability
distribution of a vector of two non-negative random variables) and with the knowledge
of f(s1, 0) constitutes a boundary value problem that seems hard to solve. It is a bound-
ary value problem with a shift (cf. Section 17 of Gakhov [11]), but with the occurrence
of f(s2, s2) as additional complication. While several two-dimensional boundary value
problems regarding random walks and queues have been solved, see in particular the ex-
positions in [9] and [10], we do not know how to determine f(s1, s2) exactly – let alone
f(s1, . . . , sn). Hence we put the emphasis on exactly solving special cases, on exactly de-
termining moments, and on studying asymptotic cases. In particular, we let τi → ∞ and
ai ↓ 0, while keeping their product fixed and positive, for i = 1, 2; consumption occurs
constantly, proportionally to the buffer content, and Qi thus behaves like a so-called shot-
noise queue [7] in between its gate openings.

Main results. For this model, restricting ourselves to steady state, we obtain the following
results. (i) We derive the LST of the buffer content of Q1 in the form of an infinite sum
of products. Furthermore, for the limiting case in which τ1 → ∞ and a1 ↓ 0 such that
τ1a1 is fixed and positive, we obtain the buffer content LST in the form of a finite integral.
(ii) For the 2-queue model, we obtain relatively simple explicit expressions for the joint
buffer content LST in the four special cases where the ai are either zero or one, and more
involved expressions for the cases in which either a1 = 0 or a2 = 0. (iii) Asymptotic re-
sults are obtained for the 2-queue case in which τ2 → ∞, a2 ↓ 0, such that τ2a2 is fixed
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and positive. (iv) For the general n-queue case, we show how all moments of the buffer
contents at all queues can be obtained. (v) For the general n-queue case, we sketch an
approximation method that allows one in principle to derive tractable expressions for the
buffer content LST at each queue, with exact mean buffer contents at all queues.

Organization of the paper. Section 2 contains a detailed analysis of the buffer content
of Q1. Sections 3-5 are devoted to the joint workload distribution at queues Q1 and Q2.
Section 3 focuses on the four special cases (a1, a2) = (0, 0), (1, 1), (0, 1) and (1, 0). Section 4
treats the case a2 = 0, a1 ∈ (0, 1) and Section 5 the case a1 = 0, a2 ∈ (0, 1). Sections 6
and 7 are concerned with the limiting case in which τ2 → ∞, a2 ↓ 0 such that τ2a2 is
kept fixed and positive. Q2 now effectively behaves as a shot-noise queue in between
its gate openings. In this limiting case, we are able to obtain more explicit results for the
(moments of the) buffer content of Q2 (Section 6) and for the joint distribution of the buffer
contents of Q1 and Q2 (Section 7). In Section 8 we show how all moments of the buffer
contents in the n-queue case can be recursively derived. In Section 9, for general n, we
present approximations for the buffer content distribution of specific queues, and for the
joint buffer content distribution.

2 The buffer content of Q1

In this section we determine the LST f(s) of the steady-state marginal buffer content at
Q1. Rewrite (4) into

f(s) =
µ1

µ1 + τ1 + φ(s)
+

τ1
µ1 + τ1 + φ(s)

f((1− a1)s). (6)

Iteration of this equation, with M1(s) :=
µ1

µ1+τ1+φ(s) and N1(s) :=
τ1

µ1+τ1+φ(s) , results in:

f(s) =

∞∑
j=0

M1((1− a1)
js)

j−1∏
i=0

N1((1− a1)
is), (7)

=

∞∑
j=0

µ1

µ1 + τ1 + φ((1− a1)js)

j−1∏
i=0

τ1
µ1 + τ1 + φ((1− a1)is)

,

an empty product being defined to be one. The fact that |N1(.)| is bounded by τ1
µ1+τ1

and
|M1(.)| by µ1

µ1+τ1
immediately implies that the above sum of products converges.

The above expression for f(s) simplifies when a1 = 0 and when a1 = 1. In those two
cases, it is easier to obtain f(s) immediately from (4). For a1 = 0, we thus find

f(s) =
µ1

µ1 + φ(s)
, (8)

and for a1 = 1, we thus find
f(s) =

µ1 + τ1
µ1 + τ1 + φ(s)

. (9)
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The two above equations can be easily explained: By PASTA (Poisson Arrivals See Time
Averages), the steady-state buffer content LST equals the buffer content LST just before a
clearing of the whole buffer; for a1 = 0 such a clearing occurs after exp(µ1) and for a1 = 1

after exp(µ1 + τ1).

2.1 The shot-noise limit of Q1

In this subsection we consider Q1 for the following limiting case: τ1 → ∞, a1 ↓ 0, such that
τ1a1 = r ∈ (0,∞): continuously a very small fraction of the buffer content is removed.
Equation (4) now reduces to

(µ1 + φ(s))f(s) + rs
d

ds
f(s) = µ1. (10)

This first-order inhomogeneous differential equation with initial condition f(0) = 1 can
be routinely solved, yielding

f(s) =
µ1

rs

∫ s

x=0
e
−

∫ s
x

φ(y)
ry

dy
(
x

s
)
µ1
r
−1 dx =

µ1

r

∫ 1

v=0
e
−

∫ 1
v

φ(sy)
ry

dy
v

µ1
r
−1 dv . (11)

For the special case of a constant inflow rate λ1 at Q1, i.e., φ(s) = λ1s, this gives:

f(s) =

∫ 1

0
e

λ1
r
(v−1)sµ1

r
v

µ1
r
−1dv, (12)

which involves an incomplete Gamma function.
The fact that all the time a very small, fixed, fraction of the buffer content is removed
corresponds to having a service rate that is not zero, and not a constant like in classical
queues, but that is proportional to the buffer content (with proportionality factor r). In
other words: Q1 behaves like a shot-noise queue, until a gate opening. Below we study
this shot-noise queue, starting from first principles; for a survey on shot-noise queues we
refer to [7].
Consider the shot-noise process X = {X(t)| t ≥ 0} satisfying X(t) = J(t) − r

∫ t
0 X(s) ds,

where {J(t)| t ≥ 0} is the Lévy (subordinate) input process that was already introduced in
Section 1. Then it is well known that X(t) =

∫
[0,t] e

−r(t−s) dJ(s) which is also well known
to be distributed like

∫
[0,t] e

−rs dJ(s), [4]. Denote

ρ = EJ(1) = φ′(0) = c+

∫
(0,∞)

x dν(x),

σ2 = Var(J(1)) = −φ′′(0) =

∫
(0,∞)

x2 dν(x) . (13)
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Then (e.g., [4, Subsection 2.3]), for s, t ≥ 0,

Ee−sX(t) = e−
∫ t
0 φ(se−ru) du = e

−
∫ 1
e−rt

φ(sy)
ry

dy
,

EX(t) = ρ

∫ t

0
e−ru du =

ρ

r
(1− e−rt), (14)

Var(X(t)) = σ2

∫ t

0
e−2ru du =

σ2

2r
(1− e−2rt) .

