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Abstract

In this paper we consider the friendship-bias of the vertices in an infinite rooted Galton–
Watson tree. The friendship-bias of a vertex is the difference between the average degree of the
neighbours of the vertex and the degree of the vertex itself. A vertex is said to be of type χ ∈ S,
with S = {−, 0,+}, when its friendship-bias is, respectively, strictly negative, zero or strictly
positive. We consider the fractions fχl of vertices of type χ ∈ S along a random downward path
up to branching depth l ∈ N and derive a large deviation principle (LDP) for the triple (fχl )χ∈S

as l → ∞. The branching depth of a vertex counts the number of branchings that occur along
the path that connects the vertex to the root of the tree. The rate in the LDP is l, while the
rate function in the LDP is identified in terms of a variational formula minimising a relative
entropy under a linear constraint.

We focus on the case of binary branching, for which the rate function is already quite
involved. We identify the qualitative properties of the rate function and show how it can be
computed numerically. We briefly indicate how to proceed for more general branching and for
vertex types along a tree consisting of a finite number of random downward paths. Our paper
is the first to consider large deviations of vertex types.
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1 Introduction

In this paper we consider the friendship-bias of the vertices in an infinite rooted Galton–Watson
tree. Our goal is to derive an LDP for the fractions of vertices in a random downward path whose
friendship-bias is, respectively, strictly negative, zero or strictly positive. Our further goal is to
identify the qualitative properties of the associated rate function, and show how the rate function
can be computed numerically. Our main focus will be on binary branching, but we do indicate how
to deal with more general offspring laws of the Galton–Watson tree and with more general random
downward paths.

1.1 Friendship-bias

Let Gn be a finite undirected graph with n vertices, labelled by u ∈ [n] = {1, . . . , n}. Define the
friendship-bias of vertex u as

∆u,n =

 1

du

∑
v∈[n]

Auvdv − du

 1{du ̸=0},

where A = (Auv)u,v∈[n] is the adjacency matrix of Gn, i.e., Auv is the number of edges between
u ̸= v and Auu is twice the number of self-loops at u, and du =

∑
v∈[n]Auv is the degree of u. Then

the friendship paradox says that
1

n

∑
u∈[n]

∆u,n ≥ 0,

with equality if and only if all connected components of Gn are regular. Typically, Gn contains
vertices of all three types, i.e., u for which ∆u,n is > 0, = 0, < 0. Even though the average is
non-negative, there are graphs for which the number of vertices u with ∆u,n < 0 is larger than the
number of vertices u with ∆u,n > 0. The goal of the present paper is to derive an LDP for the
fractions of such vertices in infinite Galton–Watson trees. For background on the friendship paradox
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and references to the relevant literature, we refer to [12, 13, 14]. Mathematically, the friendship
paradox has so far received only modest attention, and a proper quantification of friendship-biases
in large-size networks is still lacking.

1.2 Earlier work and present paper

Large deviations on random trees. Large deviations for functions of random trees are tech-
nically challenging because of the underlying branching structure. An example is the work in [7],
which establishes large deviation principles under the quenched law and the annealed law for the
scaled height of a random walk on a supercritical Galton–Watson tree and shows that the associ-
ated rate functions coincide almost surely. The analysis crucially exploits the branching structure
of the tree, together with a version of the ubiquity lemma for Galton–Watson trees introduced in
[11], which roughly states that any non-rare local property almost surely occurs in subtrees rooted
at a positive fraction of the vertices along every ray of the tree (see [7, Lemma 2.2]).

In [8], a large deviation principle is proved for the empirical subtree measures of multitype
Galton–Watson trees, where an empirical subtree measure records the law of rooted subtrees ob-
tained by viewing the process from each vertex. For this purpose, a tree-adapted notion of shift-
invariance is introduced for probability measures on trees, with a shift given by rerooting of the
tree at a child and passing to the corresponding progeny subtree. The study in [6] establishes a
large deviation principles for the number of leaves in preferential attachment graphs and random
recursive trees, as well as for the number of cherries in Yule trees.

In [1, 2], large deviation principles are proved for population sizes in branching processes in
random environments, viewed as a generalisation of Galton–Watson processes in which the off-
spring law is randomly selected at each generation. The first paper analyses both downward and
upward large deviations and derives the lower-deviation bound by exhibiting a scenario in which
the branching process evolves typically under an atypical sequence of environments. The second
paper investigates upward large deviations in the presence of possibly heavy-tailed offspring laws
and derives an upper-deviation bound also for Galton–Watson processes with heavy-tailed offspring
laws.

The friendship paradox on random trees. In [12], a quantification of the friendship paradox is
carried out for sparse locally tree-like random graphs, and introduces the notion of significance of the
friendship paradox. Specifically, the friendship paradox is said to be asymptotically significant for
a sequence of finite random graphs {Gn}n∈N labelled by the number of vertices n if the proportion
of vertices with non-negative friendship-bias converges in probability as n → ∞ to a number
≥ 1

2 . Interestingly, we found that the friendship paradox is significant for the homogeneous Erdős–
Rényi random graph, the inhomogeneous Erdős–Rényi random graph, as well as for several classes
of configuration random graphs and preferential attachment random graphs (see [16, 17] for a
description).

In [13], the multi-level friendship paradox is analysed, which addresses the friendship paradox at
higher levels of friendship. More specifically, by extending the notion of friendship-bias to a multi-
level setting, using random walks on graphs and imposing additional constraints on the graph,
we showed that the k-level average friendship-bias is non-negative for each fixed k, regardless of
whether k-level friends are explored via backtracking or non-backtracking random walks.

In [14], a probabilistic framework is developed for understanding and analysing the friendship
paradox on trees. We derived sharp results on the density and the correlation of the three types of
vertices in tree environments that arise naturally in real-world networks.
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In [3], the friendship-bias is generalised to different types of subgraphs, i.e., instead of monitoring
the number of edges a vertex is part of the focus is on the number of wedges, triangles, etc. It is
shown that the generalised friendship paradox holds for wedges, but not for triangles. A detailed
analysis is given of the average friendship-bias for several classes of sparse and dense random graphs.
In [15], it is shown that the generalised friendship paradox holds for a class of centrality measures,
including PageRank and Betweenness.

Large deviations for vertex types on random trees. Establishing large deviation principles
for quantities reflecting the friendship-bias inherently involves handling information on degrees in
three generations of the tree simultaneously. In the present paper, we consider the fractions of
vertices of a given type (strictly negative, zero or strictly positive) along a random ray (i.e., a
random downward path from the root) up to a given branching depth, derive a large deviation
principle (LDP) for the triple of these fractions, and identify the qualitative properties of the
associated rate function as a function of the offspring law of the Galton–Watson tree. We focus
on the case of binary branching, for which the rate function is already quite complex, and indicate
how to proceed for more general branching.

Our paper is the first to consider large deviations of vertex types. In order to derive the LDP,
a number of hurdles have to be overcome, which we deal with as we go along. In particular, the
exploration is captured in terms of a certain algorithm that allows us to express the fractions of
vertex types in terms of a certain Markov chain, and the large deviations of this Markov chain
have to be analysed subject to certain constraints. Other forms of exploration, different from the
exploration up to a given branching depth considered here, are possible too, such as exploration up
to a given generation. However, these tend to be more difficult to handle and we will not pursue
them here.

1.3 Outline

The remainder of this paper is organised as follows. In Section 2 we focus on Galton–Watson
trees with a binary offspring law, i.e., each vertex has an offspring of size either one or two. We
introduce a pathwise exploration of the tree that keeps track of the branching depth and the type of
the vertices it encounters, where the branching depth of a vertex counts the number of branchings
that occur along the path that connects the vertex to the root of the tree. We state a lemma that
identifies the vertex type in terms of the exploration, and formulate a recursion that counts the
number of vertices of a given type along the path up to a given branching depth. We use this
lemma to state two theorems that establish an LDP for these numbers and identify the qualitative
properties of the associated rate function. The proofs of the lemma and the two theorems are given
in Section 3.

At the end of Section 2 we briefly indicate how to go beyond binary branching. We do not
pursue this extension in detail, because the rate function for binary branching is already quite
involved. At the end of Section 3 we show how the rate function for binary branching can be
computed numerically.

2 Pathwise exploration of the tree

In this section we consider a Galton–Watson tree with a binary offspring law. In order to control the
large deviations of the vertex types, we explore the tree along a random path that starts from the
root and ends at a vertex with a given branching depth. Section 2.1 introduces notation, Section 2.2
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characterises the vertex types, Section 2.3 defines the exploration, Section 2.4 counts the vertex
types along the exploration path, while Section 2.5 states our main results: a theorem that states
an LDP for the fraction of vertex types up to a given branching depth and a theorem that identifies
the quantitative properties of the associated rate function. In Section 2.6 we compare the typical
fractions for our exploration according to branching depth with those found earlier for exploration
according to generation, and show that they are different. In Section 2.7 we briefly indicate how
to move beyond binary branching.

2.1 Notation

Let (T , ϕ) be an infinite rooted tree with vertex set V (T ) and root vertex ϕ. To label the vertices,
use the Ulam–Harris method of labelling a tree: each vertex u ∈ V (T ) \ {ϕ} is labelled by a finite
word ϕu1 . . . uk, where k ∈ N, and, for u ∈ V (T ), the jth offspring of u is

uj = uj =

{
ϕ j, if u = ϕ,

ϕ u1 . . . ukj, if u = ϕu1 . . . uk.

Denote the parent of u ∈ V (T ) \ {ϕ} by u−1. Let Xu be the number of offspring of u.
For u, v ∈ V (T ), write u ∼ v to indicate that vertex u is adjacent to vertex v. The edge set

of T is E(T ) = {{u, v} : u, v ∈ V (T ), u ∼ v}. Let du be the degree of a vertex u. Define the
friendship-bias of u as

∆u =
1

du

∑
v∈V (T )
v∼u

dv − du,

which represents the difference between the average degree of the neighbours of u and the degree
of u itself. Throughout the paper we follow the natural convention of defining the empty sum as
0, in particular, the friendship-bias of the root in a trivial tree is 0. A vertex is said to be positive
when its friendship-bias is strictly positive, negative when its friendship-bias is strictly negative,
and neutral otherwise.

For i ∈ Z, abbreviate Ni = {i, i + 1, . . .}. Write N = N1. Let T∞ denote the infinite Galton–
Watson tree rooted at a single ancestor ϕ, defined on a probability space (Ω,F ,P), with offspring
law (pk)k∈N0 satisfying

p0 = 0, p1 = p ∈ (0, 1), p1 + · · · + pm = 1 for some m ∈ N2.

In what follows we restrict to m = 2, i.e., binary branching with p1 = p and p2 = 1 − p.
Write

S2 = {s = (sχ)χ∈S ∈ [0, 1]3 :
∑
χ∈S

sχ = 1}

to denote the two-dimensional probability simplex in R3, and equip it with the topology induced
by the total variation distance

dTV(s, s′) = 1
2∥s− s′∥1,

which turns S2 into a Polish space. For a Polish space E, we also write P(E) for the space of
probability measures on E, endowed with the weak topology in the sense of the topology of weak
convergence of probability measures. Throughout the sequel, whenever we say that a family of
random variables satisfies an LDP, we actually mean that the family of laws of these random
variable satisfies that LDP.
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2.2 Characterisation of the vertex types

To describe the local structure of T∞, we classify its non-root vertices into three categories: branch-
ing points, linear points, and branching-linear points (see Figure 1). The root is considered sepa-
rately, but it may itself fall into the class of branching points.

Definition 2.1. [Vertex types]

(a) A vertex u ∈ V (T∞) is called a branching point if Xu = 2.

(b) A vertex u ∈ V (T∞) \ {ϕ} with du = 2 is called a linear point if its parent is not a branching
point, and a branching-linear point if its parent is a branching point.

(c) A linear piece from a vertex v is the maximal path

v = v0 → v1 → · · · → vℓ(v) = τ(v),

where the terminal vertex τ(v) is the first branching point on the path, i.e. Xτ(v) = 2. The
random integer ℓ(v) ∈ N0 is called the length of the linear piece from v.

