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Abstract

In this paper, we analyze the distribution of the total overlapping
time spent with other customers in the M/G/∞ queue. We compute
the Laplace-Stieltjes transform of the overlapping time and the joint
transform with the total number of overlapping customers. Finally,
we show how to compute the moments and offer additional insights
about the overlapping time for other systems.
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1 Introduction

Overlapping time is a new metric that allows one to calculate the total time
that an arriving customer will spend with all other customers in the queueing
system. It was first studied in the single server queue in Xu et al. [23] and
this new metric of overlapping time is particularly important as it serves as
a method of assessing the potential risk of infection in environments where
contagious diseases might spread. During the customer’s sojourn time, the
greater the overlap with others who may be ill, the higher the likelihood of
exposure and subsequent infection. By quantifying this overlap, overlapping
time provides valuable insight into the dynamics of customer interactions and
the associated health risks in shared spaces, making it a critical consideration
for designing safer service systems, see for example Ko and Xu [12], Xu et al.
[23].

The infection risks associated with overlapping time can be exacerbated
by the nature of the queueing system. In first-come, first-served systems,
prolonged wait times may lead to larger queues, amplifying the risk of ex-
posure. Furthermore, queue configurations, such as linear arrangements or
clusters, influence the likelihood of close contacts. Models that integrate
queueing theory with epidemiological principles allow researchers to predict
infection spread and develop strategies to mitigate risks, see for example
Boxma [1], Perlman and Yechiali [21], Kang [10], Kang et al. [11], Oz and
Perlman [14], Palomo and Pender [15, 16, 17], Palomo et al. [18], Palomo
and Pender [19], Pender et al. [20], Boxma and Pender [2], Boxma et al.
[4]. These strategies may include staggering arrivals, reducing service times,
or introducing physical barriers to limit the potential for airborne or direct
transmission of pathogens.

In this paper, we consider the M/G/∞ queue and calculate the overlap-
ping time distribution. Although our model has infinitely many servers, there
are many situations where infinite server systems are accurate for real-world
applications. For example, grocery stores, theme parks and large facilities
can be approximated by infinite server systems. Moreover, infinite server sys-
tems provide a lower bound for multiserver systems and even systems that
incorporate abandonment, see for example Daw and Pender [5]. Thus, the
infinite server model can provide important insights for the design of mul-
tiserver systems so they are efficient. We are also excited by the possibility
of deriving exact expressions for the distribution and Laplace-Stieltjes trans-
form since the M/G/∞ queue is extremely tractable in an analytical sense
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Eick et al. [6, 7].
We shall focus on the total overlapping time T1 that a tagged customer

experiences with customers who are already present upon her arrival, and
the total overlapping time T2 she experiences with the customers who arrive
during her sojourn. The total overlapping time in the system is then denoted
by T := T1 + T2. While T is the key performance measure in this paper, it
will be important in the analysis to split T into the two components T1 and
T2. We are also interested in the joint distribution of T1, T2 with the number
of customers who overlap with the tagged customer; O1 denotes the number
of those who were already present when the tagged customer arrived, and O2

arrive during her sojourn. The total overlap number is O := O1 +O2.

1.1 Contributions of our Work

In this paper, we make the following contributions to the literature:

• We compute the joint transform of the overlap number and the to-
tal overlapping time for the M/G/∞ queue. As a by-product of our
analysis, we obtain the joint transform of O1, O2, T1 and T2.

• We compute various overlapping time moments for the M/G/∞ queue.

• We show that E[T 2
2 ] ≥ E[T 2

1 ], with equality in the case of deterministic
service times. We also prove that T1 and T2 are positively correlated,
but that they are independent in the case of deterministic service times.

• We specify our results for the cases of M/M/∞ and M/D/∞, where
the results become more explicit.

1.2 Organization of the Paper

The remainder of the paper is organized as follows. We close the present
section with a brief model description and some notations, and with a sub-
section on the incomplete Gamma function which plays a role in the sub-
sequent analysis. Section 2 contains preparatory work; in particular, we
provide a preliminary discussion of T1, T2 and we present some lemmas that
will be used to derive the joint PGF (probability generating function) and
LST (Laplace-Stieltjes transform) of O1, O2 and T1, T2. The quadruple trans-
form of (O1, O2, T1, T2) in the M/G/∞ queue is derived in Section 3. This
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immediately yields the joint transform of total overlap number O and total
overlapping time T . We subsequently take a closer look at the special cases
of M/M/∞ in Section 4, M/D/∞ in Section 5 and M/PH/∞ in Section 6.
The conclusion is given in Section 7 where we provide novel suggestions for
further research.

1.3 Model Description and Notations

We consider an infinite server queue with a Poisson arrival process. The
arrival rate is denoted by λ. Service times S1,S2, . . . of successive customers
are i.i.d. (independent, identically distributed) with distribution S(·). A
generic service time is denoted by S. The load offered per time unit is given
by ρ := λE[S]. It is well known that the steady-state number of customers
is Poisson(ρ) distributed:

P(X = k) = e−ρρ
k

k!
, k = 0, 1, . . . . (1)

By PASTA (Poisson Arrivals See Time Averages), the steady-state number
of customers Q seen by an arriving customer has the same Poisson(ρ) distri-
bution.

1.4 Review of the Incomplete Gamma Function

We would like to define a few functions that will be useful in our future
analysis. First we will recall the integral definition of the gamma function,
i.e.,

Γ(a) =

∫ ∞

0

ta−1e−tdt for a > 0. (2)

One can also partition the gamma function integral at a point x ≥ 0 to
obtain the lower and upper incomplete gamma functions respectively as

γ(a, x) =

∫ x

0

ta−1e−tdt, (3)

Γ(a, x) =

∫ ∞

x

ta−1e−tdt = e−x

∫ ∞

x

(t+ x)a−1e−tdt. (4)

4



Moreover, we know that

1

ca
γ(a, cx) =

∫ x

0

ta−1e−ctdt, (5)

1

ca
Γ(a, cx) =

∫ ∞

x

ta−1e−ctdt. (6)

The lower and upper incomplete gamma functions will be used extensively
in what follows.

2 Overlap Times: Preparations

This section contains some general results that will be used in subsequent
sections to determine the overlapping time distribution in theM/G/∞ queue.