Let a gate opening occur at T ∼ exp(µ1), independent of J (hence, also of X). By PASTA,
the buffer content X(T ) immediately before the gate opening has the same distribution as
the steady-state buffer content. Below we study that distribution. First, its LST is equal to

Ee−sX(T ) = Ee
−

∫ 1
e−rT

φ(sy)
ry

dy
. (15)

Since U = e−µ1T ∼ U(0, 1) we have that e−rT = U r/µ1 ∼ Beta
(µ1

r , 1
)
. Therefore,

Ee−sX(T ) =
µ1

r

∫ 1

0
e
−

∫ 1
v

φ(sy)
ry

dy
v

µ1
r
−1 dv , (16)

in agreement with (11). When ν((0,∞)) = 0 and c = λ1 > 0 then φ(s) = λ1s and the last
equation reduces to

Ee−sX(T ) =
µ1

r

∫ 1

0
e−

λ1s
r

(1−v)v
µ1
r
−1 dv, (17)

in agreement with (12).
As a minor extension, it is very straightforward to obtain the joint transform of T and
X(T ) from (15):

Ee−αT−sX(T ) = Ee
−αT−

∫ 1
e−rT

φ(sy)
ry

dy
=

µ1

r

∫ 1

0
e
−

∫ 1
v

φ(sy)
ry

dy
v

µ1+α
r

−1 dv . (18)

Let us now consider moments. To compute EX(T ), then instead of differentiating (16)
and setting s = 0, we first note that EJ(T ) = ρET = ρ

µ1
and then also observe that

E
∫ T
0 X(u) du = 1

µ1
EX(T ). Therefore, since X(t) = J(t)− r

∫ t
0 X(u) du, we have that

EX(T ) = E

(
J(T )− rE

∫ T

0
X(u) du

)
=

ρ

µ1
− r

µ1
EX(T ) , (19)

from which it immediately follows that

EX(T ) =
ρ

µ1 + r
. (20)

As for the variance, we could of course differentiate (16) twice and set s = 0 in order to

compute E(X(T )2) and subtract
(

ρ
µ1+r

)2
from the result, but here also there is a more

direct way via (14). In particular, we first note that, with Ee−2rT = µ1

µ1+2r , we have that

E(Var(X(T )|T )) = σ2

2r
(1− Ee−2rT ) =

σ2

µ1 + 2r
. (21)
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Also,

Var(E(X(T )|T )) = Var
(
ρ

r
(1− e−rT )

)
=

ρ2

r2
Var

(
e−rT

)
=

ρ2

r2

(
Ee−2rT − (Ee−rT )2

)
=

ρ2

r2

(
µ1

µ1 + 2r
−
(

µ1

µ1 + r

)2
)

=
µ1ρ

2

(µ1 + r)2(µ1 + 2r)
. (22)

Therefore,

Var(X(T )) = E(Var(X(T )|T )) + Var(E(X(T )|T ))

=
σ2 + µ1

(
ρ

µ1+r

)2
µ1 + 2r

. (23)

This also implies that

E(X(T )2) =
σ2 + µ1

(
ρ

µ1+r

)2
µ1 + 2r

+

(
ρ

µ1 + r

)2

=
σ2 + 2ρ2

µ1+r

µ1 + 2r
. (24)

From (18) we derive that

E[TX(T )] =

∫ ∞

t=0
µ1e

−µ1ttE[X(t)]dt =
ρ[2 + r/µ1]

(µ1 + r)2
, (25)

and hence
Cov(T,X(T )) =

ρ

(µ1 + r)2
. (26)

The correlation ρT,X(T ) between T and X(T ) now immediately follows from (26), (23) and
the fact that Var(T ) = 1/µ2

1. In the special case that φ(s) = λ1s, we obtain a quite simple
expression for this correlation, that does not depend on λ1:

ρT,X(T ) =

√
µ1(µ1 + 2r)

µ1 + r
. (27)

In Section 9 we consider an approximation in which the dependence between T and X(T )

is ignored; the above formula offers some useful insight in this respect.

3 Four special variants of the 2-queue ASIP model

In this section we take n = 2. We shall obtain the LST of the joint buffer content distribu-
tion of the two queues for four special cases: (i) a1 = a2 = 0; (ii) a1 = a2 = 1; (iii) a1 = 0,
a2 = 1; and (iv) a1 = 1, a2 = 0.
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3.1 The case a1 = a2 = 0

When a1 = a2 = 0, there is no consumption (one might as well take τ1 = τ2 = 0). This
case is treated in more generality in [6]. We briefly derive f(s1, s2) below. Formula (3)
now reduces to

(µ1 + µ2 + φ(s1))f(s1, s2) = µ1f(s2, s2) + µ2f(s1, 0). (28)

Taking s2 = 0 and realizing that f(0, 0) = 1 yields f(s1, 0) as given in (8). Taking s1 = s2
yields

f(s2, s2) =
µ2

µ2 + φ(s2)
f(s2, 0) =

µ2

µ2 + φ(s2)

µ1

µ1 + φ(s2)
. (29)

Combination of (28), (29) and (8) gives

f(s1, s2) =
µ1

µ1 + µ2 + φ(s1)

µ2

µ2 + φ(s2)

µ1

µ1 + φ(s2)
+

µ2

µ1 + µ2 + φ(s1)

µ1

µ1 + φ(s1)
. (30)

Remark 3.1. Equation (29) for the workload LST in the whole system can be interpreted as
follows. Consider two successive gate openings of Q2. In between them, no work leaves
the system, and an amount with LST µ2

µ2+φ(s2)
enters. Right after the first of those two

gate openings, Q2 was empty, but Q1 contained a workload with LST µ1

µ1+φ(s2)
(cf. (8) and

use PASTA as we are considering the system at a Poisson(µ2) epoch). Now add these two
independent workload contributions, i.e., multiply the two LST’s.
To interpret (30), consider two successive gate openings. In between them, no work leaves
the system, and an amount with LST µ1+µ2

µ1+µ2+φ(s1)
enters. Now rewrite (30) as follows:

f(s1, s2) =
µ1 + µ2

µ1 + µ2 + φ(s1)

[
µ1

µ1 + µ2

µ2

µ2 + φ(s2)

µ1

µ1 + φ(s2)
+

µ2

µ1 + µ2

µ1

µ1 + φ(s1)

]
. (31)

The two terms inside the square brackets correspond to the two scenarios that the first
gate opening was at Q1, or at Q2. (i) With probability µ1

µ1+µ2
it was at Q1. Q1 then has just

become empty, and Q2 now contains the sum of the steady-state (PASTA!) workload at Q1

(which just moved to Q2) and the steady-state workload at Q2. (ii) With probability µ2

µ1+µ2

it was at Q2. Q2 then has just become empty, and Q1 contains the steady-state workload
with LST µ1

µ1+φ(s1)
.

3.2 The case a1 = a2 = 1

When a1 = a2 = 1, at exp(τi) epochs the complete buffer content of Qi is removed (i =
1, 2). Formula (3) now reduces to

(µ1 + µ2 + τ1 + τ2 + φ(s1))f(s1, s2) = µ1f(s2, s2) + (µ2 + τ2)f(s1, 0) + τ1f(0, s2). (32)

Taking s2 = 0 yields f(s1, 0) as given in (9). Taking s1 = 0 and using that f(0, 0) = 1

yields (realizing that φ(0) = 0)

f(0, s2) =
µ2 + τ2

µ1 + µ2 + τ2
+

µ1

µ1 + µ2 + τ2
f(s2, s2), (33)
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while taking s1 = s2 yields a second linear equation in f(0, s2) and f(s2, s2):

f(s2, s2) =
µ2 + τ2

µ2 + τ1 + τ2 + φ(s2)

µ1 + τ1
µ1 + τ1 + φ(s2)

+
τ1

µ2 + τ1 + τ2 + φ(s2)
f(0, s2). (34)

Solving this set of two linear equations gives, after some rewriting:

f(s2, s2) =
(µ2 + τ2)[(µ1 + τ1)(µ1 + µ2 + τ2) + τ1(µ1 + τ1 + φ(s2))]

[µ1 + τ1 + φ(s2)][(µ2 + τ2)(µ1 + µ2 + τ1 + τ2) + (µ1 + µ2 + τ2)φ(s2)]
, (35)

f(0, s2) =
µ2 + τ2

µ1 + µ2 + τ2
+

µ1

µ1 + µ2 + τ2
× (36)

× (µ2 + τ2)[(µ1 + τ1)(µ1 + µ2 + τ2) + τ1(µ1 + τ1 + φ(s2))]

[µ1 + τ1 + φ(s2)][(µ2 + τ2)(µ1 + µ2 + τ1 + τ2) + (µ1 + µ2 + τ2)φ(s2)]
,

and substitution in (32) gives

f(s1, s2) =
1

µ1 + µ2 + τ1 + τ2 + φ(s1)
[(µ2 + τ2)

µ1 + τ1
µ1 + τ1 + φ(s1)

+ τ1
µ2 + τ2

µ1 + µ2 + τ2
(37)

+
µ1(µ1 + τ1 + µ2 + τ2)

µ1 + µ2 + τ2

(µ2 + τ2)[(µ1 + τ1)(µ1 + µ2 + τ2) + τ1(µ1 + τ1 + φ(s2))]

[µ1 + τ1 + φ(s2)][(µ2 + τ2)(µ1 + µ2 + τ1 + τ2) + (µ1 + µ2 + τ2)φ(s2)]
].