ϕ

· · · · · ·

· · · · · ·

Figure 1: A schematic tree illustrating linear points (white), branching points (dark gray), and branching-

linear points (light gray) in a tree with binary offspring law. The structure continues infinitely beyond the

dotted nodes.

The following lemma, which is proved in Section 3.1, characterises the possible types of vertices
in T∞. See Fig. 1 for an illustration.

Lemma 2.2. [Type characterisation lemma] Consider a Galton–Watson tree with the offspring
law (pk)k∈N0 satisfying p1 = p ∈ (0, 1) and p2 = 1 − p.

(a) The root can only be either positive or neutral. It is neutral if and only if it is a branching
point and its two children are branching-linear points.

(b) A linear point is negative if and only if it is the child of the root and is not the parent of a
branching point. It is positive if and only if it is the parent of a branching point and is not
the child of the root.
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(c) A branching-linear point is neutral if and only if its parent is the root and its child is a linear
point, otherwise, it is positive.

(d) A branching point that is not the root is either negative or neutral. It is neutral if and only
if its parent and both of its children are also non-root branching points.

2.3 Exploration along a random path

We next describe an exploration of the Galton–Watson tree via a random path along successive
linear pieces. For this purpose we generate a sequence of active vertices (ϕj)j∈N, and for each ϕj
denote by

ℓj = ℓ(ϕj), τj = τ(ϕj),

the length and the terminal vertex of the corresponding linear piece. At τj we choose one of its two
children uniformly at random and declare it to be the next active vertex ϕj+1, while the other child
becomes passive ϕ′j+1. Starting from the root ϕ = ϕ1 as the first active vertex, we thus construct
a growing sequence of random paths

T1 ⊆ T2 ⊆ · · · (⊆ T∞).

From each passive vertex ϕ′j we subsequently explore the associated linear piece, of length ℓ′j = ℓ(ϕ′j),
until we reach its terminal vertex τ ′j = τ(ϕ′j). The passive vertices (ϕ′j)j∈N2 and their descendants
are viewed as ghosts, in the sense that they do not belong to the active path.

We next describe the exploration algorithm that generates the random path together with the
associated ghost vertices and edges.

EXPLORATION ALGORITHM:

(1) Initialisation. Set ϕ1 = ϕ (the root). Consider T0 as a path with only one vertex ϕ1. Put
j = 1.

(2) Step j:

(2-1) Active exploration. Starting from ϕj , follow the linear piece until reaching the first
branching vertex τj = τ(ϕj). Record ℓj = ℓ(ϕj). At τj let the two children be {τj,1, τj,2}.
Choose one of them uniformly at random (defined on the same probability space (Ω,F ,P)
and independent of the tree and of the past exploration) and declare it to be the next
active vertex ϕj+1, while the other becomes the next passive vertex ϕ′j+1, i.e.,

ϕj+1 =

{
τj,1, with probability 1

2

τj,2, with probability 1
2

, ϕ′j+1 = {τj,1, τj,2} \ {ϕj+1}.

Add to the explored path Tj−1 all vertices and edges of the linear piece starting at ϕj ,
together with the new active vertex ϕj+1 and the edge connecting it to τj . The resulting
graph is the new path Tj .

(2-2) Passive exploration (if j ≥ 2). Starting from ϕ′j , follow the linear piece and connect-
ing edges until reaching τ ′j = τ(ϕ′j). Record ℓ′j = ℓ(ϕ′j). All vertices and edges discovered
here are ghosts and do not enlarge Tj .

(3) Iteration. Increase j by 1 and return to (2).
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2.4 Counting process for the vertex types

We define three random variables that, at each step of the exploration, record the number of vertices
of the three types encountered along the path. For j ∈ N, let

Vj =
{
u ∈ V (Tj) : the type of u is determined by step j

}
.

For χ ∈ S we set

Nχ
j =

∣∣{u ∈ Vj : sign(∆u) = χ
}∣∣, Nj = |Vj | = N−

j +N0
j +N+

j ,

where ∆u denotes the friendship bias of u in T∞.
At each step j ∈ N, all vertices of V (Tj) belong to Vj , except for possibly two vertices: the

branching point τj and its offspring, ϕj+1. The types of ϕj+1 remain undetermined at this step,
while by Lemma 2.2(d), if ℓj > 0, then the branching point τj also belongs to Vj and its type is
negative. Here we note that ϕj is a branching point if and only if ℓj = 0. More precisely, at each
step j ∈ N, we proceed as follows. First, we examine the vertices ϕj and τj and determine their
types whenever possible. Next, we assign the types of the linear points on the path from ϕj to τj ,
if such points exist. Finally, for j ∈ N2, in the case ℓj−1 = 0, where τj−1 = ϕj−1, we determine the
type of τj−1 provided it has not already been specified.

Note that {ℓj}j∈N and {ℓ′j}j∈N2 are two independent families of i.i.d. random variables. Each
variable represents the number of consecutive vertices with exactly one child before a branching
point is reached. Consequently, both ℓj and ℓ′j follow a geometric law on N0 with success parameter
1 − p, i.e.,

P(ℓj = k) = P(ℓ′j = k) = pk(1 − p), k ∈ N0.

The types of vertices are determined step by step from the values of ℓj (and, if necessary, ℓ′j)
as follows:

� Step 1:

– If ℓ1 = 0, then ϕ1 is itself the branching point τ1. Its type remains undetermined at this
step.

– If ℓ1 > 0, then by Lemma 2.2(a) ϕ1 is positive.

– If ℓ1 > 0, then by Lemma 2.2(d) τ1 is negative.

– If ℓ1 = 2, then by Lemma 2.2(b) the child of the root ϕ1 is neutral.

– If ℓ1 > 2, then by Lemma 2.2(b) the child of the root ϕ1 is negative, the parent of the
first branching point τ1 is positive, and the remaining ℓ1 − 3 linear points on the path
from ϕ1 to τ1 are neutral.

Thus, at step 1 we obtain

N−
1 = 1{ℓ1>0} + 1{ℓ1>2},

N0
1 = ℓ1 − 1{ℓ1>0} − 21{ℓ1>2},

N+
1 = 1{ℓ1>0} + 1{ℓ1>2}.

� Step 2:

– If ℓ2 = 0, then ϕ2 is itself the branching point τ2. By Lemma 2.2(d), its type is negative
when ℓ1 = 0, while for ℓ1 > 0 its type remains undetermined at this step.
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– If ℓ2 > 0, then by Lemma 2.2(c), ϕ2 is neutral when {ℓ1 = 0, ℓ2 > 1}, and positive
otherwise.

– If ℓ2 > 0, then by Lemma 2.2(d) the new branching point τ2 is negative.

– If ℓ2 > 1, then by Lemma 2.2(b) the parent of τ2 is positive, while the other ℓ2−2 linear
points on the path from ϕ2 to τ2 are neutral.

– If {ℓ1 = ℓ2 = 0} or {ℓ1 = 0, ℓ2 > 0, ℓ′2 = 0}, then by Lemma 2.2(a) the root τ1 = ϕ1 is
positive.

– If {ℓ1 = 0, ℓ2 > 0, ℓ′2 > 0}, then by Lemma 2.2(a) the root τ1 = ϕ1 is neutral.

Thus, at step 2 we obtain

N−
2 = N−

1 + 1{ℓ1=0, ℓ2=0} + 1{ℓ2>0},

N0
2 = N0

1 + 1{ℓ1=0, ℓ2>1} + ℓ2 − 1{ℓ2>0} − 1{ℓ2>1} + 1{ℓ1=0, ℓ2>0, ℓ′2>0},

N+
2 = N+

1 + 1{ℓ2>0} − 1{ℓ1=0, ℓ2>1} + 1{ℓ2>1} + 1{ℓ1=0, ℓ2=0} + 1{ℓ1=0, ℓ2>0, ℓ′2=0}.

� Step j ∈ N3:

– If ℓj = 0, then ϕj is itself the branching point τj . Its type remains undetermined at this
step.

– If ℓj > 0, then by Lemma 2.2(c) ϕj is positive.

– If ℓj > 0, then by Lemma 2.2(d) the new branching point τj is negative.

– If ℓj > 1, then by Lemma 2.2(b) the parent of τj is positive, while the other ℓj − 2 linear
points on the path from ϕj to τj are neutral.

– For j = 3, if {ℓj−2 > 0, ℓj−1 = ℓj = ℓ′j = 0}, then by Lemma 2.2(d) the vertex
τj−1 = ϕj−1 is neutral.

– For j = 3, if {ℓj−2 > 0, ℓj−1 = 0, ℓj > 0} or {ℓj−2 > 0, ℓj−1 = ℓj = 0, ℓ′j > 0}, then by
Lemma 2.2(d) the vertex τj−1 = ϕj−1 is negative.

– For j ∈ N4, if {ℓj−1 = ℓj = ℓ′j = 0}, then by Lemma 2.2(d) the vertex τj−1 = ϕj−1 is
neutral.

– For j ∈ N4, if {ℓj−1 = 0, ℓj > 0} or {ℓj−1 = ℓj = 0, ℓ′j > 0}, then by Lemma 2.2(d) the
vertex τj−1 = ϕj−1 is negative.

Thus, at step j ∈ N3 we obtain

N−
j = N−

j−1 + 1{ℓj>0} +

1{ℓj−2>0, ℓj−1=0, ℓj>0} + 1{ℓj−2>0, ℓj−1=0, ℓj=0, ℓ′j>0}, j = 3,

1{ℓj−1=0, ℓj>0} + 1{ℓj−1=0, ℓj=0, ℓ′j>0}, j ∈ N4,

N0
j = N0

j−1 + ℓj − 1{ℓj>0} − 1{ℓj>1} +

1{ℓj−2>0, ℓj−1=0, ℓj=0, ℓ′j=0}, j = 3,

1{ℓj−1=0, ℓj=0, ℓ′j=0}, j ∈ N4,

N+
j = N+

j−1 + 1{ℓj>0} + 1{ℓj>1}.

Note that the above expressions define a recursion formula for the triple (N−
j , N

0
j , N

+
j ), which

depends only on ℓj when j = 1, on (N−
j−1, N

0
j−1, N

+
j−1) together with (ℓj−1, ℓj , ℓ

′
j) when j = 2, and

on (N−
j−1, N

0
j−1, N

+
j−1) together with (ℓj−2, ℓj−1, ℓj , ℓ

′
j) when j ∈ N3. Define

Π0 = (0, 0, 0), Πj = (N−
j , N

0
j , N

+
j ), j ∈ N.
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By construction, there exists a deterministic function

g : N3
0 × N4

0 → N3
0

such that
Πj = g(Πj−1, Yj),

where
Y1 = (0, 0, ℓ1, 0), Y2 = (0, ℓ1, ℓ2, ℓ

′
2), Yj = (ℓj−2, ℓj−1, ℓj , ℓ

′
j), j ∈ N3.

Since {Yj}j∈N is a time-homogeneous Markov chain, the joint process {(Πj , Yj)}j∈N is also a time-
homogeneous Markov chain.

2.5 LDP for the vertex types along a random path up to a given branching
depth

LDP. Our first main theorem, which is proved in Section 3.2, establishes an LDP for the sequence
Υ = {Υj}j∈N4 given by

Υj =

(
Nj

j
,

Πj

Nj

)
∈ (0,∞) × S2.

To state and derive the theorem we need an LDP for the empirical law of the extended Markov
process W = {Wj}j∈N4 given by

Wj =
(
(ℓj−2, ℓ

′
j−2), (ℓj−1, ℓ

′
j−1), (ℓj , ℓ

′
j)
)
∈ E,

where E = (N2
0)

3. We write ζ to denote the geometric law on N0 with success parameter 1 − p.

Theorem 2.3. [LDP for type fractions along a random path] Under the joint law of the
Galton–Watson tree T∞ and the random exploration path, the family of random variables {Υj}j∈N4

satisfies the LDP in the Polish space (0,∞)×S2 with rate j and with good rate function J given by

J(x, s) = inf
ν∈Φ(x,s)

I(ν), x ∈ (0,∞), s ∈ S2.