First of all, it is worthwhile to write T1 as follows:

T1 =

Q∑
j=1

min(Rj,S), (7)

where Rj denotes the residual service time of the jth customer found upon
arrival.
Secondly, we can write T2 as follows, when defining Uj(S) as the jth arrival
epoch in (0,S) and Nλ(S) as the number of Poisson(λ) arrivals during S:

T2 =

Nλ(S)∑
j=1

min(S − Uj(S),Sj), (8)

In the sequel, we shall use the following fact (cf. Section 2.3 of Ross [22]),
which plays a crucial role in our analysis. If there are j Poisson arrivals in
an interval of length t, then the joint distribution of the event epochs equals
the joint distribution of the order statistics of j independent, uniformly on
(0, t) distributed random variables.

In the next subsection, we formulate and prove two lemmas that play a
major role in the sequel. Furthermore, we dwell upon the question whether
or not T1 and T2 have the same distribution.
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2.1 Some Useful Formulas

Denote the density of generic service time S by fS(·) and remember that
the distribution of the residual service time R is given by P(R ≤ x) =∫ x

0
P(S>y)
E[S] dy.
In case the tagged job’s service time is x, the overlap time with a customer

already present upon arrival is min{x,R}. We present its LST now in order
to use it later on to determine the joint LST of (O1, O2, T1, T2).

Lemma 2.1.

E[e−θmin{x,R}] =
1

E[S]

x∫
0

e−θyP(S > y)dy + e−θxP(R > x) (9)

= 1−
x∫

0

θe−θyP(R > y)dy. (10)

Proof. We distinguish between the cases R ≤ x and R > x. Conditioning for
the first case on the event R = y and recalling that R has density function
P(S>y)
E[S] , we obtain (9). (10) is obtained from (9) by writing its first term as

−
∫ x

0
e−θydP(R > y) and doing a partial integration.

Note that both expressions (9) and (10) have their advantages, depending
on the service time distribution. Expression (10) is shorter, but it requires
an integration over the distribution function of the residual service time.

Similarly, it turns out that if the tagged job’s service time is x, the overlap
time with a customer arriving later is distributed as min{S, U [0, x]}. Again
we give two expressions for its LST, one in terms of S and one in terms of
R.

Lemma 2.2.

E[e−θmin{S,U [0,x]}] =
1

x

 x∫
0

(x− y)fS(y)e
−θydy +

x∫
0

P(S > u)e−θudu

 (11)

= 1− θE[S]
x

∫ x

0

[1 + θ(x− y)]e−θyP(R ≤ y)dy. (12)
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Proof. For (11) the idea is to condition on S = y and U [0, x] = u and to
distinguish between the cases that u > y and u ≤ y. This gives

E[e−θmin{S,U [0,x]}] =
1

x

 x∫
0

x∫
y

fS(y)e
−θydudy +

∞∫
0

min{x,y}∫
0

fS(y)e
−θududy


=

1

x

 x∫
0

x∫
y

fS(y)e
−θydudy +

x∫
0

∞∫
u

fS(y)e
−θudydu


=

1

x

 x∫
0

(x− y)fS(y)e
−θydy +

x∫
0

P(S > u)e−θudu

 ,

proving the first expression.
Applying partial integration to the first integral now leads to∫ x

0

(x− y)fS(y)e
−θydy = −

∫ x

0

(x− y)e−θydyP(S > y)

= x+

∫ x

0

P(S > y)
d

dy
[(x− y)e−θy]dy, (13)

so we can write

E[e−θmin{S,U [0,x]}] = 1− θ

x

∫ x

0

(x− y)e−θyP(S > y)dy. (14)

After yet another partial integration, expression (12) follows.

Remark. We have seen (cf. (7)) that

T1 =

Q∑
j=1

min(Rj,S), (15)

where all Rj are i.i.d. and independent of the service time S of the tagged
customer. We have also seen (cf. (8)) that

T2 =

Nλ(S)∑
j=1

min(S − Uj(S),Sj)
d
=

Nλ(S)∑
j=1

min(Uj(S),Sj), (16)
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where Nλ(S) denotes the number of Poisson(λ) arrivals during S, Sj is the
service time of the jth of those arrivals, and S − Uj(S) denotes the remain-
ing service time of the tagged customer after that jth arrival. The random
variables S − Uj(S) are distributed as the order statistics of the Nλ(S) ar-
rival epochs. Hence, like in the introduction of Section 2), we can view their
sum as the sum of i.i.d. random variables, all having the distribution of a
residual service time. Furthermore, Q and Nλ(S) both clearly have the same
Poisson(ρ) distribution. Hence, comparing (15) and (16), it is obvious that
E[T1] = E[T2].

One could even intuitively expect that T1 and T2 have the same distribu-
tion. That intuition is strengthened by the following reasoning. One could
view T1 as an infinite sum of overlapping times:

T1 =
∞∑
n=1

OB
n , (17)

where OB
n denotes the overlapping time of the tagged customer with the nth

customer arriving before her. Similarly, one could view T2 as an infinite sum
of overlapping times:

T2 =
∞∑
n=1

OA
n , (18)

where OA
n denotes the overlapping time of the tagged customer with the

nth customer arriving after her. OB
n has the same distribution as OA

n ; indeed,
both denote an overlapping time between two customers arriving n customers
apart. However, remarkably, we shall see that T1 and T2 in general do not
have the same distribution, although they do have the same mean. The global
explanation is that OA

n+1 depends in a different way on OA
n than OB

n+1 on OB
n ,

and that therefore the sums in (17) and (18) do not necessarily have the
same distribution. We shall see in Section 3 that T1 and T2 do have the same
distribution in the special case of deterministic service times. That, too,
makes sense: For the OB

n contributions we need to look at the departures
before the tagged customer, that take place during her constant service time
D; and for the OA

n contributions we need to look at the arrivals after the
tagged customer, during that same D period. The only variability is in
the arrival process (with departures D time units later), and the uniformly
distributed departures, resp. arrivals, during the period D. There is now

complete symmetry looking forwards and backwards, and hence
∑∞

n=1O
B
n

d
=∑∞

n=1O
A
n .
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3 Joint Transform for the M/G/∞
In Subsection 3.1 we derive expressions for joint and marginal transforms of
overlap numbers and overlap times in the M/G/∞ queue. Their moments
are considered in Subsection 3.2. In the latter subsection, we also prove
that E[T 2

2 ] ≥ E[T 2
1 ], and that T1 and T2 are positively correlated. In the

exceptional case of deterministic service times, those two second moments
are equal and T1 and T2 are independent.

