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Abstract

In this paper, we analyze the distribution of the total overlap-
ping time spent with other customers in the M)/M, /1 queue with
First-Come First-Served service discipline. We show that the Laplace-
Stieltjes transform of the overlapping time reduces to an incomplete
gamma function representation. We also calculate the transform of the
joint distribution of the overlapping time and the number of overlaps.
In addition, we prove a heavy-traffic limit for the total overlapping
time with scaling 1/(1 — p)? to a Weibull(1/2,1/u) random variable.
Finally, for the M/G/1 case, we derive the first two moments of the
overlapping time.



1 Introduction

Overlap times in queues refer to the duration of time when two or more indi-
viduals simultaneously share a space in a queue. This sharing of space creates
opportunities for customer interaction and, unfortunately, can lead to dis-
ease transmission. Understanding the dynamics and distributional behavior
of overlap times is critical to modeling infectious disease spread because they
capture moments when individuals are in close proximity, allowing for the
transmission of disease through airborne particles, droplets, or surface con-
tact. A complete understanding of overlap times helps researchers and public
health officials design interventions, such as staggered entry, optimized queue
length designs, or ventilation improvements, to reduce the risk of outbreaks
in public and shared spaces.

Recently, overlap times have been studied from a mathematical perspec-
tive to understand the time that customers spend with one another in a
queue. In particular, Palomo and Pender [18] analyze overlap times in the
My/M,/1 queue and compute the distribution of the overlap time of cus-
tomers who are k spaces apart. Moreover, Palomo and Pender [18] derive a
new Lindley-type recursion to efficiently calculate overlap times in the G/G/1
queue. Kang et al. [13] analyze the Laplace-Stieltjes transform (LST) of
overlap times in a queueing model where there are infected and susceptible
customers. Kang et al. [13] compute the mean number of infected customers
in the multi-server queue, providing a queueing version of Ry in the SIR
modeling literature.

Palomo and Pender [19] and Palomo and Pender [21] study the distri-
bution of the overlap time in the G/G/oco queue and the G®/G /oo queue
respectively. Palomo and Pender [19] also study the number of overlapping
customers that a tagged customer interacts with during her sojourn time.
In some special cases, Palomo and Pender [19] derive the distribution of the
number of overlaps that a tagged customer will have during their sojourn
time, which is very useful for understanding disease spread as it represents
all of the people that will need to be contact-traced in a serious epidemic.
Pender et al. [22] use fluid and diffusion limit theorems to derive new approx-
imations for the number of overlapping customers in the Erlang-A queue,
which has customer abandonment. In fact, Pender et al. [22] are able to
provide novel mean and variance estimates for the number of overlapping
customers in the Erlang-A queue, allowing one to understand the impact of
abandonment on the number of overlapping customers.



Moreover, recent work by Palomo and Pender [20] analyzes the maximum
overlap time in the My/M, /1 queue and computes its distribution. Palomo
and Pender [20] make the observation that the maximum overlap time is with
the customer in front of or behind the tagged customer. This observation is
coupled with the fact that overlap time of the two adjacent customers is equal
to the waiting time. The maximum overlap time analysis was extended to
special cases of the G/G/1 queue via Laplace-Stieltjes transforms in Boxma
and Pender [5]. The Laplace transform is derived in the case where either the
inter-arrival distribution or service time distribution follows a mixed-Erlang
distribution, which is a special case of a phase-type distribution that is still
dense in the family of distributions of non-negative random variables.

In addition to overlap times, the number of overlaps and maximum over-
lap time, the overlapping time was introduced in the paper of Xu et al. [25]
as a way of measuring the sum of all the amounts of time that a tagged
customer spends with all other customers. The total overlapping time is an
important measure of infectious disease spread as it measures the amount
of time that you spend with other customers. From the perspective of an
infected customer, it is the amount of exposure you give to others and from
the perspective of a susceptible customer it is the amount of time that you
spend with infected customers. In Xu et al. [25], the authors compute the
mean of the overlapping time in various M) /M,,/c queues as a metric for how
much time customers will spend with each other in queue. While the mean is
an important metric for determining how to staff the queueing process, it is
far more important to understand the distribution of the overlapping time to
get a complete picture of the metric. In this work, we derive the distribution
of the overlapping time via computing the LST of the overlapping time.

1.1 Contributions of Our Work

In this paper, we make the following contributions to the literature, focussing
on the My/M, /1 queue:

e We derive the distribution, and the LST, of the overlapping time T},
of a tagged customer with the ones she meets at arrival, and of the
overlapping time T; with the ones who arrive during her sojourn. We
also obtain the LST of the sum T' = T, + T}, viz., the total overlapping
time, and of the vector (T, Ty).

e We derive various moments of T, T; and T.



e The heavy-traffic limiting distributions of T,, T; and T" are proven to
be Weibull; we show that one has to scale by (1 — p)? when the traffic
load p T 1.

e We generalize some of the above results in two ways. Firstly, we obtain
the joint transform of overlap numbers and overlapping times. Sec-
ondly, under the assumption that each customer has a probability ¢ of
being infectious, we derive the LST, moments and heavy-traffic limit of
the overlapping times of a tagged customer with infectious customers.

