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Abstract.

We consider in this work the critical temperature that arises in the annealed
g-state Potts model on sparse rank-1 random graphs where the vertices are
equipped with an exponential weight density. This critical temperature is the
unique positive solution ¢ = ¢, of an equation K(¢) = 0. where K is obtained
by combining the criticality condition and the stationary condition for the
case that the external field B equals 0. The exponential density belongs to
a rather large class of weight densities, identified in [1], for which existence
and uniqueness of the critical temperature can be shown to hold. In the
context of the application in [1], it is natural to consider heavy-tail densities
and integer ¢ > 3. However, it is of mathematical interest to consider the
equation satisfied by t. for a density as basic as the exponential density, as
well as for general ¢ > 2 (this general case also shows up in [1] when positive
external fields are considered). It is a challenging problem to try to find a
closed-form or a (semi-) analytic expression for ¢.. As far as we know, such a
closed-form expression has been found only for the homogeneous case (pure
delta distribution), and even for the exponential density we are not aware of
an explicit result for t.. We focus on numerical computation of ¢, instead and
on bounds for ¢., such as %ln(q —1) <t.<In(q¢g—1),q > 2, and asymptotic
behaviour of t. as ¢ | 2 or ¢ — oc.



1 Introduction and annoucement of results

In [1] a comprehensive study has been made of the annealed ferromag-
netic g-state Potts model on sparse rank-1 random graphs, where vertices
are equipped with a vertex weight and where the probability of an edge is
proportional to the product of the vertex weights. Under a rather general
condition on the weight distribution W, the phase transition is first order,
with a unique discontinuity of the order parameter. To be more specific,
let 3 > 0 be the inverse temperature and 3 = e® — 1, and assume that
the external field B equals 0. Assume that E[IW?] < oo, and consider the
function

%% e —1 ]

Flt) = Fp=oll) = E EW] eW +q—1

£>0. (1)

Assume also that F(¢) has a unique inflection point ¢, > 0 (so that F”(t,) =
0, and F”(t) > 0 when 0 < ¢ < t, and F”(t) < 0 when ¢ > ¢,). Also consider
the annealed pressure
/
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p(t,8) = En(e +q - D]~ EW o (0 -D(5) +25-1) - @
Under the above condition on F, there is a unique pair (., 5.) with ¢, > 0,
BL > 0 such that simultaneously the stationary condition

F(t)=t/8 (3)
and the criticality condition
p(t, B') = p(0, ") (4)
is satisfied. The criticality condition can be written as
1 e +qg—1 g—1 t ¢
B Y S ) R PR S ;
E[W] q 2¢ B g )

In Theorem 1.14 of [1], the following characterization of the critical temper-
ature t. is given. Consider the function

K(t):mﬂ‘:[lncthq_lﬂ_q_l t

in which ' is eliminated from the left-hand side of (5) by using (3). Then ¢, is
the unique ¢ > 0 such that /() = 0. Moreover, as the proof of Theorem 1.14
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n [1] shows, t. > t, and K is concave in t € (0,t,) and convex in t € (t., 00).
Furthermore,

K(0) = K'(0) = K"(0) = 0, (7)

and IC(t) < 0 for small t > 0 and KC(¢) > 0 for large t > 0.
We consider all this for the case that ¢ > 2 and that W has the standard
exponential pdf

fwlw) =™ Koo (w) ,  w=0. (8)

This fy belongs to a rather large class of pdf’s for which the corresponding
F has a unique, positive inflection point, see Theorem 1.16 and Sec. 7.2 in
[1]. For completeness, we shall present a proof of this for fy, in (8) in Sec. 2.
Also in Sec. 2, we shall compute IC of (6) for this fy as

o0

K(t) = 1(q— 1)t 1+/de | ()

q et 4+q—1
0

Hence, t. is the unique solution ¢ > 0 of the equation

o0

/de:_l’ (10)

et 4+q—1 q
0

and we have for ¢t > 0

1
t<t<:>/ dw < — | t>t<:>/ dw>—.
etw+q—1 q etw+q—1 q

A large part of this work is devoted to the inequality
tIn(g—1) <t(q) <In(g—1). (12)

This inequality has been verified numerically and analytically for a wide
range of ¢ > 2. This can be done either by using the criterion in (11) with
t = %ln(q— 1) and t = In(¢—1), respectively, and a numerical computation of
the integral, or by solving the equation (10) for ¢t = ¢, by Newton’s method.

The first inequality in (12) is sharp for ¢ larger than but close to 2: we
show that

t()=3y—1v+1y+0@", wy=q-210, (13)



where we note that

s(g—1)=3In(1+y) =5y — 39" +5¥°+0(y"), y=q-210. (14)
The second inequality in (12) is sharp as ¢ — oco: we show that

tc(q)—a—§—2—|—0<;3>, a=In(g—1) = oo (15)

While it would be desirable to have proofs of the two inqualities in (12), we
have not been able to find these proofs. Instead, we show that the inequalities
hold for small values of ¢, say, 2 < ¢ < 2.1, and for large values of ¢, say,
q > 5. From (13) and (14), one should expect the proof of the first inequality,
which is quite sharp for small positive ¢ — 2, in (12) to be involved. A crucial
ingredient here is the expansion

n , In(¢g —1) . 1
— Z < In(g — 1) (16)
We have ay(q) = 1/q while a,(q) for n = . have the form

(o) = Z cm-(é)j” , (17)

where the c,; satisfy a simple recursion. Furthermore, by contour integration,
taking the poles of 1/(e* +¢—1) at z =1In(q — 1) + (2k + 1) wi, k € Z, into
account, the a,(q) have the form of a geometric series. As a consequence,
one has for N =1,2, ...

Mz

q—l nzoan 2"+ R(q, 2) , (18)
where the remainder R(q,z) has a closed form that is valid for all z > 0.
When (18) is inserted into the left-hand side of (10) with N = 3, one gets
a fixed-point equation ¢ = ¢(t) for ¢ satisfying (10), and it appears that
¢(2In(g—1)) > 1In(¢ — 1) and ¢(In(g — 1)) < In(g — 1) when 2 < ¢ < 2.1.

