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Abstract

In [13] we analysed the friendship paradox for sparse random graphs. For four classes of
random graphs we characterised the empirical distribution of the friendship biases between
vertices and their neighbours at distance 1, proving convergence as n — oo to a limiting
distribution, with n the number of vertices, and identifying moments and tail exponents
of the limiting distribution. In the present paper we look at the multi-level friendship bias
between vertices and their neighbours at distance k € N obtained via a k-step exploration
according to a backtracking or a non-backtracking random walk. We identify the limit of
empirical distribution of the multi-level friendship biases as n — oo and/or k — oo. We
show that for non-backtracking exploration the two limits commute for a large class of
sparse random graphs, including those that locally converge to a rooted Galton-Watson
tree. In particular, we show that the same limit arises when k depends on n, i.e., k = k,,,
provided lim,, ,o k, = oo under some mild conditions. We exhibit cases where the two
limits do not commute and show the relevance of the mixing time of the exploration.
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1 Introduction and outline

1.1 The friendship paradox

In 1991, the American sociologist Scott Feld discovered a phenomenon called the friendship
paradox, which he summarised by saying that ‘your friends have more friends than you do’:
within any social network of individuals with mutual friendships the difference between the
average number of friends of friends and the average number of friends is always non-negative
[[2]. Later, many papers explored the friendship paradox from different perspectives, and
proposed extensions. A few papers studied the friendship paradox from a mathematical per-
spective, using concepts from graph theory to describe social networks as graphs in which the
vertices represent individuals and the edges represent friendships between individuals. The
goal of these papers was to quantify the friendship paradox for several classes of sparse random
graphs.

In [I7], the implications of the friendship paradox on systematic biases in perception
and thought contagion are discussed. This study is based on the idea that social norms are
influenced by our perceptions of the people around us. For instance, individuals are more
likely to smoke when they have acquaintances who smoke [I0]. In [23], a new strategy for
predicting election polls is proposed based on the friendship paradox. Moreover, research on



the so-called generalised friendship paradox investigates how attributes other than popularity
can produce similar phenomena. For instance, your co-authors have more citations, more
publications and more collaborators than you do [[], or your virtual friends receive more
viral content than you do [I4]. The behaviour of the friendship paradox on random graphs,
such as the Erd6s-Rényi random graph, has been explored in [8] and [25]. In [R], it is argued
that the generalised friendship paradox should hold when the attribute in question correlates
positively with the number of friends.

A few papers have investigated the friendship paradox from a probabilistic perspective.
In [9], for instance, it is proved that a randomly chosen friend of a randomly selected person
has stochastically more friends than that person has. In [I3], a new notion called significant
friendship paradoz is introduced for locally tree-like random graphs. First, the friendship
bias of a given vertex is defined, both for simple graphs and multi-graphs, as the difference
between the average degree of the neighbours of the vertex and the degree of the vertex itself.
The friendship paradox is defined to be significant for a locally tree-like random graph if the
proportion of vertices with non-negative friendship bias converges in probability to a number in
[%, 1] in the limit as the number of vertices tends to infinity. This notion is interesting because,
although the friendship paradox holds in all finite graphs without self-loops, the number of
vertices with negative friendship bias can vastly outnumber those with non-negative bias.
Interestingly, [I3] provides mathematical and numerical evidence that the friendship paradox
is significant for several well-known classes of locally tree-like random graphs, namely, the
homogeneous Erdés-Rényi random graph, the inhomogeneous Erdés-Rényi random graph, the
configuration model and the preferential attachment model. This provides valuable insight
into the structure of these random graphs.

1.2 The multi-level friendship paradox

While [17] and the previously mentioned studies primarily addressed the friendship paradox at
the individual level, subsequent research in [20] extended the concept to higher levels. In [20],
the concept of multi-step friendship paradoxr was introduced, which considers the friendship
paradox not only at the individual level but across multiple levels in the network hierarchy. It
explores how the friendship paradox persists and evolves within communities, organisations,
or entire populations. Later, [6] analysed the multi-level friendship paradox in more detail
from a probabilistic perspective.

In the present paper we choose the higher levels via exploration, ie., we run a random
walk on the graph and register the random vertex that it visits after k steps. We focus on
two types of exploration: backtracking random walk and non-backtracking random walk, plus
a ‘lazy’ version of backtracking random walk where the random walk has a strictly positive
probability to stand still. Other choices would be possible as well, but we will not consider
them. We look at the short-level and long-level behaviour of the friendship paradox in locally

tree-like random graphs, where short level refers to small exploration depths and long-level

refers to large exploration depths. We focus on the empirical friendship-bias distribution ,ugf)

at depth k£ when the graph has n vertices. We identify the limit of ,u%k) when n — 0o and/or
k — oo. We find that for non-backtracking exploration the two limits commute, while for
backtracking exploration they do not when the local limit is a subcritical tree.

In the study of the short-level behaviour of the friendship paradox, we show that ,uq(f)

converges weakly to some measure ,ugf)) as n — 0o, for both types of exploration. However, to

(k)

identify the weak limit of use’ as k — oo we must analyse the behaviour of the exploration on



the limiting tree. A non-backtracking random walk on a tree can only move downward. Under
the assumption that the offspring distributions are independent, we show that ,ugz) converges
weakly to some p as k — oo. In contrast, a backtracking random walk on a tree can move
both upward and downward. We restrict our analysis to instances where the limiting tree
is almost surely finite, for which it turns out that Mé’é) converges weakly to some p* that is

different from pu.

In the study of the long-level behaviour of the friendship paradox, when the finite random
graph on n vertices is also almost surely connected and non-bipartite, the backtracking random
walk on it is ergodic, and its stationary distribution is the limit of the k-step transition
probabilities. Consequently, the k-level friendship bias converges to a stationary friendship
bias as k — oo. Using this property, we establish that the weak limit of ,uﬁlk) as k — o0
corresponds to the empirical distribution of the stationary friendship biases almost surely.
Moreover, by using properties of local convergence of random graphs, we prove that the
limiting law in this setting is the measure p in probability. This result demonstrates that
the limits of uslk) as k — oo and n — oo do not always commute. For the non-backtracking
exploration, we model each edge of the graph as two directed edges in opposite directions
and employ the non-backtracking random walk on directed edges. Notably, this approach
yields the same result as the backtracking exploration. Since the assumption of almost sure
connectedness may be too restrictive, we extend our results to more general random graphs,

including bipartite or disconnected graphs, by incorporating a lazy exploration technique.

We also study the limit of the empirical friendship-bias distribution at a depth that depends
on n, i.e., k = k,, for choices of k, satisfying lim, .~ k, = co. In the case when k,, is much
larger than the mixing time of the exploration we show that, under some mild additional
assumptions, the limit is p for both types of exploration. In the case when the mixing time is
much smaller than the mixing time, we focus on the configuration model and non-backtracking
exploration, and show that the limit remains p. Here, we make use of the possibility to couple
graph explorations with certain branching processes in the configuration model. Finally, we

show that, under certain uniform control conditions on the behaviour of ,uglk) with respect

to both n and k, ,uq(lk") converges weakly to the measure p in probability for both types of

exploration and any choice of k,, satisfying lim,, .o k, = oc.

The key tool in our analysis is the notion of local convergence, which captures what a
random graph looks like when viewed from a vertex that is chosen uniformly at random in
the limit as n — oo. We combine this tool with properties of the local limit and properties of
the exploration on the local limit in order to quantify the multi-level friendship paradox. An
important contribution of our paper is that it gives a geometric clarification of how the bias
that is inherent in the friendship paradox behaves as a function of the size of the graph and
the depth of the exploration, and how it settles down to a limiting bias as both the size and
the depth tend to infinity.

1.3 Outline

The remainder of this paper is organised as follows. In Section B we explain which random
walks on random graphs we will use for the ezploration that underlies the multi-level friendship
paradox. In Sections B8 we analyse the empirical friendship-bias distribution is the limit as
the level of the exploration k and/or the size of the graph n tend to infinity. In Section B we
let n — oo followed by k — oo (‘short level’), in Section @ we do the reverse (‘long level’). We
identify the limits and find that they can be the same or can be different. In Section B we
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study what happens when k depends on n, i.e., k = k, and a joint limit is taken. Proofs of
the main theorems are collected in Section B.

2 Graphs and random walks on random graphs

Section 271 defines graphs and adjacency matrices. Section E=2 describes non-backtracking
exploration, Section P23 backtracking exploration. Section P4 defines the empirical distri-
bution of the multi-level friendship biases associated with the vertices, shows that this has
non-negative mean, and identifies when the mean is zero.