3.3 The case a1 = 0, a2 = 1

For a1 = 0, a2 = 1, Formula (3) reduces to

(µ1 + µ2 + τ2 + φ(s1))f(s1, s2) = µ1f(s2, s2) + (µ2 + τ2)f(s1, 0). (38)

Taking s2 = 0 again yields f(s1, 0) as given in (8), and taking s1 = s2 yields

f(s2, s2) =
µ1

µ1 + φ(s2)

µ2 + τ2
µ2 + τ2 + φ(s2)

. (39)

Hence, using (38),

f(0, s2) =
µ2 + τ2

µ1 + µ2 + τ2
+

µ1

µ1 + µ2 + τ2

µ1

µ1 + φ(s2)

µ2 + τ2
µ2 + τ2 + φ(s2)

, (40)

f(s1, s2) =
µ1

µ1 + φ(s1)

µ2 + τ2
µ1 + µ2 + τ2 + φ(s1)

+
µ1

µ1 + µ2 + τ2 + φ(s1)

µ1

µ1 + φ(s2)

µ2 + τ2
µ2 + τ2 + φ(s2)

.

(41)

Remark 3.2. By either comparing (38) with (28), or by a simple probabilistic reasoning, it
becomes clear that one can also obtain (41) from (30) by replacing there µ2 by µ2 + τ2.
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3.4 The case a1 = 1, a2 = 0

For a1 = 1, a2 = 0, Formula (3) reduces to

(µ1 + µ2 + τ1 + φ(s1))f(s1, s2) = µ1f(s2, s2) + µ2f(s1, 0) + τ1f(0, s2). (42)

Taking s2 = 0 again yields f(s1, 0) as given in (9). Remark 3.2 basically holds again: By
either comparing (42) with (32), or by a simple probabilistic reasoning, it becomes clear
that one can obtain f(s2, s2), f(0, s2) and f(s1, s2) from (35), (36) and (37), respectively, by
replacing there µ2 + τ2 by µ2.

4 The case a2 = 0

Above we have seen that, when a2 = 0, f(s1, s2) can be easily derived for a1 = 0 and for
a1 = 1. Let us now take a2 = 0 and a1 ∈ (0, 1). Equation (3) then reduces to an equation
that can be solved by iteration:

(µ1 + µ2 + τ1 + φ(s1))f(s1, s2) = µ1f(s2, s2) + µ2f(s1, 0) + τ1f((1− a1)s1, s2). (43)

Indeed, one can rewrite this into

f(s1, s2) = N2(s1)f((1− a1)s1, s2) +M2(s1, s2), (44)

where

N2(s1) :=
τ1

µ1 + µ2 + τ1 + φ(s1)
, M2(s1, s2) := M12(s1)f(s2, s2) +M22(s1)f(s1, 0), (45)

with, for i = 1, 2,
Mi2(s1) :=

µi

µ1 + µ2 + τ1 + φ(s1)
. (46)

Similarly to (7), iteration of (44) results in

f(s1, s2) =
∞∑
j=0

M2((1− a1)
js1, s2)

j−1∏
i=0

N2((1− a1)
is1). (47)

Convergence is guaranteed, because |N2(.)| is bounded by τ1
µ1+µ2+τ1

and |Mi2(.)| is bounded
by µi

µ1+µ2+τ1
, i = 1, 2.

Notice that all M2((1 − a1)
js1, s2) terms contain the factor f(s2, s2), which is the one re-

maining unknown function in the righthand side of (47). Substituting s1 = s2 allows us
to determine that unknown f(s2, s2):

f(s2, s2) =

∑∞
j=0M22((1− a1)

js2)f((1− a1)
js2, 0)

∏j−1
i=0 N2((1− a1)

is2)

1−
∑∞

j=0M12((1− a1)js2)
∏j−1

i=0 N2((1− a1)is2)
. (48)
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All functions in the righthand side are known; substituting them results in the following
expression for f(s2, s2):

f(s2, s2) =

1− ∞∑
j=0

µ1

µ1 + µ2 + τ1 + φ((1− a1)js2)

j−1∏
i=0

τ1
µ1 + µ2 + τ1 + φ((1− a1)is2)

−1

×
∞∑
j=0

µ2

µ1 + µ2 + τ1 + φ((1− a1)js2)

×

 ∞∑
k=0

µ1

µ1 + τ1 + φ((1− a1)k+js2)

k−1∏
i=0

τ1
µ1 + τ1 + φ((1− a1)is2)


×

j−1∏
h=0

τ1
µ1 + µ2 + τ1 + φ((1− a1)hs2)

. (49)

5 The case a1 = 0

If a1 = 0, then (3) reduces to the following equation:

[µ1 + µ2 + τ2 + φ(s1)]f(s1, s2) = µ1f(s2, s2) + µ2f(s1, 0) + τ2f(s1, (1− a2)s2), (50)

where f(s1, 0) is given by (8). We can rewrite (50) as follows:

f(s1, s2) = m(s1)f(s2, s2) + T (s1)f(s1, (1− a2)s2) + k(s1), (51)

with
m(s1) :=

µ1

µ1 + µ2 + τ2 + φ(s1)
, (52)

T (s1) :=
τ2

µ1 + µ2 + τ2 + φ(s1)
. (53)

k(s1) :=
µ1

µ1 + φ(s1)

µ2

µ1 + µ2 + τ2 + φ(s1)
, (54)

Taking s1 = s2 in (51), we obtain

f(s2, s2) =
T (s2)

1−m(s2)
f(s2, (1− a2)s2) +

k(s2)

1−m(s2)
. (55)

Hence

f(s1, s2) =
m(s1)T (s2)

1−m(s2)
f(s2, (1−a2)s2)+T (s1)f(s1, (1−a2)s2)+k(s1)+

m(s1)k(s2)

1−m(s2)
. (56)

We rewrite the recursion in a slightly different form (replacing s1 by s, s2 by t and 1 − a2
by a, to simplify the writing):

f(s, t) = K(s, t) +R(s, t)f(t, at) + T (s)f(s, at), (57)
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where T (s) is given in (53), 0 < a < 1 and

K(s, t) :=
µ1

µ1 + φ(s)

µ2

µ1 + µ2 + τ2 + φ(s)

+
µ1

µ1 + φ(t)

µ2

µ2 + τ2 + φ(t)

µ1

µ1 + µ2 + τ2 + φ(s)
, (58)

R(s, t) :=
µ1

µ1 + µ2 + τ2 + φ(s)

τ2
µ2 + τ2 + φ(t)

. (59)

Let us introduce f1(s, t) := f(s, t), K1(s, t) := K(s, t), R1,1(s, t) := R(s, t) and T1(s) :=

T (s). Iterating Relation (57) n− 1 times results in fn(s, t), which can be written as

fn(s, t) = Kn(s, t) +
n∑

j=1

Rj,n(s, t)f(a
j−1t, ant) + Tn(s)f(s, a

nt), (60)

where, for n = 2, 3, . . . :

Kn(s, t) = Kn−1(s, t) +
n−1∑
j=1

Rj,n−1(s, t)K(aj−1t, an−1t) + Tn−1(s)K(s, an−1t), (61)

Rj,n(s, t) = Rj,n−1(s, t)T (a
j−1t), j = 1, . . . , n− 1, (62)