The remainder of this work is organized as follows. In Sec. 2, we show
that the F in (1) corresponding to the exponential pdf fy in (8) satisfies the
crucial condition of having a unique positive inflection point. Furthermore,
we show that the corresponding K in (6) is given by (9). In Sec. 3, we show
that the second inquality in (12) holds for large ¢, and in Sec. 4 we do the
same for the first inquality in (12). In Sec. 5, we show both inequalities in
(12) for 2 < ¢ < 2.1, using the technique involving the expansion in (16)
as outlined above. As a bonus, we get in Sec. 6 the approximation given in
(13) for t.(q) as y = q — 2 is small positive. Finally, in Sec. 7, we show the
asymptotic result (15) for t.(q) as ¢ — 0.
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2 Defining equation for . in the case of ex-
ponential pdf

Let W have the pdf fiy(w) = exp(—w) Xjpo0)(w), w > 0, and let ¢ > 2.
With F given in (1), we have

F®) :]E[]EFI;/] e“’i+;i 1} =1- E[?/V] E[etW—Iidi— 1} ' (19)

We shall show that F has a unique positive inflection point t,. We have

_<%)2 (ex +1q — 1) _ (‘ie;?;i_lfj =:a(x) rTER. (20)

Hence, since E[W] =1,

g L(g—DeW —e2Wy g ,
Ft) = WE[W 17 ] = Sy I aew )
= q / w® a(tw) e dw = t% e Pa(x)de, t>0.(21)

O(t) := / e a(x) d . (22)

Let x¢ := In(q¢ — 1). We have that a(z) given in (20) satisfies a(xy) = 0 and
forz >0
r<xzy=alr)>0, x> xo=a(z(<0 (23)

while a(x) is smooth and has exponential decay as z — oo. Therefore, ®(¢)
is positive for small positive . Furthermore,

o)
3

e’ ! -
0 0

0

(24)
Hence, lim;_,o, ®(f) < 0 showing that ®(¢) is negative for large positive ¢. It
follows that ®(t) has a positive zero. Let ty be the smallest positive zero of
O(t).



Now assume that ¢ > 0 is such that ®(¢) < 0. We shall show that
d’(t) < 0. We have

o0

1 (o.9]
(ID/(t):/ ey da:——Q/ b aa(r)dr . (25)
0

2
0
Since (z — xg) 23 a(z) < 0 for all z > 0, z # xy, we have

/ o/t (g v} a(r)dr <0 . (26)

It follows that

o0 o0

/ et x- 2 a(r)de < / ety -2t a(r) de = o ®(t) <0, (27)

0 0

by assumption. Therefore, we get ®'(t) < 0, indeed. It is then argued by
contradiction that ¢, is the only positive zero of ®(t).
We shall now compute K of (6). We have for t > 0 and ¢ > 2

i 1
K(t) = /ln(etw+q—1)6_wdw lnq—%t

0

wl»—A

)t 28
0

where it has been used again that E[J¥] = 1. Now, by partial integration,

In(e™ — e “dw=1 ——e “d
/n(e +qg—1)e “dw nq+/€tw+q_1e w
0 0
e~ W
=1 t—(qg—1)t | ———dw . 29
ngrt— (-1t [ —du (29)

0

Hence



etv+q—1
we Y
—lnq—Q—t—i—%( —1)t/etw+q_1dw
0
1 Oo(w—2)e‘w
1

and this is (9).

NB. It can be observed that the KC-function corresponding to the exponential
pdf o exp(—aw) Xjo,)(w) is given by o K(t/cr), t > 0, when o > 0.

We shall now solve the equation K(¢) = 0 for t = ¢, > 0 by Newton’s
method. We illustrate this for ¢ = 6. The equation (10) for t. reads L(t) = 0,
where

1 (w—2)e ™
L(t)—g—l—/mdw, t>0. (31)
0
Due to the convexity properties of K it is safest to start the Newton iteration
4 4 L(t(j))
(+1) — +() _ -
t =t Do) j=0,1,.., (32)

with a t© such that K(t®) = 1 (¢ —1)¢©@ L) > 0. It appears (using
WolframAlpha to evaluate the integral in (31)) that L(1) > 0, so that we
can take t(©) = 1. Furthermore, L/(t) required in (32) is given by

d | [ (w—2)e™ r w(w —2) e
vy =2 | W2 gy = [ B TAE 33
(t) dt / ew 5 0 /(etw+q—1)2 o (33)
0 0
for which WolframAlpha can also be used. We then get t(© = 1, t) =
0.997322661, t2) = 0.997315857 with L(t?) = 2.17 x 107'2,



3 Showing that ¢.(q) < In(q — 1) for large ¢

In this section, we let ¢ := In(q — 1) > 0. We shall show, see (11), that

for large ¢
i.e., that

Observe that

T (w—2)e " N
/ ot 1 jn 1 w > / —6t(w71) 1 dw =: I ’
0

and we concentrate first on finding out when Iy > —1 + %. We have

1 1
—w 1 —w
0 0

2
1 —w
+ /(w 2)€t(w D¢ dw
1
We use that )
/(w—2) “Ydw = -1,
0
and that
1 ! ! ER
— e €T .
e +1 e *41"
Hence
/ d / d
[O__l_/(w_2>e e-t(w—1>+1+/<w_2)e 1) 11
0 1

(34)

(35)

(36)

(37)

(38)

(39)



For the first integral on the right-hand side of (40) we have by the substitution
v=—-w+1¢€][0,1]

1

1
_ dv
/(w—2)e _ = /v+1 L)
0

0

and for the second integral we have by the substitution v =w — 1 € [0, 1]

2 1
w  dw Cpeq AU
1 0
Hence,
/ d
1 v
Iy = —1+4- el +(v—1)e
0 +€/((v+ Je! +(v—1)e )e“’+1
0
/ d
2 v
= —1+- h inh . 43
+€/(vcos v + sin v)etv+1 (43)
0
Next, by partial integration,
1 1 d(osinh
2 ) v 2 vsinhv)
;/(vcoshv—l—smhv o +1—g/ il
0 0
; ¢
1 1 2t v
= - (1 — =)+ — / vsinhv ———— du . (44)
q 62 e (etv 4+ 1)2
0
Furthermore
1 1
2t 2t
— / vsinhy ——— « =— / d(v coshv — sinh v)
e (et 4 1)2 e (et +1)2
0 0
21 t 2 2tv _ tv
= —(coshl—sinhl) —= + — / vcoshv—sinhfu)udv :
e (et+1)2 e (et +1)3
0
(45)