2.1 Graphs

Throughout this paper, a graph G = (V(G), E(G)) is an undirected simple graph or multi-
graph. The vertices in V(G) represent individuals, the edges in F(G) represent mutual friend-
ships. We use two-membered sets in V(G) to represent edges, and in the presence of multiple
edges F(Q) is treated as a multi-set. Also a self-loop is represented in F(G) by a multi-set.
Denote by

G G
(dz( ))ieV(G)v A(G) = (Az(d’))i,jEV(G)v
the degree sequence, respectively, the adjacency matriz of G, where AZ(,G) is the number of
edges connecting i and j. Each self-loop adds 2 to the degree. The pair (G, 0) will mean that
G is a rooted graph with a root vertex o.

In the sequel, we set the empty sum equal to 0, and set the empty product equals to 1.
For r € Z, we abbreviate N, = {r,7 + 1,...}. We use the standard notion for asymptotic
order as n — o0: a, = O(b,) when a, is of the same order as b,, a, = O(b,) when a,, is at
most of order b, and a,, = o(b,) when a,, is of smaller order than b,.

2.2 Non-backtracking exploration

Random graphs. Let GG, be a simple random graph with n € Nj vertices labelled by
[n] = {1,...,n} with minimum degree of at least 2, defined on a probability space (2, Fn, Py).
For each n € N3 and w € Q,, we construct a non-backtracking random walk X, (w) =
(Xn,x(w))ken, with state space [n] on a common probability space (2%, F5¥, P)") as follows.
The initial state X, o(w) is chosen uniformly at random from [n]. At each subsequent step,
X k+1(w) is chosen uniformly at random from the neighbours of X, ;(w) in the graph G, (w),
with the condition that it does not return to the state visited immediately before.

Formally, if PT(Lk) (i,7) is the probability that the non-backtracking random walk X, starting
at vertex i ends up at vertex j after k steps, then for w € Q,, X,(w) = (Xy 1 (w))ken, is a
time-homogeneous stochastic process with initial distribution m, ¢ defined as

. 1 .
mollip) =~ iel
and transition kernels (Pr(Lk)(-, )(w))ken, with Pr(Lk)(-, Y(w): [n] x 2" = [0,1] defined by

PE) (i, A)(w) = PY{Xppsk(w) € A | Xpp(w) =i} = > PP (i, 5)w),  reNy,
JEA



where P" (4,7)(w) = 0;({i}), and J, denotes the Dirac measure at z. It is important to note

that (PT(Lk)(-, )(w))ken, does not satisfy the Chapman-Kolmogorov equation, as X, (w) is not
a Markov chain.

To specify the transition probabilities more precisely, for k& € N, define the set of non-
backtracking k-walks as follows:

Wk = {(z’o,il, ceyin) € )Y {ii ) € B(Gy) forall 0< 1< k — 1,

and if k > 2, then also iy # iyyq for all 1 < I < k — 1}.
Also, for k > 2 and i,j € [n], set
Wokis ) = {1, ino1) € 70 (i, i,) € Wag -

Indeed, for i,j € [n],

(1) A
N Vs o\ 1,
Pn(Zm]) - Pn (27.7) - d(G") I (21)
and ]
P, ) = >
noAw (Gn) ( 4(Gn) (Gn)
(11,00 0si—1) EWn 1 (4,9) d; (di1 —1) - (dik—l -1

(Gn) k (Gn) (2.2)
_ Z Aji i1 1‘[1 A1l71l+1 Vi1 #i1) k> 9
— - , > 9,
(i1y0nnsin—1)E[n]F—1 dz( " =1 dz(l )1

where we have taken g = ¢ and i = j in the last line.

To check that the transition probabilities are normalised, note that

(Gn) (Gn)
Z 4(Gn) A M o4} — AGn) Zje[n] A Vo) — AGn)
lg—2,0k—1 d(Gn) 1 Tk—2,0k—1 d(G") A(G") le—2,0k—1"
JEN] Tg—1 ig—1 Tk—2,0k—1

For k£ > 2, this gives

AGn)

Y i,i1 zl 1l+1 {Zz 17041}
Z Pn (Zyj) - Z d(G”) H . 1 9
je[n] (il,...,ik,l)e[n]k 1
which for k£ > 3 equals
Al (Gn) k-3 ( n)

1,11 lz Zz+1 {H 1751l+1}

(i1,0ik_2) €[]~ -1

Continuing this recursion, we see that

> PP =)

JE€M] JE[n]

(Gn)

1’7]
)

=1, k e N.



Rooted random trees. Consider an almost surely locally finite infinite rooted random tree
(Goo, @), defined on a probability space (g, Fp,Pp), where we write i to denote the law of

(Goo, @). Let d; be the number of offspring of vertex j € V(G ), and d;G‘”)

j € V(Gx). Note that df‘x’) = dy and d§G°°) =d;j+1for j € V(Gx) \ {¢}. For w e Qp,
we construct a non-backtracking random walk X (w) = (X (w))ken, on the tree (Goo, ¢) by
setting Xo(w) = ¢ and, at level k + 1, choosing Xj1(w) uniformly at random among the
offspring of X (w). Clearly, X (w) is a Markov chain. For k € N, take i9 = ¢ and suppose that

be the degree of

I, = {(il, . ,’ik) € (V(Goo))k {il,il+1} € E(Goo) forall 0 <I <k -1,
and if k > 2, then also iy_1 # ipyq forall 1 <I' <k — 1}.
Considering that (G, ¢) is an infinite tree, this implies that Ij is non-empty for each k € N.

For j € V(Gy), let P¥(¢,7) be the probability that the non-backtracking random walk X
starting at the root ¢ ends up at vertex j of the tree after k steps, i.e.,

, 1 1
P, ) = > = > o

1, k-1
(11, sik—1): (8150esi—1,0) €1k do Hl:l iy (1150 sl —1)7 (8150 sik—1,0) €1k dg Hl:l (dll )

Note that #{(il, e ,’L'k,l): (il, ey ip—1,]) € Ik} S {0, 1}.

2.3 Backtracking exploration

Random graphs. Let G, be a finite random graph without self-loops and isolated points
on n € Ny vertices labelled by [n] = {1,...,n}, defined on a probability space (2, F,Pp).
Let us construct a backtracking random walk X,, = (X, x)ken, on the graph G, by picking
Xy,0 uniformly at random from [n], and at level k + 1 letting X, 41 be chosen uniformly
at random from the neighbours of X, ;. In other words, for w € 1, the stochastic process
Xn(w) = (Xpk(w))ken, is a time-homogeneous Markov chain on state space [n] with initial
distribution 7, o defined as

. 1 .
mao((i) =5, ieln)
and with transition matrix P, (w) = (Pn(i,j)(w))ijem given by
A
Pn(’L:])(w) = W? 1] € [n] (23)
;" (w)

We write ng) = P,’f, the k-th power of P,, to denote the k-step transition matrix of the back-
tracking random walk, which is the same notation as used for the non-backtracking random
walk.

Rooted random trees. Let (G, ¢) be an almost surely locally finite non-trivial rooted
random tree, defined on a probability space (2, Fj,Pg), where we use the same notations as
in Section P2 for the tree (G, ¢). We construct a backtracking random walk X = (Xj)ren,
on the tree (Goo, @) as follows. Set Xy = ¢ and, at level k + 1, select Xj,1 uniformly at
random from the neighbours of Xj.



For k € N, suppose that
Jp = {(il, coyin) € (V(Goo))E: {ij ij1} € B(Gog) for all 0 < j < k — 1},

where igp = ¢. Since (G, @) is non-trivial, Jj is non-empty for each k € N. For j € V(G),
let P*(¢,j) be the probability that the backtracking random walk X ends up at j after k
steps, i.e.,

PH(g,j) = 3 !

k=1 4(Goo) "
(11,0 si—1) 0 (i15000k—1,0) €Tk dg Hl:l diz

2.4 The multi-level friendship bias

As an extension of the concepts introduced in [T3], we introduce the following.

Definition 2.1. (a) For k € N and ¢ € [n], the k-level friendship bias for vertex i is defined
as

)

AR =3 PBG, gy d - dl ).
j€m]

(b) The k-level friendship bias for the root ¢ of the tree (Goo, ¢) is defined as

AP = N PRg,5)d ) — d.
JEV(Goo)

Define ,ugf)): B(R) — [0,1] to be the law of Aq(ﬁk). Expectation with respect to (Goo, ¢) is
denoted by Ej. 'y

Note that the 1-level friendship bias Az(sz obtained through non-backtracking exploration and
backtracking exploration are identical and coincide with the definition of A; ,, in [I3].

