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Self-Reinforced Preferential Attachment
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Abstract

We consider a preferential attachment random graph with self-reinforcement. Each
time a new vertex comes in, it attaches itself to an old vertex with a probability that
is proportional to the sum of the degrees of that old vertex at all prior times. The
resulting growing graph is a random tree whose vertices have degrees that grow
polynomially fast in time. We compute the growth exponent, show that it is strictly
larger than the growth exponent in the absence of self-reinforcement, and develop
insight into how the self-reinforcement affects the growth. Proofs are based on a
stochastic approximation scheme.
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1 Introduction and main results

1.1 Preferential attachment

The Preferential Attachment Tree (PAT) is a dynamically growing tree in which
vertices arrive one by one and attach themselves to vertices that are already present.
Each new vertex connects to a randomly chosen old vertex, such that the probability to
connect to a specific vertex is proportional to the current degree of that vertex. The PAT
is a random tree sequence (PATf )t>0 whose evolution depends on a parameter § > —1.
At time t there are t 4 1 vertices and ¢ edges in the tree. The following is taken from [9,
Chapter 8].

Start at time ¢t = 0 with an isolated vertex vy. At time ¢ = 1 a vertex v; comes in and
attaches itself to vertex vy via a single edge. At subsequent times the growth is as follows.
For t > 1, suppose that vy, ...,v; are the vertices of PAT;;S with degrees dy(t), ..., d:(t),
respectively. Then, given PAT?, the rule for obtaining PAT;S 1 is that a single vertex v,

attaches itself via a single edge to one of the vertices vy, ..., v; with probabilities
di(t) + 0 .
P(t+1—i|PAT)) = ——~~2 "~ 0<i<t,
(t 41— | PATY) 2%+ 6(t + 1) ==

where P denotes the law of (PAT? )i>0, {t +1 — i} denotes the event that vertex v;y;
attaches itself to vertex v;, and the normalisation uses that S ¢_ d;(t) = 2t.
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The role of the parameter ¢ is that of a shift: for § = 0 the attachment probabilities
are linear in the degrees, for § # 0 they are affine in the degrees. The parameter §
affects the growth of the degrees and the limiting degree distribution. In particular, for
every fixed ¢ > 0,

di(t) ~ et/ 500, Peas.,

with 7 = 3 + ¢ a characteristic exponent and ¢; € (0,00) a random variable [9, Section
8.3, Theorem 8.14 and Lemma 8.17]. Moreover, for every fixed k£ > 1,

t
Jim .t Z L4, ()=ky = px,  P-as.,
i=0

with pi given by a quotient of Gamma functions, and py ~ csk~" as k — oo with prefactor
¢s € (0,00) [9, Theorem 8.3].

Other versions of preferential attachment random graphs have been considered as
well, allowing for self-loops and multiple edges. Their scaling behaviour is similar [9,
Sections 8.2-8.3].

1.2 Self-reinforced preferential attachment

In the present paper we consider a version of the PAT with self-reinforcement and
shift § = 0, which we refer to as SRPAT. The way in which the self-reinforcement is
implemented is similar to what is done for self-reinforced random walk on a graph,
where the probability to cross an edge is proportional to the total number of crossings of
that edge at all prior times [5].

Start at time ¢ = 0 with an isolated vertex vy. At time ¢ = 1 a vertex v; comes in
and attaches itself to vertex vy via a single edge. At subsequent times the growth is as
follows. At time ¢t > 1 a vertex vy enters and attaches itself via a single edge to one of
the vertices already present in the graph with a probability that is proportional to the
sum of the degrees of that old vertex at all prior times, i.e.,

0.(;
Zj:Oet(J)
with ,
0:u(i) = Y ds(i), 0<i<t, (1.1)

where d;(7) is the degree of vertex v; at time s, and P denotes the law of (SRPAT});>¢.
More formally, let {F;},>1 be the filtration defined by

Fr=o0(ds(i): 1<s<t,0<i<t).

