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Abstract

We analyze the steady-state maximum overlap time in the My /G/1/k
queue, i.e., the longest of the overlap times that a tagged customer
experiences with any other customers in the system. More specif-
ically, we derive the Laplace-Stieltjes transform of the steady-state
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maximum overlap time distribution. For the M)/M,/1/k case we
obtain the maximum overlap time distribution itself along with its
mean and second moment. Our results provide new insights for un-
derstanding the maximum amount of time customers jointly spend in
the M)/G/1/k queue and how the finite number of waiting spaces
affects the maximal overlap time dynamics.

1 Introduction

The COVID-19 pandemic has spurred a new area of research at the intersec-
tion of queueing theory and infectious disease transmission: overlap times.
Developing a deep understanding how long customers spend in close prox-
imity within a service system, like a waiting room or grocery store line, has
proved crucial for modeling the spread of infectious diseases. Queueing the-
ory provides an important mathematical framework to analyze these overlap
times, allowing us to assess the risk of transmission based on factors like
service duration and customer arrival patterns.

A growing body of literature is offering new insights into overlap times.
For example, see the following papers for an introduction to overlap times,
related performance measures and their applications Boxma [4], Gao and
Pender [10], Kang et al. [11], Ko and Xu [12], Ko et al. [13], Oz and Perlman
[15], Palomo and Pender [17, 18, 19], Perlman and Yechiali [20], Xu et al.
[22]. Recent work by Palomo and Pender [16] introduces the concept of an
overlap time while Palomo and Pender [18] introduce the concept of a maxi-
mum overlap time and analyze the maximum overlap time in the M,/M, /1
queue. Palomo and Pender [18] observe that the maximum overlap time is
the maximum of the overlap times of a customer with its two adjacent cus-
tomers and show that the maximum overlap time distribution is given by
an exponential distribution which is intimately related to the sojourn time
distribution of the M, /M, /1 queue. Moreover, recent work by Boxma and
Pender [5] extends the work of Palomo and Pender [18] to the G/G/1 queue
setting. Boxma and Pender [5] exploit a novel representation of the maxi-
mum overlap time into two independent quantities: a steady-state waiting
time and the max-plus difference of a service time and inter-arrival time.

In this paper, too, we are interested in analyzing the maximum overlap
time as a key performance measure. However, now we are in particular
interested in the question how (the size of) a finite waiting room affects this



performance measure. We consider this question for the M,/G/1/k queue.
This problem is much harder than its infinite waiting space counterpart. One
reason is that the maximum overlap time of the n'* customer is no longer
the maximum of the overlap times of its two adjacent customers. This is
because customers may be blocked from service; customers who are blocked
are defined to have no overlap with anyone.

1.1 Contributions of Our Work

In this paper, we make the following contributions to the literature:

e We derive the Laplace-Stieltjes transform (LST), tail distribution, first
and second moments of the maximum overlap time in the M, /M, /1/k
queue.

e We derive the LST of the maximum overlap time in the M,/G/1/k
queue.

1.2 Organization of the Paper

The remainder of the paper is organized as follows. In Subsection 1.3 we
introduce some notations. Section 2 provides preliminary results on the max-
imum overlap time in the M,/G/1/k queue. In Section 3 we determine, for
the My/M,/1/k queue, the LST of the distribution of the maximum overlap
time, as well as its first and second moments; we also invert the LST to
obtain an explicit expression for the density and distribution tail of the max-
imum overlap time. The LST of the maximum overlap time distribution in
M, /G/1/k is derived in Section 4. Lastly, in Section 5, we offer a conclusion
and propose directions for future research.

1.3 Notation

First some key random variables:

e S, represents the service time of the n'* customer, and S a generic
service time.

e A, represents the inter-arrival time between the n* and (n + 1) cus-
tomers, and A a generic inter-arrival time.



e W, represents the waiting time (until service begins) of the n"ind
customer, and W the steady-state waiting time.

e M,, represents the maximum overlap time of the n'* customer, and M
the steady-state maximum overlap time.

e {-} denotes an indicator function.
e X =max(X,0).

e )\ is the arrival rate if the arrival process is given by a Poisson process
as in the M,/G/1 queue.

e i is the service rate if the service distribution is exponential.

° 5]“ is a sum of j i.i.d. (independent, identically distributed) exponen-
tial random variables with rate p; i.e., it follows the j-stages Erlang
distribution with parameter u, denoted as Erlang(j,u).

2 Model Description and Preliminaries

In this section, we introduce the M, /G/1/k queue and provide preliminary
results on its maximum overlap time.