Using that cosh1 —sinh1 = 1/e and t = In(q — 1), we get for the first term
on the second line of (45) the concise expression 2t(q—1)/e?¢®. Furthermore,

since v coshv —sinhv > 0, €*¥ — e > 0 when v > 0, the second term on the
second line of (45) is positive. Therefore, from (43), (44) and (45)

1 1 2t(q—1)

Iy > -1 -(1——) iV )

0 +q 2 + e2 g2
1 1 2(g — 1) 1 -1
q e? e q

where we recall ¢ = In(g — 1). Hence Iy > —1+ _ when

2(q—1) In(g —1)
q
It is evident that (47) holds for large ¢; in fact it holds for ¢ > 3.0935, i.e.,
for t =1In(q — 1) > 0.7389.

In the above argument, we have ignored the positive terms, see (36) and
the second line of (45),

>1. (47)

. (w—2)e ™
2
2 2t ¢
2t v et
I = — (vcoshv — sinhv) ﬁ dv . (49)

0
When we would like to extend the range of ¢ towards lower values where (35)
is valid, we should take the terms I; and I, into account. In this respect, I,
is not of much help since it can be estimated according to

2
O<]2<e

_7 3
ot (50)

and this becomes very small as t | 0.
As to I, we have by the substitution v = w — 2 € [0, 00)

e (ut2) 1 we " du
L= 2 " gy = =
et(u+l) +1 e2 etu 41
0 0
1 / we w1t gy (51)
= — - ,
e 1 - 5(1—etu)
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Hence

oo
(w—2)e ™ 1
/euw—mdw—”g
0
1 S D(g—1) [ we g
1€ 51— —(1—et)

and we should try to find out when the expression in
of (52) is positive. To this end, we observe that

where all integrands at the right-hand side of (53) are positive. The integrals
at the right-hand side of (53) can be computed in finite terms using the
binomial theorem as

ll / ue_“(Ht)(l —e "y
q
0
1< r 1 1y
_ - u(l+t) g=jtu gy, — - ( )
qlz /ue e = qlz (1+( J+1)t)
Jj=0 0 Jj=
(54)
It is now an exciting game to take an L = 0,1, ..., and to see for which ¢ > 2
2g—DIn(g=1) =1 x~(1y_ (=1)
+¥ 2 ( ) , >1, 55
: 27 2 )argror )

1=0 =0

where t = In(¢ — 1). It was found numerically that (55) holds for ¢ > 2.5158
when L = 0, for ¢ > 2.2434 when L = 1, for ¢ > 2.0482 when L = 2, and
for ¢ > 2 when L = 3. In fact, for the case that L = 3, the left-hand side of
(55) behaves like 1+ % (¢ —2)® as ¢ | 2. The latter observation can certainly
be turned into a rigorous, although quite messy, proof of the statement that
(55) with L = 3 is positive for all ¢ > 2 when ¢ = In(¢ — 1), and this would
imply that t.(¢) <In(q — 1) for all ¢ > 2.
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4 Showing that ¢.(¢) > 1 In(¢ — 1) for large ¢

In this section, we let ¢ = 3 In(g — 1) > 0. We shall show, see (11), that

for large ¢
—2)e™™ -1
/ w=2e™ =L (56)
etw + q _ 1 q
0
i.e., that
d 1 L o7
et(w 2 w < — +& ( )
0
We start by writing
o0 4 00 ( 2)
w—2)e ¥
/ et(w 2) +1 / et(w 2) +1 / et(w—2) +1 dw . (58)
0 0 4

Using ¢ = €* + 1, we have for the second integral at the RHS of (58)

1
etw2+1 w:_Q
4

1 / - / — e d
— ue U
62 6275 + 1 €2t )(etu + ]_)

2 2

1 Y Y 6t(u72) -1

-1
= — ——q—l /ue T —du | . (59)

2

Next, for the first integral at the right-hand side of (58), we have

12



) 4
» dw
—/(w—2)e <1— o 2)+1 dw+/ etw=2) 4 1
4 2
2 1 4 d
1 w v
— _1_;—/(11)—2)6 ey dw+/(W—2)€ et(w=2) 4 17
; 2
(60)

where (39) has been used. For the first integral on the last line of (60), we
have by the substitution v = —w + 2 € [0, 2]

2 2

W dw v AU
/(w_2)€ m:—/ve etv_l_l' (61)

0 0

For the second integral on the last line of (60), we have by the substitution
v=w-—2¢€|0,2]

4 2
—w dw oo v
2 0
Therefore,
4 ( ) 2 J
w—2)e " 1 g 2 v
/ i 2)+1dw = —1—;—1—/(1}@’“ +ove )etU+1
0 0
/ h
1 2 v cosh v
= —1—— — 63
+62 etv 4+ 1 (63)

We elaborate the remaining integral in (63) as

13



d(vsinh v — cosh v)

2 2

2 oshv 2

2 fuone, 2 f o1
0 0

2

2 /2sinh 2 — cosh 2 1 2t . el?
= €—< T 5 6—2/ (vsinhv — coshv) S dv
0
1 3 1 / h h
t vsinhv — coshv
_ - 1__) 4B dv . 64
q( et +(32—i_2e2/ coshQ%tv ! (64

When we combine (58), (59), (63) and (64), we get

] 1+1<1 3>+1+ t /vsinhv—coshvd
= —1—-——=+—-(1-— — 4+ — v
q coshQ%tv

1 (3 T elw=2) _ |
B I O Ty
+ (q )/ue | u

2

2 0o
11 inh v— cosh ~1 tu=2) 1
= —1+-+-—= t/vsm O g -2 /ue“—6 du
0

q 2e? cosh? % tv q et +1
2
(65)
Therefore, (57) is the same as
Ji t(u=2) [ vsinh h
~1 u=2) _q ' _
0l= " [ e > / DS . (66)
q t(efv 4+ 1) cosh” 5 tv
2 0