1.2 Organization of the Paper

The remainder of the paper is organized as follows. We close this section
with a concise model description and notations, and a brief review of the (in-
complete) Gamma function. Section 2 contains results on the marginal over-
lapping time T, of a tagged customer with those customers already present,
and on the marginal overlapping time T} of the tagged customer with those
arriving during her sojourn time. Section 3 discusses the joint distribution
of T, and Ty, and their sum, the total overlapping time 7" = T, + T,;. The
heavy-traffic limit of this joint distribution is analyzed in Section 4. Sec-
tion 5 is devoted to determining the transform of the joint distribution of
T,, T; and the numbers of customers seen at arrival and left behind by the
tagged customer (the overlap numbers). As a by-product, we thus obtain
the joint distribution of total overlap number and total overlapping time. In
Section 6, we consider the case in which any customer is infectious with a
fixed probability ¢; we are then interested in the overlapping time with infec-
tious customers. In Section 7, we discuss overlapping times in the M,/G/1
FCFS queue, pointing out technical difficulties which make it very challeng-
ing to derive exact distributional results for overlapping times for the case of
a general service time distribution.

1.3 Model Description and Notations

We consider the classical M /M /1 queue, with a single server, a Poisson arrival
process with intensity A and independent, exponentially distributed service
times Si,Ss, ... with mean 1/u. A generic service time is denoted by S. In
the sequel we shall often denote this system by M, /M, /1. The customers are
served in order of arrival, i.e., First-Come First-Served (FCFS). The load of



the server is denoted by p := A/u; we assume that p < 1, so that the system
reaches steady state. Sometimes we shall also denote an exp(() random
variable by &¢; hence S ~ &,,.

Our focus is on the overlapping times of a tagged customer C. If C' finds
X, customers present upon arrival, then the total overlapping time T, of C'
with these customers is the sum of the X, overlap times (time simultaneously
spent in the system) of C' with those customers. If X; customers arrive
during the sojourn time of C' in the system (and hence X, customers are
left behind when C' leaves the system), then the total overlapping time T} of
C with these customers is the sum of the X, overlap times of C' with those
customers. The main performance measure under investigation in this paper
is C’s total overlapping time T, where

T =1T,4+ Ty (1)

1.4 Review of the Incomplete Gamma Function

The gamma function and incomplete gamma functions play a significant role
in the remainder of this paper. Hence we briefly recall their definition and
some properties. First we recall the integral definition of the gamma function:

I'(a) = / t*te~tdt for a > 0; (2)
0
for integer a one has I'(a) = (a — 1)!. One can also partition the gamma

function integral at a point x > 0 to obtain the lower and upper incomplete
gamma functions respectively as

v(a,x) = /t“_le_tdt, (3)
0

C(a,z) = / t“_le_tdt—e_m/ (t+x)* te'dt. (4)
T 0

Moreover, we know that

1
—7 a,cx) / t"temcdt, (5)
0

1 o
—I'(a, cx) / ttemetdt, (6)



2 Marginal Overlapping Times in the M /M /1
Queue

In this section we determine the marginal distribution and LST of T,, (Sub-
section 2.1) and 7T (Subsection 2.2).

2.1 The Marginal Distribution of T},

Assume that C arrives to find X, customers. It is well known that its steady-
state distribution is geometric with parameter p:

P(X,=k) = (1-p)p*, k=0,1,.... (7)

If X, =k > 1, then C overlaps the remaining service time R with the
customer in service, R+ S5 with the second customer, and so on, and finally
R+ 25:2 S; with the kth customer. Because of the memoryless property of
the exponential distribution, R has the same distribution as S;. Hence

£ Y kit DSED 508 (8)

The last equality (in distribution) follows since all service times are i.i.d.
(independent, identically distributed).
Obviously,

P(j.sj>t)zp<sj>§) —e i, (9)

The above equations (8) and (9) allow us to conclude that the conditional
distribution of T,, given X, = k, is Hypo-exponential:

1,

k
d d . L w

= E £,/; =Hypo — exponential (,u, CLRREE E) . (10)
=1

Xa=k

We summarize these findings in the following proposition.



Proposition 2.1. Conditioned on X, to be k, the overlapping time upon

arrwal, Ty, s Hypo-exponentml(u, IR %) :
P (Ta >t ‘ X, = k) = a1 (11)

k .
. .y J )
— e Jj - - ,
j=1 1:11#)"7 L
where
a=[100 ... 0 0], (12)
[—p 0 0 0
0 -4 & 0 0
M= ' (13)
00 gy g 0
0 0 N o s
0 0 0 0 —&]

The unconditional distribution tail of T, follows by combining (7) and
Proposition 2.1:

Proposition 2.2. The tail distribution of T, is given by

P(T, > t) i )p’fze—?t< 11 J ) (14)

—1
k=1 j=1 i=1,i#j ']

For several purposes we shall find it useful to also determine the LST of
T,. We have:

Lemma 2.3. The LST of T, is given by

—9T S * I'(1+p/0)
=2 (-0 (‘) e+ 1+ 1/0)° (15)




Proof.

E [efOTa} — Z(l o p)pkE [67922?:1]'5]}
k=0

- kf% pkﬁ(uﬂ@)

_ - k : /0
- 200 1 (55)
> AN\ T+ p/0)
- ;(1_ )(E) T(k+1+p/60) (16)

]

In Lemma 2.4 we present a different derivation of the LST of 7T,. This
alternative approach is particularly convenient when, in Section 3, we de-
rive the joint LST of (T,,Ty). After the proof of the lemma we shall show
agreement between the results of Lemmas 2.3 and 2.4.