Then the conditional probability above refers to conditioning on F;. As long as only the
degrees of the SRPAT are monitored, this is the proper filtration to work with. Note that
d1(0) =dy(1) =1, while, fori > 2, ds(i) =0, 1 < s <, and d;(i) = 1.
Clearly, for every t > 1,
diy1(i) = di(i) + Lqimiy,

Orr1(1) = 0:(1) + de(i) + Lgq1miy,

0<e <t (1.2)

Since there are s edges in the graph at time s, we have >/ 0;(i) =23'_ s = t(t + 1),
t >. Hence, for every t > 1,

P(t+1—i|F)= 0<i<t (1.3)
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It follows from (1.2)—(1.3) that, for every ¢ > 1,

Eldia (i) | Fi) = i)+ 7243,
. ' . . 0<i<t. (1.4)
El011(0) [ Fi] = di(i) +0:(3) (1 * t(t+1)> ’

1.3 Theorems
Our first two theorems provide a comparison of the weights and the degrees. Since
vo and v; are stochastically symmetric we can focus on ¢ > 1. For ¢ > ¢, define

td;(7) ~ tE[d:(1)]
= " 5 1) =
0. (i) Ai(i)
and note that «; (i) = 8;(i) = i.
Theorem 1.1. For every i > 1, lim;_,oc o (i) = ¢ P-a.s. with ¢ = (1 + /5) ~ 1.618.

Theorem 1.2. For every i > 1, lim;_,, (i) = ¢. Moreover, there exists a finite T'(i) > i
such that t — (3,(i) is strictly decreasing for i < t < T(i) and strictly increasing for
t > T(i).

Our main theorem identifies the growth of the degrees.

0<:<t

0 Bom S

(1.5)

Theorem 1.3. For every i > 1, limy_,o t~'/%d,(i) = ¢; P-a.s. with E[¢;] € (0,00). More-
over, lim; ., i'/?E[¢;] = 1.

Theorems 1.1 and 1.3 are proved in Section 2 with the help of a stochastic ap-
proximation scheme, Theorem 1.2 with the help of an iterated mapping scheme. The
proofs also provide rate of convergence estimates. Appendix A recalls what a stochastic
approximation scheme is and under what conditions it can be employed.

1.4 Discussion

Our paper is the first to consider preferential attachment with self-reinforcement.
The self-reinforcement introduces memory into the growth of the random tree, which
needs to be harnessed.

[ 1000 2000 3000 4000 5000 6000 7000

Figure 1: Plot of 4 +— 7'(i) with horizontal scale 10° and vertical scale 10°.

* Theorem 1.1, which says that 6; (i) ~ td.(i) as t — oo, shows that the quenched
version of the SRPAT behaves as the quenched version of the PAT when in the
latter the probability for the new vertex at time ¢ to attach to an old vertex is
asymptotically proportional to the degree of the old vertex divided by ¢ .

» Theorem 1.2, which says that E[f;(i)] ~ ét]E[dt(i)] as t — oo, shows that the
annealed version of the SRPAT is close to the quenched version. It also gives
information on the mode of convergence in the annealed version. Figure 1 shows a

plot of the crossover time 7'(¢) as a function of i.
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« Theorem 1.3 shows that the degrees of the vertices grow like t!/¢, which is faster
than ¢'/2 for the PAT with shift § = 0 because ¢ < 2. The exponent 1/¢ for the SRPAT
corresponds to the exponent 1/(2 + ¢) for the PAT with shift § = ¢ — 2 ~ —0.382.
Since Ele;] € (0,00), we know that ¢; < oo P-a.s. We expect that ¢; > 0 P-a.s.
(simulations support this expectation), but are unable to prove this. The degree
sequence at vertex ¢ does not appear to be tail trivial.

* Here is a consistency check for the growth exponent in Theorem 1.3. If d;(i) ~

e; t1/?, then
¢

t
0:(0) =Y dyli) ~ i Y s~ % Ho+1)/6
s=1

s=1

Combined with td, (i) ~ ¢; t(**1)/¢, this gives that a,(7) converges to (¢ + 1)/¢. The
latter matches with Theorem 1.1, because ¢ is the unique positive solution to the
equation (¢ +1)/¢ = ¢, i.e., * — ¢ — 1 = 0.