3.1 Transform Results

In this subsection we determine the joint transform of O1, O2, T1 and T2,
i.e., the number of overlapping customers and the overlapping times from
arrivals before and after the tagged customer’s arrival. Not one pair of these
random variables is independent, but if we condition on S = x it turns out
that (O2, T2) is independent of (O1, T1). This is a consequence of the infinite-
server nature of the queue: since customers behave completely independently,
the only dependence in overlap from customers arriving before and after the
tagged customer stems from the amount of time the tagged customer spends
in the system. The above reasoning leads to

E
[
zO1
1 zO2

2 e−θ1T1e−θ2T2
]
=

∞∫
0

fS(x)E
[
zO1
1 e−θ1T1|S = x

]
E
[
zO2
2 e−θ2T2|S = x

]
dx,

(19)
with the two transforms on the right-hand side to be evaluated separately.

For the first of the two transforms, we first condition on the number of
customers present upon arrival of the tagged customer. Due to the PASTA
property this number is Poisson distributed with mean ρ = λE[S]. If, say,
there are k, they have residual service times R1, ...,Rk, independent and all
distributed according to R. Finally, note that the overlapping times with
these customers are min{x,R1}, ...,min{x,Rk}. Combining these insights
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gives

E
[
zO1
1 e−θ1T1|S = x

]
=

∞∑
k=0

e−ρρ
k

k!
zk1

k∏
i=1

E[e−θ1 min{x,Ri}]

=
∞∑
k=0

e−ρ

(
ρz1E[e−θ1 min{x,R}]

)k
k!

= e−ρ(1−z1E[e−θ1 min{x,R}]),

(20)

where E[e−θ1 min{x,R}] is given in Lemma 2.1.
Our next concern is the second transform in the right-hand side of (19).

The idea is similar to the first transform, but the distributions are slightly
different. We start by conditioning on the number of customers arriving dur-
ing the service time of the tagged customer. Since we already conditioned
on S = x, this number is Poisson distributed with mean λx. As mentioned
above, cf. also Section 2.3 of [22], any number of Poisson arrivals in a given
interval arrive as an ordered sample of i.i.d. random variables, uniformly dis-
tributed over this interval. Let Si ∼ S be the service time of the ith customer
and Ui ∼ U [0, x] the time between the arrival of the tagged customer and
the ith customer. Observing that Ui ∼ x− U [0, x], we then have

E
[
zO2
2 e−θ2T2 |S = x

]
=

∞∑
k=0

e−λx (λx)
k

k!
zk2

k∏
i=1

E[e−θ2 min{Si,x−Ui}]

=
∞∑
k=0

e−λx (λxz2)
k

k!

(
E[e−θ2 min{S,U [0,x]}]

)k
= e−λx(1−z2E[e−θ2 min{S,U [0,x]}]),

(21)

where E[e−θ2 min{S,U [0,x]}] is given in Lemma 2.2.
Combining the above results, we obtain the quadruple transform of the

overlap numbers and overlapping times. We give two different representa-
tions, based on the first, resp. second, representations in Lemmas 2.1 and
2.2, because both may have their advantages.
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Theorem 3.1. The joint transform of O1, O2, T1, T2 is given by

E
[
zO1
1 zO2

2 e−θ1T1e−θ2T2
]

=

∞∫
0

fS(x)e
−ρ

(
1−z1

(
1

E[S]

x∫
0

e−θ1yP(S>y)dy+e−θ1xP(R>x)

))

× e
−λx+λz2

(
x∫
0

(x−y)fS(y)e
−θ2ydy+

x∫
0

P(S>u)e−θ2udu

)
dx (22)

=

∞∫
0

fS(x)e
−ρ(1−z1)−ρz1θ1

∫ x
0 e−θ1yP(R>y)dy

× e−λ(1−z2)x−ρz2θ2
∫ x
0 [1+θ2(x−y)]e−θ2yP(R≤y)dy dx. (23)

Proof. The first equality is a consequence of combining (19), (20), (21), the
first equality in Lemma 2.1 and the first equality in Lemma 2.2. The second
equality is a consequence of combining (19), (20), (21), the second equality
in Lemma 2.1 and the second equality in Lemma 2.2.

Remark. If a fraction q of the customers is infected like in Newman and
Pender [13], then we only need to replace λ by qλ in the above formulas, in
order to get overlap numbers and overlapping times of the tagged customer
with infected customers.

By choosing z1 = z2 = z and θ1 = θ2 = θ in (23) we obtain our main
result:

Theorem 3.2. The joint transform of total overlap number O and total
overlapping time T in the M/G/∞ queue is given by

E
[
zOe−θT

]
= e−ρ(1−z)

∫ ∞

0

fS(x)e
−λ(1−z)x (24)

× e
−ρzθ

(
1−e−θx

θ
+θ

∫ x
0 (x−y)e−θyP(R≤y)dy

)
dx.

Choosing some zi = 1 and/or some θi = 0 in Theorem 3.1 or Theorem 3.2
we obtain marginal transforms. In the PGF of O, we recognize the LST of
S. We also see, not surprisingly, that O1 and O2 are independent.
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Corollary 3.3.

E[zO1
1 zO2

2 ] = e−ρ(1−z1)

∫ ∞

0

e−λ(1−z2)x fS(x)dx, (25)

E[zO] = e−ρ(1−z)

∫ ∞

0

e−λ(1−z)xfS(x)dx, (26)

E[zO1 ] = e−ρ(1−z), (27)

E[zO2 ] =

∫ ∞

0

e−λ(1−z)xfS(x)dx, (28)

E[e−θ1T1−θ2T2 ] =

∞∫
0

fS(x)e
−ρθ1

∫ x
0 e−θ1yP(R>y)dy e−ρθ2

∫ x
0 [1+θ2(x−y)]e−θ2yP(R≤y)dy dx,

(29)

E[e−θT ] =

∫ ∞

0

fS(x) e
−ρθ

∫ x
0 e−θyP(R>y)dy e−ρθ

∫ x
0 [1+θ(x−y)]e−θyP(R≤y)dy dx,

(30)

E[e−θT1 ] =

∫ ∞

0

fS(x) e
−ρθ

∫ x
0 e−θyP(R>y)dy dx, (31)

E[e−θT2 ] =

∫ ∞

0

fS(x) e
−ρθ

∫ x
0 [1+θ(x−y)]e−θyP(R≤y)dy dx. (32)

3.2 Moments

In this subsection we are going to determine the first and second moments of
T1, T2 and their cross-moment, thus also obtaining the first and second mo-
ment of the total overlapping time T . We also, first, briefly discuss moments
of overlap numbers.
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Theorem 3.4.