Lemma 2.4. The LST of T, is given by

Bl = (1) [ el g
t=0

e ()G o

Proof. We exploit the following: (i) The number X, seen by the tagged
customer upon arrival is geom(p) distributed. (ii) If X, = k, then the sojourn
time X of the tagged customer is Erlang(k + 1, u) distributed, hence with

density ,u( i) ot (iii) A Poisson arrival process has the following well-
known property (cf. Section 2.3 of Ross [23]): If there are k Poisson events
in an interval of length ¢, then the joint distribution of the event epochs equals
the joint distribution of the order statistics of £ independent, uniformly on
(0,t) distributed random variables. Hence

Ele™"™] = ) (1- p)pk/ Ele | X, = k, ¥ =t] dP(X < t| X, = k)
k=0 =0

Z(l - p)pk/ u%e“tE[eeT“\Xa =k, X =t] dt. (18)

k=0 =0 '



Now observe that the &k service completions of the X, = k customers seen
by C' at arrival occur in (0,t) according to a Poisson process with rate p.
Hence, exploiting observation (iii) above,

t k o —ot\ K
E[e "X, =k S=t] = </ e_(’“%) = <1 Q: ) . (19)
u=0

Substitution of (19) in (18) and summation over k gives the ﬁrst equality in
(17). The second equality follows via the substitution z = 2e7%:; it trans-

7
forms the first integral in (17) into

s O\ L de o\"" 1 7L
Aed B2 — A -~ - )\/0/ B_1 _Zd.
e () e = e (§) e [ e

(20)
O

. . A
Now observe, cf. (3), that the last integral in (20) equals (%, 7).

It should be observed that many identities and asymptotic results are
known for incomplete gamma functions, cf. Abramowitz and Stegun [1].

We now show the equivalence between the results of Lemmas 2.3 and 2.4.
To this end, rewrite the part of (20) after the equality sign as follows, using

the transformation v =1 — %z and the Taylor series development of AT

1
(n— /\)%/ (1 —v)5 ted?dv
v=0
— %Z / — v)O Ry, (21)

Finally, observe that the last integral equals the beta function B(%,k+1) =

% and use that I'(1 + p/0) = 5T (1/0).

We close this subsection by deriving two expressions for the moments of
T,.

Proposition 2.5. With X, denoting a random variable that is geom(p) dis-
tributed, we have:

BT - 22 kZ( 1 ]_Z>jm

'um k=0 = i=1,i#7]
Xa Xa ]
= E[S"]-E Z(H ._i)j’”]- (22)
j=1 i:l,z’;éj]

9



Proof. Use Proposition 2.2 and the fact that the m-th moment of an exp(u/7)
distribution equals % gm. O

Using the multinomial theorem, we also have the following alternative
representation for the moments of 7,.

Proposition 2.6.

By = S a-p Y [ @

iy
ni+---+np=m"’
n17...,nk20

Proof. This follows directly from first conditioning on the queue length and
observing the fact that E [S;-Lj } = :—TZ' and the multinomial theorem. We

J
provide an outline of the proof below.

B[] = Y E[IX, - HP (X, — k)

- se(s) Jee s

This completes the proof. O

10




2.2 The Marginal Distribution of T}

As is well known, the sojourn time ¥ of tagged customer C' in the M,/M, /1
queue is exp(p — A) distributed. To obtain the distribution of the total
overlapping time T, of C' with the customers who arrive during her sojourn
time, we reason as follows. If ¥ = z, then N, (x) customers arrive during C’s
sojourn time, where N (z) is Poisson(Az) distributed. Their arrival epochs
are distributed as the order statistics of Ny(z) i.i.d., uniformly distributed
random variables on (0, z); we denote them by U; (0, z), for j = 1,..., Nx(z).
Hence

n

= > (z=Uy(0,2)) . (25)

Y=z,Nj(z)=n j=1

Ta

We shall use a well known fact about the sum of i.i.d. uniformly distributed
random variables.

Lemma 2.7. Let G,, be the sum of n i.i.d. uniform(0,x) random variables.
Then the cdf of G, is equal to:

F(t) = %Z(—N(Z) (é - k)n 0<t<nz.  (26)

Proof. This is a well known fact; the cdf is called the Irwin-Hall distribution
Hall [11], Trwin [12].
O

Denoting F),(z) = 1 — F,(x), we have the following expression for P(T,; >

).

Proposition 2.8. The tail distribution of Ty is given by

P(T;>t) = / N (u—Ne WNe R {F]w) (3)] dz. (27)

=0 X

11



Proof.

P(T,>t) = / (11— N)e= =27 B (T, > 4| = z) da

=0

= / T (i Ao Ze’\z%ﬁ” (Z(m — Ug(0,2)) > t

=0 n=0

(9] 0 )™
= / (1 — N)e~ (=N Z e’\x%ﬂ” ( Ui (0,2) > t) dz
z=0 n=0 : j=1
_ = —(p—N)zx - Az (/\I)n n E
_ /xo(u Me ;e LR (5 ) de

o - t
= / (1 — Ne (AR [FNM (—)] dz.
=0 x

Remark. A more compact expression for P(7; > t) immediately follows from
the above proposition:

P(Ty>1) = E {FNA(SM_A) ( S;_A)}' (20)

We now derive an expression for the LST of Tj.

]

Lemma 2.9. The LST of Ty is given by

Bl = (-p) [ el
=0

— (u-N) (%)Z %eM (%, g) . (30)

Proof. Conditioning on the sojourn time 3 of C' equaling x and subsequently
on the number of arrivals during x equaling n we can write (very similar to

12

(28)



(28) above):

E[e~Ta] = / (1 — Ne~ W[~y = 7] da

_ > _ —(p—N)zx - -z ()\x)n ’ 70(x7u)d_“ !
= /xo(u Ae ; - - e . dz
oe = () 1 —e0\"
= —Ae M d
/x:o(/l Je — n! Ox v
_ / (1= N)e e 1) gy (31)
=0

The second equality sign follows by using the property that n arrivals in
(0,2), which occur according to a Poisson process, are distributed as the
order statistics of n independent, U(0, z) distributed random variables (cf.
Section 2.3 of Ross [23]). O

Remark. The expressions in (17) and (30) reveal that T, and T} are identically
distributed in the M/M/1 FCFS queue. This is a much stronger result
than that of Xu et al. [25], Oz and Perlman [17], who only show this for
expectations. Moreover, it highlights an important distinction between the
single server queue and the infinite server queue. In the infinite server queue
T, and Ty have the same mean, however, their distributions are not identical
(cf. Boxma et al. [6]).