* The classical preferential attachment (PAT) discussed in the introduction (Section 1)
assumes that the probability of attachment is a linear function of the degree.
This linear form is known to produce scale-free networks with power-law degree
distributions. Extensions of this model have been studied where instead the
attachment probability is proportional to d;(i)* for a > 0 [2, 8]. In the sublinear
case a < 1, the resulting graphs fail to exhibit power-law behaviour, while in the
superlinear case a > 1, a condensation phenomenon occurs in which a few nodes
acquire a macroscopic fraction of all edges. Only the linear case a = 1 yields
networks with a true scale-free structure.

e Our paper demonstrates that the class of preferential attachment models exhibiting
power-law behaviour is larger. In our model the attachment probability scales like
P(t+1—i|F)~ ld‘T(l) a.s. as t — co. We hypothesise that power-law behaviour

¢
arises whenever the attachment probability scales like P(t +1 — i | F;) ~ ¢ d‘T(')

a.s. as t — oo for some constant ¢ > 0, with the power-law exponent determined
by the value of c. In our model ¢ = 1/¢, and the resulting degree distribution is
expected to follow a power law with exponent 1 + ¢ (see Section 1.1).

2 Proofs

In Sections 2.2-2.5 we give the proof of Theorems 1.1-1.3, respectively. Along the
way we need a technical lemma, which we state and prove in Section 2.1.

2.1 A priori growth of degrees
Fori > 1, let
)= () {imint o)/ ogt)t > 1/i}. .
)= {htrgégfdt(z)/(logt) > 1/k 2.1)

keN

Lemma 2.1. For everyi > 1, P(E(i)) = 1.

Proof. The proof uses the following elementary fact. Let {X,}.,>0 be a sequence of
independent Bernoulli random variables with P(X, = 1) = p, satisfying >, ,p. = c0.
Then N

v 1 B
lim w =1 P-a.s.

v—00 Eu:O Pu
Indeed, the weak law of large numbers is immediate from Chebyshev’s inequality, while
the strong law of large numbers follows from a subsequence argument for exceedences
and Borel-Cantelli.
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Fix 7 > 1. Consider vertex v;, which arrives at time 7. Since each vertex is reinforced
by its incident edges, we have that

IP(S +1—1 | (SRPATu)ogugs) > %7 s> 1,
where the bound is uniform in the realisation of (SRPAT),)o<.<s. Consequently, there
exists an ordered coupling of the sequences {d;(i)}+>; and {> (., <, L1{x,=1} }»>0 for the
choice p, = (u+1)/(u +7)(u + i + 1) (after time is shifted by 7). Since for this choice
> _oPu ~ logv as v — oo, it follows that liminf; o di(i)/logt > 1 P-a.s.

Next, we boost up the above estimate. Since

5 dy(i .

IP(S +1—=1 | (SRPATu>0Su§S> = Z;E:'Hg), s > 1,
and liminf, ,o Yo _. dy(i)/(slogs) > 1 P-a.s. by the lower bound just established, we
can repeat the coupling, this time with p,, ~ (ulogu)/(u +7)(u+i+ 1) as u — oo. Since
for this choice Y. pu ~ 3(logv)? as v — oo, it follows that lim inf, o d;(i)/(logt)? > %

P-a.s.

The same argument can be repeated to get that liminf;_, ., d;(i)/(logt)* > 1/k! P-a.s.
for any k € IN. Since the latter events are monotone in k, the claim follows. O

2.2 Proof of Theorem 1.1

Proof. We use the stochastic approximation scheme outlined in [1, Chapter 2] (see
Appendix A). Fix ¢ > 1 and suppress it from the notation. Put o = 1/a; and note that
% < ajy <1by(1.1) and (1.5), because all the degrees are non-decreasing in time. Recall
that of = 1/i. Define the martingale difference

Tiria [ Tirima) } ) .
ME - to “E E )BT (2.2)
i+l ¢ (dt + ]l{t+1—>i} dy + 1{t+1—>i} '

Compute, using (1.2) and (1.3),

a* = 9t+1 = 025 + dt i ]]-{t+1_>7’} = . ( + ta* dt >
LT+ Ddisr (D) (de+ L) t+1L Cdp+ Loy