The arrival process of the M,/G/1/k queue is a Poisson process with
rate A\, and successive service requirements S1,Ss, ... are i.i.d. random vari-
ables all distributed like S, with distribution S(-) and LST o(-). A,, the
inter-arrival time between customers n and n+1, n > 1, is exponentially dis-
tributed with mean 1/\. The system has a total of k& > 2 customer positions,
including the service position (k = 1 is trivial, as all overlap times are zero).
An arriving customer who finds all positions occupied leaves instantaneously
and is lost.

The overlap time O, »4; between customers n and n + 4 is defined to be
the time duration that both customers spend in the system together. For
the M, /G/1 queue with infinite customer capacity, Palomo and Pender [16]
have proved the intuitively obvious result that O, ,; is decreasing in 1, i.e.
Onnti 2 Opntiv1 almost surely. Accordingly, the maximum overlap time

M., of customer n equals max(O,,—1, Opni1). It was shown in [5], with W,



the waiting time (until service begins) of the n-th customer in the M,/G/1
queue, that O, 11 = max(W,, + S, — A,,,0) = W,4;. Hence, for n > 1,

M, = max(W,,, W, 1) = max(W,, W, +S, — A,) = W,, + (S, — A,)*. (1)

The maximum overlap time in the capacity bounded M,/G/1/k queue
is more complicated, because arrivals before and/or after that of customer n
may be lost. It turns out that four different cases should be distinguished,
regarding the number of customers seen by an arriving customer. We assume
that the system is in steady state (note that steady-state distributions for
queue lengths, waiting times etc. in the M, /G/1/k queue exist for all traffic
parameters) and we denote our tagged customer by C. We let () denote
the steady-state number of customers in the system immediately before an
arrival epoch; by PASTA, it has the same distribution as the steady-state
number of customers at an arbitrary epoch. Below we list the four cases, and
discuss the steady-state maximum overlap time M.

Case 1: () = 0. In this case,
M=(S-A". (2)

Indeed, C' has no overlap time with earlier arrivals, and the longest overlap
with later arrivals is the maximum of zero and C'’s service time minus the
next interarrival time.

Case 2: @ € {1,...,k —2}. In this case, C' sees a customer in service;
we denote its residual service time by R. Clearly, C’s waiting time equals
W=R+S8 + - +Sg-1, and M = max(W, (W +8 — A)").
We now need to distinguish three subcases:
Subcase 2.1: The next customer (call it C,,) arrives during W. Then
M =max(W, W 4+ S — A).
Subcase 2.2: C),eqy arrives during C’s service time S. Then M = max(W, W+
S—A).
Subcase 2.3: (et arrives after W +S. Then M = W.

We conclude that, in all three subcases, we can write: If C' sees Q = j €
{1,...,k — 2} upon arrival, then

M=W+(E-A)T"=R+S 1+ +Sg1+(S—A". (3)



Case 3: Q =k—1. Wenow have W = R+S8;+- -+ 8;_o. After C’s arrival,
all customer positions are occupied. Hence, no arrival is admitted during R.
Let A denote the time, after R, until the next arrival; the memoryless prop-
erty of the exponential distribution implies that A is exp()\) distributed,
independently of anything else. We now have M = max(W,W +8 — R — fl)
Observe that here W is positive (because () > 0) so that there is no need to
write (W +S — R — A)Jr; also observe that W and R are dependent. Again,
we distinguish three subcases, considering the first arrival epoch after R.
Subcase 3.1: The next admitted arrival occurs during W. Then M =
max(W,W — R+ S — A).

Subcase 3.2: The next admitted arrival occurs during §. Then again M =
max(W,W — R+ S — A).

Subcase 3.3: The next admitted arrival occurs after W +S. Then M =W,
but since A>W + 8, we can still represent this as M = max(W, W — R +
S—A).

We conclude that this relation holds in all three subcases. A crucial
observation now is that one can rewrite this relation as follows: If C' sees
Q@ =k —1, then

M =W — R+max(R,S — A). (4)

Furthermore, W — R is the sum of £ — 2 i.i.d. service requirements, and
W — R, S and A are independent.

Case 4: () = k. In this case C' is not admitted, and its maximum overlap
time equals

M =0. (5)

Remark. Note that by combining all of the cases together we obtain the
following expression for the steady-state maximum overlap time:

M =max(W,W+8 — A) = W + (S — A", (6)

where A* is the inter-arrival time until the next non-blocked arrival.