By differentiating the first expression in either (17) or (30) (which works

1—e~ "

perhaps best by taking the Taylor series development of 5 %), it is readily
seen that the first moments of T, and T} are given by:

E[T.] = E[Ty = a1 =)’ (32)
BTy - BT - 2 (33
Var[T,] = Var[Ty] — H. (34)

In view of the fact that the study of overlapping times is still in its infancy, it
seems justified to close this section by discussing an alternative way to study
overlapping times. Suppose that C' is customer zero, and that there was an

13



infinite stream of customers —1,—2,... before (', and an infinite stream of
customers 1,2, ... after C. Define O,, as the overlap time of C' with customer
n,n=...,—2,—1,1,2,.... Then we can write

T, = io_n, T, = ion. (35)
n=1 n=1

Successive overlap times depend on each other, and it is not a priori clear
how to obtain the distribution of T, and T, from (35). However, the fact
that O,, contributes in the same way to the overlap time of C' with customer
n as to the overlap time of customer n with C' gives us some insight into
the fact that T, and 7, have the same distribution. Furthermore, E[T,] and
E[T}] easily follow from (35) and the following proposition.

Proposition 2.10. The mean overlap time of C and customer k in the
M\/M,/1 FCFS queue is given by

E[Ox] =

S k=l (36)

Proof.

00 00 k
E[Oy] = / P(Op >t)dt = / e~ WMt pkqE = up T (37)
0 0 -

In the second equality we have used the memoryless property of the exp(pu—A

distributed sojourn time of C, which implies that P(Oy > t|Oy > 0) =
k

e~ (=Nt and we have also used there the fact that P(O), > 0) = <m) =

p* (the probability that there are at least k arrivals during the sojourn time
of O). O

It follows from (35) and the above proposition that the mean overlapping
time with customers that arrive after C' is equal to

> o,
k=1

in agreement with (32).

E[Ty =E

R o~
_;E[Ok]—ZM_A—M(I_p)Q, (38)

k=1

14



3 The Joint LST of 7T, and 1}

In order to calculate the joint LST of T}, and T}, we again exploit the following
observations about the M /M /1 queue:

(i) The number of customers X, seen by the tagged customer upon arrival
is Geometric(p) distributed.

(ii) If X, = k, then the sojourn time X of the tagged customer is Erlang(k+
1, u) distributed, hence with density u%e*“t.

(iii) A Poisson arrival process has the property that if there are j Poisson
events in an interval of length ¢, then the joint distribution of the
event epochs equals the joint distribution of the order statistics of j
independent, uniformly on (0,¢) distributed random variables.

The third observation in particular implies the following result.

Lemma 3.1. Let Uiy (0,y), 1 < m < j, be the order statistics of uniform
random variables on the interval [0,y]. Then,

E [6_92%:1 U(m)(ovy):| — 1_—6_0y ’ .
Oy

Proof. Observation (iii) above implies that >3/ Uwmy(0,y) has the same
distribution as Y7 _, U,,(0,y). Hence

E |:€792er:1 U(m) (O’y)i| — ]E [679 ZZVL:I Um(o’y)i|

- @[y

1—e %\’
a ( 0y >

m
Now we are ready to give the joint LST of T, and T}.
Theorem 3.2. The joint LST of (T,,T;) is given by
o0 1—9701t 1—976275
E [e_alT“_ngd} = (1- p)/ pe_“te/\ e MM e dt. (39)
t=0

15



Proof. We have

E[e 0T = N "P(X, = k)R [e "% X, = k] (40)
k=0
= D (1= p)pE [e " %X, = k, % = t] dP(S < t|X, = k)
k=0

_ Oo _ k} > (Mt)k —},Lt —01Ta—92Td _ _
= Z(l p)p pg e E [e X, =k, X =t] dt.
= t=0 :

k=0

To determine E [e’alTa’(’?TﬂXa =k X = t], we first observe that T, and Ty
are conditionally independent, given that X, = k£ and ¥ = ¢. Let us now
twice use the Poisson property (iii) above. For T, we have n arrivals during
Y. = t with probability e‘”%, and Ty is the sum of the times from their
arrival until the end of 3. Moreover, T; does not depend on X, given ¥ = t.
Hence from Lemma 3.1, we have

E[e %" X, =k, =]
o A 1 — —02t\ ™ oot

= Ze_)‘t( n') ( Qget ) = e_>‘te)‘1 02, (41)
n=0 ’

For T,, we observe that the k service completions of the X, = k customers
seen at arrival occur in (0,¢) according to a Poisson process with rate pu.
Hence again from Lemma 3.1, we have

—01T, 1— e_elt F
E[e ‘Xa :k,E:t] = (9—1t . (42)

The proof now follows by combining (40), (41) and (42), also using that
Pl = A. O]

By successively taking 6, = 0, §; = 0 and 6; = 0y = 0 in (39), we get
the marginal LST of T, as already given in (17), the marginal LST of Ty as
already given in (30), and the LST of the total overlapping time 7" := T, +Ty:

Corollary 3.3.

bt
E[e ] = (1—p)/ pe Mo M e dt. (43)



Remark. Just like in (17) and (30), one can implement the substitution e~% =

y, with i—? = —@y. This yields the following expression:

ptx ptA g

1 1
E[e™] = (1—p)H/ YT Tl Ty = (1_,))@29*&/ y T ey,
0 y=0 0 y=0
(44)
The integral in (44) again is an incomplete Gamma function. In particular
we can write:

BEA
0\ ¢ w22
Efe] = (1-p)le? (=~ Er2 22, 45
|:e :| ( p) 0 e’ 2)\ F)/ 0 Y 9 ( )
In order to get moments of T,, T; and T, it seems best to differentiate t£1e
1—e 9

expressions in Corollary 3.3, using the Taylor series development of =
We thus obtain (32), (33) and (34), as well as

7p?