Definition 2.2. (a) The k-level quenched friendship bias empirical distribution uq(qk): B(R) —
[0,1] is defined as

() = - PBRCIO!

where B(R) is the Borel o-algebra on R.
(b) The k-level annealed friendship bias empirical distribution i B(R) — [0,1] is defined
as
A9 () = Ea[u ()],
where E,, denotes the expectation with respect to the random graph G,,.
(c) The average k-level friendship bias is defined as

1
A =22 Al = / zpf(dx),
" 1€[n] R

with

1 -
Ea[A] = 5 " B [A)] = [ ol (o)



Note that, for fixed w € Q,,

k T™W Gn w Gn w . k T™W Gn w Gn w
AP (W) = ED dg%;(gg _ dg(mg@g; | Xno(w) =i, Afn]) (w) = E d;nylf(jg _ dg(mg(g; ,

where [E]" denotes expectation with respect to the random walk X, (w).
n

We refer to the property that A(f;) > 0 as the k-level friendship paradozr: in a social
network with n individuals on average the k-level friends of an individual have at least as
many friends as the individual itself. The following theorem establishes this property and
identifies when equality holds.

Theorem 2.3. For each k € N, AE:]) > 0, where for:
(1) non-backtracking exploration equality holds if and only if the degrees of the endpoints of
each non-backtracking walk of length k are equal;

(2) backtracking exploration equality holds if and only if the degrees of the endpoints of each
backtracking walk of length k are equal.

The former holds for all k if each connected component of G,, is reqular. The latter holds for
odd k if and only if each connected component of G,, is reqular, and for even k if and only if
each connected component of Gy, is either reqular or bi-regular bi-partite.

Remark 2.4. In Theorem =3, the converse part of the characterization for non-backtracking
exploration does not generally hold. For instance, in realisation (a) of Figure [, although the
degrees of the endpoints of every non-backtracking walk of length 3 are equal, the correspond-
ing connected component is not regular. Similarly, in realisation (b) of Figure 0, while the
degrees of the endpoints of each non-backtracking walk of length 4 are the same, the connected
component is not regular. [

(a) (b)

Figure 1: Two examples of non-regular connected components for which equality in the k-level friend-
ship paradox holds for k = 3, respectively, k = 4.

3 Short-level friendship bias for large sparse graphs

The asymptotic behaviour of the k-level quenched friendship bias empirical distribution ,u,(lk) as
n — oo for fixed k provides insights into the k-level friendship paradox within a large network.
Theorem B below investigates the relationship between ,u%k) , /]%k) and uff? for locally tree-like
random graphs. For more information on the notion of local convergence for random graphs,

we refer to [6, Chapter 2] or [[3, Section 2].

Theorem 3.1. For both types of exploration and each k € N:



(a) If G, converges locally in probability to (G, @) as n — oo, then /M(f) == ,ugf)) asmn — oo
in probability. In particular, as n — oo,

u(A) 7= ), BP(A) = pD(4) VA€ BR).

o0

(b) If Gy, converges locally weakly to (G, P) as n — oo, then /1;’“) — ué’é)

particular, as n — oo,

asn — oo. In

A (A) = uld(4)  VAEB(R).

Theorem B shows that, for locally tree-like random graphs satisfying the mentioned condi-

tions, we have ,uglk)([(), 00)) 25 ugﬁ)([o, o0)) for each k € N.

Remark 3.2. A result similar to Theorem B holds for more general (connected and locally
finite) rooted random graphs [13], subject to the additional assumptions outlined in Section .
Howewver, the primary focus of the present paper is on rooted random trees.

Theorem B3 below identifies the limit of uffé) as k — oo. We label the vertices in V(G) \
{¢} by natural numbers.

Theorem 3.3.

(a) Consider the non-backtracking exploration. Let (G, @) have a deterministic law i and
satisfy the following conditions:

(I) dy is independent of (d;)ien-
(I1) (di)ien are i.i.d. with a finite second moment.
Also let the minimum degree in the graph Gy, is at least 3. Under these conditions,

2
(k) pr. o m

with m) = E;[dy] and m? =E, [di] In particular, ,ugé) = p as k — oo, where

s the law of Ag. (3.1)

(b) Consider the backtracking exploration. Let (Goo,®) be almost surely finite and non-
bipartite, with law [i. Then

(Goo)
INCEENN 2 jevi(Ga) 9 )’ d
¢ ¢ (Go) ¢

2 jev(Gao) 4

(%)

In particular, if [i is deterministic, then ps =—> p* as k — oo, where
p* is the law of A¥. (3.2)
We will see in Lemma G that, under the conditions of Theorem BZ3(a), the distribution

of dy is the size-biased version of the distribution of dy. Hence, a finite first moment of d;
implies a finite second moment of d.

10



Remark 3.4. (1) A general form of Theorem B33(a) can be formulated for both the determin-
istic and the random case of the measure fi, where the limit is given by Ay = Eg[di] 4+ 1 — dg.
When [ is deterministic, this aligns with the classic notion of unimodularity of g, whereby
Epldi]+1= % (see Lemma B). Since for most natural locally tree-like random graphs [
is deterministic, we will focus on this case as a natural choice. For the notion of unimodular
random measured metric spaces, we refer the reader to [T9].

(2) Theorem B=3 shows that, interestingly, p # p*, i.e., non-backtracking differs from back-
tracking. The assumption in Theorem BZ3(b) that the random tree be almost surely finite is
restrictive, because it means the local limit is a subcritical tree. We do not know whether this

assumption can be dropped. '

4 Long-level friendship bias for large sparse graphs

In Section B we show that both explorations converge to an equilibrium. In Section B=2 we
identify the limit of u;’“) as k — oo both for n fixed and followed by n — co. In Section E=3

we look at lazy exploration that can stay put with a positive probability.

4.1 Convergence of the explorations

Consider the backtracking exploration and G,, as defined in Section E3. For w € £,, let
Gr(w) be connected. Since Gy (w) is connected and finite, the random walk X, (w) is a
positive recurrent irreducible homogeneous Markov chain. Therefore it has a unique stationary
distribution [@, Theorem 3.2.6]. The stationary distribution, denoted by m,(-)(w), can be
derived from the global balance equation as follows:

(1)) = ({3} () = — ) ] (4.1)
() (w) =7, ({1})(w) = L , 1 € |nl. .
S jer 7 (@)

The random walk X, (w) is aperiodic if and only if G, (w) is non-bipartite. Thus, if we also
assume that G, (w) is non-bipartite, then X,,(w) is ergodic; in particular,

lim P (i, j)(w) = 7 (j) (w) (4.2)

k—o00

for all i, j € [n] [24, Theorem 1.8.3].

Next, consider the non-backtracking exploration and G,, as defined in Section 2Z2. Here,
we employ the non-backtracking random walks on the directed edges, as in [I8], to establish

ﬁ
that the limit in (B22) holds in this context as well. Let {i,;} denote a directed edge from i
to j, where the ‘order’ of the vertices is important. Define the set of directed edges by

B(Gn) = {{i-d} : {i.4} € B(Gn) }

Indeed |E(G,)| = 2|E(G,)| = > d§G"). For w € ), define a matrix

J€[n]

P (w) = (ﬁn({ifm}, {j:jQ})(W))

{irio} {12 }EB (G (@)
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1

R - = —
Pn({il,iQ}, {jhjz}) (CU) — { d§2G )(w)fl

0, otherwise.

if i9 = j1 and i1 # jo,

Note that ﬁn (w) is a one-step transition probability matrix for a random walk that operates
as a Markov chain on the directed edges of the directed version of G, (w), in which each edge
has been replaced by two directed edges, one in each direction. It can be easily proved that

. - .
P, (w) is doubly stochastic as for each {j1,j2} € E(Gp(w)),

D R R A R D D

— N 4 / e

{i1,i2}€E(Gn(w)) {ll’]lfleeE[?én(w)) "
117#]2

Therefore, the uniform distribution on E(G,)(w) is a stationary distribution for the corre-

S — —
sponding random walk. If P, (w) is irreducible and aperiodic, then for each {i1,i2}, {j1,72} €
E(Gn(w)),

=L g 1
Pn({zlaz2}7{j17]2})(w)_> @) 5 k — oo,
Zje[n] J

where P¥(w) is the kth power of the matrix P,(w) [24, Theorem 1.8.3]. In this way, since for
every il’jl € [TL],

. — —
) S B ({in i), U o} (@) = dO @) P (i, 1) (w),
12€[n] j2€[n]

{i1,i2}€E(Gn(w)) {j1,J2}€E(Gn(w))

we can conclude (E2) for all 4, j € [n].