Here,

� I : P(E) → [0,∞] is the good rate function given by

I(ν) =

H
(
ν
∥∥π1,2ν ⊗ ζ⊗2

)
, if π1,2ν = π2,3ν,

∞, otherwise,

where H(· ∥ ·) denotes relative entropy and π1,2, π2,3 denote the projection onto the first two,
respectively, the last two of the three coordinates.

� The constraint on ν is to the subset of P(E) given by

Φ(x, s) =
{
ν ∈ P(E) : ∥G(ν)∥1 = x, G(ν)/∥G(ν)∥1 = s

}
, x ∈ (0,∞), s ∈ S2,

where G = (Gχ)χ∈S with Gχ : P(E) → [0,∞] is given by

Gχ(ν) =

∫
E
hχ dν
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with hχ : E → N0 given by

h−
(
(a, a′), (b, b′), (c, c′)

)
= 1{c>0} + 1{b=0, c>0} + 1{b=0, c=0, c′>0},

h0
(
(a, a′), (b, b′), (c, c′)

)
= c− 1{c>0} − 1{c>1} + 1{b=0, c=0, c′=0},

h+
(
(a, a′), (b, b′), (c, c′)

)
= 1{c>0} + 1{c>1}.

Our second main theorem, which is proved in Section 3.3, establishes key properties of the rate
function. Let

D = {(x, s) ∈ (0,∞) × S2 : J(x, s) <∞}
be the effective domain of J .

Theorem 2.4. [Properties of the rate function]

(a) On D, (x, s) 7→ J(x, s) is marginally convex and achieves its unique zero at (x∗, s∗) given by

(x∗, s∗) =
(
∥G(ν∗)∥1, G(ν∗)/∥G(ν∗)∥1

)
with ν∗ = (ζ⊗2)⊗3, which equals

x∗ =
1

1 − p
, s∗ =

(
(1 − p) − (1 − p)4, p3 + (1 − p)4, p− p3

)
.

(b) For every (x, s) ∈ int(D), the infimum defining J(x, s) is achieved and equals

J(x, s) = −λ(x, s) − x
∑
χ∈S

sχλχ(x, s),

where λ(x, s) and λχ(x, s), χ ∈ S, are Lagrangian multipliers that uniquely solve four equa-
tions involving rational functions whose coefficients depend on (x, s) and p (see Section 3.3).

(c) On int(D), (x, s) 7→ J(x, s) is analytic and marginally strictly convex.

(d) int(D) =
{

(x, s) ∈ (0,∞) × S2 : 1 < x <∞, s− < 1/x < s− + s0 < 1 < 3s− + s0
}
.

The following law of large numbers (LLN) is immediate from the fact that J has a unique zero.

Corollary 2.5. [LLN for type fractions along a random path] The sequence Υ converges to
(x∗, s∗) almost surely.

Discussion. Theorem 2.3 shows that the large deviation properties of the sequence Υ can be
analysed through the large deviation properties of the empirical law of the Markov process W . The
rate function J of the former is an infimum of the rate function I of the latter subject to certain
constraints that are given by the functional G. This functional in an integral with respect to the
measure ν of the function h dictated by the exploration algorithm, and records how the path of
the Markov chain W gives rise to the deviation (x, s) of interest.

Theorem 2.4 identifies the key properties of the rate function J .

� The fact that, according to Part (a), J has a unique zero guarantees that the strong law of
large numbers holds, as stated in Corollary 2.5. The LDP does not imply the central limit
theorem. However, if the latter would hold, then the variance would scale like j times the
inverse curvature of the rate function at its unique zero, according to the folklore of large
deviation theory [18, Chapter I]. The curvature can be read off from the Hessian matrix of
the Lagrange multipliers (which are identified in Section 3.3).
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� Part (b) allows us to numerically compute the rate function (as explained in Remark 3.6 and
Figs. 2–3).

� The marginal strict convexity in Part (c) is an important property, because it allows us to
extend the LDP in Theorem 2.3 to the setting where, instead of a single downward random
path, we consider a subtree consisting of a finite number of downward random paths. Suppose
that for fixed ℓ we run a downward random path of branching depth α0ℓ, subsequently split
this path and run two downward random paths of branching depths α10ℓ and α10ℓ, and so on.
Suppose that we fix α0, α10, α11, and so on, to be all strictly positive, and let ℓ→ ∞. Then the
sequences Υ associated with the different pieces of the tree are asymptotically independent as
ℓ → ∞. Hence their joint large deviations factorise and, by the marginal strict convexity of
the rate function, a joint large deviation is optimal when all the pieces make the same large
deviation. Thus, by counting the vertex types and diving by the total size of the subtree, we
get the exact same LDP.

� Part (d) of Theorem 2.4 shows that int(D) does not depend on p and is therefore universal. It
makes no statement about the relation between D and the closure of int(D). The computations
and the numerics in Section 3.3 suggest that D is closed, i.e., J(x, s) converges to a finite
limit as (x, s) → ∂D within int(D).

2.6 Comparison with exploration according to generation

In [14] we computed the typical fractions of vertex types (fχ)χ∈S according to generation depth, i.e.,
all the vertices up to a given generation. For a general offspring law (pk)k∈N0 under the restriction
that p0 = 0, p1 < 1 and

∑
k∈N(k log k)pk <∞, we found that

fχ =
∑
k∈N0

pk P
(
sign

[
X̃ + Sk − k(k + 1)

]
= χ

)
,

where Sk =
∑k

l=1Xl with (Xl)
k
l=1 drawn independently from the offspring law, and X̃ drawn

independently from the size-biased offspring law. For the special case of binary branching, we have

P(X1 = k) = p1{k=1} + (1 − p)1{k=2}, P(X̃ = k) =
p1{k=1} + 2(1 − p)1{k=2}

p+ 2(1 − p)
, k ∈ N0.

Substitution gives

fχ = pP
(
sign

[
X̃ +X1 − 2

]
= χ

)
+ (1 − p)P

(
sign

[
X̃ +X1 +X2 − 6

]
= χ

)
.

Clearly,

P
(
sign

[
X̃ +X1 − 2

]
= χ

)
=


0, χ = −,
p2

2−p , χ = 0,

1 − p2

2−p , χ = +,

and

P
(
sign

[
X̃ +X1 + 2 − 6

]
= χ

)
=


1 − 2(1−p)2

2−p , χ = −,
2(1−p)2
2−p , χ = 0,

0, χ = +.

Hence
f− = (1 − p)

[
1 − 2(1−p)2

2−p
]
, f0 = 1 − f− − f+, f+ = p

[
1 − p2

2−p
]
.

Note that these do not coincide with the typical fractions that we found for our exploration along
a random path up to a given branching depth.
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Remark 2.6. [Other forms of exploration] We expect that the LDP depends sensitively on
the type of exploration. For instance, we may consider an exploration that includes all the vertices
up to a given branching depth, not just those along a random path, and ask what is the associated
LDP for their types. We expect that an LDP holds, but with a different rate function. We do not
pursue such generalisations in the present paper because they are harder. The reason is that the
type of a vertex depends on the degrees of all its neighbours and their neighbours, which on a tree
can lie in future generations. On trees, such future generations are comparable in size to the union
of all the previous generations.

2.7 Beyond binary branching

The exploration in Section 2 can be extended beyond binary branching. Let (pk)k∈N0 be an offspring
law satisfying

p0 = 0, p1 ∈ (0, 1), pk = 0 ∀ k > m,

for some m ∈ N3. Under this assumption the Galton–Watson tree is infinite and locally finite
almost surely. In particular, each vertex has either one child (a linear step) or k ∈ {2, . . . ,m}
children (a branching step).

Linear pieces are defined as before: starting from a vertex v, we follow successive vertices having
exactly one child until the next vertex τ with Xτ ≥ 2 children, which is a branching point. At
this branching point, one child is chosen uniformly at random on the underlying probability space
(Ω,F ,P), independently of the tree and of the past explorations, to continue the active exploration
path, while the remaining k − 1 children are declared passive (ghost) roots. As in the binary case,
passive subtrees are explored only insofar as needed to determine the vertex types along the active
path.

Compared to the binary case, a single branching step may now create more than one passive
subtree. Consequently, the state space of the block process must be enlarged to encode, at each
branching step, the number of offspring together with the lengths of the linear pieces generated at
that step. Concretely, let τj be the jth branching point encountered by the active exploration, and
let Xτj = Kj ∈ {2, . . . ,m}. After we select the active child, we index this child as ϕj,0, and index
the remaining Kj − 1 offspring as ϕj,1, . . . , ϕj,Kj−1 in increasing order of their Ulam–Harris labels.
Define the step variable

ξj =
(
Kj , ℓ

(0)
j , ℓ

(1)
j , . . . , ℓ

(Kj−1)
j

)
∈

m⋃
k=2

{k} × Nk0, j ∈ N,

where ℓ
(r)
j is the length of the linear piece starting from ϕj,r (with r = 0 for the active child and

r ≥ 1 for the passive children). The sequence {ξj}j∈N is i.i.d. under P, because the offspring
numbers and the descendant subtrees of different children are independent in a Galton–Watson
tree.

To determine vertex types, we need local information spanning a bounded number of successive
steps, exactly as in the binary case. Therefore we can build a time-homogeneous Markov chain
by working with overlapping blocks of successive ξj ’s (analogous to the 3-block process W in
Section 2.5). The counting process of vertex types can be written as a measurable function of this
Markov chain. The analysis extends along the same lines as in the binary case and leads to a
rate function with a variational structure similar to that of Theorem 2.3, namely, a relative entropy
minimised under linear constraints determined by the exploration algorithm (which determines new
functions hχ, χ ∈ S). Since the binary case already leads to a somewhat complex rate function, we
do not pursue the general offspring setting further.
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3 Proofs

Section 3.1 contains the proof of Lemma 2.2, Section 3.2 of Theorem 2.3, Section 3.3 of Theorem 2.4.
The proof of Theorem 2.3 requires several approximation steps.

3.1 Proof of the type characterisation lemma

In this section we provide the proof of Lemma 2.2.

Proof. We prove parts (a)–(d) of the lemma separately.

(a) Consider the root ϕ. Each child ϕj of ϕ has degree dϕj = 1 + Xϕj (one edge to the root and
Xϕj edges to its own children). Hence

∆ϕ =
1

dϕ

dϕ∑
j=1

(1 +Xϕj ) − dϕ =
1

dϕ

dϕ∑
j=1

Xϕj − (dϕ − 1).

If dϕ = 1, then ∆ϕ = Xϕ1 ∈ {1, 2}, and ∆ϕ > 0. If dϕ = 2, then ∆ϕ = 1
2(Xϕ1 + Xϕ2) − 1. Since

Xϕ1 , Xϕ2 ∈ {1, 2}, the sum Xϕ1 +Xϕ2 ∈ {2, 3, 4}, so ∆ϕ ∈ {0, 12 , 1}. In particular, ∆ϕ ≥ 0 always,
and ∆ϕ = 0 if and only if Xϕ1 = Xϕ2 = 1, which means that ϕ1 and ϕ2 are branching-linear points.
Therefore, for dϕ = 2 the root is neutral if and only if both its children are branching-linear points.

Combining the two cases dϕ = 1 and dϕ = 2, the root can only be positive or neutral, and it
is neutral precisely in case it is a branching point and its two children are branching-linear points.
This proves Lemma 2.2(a).

(b) Let u ̸= ϕ be a linear point, i.e., du = 2 and the parent of u is not a branching point. Write
u−1 for the parent of u, and consider u1 as the unique child of u. Then

∆u = 1
2

(
du−1 + 1 +Xu1

)
− 2.

If u−1 = ϕ, then du−1 = 1, and hence

∆u = 1
2Xu1 − 1.

Thus, ∆u < 0 if Xu1 = 1, i.e., if u is not the parent of a branching point. Moreover, ∆u = 0 if
Xu1 = 2, i.e., if u is the parent of a branching point. If u−1 ̸= ϕ, then du−1 = 2, and hence

∆u = 1
2Xu1 − 1

2 .