Rn,n(s, t) =
n−1∑
j=1

Rj,n−1(s, t)R(aj−1t, an−1t) + Tn−1(s)R(s, an−1t), (63)

Tn(s) = Tn−1(s)T (s) = Tn(s). (64)

In the case that µ2 > 0, one can approximate f(s, t) arbitrarily closely by Kn(s, t), by
taking n sufficiently large, because the second and third terms in the righthand side of
(60) become arbitrarily small when n tends to infinity. To see this, first observe that,
for large n, f(aj−1t, ant) will converge to f(aj−1t, 0). Similarly, for large n, f(s, ant)

will converge to f(s, 0) as given in (8). Anyway, these f(., .) functions are bounded by
one. Next consider the Tn(s)f(s, a

nt) term in (60). It immediately follows from (53)
that Tn(s) = Tn(s) decreases geometrically fast to zero when n grows. Finally con-
sider the

∑n
j=1Rj,n(s, t)f(a

j−1t, ant) term in (60). That |Rj,n(s, t)| ≤ βn−j |Rj,j(s, t)| with
β = τ2

µ1+µ2+τ2
follows from (62), in combination with the fact that |T (aj−1t)| ≤ β. Further-

more, from (63) and (59) we have that

|Rn,n(s, t)| ≤ α

n−1∑
j=1

βn−1−j |Rj,j(s, t)|+ αβn−1, (65)

with α = µ1

µ1+µ2+τ2
τ2

µ2+τ2
. Using induction, this will give that

|Rn,n(s, t)| ≤ α(α+ β)n−1. (66)
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Hence,

|
n∑

j=1

Rj,n(s, t)f(a
j−1t, ant)| ≤

n∑
j=1

βn−jα(α+ β)j−1 = (α+ β)n − βn, (67)

which goes to 0 if α+ β < 1, i.e., if τ2
µ2+τ2

< 1. This is the case if µ2 > 0; if µ2 = 0 then this
sum does give a contribution, whereas the Kn(s, t) now are zero.

6 Q2 in the shot-noise limit

In this section we focus on the marginal workload distribution in Q2. Taking s1 = 0 in (3)
gives

(µ1 + µ2 + τ2)f(0, s2) = µ1f(s2, s2) + µ2 + τ2f(0, (1− a2)s2), (68)

or

f(0, s2) =
µ2

µ1 + µ2 + τ2
+

µ1

µ1 + µ2 + τ2
f(s2, s2) +

τ2
µ1 + µ2 + τ2

f(0, (1− a2)s2). (69)

Iteration of this equation yields

f(0, s2) =

∞∑
k=0

(
τ2

µ1 + µ2 + τ2

)k

·
[

µ2

µ1 + µ2 + τ2
+

µ1

µ1 + µ2 + τ2
f((1− a2)

ks2, (1− a2)
ks2)

]

=
µ2

µ1 + µ2
+

µ1

µ1 + µ2

∞∑
k=0

(
τ2

µ1 + µ2 + τ2

)k

· µ1 + µ2

µ1 + µ2 + τ2
f((1− a2)

ks2, (1− a2)
ks2),

which makes sense: due to PASTA f(0, s2) is the LST of the buffer content of Q2 at an
arbitrary gate opening instant and either the previous gate opening was at Q2 leaving Q2

empty at the current gate opening instant, or the previous gate opening was at Q1 and in
that case their could have been k consumption epochs at Q2 between the previous and the
current gate opening. So the conclusion is that we know f(0, s2) once we know f(s2, s2)

(as is also apparent from (68), to which we can apply iteration when f(s2, s2) is known).
Unfortunately, in general we do not know f(s2, s2).
In view of the complexity of determining f(0, s) exactly, we now make some additional
assumptions in studying the buffer content distribution of Q2. Firstly, we take µ2 = 0

(so Q2’s gate is always closed). We assume that the input process to Q1 is the Lévy sub-
ordinator process {J(t)| t ≥ 0} as specified in Section 1, and that a1 = 0. Accordingly,
the amount of fluid that enters Q2 at a gate opening of Q1 is the amount of fluid that
has entered Q1 since the previous gate opening. Finally, we assume that τ2 → ∞ and
a2 → 0 such that τ2a2 = r. As a result, Q2 behaves like a shot-noise queue. Even in
this limiting case, it seems out of reach to determine the steady-state distribution of the
buffer content of Q2. Our goal is to determine all its moments, right after gate openings
of Q1. We emphasize that successive gate opening intervals A1, A2, . . . are assumed to be
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i.i.d. with LST Ã(·), but that unlike the preceding sections we do not assume that they are
exponentially distributed.
The buffer content in Q2 just after the n-th arrival (gate opening) is denoted by Zn, n =

1, 2, . . . . Assume that Z0 = 0. The stochastic process Zn satisfies the recursion

Zn = Zn−1e
−rAn + J(Sn)− J(Sn−1) , (70)

where S0 = 0, Sn =
∑n

i=1Ai for n ≥ 1 and J is the above-mentioned nonzero subordina-
tor, independent of A1, A2, . . .. Let jt(s) = Ee−sJ(t) = e−φ(s)t for s, t ≥ 0, where φ(s) is the
Laplace exponent of J . Let us denote

bn = (−1)n−1φ(n)(0) = δn1c+

∫
(0,∞)

xn dν(x) . (71)

These are the cumulants of J(1) and in particular b1 = EJ(1) and b2 + b21 = EJ2(1) (finite
or infinite). Clearly, if bn < ∞ then bk < ∞ for k ≤ n and if bn = ∞ then bk = ∞ for k ≥ n.
From (70) we have, with ∼ denoting equality in distribution:

Zn =
n∑

k=1

(J(Sk)− J(Sk−1))e
−r(Sn−Sk) ∼

n∑
k=1

(J(Sk)− J(Sk−1))e
−rSk−1

→
∞∑
k=1

(J(Sk)− J(Sk−1))e
−rSk−1 ∼ Z . (72)

Therefore Z ∼ Ze−rA + J(A) where Z and (A, J(A)) are independent and A ∼ A1 and
is independent of J . See [8] for an extensive discussion of Kesten’s recurrence equation

Z
d
= A1Z + A2. We now consider the finiteness of EZk

n and EZk, and thereafter we
determine EZn.

Lemma 1. Let k ≥ 1. If bk < ∞ and EAk < ∞ then EZk
n for all n ≥ 1 and EZk are finite.

When either bk = ∞ or EAk = ∞, then EZk
n for all n ≥ 1 and EZk are infinite.

Proof: From the discussion appearing right after this proof it is evident (as J is nonzero)
that bk < ∞ and EAk < ∞ if and only if EJk(A) < ∞. Hence EJk(A) = ∞ when either
bk = ∞ or EAk = ∞.
Assume that EJk(A) = ∞. We have from

Zn ≥ Zn−1e
−rAn + J(Sn)− J(Sn−1) ≥ J(Sn)− J(Sn−1) ∼ J(A) (73)

and from Z ∼ Ze−rA + J(A) ≥ J(A) that EZk
n for all n ≥ 1 and EZk are infinite.