4.2 Long-level exploration

Theorem BT below identifies the limit of ,u,(lk) as k — oo and specifies the behaviour of this
limit as n — oo.

Theorem 4.1. For backtracking exploration, assume that Gy is almost surely connected and
non-bipartite. For non-backtracking exploration, assume that P, is almost surely irreducible
and aperiodic. Then the following hold:

(c0)

(a) For fized n, MS{“) = up, ~ as k — oo almost surely, where

oo 1
() = - > Ipe0 ()
1€[n] ’
with

ALY = 3 ) ) — ()

©,n 7
Jjeln]

the stationary friendship bias on G,.

12



(b) Suppose that ((dEG"))2)i€[n]7n€N3 and ((dEG"))2)i€[n]7n€NQ are uniformly integrable for
non-backtracking exploration, respectively, backtracking exploration. If G, converges
locally in probability to (G, ®) as n — 0o, with a deterministic law [, then uf(loo) — U
in probability as n — oo, with p the same distribution as in (B).

4.3 Lazy exploration

Non-bipartiteness is a mild condition, but we can even drop it when we consider ‘lazy explo-
ration’. More precisely, fix w € €, and consider a random walk on G,(w) with a laziness
factor & € (0,1). The walk starts from a vertex chosen uniformly at random and, at each
step, with probability § remains at its current position and with probability 1 — § moves to
a neighbouring vertex chosen uniformly at random. The distribution 7, (w) defined in (1)
again serves as the stationary distribution for the lazy random walk as well. Since the lazy
random walk is aperiodic, if the graph G, (w) is connected, then the lazy random walk is
ergodic. In particular, if PT(Lk’laZy) (w) is the k-step transition matrix of the lazy random walk,
then

k

lim PG, ) (w) = lim (8 + (1= 6)Pa(w)) (i) = ma()(w) Vi, € [n],
k—o0 k—o0

where I, is the n x n identity matrix and P,(w) is the one-step transition matrix of the

backtracking random walk on G, (w) [24, Theorem 1.8.3]. We add the label ‘lazy’ to indicate

the lazy exploration.

The following corollary immediately follows from the proof of Theorem EI.

Corollary 4.2. Consider lazy exploration, and assume that G, is almost surely connected.
Then, for any fized n, u%k’lazy) == u,(loo) as k — oo almost surely, where MS’O) is as defined in

Theorem g.1. Moreover, if ((alz(-G”))Q)ie[nLnGN2 is uniformly integrable and G,, converges locally

in probability as n — 00 to (G, @) with a deterministic law [, then u&‘”) = U asn — oo

in probability, where p is the distribution defined in (B).

Unlike the non-bipartiteness condition, the connectedness condition is a significant restric-
tion, as many interesting random graphs are not connected almost surely. In these cases, we
can look at each connected component separately. However, assuming non-bipartiteness for
all the connected components is a rather severe restriction. A practical solution is to focus on
the lazy exploration on each connected component. A lazy random walk on each connected
component C; = C;(G,,) containing a vertex i € V(G,,) is ergodic with a (unique) stationary
distribution given by

©(4) — 7 ({; 4" :
my (1) = my ({i}) = W’ i € [n].
2 jev(c 4
Specifically, for all i € [n] and j € V(C}),
lim P (i, j) = x{) (), (4.4)

k—o00
which holds everywhere [24, Theorem 1.8.3].

Theorem 4.3. For lazy exploration the following hold:

13



(005¢)

(a) For fized n € Ny, ,u;k’lazw = U as k — oo almost surely, where

o0,C 1
() = - > Ipeto ()

i€[n]
with

j€ln]

b) Suppose that (G2 icinl. neN, 18 uniformly integrable, and P,{G, is connected} —
i €[n],n€N2

1 as n — oo. If G, converges locally in probability as n — oo to (Geo,®), with a

deterministic law [i, then ,u%oo’c) = u in probability as n — oo, with u the same

distribution as in (B).

5 Role of the order of the limits of graph size and exploration
depth

Theorems B, B33 and B suggest that the choice of exploration does not matter for the multi-
level friendship paradox in the limit as k,n — co. Moreover, Theorems B3 and B—1 show that
the limit of ,u%k) as k,n — oo does not depend on the order in which the limits are taken, at

least for the non-backtracking exploration, provided the conditions are met.

In [T3], we looked at four classes of random graphs: the homogeneous Erdés-Rényi random
graph (HER), the inhomogeneous Erdés-Rényi random graph (IER), the Configuration Model
(CM), the Preferential Attachment Model (PAM). For all four classes the local limit is known
and is given by an interesting random rooted tree (see [IH, 16]). All four classes satisfy the
conditions in Theorem B=3 for n large enough, provided we restrict to the giant component for
(HER) and (IER) to ensure connectedness. Only the first three classes satisfy the conditions
in Theorem B3 for n large enough. Indeed, for (PAM) the local limit is a Pélya point tree, for
which conditions (I) and (II) fail. For (HER) the limit is a Galton- Watson tree with offspring
distribution Poisson(\), for (IER) the limit is a unimodular multi-type marked Galton- Watson
tree, while for (CM) the limit is a unimodular branching process tree (see [16] for definitions

and proofs), all of which satisfy conditions (I) and (II).

5.1 Two cases: after and before mixing

Definition 5.1. We call a diverging sequence of times (¢, )nen the mizing time scale when
for any sequence (kj,)nen in Ng the following conditions hold:

(1) If limy o0 kn/tn = 0, then lim,,_, Dy (k,) = 1 in probability.

(2) If limy, 00 ki /8n = 00, then lim,, o Dy (k,) = 0 in probability.

Here, D,,(k) is the worst case total variation distance to the stationary distribution on G,, of
the exploration on G, at time k. [ )

14



Theorem 5.2. For both types of exploration, let (¢p)nen be the mixing time scale of the ran-
Grn Gn .

dom walk (Xy,)nen. Suppose that ((dg ))Z)ie[n],neNg and ((dl( ))Q)ie[n],nGNg are uniformly

bounded for non-backtracking exploration, respectively, backtracking exploration. If G, con-

verges locally in probability to (Geo, @) asn — oo, with a deterministic law fi, then ,ugk") == U

as n — oo in probability for any ky such that lim, 0 ky /1y, = 0.

Let CM,,(d,,) denote the configuration model on [n] with a degree sequence d,,. Suppose
that dp.x denotes the maximum vertex degree in the degree sequence d,,. Let D,, be the degree
of a uniformly chosen vertex in [n]. If D,, converges in distribution to a random variable D
with P{D > 1} = 1 such that E[D,]| — E[D] < oo, then this random graph converges locally
in probability to a unimodular branching process tree (G, ¢) with root offspring distribution
P = (Pr)k>0 given by pp = P{D = k} and with size-biased offspring distribution p* = (p})r>0
given by

pi = P{D* — 1 = k} = (k + 1)pys1/EID] (5.1)

for all the other vertices [, Theorem 4.1 and Definition 1.26]. Take m,, € N such that

My =0 ( dn ) with  dpax = 0o(n), n — o0. (5.2)

Theorem 5.3. Consider the non-backtracking exploration. Suppose that G,, = CM,(d,,) is
(@) > 3 and SUP;,eN SUPjcn] dEG") =M < oco. If D, = D with

i

such that inf,eninf;cp, d

log mn,

P{D > 1} =1, then M%k") = p as n — oo in distribution for any k, < g M with k, — 0o
as n — 0o, where u is the law of

_ E[D?]
*~ E[D] ~ dg,

and my, is defined as in (B3).

1/2 logmn, _

By picking m,, = (n/logn)'/*, we get 3lag 17 = 10gn, and so the result in Theorem 533 holds
throughout the pre-mixing regime when the mixing time satisfies v,, < logn. The latter holds
for the configuration model with bounded degrees [3].

When we view the random walk as moving along edges rather than between pairs of
vertices, we can define a non-backtracking random walk on a non-simple graph as a random
walk that cannot backtrack along the edge it just crossed, but can backtrack along any another
edge between the same pair of vertices. In Theorem b=3 we consider a non-backtracking random
walk on the vertices of the finite exploration of the configuration model. For this purpose, we
run the finite non-backtracking random walk on a simple subgraph of each graph exploration,
which is justified because for n large it behaves like a branching process (see (623)).

5.2 Observation

In Theorem B=3 we considered non-backtracking exploration and did not address backtracking
exploration. Under a strong assumption we can derive a limit for both explorations.

Define

Y(N) = sup. dp (), u{e)),

where dp denotes the Prohorov metric [G, Section 6].
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Theorem 5.4. Suppose that the assumptions in Theorem 1 hold. If U(N) 20 as N — oo,

then u,(f”) = 1 as n — oo in probability for any k, such that lim, . k, = co.