Our next task is to derive expressions for the distribution of M in all four
cases above, using equations (2)-(5). In Section 4, we shall do this for
M,/G/1/k, making use of the fact that P(Q = j) is known in M,/G/1/k
(cf. Section II1.6 of Cohen [7]). However, we first consider M,/M,/1/k in
Section 3. We have two reasons for considering this simpler model separately:
Firstly, the residual service time R now is exponentially distributed, and in-
dependent of () (whereas neither of the two is true when service times are not
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exponentially distributed); secondly, both the analysis and the expressions
that we obtain are considerably simpler than for M,/G/1/k, thus helping
the reader to to get a better feeling for the model, the analysis methodology,
and the results.

3 The M,/M,/1/k model

In this section we study the maximum overlap time in the M, /M, /1/k queue.
S now is exponentially distributed, with mean 1/u. It is well-known that,
with p := A/u the load of the queue, and p # 1,

, l—p
P(QZ])Zl_—pkHP]; J=0,1,.. .k (7)

if p=1,then P(Q=7)=1/(k+1) for j=0,1,... k.
Proposition 3.1. If p # 1, then

BEA
1_pk+1 9 k Z 2

1, k=1
P(M=0)=1 i u

and if p=1, then

1, k=1

P(M =0)=
{Q(ki’l)’ k22

Proof. The proof of this result when k£ > 2 follows from two observations.
The first observation assumes that the queue length is zero when our tagged
customer arrives. In this case, the only way to have a maximum overlap
time of zero is for no other customers to arrive during the service time of the
customer. The second observation is that if the queue length is non-zero, the
only way for our tagged customer to have a maximum overlap time of zero is
for that customer to be blocked from service. Thus, the queue length must
be equal to the number of waiting spaces k. Thus, we have that when p # 1,

PM=0) = P(Q=0)-P(S<A)+P(Q=k)
[ 1=p p (1—p)p"
B (1—/)’“*1)A+/~L+(1—p’“+l)

k1 B=A

k
p-—F 7ED)
1 — phtl
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and when p = 1, we have that

PM=0) = P(Q=0)-P(S<A)+P(Q=Fk)

B 1 W n 1
ok lpt+ N k41
3
= — 9
2(k + 1) ©)

In the case where k = 1, regardless of whether p =1 or p # 1, no customer
can enter while a customer is currently in the queue. Thus, P(M =0) =
P=0)+P(Q=1)=1. m

Now, we shall successively determine the LST’s E[e=“M|Q = j], and the
corresponding conditional densities and tail distributions, for the four cases
distinguished in the previous section. We might immediately derive those
densities, but the complexity of the M,/G/1/k model forces us to rely on
transforms in the next section, and for comparison purposes we also use

transforms in the present section.
Case 1: Q = 0. We now have

A
E —wM — —F —w(S—-A)* — H ) 1
& @ =0 [e ] )\+u+)\+uu+w (10)

The first equality sign follows from (2), and the second equality sign follows

by observing that P(S < A) = ﬁ and that S — A, given that S > A, is

exp(p) distributed because of the memoryless property of the exponential
distribution. Accordingly, we have

P(M =0/Q = 0) = Aﬁ—u (11)

while the corresponding conditional density fa(-|@ = 0) is given by

fulal@ = 0) = T2, >0, (12)

and the tail distribution by

PM > t|Q =0) = Aiue—ﬂf. (13)




Case 2: @ € {1,...,k —2}. Using (3) and observing that R is exp(u)
distributed and independent of anything else and utilizing the second part of
Equation (10), we can write: For j =1,..., k — 2,

J A M
Efe“M|Q = j] = [ —£ S : 14
& @=1l (,tH—w) [A+u At pp+w (14)

The corresponding density is a weighted sum of an Erlang(j, u) and an
Erlang(j + 1, p) density:

Fulal@ =) = By A Y

, > 0, 15
A+l G =) A+l ‘ (15)
and the tail distribution by
Jj—1 J
. [ (ut)' e A (1t)"
]P) M > t — — 12 12
( Q=) At pi= il +>\~|—u; i!
i1 i :
t) A t)?
— (/J“ ) efut + (:u) ef,ut' (16)
, 7! A4p gl

Remark. An interpretation of the expression in the last line of (16) is the
following. Relation (3) implies that one can write

P(M > t|Q = j) = P(E" > 1) + P(S > A)P(EX <, >1). (17

Now observe that the latter probability is just the probability (“ t) M ek of ex-
actly j Poisson () events in (0,). In the sequel we shall be usmg alternative
representations for P(Ef > t) = S 1 “ () o=ut In particular, we also have

P(EY > 1) = /t N “ng—)]w!ewdm _ F(Fjg;;t), (18)

where I'(a, t) is the (upper) incomplete Gamma function ftoo % le~*dz and
I'(j) = (j — 1)! is the Gamma function.