Clearly, the right-hand side of (66) is negative for large ¢ since v sinh v—cosh v
is negative for 0 < v < 1 and bounded for 0 < v < 1, while cosh? %tv — 00
when v > 0 and t — co. Also, the right-hand side of (66) is positive for t = 0

14



since

2
/(v sinhv — coshv) dv = 2/ . (67)
0
Therefore,
2
inh v — cosh
(1) ::/vsm vglcos vdv, 150, (68)
cosh” 5 tv
0

has at least one positive zero. Assume ¢, is such that ¢, > 0 and f(ty) = 0.
We shall show that f(¢;) < 0 for ¢; > to, so that f(¢) has precisely one
positive zero. Let t; > t3. Then

2
F(ty) = / vsinhv — coshv cosh? 5 tou

cosh? % tov cosh? % thv

dv . (69)

Let vg > 0 be the unique positive zero of vsinhv — coshv (observe that
(vsinhwv — coshv)’ = wvcoshv > 0, v > 0), so that

0 <v<wy= vsinhv—coshv <0, v >vy= vsinhv—coshv >0. (70)

We have for 0 < a < b that coshaz/coshbz is positive and decreasing in
x > 0. Indeed, we have for z > 0

d <cosh ax) _a sinh ax cosh bx — b cosh az sinh bx

dz \ cosh bz cosh? bx
_acoshbx cosh ar(tanh ar — tanh br) — (b — a) cosh ax sinh bz <0
B cosh? bz
(71)
since tanh ax < tanh bx and b > a. Therefore,
cosh? L toug
t) = f(t) — f(ty) —2—r
flo) = 0= fo)
/ vsinhv — coshv scosh? 2tgv  cosh? £ ¢ouy
_ / ot (SRt SR gy < (72)
cosh” 5 tov cosh” 5 t1v cosh” 5 t1vg

0

since the two factors that make up the integrand of the latter integral have
opposite sign when v € (0,2), v # vg. I have used WolframAlpha to see that
the unique positive zero of f(t) is approximately equal to 0.6456. Hence,
(66) certainly holds for ¢ slightly larger than 0.6456, i.e., for ¢ slightly larger
than exp(2 x 0.6456) + 1 = 4.6372.
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5 Showing that 5 In(q—1) < ¢.(¢) < In(¢— 1) for
2<qg<?2l1

We have for ¢ > 2 that t.(q) is the unique solution t > 0 of

Oo(w—2)e_w 1
——d -=0. 73
/et’“’+q—1 YTy (73)
0

As outlined at the end of Sec. 1, we rewrite (73) as a fixed-point equation
t = p(t) for t = t.(q) where ¢ is a continuous function with

e(ia)>1a, ¢a)<a; a=1In(g—1). (74)

To work towards this fixed-point equation, the denominator of the integrand
in (73) is expanded as a power series in tw. Thus, we define for ¢ € R, g # 0,
power series coefficients a,,(q) by

6z+q_1 Zan (75)

n=

There are some special cases of the expansion (75), viz. for ¢ = 1, ¢ = 2 and
qg=—1:

()=, n=01,.., (76)
LE.(0
an(2) = 2 '( ) , n=01,.., (77)
n!
F
a,(—1) = — % : n=01,... (78)

Here FE,(x) are the Euler polynomials, see [2], 24.2.8, for n = 0,1,...; in
particular as(2) = a4(2) = ... = 0. Furthermore, the F,, are ordered Bell
numbers (Fubini numbers) for n = 0,1, ..., see [3], [4]. However, we need to
consider the a,(q) for ¢ > 2.

The function (e* + ¢ — 1)~! has first order poles at all points z;, = (2k +
1) wi+a, k € Z, with a = In(g—1) > 0. By contour integration of (e*+¢—1)"1
along a square in the complex plane with four corner points £2k7 £ 2k
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with integer k£ — oo, it is seen that for n = 1,2, ...

1 1 dz 1 1
w0 2mi 2l ez +g—1 k_z z :eik 2l ez g —1
|Z‘:7F =—00

For n = 0, the series at the end of (79) diverges, but then we simply have
ao(q) = % :
The a,(q) can be computed in finite terms as well. From the somewhat

remarkable identity

1 1 1
e?+e 14er 20 e

1 (=) pdyn L
an(a) = 5 — (%) tanh(2 a) (81)
Writing
- 1
Etqg—1=) bnz"; by=gq, bn=—, m=12.., (82
m=0 ’
we have from (75)
l
Z bl,n an(q) = 510 s = 0, 1, cee (83)
n=0
Thus, ag(q) = %, and for [ = 1,2, ...
-1
—1 1
a(q) = — = an(q) - (84)
n=0 '

From (84) it can be shown by induction that a,(g) has the form

n

o) =3 ens(3) (%)

J=0

forn=1,2,....
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A simple recursion for the ¢,; is obtained from (81), that we write in the
form

(=" (i)” tanh(la),  n=1,2,...  (86)

etay(e*+1) = -

1
2

By differentiation of (86) with respect to a, we find for n = 1,2, ...

—1)"™ s d \n+1
e an(e® +1)+e*al (e +1) = %( ) ( ) tanh(2 a)

n! da
= (A ana(e 1), (87)
ie.,
an(q) + (=1 ay(q) = —(n+1)an(g), n=12,.... (88
When we write out (88) in terms of the ¢,; for n = 1,2, ..., we find
; (59)
Cn = ——=Cno Cnt+1n = —Cpn—1,
L0 = +1, n—1
Jj+1 .
Cn+1,j = n——}—]_ (an — Cn,j—l) > ] = ]_, e, — 1 . (90)

Noting that ¢ = —1 and ¢y = — %, co1 = 1, we then get explicitly

—1

al(Q):?7 (91)
1 1

as(q) = 7 (1-549), (92)
_1 1 2

as(Q):?ﬂ—Q‘Fg(I), (93)
1 3 7T 2 1 3

a4(Q)=?( —5q+59¢ —54), (94)

as(q)=;—6(1—2q+§q2—iq3+éq4), (95)
1

ae(Q)Zq—( —3g+ B8P -3+ A - L), (96)

-1
a7(Q)=?(1—3q+§q2—§q3+%q4—ﬁq5+%q6), (97)
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ete.
We now return to the equation (73) for ¢ = t.. We write for integer
N =35, ..