E[O] = 2ρ, (33)

E[O1] = ρ, (34)

E[O2] = ρ, (35)

E[O2] = 2ρ+ 3ρ2 + λ2E[S2], (36)

E[O2
1] = ρ+ ρ2, (37)

E[O2
2] = ρ+ λ2E[S2], (38)

E[O1O2] = ρ2. (39)

Cov[O1, O2] = 0. (40)

Proof. All these moments readily follow from (25) by differentiating w.r.t. z1
and/or z2.

Remark. Interestingly, E[O2
2] ≥ E[O2

1], with equality only if S is deterministic.
This is not surprising; observe that O1 is Pois(ρ) = Pois(λE[S]), while O2

= Pois(λS), which is the number of arrivals during a random service time
S. The randomness of the service time leads to O2 having a larger variance
than O1. In particular, the difference of the second moments is proportional
to the variance of the service time i.e.

E[O2
2]− E[O2

1] = ρ+ λ2E[S2]−
(
ρ+ ρ2

)
= λ2Var[S]. (41)

Now let us turn to the overlapping times. The first moments readily
follow from Corollary 3.3.

Theorem 3.5.

E[T1] =
1

2
ρE[S], (42)

E[T2] =
1

2
ρE[S], (43)

E[T ] = ρE[S]. (44)

Proof. It follows from (31) that

E[T1] = ρ

∫ ∞

0

fS(x)

∫ x

y=0

P(R > y)dydx = ρ

∫ ∞

y=0

P(R > y)P(S > y)dy

=
1

2
ρE[S]

∫ ∞

y=0

dy(P(R > y))2 =
1

2
ρE[S]. (45)
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Similarly, from (32),

E[T2] = ρ

∫ ∞

0

fS(x)

∫ x

y=0

P(R ≤ y)dydx (46)

= ρ

∫ ∞

0

fS(x)

[
x−

∫ x

y=0

P(R > y)dy

]
dx = ρE[S]− 1

2
ρE[S] = 1

2
ρE[S].

E[T ] follows by adding the means of T1 and T2.

A more probabilistic derivation of E[T1] follows from (7): We have E[T1] =
E[Q]E[min(R,S)] = ρE[min(R,S)]. Now, instead of using (45), observe the
following in order to show that E[min(R,S)] = 1

2
E[S]. If X and Y are i.i.d.

with a continuous density and with P(X = Y ) = 0, then P(X > Y ) = 1
2
.

Taking X = R1 and Y = R2 we hence have

1

2
= P(R1 > R2) =

∫ ∞

0

P(S > y)

E[S]
P(R1 > y)dy =

E[min(R1,S)]
E[S]

. (47)

We now turn to the second moments.

Theorem 3.6.

E[T 2
1 ] = ρE[S]

∞∫
0

(P(R > y))2 dy + ρ2
∞∫
0

fS(x)

 x∫
0

P(R > y) dy

2

dx,

(48)

E[T 2
2 ] = ρE[S]

∞∫
0

(P(R > y))2 dy + ρ2
∞∫
0

fS(x)

 x∫
0

P(R ≤ y) dy

2

dx,

(49)

E[T1T2] = ρ2
∫ ∞

0

fS(x)

∫ x

y=0

P(R > y)dy

∫ x

z=0

P(R ≤ z)dz dx, (50)

E[T 2] = 2ρE[S]
∫ ∞

0

(P(R > y))2dy + ρ2E[S2]. (51)
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Proof. Differentiating the expression in (31) twice w.r.t. θ and taking θ = 0,
we obtain:

E[T 2
1 ] =

∫ ∞

0

fS(x)

[
2ρ

∫ x

y=0

yP(R > y)dy + ρ2
(∫ x

y=0

P(R > y)dy

)2
]

dx.

(52)
Now apply an interchange of integrations to the first part, followed by partial
integration:

2ρ

∫ ∞

0

fS(x)

∫ x

y=0

yP(R > y)dydx = 2ρ

∫ ∞

y=0

yP(R > y)P(S > y)dy

= −ρE[S]
∫ ∞

0

ydy(P(R > y))2 = ρE[S]
∫ ∞

0

(P(R > y))2dy. (53)

Differentiating the expression in (32) twice w.r.t. θ and taking θ = 0 we
obtain:

E[T 2
2 ] =

∫ ∞

0

fS(x)

[
2ρ

∫ x

y=0

(2y − x)P(R ≤ y)dy + ρ2
(∫ x

y=0

P(R ≤ y)dy

)2
]
dx.

(54)
The ρ2 term in (49) is thus already obtained. Let us now focus on the ρ
term. Using that

∫ x

y=0
(2y− x)dy = 0, we can rewrite the first part of (54) as

−2ρ

∫ ∞

0

fS(x)

∫ x

y=0

(2y − x)P(R > y)dy

= −2ρ

∫ ∞

0

fS(x)

∫ x

y=0

yP(R > y)dydx+ 2ρ

∫ ∞

0

fS(x)

∫ x

y=0

(x− y)P(R > y)dydx

= −ρE[S]
∫ ∞

0

(P(R > y))2dy − 2ρ

∫ ∞

0

P(R > y)

∫ ∞

x=y

(x− y)dyP(S > x)dx

= −ρE[S]
∫ ∞

0

(P(R > y))2dy + 2ρ

∫ ∞

0

P(R > y)

∫ ∞

x=y

P(S > x)dxdy

= ρE[S]
∫ ∞

0

(P(R > y))2dy. (55)

The second equality sign follows from (53) (first term) and by swapping inte-
grals (in the second term). The third equality follows via partial integration,

and the last equality follows by observing that P(R > y) =
∫∞
x=y

P(S>x)
E[S] dx.
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The proof of (50) amounts to straightforward differentiation of (23) w.r.t.
θ1 and θ2, after having taken z1 = z2 = 1. Finally (51) follows from (48)-(50)
using T 2 = (T1 + T2)

2.