E[T.Ty4) = B ) (46)
Cov[T,, Ty — Mz(f—pjpyv (47)
Cort[T,, Ty] = %, (48)
BT = —. (49)
E[T? = %, (50)
Var[T] = %' (51)

4 Heavy-Traffic Limits

In this section we study 7" and (7,,7,) in the heavy-traffic limit p T 1. In
the heavy-traffic analysis of queue lengths and waiting times, which typically
have means that behave as a constant over 1 — p for p 1 1, one usually has to
scale by 1 — p to obtain a non-trivial heavy-traffic limit; an exception is when
service times are heavy-tailed, cf. Boxma and Cohen [4]. However, the fact

17



that the means of T,, Ty and T behave as (1 — p)~2 for p 1 1 suggests that
we now have to scale by (1 — p)2. Below we shall see that this indeed gives a
valid heavy-traffic limit. Remarkably, the resulting limit random variable is
a Weibull random variable.

Theorem 4.1. Let T = T,+ Ty be the overlapping time in the M/M/1 queue.
Then as we let p — 1, we have the following heavy-traffic limit result:

<1
limpﬂE [e_(l_p)%T} = / 5\/Ee_\/’ﬁe_ezdz =K [e—OW} ) (52)
z=0 z

where W has the Weibull %, %) distribution with density %\/ge_\/‘ﬁ.

Proof. 1t follows from (43) that

E |:e—(1—p)29Ti| = (1-p)u /Oo e—u(l—p)texp 2\ ﬂ ¢ dt.
+=0 (1—p)20

(53)
Using the Taylor series development of e* for a | 0, we can write:
lim, E [e—(l—p)wT}
— limm1 (1 _ p)ﬂ /°° efu(lfp)tefp,u‘(lfp)QGtht
t=0
- / eIy, (54)
y=0

In the last step we have used the transformation y = (1 —p)t. One can invert
this LST by using the transformation z = uy?: For p 1 1,

2 <1
R[e~(1=P"0T) / 5\/Ee_\/’§e_ezdz. (55)
z=0 <

Hence Feller’s convergence theorem implies that (1 — p)*T converges, for
p T 1, to a random variable with density ¢(z) := %\/ge_\/ﬁ. It is easily seen
that this is the density of distribution 7'(z) := 1—e~V##. This, in turn, is the
distribution of the square of an exp(,/u) distributed random variable; put
differently, it is a VVeibull(%7 %) distributed random variable. Interestingly,

the heavy-traffic limit in this M /M /1 model has a subexponential tail. [

18



Proceeding in exactly the same way, it follows from (17) and (30) that

lim,y Efe™(72%0Ta] = Jimp Ele~(177)0Ta]
= limpp (1—P)M/ o~ r(1=p)tg=5on(1=p)?6t? 34
t=0
- / eI dy, (56)
y=0

which yields the following corollary.

Corollary 4.2.

limpﬂE[e_(l_”)%Ta} = limpﬂE[e_(l_”)%Td] = / HQﬁe_\/z’TZe_ezdz, (57)
z=0 z

i.e., both T, and Ty, scaled by (1 — p)?, in the heavy-traffic limit have a
VVez'bulZ(l L) distribution.

27 2u

As we have seen, T, and T, are dependent, and their correlation ap-
proaches one in the heavy-traffic case (cf. (48)). In general, it is hard to
obtain the distribution of the sum of two Weibull distributed random vari-
ables; but in this heavy-traffic limit, apparently (1 — p)?(T, + T) also has a
Weibull distribution. Incidentally, for overlap numbers in the M /M /1 queue,
a somewhat similar result is found in Boxma [3]: the overlap number O
is geometrically distributed, just like its two components, viz., the number
of customers X, seen at arrival of the tagged customer and the number of
customers X, arriving during the sojourn of the tagged customer.

5 Generalizations

In this section we consider a generalization of the analysis in Section 3: We
determine the transform of the joint distribution of X,, X4, T, and T,;. As
a by-product this gives the transform of the joint distribution of the total
overlap number Xp = X, + Xy and total overlapping time T' = T, + Ty in
the M, /M, /1 queue. Here the overlap number of a tagged customer is the
number of customers she shares some time with in the system.
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Theorem 5.1. The joint transform of X,, Xq, T, and Ty in the M/M/1
queue is given by

E [Zf(azg(de_elTa—Gsz} — (1 — p)'u/ e_(u+>\)te>\%(l_e_elt)e)\%(l_e_92t)dt
t=0

b

(58)
and the joint transform of total overlap number Xo and total overlapping
time T in the M/M/1 queue is given by

E[zY0e ] = (1- p)u/ e~ (B N2AG (=7 gy (59)
t=0
Proof. The proof is very similar to that of Theorem 3.2:

E [afezgfte @ TmteTa] = N7 AP(X, = K)E [0 T0T X, — k|
k=0

o

= Y (1-p)p=)'E [zgfde-elTa—GZTar — Y = t} dP(S < 1| X, = k)
k=0
(e.0) [e'e) k

= Z(l - p)(pzl)k/ p%e_“tﬂi [zg(de_elT“_ezTﬂXa =k X = t} dt
k=0 t=0 :
o oo k

= > (- p)(pzl)’“/ MW) e M
k=0 =0 K

x E[e"™|X,=kS=t] E [z§de*92Td|Xa — kY= t] dt

e o0 t) 1 — e 0\ *
= 1— k (,u_ -t (2%
kZ:O( p)(p21) /tou e ( 5t )

o0

VO L b ndu\”
X Zoe At% 25 (/u:(]e ba(t )7) dt . (60)

Equation (58) now follows by performing the two summations and realizing
that pu = A. Equation (59) subsequently follows from (58) by taking z; =
2o =z and 6; =05 = 0. O

Remark. The marginal transform (probability generating function) of the
overlap number X for the M/G/1 queue was already obtained in Boxma
[3]. For the My/M, /1 queue, this gives

1 —
E[-] = -~ , _pzpz’ (61)
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corresponding to a geometric distribution:

2p 2p b
P(Xp=Fk) = (1— . k=0,1,..., 62
Ko =P ( 1+p)<1+p> (02
with mean E[Xp] = % and variance Var [Xo| = 2(?22)?22 . Expression (61)

1—e— 0t

0

also follows from (59) by realizing that limg, = t and performing the

ensuing integration in (59).

It readily follows from (59) by differentiation that
2p + 6p*
p(l—p)*

and finally the correlation between total overlap number Xy and total over-
lapping time T is found:

Cov[Xo,T] = (63)

1+3p
V2+2p)(1+4p)

It is readily checked that this correlation is non-negative and increasing in p.

In taking the heavy-traffic limit in (59) w.r.t. both Xo and 7', we need
to scale Xp by 1 — p and T by (1 — p)%. Replacing z by e~ in (59), we can
write:

Corr[Xo,T| =

(64)

lim,y E |:e_(1_P)5Xo—(1—p)20T]
> —(1—=p)s 7e_(1_0)29t
0
= hmpTl ,u(l . p) /OO e—u(l—p)te—Z)\(1—p)ste_)\(1_p)20t2dt
0

= / pre ™YY =HOY Qg (65)
0

In the third line of (65) we have omitted terms of smaller (1 — p) order in
the Taylor series developments of exponents, and in the fourth line we have
used the transformation y = (1 — p)t while also replacing A by .

The expression in the last line of (65), to be called (s, ) = E[e=*¢~1] is

the double transform of (G, H) := lim ((1 — p)Xo, (1 — p)*T). It is readily
verified that G ~ exp (1) and that H ~ Weibull (%, i), and that E[G] = 2,

2
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Var(G] = 4, E[H] = %, Var[H] = %, E[GH| = 3%, Cov[G, H] = ¥, and
Corr|G, H| =
7).

(which is consistent with the above moments of X and

==

.25

6 Overlapping Time in the M/M/1 Queue
Infection Model

In this section, we analyze the infection queueing models of Newman and
Pender [15, 16] where each customer has a probability ¢ of being infectious.
We are interested in the amount of time that the tagged customer C' spends
with infectious customers. We now let Z, be the total time C spends with
infectious customers who are already present at her arrival, and Z; be the
total time C' spends with infectious customers who arrive during her sojourn.
Below, we derive the LST of (Z,, Z4).

Theorem 6.1. The joint LST of (Z,, Zy) is given by

1_e— 01t

o0 —0ot
L M) g agime
pe He ! e MM TRt

E [e_elzu_GQZd} — (1 —,0)/

t=0
(66)
Proof. We have
E [e- 7 00) = N "P(X, = k)E(e” "7 %X, = k) (67)
k=0
— 2(1 — p)p'E [e” P02 X, = |, ¥ = t] dP(Z < X, = k)
k=0
= Z(l — p)pk/ u%e_“tﬂi [e_elz"_ezzﬂXa =k, X =t] dt.
k=0 t=0 ’

Just like in the proof of Theorem 3.2 we observe that Z, and Z; are condi-
tionally independent, given that X, = k and X = ¢, and that Z; does not
depend on X,, given ¥. The LST of Z; given ¥ =t is equal to the LST of
T, given Y = t, except that A\ should be replaced by Ag, which is the arrival
rate of infectious customers. Hence

A 1—e— 02t
E[e ®%|E =t] = e e q( R ) (68)
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Finally consider Z,. We can write

U IED I (T O R N
J 0

0

j=

] e

Combining (67), (68) and (69) we get:

E [o-"% %] =% (1—p)ph (70)
k=0
k —0ot
> (Nt)k —ut 1—e ™t gt )“1(1769 2 )
X ——eH _ 1— a 2 /dt
and summing over k gives the statement of the theorem. O]

It immediately follows from the above theorem that the total overlapping
time Z with infectious customers has LST

E [efHZ:| - F [efH(ZaJer)}

0

1_ o0t

= (l—p)u/ e_(“_’\)te_Q’\qteZ\q< ’ >dt. (71)
0

The LST of Z, and of Z; immediately follow from Theorem 6.1 by taking
0> =0 resp. 6, = 0:

Efe=%] = E[e="%] = (1— p)u /O ()

Moments of Z, Z, and Z; can be derived in exactly the same way as moments
of T, T, and T; were obtained in previous sections. In particular,

P4

ElZ,) = E[Z] = o= )2

(73)

E[7] = —2P1 _ (74)



4gp(1 — p) + 24¢%p”
Pl —p)t
For ¢ = 1, we find agreement with results from Section 3.
The heavy-traffic behavior of Z, Z, and Z,; can be derived from (71) and

(72) in exactly the same way as the heavy-traffic limits in Section 4 were
obtained. We find:

00 % q -
lim Efe~(7%07] = / pre e dy = / _\/ﬂe_ Te % dz,
0 0 2 qz
(

76)

E[Z?] =

(75)

and

limp Ble™(79"%) = limy Efe” U7 0%] )

(77
_ /OO —Hy o= 510y — /Oo P o 02
= pe He 2 dy = —e Ve 7 dz.
0 0 2qz

In other words, in the heavy-traffic limit, (1 —p)?Z has a Weibull (%, /%) dis-
tribution, and (1 —p)?Z, and (1 — p)?Z, have a Weibull (%, %) distribution.

