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Abstract

We study the distributions of the overlap number and the overlapping time
that a tagged customer experiences in a network of two infinite server queues
in series. While allowing general service time distributions in both queues, we
specify the results in some detail for the cases of exponential and deterministic
service time distributions. We furthermore outline how one can obtain joint
overlap number distributions in more general feedforward networks of infinite
server queues.
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This paper is dedicated to the memory of Evgeny Pechersky, in admiration for his deep scientific
contributions, which include important reesults for tandem queues [6].
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1 Introduction

Inspired by the COVID-19 pandemic, there has recently been a growing interest in the
concepts of overlap numbers and overlapping times in queues. Here overlap number
is defined to be the total number of customers with whom a tagged customer spends
some time during her sojourn in a service facility; and overlapping time is the sum
of the durations of all those time intervals. Kang et al. [9] and Oz and Perlman [10]
have developed a framework for the study of these quantities, which the latter call co-
exposure count and co-exposure duration; those studies mainly focus on mean values
of these performance measures. Other pioneering studies are the PhD thesis of Kang
[8] and Xu et al. [15], which pays attention to the important question to which extent
overlap can be reduced via queue management; see also Perlman and Yechiali [13].
Indeed, the higher the overlap number and the longer the overlapping time experienced
by a customer in a service facility, the bigger the risk of an infection due to contacts
with infected customers.

Recently several distributional results regarding overlap have been obtained for a
number of classical queues. Overlap number distributions were derived in the M/G/1,
M/G/1−N and G/M/s queue [2] and in the M/M/1 queue with two priority classes
[5]. The overlapping time distribution in the M/M/1 queue was determined in [4].

So far, very few overlap results have been obtained for networks of queues. An
exception is Chapter 4 of [8], where the mean number of transmissions from an infected
customer in particular queueing networks is studied. In the present paper, our goal
is to determine both joint overlap number and joint overlapping time distributions in
a network of two infinite server queues in tandem. Our methods are applicable to
networks consisting of more than two queues, so this paper may serve as a guide for
analyzing much more general infinite server networks.

Infinite server queues typically allow a quite detailed exact analysis, because indi-
vidual customers do not interfere in terms of waiting and sojourn times. In [3] we have
studied the distribution of overlap number and overlapping time for a single M/G/∞
queue, while Palomo and Pender [11, 12] have studied a related, more specific perfor-
mance measure for infinite server queues: the overlap time (different from overlapping
time, the sum of all overlap times), which is defined to be the time two specific customers
spend together in a system.

Queueing models in which the number of servers is infinite quite accurately repre-
sent a host of real-life situations, like stores, theme parks and large facilities – typically
service systems where human beings may be in contact with each other. We envision
that our results can be used to improve the design of such service systems.
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Main results. Our main results are (i) the joint distribution of the overlap numbers
that a tagged customer experiences in two infinite server queues in series, as well as
(ii) the joint distribution of the overlapping times she experiences in the two queues.
Furthermore (iii) we outline how our approach can be extended to a feedforward net-
work of infinite server queues with independent Poisson arrival processes at the various
queues and Markovian transition probabilities.

Organization of the paper. Section 2 contains a concise model description. In Sec-
tion 3 we determine the PGF (probability generating function) of the joint distribution
of the overlap numbers that a tagged customer experiences in two infinite server queues
in series. While allowing general service time distributions, we specify the results for
the cases of exponential and deterministic service time distributions. Moments are also
derived. We furthermore outline how one can obtain joint overlap number distributions
in much more general networks of infinite server queues. In Section 4 we determine
the joint LST (Laplace-Stieltjes transform) of the overlapping times experienced by a
tagged customer in the two queues, again briefly paying special attention to the cases of
exponential and deterministic service time distributions and also deriving mean values.

2 Model description and preliminaries

The model under consideration consists of two infinite server queues in series. Cus-
tomers arrive at queue 1 according to a Poisson process with rate λ. This queue has
infinitely many servers; the sojourn time of each customer is just her service time.
The successive service times B

(n)
1 of customers at queue 1 are all independent and

identically distributed (i.i.d.), with distribution B1(·) and density b1(·). After having
received service in queue 1, each customer immediately enters queue 2, which also has
infinitely many servers. The successive service times B

(n)
2 of customers at queue 2 are

all i.i.d., with distribution B2(·) and density b2(·). Finally, we assume that all service
times at both queues and all interarrival times at queue 1 are independent. Let Bi

denote a generic service time at queue i, i = 1, 2. The load of queue i is denoted by
ρi := λE[Bi], i = 1, 2. It is well-known (see, e.g., Theorem 2.1 of [1]) that the steady-
state joint distribution of the numbers of customers (X1, X2) and the residual service
times R11, . . . , R1X1 , R21, . . . , R2X2 at an arbitrary epoch has the following product
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form:

P(X1 = x1, X2 = x2, R11 < r11, . . . , R1x1 < r1x1 , R21 < r21, . . . , R2x2 < r2x2)

= e−ρ1
ρx1
1

x1!
e−ρ2

ρx2
2

x2!

x1∏
i=1

{
∫ r1i

0

1−B1(x)

E[B1]
dx}

x2∏
j=1

{
∫ r2j

0

1−B2(x)

E[B2]
dx}. (1)

By PASTA, this also equals the joint distribution of numbers of customers, and residual
service times, at an arrival epoch at queue 1.

3 Overlap numbers

In this section we aim to determine the PGF of the joint distribution of the overlap
numbers that a tagged customer experiences in the two queues of the M/G/∞ tandem
queue under consideration. In Subsection 3.1 we derive that PGF for general service
time distributions at the two queues, and we also obtain mean overlap numbers and
demonstrate how second moments can be obtained. In Subsection 3.2 we consider
the two special cases of exponentially distributed service times at both queues and of
deterministic service times at both queues. Subsection 3.3 contains a few remarks about
extensions.

3.1 Generally distributed service times

Let

• C be the tagged customer, who has service times B1C and B2C in queues 1 and 2
respectively (with the same distribution as B1 respectively B2),

• Li be the number of customers at queue i at C’s arrival at queue 1, i = 1, 2;
as seen at the end of the previous section, these are independent and Poisson
distributed, and

• Ai be the number of customers arriving at queue 1 during BiC , i = 1, 2.

To consider cases in which we are only interested in a specific part of the total
overlap number, we also introduce the following definitions.

• L1j = the number of customers present at queue 1 at C’s arrival satisfying con-
dition j, where, visualized in Figure 1,

◦ j = 1: customers leaving the system before C advances to queue 2
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Figure 1: The four different orders in which customers contributing to L1 (with respec-
tive residual time and service time R1 and B2 in queue 1 and 2) traverse the system
compared to the tagged customer, if the tagged customer arrives at time 0. Note that
in the cases j = 2 and j = 3, R1 +B2 may also be larger than B1C +B2C .

◦ j = 2: customers advancing to queue 2 before C, but leaving the system
after C advances to queue 2

◦ j = 3: customers advancing to queue 2 after C advances to queue 2, but
before C leaves the system

◦ j = 4: customers advancing to queue 2 after C leaves the system.