N o)
6z+q_1:Zan 2"+ Z an(q) 2", (98)

n= n=N+1

where we use the explicit form of a,(¢), n = 0,1, ..., N, and we use the series
representation (79) for a,(q) to control the second term at the right-hand
side of (98). To begin with this second term, we let

A=A,=@k+ )71, kez, (99)

so that

o0

1

wD=07 2 Uty (100)

Thus we have for |z] <7

> anla)2 Z Z i a
n=N-+1 q g-1 k=—o00 n=N-+1 AkZ +a)
1 > 1 Ari
- KEE N (101)

q—1 =~ (Agi +a)N*2 Api+a— 2

The function on the second line of (101) is analytic in the strip |Im(z)| < 7.
By (98), this latter function equals

N
Y anlg), e <, (102)

n=0

+q— etq—1
and the function in (102) is analytic in the strip |Im(z)| < 7 as well. By
analyticity, we conclude that for all z > 0

[e.e]

N :
1 1 A
=Y w5 Y G die
e fq—1 — -1 = (Apita)Nt? Apita—z

[
WE

an(q) 2" —i—q—l Z Re [(Ak;l+a)N+2 %] AN

3
Il
=)

(103)
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We use this in (73), noting that

ag(q) = — , /(w —2)e Vdw = -1, (104)

0

2 [ 1 N+2  Aii+a
§ R N+1 _ —w
* -1 / e[( ) Apt +a — tw (tw) ™" (w = 2) ™ dw
0

N+l T 1 \N+2  Agi+a
4 R |:< : > : N+1 _2 fwd

;/ ¢ Ari+a Api 4+ a — tw Wi (w—2)e dw
=079

oN+1 2 ra 1 N+1
Re |(Gra)
+q—1z/ ¢ Ari+a
0

tw
(1 N+ — 9) o= duo .
< +Aki+a—tw>} w' T (w—2)e Y dw. (105)

We next use that forn =1,2, ...

/w"(w—2)6_wdw:(n+1)!—2-n!:n!(n—1), (106)
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and since this vanishes for n = 1, (105) becomes

N

0=">an(q)ni(n—1)t"

2tN+1 > R [( 1 >N+2
€ ;
qg—1 prd Api+a

wN+2 (w _ 2)

. | R S
((N+1).N+t/ i ——
0

e v dw)} . (107)

We finally set

C>011/\”“2(10—2)
——e¢ Ydw=Cy—1 A D 108
0
where .
N+2 a—tw —w
_ 9 d 109
Ck: /’LU (U) )Ai+(a—tw)26 w, ( )

"3 N+2 -9
Dk:/ W =2 cw g, (110)

Hence, (107) becomes

0 = an(qg)n!(n —1)t"

N+ & I \N+2
N+ 1IN +tCp—it Ay D
A I;Re[(AkHa) (W +DIN+8Cy — it A D)

= Z an(q)n!(n —1)t"

n=2
N+1
th—; ,;(((NH)!N“Ck)Re[(Ak;a)Nﬁ]
+ t A, Dy, Im[(AkZ:_a)NH}) ) (111)
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We consider now the case N = 3 in more detail. Using (92) and (93), we
have

3
2, 2¢° —12¢+12

Ean Ynl(n— 1) = — L2 T IT 2y (112)
q q

n=

and the expression on the last line of (111) becomes

22 i<(72+t0k)Re[(Aki1+a>5}+tAkaIm[<A : ﬂ) (113)

q_lk:o K+ a

Dividing the equation (111) through by #?/¢*, we get for t. the equation

0 = —qlg—2)— (12¢* — 12¢ + 12) ¢

[e o]

" 2qQ_4t12 Z <<72+t0k) Re[(Ak;_i_a)E)} +t Ay DklmKAk;_'_a)E)]) .

k=0

(114)
Therefore, t = t.(q) satisfies the fixed-point equation

—q(q —2)
2¢% — 12¢ + 12

t=p(t) =

442 o
e 1)(2q22‘q—t 12q + 12) ; ( (7241 C) RGKA;M)?

+tAkaIm[<Ak;+a)5D . (115)

We let y = ¢ — 2, and we consider the case that 2 < ¢ < 2.1. We note
that

=ln(¢g—1)=In(1+vy) <y, (116)

and we aim at showing that %a < t = t.(q) < a. We shall achieve this by

showing that ¢(3a) > 1a, p(a) < a with the continuous function ¢ given
by (115).
We start by the observation that

—q¢—2) _ 5y(1+39)
20> — 12+ 12 14y — 12

(117)
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and we shall show that
> 1 In(1 +y) +0.27625 4% , 0<y<0.1. (118)

To this end, we consider

g) =y +3y)—A+y—3y) m(l+y), y=0. (119)
It is readily checked that

1,2
1ty (4w (L)

y=0.

(120)
Therefore, ¢ is a positive, decreasing and convex function of y > 0. Hence,
for y > 0, we have

Yy

9"(y) = / gOW)dv > ygP(y/2) >363y, 0<y<01, (121)
0

where we have used that ¢ (0.05) = 3.6302... . It follows that

g9ly) > 224> = 0.605y° (122)
and so
3y +3y) Y
22 > JIn(l1+4y)+0302 ————
I+y—59° l+y—35y
> 1n(1+y)+0276259° , 0<y<01. (123)

Next, we consider for t = %a the quantities that make up the expression
on the second line of (115). The first observation is that

4

o q
Q) = —ee —rT 0 122 (124)

decrease from —4 at ¢ = 2 to —4.03655 at ¢ = 2.1, and so —4 > Q(q) > —4.04
for 2 < ¢ < 2.1. We thus have