7 The M/G/1 Queue

In this section we briefly consider the overlapping time distribution in the
M/G/1 queue, with a general non-specified service time distribution. We
obtain expressions for the LST of T, and of Ty, and point out why it is
difficult to obtain the LST of their joint distribution.

Consider the M/G/1 queue with generic service time S. If a tagged
customer meets a non-empty system, then we denote the residual part of the
ongoing service by R; as before, X, denotes the number of customers seen
upon arrival by the tagged customer. We can write:

E [efalTafGQTd] — P(X, =0)E |:e)\se)\169_2025:|

+ Z/_OIP’(Xa =k, Re (v,0+dv))
k=1 -

—(v+FZl 545)04
ef[karZ?;ll(kfj)Sj]Gle—)\(v—i-Z?;fSj-i,-S)e)\l*e ( ;21 i+5) ] (73)

x E
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Here the expectation term in the first line of the righthand side follows by
using Lemma 3.1; that lemma is also used in the third line for the 6, term,
while the 6, term is obtained by realizing that, given X, = k and R = v, we
have T, = kv + Zf;ll(k: —7)S;.

For M/M/1, X, and R are independent, and we have an explicit ex-
pression for P(X, = k, R € (v,v + dv)). However, for any other service
time distribution X, and R are dependent and we only have their trans-
form E[2%«e~%F]  see for example the work by Boxma [2], Wishart [24]. This
transform is given by

M1 —2) E[e %] - E[e-29]

Ele~*(1-2)5] — 2 AM1—2)—10 ’

(79)
with /(-) denoting an indicator function. It seems very hard to work out the
inverse of this double transform, and subsequently (78).

Below we (i) determine the marginal LST of T} (for which an alternative
derivation is possible, resulting in a much simpler expression); (ii) consider
the marginal LST of T, (which is quite complicated); (iii) indicate how (78)
simplifies for M/FE5/1 and M/D/1, and (iv) obtain expressions for E[T,] and
E[T},] and indicate how higher moments can be derived.

E[z¥e (X, > 0)] = (1 — p)=z

(i) The marginal LST of T;. To derive the marginal LST of T, we
do not need to use (78). Instead we can exploit the following. Firstly, the
LST of the sojourn time ¥ in the M/G/1 queue is known. Secondly, given
that ¥ = t and that there are j arrivals in (0,¢), those arrival epochs are
distributed as the order statistics of j random variables which are U(0,t)
distributed. Using Lemma 3.1 we thus obtain:

oo @ j 0t J
Elfe~] = / Ze_’\t()\,t) (1 © ) dP(X < t)
t=0 520 J! ot

= / e M= gP(S < ¢). (80)
t

=0

For service time distributions for which the distribution of ¥ is explicitly
known, this might allow one to obtain a fairly tractable expression for the
LST of T;. Furthermore, moments of T; can be derived in a quite straight-
forward manner (see (iv) below).
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(ii) The marginal LST of T,. From (78),

oo k—1 00
Efe ] = P(X,=0)+ 3 J]E[e®9%] /0 e d,P(X, =k, R <)
k=1 j=1
oo k-1
= 1=+ S TTE B R (X, = ). 1)
k=1 j=1

Inversion of (79) w.r.t. the generating function of X, would give E[fe %I (X, =
k)] which features in (81). However, even such an inversion in one of the two
variables is not straightforward (it could be done formally via contour inte-
gration). For a general service time distribution, one could derive moments
of T, from (81); see (iv) below.

(iii) The M/E;/1 and M/D/1 cases. In the case of an Erlang-2 dis-
tributed service time with mean 2/, one has E[e™"*] = (;15)?. Observing
that the denominator of (79) contains a factor 1 — z and the numerator a
factor 8 — A\(1 — 2), (79) simplifies to

2
_ A1 =p)z
E[zXee ORI (X e 21+0+\— Az,
o1, 0] = () e A=A
(82)
This can be rewritten into the form
2

A (0 As(0
E[zXae—f’RI(Xa>0)]=< o ) z 1(0) + 2( )], (83)

w0 Z—2 Z— 2z

with 27 and 2z, the two zeroes of A\22% —(A\24-2Ap)z+p? = 0, while A, (), A2(6)
are also easily determined. It is now trivial to obtain E[e ™I (X, = k)], and
even P(X, = k, R < v). A similar procedure can be followed for M/E}/1
with £ > 3, but now one has to find the zeroes zi,...,z, of a k-th order
polynomial in z.