Case 3: Q = k—1. Using (4) and the observation that W — R is the sum of
k — 2 independent random variables which are exp(u) distributed, we have

k—2
E[ewM’Q:k_l]:( u) [u T S
M+ w App+w A+p2p+wp+w

(19)




To understand the term between the square brackets, observe that it corre-
sponds to the LST of max(R,S — A). This is with probability sy the LST
of R; and with probability ﬁu the LST of the maximum of two independent
exp(p) random variables. That maximum can be viewed as the sum of an
exp(2u) and an exp(p) random variables, because the minimum of two i.i.d.
exp(p) random variables is exp(2u) distributed.

Extracting a factor ;7-% from the above expression in square brackets,
we can write the resulting density as a weighted sum of an Erlang(k — 1, u)
density and of the convolution of such a density and an exp(2u) density.
After some fairly straightforward calculations, we obtain:

el =k 1) = oo (20)

k—2 ;
+ L(—l)k_12pe_2’“” 1-— (_Mw) e, x>0
A u — 7!

Integrating, or using the above interpretation and (18), reveals that

L A
= PE",>1) + +——— t (“ )" —uye—Zu(t—y)dy
el A e —2)
_ F(k — 17:ut> A —2ut(  1\k—2 /0 (qu)k_Q —pz
SIS VS R e A SR o TR
TR =Lpt) XN o e (D=1 —T(k—1,—put)
T Tk el T(k—1) - (21)

Case 4: () = k. In this case C is not admitted and M = 0.

Combining (7) with equations (13), (16) and (21), we have the following
theorem.

Theorem 3.2. The tail distribution of the steady-state maximum overlap
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time in the My/M,/1/k queue is given by

1—0p A
B> 1) = | A 22)
LP e—(p—A)tF(k —2,M) "Dk -2, ) A e LR — 1M
1—p Ik —2) 1—p T(k-2) A+ u I'(k—1)
o (D(k =1, ut) N o s D= 1) = T(k—1,—pt)
+ — e M (-1) :
I'(k—1) A+ 1 L'(k—1)

Proof. The proof is tedious but straightforward. Line 1 of (22) comes from
(13). Line 2 comes from (16), swapping the two summations Zf;f Zf;&
Line 3 comes from (21). It should be noticed that one has to make minor

adjustments when p = 1; in particular, then 1_#’;% has to be replaced by

1
k+1° O

E[M] and E[M?] can be calculated in various ways. For example, it
readily follows from (10), (14) and (19) that, for j =0,...,k — 2,

. J Al
EMIQ=j] = =+ —-—, 23
MIQ =41 = %+ 57 (23)
, i(G+1) 25 A 2 A
while b1 v 1
EMIQ=Fk—1] = ~—— — 25
MIQ=k—1] = ==+ o (25)
k—1Dk (E—1) A 1 A
EIM2O =k —1] = ( _— 26
M?Q =" o taave ey @
and
EM|Q = k] = EM?*)|Q =k = 0. (27)

Using E[M'] = Z;?:OE[Mi]Q = J]P(Q = j), with i = 1,2, we obtain

11 [p=p" =3 -p)p L Pkt (k= 1)
pl— phtt L+p 1—p

Y

(28)

EM] =

11



E[M?]

,uzl—pk“ 1+p 1_p2
i 1 2p_(k2+k)pk+2(k2_1)pk+1_(k2_k,)pk+2
p? 1 — pht (1-p) '

Remark. In the case p < 1 we can let k tend to infinity, and conclude that

E[M] 50 MQ—p (30)

E[M?] =00 (31)

(1= p?) (1 —p)’
in agreement with known results for the M,/M,/1 queue, cf. [5]. It is also
easy to see, using (28) and (29), that these limits are approached geometri-
cally fast, the difference decreasing as p*.

4 The M,/G/1/k model

In the previous section we have studied the maximum overlap time in the
My /M,/1/k queue. In this section we study the same performance measure
in the M,/G/1/k queue. The analysis now is complicated severely. Firstly,
the residual service time R is no longer exponentially distributed (as it is
when the service times are memoryless). Secondly and worse, the number of
customers @ (Q now refers to the steady state queue length of the M, /G/1/k
queue) found by an arriving customer and the residual service time that it
sees are now no longer independent.