Now assume that EJk(A) < ∞. Denote ∥X∥k = (E|X|k)1/k. Then, Minkowski’s inequal-
ity and the independence of Zn−1 and e−rAn imply that, for every n ≥ 1,

∥Zn∥k ≤ ∥Zn−1∥k∥e−rA∥k + ∥J(A)∥k

≤ ∥J(A)∥k
n−1∑
i=0

(∥e−rA∥k)i ≤
∥J(A)∥k

1− ∥e−rA∥k
< ∞ . (74)
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The finiteness of EZk follows, e.g., by Fatou’s Lemma applied to the nondecreasing (hence,
almost surely convergent) sequence on the righthand side of (72).
We now show how EZn can be determined for all n = 1, 2, . . .. Denote µn(t) = (−1)nj

(n)
t (0) =

EJn(t). Since j′t(s) = −jt(s)φ
′(s)t, it follows that

j
(n+1)
t (s) = −t

n∑
k=0

(
n

k

)
j
(k)
t (s)φ(n−k+1)(s) , (75)

from which it follows that whenever bn < ∞ (hence also b1, . . . , bn−1 < ∞),

µn+1(t) = t

n∑
k=0

(
n

k

)
µk(t)bn−k+1. (76)

If bn+1 = ∞ then µn+1(t) = ∞ for t > 0, which in turn implies that µk(t) = ∞ for
k ≥ n + 1 and t > 0. Assuming that µk(t) =

∑k
ℓ=0 ak,ℓt

ℓ for k = 0, . . . , n (we can use this
representation because Ee−sJ(t) = e−φ(s)t), then from (76) it follows that also µn+1(t) =∑n+1

ℓ=0 an+1,ℓt
ℓ, so that the coefficients {an,ℓ| 0 ≤ ℓ ≤ n} of the polynomials {µn(t)|n ≥ 0}

satisfy the following recursion:

an+1,ℓ =
n∑

k=ℓ−1

(
n

k

)
ak,ℓ−1bn−k+1 (77)

for 1 ≤ ℓ ≤ n, with a0,0 = 1 and an,0 = 0 for n ≥ 1.
Now, for each n ≥ 1 we have that, since E(Jk(A)|A) = µk(A),

EZn = E(Ze−rA + J(A))n =
n∑

k=0

(
n

k

)
EZk E

(
e−krAJn−k(A)

)
=

n∑
k=0

(
n

k

)
EZk E

(
e−krAµn−k(A)

)
(78)

=
n∑

k=0

(
n

k

)
EZk

n−k∑
ℓ=0

an−k,ℓE
(
Aℓe−krA

)
.

Hence, recursively (whenever bn < ∞ and EAn < ∞),

EZn =

∑n−1
k=0 EZk

(
n
k

)∑n−k
ℓ=0 an−k,ℓE

(
Aℓe−krA

)
1− Ee−nrA

. (79)

Finally, we note that
E
(
Aℓe−krA

)
= (−1)ℓ Ã(ℓ)(kr) , (80)

so in principle we can compute EZn for all values of n = 1, 2, . . . (finite when bn < ∞ and
EAn < ∞ and infinite otherwise).
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Remark 6.1. If A ∼ exp(µ1), then E(Aℓe−krA) = l!µ1

(µ1+kr)ℓ+1 . If, moreover, J(t) ≡ λ1t (a

deterministic fluid input to Q1), then µk(t) = (λ1t)
k, and

EZn =
n∑

k=0

(
n

k

)
EZkE(e−krAλn−k

1 An−k) =
n∑

k=0

n!

k!
EZk µ1

µ1 + kr
(

λ1

µ1 + kr
)n−k, (81)

from which we get the recursion

EZn =
µ1 + nr

nr

n−1∑
k=0

n!

k!
EZk µ1

µ1 + kr
(

λ1

µ1 + kr
)n−k, n = 1, 2, . . . . (82)

Remark 6.2. The steady-state buffer content W just before a gate opening is distributed
as Ze−rA. It is trivial to obtain its moments from those of Z: E(Wn) = E(Zn)E(e−nrA).
For the case of exponentially distributed gate opening intervals one can apply PASTA to
conclude that W has the steady-state distribution of the buffer content at Q2.

7 (Q1, Q2) in the shot-noise limit

In this section we consider the 2-queue ASIP tandem model with a1 = 0 (no consumption
in Q1) and µ2 = 0 (no gate openings in Q2). Just like in the previous section, we take
τ2 → ∞, a2 ↓ 0 such that τ2a2 = r ∈ (0,∞). In other words: in Q2 the outflow is
proportional to the queue content; whenever X2(t) = x, the output rate is equal to rx.
Let (X1(t), X2(t)) be the buffer contents of (Q1, Q2) at time t ≥ 0 with LST ft(s1, s2). We
now study the joint workload distribution in the two queues. Notice that we also have
studied that joint distribution for a1 = 0 in Section 5, but there we do not assume that
µ2 = 0 and that τ2 → ∞ with a2 → 0 and τ2a2 = r. The case of a constant fluid input to Q1

(i.e., J(t) = λ1t) is studied in Subsection 7.1, and the case of a general subordinator input
process to Q1 in Subsection 7.2.

7.1 The case of a constant fluid input at Q1

When J(t) = λ1t we obtain for h ↓ 0:

ft+h(s1, s2) = (1− (µ1 + λ1s1)h)ft(s1, s2(1− rh)) + µ1hft(s2, s2(1− rh)) + o(h). (83)

The steady-state buffer contents are denoted by (X1, X2), with LST f(s1, s2). For the
steady-state case we have

(µ1 + λ1s1)f(s1, s2) + rs2
∂

∂y
f(s1, y)|y=s2 = µ1f(s2, s2). (84)

If we plug in s1 = s2 in (84) we get

λ1s2f(s2, s2) + rs2
∂

∂y
f(s2, y)|y=s2 = 0, (85)
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and hence
λ1E

(
e−s2(X1+X2)

)
= rE

(
X2e

−s2(X1+X2)
)
. (86)

This holds for all s2. In particular if we substitute s2 = 0 we get

λ1 = rE (X2) , (87)

which of course states that the inflow of Q2 is equal to the outflow of Q2. Furthermore,
combining (86) and (87) yields

E
(
X2e

−s2(X1+X2)
)
= E(X2) · E

(
e−s2(X1+X2)

)
, (88)

and hence
Cov

(
X2, e

−s2(X1+X2)
)
= 0. (89)

This will also mean that, for all k,

Cov
(
X2, (X1 +X2)

k
)
= 0. (90)

In particular we have
Cov (X2, X1 +X2) = 0, (91)

and hence
Cov (X1, X2) = −Var(X2). (92)

Next, introduce the Taylor polynomial

f(s1, s2) =
∞∑
i=0

∞∑
j=0

gi,js
i
1s

j
2. (93)

Substituting (93) in (84) yields

(µ1 + λ1s1)
∞∑
i=0

∞∑
j=0

gi,js
i
1s

j
2 + r

∞∑
i=0

∞∑
j=0

jgi,js
i
1s

j
2 = µ1

∞∑
i=0

∞∑
j=0

gi,js
i+j
2 . (94)

Comparing the terms si1s
j
2 on both sides of (94) for i ̸= 0, we obtain the equation

µ1gi,j + λ1gi−1,j + jrgi,j = 0. (95)

Hence,

gi,j = − λ1
µ1+jrgi−1,j = . . . =

(
− λ1

µ1+jr

)i
g0,j . (96)

Substituting (96) in (93) gives a representation for the joint buffer content LST:

f(s1, s2) =
∞∑
j=0

g0,js
j
2

µ1+jr
µ1+jr+λ1s1

. (97)
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Comparing the term si1s
j
2 on both sides of (94) for i = 0, we obtain the recursion

jrg0,j = µ1

j∑
i=1

(
− λ1

µ1+(j−i)r

)i
g0,j−i. (98)

Finally from the fact that f(0, 0) = 1 we obtain that g0,0 = 1.

Remark 7.1. The recursion for g0,j is closely related to the recursion in (82). This follows
from

g0,j =
(−1)j

j!
E(W j).

Remark 7.2. For this case we have

E(X1) =
λ1

µ1
, E(X2

1 ) = 2

(
λ1

µ1

)2

, Var(X1) =

(
λ1

µ1

)2

.

E(X2) =
λ1

r
, E(X2

2 ) =
λ2
1

r

(
µ1

r(µ1 + r)
+

1

µ1

)
, Var(X2) =

λ2
1

µ1(µ1 + r)
.

E(X1X2) =
λ2
1

r(µ1 + r)
, Cov(X1, X2) =

−λ2
1

µ1(µ1 + r)
.