Notice that L1 = L11 + L12 + L13 + L14. We could actually split both L12 and
L13 into two terms, corresponding to the two options that the customer, or C,
leaves the system first. We will not do this because it does not make a difference
w.r.t. the overlap number. However, this distinction does become relevant when
studying overlapping times, in Section 4. The same remark holds for A12, A13,
L22 and A22 as defined below.

• A1j = the number of customers arriving during B1C , satisfying condition j, where
the conditions are exactly the same as above. Notice that A1 = A11+A12+A13+
A14.

• L2k = the number of customers present at queue 2 at C’s arrival in queue 1,
satisfying condition k, where

◦ k = 1: customers leaving the system before C advances to queue 2

◦ k = 2: customers leaving the system after C advances to queue 2.

Notice that L2 = L21 + L22.

• A2m = the number of customers arriving at queue 1 during B2C satisfying condi-
tion m, where
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◦ m = 1: customers advancing to queue 2 after C leaves the system

◦ m = 2: customers advancing to queue 2 before C leaves the system.

Notice that A2 = A21 + A22.

• z := (z
(L)
11 , . . . , z

(L)
14 , z

(A)
11 , . . . , z

(A)
14 , z

(L)
21 , z

(L)
22 , z

(A)
21 , z

(A)
22 ).

• O := (L11, L12, L13, L14, A11, A12, A13, A14, L21, L22, A21, A22).

Theorem 3.1. The joint probability generating function for the 12-dimensional vector
O is given by

E(zO) =
∞∫

x1=0

∞∫
x2=0

b1(x1)b2(x2) exp

(
− ρ1

(
1−

4∑
j=1

p
(L)
1j (x1, x2)z

(L)
1j

)

− λx1

(
1−

4∑
j=1

p
(A)
1j (x1, x2)z

(A)
1j

)
− ρ2

(
1− p

(L)
21 (x1)z

(L)
21 − p

(L)
22 (x1)z

(L)
22

)
− λx2

(
1− p

(A)
21 (x2)z

(A)
21 − p

(A)
22 (x2)z

(A)
22

))
dx1 dx2, (2)

in which

• p
(L)
1j (x1, x2), j = 1, . . . , 4, is the probability that a customer present at queue 1 at
C’s arrival satisfies condition j given B1C = x1 and B2C = x2,

• p
(A)
1j (x1, x2), j = 1, . . . , 4, is the probability that a customer arriving during B1C

satisfies condition j given B1C = x1 and B2C = x2,

• p
(L)
2k (x1), k = 1, 2, is the probability that a customer present at queue 2 at C’s
arrival at queue 1 satisfies condition k given B1C = x1,

• p
(A)
2m (x2), m = 1, 2, is the probability that a customer arriving at queue 1 during
B2C satisfies condition m given B2C = x2.

These twelve probabilities will be determined in Equations (6)-(17) below.

Remark 3.1. Notice that p
(L)
11 (x1, x2), p

(L)
12 (x1, x2), p

(A)
11 (x1, x2) and p

(A)
12 (x1, x2) do not

depend on x2. When we use for compactness of notation
∑4

j=1, like in (2), then we

maintain this notation; otherwise we shall write p
(L)
11 (x1) etc. ⋄
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Proof of Theorem 3.1. The global idea of the proof is the following:

1. Starting-point is the known formula (1) for the joint steady-state distribution of
the queue lengths (Poisson(ρi)) and residual service times, which by PASTA also
holds at the arrival epoch of C to queue 1.

2. Condition on B1C = x1, B2C = x2. Realize that, given B1C = x1 and B2C = x2, all
contributions to overlap numbers from L1, L2, A1, A2 are independent, and that
Ai is Poisson(λxi) distributed for i = 1, 2.

3. Realize that all twelve components of interest follow from four multinomial distri-
butions (two 4-dimensional and two 2-dimensional random vectors) with number
of trials given by L1, L2, A1, A2 and corresponding probabilities as given above.

Since, conditional on B1C = x1, B2C = x2, the variables L1, L2, A1, A2 are independent,
the joint generating function can be written as

E(zO) =
∞∫

x1=0

∞∫
x2=0

b1(x1)b2(x2)E

(
4∏

j=1

(
z
(L)
1j

)L1j(x1,x2)
)
E

(
4∏

j=1

(
z
(A)
1j

)A1j(x1,x2)
)

× E

(
2∏

k=1

(
z
(L)
2k

)L2k(x1)
)
E

(
2∏

m=1

(
z
(A)
2m

)A2m(x2)
)

dx1 dx2, (3)

where Lij(x1, x2) is shorthand notation for (Lij|B1C = x1, B2C = x2) and Aij(x1, x2) is
shorthand notation for (Aij|B1C = x1, B2C = x2).

We now focus on the first of the four generating functions. Since the remaining ser-
vice times of the L1 customers present in queue 1 upon C’s arrival are i.i.d., the vector
(L11(x1, x2), L12(x1, x2), L13(x1, x2), L14(x1, x2)) is distributed as a multinomial random

vector with L1 trials and respective probabilities p
(L)
11 (x1, x2), p

(L)
12 (x1, x2), p

(L)
13 (x1, x2), p

(L)
14 (x1, x2).

Since L1 is Poisson distributed with mean ρ1, we obtain

E

(
4∏

j=1

(
z
(L)
1j

)L1j(x1,x2)
)

=
∞∑
ℓ=0

e−ρ1
ρℓ1
ℓ!

(
4∑

j=1

p
(L)
1j (x1, x2)z

(L)
1j

)ℓ

= exp

(
−ρ1

(
1−

4∑
j=1

p
(L)
1j (x1, x2)z

(L)
1j

))
. (4)

Analogous arguments for the other three generating functions lead to the desired ex-
pression.
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Remark 3.2. By taking all z
(A)
ij = 1, and all z

(L)
ij = 1 except for one term, it is readily

seen that all individual L1j and L2j are Poisson distributed. This is not surprising,
because splitting a Poisson process results in other Poisson processes. In the special
case of exponential service times we further find, taking appropriate zij = 1, that
A1 = A11 + A12 + A13 + A14 and A2 = A21 + A22 are geometrically distributed. ⋄
Remark 3.3. If we are only interested in L1 + L2 +A1 +A2 (the total number of other

customers present in the system while C is in the system), we take z
(L)
ij = z

(A)
ij = z for

all i, j in (2). We then find

E
(
zL1+L2+A1+A2

)
=

∞∫
x1=0

∞∫
x2=0

b1(x1)b2(x2)e
−(ρ1+ρ2+λx1+λx2)(1−z) dx1 dx2

=

∞∫
x=0

b1+2(x)e
−(ρ1+ρ2+λx)(1−z) dx, (5)

where b1+2(·) is the density function of B1 +B2. The above formula coincides with the
transform for the total overlap number in an M/G/∞ with service times B1 +B2 (see
formula (26) of [3]). This is not a surprise, since from the entire system’s point of view,
an M/G/∞ tandem queue acts as an ordinary M/G/∞ with service times equal to the
sum of the two individual queue’s service times. ⋄

Denote a generic residual service time at queue i by Ri, and that of customer C
by RiC ; their distribution is known to be P(Ri < x) =

∫ x

0
1−Bi(y)
E[Bi]

dy, i = 1, 2 (see (1)).
We now determine the twelve probabilities featuring in Theorem 3.1, starting with
p
(L)
ij (x1, x2) (realizing that the first two probabilities only depend on x1):

p
(L)
11 (x1) = P(R1 +B2 < x1) =

∫ x1

y=0

1−B1(y)