Their joint distribution is determined in Boxma [6]. The following results
are based on Section 4 of Boxma [6].

Remember that S(-) denotes the service time distribution and o(-) its
LST, and let Dy be a circle with center at 0 and radius s < §, with ¢ the
zero of x — o(A(1 — z)) which is smallest in absolute value. We denote by X
the number of customers just before an arrival that s admitted to the system,
j=0,1,...,k—1. Asis well known in M,/G/1/k, see for example Equation
(I11.6.37) of Cohen [7], one has

P(Q =)

P(X =j) = T-PQ=k)

=0,1,....k—1. (32)

12

L Fp — a0t a2 = (= 1)t = 20 (e 1)0’“*2]

(29)



One further has (cf. p. 575 of Cohen [7]; below, [ p, denotes a so-called contour
integral — one integrates over the circle Ds, in anti-clockwise direction):

1

= 1 1 )
1+ 55 st SO—)=s 148

P(Q =0) (33)

P(Q = j) = B(Q = 0)— / Lo =) Ly Gy,

omi oc(A(1—s8))—ss -
P(Q:k):l—P(Q:O)%/p J(A(l_ls)>_ssk1_1ds. (35)
Observe that (33) and (35) imply that
o, L P@=0)
PQ=k)=1-+——. (36)

In addition, for j =1,2,...,k —1, (4.11) and (4.13) of [6] imply that

Ele™™{Q = j}] = \P(Q = 0>L/D St S T

27i AM1=35) w—=Al-3s) &
(37)
and
Ele ™ {X = j}] = \AP(X = o)zim. /D — J‘Z )\_(11— 5 U(Acgl__;()l)__;(”) éds
S (39)

Observe that P(Q = j) as in (33) is also retrieved from (37) with w = 0.

To evaluate these contour integrals, one can apply Cauchy’s theorem and
the Residue theorem. Cauchy’s theorem states: If a function f(-) is analytic
in a simply-connected region, then |, o f(s)ds = 0 for every closed contour
C' contained in that region. If f(-) contains a finite number of poles inside
the region, then ﬁ fc f(s)ds equals the sum of the residues of those poles,
assuming that the contour is traversed counterclockwise. Here the residue of
pole s = s¢ is given by lim,_,5,(s — s0) f(s). To apply the Residue theorem,
one first needs to determine the poles of the various integrands. In each of
the above integrands, s = 0 is a (multiple) pole that lies inside the circle D;.
Furthermore, s — o(A(1 — s)) has one or more poles. s = 1 is one of them,
but the others can only be determined once we have an explicit expression
for o(-). At the end of this section, we shall present several examples where
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the service time distribution is specified and where the contour integrals are
subsequently evaluated. In each case, we shall take the contour C' = D,
a circle with origin at 0 and radius s < 0 as specified above (32). Each
time, the contour will be traversed counterclockwise, thus having the pole
s = 0 outside the contour; we now only need to determine the residues of
s —o(A(1 — s)), and the integral equals minus the sum of those residues.

Remark. In (37) and (38), s = 1 —w/A\ is also a pole. However, it is a
removable singularity, because it is also a zero of the term o(A(1—s)) —o(w)
in the numerator.

Let us first formally determine the LST of the maximum overlap time
M, distinguishing between the same four cases as in the previous section.
Case 1: Q = 0. Using (2), we have

EfeM{Q=0)] = B(Q= 0[] (30)
= P(Q= O)/ dS(t) [/ e Me @tV dy + e)‘t]

=0

= P(Q=0) [ /:O et _2 [e@=Nt _1]dS(t) + a()\)}
A

Here P(Q = 0) is given by (33).

Case 2: Q € {1,2,...,k —2}. We now use Equation (3), writing J;_; :=
Zf;ll S; for the sum of the service times of the j — 1 waiting customers. R
again denotes the residual service time of the customer in service (above we
already mentioned that the residual service time depends on Q). Hence, also
using (39) for the LST of (S — A)*, we find for j = 1,...,k — 2 (assuming
that k£ > 3):

= oY W)E [e“*{Q = j}] { CjAU(A) W i AU(W)} ’

w

where E [e~“?{Q = j}] is given in (37).

14



Case 3: () = k—1. If the arriving customer meets k—1 customers and hence
makes the system “full”, then we have, just like in Case 3 of the previous
section:

M =W — R+ max(R, (S — A)") = Jp_2 + max(R,S — A), (41)

where W — R = J_o is the sum of k£ — 2 full service times, and where W — R,
R, S and A are independent. Hence, realizing that P(A > S) = o()),

E [e_wM{Q —k_ 1}] _ ak_2(w)E [e—wmax(R,S—A){Q — k- 1}}
= W) PNE [ Q= k- 1)]
+ (1 —o(\)E[emwmaxBS-Af0 = | —1}|S > AJ. (42)
For specific distributions of S, we shall show how this term can be evaluated
when an explicit service time distribution is given.