Comparing the expressions in (48) and (49), observe that the first terms
of E[T 2

1 ] and E[T 2
2 ] are the same, but the second terms differ. In the next

lemma we prove that E[T 2
2 ] ≥ E[T 2

1 ].

Lemma 3.7.
E[T 2

2 ] ≥ E[T 2
1 ], (56)

with equality when S is deterministic.

Proof. Subtracting (48) from (49), and using that
∫ x

0
P(R ≤ y)dy = x −∫ x

0
P(R > y)dy, we have

E[T 2
2 ]− E[T 2

1 ] = ρ2
∫ ∞

0

fS(x)

(
x2 − 2x

∫ x

0

P(R > y)dy

)
dx. (57)

We now show that this expression is non-negative:

∞∫
0

fS(x)

x2 − 2x

x∫
0

P(R > y) dy

 dx

=

∞∫
0

fS(x)

x2 − 2x

x∫
0

1

E[S]

∫ ∞

y

P(S > z) dzdy

 dx

=

∞∫
0

fS(x)

(
x2 − 2x

E[S]

∫ ∞

0

P(S > z)

(∫ min(x,z)

0

dy

)
dz

)
dx

≥
∞∫
0

fS(x)

(
x2 − 2x

E[S]

∫ ∞

0

z · P(S > z) dz

)
dx

=

∞∫
0

fS(x)

(
x2 − 2x

E[S]
E[S2]

2

)
dx

= 0.

If S ≡ D with D a positive constant, then
∫ D

0
P(R > y)dy =

∫ D

0
P(R ≤

y)dy = D/2, and it quickly follows that E[T 2
1 ] = E[T 2

2 ].

16



We next prove that T1 and T2 are positively correlated when S is not a
constant.

Lemma 3.8.

Cov[T1, T2] ≥ 0. (58)

Proof. We start from (50) and observe that we can express that relation as
an expectation:

E [T1T2] = ρ2
∫ ∞

0

fS(x)

(∫ x

y=0

P(R > y)dy

)(∫ x

z=0

P(R ≤ z)dz

)
dx

= ρ2E
[(∫ S

y=0

P(R > y)dy

)(∫ S

z=0

P(R ≤ z)dz

)]
≥ ρE

[∫ S

y=0

P(R > y)dy

]
ρE
[∫ S

z=0

P(R ≤ z)dz

]
. (59)

In the last step, we have used the FKG-inequality Fortuin et al. [8], which
states the following: Let S be a random variable and let f1(·) and f2(·) be two
real-valued, non-decreasing functions. Then E[f1(S)f2(S)] ≥ E[f1(S)]E[f2(S)].
In our case, take f1(x) =

∫ x

y=0
P(R > y)dy and f2(x) =

∫ x

z=0
P(R ≤ z)dz.

The proof is completed by observing from (45) and (46) that the means of

the overlapping time have expressions E[T1] = ρE
[∫ S

y=0
P(R > y)dy

]
and

E[T2] = ρE
[∫ S

z=0
P(R ≤ z)dz

]
.

It should be observed that Cov[T1, T2] = 0 when S ≡ D. This is quickly
verified by noticing that P(R ≤ y) = y/D.

We conclude the section by giving a compact expression for E[T 2
2 ]−E[T 2

1 ].
Its derivation requires the following lemma.

Lemma 3.9.

∞∫
0

2yP(S > y)P(R > y) dy = E[S]
∞∫
0

(P(R > y))2 dy.

Proof. Observe that

d

dy
(P(R > y))2 = −2P(R > y)fR(y) = − 2

E[S]
P(R > y)P(S > y),

17



which implies, using a substitution,
∞∫
0

2yP(S > y)P(R > y) dy = −E[S]
∞∫
0

y dy(P(R > y)2)

= E[S]
∞∫
0

(P(R > y))2 dy,

where the second equality follows from integration by parts.

Corollary 3.10. With R1, R2 denoting two independent copies of R, we
have

E[T 2
2 ]− E[T 2

1 ] = ρ2E[S2]− 3ρ2E[S]E[min{R1,R2}].
Proof. Starting from (57), interchanging integrals and integration by parts
leads to

E[T 2
2 ]− E[T 2

1 ] = ρ2
∞∫
0

fS(x)

x2 − 2x

x∫
0

P(R > y) dy

 dx

= ρ2E[S2]− 2ρ2
∞∫
0

P(R > y)

∞∫
y

xfS(x) dx dy

= ρ2E[S2]− 2ρ2
∞∫
0

P(R > y)

yP(S > y) +

∞∫
y

P(S > x) dx

 dy

= ρ2E[S2]− 2ρ2
∞∫
0

yP(R > y)P(S > y) dy − 2ρ2E[S]
∞∫
0

P(R > y)2 dy.

Together with Lemma 3.9 it follows that

E[T 2
2 ]− E[T 2

1 ] = ρ2E[S2]− 3ρ2E[S]
∞∫
0

P(R > y)2 dy

= ρ2E[S2]− 3ρ2E[S]
∞∫
0

P(min{R1,R2} > y) dy

= ρ2E[S2]− 3ρ2E[S]E[min{R1,R2}].
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4 The M/M/∞ Queue

In the present section we focus on the M/M/∞ queue. A generic service
time S now is assumed to be exponentially distributed with mean 1/µ; ac-
cordingly, the same holds for R. A straightforward calculation shows that
the joint transform of O1, O2, T1 and T2, as given in the second expression of
Theorem 3.1 now reduces to the expression given below.

Theorem 4.1. The joint transform of O1, O2, T1, T2 in the M/M/∞ queue
is given by

E
[
zO1
1 zO2

2 e−θ1T1e−θ2T2
]
= e−ρ(1−z1)

∞∫
0

µe−µxe
−ρz1θ1

1−e−(µ+θ1)x

µ+θ1

× e
−λx(1−z2)−λz2θ2

e−(µ+θ2)x−1+(µ+θ2)x

(µ+θ2)
2 dx. (60)

As a corollary, we give some marginal transforms which immediately fol-
low from the above theorem.

Corollary 4.2.