E[B1]
B2(x1 − y)dy, (6)

p
(L)
12 (x1) = P(R1 < x1, R1 +B2 ≥ x1) =

∫ x1

y=0

1−B1(y)

E[B1]
[1−B2(x1 − y)]dy, (7)

p
(L)
13 (x1, x2) = P(R1 ≥ x1, R1 < x1 + x2) =

∫ x1+x2

y=x1

1−B1(y)

E[B1]
dy, (8)

p
(L)
14 (x1, x2) = P(R1 ≥ x1 + x2) =

∫ ∞

y=x1+x2

1−B1(y)

E[B1]
dy. (9)

Notice that these four probabilities sum to one.
We next turn to the p

(A)
1j (x1, x2), using the property of a Poisson process that all

arrival times during (0, x1) are independent and uniformly distributed on (0, x1) (cf.
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Theorem 2.3 of [14]). We can write, with B1 ∗B2(·) denoting a convolution:

p
(A)
11 (x1) =

1

x1

∫ x1

u=0

P(B1 +B2 < x1 − u)du

=
1

x1

∫ x1

u=0

B1 ∗B2(u)du, (10)

p
(A)
12 (x1) =

1

x1

∫ x1

u=0

P(B1 < x1 − u,B1 +B2 ≥ x1 − u)du

=
1

x1

∫ x1

u=0

[B1(u)−B1 ∗B2(u)]du, (11)

p
(A)
13 (x1, x2) =

1

x1

∫ x1

u=0

P(B1 ≥ x1 − u,B1 < x1 − u+ x2)

=
1

x1

∫ x1

u=0

[B1(u+ x2)−B1(u)]du, (12)

p
(A)
14 (x1, x2) =

1

x1

∫ x1

u=0

P(B1 ≥ x1 − u+ x2)du

=
1

x1

∫ x1

u=0

[1−B1(u+ x2)]du. (13)

Notice that these four probabilities, too, sum to one.
Finally consider p

(L)
2k (x1), k = 1, 2, and p

(A)
2m (x2), m = 1, 2 – both pairs again sum-

ming to one:

p
(L)
21 (x1) = P(R2 < x1) =

∫ x1

y=0

1−B2(y)

E[B2]
dy, (14)

p
(L)
22 (x1) = P(R2 ≥ x1) =

∫ ∞

x1

1−B2(y)

E[B2]
dy, (15)

p
(A)
21 (x2) =

1

x2

∫ x2

u=0

P(B1 ≥ x2 − u)du =
1

x2

∫ x2

u=0

[1−B1(u)]du, (16)

p
(A)
22 (x2) =

1

x2

∫ x2

u=0

P(B1 < x2 − u)du =
1

x2

∫ x2

u=0

B1(u)du. (17)

These probabilities can be used to determine moments of overlap numbers. For example,
differentiating (2) once and twice with respect to z

(L)
1j and putting z = 1 results in E[L1j]

and E[L1j(L1j − 1)]. We briefly summarize the results in the following lemma.
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Lemma 3.2.

E[L11] = ρ1P(R1 +B2 < B1C), (18)

E[L12] = ρ1P(R1 < B1C , R1 +B2 ≥ B1C), (19)

E[L13] = ρ1P(R1 ≥ B1C , R1 < B1C +B2C), (20)

E[L14] = ρ1P(R1 ≥ B1C +B2C), (21)

E[A11] = ρ1P(R1C ≥ B1 +B2), (22)

E[A12] = ρ1P(R1C ∈ (B1, B1 +B2)), (23)

E[A13] = ρ1P(B1 ∈ (R1C , R1C +B2C)), (24)

E[A14] = ρ1P(B1 ≥ R1C +B2C), (25)

E[L21] = ρ2P(R2 < B1C), (26)

E[L22] = ρ2P(R2 ≥ B1C), (27)

E[A21] = ρ2P(B1 ≥ R2C), (28)

E[A22] = ρ2P(B1 < R2C). (29)

Proof. Each of the twelve expectations can be treated as in the following two examples.

E[L11] = ρ1

∫ ∞

x1=0

∫ ∞

x2=0

b1(x1)b2(x2)p
(L)
11 (x1)dx1dx2

= ρ1

∫ ∞

x1=0

∫ ∞

x2=0

b1(x1)b2(x2)P(R1 +B2 < x1)dx1dx2 (30)

= ρ1P(R1 +B2 < B1C),

E[A11] =

∫ ∞

x1=0

λx1b1(x1)

∫ x1

u=0

P(B1 +B2 < u)
du

x1

dx1

= ρ1

∫ ∞

u=0

P(B1 +B2 < u)

∫ ∞

x1=u

b1(x1)

E[B1]
dx1du (31)

= ρ1

∫ ∞

u=0

P(B1 +B2 < u)dP(R1C < u) = ρ1P(B1 +B2 < R1C).

However, it is easier, and quite intuitive, to write down the twelve expressions of the
lemma without taking resort to integrations; just realize that, e.g., E[A1] = ρ1, and
that E[A1j] equals ρ1 times the fraction of those A1 arrivals who satisfy condition j as
defined just before Theorem 3.1.
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Overlap numbers

A key performance measure of interest is Oij, defined as the total number of customers
present in queue j while C is in queue i, for i, j = 1, 2. Notice that some customers
contribute to multiple random variables. For example, customers present in queue 1 at
C’s departure time from queue 1 contribute both to O11 and O21 (and potentially O22).
Specifically, we have

O11 = L11 + L12 + L13 + L14 + A11 + A12 + A13 + A14,

O12 = L11 + L12 + A11 + A12 + L21 + L22,

O21 = L13 + L14 + A13 + A14 + A21 + A22,

O22 = L12 + L13 + A12 + A13 + L22 + A22.

(32)

(O11, O22) is the vector of the total numbers of overlaps that C experiences in queue 1
and queue 2, respectively, and O11 +O22 is the total number of overlaps C experiences
in the tandem queue – with the realization that L12+L13+A12+A13 overlap with C in
both queues, and are thus counted twice. Observe that O12 and O21 partition O in the
sense that no customers contribute to both, and together they include all customers
overlapping with C in some way.

From Theorem 3.1, we can extract the joint PGF of (O11, O12, O21, O22), obtain their
marginal PGF’s and show that O12 is independent of O21.

Theorem 3.3. The joint PGF of the Oij is given by

E(zO11
11 zO12

12 zO21
21 zO22

22 ) =

∞∫
x1=0

∞∫
x2=0

b1(x1)b2(x2)e
−ρ1(1−FL1

(x1,x2,z))

e−λx1(1−FA1
(x1,x2,z))−ρ2(1−FL2

(x1,x2,z))−λx2(1−FA2
(x1,x2,z))dx1dx2 , (33)

where z = (z11, z12, z21, z22) and

FL1(x1, x2, z) = p
(L)
11 (x1)z11z12 + p

(L)
12 (x1)z11z12z22

+ p
(L)
13 (x1, x2)z11z21z22 + p

(L)
14 (x1, x2)z11z21, (34)

FA1(x1, x2, z) = p
(A)
11 (x1)z11z12 + p

(A)
12 (x1)z11z12z22

+ p
(A)
13 (x1, x2)z11z21z22 + p

(A)
14 (x1, x2)z11z21, (35)

FL2(x1, x2, z) = p
(L)
21 (x1)z12 + p

(L)
22 (x1)z12z22, (36)
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FA2(x1, x2, z) = p
(A)
21 (x2)z21 + p

(A)
22 (x2)z21z22. (37)

Moreover, for i, j = 1, 2, the marginal PGF of Oij is given by

E(zOij

ij ) = e−ρj(1−zij) · βi(λ(1− zij)), (38)

where βi(s) =
∫∞
0

bi(xi)e
−sxi dxi is the Laplace-Stieltjes transform of Bi.