Case 4: () = k. In this case the arriving customer is blocked, and we have

M =0, hence E [e“M{Q = k}| =P(Q = k).

Summarizing the above, and in particular summing over j =0,...,k—2, we
have the following theorem.

Theorem 4.1. The LST of the steady-state maximum overlap time in the
M, /G/1/k queue is given by

E [ = PQ = 0)| ~o () - —2 o)

A s—1 oc(A(1—=19))—0o(w) 1 (o)
1+27r2'/DSs—<7()\(1—s)) woA1=s) 5—o) [1 ( s
+ Uk’Z(w)[a()\)E [e’“’R{Q =k — 1}]

+ (1= o(\)E[e ™ VQ =k —1}|S > A]] + P(Q = k),

X

where P(Q = 0) is given in (33), Ele™®(Q =k —1)] in (37) and P(Q = k)
in (35) (and also in (36)).

Below we present several examples to clarify how the above expressions,
involving contour integrals, lead to more explicit expressions when particular
service time distributions are being chosen.
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4.1 Exponential Service Times

Suppose that S ~ exp(u); then o(s) = Zi=. As outlined below Equation (38),
we need to determine the zeroes of o(A(1 — s)) — s = s — S These
are s = 1 and s = p/A. We shall evaluate the various contour integrals by
integrating counterclockwise along a circle D, with center at 0. Here the
radius is chosen such that both s = 1 and s = u/\ lie in the exterior of the
circle. As the integrands now are analytic in the exterior of the circle, with
the exception of s = 1 and s = u/\, the integrals equal minus the sum of
their residues. Remembering that the residue of a pole sy of integrand f(s)
equals limg_,s, (s — so) f(s), we first evaluate the integral appearing in (33).
That integral becomes

1 | T prAl=s) 1
211 Jp, o(A(1 —s)) — s it 21t Jp, (1 —s)(p— As) sk=1
- -R R _ ! v (44)
= CSs—=1 esS:u/)\ = 1 P 1 p
Hence, as expected, P(Q = 0) = ﬁ. Similarly, from (34), for j =
1. k-1,
1 A1
(@ =17) (@ 27y w5
1—p
= —P(Q = O)RGSS:#/)\ = 1——pk+1p7 (45)

In similar fashion, it follows from (35) by determining the residues at s = 1
and s = p/A that

1 11—
P(Q=F) = pkp+1 (1 o > 1 pkpﬂp (46)

These results are in agreement with (7). Next we turn to the contour integral
n (38). It equals

1 W 1 1 . u
S L s = —Rese_p = , 47
21 Jp, p+wp — As s 5T TS r (47)

confirming a result that could have been expected because of the memoryless
property of the exponential distribution:

Ele“R{X = i} = P(X = j)—F =01, k—1. 48
e ™ i =1P( ﬁﬂ+w j=0,1, (48)
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We now have the ingredients to determine the expressions for Efe “M{Q =
j}] in Cases 1 — 4. We get

) 1—p [ w p A n
e {@Q 1] 1 — phtt Ld—)\#‘i‘)\ w—Ap+w]|’ (49)

fory=1,....k—2

—wM . o 1—p i % 7 W K — )\ H
Ele {Q—]}]_l_pk+1p]<lu_|_w) L—AHA w—Mme}’
(50)

Ele“M{Q=k—-1}] = (%) - <uiw)k_2
{# R ”].(51)

p+HAp+w p+HA2pn+twptw
The product of the last two quotients in the last line represents the LST
of max(R,S — A)|S > A. Observe that this concerns the maximum of two
exp(p) random variables, and hence the sum of an exp(2u) and (indepen-

dently) an exp(u) random variable.
Finally, since M = 0 when @ = k,

Bl =M@ = 1] = P(Q = ) = 7L (52)

We conclude that (49)-(52) are in agreement with the results of Section 3.