E
[
zOe−θT

]
= e−ρ(1−z)

∞∫
0

µe−µxe−ρzθ 1−e−(µ+θ)x

µ+θ

× e
−λx(1−z)−λzθ

e−(µ+θ)x−1+(µ+θ)x

(µ+θ)2 dx, (61)

E
[
zO
]
= e−ρ(1−z) µ

µ+ λ(1− z)
, (62)

E
[
e−θT

]
=

∞∫
0

µe−µxe−ρθ 1−e−(µ+θ)x

µ+θ e
−λθ

e−(µ+θ)x−1+(µ+θ)x

(µ+θ)2 dx, (63)

E
[
e−θT1

]
=

∞∫
0

µe−µxe−ρθ 1−e−(µ+θ)x

µ+θ dx, (64)

E
[
e−θT2

]
=

∞∫
0

µe−µxe
−λθ

e−(µ+θ)x−1+(µ+θ)x

(µ+θ)2 dx, (65)

E
[
e−θ1T1−θ2T2

]
=

∞∫
0

µe−µxe
−ρθ1

1−e−(µ+θ1)x

µ+θ1 e
−λθ2

e−(µ+θ2)x−1+(µ+θ2)x

(µ+θ2)
2 dx. (66)
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Remark. We can rewrite (63) as follows:

E
[
e−θT

]
=

∫ ∞

x=0

µe−(µ+ λθ
µ+θ

)xexp

(
−ρ

(
θ

µ+ θ

)2 (
1− e−(µ+θ)x

))
dx. (67)

In this case of exponentially distributed service times, we can express
the LST of the Ti and of T into the lower incomplete gamma function (cf.
Subsection 1.4) by using the transform y = exp(−(µ+θ)x). We demonstrate
this in some detail for T , using (67):

E
[
e−θT

]
=

µ

µ+ θ

∫ 1

y=0

y
µ2+(µ+λ)θ

(µ+θ)2
−1
e−ρ( θ

µ+θ
)2(1−y) dy. (68)

Comparison with (3) and (5) reveals that

E
[
e−θT

]
=

µ

µ+ θ
e−ρ( θ

µ+θ
)2

(
−1

ρ

(
µ+ θ

θ

)2
)µ2+(µ+λ)θ

(µ+θ)2

γ

(
µ2 + (µ+ λ)θ

(µ+ θ)2
,−ρ

(
θ

µ+ θ

)2
)
.

(69)
We make the important observation that the second argument of the

incomplete gamma function is negative in the above expression. We refer
to Gil et al. [9] for an algorithm for computing such a function. The same
transformation, applied to (64) and to (65), yields

E
[
e−θT1

]
=

µ

µ+ θ

∫ 1

y=0

y
µ

µ+θ
−1e−

ρθ
µ+θ

(1−y)dy

=
µ

µ+ θ
e−

ρθ
µ+θ

(
−µ+ θ

ρθ

) µ
µ+θ

γ

(
µ

µ+ θ
,− ρθ

µ+ θ

)
, (70)

E
[
e−θT2

]
=

µ

µ+ θ

∫ 1

y=0

y
µ+λθ
µ+θ

−1e
− λθ

(µ+θ)2
(y−1)

dy

=
µ

µ+ θ
e

λθ
(µ+θ)2

(
(µ+ θ)2

λθ

)µ+λθ
µ+θ

γ

(
µ+ λθ

µ+ θ
,

λθ

(µ+ θ)2

)
. (71)

Moments are rather easily derived via differentiation of the transform expres-
sions in Theorem 4.1 and Corollary 4.2. For the first and second moments
of overlap numbers we refer to the already very explicit expressions in The-
orem 3.4, where E[S2] = 2/µ2. For the means of the Ti and T we refer to
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Theorem 3.5. Below we give the second moments of the Ti and T , as their
expressions in Theorem 3.6 are less explicit; however, we omit the derivations
as they only involve straightforward integrations.

Corollary 4.3.

E[T 2
1 ] =

1

2

ρ

µ2
+

1

3

ρ2

µ2
, (72)

E[T 2
2 ] =

1

2

ρ

µ2
+

5

6

ρ2

µ2
, (73)

E[T1T2] =
5

12

ρ2

µ2
, (74)

E[T 2] =
ρ

µ2
+ 2

ρ2

µ2
. (75)

5 The M/D/∞ Queue

In the present section we focus on the M/D/∞ queue. Now a generic service
time S = ∆, a constant. It is readily verified that R is uniformly distributed
on [0,∆]: P(R ≤ y) = y/∆, 0 ≤ y ≤ ∆. Similarly as in Section 4, we
start by providing expressions for the joint transform, marginal transforms
and moments of O1, O2, T1 and T2. Specifically, the joint transform, as given
in the second expression of Theorem 3.1 can be reduced to the following
expression.

Theorem 5.1. The joint transform of O1, O2, T1, T2 in the M/D/∞ queue
is given by

E
[
zO1
1 zO2

2 e−θ1T1e−θ2T2
]
= e−2λ∆e

λz1
θ1
(1−e−θ1∆)e

λz2
θ2
(1−e−θ2∆). (76)

We immediately observe from (76) that the pairs (O1, T1) and (O2, T2) are
independent and identically distributed. The independence can be explained
by the fact that customers behave independently in an infinite-server queue
and that the tagged customer’s sojourn time is no longer random. Further-
more, O1 and O2 are both Poisson(λ∆) distributed since O1 is the stationary
number of customers in the system and O2 is the number of arrivals in an
interval of length ∆. We finally share some intuition on why T1 and T2 have
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the same distribution. Recall from Section 2.1 that the overlap time with
customers contributing to T1 is min (∆,R) and the overlap time with cus-
tomers contributing to T2 is min (∆, U [0,∆]). Because R is distributed as
U [0,∆] for the deterministic service time ∆, it follows that T1 and T2 have
the same distribution.

Below we present a few marginal transforms directly resulting from The-
orem 5.1.

Corollary 5.2.

E
[
zOe−θT

]
= e−2λ∆e2

λz
θ (1−e−θ∆), (77)

E
[
zO1
]
= E

[
zO2
]
= e−λ∆(1−z), (78)

E
[
e−θT1

]
= E

[
e−θT2

]
= e−λ∆e

λ
θ (1−e−θ∆). (79)

Remark. (i) We emphasize once more that T1 and T2 are independent, so the
LST of T equals the product of the LST’s of T1 and T2.
(ii) Replacing λ∆ by ρ one could rewrite, e.g., the last formula as

E
[
e−θT1

]
= E

[
e−θT2

]
= e−ρeρ

1−e−θ∆

θ∆ . (80)

(iii) The fact that the LST of a residual service time in the M/D/∞ queue,

i.e., of a U(0,∆) distributed random variable, equals 1−e−θ∆

θ∆
, allows one to

give a short derivation of (80):

E
[
e−θT1

]
=

∞∑
k=0

E
[
e−θT1|Q = k

]
P (Q = k)

=
∞∑
k=0

(
1− e−θ∆

θ∆

)k

e−ρρ
k

k!