7.2 The case of a general subordinator input process at Q1

Now let us try to generalize this to the case of a Lévy subordinator as input process of Q1.
Equation (86) then becomes

φ(s)Ee−s(X1+X2) = rsEX2e
−s(X1+X2) . (99)

Dividing by s and letting s ↓ 0 gives φ′(0) = rEX2 which, upon denoting φe(s) =
φ(s)
φ′(0)s ,

implies that
φe(s)EX2Ee−s(X1+X2) = EX2e

−s(X1+X2) . (100)

We note that φe(s) is the LST of the distribution of IY where I, Y are independent, I ∼
Bernoulli(p1) with

p1 = 1− λ1

φ′(0)
=

∫∞
0 ν(x,∞) dx

λ1 +
∫∞
0 ν(x,∞) dx

(101)

and Y is a random variable that has the stationary excess life time density

fY (t) =
ν(t,∞)∫∞

0 ν(x,∞) dx
. (102)

It is also noted that∫ ∞

0
ν(x,∞) dx =

∫
(0,∞)

x ν(dx) = φ′(0)− λ1 = EJ1(1)− λ1 . (103)
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Therefore, denoting b1n =
∫
(0,∞) x

n ν(dx) we have that

EY n =

∫∞
0 xn ν(x,∞) dx

b11
=

b1,n+1

(n+ 1)b11
, (104)

so that, since E(IY )n = EI EY n = p1EY n, and rewriting b11 =
∫∞
0 ν(x,∞)dx,

c1n ≡ (−1)nφ(n)
e (0) = E(IY )n = p1

b1,n+1

(n+ 1)b11
=

b1,n+1

(n+ 1)(λ1 + b11)
. (105)

Therefore, from here on, {c1n|n ≥ 0} are considered known constants, with c10 = 1.
Now, (100) implies that

EX2

n∑
k=0

(
n

k

)
E(X1 +X2)

kc1,n−k = E(X2(X1 +X2))
n , (106)

which in turn implies that

Cov(X2, (X1 +X2)
n) = EX2

n−1∑
k=0

(
n

k

)
E(X1 +X2)

kc1,n−k . (107)

It is noted that when ν(·) = 0 (so that φ(s) = λ1s, the special case studied in the beginning
of this section), the righthand side of (107) is zero; cf. (90).
For n = 1, (107) becomes

Cov(X1, X2) + Var(X2) = c11EX2 . (108)

In the remainder of this section we explore the joint distribution of the buffer contents at
Q1 and Q2 just before a gate opening of Q1. Let (Ti, {Yi(t)| t ≥ 0}) be i.i.d. replicas of
some (T, {Y (t)| t ≥ 0}), where Y = {Y (t)| t ≥ 0} is a nonnegative càdlàg process. We
also assume that T and {Y (t)| t ≥ 0} are independent and that T ∼ exp(µ1). Because of
this independence and the fact that Y has at most a countable number of discontinuity
points it follows that Y (T−) = Y (T ) almost surely.
Let S0 = 0, Sn =

∑n
i=1 Ti for n ≥ 1 and N(t) = sup{n|Sn ≤ t}. Consider now the

processes

Z1(t) =

∞∑
i=1

Yi(t− Si−1)1{Si−1≤t<Si} (109)

and

Z2(t) =

N(t)∑
i=1

Yi(Ti)e
−r2(t−Si) . (110)

This is a setup for an ASIP-type model where at i.i.d. exponential times the entire content
Yi(Ti) of the first station is transfered to the second station. The second station is a shot-
noise process with inter-jump times T1, T2, . . . and jump sizes Y1(T1), Y2(T2), . . . , where
we note that inter-jump times and jump sizes are dependent.
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One can alternatively write

Z2(t) =

N(t)∑
i=1

Yi(Ti)− r2

∫ t

0
Z2(s) ds , (111)

where an empty sum is defined to be zero.
Let us consider (Z1(Sn−), Z2(Sn−)). Clearly, Z1(Sn−) = Yn(Tn−) = Yn(Tn), where the
second equality is almost surely. Also, when Sn−1 ≤ t < Sn, we have that Z2(t) =∑n−1

i=1 Yi(Ti)e
−r2(t−Si) and hence,

Z2(Sn−) =
n−1∑
i=1

Yi(Ti)e
−r2(Sn−Si) = e−r2Tn

n−1∑
i=1

Yi(Ti)e
−r2(Sn−1−Si) . (112)

Now, taking (T, Y ) to be independent of {(Ti, Yi)| i ≥ 1} and replacing

((T1, Y1(T1)), . . . , (Tn−1, Yn−1(Tn−1)), (Tn, Yn(Tn))) (113)

by the identically distributed

(Tn−1, Yn−1(Tn−1), . . . , (T1, Y1(T1)), (T, Y (T ))) (114)

implies that

(Z1(Sn−), Z2(Sn−))
d
=

Y (T ), e−r2T
n−1∑
i=1

Yi(Ti)e
−r2Si−1

 (115)

which in turn implies that

(Z1(Sn−), Z2(Sn−))
d→ (Z1, Z2) ≡

Y (T ), e−r2T
∞∑
i=1

Yi(Ti)e
−r2Si−1

 . (116)

It is important to note that (T, Y (T )) and Ỹ =
∑∞

i=1 Yi(Ti)e
−r2Si−1 are independent. There-

fore, if we know how to compute joint moments of (Y (T ), e−r2T ) and moments of Ỹ , then
we can also compute joint moments of (Z1, Z2). Namely,

EZk
1Z

ℓ
2 = E(Y k(T )e−r2ℓT )EỸ ℓ . (117)

In particular
Cov(Z1, Z2) = Cov(Y (T ), e−rT )EỸ . (118)

It is also straightforward to show that, with (U, V ) = (Y (T ), e−r2T ) we have that

ρZ1,Z2 = ρU,V

√√√√ σ2
V µ

2
Ỹ

σ2
V σ

2
Ỹ
+ σ2

V µ
2
Ỹ
+ µ2

V µ
2
Ỹ

, (119)

where ρ is a correlation coeficient, σ2 a variance and µ a mean, all of the variables that
appear in the indexes.
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8 Moment calculations in the general model

In this section we consider the general n-queue ASIP model described in Section 1. We
shall demonstrate how all workload moments m(k1,k2,...,kn) = E[XK1

1 Xk2
2 . . . Xkn

n ] can be
determined. Starting-point is

m(k1,k2,...,kn) = (−1)k1+···+kn dk1

dsk11
. . .

dkn

dsknn
f(s1, s2, . . . , sn)|s1=s2=···=sn=0

. (120)

Then we have from (5), by taking derivatives w.r.t. all the variables and subsequently
taking s1 = · · · = sn = 0, that

 n∑
i=1

µi +
n∑

i=1

τi

m(k1,k2,...,kn) +

k1∑
j=0

(
k1
j

)
dj

dsj1
φ(s1)|s1=0

m(k1−j,k2,...,kn)

=

n−1∑
i=1

µi

ki+1∑
j=0

(
ki+1

j

)
m(k1,...,ki−1,j,ki+1−j,ki+2,...,kn)I(ki = 0)

+µnm(k1,k2,...,kn)I(kn = 0) +

 n∑
i=1

τi(1− ai)
ki

m(k1,k2,...,kn) (121)

THE ALGORITHM: Note that using (121), we can express m(k1,k2,...,kn) in terms of m(ℓ1,ℓ2,...,ℓn)

for which we have that (i)
∑n

i=r ℓi ≤
∑n

i=r ki for all r = 1, 2, . . . , n and (ii) there is an r

for which
∑n

i=r ℓi <
∑n

i=r ki. In this way we can recursively find all m(k1,k2,...,kn). For
example, m(0,1,1) can be expressed in m(1,0,1), which itself can be expressed in m(0,0,1) and
m(1,1,0), which both can be expressed in m(0,1,0) which can be expressed in m(1,0,0) which
can be expressed in m(0,0,0) which is of course equal to 1.
In conclusion, all (joint) moments of the random variables X1, X2, . . . , Xn can be obtained.
We illustrate this for the case n = 2 and φ(s1) = λ1s1. By taking k1 = k and k2 = 0 in
(121) and by using that dj

dsj1
φ(s1)|s1=0

is equal to λ1 for j = 1 and equal to 0 for all j ̸= 1,

we obtain that
(µ1 + τ1)m(k,0) + kλ1m(k−1,0) = τ1 (1− a1)

k m(k,0), (122)

leading to the recursion

E(Xk
1 ) =

kλ1

µ1 + τ1

(
1− (1− a1)

k
)E(Xk−1

1 ), (123)

with E(X0
1 ) = 1, for the moments of X1.