Lastly, it holds that

E(zO12
12 zO21

21 ) = E(zO12
12 )E(zO21

21 ), (39)

implying that O12 and O21 are independent.

Proof. Firstly, Equation (33) can be obtained by carefully combining the definitions in
(32) with Theorem 3.1. In the remainder of the proof, we will show that

E(zO12
12 zO21

21 ) = e−ρj(1−zij)−ρi(1−zji) · βi(λ(1− zij)) · βj(λ(1− zji)), (40)

validating (38) for i ̸= j and validating (39). The cases in (38) where i = j are left out
because they are very similar.

The first step in showing (40) is setting z11 = z22 = 1 in (33), resulting in

E(zO12
12 zO21

21 ) =

∞∫
x1=0

∞∫
x2=0

b1(x1)b2(x2) exp

(

− ρ1

(
1−

(
p
(L)
11 (x1) + p

(L)
12 (x1)

)
z12 −

(
p
(L)
13 (x1, x2) + p

(L)
14 (x1, x2)

)
z21

)
− λx1

(
1−

(
p
(A)
11 (x1) + p

(A)
12 (x1)

)
z12 −

(
p
(A)
13 (x1, x2) + p

(A)
14 (x1, x2)

)
z21

)
− ρ2

(
1−

(
p
(L)
21 (x1) + p

(L)
22 (x1)

)
z12

)
− λx2

(
1−

(
p
(A)
21 (x2) + p

(A)
22 (x2)

)
z21

))
dx1dx2. (41)

We now evaluate each of the six sums of two probabilities in the above equation. The
first two and last two are the most straightforward, yielding respectively

p
(L)
11 (x1) + p

(L)
12 (x1) = 1−

(
p
(L)
13 (x1, x2) + p

(L)
14 (x1, x2)

)
= P(R1 < x1), (42)

p
(L)
21 (x1) + p

(L)
22 (x1) = p

(A)
21 (x2) + p

(A)
22 (x2) = 1. (43)

12



For the remaining two sums, we use the identity P(R1 < x) =
∫ x

0
P(B1≥y)
E[B1]

dy to obtain

p
(A)
13 (x1, x2) + p

(A)
14 (x1, x2) = 1−

(
p
(A)
11 (x1) + p

(A)
12 (x1)

)
=

∫ x1

0

1

x1

P(B1 ≥ u) du =
E[B1]

x1

P(R1 < x1). (44)

Equation (40) is then achieved by substituting (42)-(44) into (41).

Remark 3.4. Taking z11 = z22 = z results in the PGF E[zO11+O22 ] of the total overlap
number of C. However, here some customers may be counted both in queue 1 and in
queue 2. Hence an alternative definition of total overlap number could be O11 + L22 +
A22. ⋄
Remark 3.5. All four PGF’s in (38) can be intuitively understood. Oij is the sum of the
number of customers in queue j when C arrives at queue i, and the number of arrivals
at queue j during C’s service (sojourn) time in queue i. A special feature of infinite
server tandem queues with Poisson arrivals at queue 1 is that these two numbers are
independent, and that the arrival process at both queues is Poisson. ⋄
Remark 3.6. From the marginal PGF’s given in (38), first and second moments can be
obtained by taking the derivative with respect to zij respectively once and twice. The
resulting expressions are

E[Oij] = ρi + ρj, (45)

E[Oij(Oij − 1)] = ρ2j + 2ρiρj + λ2E[B2
i ], (46)

hence also

Var[Oij] = λ2E[B2
i ]− ρ2i + ρi + ρj = λ2Var[Bi] + ρi + ρj. (47)

⋄
Remark 3.7. In Theorem 3.3 we have seen that the overlap numbers O12 (number of
customers in queue 2 when C is in queue 1) and O21 (number of customers in queue 1
when C is in queue 2) are independent. Based on the expressions in the second and third
formula of (32) this is not a priori obvious. Let us take a closer look at cov(O12, O21).
Let L+ := L11 + L12, L

− := L13 + L14, A
+ := A11 + A12, A

− := A13 + A14. Using the
fact that, for any random variables X, Y, Z, it holds that cov(X +Y, Z) = cov(X,Z) +
cov(Y, Z), we can write:

cov(O12, O21) =
9∑

i=1

Ci, (48)

13



where C1 := cov(L+, L−), C2 := cov(L+, A−), C3 := cov(L+, A2), C4 := cov(A+, L−),
C5 := cov(A+, A−), C6 := cov(A+, A2), C7 := cov(L2, L

−), C8 := cov(L2, A
−) and

C9 := cov(L2, A2). It is readily seen that C3, C6, C7, C8 and C9 are all zero. We
now show that C1 = −C2 and that C4 = −C5, thus confirming that O12 and O21 are
independent. Via differentiation of (2) (after putting all z

(A)
1j , z

(L)
2k and z

(A)
2m equal to

one), and using (18)-(21), we have that

C1 = cov(L+, L−) = E[L+L−]− E[L+]E[L−] (49)

=

∫ ∞

x1=0

b1(x1)ρ1P(R1 < x1)ρ1P(R1 ≥ x1)dx1 − ρ21P(R1 < B1C)P(R1 ≥ B1C).

This covariance is non-positive, as follows from the FKG-inequality [7]. That inequality
states the following. Let X be a random variable and f1(·) a real-valued non-decreasing
function and f2(·) a real-valued non-increasing function. Then E[f1(X)f2(X)] ≤ E[f1(X)]E[f2(X)].
Above we take X = B1C , f1(x) = P(R1 < x) and f2(x) = P(R1 ≥ x). By the way, it is
not surprising that this covariance is negative: if B1C is relatively large (small), than
it is likely that relatively many (few) of the L1 customers leave queue 1 before C, and
relatively few (many) after C.

Next consider C2:

C2 = cov(L+, A−) = E[L+A−]− E[L+]E[A−] (50)

=

∫ ∞

x1=0

b1(x1)ρ1P(R1 < x1)λ

∫ x1

u=0

P(B1 ≥ u)du dx1 − ρ21(P(R1 < B1C))
2.

Now replace λ
∫ x1

u=0
P(B1 ≥ u)du by ρ1P(R1C < x1) in the above formula. Application

of the FKG inequality reveals that C2 ≥ 0. More importantly, adding the expressions
in (49) and (50) quickly shows that C1 + C2 = 0.