Thus, ∆u > 0 if Xu1 = 2, i.e., if u is the parent of a branching point, while ∆u = 0 if Xu1 = 1.
Combining the two cases, we conclude that a linear point is negative if and only if it is the child
of the root and not the parent of a branching point, and it is positive if and only if it is the
parent of a branching point and not the child of the root. In other cases it is neutral. This proves
Lemma 2.2(b).

(c) Let u be a branching-linear point, i.e., du = 2 with a branching parent u−1 and a unique child
u1. Then

∆u = 1
2

(
du−1 + du1

)
− 2.

First, let u−1 = ϕ, i.e., du−1 = 2. If u1 is a linear point, then du1 = 2, so ∆u = 0, and u is neutral. If
instead u1 is a branching point, then du1 = 3, so ∆u = 1

2 > 0, and u is positive. Next, let u−1 ̸= ϕ,
i.e., du−1 = 3. If u1 is a linear point, then du1 = 2, so ∆u = 1

2 > 0. If u1 is a branching point, then
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du1 = 3, hence ∆u = 1 > 0. Therefore, in both cases u is positive. Hence a branching-linear point
is neutral if and only if its parent is the root and its child is a linear point; otherwise it is positive.
This proves Lemma 2.2(c).

(d) Let u ̸= ϕ be a branching point, so du = 3 with the parent u−1 and two children u1 and u2. The
parent u−1 can have degree du−1 ∈ {1, 2, 3}, while each child ui has degree dui ∈ {2, 3}. Therefore

∆u = 1
3

(
du−1 + du1 + du2) − 3 ≤ 1

3(3 + 3 + 3) − 3 = 0.

Thus ∆u ≤ 0, so u is either negative or neutral. Moreover, ∆u = 0 if and only if du−1 = du1 =
du2 = 3, i.e., the parent and both children are also non-root branching points. Hence a branching
point that is not the root is either negative or neutral, and it is neutral precisely when its parent
and both of its children are also non-root branching points. This proves Lemma 2.2(d).

3.2 Proof of the first LDP theorem

In this section we prove Theorem 2.3.

Proof. The proof is divided into 8 Steps and runs via the Gärtner–Ellis theorem [18, Theorem V.6].
In Steps 1–3 we introduce the key underlying Markov chain and state the standard LDP for its
empirical measure. In Steps 4–5 we change variables, compute an associated moment generating
function in terms of iterates of 2 × 2 matrices (Lemma 3.1 below), and derive the limit of the
associated cumulant generating function (Lemma 3.2 below). In Steps 6 we derive the key properties
of the limit that are needed for the application of the Gärtner–Ellis theorem (Lemma 3.3 below).
In Step 7 we apply the Gärtner–Ellis theorem to derive the LDP for the sequence of empirical
averages of the vertex types (Lemma 3.4 below). The rate function in this LDP is given by the
Fenchel–Legendre transform of the cumulant generating function. In Step 8, finally, we complete
the proof of Theorem 2.3.

Step 1. Block process and Markov property. Consider the independent families {ℓj}j∈N−1

and {ℓ′j}j∈N−1 of i.i.d. random variables with law ζ (some of which arise from the exploration
process, while others are auxiliary) given by

ζ(k) = pk (1 − p), k ∈ N0.

For j ∈ N, define the 3-block process

Wj = ((ℓj−2, ℓ
′
j−2), (ℓj−1, ℓ

′
j−1), (ℓj , ℓ

′
j)),

where {ℓj}j∈N−1 and {ℓ′j}j∈N−1 are i.i.d. geometric random variables on N0 and mutually indepen-
dent. The stochastic process {Wj}j∈N is a time-homogeneous Markov chain on E with transition
kernel

P
(
((a, a′), (b, b′), (c, c′)), ((d, d′), (e, e′), (f, f ′))

)
= 1{(b,b′)=(d,d′)} 1{(c,c′)=(e,e′)} ζ(f) ζ(f ′)

for a, b, c, d, e, f, a′, b′, c′, d′, e′, f ′ ∈ N0.
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Step 2. Increments of the counting process. To study the evolution of the counting process
{Πj}j∈N, we introduce the measurable functions hχ : E → N0 by

h−
(
((a, a′), (b, b′), (c, c′))

)
= 1{c>0} + 1{b=0, c>0} + 1{b=0, c=0, c′>0},

h0
(
((a, a′), (b, b′), (c, c′))

)
= c− 1{c>0} − 1{c>1} + 1{b=0, c=0, c′=0},

h+
(
((a, a′), (b, b′), (c, c′))

)
= 1{c>0} + 1{c>1}.

For χ ∈ S, the increments Nχ
j −Nχ

j−1 = hχ(Wj) for j ∈ N4, and

Nχ
3 = hχ(W1) + hχ(W2) + hχ(W3) +Rχ,

where Rχ is a finite linear combination of indicator functions and hence supω∈Ω |Rχ(ω)| <∞. Thus

Nχ
j =

j∑
i=1

hχ(Wi) +Rχ, χ ∈ S, j ∈ N4.

Step 3. LDP for the empirical measure of the block process. We next establish an LDP
for the empirical measures

Lj =
1

j

j∑
i=1

δWi ∈ P(E), j ∈ N.

In order to describe the possible limit points of the sequence {Lj}j∈N, it is necessary to take into
account the overlap structure of the triples. Successive triples Wi and Wi+1 share the coordinates
(ℓi−1, ℓ

′
i−1) and (ℓi, ℓ

′
i), and therefore any limiting law must satisfy a consistency relation between

the (1, 2)-marginal and the (2, 3)-marginal. More precisely, for j ∈ N, define

π1,2Lj =
1

j

j∑
i=1

δ((ℓi−2,ℓ′i−2),(ℓi−1,ℓ′i−1))
, π2,3Lj =

1

j

j∑
i=1

δ((ℓi−1,ℓ′i−1),(ℓi,ℓ
′
i))
.

By shifting the index in the first sum, we see that all terms coincide except for the two boundary
pairs ((ℓ−1, ℓ

′
−1), (ℓ0, ℓ

′
0)) and ((ℓj−1, ℓ

′
j−1), (ℓj , ℓ

′
j)). Hence, with ∥ · ∥TV the total variation norm on

P(E),∥∥π1,2Lj − π2,3Lj
∥∥
TV

=
1

2

∑
x∈(N2

0)
2

∣∣π1,2Lj(x) − π2,3Lj(x)
∣∣ ≤ 1

2
× 2

j
=

1

j
→ 0, j → ∞.

Since the projection maps

πi,j : P(E) → P((N2
0)

2), i ̸= j, i, j ∈ {1, 2, 3},

are continuous with respect to the weak topology, this property is preserved under weak limits.
Consequently, any weak limit point ν of (Lj)j∈N must satisfy the consistency relation

π1,2ν = π2,3ν.

By [18, Theorem II.18] and the consistency relation, the sequence {Lj}j∈N, taking values in the
Polish space P(E), satisfies the LDP with rate j and good rate function

I(ν) =



∑
x,x′,y,y′,z,z′∈N0

ν
(
(x, x′), (y, y′), (z, z′)

)
× log

(
ν
(
(x, x′), (y, y′), (z, z′)

)
π1,2(ν)

(
(x, x′), (y, y′)

)
ζ(z) ζ(z′)

)
,

if π1,2ν = π2,3ν,

∞, otherwise,
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where
π1,2(ν)

(
(x, x′), (y, y′)

)
=

∑
(z,z′)∈N2

0

ν
(
(x, x′), (y, y′), (z, z′)

)
.

Note that if ν is admissible, in the sense that it satisfies the consistency condition π1,2ν = π2,3ν,
then I(ν) = H(ν ∥ π1,2ν ⊗ ζ⊗2), the relative entropy of ν with respect to π1,2ν ⊗ ζ⊗2.

Step 4. Functional triple and change of variables. For ν ∈ P(E), define the functional
triple

G(ν) = (Gχ(ν))χ∈S , Gχ(ν) =

∫
E
hχ dν.

Note that
G : P(E) → F,

with
F = [0, 2] × [0,∞] × [0, 2].

To metrise F , we use the map ψ : [0,∞] → [0, 1] given by

ψ(a) =
a

1 + a
, a ∈ [0,∞), ψ(∞) = 1.

We endow [0,∞] with the metric

d∞(a, b) = |ψ(a) − ψ(b)|.

Indeed, ([0, 1], ψ) is homeomorphic to the one-point (Alexandroff) compactification of [0,∞). The
map ψ is a homeomorphism between [0,∞) and [0, 1), and it extends continuously to a homeo-
morphism between [0,∞] and [0, 1]. Hence, the topology induced by d∞ coincides with the usual
topology on [0,∞), and extends it naturally to include the point ∞. We equip F with the product
metric

dF
(
(x−, x0, x+), (y−, y0, y+)

)
= |x− − y−| + d∞(x0, y0) + |x+ − y+|.

This metric induces the natural product topology on F , and since each coordinate space is Polish,
the metric space (F, dF ) is Polish as well.

From the representation of Nχ
j and the definition of Lj , we obtain the vector of normalised

counts

Qj =
(Nχ

j

j

)
χ∈S

= G(Lj) +
1

j
R, j ∈ N4,

where R = (Rχ)χ∈S is a uniformly bounded remainder term, i.e.

sup
ω∈Ω

∥R(ω)∥1 = sup
ω∈Ω

(
|R−(ω)| + |R0(ω)| + |R+(ω)|

)
<∞.

Introduce the map Ψ: (0,∞)3 → (0,∞) × S2 by setting

Ψ(θ) =
(
∥θ∥1, θ/∥θ∥1

)
.

Note that Ψ is a homeomorphism with inverse Ψ−1(x, s) = xs, and that

Υj = Ψ(Qj), j ∈ N4.
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Step 5. The cumulant generating function. Define the empirical type averages

Zj =
1

j

j∑
i=1

h(Wi), j ∈ N,

where h = (h−, h0, h+) and Zj ∈ F0 with

F0 = [0, 2] × [0,∞) × [0, 2].

Note that Zj = G(Lj). For t = (t−, t0, t+) ∈ R3, define the cumulant generating function as the
limit

Λ(t) = lim
j→∞

1

j
logE

[
ej⟨t,Zj⟩

]
,

where ⟨·, ·⟩ denotes the standard inner product. Since

j⟨t, Zj⟩ =

j∑
i=1

⟨t, h(Wi)⟩,

the analysis of Λ reduces to the study of an additive functional of the Markov chain {Wi}i∈N.
From the definitions of hχ, χ ∈ S, we see that the vector h(Wi) depends only on whether or

not ℓi−1 = 0 and on the pair (ℓi, ℓ
′
i). Put

ηi = 1{ℓi>0}.

Since h(Wi) depends only on (ℓi−1, ℓi, ℓ
′
i) and {(ℓi, ℓ

′
i)}i∈N−1 is i.i.d., the conditional law of (h(Wi), ηi)

given ηi−1 does not depend on i. For t ∈ R3, define the 2 × 2 matrix M(t) = (M(t)r,s)r,s∈{0,1} by

M(t)r,s = E
[
e⟨t,h(W1)⟩ 1{η1=s}

∣∣ η0 = r
]
.

A straightforward computation gives, for t0 < − log p,

M(t) =

q (p et− + q et0) q p e2t−+t+ + q p2 e2t−+2t+

1−pet0

q q p et−+t+ + q p2 et−+2t+

1−pet0

 ,

where q = 1 − p.

Lemma 3.1. [Matrix representation of the moment generating function] For every j ∈ N
and every t = (t−, t0, t+) ∈ R3 with t0 < log(1/p),

E
[
ej⟨t,Zj⟩

]
= µM(t)j1,

where
µ = (q, p), 1 = (1, 1)T.

Proof. Let t = (t−, t0, t+) ∈ R3 with t0 < log(1/p). For j1, j2 ∈ N such that j1 ≤ j2, set

Aj1,j2r = E
[
e
∑j2

i=j1
⟨t,h(Wi)⟩

∣∣∣ ηj1−1 = r

]
, r ∈ {0, 1}.

18



Then

Aj1,j2ηj1−1
= E

[
e
∑j2

i=j1
⟨t,h(Wi)⟩

∣∣∣ ηj1−1

]
= Aj1,j20 1{ηj1−1=0} +Aj1,j21 1{ηj1−1=1} a.s.