For general φ(s1) the equation becomes

(µ1 + τ1)m(k,0) +

k∑
j=1

(
k

j

)
φ(j)(0)m(k−j,0) = τ1 (1− a1)

k m(k,0), (124)
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where φ(j)(0) = dj

dsj1
φ(s1)|s1=0

. This yields, in particular, that

E(X1) = m(1,0) =
φ′(0)

µ1 + τ1a1
. (125)

For arbitrary k1 and k2, Equation (121) reduces in the case n = 2 and φ(s1) = λ1s1 to

(µ1 + µ2 + τ1 + τ2)m(k1,k2) + k1λ1m(k1−1,k2)I(k1 > 0) =

µ1

k2∑
j=0

(
k2
j

)
m(j,k2−j)I(k1 = 0)+µ2m(k1,k2)I(k2 = 0)+

(
τ1(1− a1)

k1 + τ2(1− a2)
k2
)
m(k1,k2).

(126)

For example, taking k1 = 0 and k2 = 1 this yields

(µ1 + µ2 + τ1 + τ2)m(0,1) = µ1m(0,1) + µ1m(1,0) + τ1m(0,1) + τ2(1− a2)m(0,1), (127)

leading to
(µ2 + τ2a2)m(0,1) = µ1m(1,0), (128)

i.e.,
E(X2) =

µ1

µ2 + τ2a2
E(X1). (129)

Observe that we can interpret this relation as a balance equation, balancing the flow rate
(µ2+τ2a2)E(X2) out of Q2 and the flow rate µ1E(X1) into Q2. Furthermore, taking k1 = 1

and k2 = 1 yields

(µ1 + µ2 + τ1 + τ2)m(1,1) + λ1m(0,1) =
(
τ1(1− a1) + τ2(1− a2)

)
m(1,1), (130)

leading to

E(X1X2) =
λ1

µ1 + µ2 + τ1a1 + τ2a2
E(X2). (131)

In a similar way, we obtain

E(X2
1 ) =

2λ1

µ1 + τ1(1− (1− a1)2)

λ1

µ1 + τ1a1
, (132)

E(X2
2 ) =

µ1

µ2 + τ2(1− (1− a2)2)
(133)[

2λ− 1

µ1 + µ2 + τ1a1 + τ2a2

µ1

µ2 + τ2a2

λ1

µ1 + τ1a1
+

2λ1

µ1 + τ1(1− (1− a1)2)

λ1

µ1 + τ1a1

]
.

So we have
E(X1) =

λ1

µ1 + τ1a1
, E(X2) =

µ1

µ2 + τ2a2
· λ1

µ1 + τ1a1
, (134)
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and
E(X1X2) =

λ1

µ1 + µ2 + τ1a1 + τ2a2
· µ1

µ2 + τ2a2
· λ1

µ1 + τ1a1
. (135)

Hence,

Cov(X1, X2) =

(
λ1

µ1 + µ2 + τ1a1 + τ2a2
− λ1

µ1 + τ1a1

)
· µ1

µ2 + τ2a2
· λ1

µ1 + τ1a1

= − λ2
1µ1

(µ1 + µ2 + τ1a1 + τ2a2)(µ1 + τ1a1)2
, (136)

which is negative. The correlation ρX1,X2 now is given by

ρX1,X2 = −
λ2
1µ1

(µ1+µ2+τ1a1+τ2a2)(µ1+τ1a1)2√
E(X2

1 )− (E(X1))2
√
E(X2

2 )− (E(X2))2
. (137)

9 The joint buffer content LST: An approximation

We return to Equations (3) and (5) for the 2-dimensional, respectively n-dimensional, LST
of the steady-state joint buffer content distribution. As argued in Section 1, determining
the steady-state joint buffer content distribution seems prohibitively difficult, except for
special cases as discussed in Sections 2-5 of this paper. At the end of this paper we therefor
briefly discuss an approximation. We shall arrive at that approximation in three different
ways. We mainly discuss the 2-queue case, but the same approach can be applied to the
n-queue model; the latter is briefly discussed in Remark 9.2.
Let us focus on the marginal buffer content distribution at Q2, for the model described in
Section 1. Q2 receives input from Q1 at i.i.d. exp(µ1) distributed gate opening intervals.
The steady-state distribution of that input equals the steady-state distribution of the buffer
content in Q1 just before its gate opening, and hence – by PASTA – at an arbitrary epoch.
Hence its LST is f(s, 0). At first sight, one may be inclined to think that Q2 hence receives
a compound Poisson input process with jump rate µ1 and jump size LST f(s, 0). However,
the jump sizes clearly are positively correlated with the preceding gate opening intervals
of Q1. Our approximation is to ignore that correlation. As a result, Q2 behaves exactly like Q1,
with the Lévy input with Laplace exponent φ(s) replaced by the compound Poisson input
with Laplace exponent µ1(1− f1(s)), and with µ1, τ1, a1 replaced by µ2, τ2, a2. Hence our
independence assumption leads to the following counterpart of Equation (6):

(µ2 + τ2 + µ1(1− f(s, 0))f(0, s) = µ2 + τ2f(0, (1− a2)s). (138)

The iterative approach that has resulted in Expression (7) for f(s, 0) now results in the
following approximation for f(0, s) (simply replace φ(s) by µ1(1 − f(s, 0)) and µ1, τ1, a1
by µ2, τ2, a2 in (7)):

f(0, s) ≈
∞∑
j=0

µ2

µ2 + τ2 + µ1(1− f((1− a1)js, 0))

j−1∏
i=0

τ1
µ1 + τ1 + µ1(1− f((1− a1)is, 0))

.

(139)
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This same approximation idea was used in [18], for numbers of customers in an n-queue
ASIP tandem queue with Poisson input at the first queue.

Remark 9.1. Just like in [18], one can apply two different approximation ideas that result
in exactly the same relation (138), and hence yield the same approximation for f(0, s) as
given in (139). Firstly, one could assume that X2 is independent of X1 – an independence
that indeed holds when µ1 = 0 and also when µ1 → ∞. Under this independence as-
sumption we have f(s1, s2) = f(s1, 0)f(0, s2), and hence (3) with s1 = 0 reduces to (138).
Secondly, one could take recourse to the Replica Mean-Field (RMF) limit approach (cf.
[1,2]). The ordinary mean-field limit approach here does not result in a useful approxima-
tion, but RMF yields the same approximation as above. Under RMF, we replicate the ASIP
tandem queue R times. The input process of the r-th replica Q1,r, r = 1, . . . , R of Q1 is a
Lévy process with Laplace exponent φ(s). Gate j of each replica opens after i.i.d. exp(µj)
intervals. When the gate of Q1,r opens, its content instantaneously moves to Q2,k with
probability 1/R, r, k = 1, . . . , R. When the gate of Q2,r opens, its content instantaneously
leaves the system. Furthermore, consumption takes place in each replica according to
the same probabilistic mechanisms as in the original tandem queue. Just as in Section 3
of [18], one can now verify that, when R → ∞, the dependence between gate opening in-
tervals and amounts of fluid moving to the next queue in the tandem system disappears.
Accordingly, RMF here amounts to working with the above independence assumption.