Very similarly, one can show that C4 ≤ 0 and C5 ≥ 0, while C4 + C5 = 0. ⋄

3.2 Exponential and deterministic service times

In this subsection we evaluate the expressions for the twelve probabilities in Equations
(6)-(17) for two cases: (i) exponentially distributed service times at both queues, and
(ii) deterministic service times at both queues.
Case (i): Bi ∼ exp(µi), i = 1, 2. Straightforward calculations yield the following: for
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probabilities related to L1, we obtain

p
(L)
11 (x1) = 1 +

µ2

µ1 − µ2

e−µ1x1 − µ1

µ1 − µ2

e−µ2x1 , µ1 ̸= µ2,

= 1− e−µ1x1 − µ1x1e
−µ1x1 , µ1 = µ2,

p
(L)
12 (x1) =

µ1

µ1 − µ2

(e−µ2x1 − e−µ1x1), µ1 ̸= µ2,

= µ1x1e
−µ1x1 , µ1 = µ2,

p
(L)
13 (x1, x2) = e−µ1x1(1− e−µ1x2),

p
(L)
14 (x1, x2) = e−µ1(x1+x2);

(51)

for probabilities related to A1, we obtain

p
(A)
11 (x1) = 1 +

µ2

µ1 − µ2

1− e−µ1x1

µ1x1

− µ1

µ1 − µ2

1− e−µ2x1

µ2x1

, µ1 ̸= µ2,

= 1− 1− e−µ1x1

µ1x1

− 1− e−µ1x1 − µ1x1e
−µ1x1

µ1x1

, µ1 = µ2,

p
(A)
12 (x1) =

µ1

µ1 − µ2

[
1− e−µ2x1

µ2x1

− 1− e−µ1x1

µ1x1

], µ1 ̸= µ2,

=
1− e−µ1x1 − µ1x1e

−µ1x1

µ1x1

, µ1 = µ2,

p
(A)
13 (x1, x2) = (1− e−µ1x2)

1− e−µ1x1

µ1x1

,

p
(A)
14 (x1, x2) = e−µ1x2

1− e−µ1x1

µ1x1

;

(52)

for probabilities related to L2, we obtain

p
(L)
21 (x1) = 1− e−µ2x1 ,

p
(L)
22 (x1) = e−µ2x1 ;

(53)

and for probabilities related to A2, we obtain

p
(A)
21 (x2) =

1− e−µ1x2

µ1x2

,

p
(A)
22 (x2) = 1− 1− e−µ1x2

µ1x2

.

(54)
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The corresponding twelve means, which are given in Lemma 3.2 for general service
time distributions, are evaluated below for this exponential case; we use elementary
calculations like P(B1C < B2) =

µ1

µ1+µ2
, and for the first equality in the six equations

we use the memoryless property of the exponential distribution.

E[L11] = E[A11] = ρ1[
1

2

µ2

µ1 + µ2

], (55)

E[L12] = E[A12] = ρ1[
1

2

µ1

µ1 + µ2

], (56)

E[L13] = E[A13] = ρ1[
1

2

µ1

µ1 + µ2

], (57)

E[L14] = E[A14] = ρ1[
1

2

µ2

µ1 + µ2

], (58)

E[L21] = E[A21] = ρ2
µ2

µ1 + µ2

, (59)

E[L22] = E[A22] = ρ2
µ1

µ1 + µ2

. (60)

Case (ii): Bi ≡ Di, i = 1, 2, viz., deterministic service times at both queues.
The realization that the residual service time Ri is uniformly distributed on (0, Di), i =
1, 2, readily leads to the following expressions for the twelve probabilities in Equations
(6)-(17). Notice that six of them are zero.

p
(L)
11 (D1) = 1− min(D1, D2)

D1

, p
(L)
12 (D1) =

min(D1, D2)

D1

, (61)

p
(L)
13 (D1, D2) = 0, p

(L)
14 (D1, D2) = 0; (62)

p
(A)
11 (D1) = 0, p

(A)
12 (D1) = 0, (63)

p
(A)
13 (D1, D2) =

min(D1, D2)

D1

, p
(A)
14 (D1, D2) = 1− min(D1, D2)

D1

; (64)

p
(L)
21 (D1) =

min(D1, D2)

D2

, p
(L)
22 (D1) = 1− min(D1, D2)

D2

, (65)

p
(A)
21 (D2) =

min(D1, D2)

D2

; p
(A)
22 (D2) = 1− min(D1, D2)

D2

. (66)
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The corresponding means are readily shown to be the following:

E[L11] = ρ1(1−
min(D1, D2)

D1

), E[L12] = ρ1
min(D1, D2)

D1

, (67)

E[L13] = E[L14] = 0; (68)

E[A11] = E[A12] = 0; (69)

E[A13] = ρ1
min(D1, D2)

D1

, E[A14] = ρ1(1−
min(D1, D2)

D1

), (70)

E[L21] = ρ2
min(D1, D2)

D2

, E[L22] = ρ2(1−
min(D1, D2)

D2

), (71)

E[A21] = ρ2(1−
min(D1, D2)

D2

), E[A22] = ρ2
min(D1, D2)

D2

. (72)

If we substitute (61)-(66) in Expression (33), we find (after a few steps)

E[zO11
11 zO12

12 zO21
21 zO22

22 ] = exp

(
− ρ1

(
1− z11(z12 + z21)

(
1− min(D1, D2)

D1

))
− ρ1

(
1− z11z22(z12 + z21)

min(D1, D2)

D1

)
− ρ2

(
1− z22(z12 + z21)

(
1− min(D1, D2)

D2

))
− ρ2

(
1− (z12 + z21)

min(D1, D2)

D2

))
. (73)

This leads to the following observations:

• setting all combinations of three out of the variables (z11, z12, z21, z22) equal to
1, we conclude that O11 ∼ Poisson(2ρ1), O12, O21 ∼ Poisson(ρ1 + ρ2) and O22 ∼
Poisson(2ρ2).

• setting z22 = 1 gives

E[zO11
11 zO12

12 zO21
21 ] = exp (−ρ1(2− z11(z12 + z21))− ρ2(2− z12 − z21)) . (74)

That is, (O11, O12, O21) ∼ (X + X ′, X + Y,X ′ + Z) for independent X,X ′, Y, Z,
where X,X ′ ∼ Poisson(ρ1) and Y, Z ∼ Poisson(ρ2). Similarly, it can be observed
that (O12, O21, O22) ∼ (X +Z, Y +Z ′, Z +Z ′) for independent X, Y, Z, Z ′, where
X, Y ∼ Poisson(ρ1) and Z,Z ′ ∼ Poisson(ρ2).
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3.3 Extensions

If an arbitrary customer is infectious with probability p, and C is not infected at arrival,
then it is easy to calculate the PGF of C’s overlap numbers with infectious customers
by replacing λ by pλ in all relevant expressions. Since customers do not interfere with
each other in infinite server queues, we can simply omit the fraction 1−p of the Poisson
arrival process that is not infectious.

One could consider many extensions of the two-queue infinite server system studied
thus far. Analysis of overlap numbers for such extensions is in principle straightforward
(but requires very careful bookkeeping), once the above-described analysis scheme is
clear. The key elements of that scheme, for the two-queue system, are: (i) at the arrival
epoch of C one has a product form of the joint queue length and joint residual service
times distribution, cf. (1); (ii) for given service requests B1C and B2C of C, one has
independence of the numbers of customers corresponding to all movement scenarios of
other customers (the 12 terms in the above analysis). We briefly mention three possible
extensions.