1 2 tdy
—ai+—(1—af =My - 2.
at+t+1< o7 t+1 oy (t+1)(dt+1)> ( 3)

1 2 a*2 tdt
:*71f*7*—M*>7t -1
Yt ( % T )T 4 1) <(t+1)(dt+1) >

and

E[(M;))? | F] =%’ E

2

( Loy 0 > ‘ 7

di +Tgp1  tE+1)(de+ 1)

0
*2 t
= — (t(t+1)-0

N T e UG A O

where we note that 0 < 6; < ¢t(t+ 1). Put

t—1

M .
<t:ZS++11’ t>1, (2.4)

S=1

and compute

S Bl — G | 7] = 3 ogye BI040 | 7

t>i t>i

*2 i *3 tzdt 1
= B ————— - < R
Zat ¢ (t+1)3(d; + 1)2 Zat (t+1)3(dy + 1)2 _thtv

t>i t>i
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where we use that o) € (0, 1] for all ¢ > 1.

On the event £(i), which has probability 1 by Lemma 2.1, we have ), ,(1/td;) < oo,
and so the sequence {(;}:>; is a zero-mean square-integrable martingale. Now apply
Lemma A.2 in Appendix A with

1
t+1’

*
Ty = O, Gy =

* * 3 dt
W) =1-z—2° My, = My, €41 = a;® (1 T idld+ 1>

to the recursion in (2.3) and note that, on the event £(i), limy_ o0 td;/(t + 1)(d; +1) =1
because d; — oo. The conditions needed for Lemma A.2 are all fulfilled for this choice of
variables, and so it follows that o} converges P-a.s. as ¢ — oo to the unique positive zero
of the quadratic equation 1 — z — 22 = 0, which equals 1/¢ and is globally attracting in
[0, 1]. O

2.3 Rate of convergence estimate

There is a large body of literature that establishes rates of convergence for the
stochastic approximation scheme given in Appendix A (see e.g. [7], [4], [6], [3]). However,
in our setting the variance of the martingale difference sequence {M; };>; in (2.2)
diverges, and so such a refinement is non-standard. Nonetheless, by using Lemma A.4
we are able to get the following.

Lemma 2.2. lim;_,, t*|af — (1/¢)| = 0 P-a.s. for all A € (0, 00).
Proof. The proof comes in four steps.
1. We begin with a fluctuation bound for the martingale defined in (2.4).

Lemma 2.3. limy_, o (log t)’ sup,< ;<9 [¢s — {¢| = 0 P-a.s. for all ¢ € IN.

Proof. Fix ¢ € N. For n € N, put t,, = 2" and X,, = sup, <,<;, ., [(s — (i, |- Since {(i}i>
is a square-integrable martingale, Doob’s maximal inequality gives

EX2]=E| sup |{— G| <4E[| G, — Cl?]-

tn <s<2tp

We saw in Section 2.1 that d,(i) > 2;(log s)* P-a.s. for all k € IN and all s large enough
(recall Lemma 2.1), and in Section 2.2 that E[(M},)? | ;] < s/d(i) for all s > i. Since
Cs+1 — ¢s = M}, /(s + 1), we therefore get, for all s large enough,

2 Ck
E[|Cs+1 - Cs‘ } < m

for any C}, € (k!,00), and hence

Bl — G < S

_ Sk
tnsozar, 51085)

Since log s > nlog?2 for all s > t,, we get, for all n large enough, E[X?] < S—,’% for any
Cy, € (4K!/(log2)*~1, 00). Next, put ¢, = n~*. Then, by Markov’s inequality,

Define the event A,, = {X,, > ¢,}. Pick k > 2{ + 1. Then ) .\ P(4,) < oo and so, by
the Borel-Cantelli lemma, P(A4,, infinitely often) = 0, i.e., X, < n% for n large enough
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P-a.s. Finally, if ¢ € [t,,,t,+1], then [¢,2t] C [t,, t,t2] and so, by the triangle inequality,

sup (s — G| < sup [¢s — Ctn| + ¢ — Ctn,‘ <2 sup |G- Ctn|
t<s<2t t<s<2t tn<s<tpi2

2

2
<2 sup |G — G| +2 sup ICs = Ctpn | = 2X5 +2X5 41 < v + m,

tn<s<tpt1 tnt1<s<tpny2

where the last inequality holds for n large enough P-a.s. Since n + 1 = logt,4+1/log2 >
logt/log2, and ¢ € NN is arbitrary, this yields the claim. O