Numerical experiments and asymptotic analysis in [18] suggest that the approximation
idea works well for a large range of parameter combinations. To investigate the accuracy
of the present approximation, we first observe that, by differentiating both sides of (138)
w.r.t. s and subsequently taking s = 0, we get

µ1E(X1) = (µ2 + a2τ2)E(X2). (140)

This can be interpreted as a simple flow balance argument, and is in agreement with the
exact moment relation (129). Hence our approximation yields the exact first moment of
X2. It would be worthwhile to study in detail for which parameter choices the approxi-
mation also yields accurate higher moments, but that is outside the scope of the present
paper.
The formulas at the end of Section 8, and in particular (137) for ρX1,X2 , give some insight
into the accuracy of the approximation idea. If this correlation is small, then (see the above
remark) the assumption that X2 is independent of X1 should work well. Let us consider
some extreme parameter settings.
(i) µ1 ↓ 0: ρX1,X2 now tends to zero like −√

µ1. Indeed, when µ1 is relatively small, the
gate opening intervals will typically be so large that Q1 has reached steady state; hence
the approximation should work well.
(ii) µ1 ↑ ∞: ρX1,X2 now tends to zero like 1

µ1
. Indeed, when µ1 is relatively large, the gate

opening intervals will typically be so small that the input to Q2 resembles a fixed-rate
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fluid. Moreover, the buffer content of Q1 is typically very small, and the buffer contents
of Q1 and Q2 are hardly correlated.
(iii) µ2 ↓ 0: ρX1,X2 is a negative non-zero constant. There is no reason to expect that the
approximation is accurate.
(iv) µ2 ↑ ∞: ρX1,X2 tends to zero like 1√

µ2
. The gate opening intervals of Q2 are now so

small that the buffer content of Q2 will be very small.
(v) τ1 ↑ ∞: ρX1,X2 tends to zero like 1

τ1
. This is a case with heavy consumption, leading to

a small buffer content at Q1.
(vi) τ2 ↑ ∞: ρX1,X2 tends to zero like 1√

τ2
. In this case, the buffer content at Q2 is small.

We further remark that the case of a very small input rate λ1 also does not lead to a van-
ishing correlation. Furthermore, when the τi are relatively small, there is hardly any con-
sumption and the tandem queue behaves like an ordinary ASIP tandem queue as studied
in [15] (albeit with a Lévy input); no reason to expect a very good approximation.
The above conclusions for cases (i) and (v), and the above one for τ1 relatively small, are
consistent with our findings at the end of Section 2. There we determined the correlation
between a gate opening interval at Q1 and the amount of fluid entering Q2 at such a gate
opening. If the ratio of µ1 and r = τ1a1 (with τ1 ↑ ∞) is small, then that correlation is
small; under our approximation assumption, it is zero.

Remark 9.2. For the case of n queues in series, one can apply exactly the same indepen-
dence assumption for each of the n queues. Consider for example the LST of the marginal
steady-state buffer content distribution for Q3. Under the independence assumption, its
input is a compound Poisson process with rate µ2 and jump size LST f(0, s, 0, . . . , 0). The
latter LST has been approximated in (139). One can now follow exactly the same proce-
dure as for Q2. Applying this approach successively to Q3, . . . , Qn yields the LST of all
marginal steady-state buffer content distributions. It is readily verified that this approach
results in the correct mean value for the buffer content at each queue. Finally observe (see
the previous remark) that the LST of the joint buffer content distribution is the product of
the LST’s of the marginals.

Remark 9.3. Finally a remark about the RMF approach: if we were to apply it to a feed-
forward network of ASIP queues with consumption, we expect the accuracy of this approx-
imation to grow with increasing complexity of the network. The rationale behind this is
the following. If a station Qhj at some level h can receive input from a large number of sta-
tions at level h− 1, then the effect of the dependence between gate opening intervals and
amounts entering Qhj becomes negligible. This is also the idea behind the famous Inde-
pendence Assumption of Kleinrock for message-switching communication networks [13].

Acknowledgment. The research of Onno Boxma is supported by the NWO Gravitation
project NETWORKS under grant agreement no. 024.002.003. The research of Offer Kella
is supported in part by the NSF grant 3336/24 and by the Vigevani Chair in Statistics.

25



References

[1] F. Baccelli, M. Davydov and T. Taillefumier (2022). Replica-Mean-Field limits of
fragmentation-interaction-aggregation processes. J. Appl. Probab. 59, 38–59.

[2] F. Baccelli and T. Taillefumier (2019). Replica-mean-field limits for intensity-based
neural networks. J. Appl. Dynam. Syst. 18, 1756-1797.

[3] J.S. Bonifacino and B.S. Glick (2004). The mechanisms of vesicle budding and fusion.
Cell 116, 153–166.

[4] O. Boxma,O. Kella O and M. Mandjes (2019). Infinite-server systems with Coxian
arrivals. Queueing Systems 92, 233-255.

[5] O. Boxma, O. Kella, and U. Yechiali (2016). An ASIP model with general gate opening
intervals. Queueing Systems 84 (1), 1-20.

[6] O.J. Boxma, O. Kella and U. Yechiali (2021). Workload distributions in ASIP queueing
networks. Queueing Systems 97, 81-100.

[7] O.J. Boxma and M.R.H. Mandjes (2021). Shot-noise queueng models. Queueing Sys-
tems 99, 121-159.

[8] D. Burazewski, E. Damek and T. Mikosch (2016). Stochastic Models with Power-Law
Tails – The Equation X = AX +B. Springer, New York.

[9] J.W. Cohen and O.J.Boxma (1983). Boundary Value Problems in Queueing System Anal-
ysis. North-Holland Publ. Cy., Amsterdam.

[10] G. Fayolle, R. Iasnogorodski and V.A. Malyshev (2017). Random Walks in the Quarter-
Plane. Springer, Berlin, 2nd ed.

[11] F.D. Gakhov (1966). Boundary Value Problems. Pergamon Press, Oxford.

[12] T. Jenneskens (2018). Cellular Transport: A Queueing Systems Analysis. Bachelor Thesis,
Eindhoven University of Technology.

[13] L. Kleinrock (1964). Communication Nets: Stochastic Message Flow and Delay. Dover
Publications, New York.

[14] S. Reuveni, I. Eliazar, O. Hirschberg, and U. Yechiali (2014). Occupation probabilities
and fluctuations in the asymmetric inclusion process. Physical Review E89 (4), 042109.

[15] S. Reuveni, I. Eliazar and U. Yechiali (2011). Asymmetric inclusion process. Physical
Review E84, 041101-1 - 041101-16.

26



[16] S. Reuveni, I. Eliazar, and U. Yechiali (2012). Asymmetric inclusion process as a show-
case of complexity. Physical Review Letters 109 (2), 020603.

[17] S. Reuveni, I. Eliazar, and U. Yechiali (2012). Limit laws for the asymmetric inclusion
process. Physical Review E86 (6), 061133.

[18] Y. Yeger, O. Boxma, J. Resing and M. Vlasiou (2024). ASIP tandem queues with con-
sumption. Performance Evaluation 163, Article 103280.

[19] Y. Yeger and U. Yechiali (2022). Performance measures in a generalized asymmetric
simple inclusion process. MDPI 10 (4), 594.

[20] Y. Yeger and U. Yechiali (2022). Matrix approach for analyzing n-site generalized
ASIP systems: PGF and site occupancy probabilities. MDPI 10 (23), 4624.

27


	Introduction
	The buffer content of Q1
	The shot-noise limit of Q1

	Four special variants of the 2-queue ASIP model
	The case a1=a2=0
	The case a1=a2=1
	The case a1=0, a2=1
	The case a1=1, a2=0

	The case a2=0
	The case a1=0
	Q2 in the shot-noise limit
	(Q1,Q2) in the shot-noise limit
	The case of a constant fluid input at Q1
	The case of a general subordinator input process at Q1

	Moment calculations in the general model 
	The joint buffer content LST: An approximation