Also set Aj2+1,j2
0 = Aj2+1,j2

1 = 1. We claim that

Aj1,j2r =
∑

s∈{0,1}

M(t)r,sA
j1+1,j2
s .

The proof goes as follows. For j ∈ N, let Gj be the sigma-field generated by (ηj−1, ℓj , ℓ
′
j). By the

tower property, we have

Aj1,j2r = E
[
e⟨t,h(Wj1

)⟩ E
[
e
∑j2

i=j1+1⟨t,h(Wi)⟩
∣∣∣Gj1] ∣∣∣ ηj1−1 = r

]
.

Since {(ℓi, ℓ
′
i)}i∈N−1 is i.i.d., the random variables {(ℓi, ℓ

′
i)}i∈Nj1+1 are independent of Gj1 . Moreover,

for i ≥ j1 + 1, the quantity h(Wi) depends on the past only through ηj1 . Hence

E
[
e
∑j2

i=j1+1⟨t,h(Wi)⟩
∣∣∣Gj1] = Aj1+1,j2

ηj1
a.s.

Therefore, for every r ∈ {0, 1},

Aj1,j2r = E
[
e⟨t,h(Wj1

)⟩Aj1+1,j2
ηj1

∣∣∣ ηj1−1 = r

]
=

∑
s∈{0,1}

E
[
e⟨t,h(Wj1

)⟩
1{ηj1=s}

∣∣∣ ηj1−1 = r

]
Aj1+1,j2
s

=
∑

s∈{0,1}

M(t)r,sA
j1+1,j2
s ,

which proves the claim.
For each j ∈ N, iteration of the recursion gives

A1,j
r =

∑
s1,...,sj∈{0,1}

M(t)r,s1 M(t)s1,s2 × · · · ×M(t)sj−1,sj

=
∑

s∈{0,1}

M(t)jr,s = (M(t)j1)r, r ∈ {0, 1},

where (M(t)j1)r denotes the entry of the vector M(t)j1 corresponding to state r. Finally, since

j⟨t, Zj⟩ =

j∑
i=1

⟨t, h(Wi)⟩,

we get

E
[
ej⟨t,Zj⟩

]
=

∑
r∈{0,1}

P(η0 = r)A1,j
r = µM(t)j1,

where µ = (q, p).
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Using the representation derived in Lemma 3.1, we next identify the cumulant generating func-
tion associated with the process {Zj}j∈N.

Lemma 3.2. [Spectral representation of Λ] For every t = (t−, t0, t+) ∈ R3, Λ(t) exists in
[−∞,∞]. In particular,

Λ(t) =

{
log ϑ(t), if t0 < log(1/p),

∞, if t0 ≥ log(1/p),

where ϑ(t) is the Perron–Frobenius eigenvalue of M(t).

Proof. Fix t = (t−, t0, t+) ∈ R3. First suppose that t0 < log(1/p). Then all entries of M(t) are
finite and strictly positive. Hence M(t) is irreducible. By the Perron–Frobenius theorem (see, for
instance, [9, Theorem 3.1.1]), M(t) has a Perron–Frobenius eigenvalue ϑ(t) > 0 such that, for every
positive vector v = (v0, v1)

T ∈ R2,

lim
j→∞

1

j
log(M(t)jv)r = log ϑ(t), r ∈ {0, 1},

where (M(t)jv)r denotes the entry of the vector M(t)jv indexed by r. In particular, taking
v = 1 = (1, 1)T, we get

lim
j→∞

1

j
log(M(t)j1)r = log ϑ(t), r ∈ {0, 1}.

Since µ = (q, p) has strictly positive coordinates, we have

q(M(t)j1)0 ≤ µM(t)j1 ≤ 2 max
{

(M(t)j1)0, (M(t)j1)1}.

Therefore, by Lemma 3.1,

Λ(t) = lim
j→∞

1

j
logµM(t)j1 = log ϑ(t).

Next, suppose that t0 ≥ log(1/p). Since 0 ≤ h− ≤ 2 and 0 ≤ h+ ≤ 2, we have

j∑
i=1

⟨t, h(Wi)⟩ ≥ t0 h
0(W1) − 2j (|t−| + |t+|).

Hence, noting also that h0(W1) ≥ ℓ1 − 2, we get

E
[
ej⟨t,Zj⟩

]
≥ e−2j(|t−|+|t+|) E

[
et0 h

0(W1)
]
≥ e−2j(|t−|+|t+|) E

[
et0(ℓ1−2)

]
= ∞.

Therefore Λ(t) = ∞.

Step 6. Effective domain and regularity properties. By Lemma 3.2,

DΛ = {t = (t−, t0, t+) ∈ R3 : t0 < log(1/p)}

is the effective domain of Λ, which is an open set. Hence

(0, 0, 0) ∈ int(DΛ) = DΛ.
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Moreover, for every t ∈ DΛ, all entries of M(t) are finite, strictly positive and analytic functions of
t. Since M(t) is a 2 × 2 matrix, its Perron–Frobenius eigenvalue is given by

ϑ(t) =
tr(M(t)) +

√
(tr(M(t)))2 − 4 det(M(t))

2
,

where tr(M(t)) and det(M(t)) denote the trace and the determinant of M(t), respectively. Since

(tr(M(t)))2 − 4 det(M(t)) =
(
M(t)0,0 −M(t)1,1

)2
+ 4M(t)0,1M(t)1,0 > 0,

it follows that ϑ is analytic on DΛ. Since Λ(t) = log ϑ(t) and ϑ(t) > 0 for t ∈ DΛ, it follows that Λ
is analytic on DΛ.

We next establish the regularity properties of Λ that are needed for the application of the
Gärtner-Ellis theorem.

Lemma 3.3. [Smoothness and steepness of Λ] The cumulant generating function Λ satisfies
the following:

(a) Λ is differentiable on DΛ.

(b) Λ is lower semi-continuous on R3.

(c) Λ is steep at ∂DΛ, i.e.,
lim

t→∂DΛ : t∈DΛ

∥∇Λ(t)∥2 = ∞,

where ∇ denotes the gradient operator and ∥ · ∥2 denotes the Euclidean norm.

Proof. (a) Since Λ is analytic on DΛ, it is differentiable on DΛ.

(b) Fix t = (t−, t0, t+) ∈ R3. Let tn → t, as n→ ∞. We claim that

Λ(t) ≤ lim inf
n→∞

Λ(tn).

If t ∈ DΛ, then Λ is continuous at t, and the claim follows. Now suppose that t /∈ DΛ. Then
t0 ≥ − log p and Λ(t) = ∞. Write tn = (tn,−, tn,0, tn,+). We consider the following two cases
separately:

Case 1 : Let t0 > log(1/p). Choose ε > 0 such that

t0 > log(1/p) + ε.

Since tn → t as n→ ∞, there exists Nε ∈ N such that, for all n ≥ Nε,

tn,0 > t0 − 1
2ε > log(1/p) + 1

2ε.

Hence tn /∈ DΛ for all n ≥ Nε. Therefore Λ(tn) = ∞ for all n ≥ Nε. Consequently,

lim inf
n→∞

Λ(tn) ≥ inf
n≥Nε

Λ(tn) = ∞ = Λ(t),

which verifies the claim in this case.

Case 2 : Let t0 = log(1/p). If tn /∈ DΛ eventually, then the claim follows as above. Otherwise, there
exists a subsequence {tnk

}k∈N such that

lim inf
n→∞

Λ(tn) = lim
k→∞

Λ(tnk
),
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and tnk
∈ DΛ for all k ∈ N. Since

lim
k→∞

tnk,0 = lim
n→∞

tn,0 = log(1/p),

we have
lim
k→∞

(1 − p etnk,0) = 0.

Hence limk→∞M(tnk
)0,1 = ∞ and limk→∞M(tnk

)1,1 = ∞. Consequently, limk→∞ ϑ(tnk
) = ∞,

and therefore
lim
k→∞

Λ(tnk
) = ∞.

Hence lim infn→∞ Λ(tn) = ∞ = Λ(t), which verifies the claim in this case. Since t ∈ R3 is arbitrary,
the claim implies that Λ is lower semi-continuous on R3.

(c) For t = (t−, t0, t+) ∈ DΛ, set

C(t) =
(
M(t)0,0 −M(t)1,1

)2
+ 4M(t)0,1M(t)1,0.

Then

∂Λ(t)

∂t0
=

1

2ϑ(t)

A(t) +
B(t)√
C(t)

 ,
where

A(t) =
∂

∂t0
tr(M(t))

and

B(t) =
(
M(t)0,0 −M(t)1,1

) ∂

∂t0

(
M(t)0,0 −M(t)1,1

)
+ 2M(t)1,0

∂

∂t0
M(t)0,1.

Set αt0 = 1 − p et0 and αt−,t+ = q p2 et−+2t+ . As t → ∂DΛ, we have t0 → log(1/p) and therefore
αt0 → 0. In this case,

M(t)1,1 ∼
αt−,t+
αt0

, M(t)0,1 ∼
et−αt−,t+
αt0

, M(t)0,0 −M(t)1,1 ∼ −
αt−,t+
αt0

.

Hence

C(t) ∼
α2
t−,t+

α2
t0

,
√
Ct ∼

αt−,t+
αt0

.

Since ϑ(t) = 1
2 [tr(M(t)) +

√
C(t)] and tr(M(t)) ∼ αt−,t+

αt0
, we obtain

ϑ(t) ∼
αt−,t+
αt0

.

Furthermore, since p et0 ∼ 1, we have

A(t) = q2et0 +
p et0 αt−,t+

α2
t0

∼
αt−,t+
α2
t0

and

B(t) =
(
M(t)0,0 −M(t)1,1

) [
q2et0 −

p et0 αt−,t+
α2
t0

]
+

2 q p et−+t0 αt−,t+
α2
t0

∼
α2
t−,t+

α3
t0

.

22



Therefore

A(t) +
B(t)√
C(t)

∼
2αt−,t+
α2
t0

.

Combining the above estimates, we get

∂Λ(t)

∂t0
∼ 1

αt0
.

Since αt0 → 0, we get

∥∇Λ(t)∥2 ≥
∣∣∣∣∂Λ(t)

∂t0

∣∣∣∣ → ∞,

which settles the claim.

Step 7. LDP for the empirical type averages. Steps 5–7 allow us to derive the LDP for the
sequence of empirical type averages.

Lemma 3.4. [Target LDP]

(a) The family of random variables {Zj}j∈N satisfies the LDP on F0 with rate j and with good
rate function

Λ∗(θ) = sup
t∈R3

{⟨t, θ⟩ − Λ(t)}, θ ∈ F0,

which is the Fenchel–Legendre transform of Λ.

(b) For every θ ∈ F0 = [0, 2] × [0,∞) × [0, 2],

Λ∗(θ) = inf
ν∈G−1(θ)

I(ν),

where G−1(θ) denotes the pre-image set {ν ∈ P(E) : G(ν) = θ}.

Proof. (a) The claim follows from Lemma 3.3 and the Gärtner–Ellis theorem [18, Theorem V.6].

(b) Define

Ī(θ) =

{
infν∈G−1(θ) I(ν), θ ∈ F0,

∞, θ /∈ F0.

Also define Λ∗(θ) = ∞ for θ /∈ F0. We need to show that Ī(θ) = Λ∗(θ) for all θ ∈ R3. Since R3

equipped with the Euclidean topology is a locally convex Hausdorff topological vector space, and
the dual space of R3 is canonically isomorphic to R3, the following duality argument can be applied.

Since ν 7→ I(ν) is convex and ν 7→ G(ν) is linear, it follows that θ 7→ Ī(θ) is convex on R3. Let
ν∗ = (ζ⊗2)⊗3, and set θ∗ = G(ν∗). Since I(ν∗) = 0, we have

Ī(θ∗) ≤ I(ν∗) = 0.

Hence Ī(θ∗) < ∞, and therefore Ī ̸≡ ∞. In Section 3.3 we show that Ī is lower semi-continuous
(see Remark 3.5).