6 Proof of the main theorems

In this section we provide the proofs of the theorems in Sections B, B and B@. Section B proves
Theorem 23, Section B2 proves Theorems B, B33 and B, Section B3 proves Theorems b4,

6.1 Average multi-level friendship bias

Proof of Theorem ZZ3. First consider the non-backtracking exploration. For k € N, using
(Z0)—(22) and symmetrisation we get

% S > PP i) di = % > > (Pr(zk)(imik)df")+P£k)(ik’i0)dgfn))

io€[n] ix€ln) ig€[n] ix€[n]

1 5 (G . 4G )

(20,815-y1k)EWn . ~Ti0 i
and
1 1
n Z dz(oGn 7 Z (P(k i0, k) d( ») +P(k)(2kazo)d(G ))
i0€[n] 0€[n] ixEn
- 1 Z 1
T k—1, (Gn :
n (’L(),Zl, ") )EWn k =1 (d’El ) - 1)
Hence
Gn) G\’
1 d; " d; " 1
A(k) Z (22 _ 10 >0
(20,7;1,..~,Z'k)€Wn,k dio dlk =1 (d’Ll - 1)

with equality if and only if the degrees of the endpoints of each non-backtracking walk in W, ;,
are the same.

Next consider the backtracking exploration. For k£ € N, set
Vo = {(io,il,...,ik) € [n)**: {ij,ij41) € B(Gy) forall 0 < j < k — 1}.

Then (233), along with the Chapman-Kolmogorov equation, implies that

il Z Z P(k (40, 1k) Z Z ( (40, k) (Gn)‘FPygk)(ikviO) dg(?n)>

zoe[n] iR €[n] zoe[n] ix€n)
_1 Z di") dy ”)> 1
T2 (Ga) T (Ga) ) TrR-1 (Gn)
2n (Z(),Zl, 77'k)€vn k dZO d Hl 1 d
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and

1 Gn 1 . Gn o Gn
SN A = 3 S (PP i) dig Y + PP o) di )
i0€[n] i0€[n] ix€[n]
1 1
oy L
(40,81 50-11k) E Vi ks =1 "4

Hence

(k) _ i i B io
io

(10,i15+0k )€V k ig

1
>0
k— Gn) — 7
Tt alo

with equality if and only if the degrees of the endpoints of each backtracking walk in V;, ;, are
the same.

For odd values of k, by traversing k times from each edge, it is seen that the equality
holds if and only if every connected component of the graph is regular. But for even values
of k this is equivalent to the case where each connected component of the graph is either
regular or bi-regular bipartite. Indeed, in the case when each connected component of the
graph is either regular or bi-regular bipartite, and k is even, it is clear that the degrees of
the endpoints of each backtracking walk in V,, . are equal. However, to prove the converse,
first note that for any even [, equality of endpoint degrees in walks of V;,; holds if and only if
the same equality holds for walks in V;, 2. Now, consider an arbitrary connected component
of G, say C,, and let k be an even integer. Suppose that the degrees of the endpoints of
each walk in V;, ;, are equal and that C,, is not a bipartite graph. Since C, is not bipartite,
there is an odd cycle in C,. By traversing the odd cycle as many times as needed, any two
vertices of (), can be joined by a walk in V,,; with some even [, which ensures that they must
have the same degrees, indicating that C,, is regular. On the other hand, if the degrees of the
endpoints of each walk in V,, ;. are the same and C, is a bipartite graph, then any two vertices
on the same side can be joined by a walk in V;,; with an even [. Therefore they must have
the same degrees, implying that C), is bi-regular bipartite. O

6.2 Convergence of the measures

For a rooted graph (G, 0), let BSG)(O) = ((V(B,(nG) (0)), E(Bq(nG) (0))),0) be a rooted subgraph
with root vertex o, defined as follows:

V(B9(0)) = {i € V(G): distg(o,i) <},
E(B{9(0)) = {{i,j} € E(G): max{distg(o,i),distc(0,j)} <r},

where distg represents the graph distance in G. We write G1 >~ G5 to denote two graphs Gy
and Gy are isomorphic.

Let ¢4 be the set of all connected locally finite rooted graphs equipped with the metric

1
dg (Glaol)a (G2702) - .
( ) 1 + sup{r > 0: BﬁGl)(ol) ~ BT(-GZ)(OQ)}

Note that de is considered a metric, following the convention that two connected locally finite
rooted graphs (G, 01) and (G2, 02) are identified when (G1,01) =~ (G2, 02).
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6.2.1 Convergence for short levels

Proof of Theorem B. We give the proof for the non-backtracking exploration only. A similar
approach can be applied to the backtracking exploration.

Define an everywhere locally finite modification of (G, @) by

(Gl (W), ¢) = { Efg@gb(;j)@)? ioft}(l(e;ro;é:;)” ¢) is locally finite, (6.1)

where (H,¢) is an arbitrary locally finite infinite deterministic rooted tree (rooted at ¢).
To simplify the notation, we assume, without loss of generality, that (Goo,d) = (G, @).
Moreover, let €(G,,j) denote the connected component of vertex 7 € V(G,,) in the graph
Gy, viewed as a rooted graph with j as the root vertex. When G,, is connected, we simply
have € (Gr,j) = (Gn,j)-

Fix k € N. Let U, be a uniformly chosen vertex from [n]. The proof below here follows
the lines of the proof of [I3, Theorems 2.3-2.4], and is a direct consequence of the definition
of local convergence of random graphs and weak convergence of measures.

(a) Since G,, converges locally in probability to (G, ¢), for every bounded and continuous
function h: (¢,dy) — (R,|-|) we have
1 . r.
Ep, [A(%/(Gn, Un)) | Gn] = — 3 W(#(Gn.1)) 7 Ea[h((Gooy0)],  m—r 00, (62)
i€[n]

where the expectation in the left-hand side is the conditional expected value given G,, when
(Gn,U,) has the joint law fiy,.

Now, let f: (R,|-|) = (R,|-]) be an arbitrary bounded and continuous function. Define
the function h: (¢,dy) — (R,]|-|) as follows:

h((G,0)) = (f 0 9)((G,0)), (6.3)

where, with iy = o, the function g: (¥4,dy) — (R, |- |) is defined as ¢g((G,0)) = Ag?,? with

A(G) k-1 A(G) 1 i i
A= S T ), (6.4
(ininev@)r G =1 dy — 1

Note that the boundedness of f implies the boundedness of h. Also, for any (G1,01), (G2, 02) €
g47 if dg((Gla 01)7 (G27 02)) < %4_1) then

sup {r > 0: B (o)) ~ BT(,GQ)(OQ)} > k.

This implies that BﬁGl)(ol) o~ BﬁGz)(OQ) for all » € {0,1,...,k}. Consequently, g((G1,01)) =
9((G2,02)), which demonstrates that g is continuous. Therefore h, being a composition
of two continuous functions, is also continuous. Furthermore, h(%(Gp,i)) = f(AEk;z) and

h(Gso, @) = f(Agf)) a.s. Inserting this into (62), we get

[ 1 = =3 1@l 25 Ea[aP)] = [ rand),

i€[n]
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which completes the proof that ,u,(lk) = MS,’Z;) as n — 0o in probability.

Suppose that A € B(R), and consider the function h: (¢,dy) — (R,|-|) defined by

h((G,0)) = (6.5)

{A(G)GA}’

with A((f,? defined as in (B4). For any (Gi,01), (G2,02) € ¢4, if dy((G1,01), (G2,02)) < I%i—l’
then BﬁGl)(ol) o~ B,(~G2)(02) for r € {0,1,...,k}. Hence, h((G1,01)) = h((G2,02)), which
implies that h is continuous. In this way, from (62), we get u%k)(A) LN u(k)(A). Applying
the dominated convergence theorem, we also get that u%k)(A) — ,ugf)) (A).

(b) Let ,u( )() := Ep[0 . (+)], which is the law of AEIZ) For an arbitrary bounded and

in NG
continuous function f: (R | ) = (R,] - |) we have
1
[ s =3 [ faul) =+ ST B Al (6.6)
7,6[71] ze[n]

Let h be as in (B3). Since Gy, converges locally weakly to (Goo, ¢), we must have
Epi, [1(€(Gn, Un))] = Ea[M((Gs,9))],  n— o0, (6.7)

where the expectation in the left-hand side is the expected value when (G, U,,) has the joint
law fi,. But

B [(6(Gn, Un))] = B B, [(6(Go, U) | Gl | = Ea | 3" 0( } (6.8)
i€[n]
— Z E, (6.9)
zE[n

and Ej[h((Goo, 6))] = E[f(AL)]. Hence, by (63), (52) and (E73),

[ 1l = B [1a)] = [ and.