If the service time equals a constant, say D, then Equation (78) simplifies
to

—6,D

E [e—olTa—esz} — ]P)(Xa — O)e_)\DeAI_eﬂ#

+ E:/ B(X, = kR (0.0 +dv)
k=1"Y'=
—(v+kD)6y

oWkt ih(k=1)DJor (~A(o+kD) Mg (84)
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For M/D/1, (79) becomes

A1 —z) e 00— a—OA(1—2)

Xo,—6R — (1—
E [z e (X, > 0)} = (1 P)Ze,)\(kz) —z Ml—2)—90

(85)

Even if one is able to invert this transform (e.g., by using contour integration
expressions like P(X, = k) = - ]Ez[iff }dz), then one still has to sum over

27
k, with terms like e~ 2*(*-1)
be a challenging enterprise.
(iv) The moments of T, and T, for M/G/1. Via differentiation of
the expression in (78), or (81) and (80), or by reasonably straightforward

probabilistic reasoning, it follows that

Do "in order to evaluate (84) — and this seems to

ET] = Y /oo (kv + iuﬁ — HE[S,]) P(X, = k, R € (v,v + dv))

_ i /oo (kv + %k(k _)E[S])P(X, = k, R € (v, 0+ dv))
k=17 v=0
= E[X.A] + SE[X.(X. - D]E[S] (36)
E[T)] = P(X,— O)AE[;SQ] (87)
+ i/io %E (v+i:Sj+S)2 P(X,=k,R € (v,v+dv))
= (1—p>AE[252] + %,OE[R2] + PE[X,.R]
+ DRI (Xa— ISP + SELXJE[S?),
From Formula (2.7) of Boxma [2] we have
pvm - MESD | VES] | OE[S) .

4(1 = p) 6 2

An expression for E[X, (X, —1)] rarely occurs in the literature. It readily fol-
lows from the well known expression for the pgf E[2X*] (cf. Equation (I1.4.17)
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in Cohen [8]) that, for M/G/1 FCFS,
MN(E[S?])?  NE[S?]  NE[S?]

D=5 p; 31—p) 1-p° (&)
Now working out the expressions in (86) and (87) reveals that
BT, - Bl - 25D AR B gy

A1=p)*  6(1—p) 2(1—p)

and hence the mean total overlapping time in the M/G/1 FCFS queue is

given by

N(E[S?])?  AN2E[S?]  AE[S?]

2(L=p) 3(1-p) 1-p

For M /M /1 FCFS, this reduces to the expression obtained in (49).
To determine moments of Ty, it seems actually easier to differentiate the

expression in (80) w.r.t. §. In that way it readily follows that

E[T] =

(91)

E[T,] = JE[5?) (92)
B[] = B + DB (93)

Equation (92) is in agreement with Corollary 1 of [17], which states that
E[T] = AE[X?] for overtake-free queues with Poisson(\) arrivals, where cus-
tomers depart in the order of their arrival. In combination with an M/G/1
result on page 256 of [8] we retrieve the second part of (90).

By differentiating (81) tw1ce, one can derive the second moment of 7,

(using the identities Z] 1% =¢(k=1)k(2k—1) and Zf 172 = HE—1)%k?):

BT = BLXR + 2B(SIELXA0X, — DR] + SEIPEX, - DX.RX, 1)
+OESIE | (X0~ 17X — (X~ )X, (2%, - 1) (94)

Finally, by differentiating (78) once with respect to both z and 6, we get

EIL.T) = SEIX.R]+ E[SIE[X2R] + {E[SE[(X? - X,)R
+ (B[] EIXu(X, — 1)] + {EISTEX,(X, — 1)
+ i(]E[S]fE[Xa(Xa - 1)(Xa = 2)]. (95)
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All these terms can be evaluated using (79). In particular, using (93)-(95),
one thus can obtain the second moment of the total overlapping time for the
M/G/1 FCFS queue, using E[T?] = E[T?] + 2E[T,T,] + E[T3]. We omit the
details.

Remark. While it is relatively easy (respectively hard) to obtain the LST of
Ty (respectively T,) for the M/G/1 queue, the reverse holds for G/M/1. For
the latter queueing model, the LST of T, can be derived in a straightforward
manner by observing that X, is geometrically distributed with a parameter
Ao which is the unique solution of a particular equation (cf. Chapter I1.3 of [8])
and that both the residual service time of the customer found in service and
the other X, —1 service times are i.i.d. exponentially distributed. Now follow
one of the approaches outlined in Subsection 2.1, with geom(p) replaced by
geom(\g).

8 Conclusion

There are several extensions worth pursuing here. Clearly, from the previous
section, it is interesting to consider the M, /G/1 queue as an extension. How-
ever, as we have illustrated, this is very challenging since understanding the
connection between the residual service time and the queue length is critical
to understanding the overlapping time. Second, we would like to extend our
analysis to the setting where the queueing process has a finite capacity, like
the M\/M,/1/k queue. Analyzing the overlapping time in the M, /M, /1/k
queue would allow us to understand the impact of a finite capacity on the
overlapping time. By understanding the relationship between queue capacity
and overlapping time, public health officials can design queueing systems to
achieve a targeted level of overlapping time.

Another extension would be to allow multiple servers, i.e., the My/M,/c
queue. The multiple server setting is interesting and difficult for two reasons.
The first is that the tagged customer might leave before others who are
present upon arrival. The second is that the customers after arrival of the
tagged customer might leave before the tagged customer. This makes it quite
difficult to analyze, except for the infinite server setting, see for example
Boxma et al. [6], where customers do not interfere with each other.

Finally, it would be interesting to understand how a Hawkes arrival pro-
cess would impact the distribution of the overlapping time or even overlap
times in general, see for example Daw and Pender [9], Koops et al. [14].
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In Chen and Hong [7], there is a known difference between Hawkes arrival
processes and renewal processes in their heavy traffic behavior and beyond.
Understanding this difference would be critical to understanding more com-
plicated infectious disease behaviors and dynamics. This could also be ex-
panded to bivariate Hawkes processes as in Daw et al. [10] where infected
and susceptible customers follow a bivariate Hawkes process. We hope to
consider these extensions in some follow-up work.
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