4.2 Erlang(2) Service Times

Suppose that S is Erlang(2, 1) distributed; then o(s) = (;%)2, and p

AE[S] = 2X\/p. Let us first evaluate the contour integral in P(Q = j)
.. 2(1—s)(s—s1)(s—s2 .
(cf. (34)), realizing that o(A(1 — s)) —s = 2 (1(#&(175))()2 ) with s15 =
(1+2%+,/T+45) /2 (let us arbitrarily denote the + root by s;):
: 1 l—o(Ml—9))1
P(Q = = P(Q=0)— —d
(@=J) (@=0)55 /D dM1—5)) —ssi
1 / /A +1—s 1
21 Jp, (s — s1)(s — 52) §7
= —Res;—s;, — Res,—g,
1 2u/A+1—s1 2u/A+1—sy
= 5 — { j B j (53)
2 — 51 S1 S5
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Determining P(Q) = 0) (cf. (33)) in the same way requires determining
residues at s = s1, s = sy and s = 1, finally resulting in

0= p (L+A1—s))? 1 (n+ A1 =) 117
P(Q=0)= |1+ 1—p p)\2(1 — 51)(s51 — 82) s - ,0>\2(1 = 52)(s2 = 51) 857"
(54)

P(Q = k) follows from (54) in combination with either (36) or (33) and (35).
Determining Ele™“®{Q = j}] (cf. (37)) again requires the evaluation of

residues at s = sy and s = s9: for j=1,...,k — 1,
Ele™™{Q = j}] = \P(Q = 0) (55)
L[ QL/ s—1 (ptw)— (21 =9)°1
p+w) 2mi Jp s(p+ A1 —s))? — p? w—A1-5s) s
2
1 1 1 1
(Q 0) (H+W> 2711 /DS /\2(8—81)<S—82)( n+w+ ( 8))87 S
o \° 1 1204+ w4+ A1 —=51) 12p+w+ A1 —s9)
= P(Q=0) 3 7 Y 7
n+w SS9 — 81 A 51 A S5

In this LST expression we recognize a combination of ~£= and (MLMY terms,
implying that P(R < z,Q = j) is a weighted sum of an exp(u) and an
Erlang(2, p) distribution — which of course makes sense: R consists of either
one or two exp(u) phases. The weight factors, to be denoted by A;(j) and

Ay(j), are from (55) seen to equal, for j =1,... k — 1
. 1 A A

M) =F@=0)~ MR- 2 (56)
S2 =51 | 8 Sy

As(j) = P(Q = 0)— [“/”.1‘31 —“/”.1‘32].

J J
51 53

(57)

S2 — 81

We now again have the ingredients to determine the expressions for E[e™“{Q =
j} in Cases 1 — 4. Cases 1,24 are straightforward. We only need to look
closer at Case 3 (so j = k — 1), and in particular at the term in the last line
of (42), viz. E[e”wmax(BS=A{() = k —1}|S > A]. Using the independence of
(R,Q), S and A we can write:

P(max(R,S —A) <z,Q =k —1|S > A)
= PR<z,Q=k—1)P(S—-A<z|S>A), (58)
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and

A A

Here, as before, & denotes an Erlang(i, ) distributed random variable;
P& <x)=1—e" and P(&) < z) = 1 — e ™ — pxe #*. The argu-
mentation leading to (59) is that S > A when an arrival occurs in either the
first or the second exp(u) phase of S. If it occurs in the first phase (w.p.

2_) then S — A consists of two exp(u) phases, else of one. We conclude

Py
that

A P(El < o)+ LA P(EF < 1)

PSS — A< z|S> A) = 2 ey . (60)
puris b wurl wwn

Of course, this expression can be simplified by dividing all terms by %ﬂ
As already indicated below Equation (55), one can write

2

P(R<z,Q=7)=> A()PE" < x). (61)

=1

Combining (58), (60) and (61) expresses P(max(R,S—A) < z,Q = k—1|S >
A) as a product of two weighted sums of an exp(u) and an Erlang(2, i) dis-
tribution. It is straightforward to obtain its LST; we leave this to the reader.

4.3 Erlang(m) Service Times

Suppose that S is Erlang(m, u) distributed; then o(s) = (-£=)™, and p =

fits
AE[S] = mA/p. In this case, o(A(1 — s)) — s has m + 1 zeroes: sy =
1,81,...,8m. To evaluate the various contour integrals, we have to determine
the residues at s = s;, 7 = 1,..., m, and sometimes the residue at so = 1. In
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particular we have, copying the analysis in (55):

Ele™™{Q = j}] = \P(Q = 0)