2. We apply Lemma A.4 for the choice T' = T5; — T;. In our particular setting we have
h(0) =1, L =3, Cy = 1. Moreover, as t — oo,

Z a? = Z (s+1) 2 =L7'4+0(t™?), sup as=ar = (t+1)7", Z asles| = ep(t),
t<s<2t t<s<2t t<s<2t t<s<2t
(2.5)
where we introduce ep(t) as short-hand notation for any function that P-a.s. decays
faster than any power of 1/logt (recall Lemma 2.1). The bound in (A.2) says that, for all
t>0,

Fup | a(u) -yt (u)] < K e® 27T 4 Gy (t 4+ 1) + O(ep(t))  P-as.,  (2.6)
w€[Tt,To

where (@(u))ue[0,00) is the piecewise linear interpolation of {a} };>¢ over the successive
time intervals u € [T}, T;41], t > 0, and (y”*(u))ue(r,,0) is the solution to the ODE
y'(u) = h(y(u)), u > 0, with initial value y”*(T;) = o,, and

Ky =3C (3t7' +0(t™%)) + O(ep(t)), t— oo,
Cy =14 3(1 + Ty — Tp) 3T T0),
where the error term in the first line comes from Lemma 2.3 and (2.5).
3. Since (57 (u) — )’ = h(y™ (u)) — (1) = —(1+20)(y"™ () ) — (4" (u) —)?, we have
ly™ (u) =¥l = (1 +20)|y" (u) — 9| = y"* (u) — ¥ [* sign(y™ (u) — v).
Since |yTt(u) — 9| < 1, it follows that
=20 [y" (w) = ¥l = [y" (w) = VI

and hence
y"t(u) — o] <o, —ple T w e [T, Tyl 2.7)

4. Since T; = Y'_i(s +1)"' = logt + v + O(t~!), with v Euler’s constant, we have
Ty, — Ty = log2 + O(t~!). From (2.6)-(2.7) we get that

o, — ¥ < lag, —y" (Toe)| + y™ (Tor) — |
< [At 4+ 0(t72) + O(ep(t))] + |ay, — ] e~ 2 Mog2+07 )]
with A = 325 4 312log 2. Abbreviate §, = \ai}t —1)|. Then the estimate in (2.8) reads

(2.8)

8o < O(ep(t)) +6:B; with B, = e 2¢[log2+00 )],

By Theorem 1.1, for every € > 0 IP-a.s. there exists a random 7. < oo such that §; < € for
all ¢ > 7.. Next, fix t > 7. such that B, < B = e %1982 = 2=¥_ [terate the last inequality
to get, fort > 7.,

52n+1t S Z B™ O(B]p(2n_mt)) + Bn+1 €, n e IN().

m=0
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Since B < 1, the terms with small m dominate and we get, for ¢t > 7T,
aq, ., — Y= O(ep(2"t)), n — 0.

Since Tyn+1; ~ log(2"F1t) as n — oo, the latter settles the claim along the time subse-
quence {Tont}nen for fixed ¢ > 7. The full claim along all times follows by interpola-
tion. O

2.4 Proof of Theorem 1.2

Proof. Note that1 < 8; < tby (1.1) and (1.5), because all the degrees are non-decreasing
in time. Recall that §; = i. As before, fix ¢ > 1 and suppress it from the notation. By
(1.4)-(1.5), we have

Bryr = F(Be),  t >4,

where ( )
z(t+1)+1
Fi(z) = T E—
$+t+m
— 1 =0, which gives

The fixed point equation F;(z) = x reads 2° — 5 «

L L t 2+4
Ty = =
ool i1 t+1

Note that t — x is strictly increasing with lim;_, o x; = ¢.