2q't 2 2 1 1
> —8.08t" = —2.02 t=za=:1 —-1).
= DCE - 120+ 12) ©oot=ae=ahlenl

(125)
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We proceed by considering the quantities

<72+tC>Re[<A—il-ia>5} ’ tADIm[(Aj—ia)? ’ (126)

Witht:%a and where A = Ay, = (2k + 1) 7, and C = Cy, and D = Dy, are

given by (109) and (110). We have, since t = 3 a,

o - 7 saw’(w — 2)? g
- A2—|—ia2(w—2)2€ v

—a [ w’(w — 2)? Cw
_ 2A2/ w=2) X (127)
/ 1+(ﬂ) (w—2)

The integral on the second line of (127) is, for the values of a and A that we
consider, approximated with a relative accuracy of the order of 1% by the
upper bound

/ w’(w —2)? e dw = 5!22 = 2640 . (128)
0
Hence,

72>72+%a0>72<1— (%Aaf 5%) — 2(1—1§—0(i>2) . (129

Furthermore, we have, since t = = a,

N[ —=

[e.o]

w®(w — 2)
D = d
/A2+%a2(w—2)26 v

0

o

= % 0/ w® (w — 2) e dw — (%)2 O/ - EU%ZU)Z(;) " e " dw

1 2 % 5 -9 3

— — |54 (i) / v <w2 Vo cvaw| (130)
A2 24 1+ (i> (w — 2)?

0 2A

The integral on the last line of (130) is, for the values of a and A that we
consider, approximated with a relative accuracy of the order of 2% by the

24



upper bound

/ w’(w — 2) e dw = 5! 148 = 17760 . (131)
0
Hence,
480 480 51148 / a \2\ _ 480 RN
w20 (-5 () ) - (% () 0

We finally consider real and imaginary parts of (Ai + a)~°. We have

(1+:5)°
L e O e B G
(Ai+a) A (1_i%> ~ A2 (1+<%)2)5> (133)
from which we get
a\?2 a\4
Re[(Aii—a)j - 1_2<Z) +%2<Z) (134)

B
] 1 ﬂ:—ll_m(Z) +5(3) | (135)

Ai+a A? a\%\°
(1 (%))

Returning now to (115), we insert first the leading-order parts (in which
we ignore all (a/2A)% and (a/A)? of 72+t Cy, Ay Dy, and the real and imagi-
nary parts of (Agi+a)™°, as given by (129), (132) and (134), (135). We then
get that the k™ term of the series on the second line of (115) is in leading
order given by (¢t =1a)

ba 480 —1  120a

2. 4lgA =
P TR PR TR

Recalling that Ay, = (2k + 1) 7, k= 0,1, ..., the series on the second line of
(115) is, therefore, in leading order given by

(136)

oo

120a 120a 7%
= ——==za. 137
; 2k + 1575 6 960 8 (137)
Here, it has been used that for p = 1,2, ...
= 1 \» (2®-1)7%*|B
2 <2k 1> - 2 )27T' Bl (138)
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with By, the Bernoulli numbers, so that |By,| = 1/6,1/30,1/42,1/30,5/66
for p = 1,2,3,4,5, respectively, see [2], Ch. 25, in particular (25.2.2) and
(25.6.2).

We have then (in leading order), by using (117-118), (125) in (115), that

e(3a) > 3 In(l+y)+0.27625y° —2.02¢° - t a
> La+0.02375a" 0<y<0.1, (139)

where we recall that a = In(1 + y) < y. Note that the last term on the first
line of (139) contains the leading-order behaviour %a of the series on the
second line of (115).

We shall now also consider the effect of taking into account the higher
order behaviour of the various quantities, as given in (129), (132) and (134),
(135). As to (129) and (132), we work now with right-hand sides 72(1 —
52 (3%5)%) and 22 (1 — B2 (5%)?). As to (134) and (135), we now work with

©G)

right-hand 51des approx1mated as
2A
)
A

5a 1-8(55)
(D))

Thus, we consider for

and

I( !

(72+tC)Re[(AH&>5] —l—%aADIm[(Ail_i_a)j (141)

the second-order approximation (ignoring terms O((a/24)%))
(-4 (55) ) 3 (1-3(z2) )/ 0+ () )
#hadly (18 (50) ) (- 0(55) ) 0+ (3))
= T (8 GR) ) 0 ()

)
- (-8 (50) ) 0+ (3))

(142)
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compare (136). It follows that (139) remains true when the second-order
approximations are used. Given the high relative accuracy of the second-
order approximations, the true coefficient of a® in (139) shall not be lower
than 0.9 x 0.02375. Note that a/2A4 < 1/20m. Hence, we certainly have
p(ta) > 1a.

We next show that ¢(a) < a when 2 < ¢ < 2.1. Now the C' = C
appearing in (115) should be replaced by (see (109) with ¢t = a)

o0

/w5(w—2) al=w) vy,

A2+ a(w— 1)

0

—a T d
S —— /(w—?)(w— Duw’e™ EU : (143)
A? a 9
0 1 + <Z> ("LU — 1)
The integral on the second line of (143) can be approximated by
/(w —2)(w—1)w’e ™™ dw = 5126 = 3120 , (144)
0

with a relative accuracy of the order 5% (or better) for the considered a and
A. Furthermore, the D = Dy, appearing in (115) should be replaced by (see
(110) with t = a)

i w5(w B 1) —w
/ AQqLaz(w—l)?6 dw
0

U ] wbto e e () [ @ =217
= — w’(w—2)e Ydw— (— = e "dw

_ % 5v4<%>20/iv+(12%>23((;032 e dw | . (145)

The integral on the last line of (145) can be approximated by

/ wh(w — 2)(w — 1)%e ™ dw = 5196 = 23520 , (146)

0
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with relative accuracy of the order 8% (or better) for the considered a and
A. We then get the second-order approximations

2+aC 72(1—;‘1—22 %) :72(1—1—;:;0 (%)2) , (147)
Ap (45 B ()

Using then also the approximations in (140) for the real and imaginary parts
of (Ai+ a)~® we then get the approximations

(12 +aC)Re ! )5}

a5 5 (-2 ()
S (30 () o
“ADIm[(Az'lJraﬂ
() () 0 (R))
- a2 () =

Therefore, there is the second-order approximation

(12+aC) Re[(Ail—i— aﬂ

(- () (4 ()Y
()00 ()

_ 112“ (-1+ 100(a)2> /(1+ (%)2)5 > - 1124%@ . (151)

o |
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We then see that

2¢* a?