Firstly, one could allow an independent second Poisson arrival process, at queue 2.
That gives rise to three more scenarios: Customers arriving at queue 2 while C is in
queue 1 who leave the system before C arrives at queue 2; or who leave the system
after C arrives at queue 2; and customers arriving at queue 2 while C is in that queue.

Secondly, customers leaving queue 1 might with probabilities q and 1 − q go to
one of two parallel infinite server queues. The arrival streams at those two queues are
two independent Poisson arrival processes with rates qλ and (1 − q)λ, and the above-
described two key elements remain intact. If C moves from queue 1 to the upper one
of the parallel queues, then, e.g., L12 is replaced by Bin(L12, q) where the Binomial
distribution represents the fact that each of the L12 customers independently joins the
upper one of the parallel queues with probability q.

Thirdly, consider a feedforward network of infinite server queues, with Markovian
transition probabilities. Consider all possible paths of the tagged customer C. For any
given such path, and conditional on the service (sojourn) times of C at those queues,
one could consider all possible overlaps of customers already present at C’s arrival in
the network at any of those queues. One could do the same for customers arriving
during any of those service (sojourn) times. The bookkeeping is a huge task, but the
key analysis steps as outlined above and in the beginning of the proof of Theorem 3.1
remain the same.
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4 Overlapping times

In this section, we consider the time that the tagged customer C overlaps with other
customers. There are various options on how to define overlapping time specifically,
depending on the interest at hand. One may choose to:

• focus on overlapping times for the entire system or per queue.

• focus only on overlap of customers who are in the same queue as C, or also
consider overlapping time with customers in the other queue than C is in.

If we consider overlapping times in the entire system and count customers in different
queues as overlapping, then the total overlapping time in the tandem queue is the
overlapping time in the ordinary M/G/∞ with service time B1 + B2, analyzed in [3];
see Remark 4.4 below.

Define Tij as the total overlapping time with customers present in queue j while C is
in queue i. The joint distribution of (T11, T12, T21, T22) contains all information on any
of the considerations mentioned above: we can analyze the random variables separately
to consider overlapping time per queue or summed up to consider overlapping time for
the entire system, and we can remove T12 and T21 if we want to exclude overlap between
queue i and j if i ̸= j.

The remainder of this section is organized as follows. In Subsection 4.1 we present
an expression for the joint LST of (T11, T12, T21, T22) and prove its correctness. Mean
overlapping times are also derived. In Subsection 4.2 we sketch how the LST expression
simplifies for the cases of exponential and deterministic service times.

4.1 Joint Laplace-Stieltjes transform

In the following theorem we characterize the joint distribution of the four random
variables (T11, T12, T21, T22) by presenting an expression for its LST.

Theorem 4.1. The 4-dimensional Laplace-Stieltjes transform for the overlapping times
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is given by

E
(
e−(s11T11+s12T12+s21T21+s22T22)

)
=

∞∫
x1=0

∞∫
x2=0

b1(x1)b2(x2) exp
(
− ρ1(1−GL1(x1, x2, s11, s12, s21, s22))

− λx1(1−GA1(x1, x2, s11, s12, s21, s22))

− ρ2(1−GL2(x1, x2, s12, s22))

− λx2(1−GA2(x2, s21, s22))
)
dx1dx2,

(75)

where

GL1(x1, x2, s11, s12, s21, s22)

= E
(
e−s11R1e−s12B21(R1 +B2 < x1)

)
+ E

(
e−s11R1e−s12(x1−R1)e−s22(R1+B2−x1)1(R1 < x1, R1 +B2 ∈ [x1, x1 + x2))

)
+ E

(
e−s11R1e−s12(x1−R1)e−s22x21(R1 < x1, R1 +B2 ≥ x1 + x2)

)
+ E

(
e−s11x1e−s21(R1−x1)e−s22B21(R1 ≥ x1, R1 +B2 < x1 + x2)

)
+ E

(
e−s11x1e−s21(R1−x1)e−s22(x1+x2−R1)1(R1 ∈ [x1, x1 + x2), R1 +B2 ≥ x1 + x2)

)
+ E

(
e−s11x1e−s21x21(R1 ≥ x1 + x2)

)
, (76)

GA1(x1, x2, s11, s12, s21, s22)

=
1

x1

∫ x1

u=0

E
(
e−s11B1e−s12B21(B1 +B2 < u)

)
du

+
1

x1

∫ x1

u=0

E
(
e−s11B1e−s12(u−B1)e−s22(B1+B2−u)

1(B1 < u,B1 +B2 ∈ [u, u+ x2))
)
du

+
1

x1

∫ x1

u=0

E
(
e−s11B1e−s12(u−B1)e−s22x21(B1 < u,B1 +B2 ≥ u+ x2)

)
du

+
1

x1

∫ x1

u=0

E
(
e−s11ue−s21(B1−u)e−s22B21(B1 ≥ u,B1 +B2 < u+ x2)

)
du

+
1

x1

∫ x1

u=0

E
(
e−s11ue−s21(B1−u)e−s22(u+x2−B1)1(B1 ∈ [u, u+ x2), B1 +B2 ≥ u+ x2)

)
du

+
1

x1

∫ x1

u=0

E
(
e−s11ue−s21x21(B1 ≥ u+ x2)

)
du, (77)

20



GL2(x1, x2, s12, s22) = E
(
e−s12R21(R2 < x1)

)
+ E

(
e−s12x1e−s22(R2−x1)1(R2 ∈ [x1, x1 + x2))

)
+ E

(
e−s12x1e−s22x21(R2 ≥ x1 + x2)

)
, (78)

GA2(x1, x2, s21, s22) =
1

x2

∫ x2

u=0

E
(
e−s21B1e−s22B21(B1 +B2 < u)

)
du

+
1

x2

∫ x2

u=0

E
(
e−s21B1e−s22(u−B1)1(B1 < u,B1 +B2 ≥ u)

)
du

+
1

x2

∫ x2

u=0

E
(
e−s21u1(B1 ≥ u)

)
du. (79)

Proof. It will prove useful to break Tij down into the overlapping times with customers

contributing to L1, A1, L2 and A2. We denote these respectively by T
(L1)
ij , T

(A1)
ij ,

T
(L2)
ij and T

(A2)
ij , and notice that their sum amounts to Tij. In this proof we restrict

ourselves to the analysis of T
(L1)
ij , since the other three random variables require the

same approach.
To determine the joint Laplace-Stieltjes transform of T

(L1)
ij for i, j = 1, 2, we condi-

tion on B1C = x1, B2C = x2 and L1 = ℓ, and observe that the overlapping times that
C has with these ℓ customers are i.i.d. Specifically, each of these ℓ customers satisfies
exactly one of the following six orders (visualized in Figure 2):

(i) R1 +B2 < x1,

(ii) R1 < x1 and R1 +B2 ∈ [x1, x1 + x2),

(iii) R1 < x1 and R1 +B2 ≥ x1 + x2,

(iv) R1 ≥ x1 and R1 +B2 < x1 + x2,

(v) R1 ∈ [x1, x1 + x2) and R1 +B2 ≥ x1 + x2,

(vi) R1 ≥ x1 + x2.
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Tagged customer
 timeline

Potential timelines for 
other customers

𝑥1 𝑥1 + 𝑥2

𝑅1

𝑅1

𝑅1

𝑅1

𝑅1

𝑅1

𝑅1 + 𝐵2

𝑅1 + 𝐵2

𝑅1 + 𝐵2

𝑅1 + 𝐵2

𝑅1 + 𝐵2

0

0

0

0

0

0

0

Figure 2: The six different orders in which customers contributing to L1 traverse the
system compared to the tagged customer.