Compute ( r
tt+1
Fl(z) = 0
(@) = a1
—2t(t +1)*
F/'(x) = (t+1) <0

(z(t+ 1) +tt+1)+1)2 ’

i.e., for every t > i, x — F;(x) is strictly increasing and strictly concave. Consequently,
x4 is an attracting fixed point of F}, in particular, F;(z) < z for all z > x; and Fy(z) > x
for all z < x; (see Figure 2). It follows that either ¢ — f; is decreasing (Case 1) or there
exists a finite 7'(7) such that it is decreasing for ¢t < T'(:) and increasing for ¢t > T'(i) (Case
2). In both cases the sequence {f;},;>1 has a limit, say L € (0, c0). We want to show that
L =¢,ie.,lim o |8 — x¢] = 0. Since lim;_, o F/(x) =1 for all = € (0, 00), F; converges
to the identity map as ¢t — oo (on compacts), and so the latter target is not obvious.

Ft(fﬂ)

Tt

Figure 2: The drawn curve is the map = — Fi(z), the dotted line is the identity map.

Case 1: 3; | L. Note that, as long as 8; > x:, we have f; — fi41 > (1 — Fl(2:))(8: — 1)
by the concavity of F,. Also note that 1 — F/(z) = 221 4+ O(%) as t — oo. Defining
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=B —x, iy =1 — F{(x;) and 6; = x441 — a2 for ¢t > i, we have
0< A1 =6 + Q¢+ (Ber1 — Br) < =6 + (1 —n)A¢ < (1 —ne)Ay.

Hence 0 < Ayq < A Hi:i(l — 1), with the upper bound tending to zero as ¢t — oo
because 7, ~ 221 as s — oo and 2¢ — 1 = /5 > 0.

Case 2: B; 1+ L fort > T(i). Recall that ¢ — [; lies to the right of 1. Since, by assumption,
Bt < xy for t > T'(i), we have Bi11 — Bt > (1 — F/(Bt))(x¢ — Be) for t > T'(7) by the concavity
of F;. Defining A; = z; — 5 and 7 = F{(f:), we have

0< A1 =8+ Ay — (Brs1 — Be) <0+ Ay — (1 — i) Ay = 6, + il Ay

Hence _ -1 t—1
z I 7o+ de I1 70
s=T(i u=s+1 s=T(i)

Since 7 < F(1) for all s, this gives, for ¢ > T'(i),

Z H )+ AT( ) H FI(
s=T(i u=s s=T(7)
Since 1 — Fl(1) = 1 + O(% ) as s — oo, it follows that lim, o [[',_ | F,(1) = 0 for all
s > T(i). Since hmf_>oo Zb (i) ds = ¢ — x7(;), we get that lim; A, = 0.

To complete the proof we show that the scenario in Case 1 never occurs, i.e., even-

tually 8; goes below z;, and stays below z; while moving up together with z; to ¢. The
proof is by contradiction. Suppose that 3; | ¢. Then, as shown above,

t
Ay < =8+ (L= o)Ay < =6+ A T =)

s=1

It follows from the formula for z; that §; ~ 5 j’ T t12 as t — oo. On the other hand,

[Tiei(1 = na) < exp[— Y4, m] = exp[—(26 — 1)logt + O(1)] = O(1) ¢t~ 3¢~V as t — oc.
Since 2¢ — 1 = V5 > 2, the second term in the right-hand side tends to zero faster than
the first term in the right-hand side. Hence A, ; eventually becomes negative, which
contradicts the assumption. O

The following rate of convergence estimate is the analogue of Lemma 2.2.
Lemma 2.4. limsup,_, o, 15718 — ¢| < <.

Proof. Fort > T(i), we have 0 < ¢ — 5; = ¢ —x,+A,;. We have ¢ — z;, = Yoo, b5~ %%l
t — oco. From the estimate in Case 2 we know that

t—1

t—1 t—1
< ) 1- 24 0(%) +Apg 1-1+0(%)
u u () S S
s=T(4)

u=s+1 s=T(7)
t—1
=0 || X & +i]

where we use that 3 _, 2 =logt+~y+O(t"'), t — oo, with v Euler’s constant. The term
between square brackets scales like logt O

¢
2¢—1
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2.5 Proof of Theorem 1.3

Proof. The proof comes in six steps: convergence, identification, upper bound, lower
bound and scaling.