(62)

p\" 1 s—1 (1 +w)™ (M+)\(1—5))m1
. <,u+w> 270 /DS s(p+ A1 —s))m —pum w—A1-13) 58
- e gt
« QLM B H(;ZZZ— . ;(uw)m—f(wm —s))r_léds

p\" Dot w)™ (AL =)
- re-0 (X)) 5

ptw H:}n 1 g;éz(sg Si) Sg

In the last line, the sum over ¢ denotes the sum over the m residues. Inverting

the resulting expression w.r.t. w, realizing that a term (#i )" corresponds to

an Erlang(r, 1) distributed random variable £, we have

P(R<zQ=j)=> Z{PE <z), j=1.... k=1 (63)
r=1
where, forr=1,...,m, 7=1,...,k — 1, we have:

m Hm—'r (M+ )\(1 _ Si))r—ll
i=1 Am=t H?:l,ﬁi(% — 5) s]

We can use this in both Case 2 and Case 3. In the latter case, we use this
inversion along with nearly identical manipulations as in Equations (58)-(61).
In particular, a probabilistic argument leads to the following counterpart of
(60):

(64)

S e () P(E < x)
m—1 )\ i .
Zz’:() M (/\iu)

Indeed, distinguish the m disjoint events of A occurring during phase 1, ..., m
of §. Needless to say, the expression in (65) can be simplified.

PS-—A<zl§>A) = (65)
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4.4 Coxian Service Times

A similar approach for exponential and Erlang service times holds for the
more general classes of Coxian and PH g distributions. These classes have
the nice feature that they lie dense in the class of all distributions of non-
negative random variables (cf. Section I11.4 of Asmussen [2]), and that their
LST is rational, i.e., a quotient of two polynomials.

Let us briefly discuss the Coxian case. The LST of a Coxian service time
distribution with parameters (qi, 1, - - -, qn, ftn) is given by

n k—1 k
o(w) =Y [Jat - [ (66)
k=1 i=1 =1 Hi s
where ¢, = 0. This corresponds to a service time being the sum of k
exp(p1), - - ., exp(pr) random variables with probability Hf;ll (1l —qr), k=
1,...,n. We can again identify the n+1 zeroes s, s1, ..., S, of c(A(1—s))—s,
with sg = 1, and we can determine the residues of the various contour inte-

grals at s = sg, S1,..., Sp.

For n = 2, each service time is either exp(p;), with probability 1 — ¢y, or
the sum of an exp(u1) and an exp(uz2) random variable, with probability ¢;.
In this case, we have s; = 1 and

1
12 = 5y A pig + o £ /O g+ pi2)? — dpg(po + (1 —q)A| . (67)

It is readily verified that s; > 1 and ss > 1 (either use Rouché’s theorem
or check, restricting yourself to real w, that % is positive for w =0
and w = 1, while s185 > 1). Again, one has to determine the residues of the
various contour integrals in sy, s; and s,. Finally, the structure of Coxian
random variables, with their interpretation as a random sum of indepen-
dent exponential random variables, combined with the memoryless property,
makes it reasonably straightforward to determine P(S — A < z|S > A), just

like in (60) and (65).

5 Conclusion

In this paper, we analyze the steady-state maximum overlap time in the
My/M,,/1/k queue and the M,/G/1/k queue. For the My/M,/1/k case we
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obtain the maximum overlap time distribution itself, and its first two mo-
ments. In the M,/G/1/k setting, we compute the Laplace-Stieltjes transform
of the maximum overlap time. We prove additional results for the LST of
the maximum overlap time in the special case where the service distribution
is Erlang or Coxian.

There are several important extensions that are worth pursuing. First
we would like to extend our analysis to the setting where the arrival process
is general, i.e., the G/G/1/k queue. This would allow us to understand
the impact of a general arrival process on the maximum overlap time. In
particular, it would be of interest to understand how a Hawkes arrival process
would impact the distribution of the maximum overlap time, see for example
Daw and Pender [8], Koops et al. [14], Daw et al. [9].

A second extension would be to allow multiple servers, i.e., the M,/G/c/k
queue. In particular, it would be of interest to understand the special case
of ¢ = k, i.e., the overlap times of the M, /G/k/k queue. The multiple server
setting is interesting and difficult since the customers in the queue are not
guaranteed to be ordered at departure.

Finally, it would be interesting to consider queueing models with aban-
donment like the M, /M, /14+ My queue, where My denotes the abandonment,
indicating an exponentially distributed patience with rate 6. See for example,
Ancker and Gafarian [1], Baccelli et al. [3], Ward and Glynn [21]. This setting
also has the property that the customers in the queue are not guaranteed to
be ordered at departure since customers might abandon before receiving ser-
vice. Moreover, the maximum overlap is also not guaranteed to be with the
adjacent neighbor since those neighbors might abandon the queue as well.
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