The above arguments and case distinction lead to

E
(
e−s11T

(L1)
11 e−s12T

(L1)
12 e−s21T

(L1)
21 e−s22T

(L1)
22

∣∣∣B1C = x1, B2C = x2

)
=

∞∑
ℓ=0

e−ρ1
ρℓ1
ℓ!

∑
j1,...,j6≥0
j1+...+j6=ℓ

(
ℓ

j1, ..., j6

)

E
(
e−s11R1e−s12B21(R1 +B2 < x1)

)j1
E
(
e−s11R1e−s12(x1−R1)e−s22(R1+B2−x1)1(R1 < x1, R1 +B2 ∈ [x1, x1 + x2))

)j2
E
(
e−s11R1e−s12(x1−R1)e−s22x21(R1 < x1, R1 +B2 ≥ x1 + x2)

)j3
E
(
e−s11x1e−s21(R1−x1)e−s22B21(R1 ≥ x1, R1 +B2 < x1 + x2)

)j4
E
(
e−s11x1e−s21(R1−x1)e−s22(x1+x2−R1)1(R1 ∈ [x1, x1 + x2), R1 +B2 ≥ x1 + x2)

)j5
E
(
e−s11x1e−s21x21(R1 ≥ x1 + x2)

)j6 . (80)

Once again using the multinomial theorem, this expression reduces to

E
(
e−s11T

(L1)
11 e−s12T

(L1)
12 e−s21T

(L1)
21 e−s22T

(L1)
22

∣∣∣B1C = x1, B2C = x2

)
= exp

(
− ρ1(1−GL1(x1, x2, s11, s12, s21, s22))

)
. (81)
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The approach for T
(A1)
ij , T

(L2)
ij and T

(A2)
ij is similar: condition on B1C = x1, B2C = x2

and respectively A1 = ℓ, L2 = ℓ, A2 = ℓ (all three of which are Poisson distributed

with respective means λx1, ρ2, λx2). For T
(A1)
ij , we then have the same six cases with

R1 replaced by B1 (since the overlap and the service now start simultaneously) and x1

replaced by a uniform random variable on [0, x1] (since C now only has a uniformly

distributed fraction of its service time left). T
(L2)
ij and T

(A2)
ij both have three cases,

which can be treated in a similar way to T
(L1)
ij and T

(A1)
ij .

Finally, observe that for all i, j = 1, 2, the random variables T
(L1)
ij , T

(A1)
ij , T

(L2)
ij and

T
(A2)
ij are conditionally independent given B1C = x1, B2C = x2. The final expression

then follows from multiplying the right-hand side of (81) by its counterparts for T
(A1)
ij ,

T
(L2)
ij and T

(A2)
ij , and by integrating over the densities of B1c and B2C .

Remark 4.1. The LST of the total overlapping time in queue 1 is obtained from The-
orem 4.1 by taking s11 = s and s12 = s21 = s22 = 0 in (75). By grouping the first
three terms and the last three terms of the expression for GL1 , and also of GA1 , in
Theorem 4.1, it is readily seen that

GL1(x1, x2, s, 0, 0, 0) = E[e−smin(R1,x1)], (82)

GA1(x1, x2, s, 0, 0, 0) =
1

x1

∫ x1

u=0

E[e−smin(B1,u)]du, (83)

while GL2(x1, x2, 0, 0) = 1 and GA2(x1, x2, 0, 0) = 1. After some partial integration, one
finds that

1−GL1(x1, x2, s, 0, 0, 0) = s

∫ x1

0

e−syP(R1 ≥ y)dy, (84)

1−GA1(x1, x2, s, 0, 0, 0) = s

∫ x1

0

[1 + s(x1 − y)]e−syP(R1 < y)dy. (85)

Substitution in (75) gives

E[e−sT11 ] =

∫ ∞

0

b1(x1)e
−ρ1s

∫ x1
0 e−syP(R1≥y)dy e−ρ1s

∫ x1
0 [1+s(x1−y)]e−syP(R1<y)dydx1, (86)

in agreement with Corollary 3.3 of [3]. ⋄
Remark 4.2. One could (with a bigger effort) determine the LST of T22 in this same
way, but a faster road is via the following observation. The output process of queue 1
is a Poisson process with rate λ, as is well known. Hence T22 has the same distribution
as T11, except that ρ1, B1 and R1 are replaced by ρ2, B2 and R2. ⋄
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Remark 4.3. For completeness we also give the LST of T12 and T21, obtained by taking
s11 = s21 = s22 = 0, respectively s11 = s12 = s22 = 0, in (75):

E(e−sT12) =

∫ ∞

x1=0

∫ ∞

x2=0

b1(x1)b2(x2)

exp
(
− ρ1E[(1− e−s min(B2,x1−R1)) 1(R1 < x1)]

)
exp
(
− λ

∫ x1

u=0

E[(1− e−s min(B2,u−B1)) 1(B1 < u)]du
)

exp
(
− ρ2(1− E[e−s min(R2,x1)]

)
dx1dx2 , (87)

E(e−sT21) =

∫ ∞

x1=0

∫ ∞

x2=0

b1(x1)b2(x2)

exp
(
− ρ1E[(1− e−s min(R1−x1,x2)) 1(R1 ≥ x1)]

)
exp
(
− λ

∫ x1

u=0

E[(1− e−s min(B1−u,x2)) 1(B1 ≥ u)]du
)

exp
(
− λ

∫ x2

u=0

E[(1− e−s min(B1,u)] du
)
dx1dx2 . (88)

⋄
Remark 4.4. By taking s11 = s12 = s21 = s22 = s in (75), one gets the LST of
T := T11 + T12 + T21 + T22, which is the total overlapping time experienced by tagged
customer C when viewing the tandem queue as one M/G/∞ queue with service time
B1+B2. One can verify that E[e−sT ] is in agreement with Corollary 3.3 of [3]. For this
one has, e.g., to group terms 1,2,4 and terms 3,5,6 of GL1(x1, x2, s, s, s, s) to obtain

GL1(x1, x2, s, s, s, s) = E[e−smin(R1+B2,x1+x2)], (89)

while
GL2(x1, x2, s, s) = E[e−smin(R2,x1+x2)]. (90)

Observe that we are thus comparing C’s total service time x1+x2 with the total residual
service time R1 + B2 (for customers present in queue 1 when C arrives) or with total
residual service time R2 (for customers present in queue 2 when C arrives). Now realize
that we basically had the same comparison for just queue 1 in (82). In a similar way,
we can relate GA1 and GA2 to (83) for just queue 1. ⋄
Means. The expression for the joint LST of (T11, T12, T21, T22) is rather lengthy, but
from it we can still obtain the moments of this random vector. Once and twice differ-
entiating (86) w.r.t. s and subsequently taking s = 0 gives

E[T11] = ρ1E[B1], (91)
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E[T 2
11] = ρ21E[B2

1 ] + 2ρ1E[B1]