< 2 x 4.04a? xl?OaZ(
k=0

(g —1)(2¢> — 12q + 12)

k=0

+ aAkaImK

1

Then finally using (compare (123))

we see that

p(a) < +y*+ 5 In(1+y) +1.01a" ,
and this is less than a = In(1 +y) when 0 < y < 1/2.

6 Taylor approximation of ¢.(q)

We shall show that

te(q) = 39—
For a fixed N = 3,5, ...

E

2tN+1

q

+ tAka,Im[(

AR i

-1
k=0

Thus, we have in leading order

(N+1)IN +tCp =

with relative errors O((a/A)?). Next, with N =2M +1, M = 1,2, ...

Re(

1
Ari+a

Lyt o) |
Z(((N+1)!+t0k)Re[<

)

Ari+a

(N+ 1IN, Dy=

M(N +2)a

)N+2] _ (_1)

N+3
Ak

29

> (24 ac e (

Az’l—i- a)j

zll)

6
— ) =1.01a%.
2k+1)7r) ¢

y=q—210.

1
az

(1+0((

1

a

A

and t € (% a,a) we approximate, see (111),

Api + a> N+2}

N+2)I(N+1)

))).

(152)

(153)

(154)

(155)

(156)

(157)

(158)



w[(a) = (ro((3)) - o

Thus, we have for F in (156) in approximation with relative error O(a?)

2N+ & —1D)M+Y(N+2)a —1)M¢
E = . Z((N+1)!N( ) AN<+3 ) +(N+2)!(N+1)(AT)+3>
1=+ = k k

2D N e (V1)) Y <;>w>w

qg—1 — (2k+1
QpN+1 (1) M1 (22 — 1) |By|
_ N L) (NA— (N +1)¢) o — 1) 1Pl
 \M+1 4N+1 _
- T Nam (NHDE g gy, (160)

qg—1 N +3

where we have used (138) with 2p = N + 3 = 2(M + 2). Therefore, we get,
see (111), for t = t.(q)

N
(=DM v Na—(N+ 1Dt
n '(n—1)t" Nt 2% —1)|B
;a(q)n(n )"+ 1 N3 ( ) | Bzy|
= O(a®t"*' (Na — (N +1)t)) = O(a™™) = O(t" ) | (161)
where we recall from Sec. 5 that a <t =t.(q) < a.
For N=3,p=3, M =1, |By,| = 1/42, we get
t* 3a—4t
aQ(q)t2+a3(q)t3+q_1T'%
-2 2¢% — 12 12 t4(3a — 4t
L 42 2o 12qH 12, TGadD | gan g

¢’ q* A(g —1)
Dividing through by t?/¢*, we get

—q(q —2) q* o 3a — 4t

t =
2P —12¢+12  (q=1)(2q — 12 + 12) 4

+O0(t°) . (163)

There are the expansions, with y = q — 2,

—q(q—2
2q¢° _(12q +>12 =3y— 3y T30 -3y + 00, (164)
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q4

(¢ —1)(2¢> — 12q + 12)
From ¢ = O(y), used in the right-hand side of (163), and (164) we first get

= —4(1+y*+ O(y?)) . (165)

t=5y— 39"+ 0+ 0+ 0" =3y — 1" +O0@") . (166)
Next, from (165), (166) and a = In(1 +y) =y — 3 y> + O(y*), we get

q*t*(3a — 4t)
4(q — 1)(2¢> — 12 + 12)

= -1+ +0W)Gy—1v°+0°)?

X By=3y+0W) - 2y+ " +0@) =-1" + 24 + O(y°) .

(167)
Inserting (164) and (167) into (163), we get (155).
7 Limiting behaviour of ¢.(q) as ¢ — o
We shall first show the following. Let € > 0 be fixed, and set
t=a—c¢, a=In(¢g—1). (168)
Then .
(w—2)e ™ -1
—d — 1
/etw+q_1 we< = (169)

0

when ¢ is sufficiently large. Hence, by (11), t.(q¢) > In(q — 1) — € when ¢ is
sufficiently large. Since this holds for any ¢ > 0 and t.(¢) < In(qg — 1) for
large ¢ by Sec. 3, we see that In(¢—1) —t.(¢) — 0 as ¢ — 0o. More precisely,
we shall show that

2 1
tc(q):a——%—()(g) : q— 00 . (170)
At the very end of this section we present the next few terms of the asymp-

totic expansion of .(q).
We have, using the definition of ¢ in (168),

(w—2)e " 1
d -1+ - 171
e—cw o(w—1)a +1 w < + q ( )

(169) holds < /
0
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We first estimate

0 < = — du
/ e—Ew 6(“’71) e2 u+2 (] _ 1) eue 4 1
0

2

1 7 wexp(—u(l+a)+e(u+2)) du

e2 | ¢—1+exp(—ua+e(u+2))

0

1 1 e
o L 172
e2 qg—1 (14a—¢e)?’ (172)

and this is exponentially small in @ = In(¢ — 1). Hence, we can limit our
attention to the integral

Io(e) = / w=e® (173)

e—cw g(w—1)a +1

for which we follow in part the reasoning given in Sec. 3 where the integral
Iy in (36) is dealt with and that coincides with Iy(e) when £ = 0. Instead of
(43), we now have

1

1 (v+1)e” (v—1)e™®

1 =—1+- 174

o€) +6/<e€et”+1+e€et”+1)dv’ (174)
0

with ¢ = a — €. We next write

1

1) e? — e
_/<(v+)e+(v )e >dv
e efetv +1 e~fetv +1

0

—_

1

/((v+ e+ (v—1) )