= e−ρeρ
1−e−θ∆

θ∆ . (81)

Similarly for the LST of T2, with as only difference that Q is replaced by
Nλ(∆), the number of arrivals of a Poisson(λ) process during ∆; that number
of course is Poisson(ρ) distributed, just like Q.

We now direct our attention to moments. Note first that moments of O1

and O2 are trivial as they are both Poisson(λ∆) distributed. Since the first
moments of T1 and T2 are given explicitly in Theorem 3.5, we mention only
second moments of T1 and T2 below.
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Corollary 5.3.

E[T 2
1 ] = E[T 2

2 ] = ∆2

(
1

3
ρ+

1

4
ρ2
)
, (82)

E[T1T2] = E[T1]E[T2] =
1

4
∆2ρ2, (83)

E[T 2] = ∆2

(
2

3
ρ+ ρ2

)
. (84)

In the case of deterministic service times, it turns out to be possible to
obtain an explicit expression for the distribution of T1 (and then of course
also for those of T2 and T ). We close this section by deriving that expression.
Starting-point is the fact that the distribution of the sum of k independent
uniform random variables, each distributed on (0, 1), is known; it is the Irwin-
Hall distribution. If X1, X2, . . . , Xk ∼ U(0, 1), the sum Sk = X1+X2+ · · ·+
Xk has the Irwin-Hall distribution, with the PDF:

fSk
(x) =

1

(k − 1)!

⌊x⌋∑
m=0

(−1)m
(
k

m

)
(x−m)k−1

+ , 0 ≤ x ≤ k. (85)

If the uniform distribution is generalized to be on the interval (0,∆) i.e.
Xi ∼ U(0,∆), then the scaled sum Sk = ∆ · (Y1 + Y2 + · · · + Yk), where
Yi ∼ U(0, 1). The PDF of Sk becomes, for 0 ≤ x ≤ k∆:

fSk
(x,∆) =

1

∆(k − 1)!

k∑
m=0

(−1)m
(
k

m

)( x

∆
−m

)k−1

+
(86)

=
1

∆(k − 1)!

⌊x/∆⌋∑
m=0

(−1)m
(
k

m

)( x

∆
−m

)k−1

, (87)

where (x− k)+ denotes the positive part of the expression i.e.

(x− k)+ =

{
x− k, x− k ≥ 0

0, x− k < 0.
(88)

Note that the cdf becomes, for 0 ≤ x ≤ k∆:

Fk(x,∆) = P (Sk ≤ x) =
1

k!

k∑
m=0

(−1)m
(
k

m

)( x

∆
−m

)k
+

(89)

=
1

k!

⌊x/∆⌋∑
m=0

(−1)m
(
k

m

)( x

∆
−m

)k
. (90)
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Theorem 5.4. The overlapping time upon arrival, T1, has the following cdf:

P(T1 ≤ t) =

⌊t/∆⌋∑
m=0

e−ρ (−1)m

m!
(λt−mρ)

m/2
+ Im

(
2
√
(λt−mρ)+

)
, (91)

where Im(·) denotes the well known modified Bessel function of the first kind

Im(x) =
∞∑
j=0

(x/2)2j+m

(j +m)!j!
. (92)

Proof.

P(T1 ≤ t) =
∞∑
k=0

P(T1 ≤ t|X = k) P(X = k)

=
∞∑
k=0

e−ρρ
k

k!
P

(
k∑

j=1

(Uj(0,∆) ∧∆) ≤ t

)

=
∞∑
k=0

e−ρρ
k

k!
P

(
k∑

j=1

Uj(0,∆) ≤ t

)

=
∞∑
k=0

e−ρρ
k

k!

1

k!

k∑
m=0

(−1)m
(
k

m

)(
t

∆
−m

)k

+

=
∞∑

m=0

e−ρ (−1)m

m!

∞∑
k=m

(λt−mρ)k+
k!(k −m)!

=
∞∑

m=0

e−ρ (−1)m

m!

∞∑
j=0

(λt−mρ)j+m
+

(j +m)!j!

=
∞∑

m=0

e−ρ (−1)m

m!
(λt−mρ)

m/2
+ Im

(
2
√

(λt−mρ)+

)
=

⌊t/∆⌋∑
m=0

e−ρ (−1)m

m!
(λt−mρ)

m/2
+ Im

(
2
√

(λt−mρ)+

)
. (93)

In the last step we have arrived at a finite sum representation because (λt−
mρ)+ = 0 for m > t/∆. This completes the proof.
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Remark. We can also write the cdf as an expected value, i.e.,

P (T1 ≤ t) =
∞∑
k=0

Fk(t,∆)P (Q = k)

= E
[
FN(λ∆)(t,∆)

]
, (94)

where N(λ∆) is a Poisson random variable with rate parameter λ∆ and
F0(t,∆) = 1.

6 The M/PH/∞ Queue

In this section, we analyze the case where the service time distribution is
phase type, with special attention for the hyperexponential and Erlang dis-
tributions; finally, we briefly consider the uniform distribution.

6.1 Phase-Type Matrix Notation

Let S ∼ PH(α,M) be a phase-type distributed random variable with n
stages, where:

• α ∈ R1×n is a row vector representing the initial distribution over the
n transient states (with α ≥ 0 and α1 = 1),

• M ∈ Rn×n is a sub-generator matrix governing the transition rates
among transient states with non-positive row sums and non-negative
off-diagonal entries.