T :>u<(£) as n — oo.

which completes the proof that fiy,
Finally, let A € B(R). By substituting the bounded and continuous function h defined in

(63) into (B21), and using (ER), we conclude that ,&%k) (A) — ,ug;) (A). O

6.2.2 Identification of the limit for short levels

In this section, we prove Theorem B=3. To begin, we shall first state a general lemma that will
also be utilised in the proof of Theorem B3.

Lemma 6.1. Let (H,)nen be a sequence of finite non-null random graphs that converges locally
weakly to an almost surely locally finite, connected rooted graph (H,y) with a deterministic

law v. If the degrees of the neighbours of the root ¢ are i.i.d., and independent of dé,H), and if

dpr) has a finite first moment, then the degree distribution of the neighbours of ¢ is size-biased
with respect to the degree distribution of .
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Proof. Without loss of generality, assume that (H, ¢) is everywhere locally finite, following a
similar approach to the construction in (670). As an extension of (¢,dy), we define ¥, as the
topological space of isomorphism classes of connected locally finite graphs with an ordered
pair of root vertices, equipped with the topology induced by a natural extension of the metric
dg.

Since (H, @) is a local weak limit, the probability measure v is unimodular and obeys the
mass-transport principle [@, Section 3.2]. Therefore, it is involution invariant [?, Propositon
2.2], i.e. for all Borel function h : %, — [0, c0),

5| 3w =5 X a(w.0)]

wWED, wWED,

where E, is the expectation with respect to the random graph (H, ¢), and 9, = V(B£H)(<p))\
{¢} is the set of neighbours of ¢. In particular, for each k € Ny, by considering the Borel

function hy on %, as hi((G,u,v)) = ﬂ{dS,G>:k}’ we have

— . oo
| 30 o] =B 1 1ygrog| = ERARD =)
weDy

where P, is the probability measure on the underlying space of the random graph (H, ).

Noting that the degrees of the neighbours of the root ¢ are i.i.d. and independent of d&H), we

conclude that if wg is a neighbour of ¢, then

E[ 2 l{div“k}} =2 B[ 3 Ly |4 =i A =}
wEDp j=0

wEDy,

= E, [d{D] P, {d{D = k}.
Therefore
E, [d{] P, {d{D = k} = kP, {dI) = k}.
In other words, by noting that 0 < Ey[df@m] < oo, we have

kP, {dSD = k)
E, (")

A = k) =

I

which completes the proof of the lemma. O

Proof of Theorem [Z3. (a) Let us label the vertices of (G, ¢) excluding the root by N in an
arbitrary manner, i.e., V(G) = NU{¢}. Let my = E;[d1] and mg = Ej[d3]. For k € N, set

Xk = ZP’C(QJ)CZ;GOO)-

JEN

To complete the proof, it suffices to show that yi P i +1 as k — oo for the non-
backtracking exploration. This immediately allows us to conclude, by applying the continuous
mapping theorem, that

A((z)k)zxk—dgs&)ml-i-l—dqg, k — oo,
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which settles the claim by noting that, according to Lemma B, m; + 1 = m(2)/m(1).

For the non-backtracking exploration,
Xk =Y PH¢.j)d;+1.
JEN

Using conditions (I) and (II), we have that d; and P¥(¢,j) are independent for each j € N.
Moreover, P¥(¢, j) is non-zero only if j is in the kth-generation after ¢ on the tree, i.e. when
distg. (¢, j) = k. Therefore, P¥(¢,i)P*(¢, ) is non-zero only if both i and j are in the kth-
generation, and in this case, if i # j, we must have that P*(¢,i)P*(¢, j) is independent of d;
and d;j. Therefore, by the monotone convergence theorem,

Eﬂ [Xk] =mi+1 (610)

and

E; [ZZP’“(M P*(¢,5) d; dj] < mi.
ieN j]ilj!

Hence, by the monotone convergence theorem,

Ex[x3] < (m1+1)* + mo E; {Z (P’“(é,i))z}

€N
< (my+1)2 +my Egz [sup Pk(gb, z)] )
€N
In the following, we prove that
Egz [sup Pk(qb,i)] —0 as k— oo. (6.11)
1€EN

Consequently, by applying Chebyshev’s inequality, we can conclude that yg P omy 41 as
k — oo.

To prove (E1), note that (62) holds for every bounded continuous function h: (¢,dy) —
(R,|-])- If h((G,0)) is the indicator function of the event that not all degrees in the graph G
are at least 3 within some arbitrary finite graph distance from o, then (similarly as in the proof
of the continuity of (63) in the proof of Theorem B) it can be shown that h is continuous.
Since the minimum degree in the graph G, is at least 3, applying this function h we get that
the left-hand side of (B2) is zero, which implies that the right-hand side of (E22) must also
be zero. As the distance is arbitrary, it follows that d, > 3 and inf;end; > 2 almost surely.
Therefore sup;cy P*(¢,1) < 27% almost surely, which proves (EIT).

(b) Next consider the backtracking exploration. Let €' € Q; be such that for all w € €' the
tree (Goo(w), @) is finite and non-bipartite. Then the backtracking random walk X (w) on it
is ergodic, and so

(Goo)
d;" ™ (w

G
D eV (Goo () d§' (w)

Jim P, 5)(w) =
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for all j € V(Goo(w)) [P4, Theorem 1.8.3]. Hence, as k — oo,

(Goo) 2
k . Goo 2 ieV (Gl (45~ (W)
AP = Y PR, d (w) — dy(w) - TEEHEET ey (w)
JEV(Goe ) 2jeviauen b (@)
Since P {Q'} = 1, this completes the proof. O

6.2.3 Convergence and identification of the limit for long levels

In this section, we prove Theorem E-. To proceed, we first state a general lemma that will
also be used in the proof.

Lemma 6.2. If (H,)nen is a sequence of finite random graphs with a deterministic vertez set
that converges locally in probability to an almost surely locally finite, connected rooted graph
(H, ), and if ((dl(-H”))m)ieV(Hn),neN is uniformly integrable for some m € N, then

1 (Hn)yj Pr- H)\j
d\n)yi By [(dH))i
#V(Hn) Z (z ) — H[(Lp )]7 n — oo,
1€V (Hy)
for all j € {1,...,m}, where Ep denotes the expectation with respect to the randomness of

the graph (H, ).

Proof. Consider j € {1,...,m}. Without loss of generality, assume that (H, ¢) is everywhere
locally finite, in a manner similar to the construction in (E).

For M € N, define a bounded function hjr: (¢4,dy) = (R,|-]) by setting

Then, in a manner analogous to the proof of the continuity of the function in (E3) provided
in the proof of Theorem B, it can be easily shown that h; ys is continuous. Therefore, by the
local convergence in probability of (Hj,)nen to (H,¢), we have

1 (Hr)yj pr. H)\i
#V (H,) Z (d; ) ]l{dl(.HMgM} — Ep |:(d§0 )y ]l{dfoH)gM}}’ n — 0o. (6.12)
eV (Hy)

Moreover, by the monotone convergence theorem, we have that
B |00 10y = En[@0Y] M - o
Therefore, for any € > 0, we can take M, € N such that for all M > M.,

'EH (A5 L gm o] ~ B [0V < 4,
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and by the Markov inequality,

e {[artay 3 (@™ - Eal@)] > o]

i€V (Hn)
<Pu{lgty 5 @H 1000, - Eal@V])|> 5}
i€V (Hn)

(Hn)vj
+PH,L{#V%H,1) > (4 Y Ly apy > }
i€V (Hp)

Nl

(Ha)yj i 6
: PH"{‘M > W 1 gy~ Ea (@Y 1 o0 )| > 4}
i€V (Hp)

2
+—-sup sup Eg, [(d(H"))m 1

(Hn) 9
€ neN ieV(H,) {d; >M}}

where Py, denotes the probability measure on the underlying space of the random graph H,,
and Ep, represents the expectation with respect to the randomness of H,. By taking the
limit as n — oo and then M — oo, and applying (E12) along with the uniform integrability
condition, we establish the lemma. O

Proof of Theorem 1. Let U, be a uniformly chosen vertex from [n]. Also, let Ej;, be defined
as the proof of Theorem BTl

(a) Fix n € N3 for non-backtracking exploration and n € Ny for backtracking exploration.
From (B72), we have

Agfkj,n - A%JSZ),R = Z [Pék)(Una]) - Wn(])] dan) 25 0, k — oo.