1. Again fix ¢ > 1 and suppress it from the notation. By (1.2), for t > 1,

o 975 o Oé;<
E[dt+1|-/_'.t]*dt+m*dt <1+t+1)

Define
dy
t—1 a’t
Hs:i ( s+1

;

M} =

Then E[M},, | 73] = M; for all t > i, so the sequence {M; };>; is a non-negative martin-
gale. Hence lim;_, Mt* =M* € [0,00) P-a.s. by Doob’s first martingale convergence
theorem. Because {M* > 0} € Foo = Us>1Fy, we have limy_oo P(M* > 0| ;) = 151250y
by Lévy’s zero-one law.

2. We use the convergence established in Part 1 to identify the growth of d; as t — oc.
To this end, abbreviate ¢ = 1/¢. By Lemma 2.2, we have

lag — 2
Zw+s+1 00 P-a.s.

Let

i (1+5+1)

Qf = :
t—1
Hs:i (1 + sfl)

Since (1 + S(fl)/(l + le) =1+ w+ +1' it follows that lim; o, Q; = Q* € (0,00) P-a.s.
Since
t—1
— AXNO* ,(/)
A (e

and []'Zl(1 #) ~ Ct¥, t — oo, for some C € (0,00), it follows that lim; ;.. t~%d; =
CM*Q* ]P -a.s., which is the claim in Theorem 1.3 with ¢; = CM*Q*. Since M* < oo
P-a.s., we have that ¢; < oo P-a.s.

3. To estimate Ele;] from above, we show that

r(t) .
Ti-g) =0

with ¢; = I'(i — 4)/I'(i), where T is the Gamma-function. The proof is by induction.
Clearly, the claim is true for ¢t = ¢ because d; = 1. By (1.4), for ¢t > 1,

Eld] < c; (2.9)

E[6:]
tt+1)

Eldi11] = Eldi] +

Assuming that the bound in (2.9) holds for all 7 < s < ¢, we can bound

I'(t) 1 L'(s)

T 11 (TE+D) T(i)
ClF(t—w)+1t<t+1)w+1< >

Lt—v¢) Tl-1-19)
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where in the last line we use the telescoping equality

I'(s+a) 1 T(t+1+a) L'(i+a)
>t (

_ -1 >1
(s+b) a—-b+1 L(t+0b) P(z‘1+b))’ a>b>-1, t=1,

with ¢ = 0, b = —. Dropping the term with the minus sign in the upper bound and
putting terms together, we get

Eldi41] < ¢

T(t+1) <t—¢ t—y 1 )

TE+1-9) \ ¢ t+1) d+1

The term between round brackets equals 1 + y; with

oy t—y 1 1
Xt__?+t(t+1)w+1__t(t+1)’

where the last equality uses that ¢ + 1 = 1/¢. Hence x; < 0 and so the bound in
(2.9) holds for t + 1. Thus, by induction, the bound in (2.9) holds for all ¢ > i. Since
[(t)/T(t — ) = t¥[1 4+ O(1/t)] as t — oo, it follows that limsup,_, .t "VE[d] < ;.

4. To estimate E[¢;] from below, let v; = E[d;]/(t + 1)¥. By (1.4), for t > 1,

(Y, D SR 1\
Ye+1 =Vt 12 (t+ )5 Z M PR P =M PR )

where for the inequality we use that 5, > 1. We know from Theorem 1.2 that lim; o, 5; =
1/, with the limit eventually reached from below. Therefore ;11 > ; for ¢ large enough,
and so limy_,o, 7 = v > 0 (from Part 3 we already know that v < c0). Iteration of the
above inequality gives

Bl o) - £ (o)

s=¢

By Lemma 2.4, the right-hand side converges to a constant C; > 0 as t — co. Moreover,
lim; ,,, C; = 1. Hence E[EZ] >y > 0.