Note that the mean of S is given by:

E[S] = −αM−11. (95)

The distribution of R, the stationary excess or residual lifetime, is readily
derived:

P(R ≤ t) = 1−
∫∞
t

P (S > y) dy

E[S]

= 1−
∫∞
t

αeMy1dy

−αM−11

= 1− αM−1eMt1

αM−11
. (96)
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Defining

π :=
α(−M)−1

E[S]
, (97)

we can hence write
P(R ≤ t) = 1− πeMt1. (98)

Given this we now know that∫ x

0

P (R > y) dy =

∫ x

0

πeMy1dy

= πM−1(I − eMx)1. (99)

Finally, we have by standard matrix integration:∫ x

0

e−θyP(R > y)dy = π(M − θI)−1
(
e(M−θI)x − I

)
1. (100)

6.2 Hyperexponential

In the special phase-type case that the service time distribution is hyperex-
ponential we can do without the matrix manipulations. We have

P (S > x) =
n∑

j=1

pje
−µjx, (101)

and hence

P(R > x) =
1

E[S]

∫ ∞

x

P (S > y) dy

=
1∑n

k=1
pk
µk

∫ ∞

x

n∑
j=1

pje
−µjydy

=
n∑

j=1

αje
−µjx, (102)
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where αj =

pj
µj∑n

k=1
pk
µk

, j = 1, . . . , n.

Moreover, we have∫ x

0

e−θyP(R > y)dy =

∫ x

0

e−θy

n∑
j=1

αje
−µjydy

=
n∑

j=1

αj

∫ x

0

e−(θ+µj)ydy

=
n∑

j=1

αj

θ + µj

(
1− e−(θ+µj)x

)
. (103)

6.3 Erlang(n, µ)

If the service time distribution is Erlang(n, µ), then we can also compute the
stationary excess tail cdf by standard arguments. We start with a relationship
between the tail distribution of the Erlang distribution and the incomplete
gamma function (cf. Subsection 1.4), i.e.

P (S > x) =

∫ ∞

x

µnyn−1e−µy

Γ(n)
dy =

n−1∑
j=0

(µx)j

j!
e−µx =

Γ(n, µx)

Γ(n)
. (104)

With this result, we are ready to give the tail of the stationary excess of the
Erlang distribution.

Lemma 6.1.

P(R > x) =
1

E[S]

∫ ∞

x

P (S > y) dy =
Γ(n, µx)

Γ(n)
− µx

n

Γ(n− 1, µx)

Γ(n− 1)
.

(105)
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Proof.

P(R > x) =
1

E[S]

∫ ∞

x

P (S > y) dy

=
1

µE[S]

n−1∑
j=0

∫ ∞

x

µj+1yj

j!
e−µydy

=
1

n

n−1∑
j=0

j∑
k=0

(µx)k

k!
e−µx

=
1

n

n−1∑
k=0

n−1∑
j=k

(µx)k

k!
e−µx

=
1

n

n−1∑
k=0

(µx)k

k!
e−µx (n− k)

=
n−1∑
k=0

(µx)k

k!
e−µx − 1

n

n−1∑
k=0

k
(µx)k

k!
e−µx

=
Γ(n, µx)

Γ(n)
− µx

n

n−2∑
m=0

(µx)m

m!
e−µx

=
Γ(n, µx)

Γ(n)
− µx

n

Γ(n− 1, µx)

Γ(n− 1)
. (106)

Finally, after some calculations, we can obtain the exponential integral of
the tail distribution of the stationary excess as∫ x

0

e−θyP(R > y)dy =

∫ x

0

e−(θ+µ)y

(
n−1∑
k=0

(µy)k

k!
− µy

n

n−2∑
m=0

(µy)m

m!

)
dy

=
n−1∑
k=0

∫ x

0

(µy)k

k!
e−(θ+µ)ydy − 1

n

n−2∑
m=0

∫ x

0

(µy)m+1

m!
e−(θ+µ)ydy

=
n−1∑
k=0

µk

(θ + µ)k+1

γ (k + 1, (θ + µ)x)

Γ(k + 1)

− 1

n

n−2∑
m=0

µm+1

(θ + µ)m+2

γ (m+ 2, (θ + µ)x)

Γ(m+ 1)
. (107)
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6.4 Uniform[0,∆]

Finally, we consider a service time distribution that is not phase type, viz.,
the Uniform[0,∆] distribution. We have P(S > x) = ∆−x

∆
, 0 ≤ x ≤ ∆, and

hence

P(R > x) =

(
∆− x

∆

)2

, 0 ≤ x ≤ ∆, (108)∫ x

0

e−θyP(R > y)dy =
1− e−θx

θ
− 2

∆θ2
(1− e−θx − θxe−θx) (109)

+
2

∆2θ3
(1− e−θx − θxe−θx − 1

2
(θx)2e−θx), 0 ≤ x ≤ ∆,

while for x > ∆ we have to replace x by ∆ in the above formula, as P(R >
y) = 0 for y > ∆. Moreover, we can represent the integral in terms of the
incomplete gamma function as∫ x

0

e−θyP(R > y)dy =
γ(1, θx)

θ
− 2γ(2, θx)

∆θ2
+

Γ(3)γ(3, θx)

∆2θ3
, 0 ≤ x ≤ ∆.

(110)

7 Conclusion

In this paper, we have analyzed the overlapping time in the M/G/∞ queue.
We were able to derive the Laplace-Stieltjes transform of the overlapping time
and the joint transform with the total number of overlapping customers. We
also have shown how to compute the moments of overlapping time. It was
proven that E[T 2

2 ] ≥ E[T 2
1 ], where T1 is overlapping time of a tagged customer

with customers found upon arrival and T2 is overlapping time with customers
arriving during her stay; equality holds in the case of deterministic service
times. We have also proven that T1 and T2 are positively correlated, but
that they are independent in the case of deterministic service times. Finally
we have computed various integrals for phase-type distributions, which are
essential to understanding the moments and distribution of the overlapping
time.

There are several extensions worth pursuing here; we mention four topics.

• It would be great to consider a multi-server version of overlapping time
since the single server has been considered in Boxma and Pender [3].
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This is difficult since it would depend on the number of customers
present at the arrival epoch of the tagged customer. If the queue length
is smaller than the number of servers, then it is similar to the infinite
server case. However, otherwise the tagged customer must wait before
receiving service, which will increase the overlapping time. Both of
these cases need to be considered.

• We intend to study overlapping time distributions in networks of infinite
server queues.

• It would also be interesting to consider infinite server queues with time
varying arrival rates. It would be insightful to understand how a time
varying arrival rate would affect the overlapping time as a function of
when the tagged customer joins the queue.

• Finally, it would be interesting to study overlapping time in queues
with different service disciplines. For instance, priority queues, the
last come first serve and shortest remaining processing time service
disciplines would be interesting to study.
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