JE€MN]

Now, let f: (R,|-]) — (R,|-|) be an arbitrary bounded and continuous function. Then
f(A(k) ) — f(ASZ) ) 2% 0 as k — oo. In particular, by the dominated convergence theorem,

[ 7t =B, (AL 1G] =5 B [FAG0) 1G] = [ fan, koo,
which establishes the claim.

(b) For every bounded and continuous function h: (¢,dy) — (R, |-|) we have (62). Suppose
that

Gn Gn)\2
ml =By, (A Ga|,  m® =g, [ ()7 Gal. (6.13)
Then, for i € [n],
2
NG ")
7,Mn m(l) )

n

Let f: (R,|-]) = (R,|-]) be an arbitrary bounded and uniform continuous function. To
complete the proof by the Portmanteau theorem, it suffices to show that

Eg, [f(:f; — V) | Ga] 2 [f(:g —dy)| =Ealf(Ay)),  noroee (619)
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First, we note that the continuous mapping theorem, along with Lemma B2, imply that

m,(f) pr. m(g)

—_— e — — 00. 6.15
mgll) m(1)7 n oo ( )

Now fix an arbitrary € > 0. Define the event

A {)mg) m(Q)‘ - }
n,e — N T | S €
mgll) m)
Note that m() and m® are deterministic because fi is a deterministic measure. We have

B [1 (25 - ) | 0] = i (255 - d5) | G

(2)

mn

+Ep [ f (mu) —di) | Gol g

(6.16)

By (B13) and the boundedness of f, the term in the second line of (E18) converges to 0 in
probability. Defining the interval K. = [m(®/m®) — ¢ m® /m1) 4 ¢] and two functions

gre(z) = inf f(y - =),

yEKe
92,6(z) = sup f(y —z),
yEKe
we also have
Eg, [9176 (d.”) ‘ Gn} L4,
<Eg, [f(ﬁ — dgfn)) ( Gn]]lAm <E,, [92,€(d§§jn>) ‘ Gn} Ta,., (6.17)

almost surely. Both g1 and g2 are continuous. Indeed, if z,, — = in (R,]| - |), then, by
uniform continuity of f, for an arbitrary § > 0 there exists a natural number Ns such that for
alln > Ns and all y € K, |f(y — xn) — f(y — x)| < §. In particular, for all y € K,

gl,e(xn) < fly—zn) < fly—z)+9,

which implies that

sup g1,e(vn) < g1.e(z) + 9.
n>Ng

Since § > 0 is arbitrary, we find that

lim sup g1 () < g1.¢(x). (6.18)

n—o0

On the other hand, we can find a sequence (yy 5)nen in K¢ such that f(y,s—xn) < gl7g(xn)+g.
Let (zp,, )men be a subsequence of (xy,)nen such that limy, o0 g1.¢(2n,,) = liminf,, o g1 ().
By the sequential compactness of K. in (R, |- |), the sequence (yy,, s)men has a convergent
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subsequence (ynml 5)ieN, which converges to a value yg € K.. Hence, there must exist Ls € N
such that, for all [ > Lg,

NS,

f(yfs - J;) - g < f(ynml,é - xnml) < gl,e(xnml) +

Therefore

gl,e(l') -0 < gl,e($nml)7

which, § being arbitrary, results in
g1c(z) < lim g1.¢(xp,, ) = liminf g1 (zp). (6.19)
’ l—o00 ™’ ! n—oo '

The two relations in (E08) and (619) prove that lim, oo g1.¢(2n) = g1,(x), in other words,
g1,¢ is continuous. A similar argument shows that also go ¢ is continuous. Now employing two
real bounded continuous functions g; o hy and gz o h; to (62), from the continuous mapping
theorem, we obtain that

T.

Ve = Bg, [g1.c(df5™) | Ga] 14, 25

T.

Zne =Ep, [92,6 (G ‘ Gn} LN

miY G
M~ v,
my,

Consider an arbitrary n > 0. By the dominated convergence theorem, both Y, and Z, converge
to Ez[f(Ay)] as € L 0. Hence, for small enough e,

Ealf(Ay)] — 2 < Y. <Ea[f(Ay)] + 2,

Enlg1e(dg)] =Ye,  n— o0,
(6.20)
Ez [92’6 (d¢)] = Z., n — 0o.

Let

XnaE = Eﬂn

G, ]1An,e'

and
Ealf(Ap)] — 4 < Ze <Ealf(Ay)] +

Therefore, using (611), we can conclude that

VS

Letting n — oo, we obtain from (E20) that X, . — En[f(Ag)] as n — oo. This, together
with (608) and the continuous mapping theorem, implies (614), which settles the claim. [

Proof of Theorem (3. Let U, be a uniformly chosen vertex from [n]. Also, let E;, be defined
as the proof of Theorem Bl

(a) Fix n € Ny. From (B), we have

A _ AR S [PEW,, ) - eI (] dO) 50, ko,
J€[n]
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everywhere. Thus, the result follows by the same approach as in the proof of Theorem E1(a).

(b) For each i € [n], we have

(st.) (@™ (@)
st,c) ] _ g\
A= 2 Srevedol
j€ln] 2utev(cy) Y
To complete the proof, it suffices to show that
(7?2 m®
M, =" s 2 e (6.21)

jem) 2-tevic,) 4

This allows us to apply a similar argument, as used in the proof of Theorem B1(b), to establish
the theorem.

Let m$ and m{? be defined as in (613). For any € > 0,

g

by (613) and the assumption of the theorem. This completes the proof. O

(2) (2) (2)
m My, m o
L — m’ > e} < Pn{’mg) — m‘ > e} —i—IF’n{Gn is dlsconnected} —0, n— oo,

6.3 Convergence in the double limit

Proof of Theorem B3. Let U, be a uniformly chosen vertex from [n]. Also, let Ej;, be defined

as in the proof of Theorem BT. Set M = sup, sup;cy dEG"). For n € N3 in the non-

backtracking exploration and n € Ny in the backtracking exploration, we have

AU A = ST [PR(U,, ) - ma(7)] d < 2Dy (k).
Jj€n]

Here, we recall that AZ(»:S:Z) is defined in (B=3). Since lim,_,o0 kn /10, = 00, we have that

Agg; _ Agi)n N | (6.22)

Using the Skorohod representation theorem, we can couple the random variables and assume
the existence of a probability space on which the convergence in (6222) holds almost surely.
For simplicity, we will use the same notation for the new random variables as for the original
ones.

Let f: (R,|-]) — (R,|-|) be an arbitrary bounded and uniformly continuous function.
Then, by the uniform continuity of f,

f(A&;jl) - f(ASZ{n) 250 n o .

In particular, by the dominated convergence theorem,

/R faun) - /R FAu = B, [ F(AG) = FAGD) | Ga] 250, n— 0.
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On the other hand, from Theorem B1(b),

/fdu o0) Phy /fdu, n — oo.

Therefore, by applying the continuous mapping theorem, we have

[ raur 2 [ g, ne
R R

which, by the Portmanteau theorem, settles the claim. O

Proof of Theorem 3. Let f: (R,|-|) — (R,|-|) be an arbitrary bounded and uniformly
continuous function. Consider k, such that k, < éﬁ%gj\’/’[ with k, — oo as n — oco. To

complete the proof, by the Portmanteau theorem it is sufficient to show that

Es, [f(AU)) | Gu) = /R fdpln) — /R fdu=Ea[f(Ag)],  n— oo (6.23)

Let U, be a uniformly chosen vertex in [n]. Also, let E;, be defined as the proof of
Theorem B7. We define:

o (Gy(t))ten is the graph exploration process from U, i.e., G, (t) is the exploration where
precisely ¢t —1 half-edges have been paired in the breadth-first manner, that also includes
the half-edges incident to the discovered vertices. In particular, G, (1) contains U,, and
its D,, = d(UGn") half-edges. Note that every further exploration corresponds to the pairing
of a half-edge, and that from (G (t)):cny we can retrieve all neighbourhoods around U,
in the graph G,,.

e (BP,(t))ten is the branching process where its root, denoted by @, has a number of
offspring distributed as D,,, while all other vertices have offspring distributed as D} —1,
where D} is the size-biased version of D, i.e., BP,(t) is the branching process where
precisely ¢ tree vertices have been explored in the breadth-first order, so that BP,(1)
contains & and its neighbours. Note that a tree vertex is considered explored once it
has been inspected how many children it has. Also we have, as n — oo,

D, =— D D = D*, (6.24)
where D* is defined as in Bl

According to [I6, Lemma 4.2], there exists a coupling (G, (), BP,(t))ien of (Gn(t))ien
and (BP,,(t))¢en such that

Pud (Gu(®))eeim,] # (BPu(®)ielm, } = 0(1), 1= o0, (6.25)

In the following, we consider n large enough and run finite non-backtracking random walks
on (Gn(t))en and (BP,(t))ten (and later also on (BP,(t))ien). To avoid redefining the same
object for different graphs or processes, we will use a suffix to indicate the corresponding
version. For any e > 0, we have

Po{[al) o =AU > ) < Pu{ (Ga®egpn) # (BPa®)icp, }-
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because the number of tree vertices that can be explored up to k,th-generation of the branch-
ing process (BP,(t))sen is at most k, M*» < M?*» for n large enough, which is less than or
equal to m,,. Hence, by (6223),

(kn) A (kn) pr.
AUn,n & AUn,n P, — 0, n — 00.