Next, consider the Fenchel–Legendre transform of Ī given by

Ī∗(t) = sup
θ∈R3

[
⟨t, θ⟩ − Ī(θ)

]
= sup

θ∈F0

[
⟨t, θ⟩ − Ī(θ)

]
, t ∈ R3.
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To complete the proof, it remains to show that

(♠) Ī∗(t) = Λ(t), t ∈ R3.

Indeed, once this identity is established, the Fenchel–Moreau theorem [5, Theorem 1.11] gives

Ī(θ) = Ī∗∗(θ) = Λ∗(θ), θ ∈ F0,

where Ī∗∗ denotes the Fenchel–Legendre transform of Ī∗. This is in accordance with the fact that
the rate function in an LDP is necessarily unique [18, Chapter III].

Proof of (♠). For t = (t−, t0, t+) ∈ R3, we have

Ī∗(t) = sup
θ∈F0

[
⟨t, θ⟩ − inf

ν∈G−1(θ)
I(ν)

]
= sup

θ∈F0

sup
ν∈G−1(θ)

[
⟨t, G(ν)⟩ − I(ν)

]
= sup

ν∈P(E)

[
⟨t, G(ν)⟩ − I(ν)

]
.

Since E is endowed with the discrete topology, each function hχ is continuous on E. Hence, for
χ ∈ {−,+} the functionals Gχ are continuous with respect to the weak topology, because the
integrands hχ are bounded and continuous functions. In contrast, h0 is unbounded, so G0 is not
continuous. For M ∈ N, define the truncated function h0M = h0 ∧ M and the corresponding
functional

G0
M (ν) =

∫
E
h0M dν, ν ∈ P(E).

Then G0
M is continuous on P(E). For ν ∈ P(E), set

GM (ν) =
(
G−(ν), G0

M (ν), G+(ν)
)
.

Since GM is continuous and non-decreasing in M , the map

ν 7→ GM (ν)

is continuous from P(E) into FM = [0, 2] × [0,M ] × [0, 2], and non-decreasing in M .

Case t0 ≤ 0. For t0 = 0, G0 drops out and and Varadhan’s Lemma gives

Λ(t) = Ī∗(t).

For t0 < 0, the map ν 7→ ⟨t, G(ν)⟩ is upper semi-continuous under the weak topology, because G−,
G+ are continuous and G0 is lower semi-continuous (by the Portmanteau theorem, because it is
the integral of the non-negative continuous function h0). Moreover, since Gχ ≤ 2 for χ ∈ {−,+},
we have ⟨t, G(Lj)⟩ ≤ 2|t−| + 2|t+|. Therefore, for M > 2|t−| + 2|t+|,

E
[
ej⟨t,G(Lj)⟩ 1{⟨t,G(Lj)⟩≥M}

]
= 0.

Consequently,

lim
M→∞

lim sup
j→∞

1

j
logE

[
ej⟨t,G(Lj)⟩ 1{⟨t,G(Lj)⟩≥M}

]
= −∞,

which, by [9, Lemma 4.3.6], implies that

Λ(t) ≤ Ī∗(t).

To derive the reverse bound, we use the Donsker–Varadhan variational formula for the relative
entropy [10, Lemma 1.4.3(a) and Appendix C]. It suffices to show that

⟨t, G(ν)⟩ − I(ν) ≤ Λ(t) ∀ ν ∈ P(E) admissible.
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Let ν ∈ P(E) be an admissible measure. From the Donsker–Varadhan variational formula it
follows that

I(ν) = H
(
ν
∥∥ π1,2ν ⊗ ζ⊗2

)
= sup

ψ∈B(E)

{∫
E
ψ dν − log

∫
E

eψ d(π1,2ν ⊗ ζ⊗2)

}
,

where B(E) denotes the space of bounded measurable functions ψ : E → R. Hence

(♣)

∫
E
ψ dν − I(ν) ≤ log

∫
E

eψ d(π1,2ν ⊗ ζ⊗2) ∀ψ ∈ B(E).

Let u = (u0, u1)
T be the right eigenvector associated with the Perron–Frobenius eigenvalue eΛ(t),

whose coordinates are strictly positive. Such an eigenvector exists by the Perron–Frobenius theorem
(see [9, Theorem 3.1.1(c)]). Now, for x = ((a, a′), (b, b′), (c, c′)) ∈ E, set

f(x) = ⟨t, h(x)⟩ + log uη1(x) − log uη0(x),

where
η0(x) = 1{b>0}, η1(x) = 1{c>0}.

Since π1,2ν = π2,3ν, we have π2ν = π3ν, which implies that ν(η0 = r) = ν(η1 = r) for all r ∈ {0, 1}.
Consequently, ∫

E
log uη0 dν =

∫
E

log uη1 dν,

and hence ∫
E
f dν =

∫
E
⟨t, h⟩ dν = ⟨t, G(ν)⟩.

Moreover, by Tonelli’s theorem,∫
E

ef d(π1,2ν ⊗ ζ⊗2) =

∫
E

e⟨t,h⟩
uη1
uη0

d(π1,2ν ⊗ ζ⊗2)

=

∫
(N2

0)
2

1

uη0

(∫
N2
0

e⟨t,h⟩ uη1 dζ⊗2

)
dπ1,2ν

=

∫
(N2

0)
2

1

uη0

( ∑
s∈{0,1}

us

∫
N2
0

e⟨t,h⟩ 1{η1=s} dζ⊗2

)
dπ1,2ν

=

∫
(N2

0)
2

1

uη0

∑
s∈{0,1}

usM(t)η0,s dπ1,2ν,

where in the last line we use the definition of M(t) and the fact that h(x) depends on ((a, a′), (b, b′))
only through η0(x), so that the inner integral in the penultimate line is the conditional expectation
defining M(t)η0,s. Now, using the eigenvalue equation M(t)u = eΛ(t) u, we have∑

s∈{0,1}

M(t)r,s us = eΛ(t) ur, r ∈ {0, 1}.

Consequently, ∫
E

ef d(π1,2ν ⊗ ζ⊗2) = eΛ(t).
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Finally, take ψ = ψN = f ∨ (−N), N ∈ N, in (♣). Since t0 < 0, the function f is bounded from
above, say f ≤ C. Letting N → ∞, and applying the monotone convergence theorem to C − ψN
and the dominated convergence theorem to eψN , we get that

⟨t, G(ν)⟩ − I(ν) =

∫
E
f dν − I(ν) ≤ log

∫
E

ef d(π1,2ν ⊗ ζ⊗2) = Λ(t),

which implies that
Ī∗(t) ≤ Λ(t),

and completes the proof of (♠) in this case.

Case 0 < t0 < log(1/p). For M ∈ N, define

ΛM (t) = sup
ν∈P(E)

{
⟨t, GM (ν)⟩ − I(ν)

}
.

Since GM is bounded and continuous, Varadhan’s Lemma [18, Theorem III.13] yields

ΛM (t) = lim
j→∞

1

j
logE

[
ej⟨t,GM (Lj)⟩

]
.

Moreover, since t0 > 0 and G0
M ≤ G0,

(■) ΛM (t) ≤ sup
ν∈P(E)

{
⟨t, G(ν)⟩ − I(ν)

}
= Ī∗(t), ∀M ∈ N.

Let MM (t) be the matrix obtained after replacing h0 by h0M in the definition of the matrix M(t)
introduced before Lemma 3.1. The arguments of Lemmas 3.1 and 3.2 remain valid with h0 replaced
by h0M . Hence

ΛM (t) = log ϑ(MM (t)).

Since t0 < log(1/p), all entries of M(t) are finite. Moreover, h0M ↑ h0 as M → ∞, and therefore,
by the monotone convergence theorem,

MM (t)r,s ↑M(t)r,s, M → ∞ r, s ∈ {0, 1}.

Since the Perron–Frobenius eigenvalue depends continuously on the matrix entries, we have

ϑ(MM (t)) → ϑ(M(t)), M → ∞,

where ϑ(MM (t)) is the Perron–Frobenius eigenvalue of MM (t). Consequently,

ΛM (t) = log ϑ(MM (t)) → log ϑ(t) = Λ(t), M → ∞.

Hence, from (■),
Λ(t) ≤ Ī∗(t).

The reverse bound is easy. Indeed, by Varadhan’s Lemma applied to the bounded continuous
functional GM for M ∈ N, in combination with t0 > 0 and G0(ν) = supM∈NG

0
M (ν) for all ν ∈ P(E)

by the monotone convergence theorem, we also have

Λ(t) ≥ sup
M∈N

sup
ν∈P(E)

[
⟨t, GM (ν)⟩ − I(ν)

]
= sup

ν∈P(E)
sup
M∈N

[
⟨t, GM (ν)⟩ − I(ν)

]
= sup

ν∈P(E)

[
⟨t, G(ν)⟩ − I(ν)

]
= Ī∗(t),
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and so (♠) holds.

Case t0 ≥ log(1/p). In this case we know from Lemma 3.2 that Λ(t) = ∞, and so it remains to

show that also Ī∗(t) = ∞. First assume that t0 > log(1/p). Let n ∈ N2 be arbitrary, and define
the measure

νn = δ((n,0),(n,0),(n,0)) ∈ P(E).

Note that νn is admissible because π1,2νn = π2,3νn = δ((n,0),(n,0)). Therefore

I(νn) = H(νn ∥ π1,2νn ⊗ ζ⊗2)

= − log (π1,2νn ⊗ ζ⊗2)
({

(n, 0), (n, 0), (n, 0)
})

= − log
(
ζ(n) ζ(0)

)
= −n log p− 2 log q.

Noting that G(νn) = (1, n− 2, 2), we have

Ī∗(t) ≥ ⟨t, G(νn)⟩ − I(νn) = n (t0 + log p) + 2
(
1
2 t− − t0 + t+ + log q

)
∀n ∈ N2.

Since t0 > log(1/p), letting n→ ∞, we get Ī∗(t) = ∞, and so (♠) holds.
Next, assume that t0 = log(1/p). Suppose, by contradiction, that Ī∗(t) < ∞. Choose s =

(t−, t0 − 1, t+). Then s belongs to the effective domain of Ī∗ because Ī∗(s) = Λ(s) < ∞. For
λ ∈ (0, 1), set

tλ = (1 − λ) t+ λ s.

Then tλ also belongs to the effective domain of Ī∗. On the other hand, since Ī∗ is convex and
Ī∗(tλ) = Λ(tλ), we have

Λ(tλ) ≤ (1 − λ) Ī∗(t) + λ Ī∗(s).

The right-hand side remains bounded as λ ↓ 0 because both Ī∗(t) and Ī∗(s) are finite. However,
Λ(tλ) = log ϑ(tλ) → ∞ as λ ↓ 0, which leads to a contradiction. Therefore Ī∗(t) = ∞, and so (♠)
holds in this case as well.

Step 8. Completion of the proof of Theorem 2.3. By Lemma 3.4, the sequence of random
elements {Zj}j∈N satisfies the LDP with values in the Polish space F0, with rate j, and with good
rate function Λ∗. Recalling from Step 4 that

Qj = Zj + 1
jR, j ∈ N4,

with R a uniformly bounded remainder term, we conclude that {Qj}j∈N4 and {Zj}j∈N4 are expo-
nentially equivalent and hence share the same LDP by [9, Theorem 4.2.13]. Applying the home-
omorphism Ψ introduced in Step 4, which yields that Υj = Ψ(Qj), and using the contraction
principle [18, Theorem III.20], we obtain that the sequence {Υj}j∈N4 satisfies the LDP with values
in the Polish space (0,∞) × S2, with rate j, and with good rate function

J(x, s) = inf
θ∈Ψ−1(x,s)

Λ∗(θ) = Λ∗(xs) = inf
ν∈G−1(xs)

I(ν).

Since ∥s∥1 = 1 for all s ∈ S2, the constraint G(ν) = xs is equivalent to ∥G(ν)∥1 = x and
G(ν)/∥G(ν)∥1 = s. Hence the rate function derived above coincides with

J(x, s) = inf
ν∈Φ(x,s)

I(ν),

where
Φ(x, s) =

{
ν ∈ P(E) : ∥G(ν)∥1 = x, G(ν)/∥G(ν)∥1 = s

}
.