0

dv

Q|

ev +1

+

Q|

1
1 1
De' (s~ @)
/((v—l— e efetv +1  etv 41
0

+(v— 1)6_1}(675 etlv - 6w1+ 1)) dv. (175)
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We shall show at the end of this section that

dv 2 Tt

1
v —v . l
/((v—i—l)e +v=1)e >et”—i—1 _36t2+906t4+0(t6>' (176)

0

|

For the term on the last two lines of (175), we use

“k+1 = Lkt
(v+1)e” = lj‘ T (v—1)e Z + of . (177)
k=0 ’ k=0
Thus
1 / 1 1
- 1) v _
e /((U+ e <efet“—|—1 e“’—i—l)

o

+(v—1)e’”<_ ! N ))dv

e~fetv +1 etv 41

A+1 [ 57 1 1
S e )
e 21! efetv +1 efetv +1

1 2 1
20+1 _ d
! (eset”—l—l etU+l+e—€et”+1> v

+
[N
(]
W
+{+
o
O\H

(178)

As to the first of these two series, we have, with b = e® > 1,

1

1 1
0 > 25( — )d
/ ! betv +1  bletv +1 v

1 1
2
— d
Y (be“—l—l b—16“+1> Y

I
~
i
t‘
o\
-
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o

1 20 1 1 —u 20—t
= / u (b+e—u = +€_u> e du+ O(et*e™)
0

(179)
For [ = 0, we compute
17,1 1
z _ —u g
t/<b+e“ b*1+e*u>e “
0
L 1 1 b !
+x —€
t /<b+x b—1+a;> B R Ty 0o 0 (180)
0
where we have used that b = exp(e). For I = 1,2, ..., we estimate
[eS) 1 .
2§2l-|—1 u b—f-@ u b—1+e—u> € u
0
(20)! £
— o (b= = O(W)' (181)

Furthermore, we have (again with b = €°) for the terms of the second
series in (178) in a similar manner

1

1 2 1
2+1 B d
/U (betv+1 etv+1+b71ttv+1> v
0

[ee]

0 (182)
Here it has been used that
-1
b i z 1 Jer + bll—l— r (b<3——;)b(1 + yf))(<b11 —f):c) (183)

which produces the e?-factor in the O. For [ = 0, we compute

17 2 1 £2

= Uy = — 184
2/ b+eu 1+e—u+b—1+e—U)e Y 2t2 (184)
0
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for which the details are given at the end of this section. For [ = 1,2, ..., we
estimate (using (183))

1 QHI 1 2 | ) 3
- u g
0<t /u bt+en 14eu bl—l—e“e “
0
20+ 1)! ~ g2
S b7 =2) =055 ) - (185)

We now give the consequences of all this for Iy(e) in (173). Here we
recall that Iy(e) equals, within exponentially small error in a = In(g— 1), the
integral occurring in the criterion (171). We have

2 5 £ g g2
To(e) = —1+ 0( )—— O(—) O( ) 186
o(®) ezt a \p) T (186)
The first three terms at the right-hand side of (186) come from (174), (175),
(176), the fourth and fifth term come from (180), (181), and the sixth and
seventh term come from (184), (185). Moreover, we have ignored the relative
errors (179) and (182) that are exponentially small. Thus we have

7 (w=2)e dw:—1—5+ ™ +i+0< )+O( ) (187)

e—swelw—l)a 4 1 3et?  et?

0

Evidently, since £ > 0 is fixed, this drops below —141/¢ when ¢ = 1+exp(t+
e) is large. This proves the claim made in the beginning of this section, and
so In(q — 1) — t.(q) — 0 by the reasoning following that claim.

To show, subsequently, (170), we let

e=¢e(q) =In(g—1) —te(q) = a—tc(q) >0 (188)

so that t = a — e(q) = t.(q) and €(¢) — 0. Therefore, the left-hand side of
(187) equals —1 + %, where % = O(e™") is exponentially small in ¢ — oo, and

we see that )

e(q) = %Jrgz@ +O( ela )) +O<t3> . (189)

Since (q) — 0, we get from (189) that

2

e(g) = 5, (1+0(1)),  g—o0. (190)
Subsequently we get from (189) that
w2 1 w2 1
=5 (1+0(z)) = 52 (1+0(3)) - (191)
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Here it has been used that

bl d0eoE) . am

t a—c(qg a

Therefore,
2

tc(q):a—s(q):a—g—a%—O(%), g — o0, (193)

and this proves (170).
We conclude by proving (176) and (184). As to (176), we note from (177)
that

v —v 4 3 1,5
(v+1e"+(v—1e " =4+ 30"+ Hv° + ... (194)
Next, for [ =0,1,2, ...
1 t fe'e)
L2+ 1 y2H1 1 u 21
/ elv 1 1 dv = £2042 / e+ 1 du = £2112 / e+ 1 du , (195)
0 0 0

where the last identity comes with an exponentially small error in t as ¢ — oo.
Furthermore,

i 21 s Y2 o 00 %
/ 1™ = / e M= 2 / e
0 0 n=0 0
_ (2l N 1)‘ i (_1)n _ (22l+1 _ 1) 7T21+2 |BQZ+2|
= (n+ 1) (21 +2)!

(196)
by [2], 25.2.3 and 25.6.2, compare (138), with |Bs| = 1/6, |Bsy] = 1/30
|Bg| = 1/42. This gives (176).
As to (184), by the substitution z = e~ € (0, 1], we must show that
1

L™

where b = exp(e). By partial integration, we have
1

—
0

_ / i (b +2) -2l +2) + (b +2)]de (198
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where it has been used that In(2)[In(b+2) — 2 In(1 4+ z) +In(b~* + 2)] = 0
forx = 0 and x = 1. We observe that (197) holds for b = 1. Hence, it is
sufficient to show that

1

1 1
4 /—[ln(b+x)—21n(1+x)+1n(b_1+x)]dx _ b o9
db x b
0
We have
1
4 /llnb—i— )—2In(l+z)+In(b~" +2)]d
db - T X Xz
0
1 1
= [ = — d
/:c r+b b2 :c—l—bl) v

_ %<1n<11+_+1£b> —w(H)) =R (200)
as required.

A more comprehensive analysis gives the next few terms of the asymptotic
expansion of t.(q) according to

a=1In(g—1) - oc0. (201)
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