5. Combining Parts 3-4 with the observation that ¢; ~ i~% ~ ~; as i — oo, we obtain that
limy o0 iYE[e;] = 1. O
A Stochastic approximation scheme
The following definition and two lemmas are taken from [1, Chapter 2].
Definition A.1. A recursion for a sequence {z;},>0 in R? of the form
Tip1 = 2 + ag(h(x) + Mig1 + €441), t >0, (A.1)
is called a stochastic approximation scheme if it satisfies the following conditions:
(1) The map h: R¢ — R is Lipschitz.

(2) The step sizes {a;}:>0 satisfy a; € (0,00) forallt >0, 3,5 ga; = 00 and Y, a7 <
Q.

(3) The sequence {M,};>1 is a martingale difference sequence with respect to the
filtration {F; },>¢ given by F; = o(zo, {M;s}1<s<¢). Moreover, the sequence {(;}:>0
defined by (; = Ei;é asM.41 is a zero-mean square-integrable martingale that
satisfies 32 o Efl|Cer1 — Gll* | e = 20,50 af E[| Mys1 || | Fi] < oo P-aus.
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(4) The solution {z}>0 satisfies sup, [|z|| < oo P-a.s.

(5) The errors {¢;};>1 are adapted to the filtration {F;},>¢, are bounded, and satisfy
limt%oo €t = 0 P-a.s.

(Conditions (1)-(5) are common, although different conditions are possible in special
cases.)
The key convergence lemma for the stochastic approximation scheme is the following.

Lemma A.2. Suppose that conditions (1)-(5) in Definition A.1 hold. Furthermore, sup-
pose that the set of limit points of the solutions to the ODE y'(u) = h(y(u)), u > 0,
with y(0) € R? coincides with the set of zeroes of h, and that these zeroes are isolated.
Then the iterates of the recursion in (A.1) converge P-a.s. to a (possibly sample-path
dependent) zero of h.

For the case without error, i.e., ¢, = 0 forall ¢ > 1, Lemma A.2 is derived in [1, Section
2.1] (see, in particular [1, Theorem 2.1]). The case with error can be included easily,
as explained in [1, Section 2.2]. If h has a unique zero z* that is globally attracting
under the ODE, then lim; ,., z; = * P-a.s. for all initial values z( (see, in particular, [1,
Corollary 2.2]).

Remark A.3. Condition (3) is phrased differently in [1, Chapter 2]. Namely, there
it is assumed that E[|[M;1]]? | F] < K(1 + ||z¢|*) P-a.s. for all ¢ > 0 and some
K < oo. Together with Conditions (2) and (4) this property is used to conclude that
o0 @ E[||[Myyq|? | Ft] < oo P-a.s., which is the key condition on which the approxi-
mation scheme is built (see [1, Section 2.2]). Condition (3) is the version where this
key condition is included. In fact, in Section 2.2 we have checked Condition (3) in our
particular context by using Lemma 2.1.
An explicit rate of convergence estimate is derived in [1, Chapter 2].

Lemma A.4. Put Tp = 0 and T; = ZZ;}) as, t > 1. Let (Z(u))ye[o,00) be the piecewise
linear interpolation of {x;},>o over the successive time intervals u € [T;,T;41], t > 0.
Let (y™*(u))ue[r, ) be the solution to the ODE y/'(u) = h(y(u)), u > 0, with initial value
yTt(T}) = Zr,. Then, for anyt > 0 and T € (0, 00),

sup  |Z(u) =y (u)] < Krope!T +Crp sup  as+ Z asles|  P-a.s., (A.2)
ue[Tt7Tt+T] t<s<st,; tSSSST,t

where sy, = min{s > t: T, > T, + T} is the smallest index enveloping the time interval
[Tt, Tt + T], and

Krpp=CrrL Y ai+ swp [ =Gl Ornp=I[h(0)] + L(Co +[[R(0)T) "7,

t<s<sr, SIS

with L the Lipschitz constant of h and Cy = sup;> ||7¢||.

The estimate in (A.2) shows that the solution of the discrete stochastic approximation
scheme is close to the solution of the continuous ODE for large times. For the case
without error, i.e., ¢, = 0 for all ¢ > 0, the estimate in (A.2) is derived in [1, Section 3.1].
The extra term for the case with error is an obvious upper bound on the effect of the
error.
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