But A®) s simply a copy of Ag"%, and A% g likewise a copy of A(Q n)BP where

Un,n,Gn Up,n,BPy
& is the uniformly chosen vertex U,. Therefore, keeping @ = U,,, we have

AR —AG 250, oo, (6.26)
From (624), we have
AP — d,. (6.27)

Since d§BP”) and P! B%, (@, j) are independent for each j € Vi, (BP,,), where V}, (BP,,) is the
set of all vertices in the branching process (BP,,(t))ten up to and including generation k,, we
have, by the dominated convergence theorem and (6-24),

En{ S Bl (2,5)dPT | =ED] - EIDY], - co.
J€Vi, (BPy)

Moreover, since Pﬁg%n(Q, J) Pfﬁ%n (2,1) is non-zero only if both j and [ are in the k,th-

generation and j # [, we must have that PT(Lk];% (2, )Pékgl)) (@,1) is independent of ngP")
and dl(BP"). Since SUDjev;, (BP,) Péké‘%n (@,4) < 27%» we have, by the dominated convergence

theorem and (6224,

E, [( 3 P,g’fglln(@,j)ngpn)ﬂ < M227% 4 (E[D:])® = (E[DY]))°, n— oo

Therefore, by the Chebyshev inequality,

r. E[D?
> P (e qd™ MEp =20
. " ! E[D]
JEan (BPn)
Hence, by the continuous mapping theorem and (6227),
A(Zk,nn),BPn = Ay, n — oo,
and, by the continuity of f and the dominated convergence theorem,
kn
E[f(ASY o )] = Ea[f(Ag)],  n— . (6.28)

Applying the Skorohod representation theorem, we can couple the random variables such that
the convergence in (B228) is almost sure. By the uniform continuity of f we can therefore
conclude that

FAGD) = FAG pp,) 750, n— oo,
and so, by the dominated convergence theorem,
kn kn T
Ea, [f(Agfn,)n) | Gp] — E[f(A(Q,n),BPn)] =50, n — 00.

This, together with (E228) and the continuous mapping theorem, implies (623) and establishes
the theorem. O
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Proof of Theorem B-4. Consider a sequence (kj)nen satisfying lim,, o0 k, = 0o. From the
assumptions of the theorem and the Skorohod representation theorem, we can couple the
random variables on a probability space (€2, F,P) such that

T(N) 2% 0, N — oo,
and
) — 4, n — 0o almost surely. (6.29)

Here, for simplicity, we have used the same notation for the new random variables as for the
original ones. Since weak convergence in Polish spaces is equivalent to convergence in the
Prohorov metric [6, Theorem 6.8], from (E229) we have

dP(NSLOO)aH) ﬁ) O) n — o0.

As a result, there exists Q' C Q with P{Q'} = 1 such that for any w € ' and any ¢ > 0, we
can find N, € N such that, for all n, N > N,

dp (i), i) < dp (), pleo) + dp(ul), 1) < U(N) +dp(ul, 1) < e.

Therefore dp(u%k”),,u) 2% 0 as n — oo on (Q,F,P), which implies that in the original

n

probability space, u%k = 1 as n — oo in probability, which completes the proof of the
theorem. O

References

[1] J.A. Adell, P. Jodra, The median of the Poisson distribution, Metrika 61 (2005), 337-346.

[2] D. Aldous, R. Lyons, Processes on unimodular random networks, Electronic Journal of
Probability 12 (2007), 1454-1508.

[3] A. Ben-Hamou, J. Salez, Cutoff for nonbacktracking random walks on sparse random
graphs, The Annals of Probability 45 (2017), 1752-1770.

[4] I. Benjamini, O. Schramm, Recurrence of distributional limits of finite planar graphs,
Electronic Journal of Probability 6 (2001), 1-13.

[5] K.S. Berenhaut, C.M. Zhang, Disparity-persistence and the multistep friendship paradox,
Probability in the Engineering and Informational Sciences (2023), 1-9.

[6] P. Billingsley, Convergence of Probability Measures, Second Edition, John Wiley & Sons,
New York, 1999.

[7] P.Brémaud, Markov Chains: Gibbs Fields, Monte Carlo Simulation, and Queues, Volume
31, Springer Science & Business Media, 2013.

[8] G.T. Cantwell, A. Kirkley, and M.E.J. Newman, The friendship paradox in real and
model networks, Journal of Complex Networks 9 (2021), cnab011.

[9] Y. Cao, S.M. Ross, The friendship paradox, Mathematical Scientist 41 (2016), 61-64.

29



[10]

[11]

[12]

[13]

[24]
[25]

N.A. Cristakis, J.H. Fowler, The collective dynamics of smoking in a large social network,
New England Journal of Medicine 358 (2008), 2249-2258.

Y.H. Eom, H.H. Jo, Generalized friendship paradox in complex networks: the case of
scientific collaboration, Scientific Reports 4 (2014), 1-6.

S. Feld, Why your friends have more friends than you do, American Journal of Sociology
96 (1991), 1464-1477.

R.S. Hazra, F. den Hollander, A. Parvaneh, The friendship paradox for sparse random
graphs, Probability Theory and Related Fields (2025), https://doi.org/10.1007/
SO0440=075=0T365=Hu.

N.O. Hodas, F. Kooti, K. Lerman, Friendship paradox redux: your friends are more
interesting than you, Proceedings of the International AAAI Conference on Web and
Social Media 7 (2013), 225-233.

R. van der Hofstad, Random Graphs and Complex Networks, Volume 1, Cambridge Series
in Statistical and Probabilistic Mathematics, 2017.

R. van der Hofstad, Random Graphs and Complex Networks, Volume 2, Cambridge Series
in Statistical and Probabilistic Mathematics, 2024.

M.O. Jackson, The friendship paradox and systematic biases in perceptions and social
norms, Journal of Political Economy 127 (2019), 777-818.

M. Kempton, Non-backtracking random walks and a weighted Ihara’s theorem, Open
Journal of Discrete Mathematics 6 (2016), 207-226.

A. Khezeli, Unimodular random measured metric spaces and Palm theory on them, avail-
able at arXiv:2304.02863[math.PR].

J.B. Kramer, J. Cutler, A.J. Radcliffe, The multistep friendship paradox, The American
Mathematical Monthly 123 (2016), 900-908.

D.A. Levin, Y. Peres, Markov Chains and Mixing Times, Volume 107, American Math-
ematical Society, 2017.

P. MacDonald, The Friendship Paradox, Bachelor Thesis, Leiden University, July 17,
2022.

B. Nettasinghe and V. Krishnamurthy, “What do your friends think?”: efficient polling
methods for networks using friendship paradox, IEEE Transactions on Knowledge and
Data Engineering 33 (2019), 1291-1305.

J.R. Norris, Markov Chains, No. 2, Cambridge University Press, 1998.

S. Pal, F. Yu, Y. Novick, A. Swami and A. Bar-Noy, A study on the friendship paradox —
quantitative analysis and relationship with assortative mixing, Applied Network Science
4 (2019), paper 71.

30


https://doi.org/10.1007/s00440-025-01365-w
https://doi.org/10.1007/s00440-025-01365-w

	Introduction and outline
	The friendship paradox
	The multi-level friendship paradox
	Outline

	Graphs and random walks on random graphs
	Graphs
	Non-backtracking exploration
	Backtracking exploration
	The multi-level friendship bias

	Short-level friendship bias for large sparse graphs
	Long-level friendship bias for large sparse graphs
	Convergence of the explorations
	Long-level exploration
	Lazy exploration

	Role of the order of the limits of graph size and exploration depth
	Two cases: after and before mixing
	Observation

	Proof of the main theorems
	Average multi-level friendship bias
	Convergence of the measures
	Convergence for short levels
	Identification of the limit for short levels
	Convergence and identification of the limit for long levels

	Convergence in the double limit