This completes the proof of Theorem 2.3.
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3.3 Proof of the second LDP theorem

In this section we prove Theorem 2.4.

Proof. (a) Write
Φ(x, s) = {ν ∈ P(E) : ∥G(ν)∥1 = x, G(ν) = xs}.

Fix s ∈ S2. Pick x1, x2 ∈ (0,∞) with x1 ̸= x2 and α ∈ (0, 1). Note that if ν1 ∈ Φ(x1, s) and
ν2 ∈ Φ(x2, s), then αν1 + (1 − α)ν2 ∈ Φ(αx1 + (1 − α)x2, s), because ν 7→ ∥G(ν)∥1 and ν 7→ G(ν)
are linear. Hence

J(αx1 + (1 − α)x2, s) ≤ inf
ν1∈Φ(x1,s)
ν2∈Φ(x2,s)

I(αν1 + (1 − α)ν2)

≤ inf
ν1∈Φ(x1,s)
ν2∈Φ(x2,s)

[αI(ν1) + (1 − α)I(ν2)] = αJ(x1, s) + (1 − α)J(x2, s),

where the first inequality and the equality use the variational formula for J , while the second
inequality uses the convexity of ν 7→ I(ν). Hence J is convex in its first coordinate. A similar
argument shows that J is convex in its second coordinate.

Note that I(ν) = 0 if and only if ν = π1,2ν ⊗ ζ⊗2. Writing πjν for the jth marginal of ν on N2
0,

and using the consistency relation π1,2ν = π2,3ν, we get ν = π1ν ⊗ (ζ⊗2)⊗2. Because π1,2ν = π2,3ν,
it in turn follows that ν = (ζ⊗2)⊗3 = ν∗.

A straightforward computation, based on the explicit form of the functions hχ and Gχ and the
formula for ζ, gives

G−(ν∗) = p[1 + (1 − p) + (1 − p)2], G0(ν∗) =
p

1 − p
− (p+ p2) + (1 − p)3, G+(ν∗) = p+ p2,

G−(ν∗) +G0(ν∗) +G+(ν∗) =
p

1 − p
+ 1 =

1

1 − p
.

Since

x∗ = G−(ν∗) +G0(ν∗) +G+(ν∗), s∗ =
(G−(ν∗), G0(ν∗), G+(ν∗))

G−(ν∗) +G0(ν∗) +G+(ν∗)
,

this identifies the zero of the rate function as claimed.

(b) The proof proceeds in 5 Steps. At the end of Step 5 we find how to compute the rate function
on int(D), the interior of its effective domain.

Step 1. First, we carry out the infimum of I(ν) over ν ∈ Φ(x, s) with the help of the technique
of Lagrange multipliers. Abbreviate α = (a, a′), β = (b, b′), γ = (c, c′). For ν ∈ P(E) such that
π1,2ν = π2,3ν, the rate function I(ν) can be written as

I(ν) =
∑

α,β,γ∈N2
0

ναβγ log ναβγ −
∑

α,β∈N2
0

(π1,2ν)αβ log(π1,2ν)αβ −
∑
γ∈N2

0

(π3ν)γ log ζγ ,

where the variables appear as indices, and we abbreviate ζγ = ζ(c) ζ(c′). Define the Lagrangian

L(ν) = I(ν) + λ(|ν| − 1) +
∑

α,β∈N2
0

λαβ
[
(π1,2ν)αβ − (π2,3ν)αβ

]
+

∑
χ∈S

λχ (Gχ(ν) − xsχ),

where λ, (λαβ)α,β∈N2
0

and (λχ)χ∈S are Lagrange multipliers that must be chosen such that the

constraints |ν| =
∫
E dν = 1, π1,2ν = π2,3ν and G(ν) = xs in Φ(x, s) are met, respectively. We do
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not need a Lagrange multiplier for the constraint
∑

χ∈S G
χ(ν) = x, which is automatic because∑

χ∈S s
χ = 1. Having chosen the Lagrangian, for fixed α, β, γ ∈ N0 we compute

∂L(ν)

∂ναβγ
= log

(
ναβγ

(π1,2ν)αβ ζγ

)
+ λ+ (λαβ − λβγ) +

∑
χ∈S

λχhχαβγ .

Setting this equal to zero, we get

ναβγ = (π1,2ν)αβ e−λ−(λαβ−λβγ)−
∑

χ∈S λ
χhχαβγζγ .

Next, use that hχαβγ does not depend on α, i.e., hχβγ = hχαβγ . Therefore, summing over γ, we obtain

1 =
∑
γ∈N2

0

ναβγ
(π1,2ν)αβ

=
∑
γ∈N2

0

e−λ−(λαβ−λβγ)−
∑

χ∈S λ
χhχβγ ζγ ∀α, β ∈ N2

0.

Hence λαβ does not depend on α. Put λαβ = λβ. Then, the last equation reads

(□) λβ = −λ+ log
∑
γ∈N2

0

eλ
γ−

∑
χ∈S λ

χhχβγ ζγ ∀β ∈ N2
0.

This equation determines (λβ)β∈N2
0

as a function of λ and (λχ)χ∈S . With this notation, summing
out over α, we obtain

(π2,3ν)βγ = (π2ν)β Pβγ

with
(■) Pβγ = e−λ−(λβ−λγ)−

∑
χ∈S λ

χhχβγ ζγ .

Summing out also over γ, we see that∑
γ∈N2

0

Pβγ = 1 ∀β ∈ N2
0,

i.e., P = (Pβγ)β,γ∈N2
0

is a Markov transition kernel. Summing out over β instead, we get (π3ν)γ =∑
β∈N2

0
(π2ν)β Pβγ . Since π1,2ν = π2,3ν implies that π3ν = π2ν, the latter says that π2ν = ρ with ρ

the invariant probability law of P , i.e.,

ργ =
∑
β∈N2

0

ρβPβγ ∀ γ ∈ N2
0.

Thus, we end up with the minimiser being

ναβγ = ραPαβPβγ

and the minimum being

J(x, s) =
∑

α,β,γ∈N2
0

ναβγ log

(
ναβγ

(π1,2ν)αβ ζγ

)
=

∑
α,β,γ∈N2

0

ναβγ log

(
Pβγ
ζγ

)

=
∑

α,β,γ∈N2
0

ναβγ

−λ− (λβ − λγ) −
∑
χ∈S

λχhχβγ

 = −λ−
∑
χ∈S

λχxsχ,
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where (λβ)β∈N2
0

drops out and the constraints are implemented. The Lagrange multipliers must be
chosen such that

(∗) 1 = |ν| =
∑
γ∈N2

0

ργ , xsχ = Gχ(ν) =
∑

β,γ∈N2
0

ρβPβγh
χ
βγ , χ ∈ S.

These equations are coupled, because ργ and ρβPβγ depend on λ and λχ, χ ∈ S, which in turn
depend on (x, s). We think of (∗) as consistency equations. Note that the constraint π1,2ν = π2,3ν
is already met because P is Markov and ρ is its invariant probability law.

Step 2. Next, we reduce (∗) by using that not all variables are relevant. To that end, note that
hχβ,γ mostly depends on γ, namely,

hχβγ =

{
ĥχγ , if β ∈ {0} × N0,
h̄χγ , if β ∈ N× N0,

χ ∈ {−, 0}, h+βγ = ĥ+γ = h̄+γ ,

with
ĥ−γ = 21{c>0} + 1{c=0,c′>0},

h̄−γ = 1{c>0},

ĥ0γ = c− 1{c>0} − 1{c>1} + 1{c=0, c′=0},

h̄0γ = c− 1{c>0} − 1{c>1},

ĥ+γ = h̄+γ = 1{c>0} + 1{c>1}.

Since
ĥ−γ − h̄−γ = 1{(c,c′ )̸=(0,0)}, ĥ0γ − h̄0γ = 1{(c,c′)=(0,0)},

the second part of (∗) reduces to

xsχ =
∑
γ∈N2

0

ργ h̄
χ
γ +

∑
b′∈N0

ρ(0,b′) ×


1 − P(0,b′),(0,0), if χ = −,
P(0,b′),(0,0), if χ = 0,

0, if χ = +.

Since h−(0,b′),(0,0) = 0, h0(0,b′),(0,0) = 1, h+(0,b′),(0,0) = 0, we have from (■) that

P(0,b′),(0,0) = Cb′ e−λ−λ
0
q2, Cb′ = e−(λ(0,b

′)−λ(0,0)),

where we use that ζ(0) = 1 − p = q. It follows from (□) that

λ(0,b
′) = −λ+ log

∑
γ∈N2

0

eλ
γ−

∑
χ∈S λ

χĥχγ ζγ ,

which does not depend on b′. Hence, Cb′ = 1 for all b′ ∈ N0 and so the second sum in the above
expression for xsχ reduces to 

(
1 − e−λ−λ

0
q2
)
ρ0, if χ = −,(

e−λ−λ
0
q2
)
ρ0, if χ = 0,

0, if χ = +,

with ρ0 =
∑

b′∈N0
ρ(0,b′). Moreover, since h̄−γ , h̄0γ , h̄+γ depend on c only, we have∑

γ∈N2
0

ργ h̄
χ
γ =

∑
c∈N0

ρch
χ
c , χ ∈ S,
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with ρc =
∑

c′∈N0
ρ(c,c′) and

h−c = 1{c>0}, h0c = c− 1{c>0} − 1{c>1}, h+c = 1{c>0} + 1{c>1}.

Thus, the second part of (∗) further reduces to

xsχ = ρ0A
χ
0 +

∑
c∈N

ρch
χ
c , χ ∈ S, Aχ0 =


1 − e−λ−λ

0
q2, if χ = −,

e−λ−λ
0
q2, if χ = 0,

0, if χ = +,

which only involves the probability measure ρ = (ρc)c∈N0 and the Lagrange multipliers λ, λ0. Next,
use (□) and (■) to see that λ(b,b

′) and P(b,b′),(c,c′) do not depend on b′ because hχ(b,b′),(c,c′), χ ∈ S

does not. Therefore, summing the invariance relation over c′, we get

ρc =
∑
b∈N0

ρbPbc

with
Pbc = e−λ−(λb∗−λc∗)ζ(c)

∑
c′∈N0

e
−

∑
χ∈S λ

χhχ
(b,·),(c,c′) ζ(c′),

where λb∗ = λ(b,b
′). Using the formulas for hχ(b,·),(c,c′), we get

Pbc = e−λ−(λb∗−λc∗)Qc ×
{

1, if b > 0,
Rc, if b = 0,

Qc = e−
∑

χ∈S λ
χhχc ζ(c),

with the abbreviation

Rc =

{
e−λ

−
, if c > 0,

p e−λ
−

+ q e−λ
0
, if c = 0.

The latter arrises from the sum

Rc =
∑
c′∈N0

ζ(c′) e−λ
−
1{(c,c′ )̸=(0,0)}−λ01{(c,c′)=(0,0)} .

Step 3. Next, we do a reparametrisation. Put

u = e−λ, uχ = e−λ
χ
, ub∗ = e−λ

b
∗ ,

which are elements of (0,∞), to write

Pbc =
uub∗
uc∗

Qc ×
{

1, if b > 0,
Rc, if b = 0,

Qc = q(1 − q)c
∏
χ∈S

(uχ)h
χ
c ,

where we use that ζ(c) = q(1 − q)c, c ∈ N0. Using once more the formulas for hχ(b,·),(c,c′), in

combination with
∑

c∈N0
Pbc = 1 for all b ∈ N0, we get

1

ub∗
=


u
∑

c∈N0

1
uc∗
Qc, if b > 0,

u
∑

c∈N0

1
uc∗
RcQc, if b = 0.
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It follows that ub∗ does not depend on b when b > 0. Let v denote the quotient of its value for b = 0
and its value for b > 0. Then v solves the two equations

(△)
1

v
Q0 +

∑
c>0

Qc =
1

u
= R0Q0 + v

∑
c>0

RcQc.

Moreover,

Pbc = u×



Qc, b, c > 0,

v RcQc, b = 0, c > 0,

1
v Q0, b > 0, c = 0,

R0Q0, b = c = 0.