∫ ∞

0

(P(R1 ≥ y))2dy, (92)

in agreement with results in Theorems 3.5 and 3.6 of [3] for a single M/G/∞ queue.
We next consider the means of T22 and T11+T12+T21+T22, which denote the over-

lapping times in respectively queue 2 and the tandem queue as a whole. With the same
argument as given in Remarks 4.1 and 4.4, the distributions of these overlapping times
follow from the M/G/∞ case [3], by choosing service times B2 or B1 +B2 respectively.
For the means this entails

E[T22] = ρ2E[B2], (93)

E[T11 + T12 + T21 + T22] = (ρ1 + ρ2)(E[B1] + E[B2]). (94)

We now turn our attention to E[T12]. Its value can be obtained by taking the
derivative of (87) with respect to s. This procedure results in

E[T12] =

∞∫
x=0

b1(x)

(
ρ1E[min(B2, x−R1)

+]

+ λ

x∫
u=0

E[min(B2, (u−B1)
+)]du

+ ρ2E[min(R2, x)]

)
dx. (95)

Using the fact that E[X] =
∫∞
0

P(X ≥ x)dx for a positive random variable X, we write

E[T12] = ρ1

∞∫
x=0

b1(x)

∞∫
y=0

P(B2 ≥ y)P(R1 < x− y)dydx

+ λ

∞∫
x=0

b1(x)

x∫
u=0

∞∫
y=0

P(B2 ≥ y)P(B1 < u− y)dydudx

+ ρ2

∞∫
x=0

b1(x)

x∫
v=0

P(R2 ≥ v)dvdx. (96)

Now conditioning on R1 = u and R2 = y, and interchanging integrals in the second and
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third line yields

E[T12] = λ

∞∫
x=0

b1(x)

∞∫
y=0

P(B2 ≥ y)

(x−y)+∫
u=0

P(B1 ≥ u)dudydx

+ λ

∞∫
x=0

b1(x)

∞∫
y=0

P(B2 ≥ y)

x−y∫
u=0

P(B1 < u)dudydx

+ λ

∞∫
x=0

b1(x)

∞∫
y=0

P(B2 ≥ y)

min(x,y)∫
v=0

dvdydx. (97)

We now focus on the rightmost integrals of the three terms and distinguish between the
cases x < y and x ≥ y. If x < y the values of these integrals are respectively 0, 0 and
x. If x ≥ y, they are respectively

∫ x−y

0
P(B1 ≥ u)du,

∫ x−y

0
P(B1 < u)du and y. Hence,

in both cases, the sum of the three rightmost integrals equals x. From this observation
we immediately conclude that

E[T12] = λE[B1]E[B2]. (98)

Finally, E[T21] can be obtained by combining the above results, giving

E[T21] = E[T11 + T12 + T21 + T22]− E[T11]− E[T22]− E[T12]

= λE[B1]E[B2]. (99)

The fact that E[T12] = E[T21] can be understood as follows. Consider any pair of
customers of which one is in queue 1 and the other in queue 2. From the perspective
of the customer in queue 1, time spent in this configuration contributes to T12. At
the same time, from the perspective of the customer in queue 2, this configuration
contributes to T21, so their averages should be equal.

Remark 4.5. The equality E[T12] = λE[B1]E[B2] = ρ2E[B1] can be interpreted intu-
itively. Recall that T12 is the total overlapping time the tagged customer experiences
with customers in queue 2 while the tagged customer is in queue 1. On average, this
should be the mean amount of time spent in queue 1 (E[B1]) times the mean number
of customers in queue 2 (ρ2). A similar interpretation holds for T21 when one writes
E[T12] = ρ1E[B2]. ⋄
Remark 4.6. In principle, the approach outlined in the present section can be extended
to determine overlapping time LST’s for more general networks of infinite server queues;
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see also Subsection 3.3. Use the (known) joint distribution of numbers of customers
present at all queues when tagged customer C arrives, and their residual service times.
Condition subsequently on the path of C through the network, and the lengths of service
times x1, x2, . . . , xN along that path (where N is the number of queues C visits before
leaving the network). What remains is mainly detailed bookkeeping: For all customers
already present upon C’s arrival, and for all arrivals during each of the N intervals
[0, x1), [x1, x1 + x2), . . . , [

∑N−1
i=1 xi,

∑N
i=1 xi), determine the contribution to overlapping

time with C that they – all independently of each other – might make. ⋄

4.2 Exponential and deterministic service times

The expression for the joint LST of (T11, T12, T21, T22) can be made more explicit when
the service time distribution is specified. To illustrate this, we consider both exponential
and deterministic service times in this subsection. Specifically, we compute the first
term of GL1 , namely

E
(
e−s11R1e−s12B21(R1 +B2 < x1)

)
, (100)

under these service time distributions. The calculations of the other terms of GL1 , and
of the terms of GA1 , GL2 and GA2 , proceed similarly.

Case (i): B1 is exponentially distributed with mean 1
µ1

and B2 is exponentially

distributed with mean 1
µ2
. Since exponential service times have the property that

R1 ∼ B1, we have

E
(
e−s11R1e−s12B21(R1 +B2 < x1)

)
=

x1∫
y1=0

µ1e
−(µ1+s11)y1

x1−y1∫
y2=0

µ2e
−(µ2+s12)y2dy2dy1

=
µ1µ2

µ2 + s12

x1∫
y1=0

e−(µ1+s11)y1
(
1− e−(µ2+s12)(x1−y1)

)
dy1

=
µ1µ2

µ2 + s12

x1∫
y1=0

e−(µ1+s11)y1dy1 −
µ1µ2e

−(µ2+s12)x1

µ2 + s12

x1∫
y1=0

e−(µ1+s11−µ2−s12)y1dy1. (101)
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Evaluating the integrals and some rearrangements then lead to the final expression

E
(
e−s11R1e−s12B21(R1 +B2 < x1)

)
=

µ1µ2

(µ1 + s11)(µ2 + s12)
+

µ1µ2

(µ1 + s11)(µ1 + s11 − µ2 − s12)
e−(µ1+s11)x1

+
µ1µ2

(µ2 + s12)(µ2 + s12 − µ1 − s11)
e−(µ2+s12)x1 . (102)

Case (ii): Deterministic service times B1 = x1 and B2 = x2. We compute (100)
for this case. Note that if x1 < x2, then the inequality in the indicator function never
holds, resulting in the value 0. If x1 ≥ x2, we note that R1 is uniformly distributed on
the interval [0, x1], yielding

E
(
e−s11R1e−s12B21(R1 +B2 < x1)

)
=

x1∫
u=0

1

x1

e−s11ue−s12x21(u+ x2 < x1)du

=
e−s12x2

x1

x1−x2∫
u=0

e−s11udu =
e−s12x2

s11x1

(
1− e−s11(x1−x2)

)
. (103)

We have thus found closed form expressions for the first term of GL1 under expo-
nential and deterministic service times. Although finding similar expressions for the
other terms of GL1 , as well as those of GA1 , GL2 and GA2 , would require a lot of com-
putational effort, we stress that none of these terms would be difficult to compute. It
can be verified that all integrals involved in any of the terms are of the form

∫ b

a
e−cydy

for some a, b, c, so computing a closed form expression for the LST for exponential or
deterministic service times would, although tedious, not be conceptually difficult.
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