Inserting the formulas for hχc , χ ∈ S, we have

Q0 = q, Q1 = pqu−u+, Qc = q [pu0]c u−
(
u+

u0

)2

, c > 1.

Put W =
∑

c>0Qc. Then

(▲1) W = pqu−u+
[
1 +

pu+

1 − pu0

]
,

and (△) becomes
q

v
+W =

1

u
= qR0 + vu−W

with R0 = pu− + qu0. From this we find not only that

1

v
=

1

q

(
1

u
−W

)
, v =

1

u−W

(
1

u
− qR0

)
,

but also that

(▲2) W =
1 − qR0u

u[qu−u+ (1 − qR0u)]
.

Note that (▲1) = (▲2) gives a relation between u and (uχ)χ∈S .

Step 4. The above allows us to make the consistency equations explicit. The invariance relation
gives

ρ0 = ρ0 qR0u+ (1 − ρ0)(1 −Wu),

ρc = Qc

[
ρ0

1

W
(1 − qR0u) + (1 − ρ0)u

]
, c > 0,

where we use that
∑

b∈N0
ρb = 1. The first equation gives a formula for ρ0:

ρ0 =
(1 −Wu)

(1 −Wu) + (1 − qR0u)
, ρc =

Qc
W

(1 − ρ0), c > 0.

These formulas allow us to express the constraints in (∗) in terms of ρ0. Indeed, the second part of
(∗) reads

(∗∗) xsχ = ρ0A
χ
0 + (1 − ρ0)Σ

χ, χ ∈ S,
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with

Aχ0 =


1 − uu0q2, if χ = −,
uu0q2, if χ = 0,
0, if χ = +,

where we require that 0 < uu0q2 ≤ 1 (because A−
0 and A0

0 are probabilities), and

Σ− = (1 − ρ0)
−1

∑
c>0

ρc = 1,

Σ0 = (1 − ρ0)
−1

∑
c>1

ρc(c− 2) =
pu0

1 − pu0
pu+

1 − pu0 + pu+
,

Σ+ = (1 − ρ0)
−1

[∑
c>0

ρc +
∑
c>1

ρc

]
= 2 − 1 − pu0

1 − pu0 + pu+
,

where in the last two lines we use (▲1), and we require that pu0 < 1 to ensure that the geometric
sums used in the calculation converge. The three equations in (∗∗) provide three constraints on
the Lagrange multipliers in terms of (xsχ)χ∈S , where we note that (Σχ)χ∈S does not depend on
u, u−. The first part of (∗) has already been taken care of, but there is a fourth constraint coming
from (▲1) = (▲2). After inserting the formula for ρ0, we obtain four explicit equations from which
u and uχ, χ ∈ S, must be solved for given (x, s). The solution determines the rate function as

(♡) J(x, s) = log u+ x
∑
χ∈S

sχ log uχ,

which is valid for (x, s) ∈ int(D).

Step 5. We are finally ready to compute the rate function. Abbreviate

A = pu− + qu0, B = q(u− − u0), C = pu−u+
(

1 +
pu+

1 − pu0

)
.

The above expressions yield

(♢) ρ0 =
qu−u

qu−u (2 − quA) + (1 − quA)2
.

The relation (▲1) = (▲2) leads to a rewrite of the fourth constraint as

(1 − quA)

u[(1 − quA) + qu−u]
= qC.

This gives the quadratic equation 0 = BC(qu)2 + (A+ C)qu− 1, whose solution is

(▲) qu =
−(A+ C) +

√
(A+ C)2 + 4BC

2BC
, B ̸= 0, qu =

1

A+ C
, B = 0.

(We must take the positive root because A,C ∈ (0,∞).) The formula in (▲) expresses u in terms
of (u−, u0, u+), so that (∗∗) provides three equations from which the three unknowns (u−, u0, u+)
must be solved.

(c) To show that (x, s) 7→ J(x, s) is analytic on int(D), we use the implicit function theorem [4,
Chapter II, Theorem 1.5]. Note that int(D) is the set of (x, s)-values for which (∗∗) has a solution
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in (0,∞)3. Since (∗∗) is a set of three equations for three unknowns, it has a unique solution in the
effective domain of J as long as the three equations are non-redundant. But they clearly are, e.g.
because A−

0 , A
0
0 depend on uu0 while A+

0 does not, Σ0,Σ+ depend on u0, u+ while Σ− does not,
and u depends on u−. Since, in int(D), (x, s) is analytic as a function of (u−, u0, u+), it follows
that (u−, u0, u+) is analytic as a function of (x, s). The claim is therefore immediate from (♡).

By analyticity, (x, s) 7→ J(x, s) is strictly convex on int(D) unless it is everywhere linear on int(D).
But this is excluded by the fact that it is non-negative and has a unique zero in the interior of its
effective domain.

(d) Certain constraints on (x, s) are needed to guarantee the existence of a solution of (∗∗). Clearly,
1 < x < ∞ (see Remark 3.8 below). As shown in Figs. 2–3, for fixed x there are four linear
constraints. On the interior of the simplex we have s− + s0 < 1, which is the first constraint.
Moreover, xs− = 1 − A0

0ρ0 ∈ (0, 1) and x(s− + s0) = 1 + (1 − ρ0)Σ
0, and so we also require that

s− < 1/x and s− + s0 > 1/x, which are the second and the third constraint. Both constraints
can be reached arbitrarily closely by letting u− ↓ 0 (so that ρ0 ↓ 0), respectively, u0 ↓ 0 (so that
Σ0 ↓ 0). To get the fourth constraint we compute 3s− + s0. Summing (∗∗) over χ ∈ S and using
that A−

0 +A0
0 +A+

0 = 1, we get

x = ρ0 + (1 − ρ0)(Σ
− + Σ0 + Σ+).

Using that A−
0 +A0

0 = 1 and Σ− = 1 this gives

3s− + s0 =
ρ0(1 + 2A−

0 ) + (1 − ρ0)(3 + Σ0)

1 + (1 − ρ0)(Σ0 + Σ+)
.

In order for this to be > 1, we require that

ρ0(1 + 2A−
0 ) + (1 − ρ0)3 > 1 + (1 − ρ0)Σ

+,

which is the same as
ρ02A

−
0 + (1 − ρ0)(2 − Σ+) > 0.

But the latter is trivially satisfied, because Σ+ < 2 and because ρ0 = 1 implies quA = 1, i.e.,
uu0q2 + uu−pq = 1, and hence A−

0 = 1 − uu0q2 = uu−pq > 0. The constraint can be reached
arbitrarily closely by letting u− ↓ 0 (so that ρ0 ↓ 0) and u+ ↑ ∞ (so that Σ+ ↑ 2).

Remark 3.5. (1) We can use the above calculation to verify that the function θ 7→ Ī(θ) introduced
in the proof of Lemma 3.4(b) is lower semi-continuous. To see how, note that the Lagrange
multiplier analysis provides a description of θ 7→ Ī(θ) through (x, s) 7→ J(x, s) = Ī(xs), and that J
is analytic on int(D), and hence continuous on int(D). Since J is infinite on Dc, it suffices to verify
that J is lower semi-continuous at ∂D.
(2) The lower semi-continuity at the boundary can be verified by considering the different boundary
regimes of the parameters u, u−, u0, u+ case by case. Not all combinations are possible. In each
case, we can check from (♡) that the corresponding value of J converges either to a finite limit or
to infinity. For instance, if u− and u0 are kept fixed while u+ → ∞, then, by (▲), u ≍ (u+)−2.
Moreover, ρ0 ↓ 0, Σ− = 1, while Σ0 converges to a finite limit, and Σ+ ↑ 2. Hence, by (∗∗),

xs− → 1, xs0 → Σ0, xs+ → 2.

By (♡), we have
J(x, s) = log u+ xs− log u− + xs0 log u0 + xs+ log u+.
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Since log u + 2 log u+ converges to a finite limit and xs+ − 2 = O((u+)−1), it follows that log u +
xs+ log u+ converges to a finite limit. Moreover, u− and u0 are fixed, while xs− → 1 and xs0 con-
verges to a finite limit. Hence the remaining terms stay bounded, and therefore J(x, s) converges
to a finite limit.
(3) The other boundary regimes can be analysed similarly. Consequently, whenever (x, s) ap-
proaches a boundary point of D from within int(D), the value of J(x, s) converges either to a finite
limit or to infinity. Since J is convex and finite on int(D), this boundary convergence implies that
J is lower semi-continuous at ∂D. Since the map (x, s) 7→ xs is a homeomorphism from (0,∞)×S2

onto F0, the lower semi-continuity of J on (0,∞)×S2 implies the lower semi-continuity of Ī on F0.
Since Ī = ∞ on R3 \ F0, the above boundary analysis shows that Ī is lower semi-continuous on all
of R3.

Remark 3.6. Even though it is difficult to invert (∗∗) to compute (uχ)χ∈S as a function of
(x, (sχ)χ∈S) (recall that

∑
χ∈S s

χ = 1), it is easy to compute (x, (sχ)χ∈S) as a function on (uχ)χ∈S .
Hence (∗∗) provides a way to numerically compute J(x, s) for a range of values (x, s), simply by
letting (uχ)χ∈S run through (0,∞)3, and for each choice computing (x, s) via (∗∗) and J(x, s)
via (♡). This explains why the above computation is helpful to quantify the rate function. See
Figs. 2–3 for an illustration.

Remark 3.7. Note that the choice u = 1 and uχ = 1, χ ∈ S (i.e., all Lagrange multipliers are
zero) yields

A = 1, B = 0, C =
p

q
,

and hence

Σ− = 1, Σ0 =
p2

q
, Σ+ = 1 + p, Aχ0 =


1 − q2, if χ = −,
q2, if χ = 0,
0, if χ = +,

ρ0 = q.

This corresponds to

xs− = q(1 − q2) + p, xs0 = q3 +
p3

q
, xs+ = p(1 + p),

which is the unique minimiser (x∗, s∗).

Remark 3.8. It is easy to compute J(x) = infs∈S J(x, s), which is the rate function of the sequence
{Nj/j}j∈N4 (recall Section 2.5). Indeed, this amounts to choosing λχ = λ̄, χ ∈ S, in the Lagrangian
in Step 1, which means that the last term in the Lagrangian becomes λ̄(∥G(ν)∥1 − x). Putting
ū = e−λ̄, and summing (∗∗) over χ ∈ S, we find that x = 1 + (1 − ρ0)

1
1−pū , where we use that∑

χ∈S A
χ
0 = 1 and

∑
χ∈S Σχ = 2 + pū

1−pū . Since A = ū, B = 0, C = ū pū
1−pū , we get from (♢)

that ρ0 = quū, and from (▲) that quū = 1 − pū. Hence x = 1
1−pū , and so ū = x−1

px . Moreover,

u = 1−pū
qū = p

q(x−1) . Consequently,

J(x) = log

(
p

q(x− 1)

)
+ x log

(
x− 1

px

)
= (x− 1) log

(
x− 1

px

)
+ log

(
1

qx

)
, x ∈ (1,∞).

Note that J ′(x) = log(x−1
px ) and J ′′(x) = 1

x(x−1) . Hence, J has a unique zero at x∗ = 1
q , and is

strictly convex. Moreover, limx↓1 J(x) = log(1/q).
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Figure 2: Numerical plots for p = 1
2 and x = 3

2 , x = 2, x = 5
2 , respectively. Left : Plot of s 7→ J(x, s).

The height represents the value of J(x, s), the plane represents the simplex s = (s−, s0, 1 − s− − s0). Right :
The dotted region is the effective domain of s 7→ J(x, s) in the simplex. Comments: (1) Since x∗ = 2 when
p = 1

2 , the middle left figure achieves a unique zero at s = (s−, s0, s+) = ( 7
16 ,

3
16 ,

6
16 ); (2) The upper cut-offs

s− + s0 < 1, s− < 1/x and the lower cut-offs s− + s0 > 1/x, 3s− + s0 > 1 are clearly visible in the right
figures.
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Figure 3: Same as in Fig. 2, but with p = 1
3 . Note that the right figures are the same as in Fig. 2, i.e., the

support does not depend on p.
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